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Abstract

Let 7 be a faithful semifinite normal trace on a von Neumann algebra M, let S(M, 1)
be the *-algebra of all T-measurable operators. Let 1 (7; X) be the generalized singular
value function of the operator X € S(M, 7). If £ is a normed ideal space (NIS) on
(M, 1), then

[Alle = IA+1Blle ()

for all self-adjoint operators A, B € £. In particular, if A, B € (L] + Loo)(M, T)
are self-adjoint, then we have the (Hardy-Littlewood—P6lya) weak submajorization,
A <, A +1B. Inequality (x) cannot be extended to the Shatten—von Neumann ideals
6,,0 < p < 1. Hence, the well-known inequality . (¢; A) < u(t; A+iB) forall t >
0, positive A € S(M, 1) and self-adjoint B € S(M, 1) cannot be extended to all self-
adjoint operators A, B € S(M, 7). Consider self-adjoint operators X, ¥ € S(M, 1),
let K (X) be the Cayley transform of X. Then, u(t; K(X) — K(Y)) <2u(t; X —Y)
forallt > 0. If Eisan F-NISon (M, t)and X — Y € £, then K(X) — K(Y) € £
and [[K(X) — K(Y)lle <2IX =Y.
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1 Introduction

The section of functional analysis, called noncommutative integration theory, is an
important part of the theory of operator algebras. This article is devoted to noncom-
mutative analogs of the classical function spaces. Development of the corresponding
aspect of noncommutative integration theory started with the works of Segal and
Dixmier, who in the early 1950s created a theory of integration with respect to a trace
on a semifinite von Neumann algebra, see [23]. The results of these investigations
found spectacular applications in the duality theory for unimodular groups and stimu-
lated the progress of “noncommutative probability theory”. The theory of algebras of
measurable and locally measurable operators is rapidly developing and has interesting
applications in various areas of functional analysis, mathematical physics, statistical
mechanics, and quantum field theory. In [31-33], Muratov introduced and investigated
ideal spaces of measurable operators on a finite von Neumann algebra. They were also
studied by Chilin in [19]. In the above-mentioned works, the ideal spaces serve pri-
marily as the object of investigation. Recently, there have appeared publications in
which they act as a tool see, for instance, [6]. In [7, 15] new methods were proposed
for constructing ideal spaces on semifinite von Neumann algebras and the geometric
and topological properties of the obtained spaces were studied.

Our article continues the research of works [11] and [12] of the first author. Let a von
Neumann algebra M of operators act on a Hilbert space H, t be a faithful semifinite
normal trace on M. Let S(M, 7) be the *-algebra of all T-measurable operators, let
wu(t; X) be the generalized singular value function of the operator X € S(M, 7). Our
main results are obtained in the context of semifinite von Neumann algebras; some
results are new even in the case of the algebra M = B(H), equipped with t = tr. If
£ is a normed ideal space (NIS) on (M, 7), then ||Allg < ||A + iB||¢ for all self-
adjoint operators A, B € £ (Theorem 3.3). In particular, if A, B € (L1 + Lso)(M, 1)
are self-adjoint, then we have the (Hardy-Littlewood—Pélya) weak submajorization,
A <y A 4+ iB (Corollary 3.4). Theorem 3.3 cannot be extended to the Shatten—von
Neumann ideals &,, 0 < p < 1 (Theorem 3.5). Hence, the well known inequality
w(t; A) < u(t; A+iB) forallt > 0, A € S(M, )T and self-adjoint B € S(M, 1)
cannot be extended to all self-adjoint operators A, B € S(M, 7). If (£, - |lg) is a
NIS on (M, 1), then |A — Bllg < ||A + B||g forall A, B € £* (Theorem 3.7).

Consider self-adjoint operators X, Y € S(M, 1), let K (X) be the Cayley transform
of X. Let £ be an F-NIS on (M, 7). We have u(t; K(X) — K(Y)) <2u(t; X —Y)
for all t+ > 0 (Theorem 3.10). If X — Y € £, then K(X) — K(Y) € £ and ||[K(X) —
KY)llg <2||1X — Y| g (Theorem 3.11).

2 Definitions and notation

Let a von Neumann operator algebra M act on a Hilbert space H, I be the unit of M,
M ={X e M: ||X| < 1}. Let MP" be the lattice of projections (P = P2 = P*)
in M and P+ = I — P for P € MP", let M™ be the cone of all positive operators in
M. An operator U € M is called a partial isometry, if U*U is a projection; unitary,
if U*U = UU* = I. Two projections P, Q € MP" are said to be Murray—von
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Neumann equivalent if there exists a partial isometry U € M such that U*U = P
and UU* = Q. In this case, we write P ~ Q. If P < Q, then we say that P is a
subprojection of Q. If P is equivalent to a subprojection of Q, we write P < Q. We
say that P € MP is a finite projection if P ~ Q < P implies P = Q.

A mapping ¢ : M+ — [0, +o0] is called a trace, if (X +Y) = ¢(X) + ¢(¥),
e(AX) = rp(X) forall X,Y € M*, A > 0 (moreover, 0 - (+00) = 0); p(Z*Z) =
©(ZZ*) forall Z € M. A trace ¢ is called (see [37, Chap. V, §2])

o faithful, if o(X) > Oforall X € M, X #0;

e normal,if X; 1+ X (X;, X e MT) = ¢(X) = supop(X;);

o semifinite, if p(X) = sup{p(¥Y): Y e MT, Y < X, ¢(¥) < +oo} for every
X e M.

An operator on H (not necessarily bounded or densely defined) is said to be affiliated
to the von Neumann algebra M if it commutes with any unitary operator from the
commutant M’ of the algebra M. Let 7 be a faithful normal semifinite trace on M. A
closed operator X, affiliated to M and possessing a domain ® (X) everywhere dense in
'H is said to be t-measurable if, for any ¢ > 0, there exists a projection P € MP" such
that PH C ©(X) and r(Pl) < ¢&. The set S(M, 7) of all T-measurable operators
is a *-algebra under passage to the adjoint operator, multiplication by a scalar, and
operations of strong addition and multiplication resulting from the closure of the
ordinary operations [38, Chap. IX].

Let £F and £" denote the positive and Hermitian parts of a family £ C S(M, 1),
respectively. We denote by < the partial order in S(M, 7)" generated by its proper
cone S(M, )T If X € S(M, 7) and X = U|X]| is the polar decomposition of X,
then U € M and | X| = vVX*X € S(M, 1)".

An operator A € S(M, 1) is called hyponormal, if A*A > AA*; cohyponormal,
if the operator A* is hyponormal. Denote by [A, B] = AB — BA the commutator of
operators A, B € S(M, 7). The generalized singular value function p(-; X) : t —
u(t; X) of the operator X is defined by setting

w(t; X) =inf{|XP||: P € MP" and (P < t}, t>0.

It is a non-increasing right-continuous function.

Lemma 2.1 ([27]) Let X,Y € S(M, 1), A,Be Mand U,V € M be unitary. Then

(1) u(t; X) = p@t; | X)) = p(t; X*) = p@t; UXV) forall t > 0;
@{i) If|1X| < |Y|, then u(t; X) < u(t;Y) forallt > 0;
(iii) n(t; AXB) < |AlllIBll u(t; X) forallt > 0;
av) us+6; X+Y) <u(s; X)+u; Y) foralls, t > 0
™) w(t; FAXD) = fu(t; X)) for all continuous functions f : Rt — RT with
fO)=0andt > 0.

Let m be the linear Lebesgue measure on R. Noncommutative Lebesgue L ,-space
(0 < p < 0), associated with (M, 7), may be defined as

L,(M,1)=1{X € SM,1): u(;X)eL,R",m)}
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with the F-norm (norm for 1 < p < 00) | X[, = IlnC; Xllp, X € L,(M, 7).
The extension of 7 to the unique linear functional on the whole space L{(M, ) we
denote by the same letter . A linear subspace £ C S(M, 7) is called an ideal space

on (M, 1), if

. XeéE=> X" €&,
2. Xe&,YeSM,t)and Y| < |X|= Y €&.

Such are, for example, the algebra M, the collection of all elementary operators
F(M,t)and L,(M, 7)for0 < p < ooc. For every ideal space £ on (M, t) we have
MEM C £ [11, Lemma 5]. An ideal space £ on (M, 1), equipped with an F-norm
Il - ll, is called an F-normed ideal space (F-NIS) on (M, 1), if

L IX|lg = | X*||¢ forall X € &;
2. X, Ye&and |Y| < [X]|= [IYle < IIX|g (see [7-13]).

If t(I) < +o0 then every F-NIS on (M, t) is continuously embedded into S(M, )
in the measure topology ., see [6, 14].

A linear subspace £ in S(M, ), endowed with an F-norm || - || is said to be
an F-normed symmetric space (F-NSS) on (M, 1) if X € £,Y € S(M, t) and
w(t;Y) < u(; X)forallt > 0 imply that Y € £ and ||V |l < || X]¢.

Such are, for example, the algebra M, the collection of all elementary operators
F (M, 1), the ideal of all T-compact operators

So(M, 1) = {X € S(M, 1) : t—leoo“(t; X) = ()},

the Banach space (L1 + Loo)(M, 7) and the Lebesgue spaces L, (M, 1) for 0 <
p < oo. A wide class of Orlicz F-NSS on (M, t) was investigated in [15]; for other
examples see also [22] and [23]. For A, B € (L{ + Lx)(M, 7) we write A <, B,
the (Hardy—Littlewood—Pdlya) weak submajorization, if

t t
/ uis; Aydr < / u(s; B)dr forall t > 0.
0 0

Interesting examples of such submajorizations were obtained in [4, 5, 16, 24, 25, 29,
35, 36] and others.

If M = B(H), the *-algebra of all bounded linear operators on H, and t = tr
is the canonical trace, then S(M, 7) coincides with B(H), So(M, ) coincides with
the ideal G4, of compact operators on H, the space L, (M, t) coincides with the
Shatten—von Neumann *-ideal &, () of compact operators in B(7) and

o0
w(t; X) =Y su(X) X1 (@), t >0,

n=1

where {5, (X)}7° | is the sequence of s-numbers of the operator X; x4 is the indicator

function of the set A C R [28, Chap. II].
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If M is Abelian (i.e., commutative), then M =~ L°°(Q2, X, v)and t(f) = fQ fdv,
where (€2, X, v) is a localizable measure space, the *-algebra S (M, t) coincides with
the algebra of all complex measurable functions f on (€2, X, v), bounded everywhere
but for a set of finite measure. The function w(¢; f) coincides with the nonincreasing
rearrangement of the function | f|; see properties of such rearrangements in [30]. The
algebra M contains no compact operators if and only if the measure v has no atoms
[3, Theorem 8.4].

3 The main results

The following assertion was established in [26, Lemma 9] and, independently, in [34,
Proposition 3].

Theorem 3.1 We have u(t; A) < u(t; A +1iB) forallt > 0, A € S(M, )" and
B e S(M, )h.

Corollary 3.2 If € is an F-NSS on (M, ©), then |Allg < ||A +iB|g forall A € E*
and B € &N

In the case of NIS &, we generalize our Corollary 3.2.

Theorem 3.3 (cf. with Proposition 3.7 of [2]) If € is a NIS on (M, 1), then || Allg <
|A+iB|g forall A, B € EM.

Proof Recall that || Z||e = || |Z| |lg = || Z*|l¢ forall Z € £. If X € Eand Y € &N,
then from the representation

X-Y X*-Y X-Y (X-Y)

X —ReX =
2 2 2 2

and from the triangle inequality for the norm || - ||¢ we infer that || X — ReX|¢ <
X —Y|lc.Put X =iAfor A € E". Then |X| = |A|,ReX = O and forall B € " we
have

[Alle = 1Al lle = 11X lle = I Xlle = IX —ReX|lg < [[X = Bllg
= [iA = Bllg = [IA +iBll¢,

since iA — B| = |i(A +1B)| = |A 4 iB]|. The theorem is proved. O
Corollary3.4 If X, Y € (L1 + Loo)(M, )N, then X <, X +iY.
Proof For every fixed number ¢ > 0 the mapping
1
X /0 u(s; X)dt
isanorm on NSS (L1 + Loo)(M, 7). O

Theorem 3.3 cannot be extended to the class of all F-NSS on (M, 1).

) Birkhauser
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Theorem 3.5 Theorem 3.3 cannot be extended to the Shatten—von Neumann *-ideals
6, 0<p<l

Proof For M = M(C), T =tr and x € R put

1 —X 0 ix
(1) s=(2 8. o

Then, |A|?> = A2 = (14+x2)I,hence |[A|” = (JA|2)P/? = (1+x%)P/2 [ and tr (JA|P) =
2(1 +x2)P/2 forall 0 < p < 4o00. The eigenvalues of a matrix

1 —2x
cp2
|A+iB] _<—2x 1+4x2>

are A = 1 4+2x2 +2xv/1+ x2, A2 = 1 +2x? — 2x+/1 + x2. By the Taylor formula
with Peano remainder:

A+ = 14 227 4 o) (x = 0.
therefore,

tr(|A|1P) =2+ px2 + 0(x2) (x — 0),
tr(|A +iB|P) = AP/ 400/

2 p/2
- (1 +2x2 4+ 2x (1 + % +0(x2)>>

2 p/2
4 (1 +2x2 — 2x (1 + % + o(xz)))

=1+ + +—(——1>—+
px + px o(x?)

p (P (=2x)* 2
1 - 2+ L(£-1)
+ pxX + px +2 2 ) +o0(x9)

=2+ pz)c2 + 0(x2) (x — 0).

Thus, the inequality |A[}, = t(|A|") < tr(|A +iB|") = ||A +iB|}, for every
0 < p < 1 does not hold. The theorem is proved. O

Corollary 3.6 Theorem 3.1 cannot be extended to all operators A, B € S(M, r)h.

Proof There exist A, B € M(C)% such that for 1 < ¢ < 2 the inequality p(t; A) <
u(t; A+ iB) is not true, see (3.1). O

Theorem 3.7 If (£, || - llg) is a NIS on (M, 1), then |A — Bllg < ||A + Blg for all
A,Be&T.

W Birkhauser



Ideal spaces of measurable operators affiliated to a... Page70f13 61

Proof If X ¢ E1,Y € SIM, )" and —X <Y < X,thenY € EMand |V |¢ < | Xl
[8]. (This implies the assertion of [20, Proposition 1.2].)Put X = A+BandY = A—B.

Corollary3.8 If X, Y € (L1 + Loo)(M, T) ", then X —Y <, X + Y.

In the particular case, when 7 (/) = 1, the assertion of Corollary 3.8 was obtained
by another method in [21, Lemma 2.1]. For M = M, (C) and t = tr put

1 2 4 2
(33 = (2)
Then, s1(X +Y) =9, (X +Y)=1and s;(X —Y) = sp(X — Y) = 3. Hence for

1 <t < 2theinequality p(¢; X —Y) < u(t; X + Y) does not hold.

Lemma3.9 If (£, - llg) is an F-NIS on (M, 1), Z € £ and A, B € M, then
AZB € Eand |AZBllg < | Z]¢.

Proof We have AZB € £ by [11, Lemma 5]. Via the operator monotonocity of the
function A — /A (A > 0), inequalities B*Z*A*AZB < B*Z*ZB, ZBB*Z* <
ZZ* and properties of the F-norm || - || ¢ we obtain

IAZBllg = [|AZB|llg = |VB*Z*A*AZB|lg¢ < |[VB*Z*ZB| ¢
=1ZBllg = IZBllg = IZB)* g = IB*Z"||¢
=1B*Z"|le = IVZBB*Z*||g < IWZZ*|lg = | Z"|e = | Z]¢-

The lemma is proved. O

By the Spectral Theorem in the multiplicator form, the Cayley transform

X +il ] . . L1
K(X) = T X -1~ (X +il) =X +i1) (X —il)
—1i
of an operator X € S(M, b is aunitary operator in M. Since A+1i = (14+22)/(r—1)
for every A € R, we have K (X) = (X — il)~2(1 + X?) forall X € S(M, 7)h.

Theorem 3.10 Let X, Y € S(M, 1) and Y be invertible in S(M, t). Then

(i) K(X)* = K(=X);
(i) K¥~ ) =-K(-Y) =—-K(X)*%
(i) If X = Y j_; AcPx with iy € R, P € MP" and PP, = 0 fork # m, k,m =
1,...,n, then

n

)\‘ . n n
Kx) =Y A"JF?P,{ — 0" where =3P =\/ Pi;
k=1

—1
=1 "% k=1

(v) K(X)=iX & X% =1.

) Birkhauser
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Proof (i). Since the operator K (X) is unitary, we have

KX =KX =X —iDX +iD™ = =(=X +iD) - =(=X =i~
= (-X+iDH(=X —i)~' = K(-X).

(ii). We have

KY)= Y +ihY —i) "= +ivy " Hy —ir'v)!
=Y +i¥Y H{a -y HhyI ' =vya +ir Hy'ag —iv H!
=yvyr'g+irHa-irH''=ig+irH.i-tg —ir H!
= (=Y '"+iDGI + Yy Y ' =((=Y) ' +iDGl = (=y)"H!
= (V)" +iD(n ' =iDT = K=,

Replace the operator ¥ with —Y and conclude that K (Y ~!) = —K(—Y). From
(i) it follows that — K (—=Y) = —K(Y)*.
(iii). By the Spectral Theorem we have

1 n n
K(X) = (Z/\kPk — ZlPk —iQ ) (Zxkpk + ZiPk +1Ql)
k=1 k=1
_1 n
Ok — )Py —iQ ) (Z(/\k +1) P + iQL>

k=1

.| n
1
P — ;QL) (Z(xk +i)Pe +iQL>

k=1

P
(2

)»k—i

Pk — QJ‘.

=~

=1
In particular, K (P) =iP — P+ forall P € MP",
(iv), “=". Since K(X) = iX is unitary, we have I = (iX)*-iX = —iX -iX = X2
(iv), “<=". Puttingn =2, Ay =1 = -y, PI=(X+1)/2, P, = Pll in (iii) (then
Q = 1), we obtain K (X) = iX. The theorem is proved. O

Theorem 3.11 If € is an F-NIS on (M, 1), X,Y € S(M, )" and X — Y € &, then
K(X)—K(Y)e&and |[K(X)— KX)lle <2I|X —Y|e¢.

Proof Let X,Y € S(M, t)". For a function f(A) = 1/(A — i), A € R, the inequality
[f(A)] <1, A € R, holds. Hence

fX)=X—-iD™" f¥) = —iD~' e My.

W Birkhauser
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If X — Y € &, then the operator

KX)—KY)=X—-iD)""(X +i) = ¥ +iDHY —iD™!
=X —iD)" (X +iDHY —il) — (X — i)Y +iD)Y —iD™!
= 22X —i) "X - Y)Y —il)~! (3.2)

lies in £ by [11, Lemma 5]. Now by Lemma 3.9 and the triangle inequality for the
F-norm || - ||¢ we obtain

IK(X)— K)|le = Il = 2i(X —iD)""(X = ¥)(¥ —iD)7Y|¢
=2(X —iD'X =¥ —iD ¢
<2IX =Y.
The theorem is proved. O

Note that in the proofs of Lemma 3.9 and Theorem 3.11 we follow the scheme of
the proof of Theorem 4 from [17].

Theorem3.12 If X, Y € S(M, N then u(r; K(X) — K(Y)) < 2u(t; X — Y) for
allt > 0.

Proof Use representation (3.2) and items (i), (ii) and (iii) of Lemma 2.1. O

Remark 3.13 (i) If (£, - |lg) is an F-NIS on (M, t) and I € &, then there is no
constant C > 0 such that |[K(X)|l¢ < C||X|l¢ for all X € &N, Suppose that
a such constant C > 0 exists. Then for every X € £" and x € R we have
|[K(xX)| =1 and

e = NK@xX)llle = [KxX)lle = CllxX[le = 0 as x — 0;

a contradiction.

(ii) There is no constant C > 0 such that u(¢; K(X)) < Cu(t; X) (¢t > 0) for all
X € S(M, )". Let P € MP" and 7(P) < +o0. Consider an operator u P, u > 0.
Suppose that such a constant C > 0 exists. Then, for every ¢ > 0 we have

X0,z (@) = pu@; 1) = u@t; |K@P))) = u@; K@bP))
< Cu(t;uP)=Cuu(t; P) = Cux©,z(py)(t) - 0 as u — 0+;
a contradiction.

Lemma 3.14 ([18, Theorem 17)) If X,Y € S(M,t)and XY,YX € L{(M, 1), then
T(XY) =1(YX).

Theorem 3.15 Let & be anideal space on (M, 1), A, B € S(M, 1), A be hyponormal,
B cohyponormal and AB € E. Then

(1) BA€ & andif€ is F-NIS on (M, 1), then |BA|l ¢ < ||AB||g;s

) Birkhauser
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(i) If€ = L1(M, ), then T([A, B]) = 0.
Proof (i). The operator A is hyponormal, so
|AB|> = B*A*AB > B*AA*B = |A*B|*;

then by the operator monotonocity of the function ¢ > /7 (t > 0) we infer that
|A*B| < |AB|.Hence A*B € £ and B*A = (A*B)* € £.
Since the operator B is cohyponormal, we have

|B*A|> = A*BB*A > A*B*BA = |BA|?,

and by the operator monotonocity of the function ¢ +— +/z (t > 0) we obtain
|BA| < |B*A|.Hence BA € £.
For an F-NIS &£ we have |BAllg < ||[B*Alle = ||[A*Bllg¢ < |AB]l¢.
(i1). The assertion follows from (i) and Lemma 3.14.
O

Theorem 3.16 If &€ is an ideal space on (M, 1), operators A, B € S(M, 1) and
A*A, B*B € &, then AXB € & forall X € M.

Proof Since (XB)*XB = B*X*XB < ||X|?B*B € &, it suffices to show that
AB € . The inequality (A 4+ B)*(A + B) > 0 implies that

0<A*A+B*B+ A*B+ B*A <2A"A+2B*Bc&™.
Therefore
A*B + B*A € &. (3.3)

The inequality (A £i1B)*(A £iB) > 0 shows us that 0 < A*A + B*B —iA*B +
iB*A < 2A*A +2B*B € £T. Hence,

iA*B —iB*A € €. (3.4)

From (3.3) and (3.4) it follows that A*B € £. Note that A*A € £T & AA* € £T (if
A = U|A] is the polar decomposition of A, then AA* = UA*AU*)and A € £ &
A* € £. Replace A with A* and obtain AB € £. O

Put A = B and X = [ in Theorem 3.16 and infer

Corollary 3.17 If € is an ideal space on (M, 1), A € S(M, t) and A*A € &, then
Az eé.

Theorem3.18 Let A, B € S(M, 1) and |A| > Al > |B| for some number A > 0.
Then

1) u(t; |Al—Al) < u(t; A— B) forallt > 0y

W Birkhauser
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(ii) If€isan F-NISon (M, 1) and A—B € &, then |A|—\AI € ET and |||A| =M ||g <
A —Ble.

Proof Step 1. By the operator triangle inequality [1, 19] there exist partial isometries
U,V € M such that

IAl|=|A—B+B|<U|A—-B|lU*"+V|B|V*<U|A—-B|U*+AI.
Step 2. Now, by items (i), (ii) and (iii) of Lemma 1 for all # > 0, we have
u(t: |Al = AI) < u(t; UJA = B|U) < |U|IIU*||u(t; |A — B|) = u(t; A — B)

and inequality (i) is true.
(i1) Via Step 1 and Lemma 3.9, we have

Al — Allle < IUJA = B|U"llg < IlA — Blllg = |A — Blle.
The theorem is proved. O

Corollary 3.19 Let A = V|A| be the polar decomposition of A € S(M, t) and |A| >
M for some number A > 0. Then

(1) w(t; A—AV) =inf{u(@; A —AW)| W € My} forallt > 0;
(i) If € isan F-NIS on (M, 1), then |A — AV | g = inf{||A — AW|g| W € M}.

Proof For any W € M/ we have |A| > Al > |AW|, hence Theorem 3.18 with
B = AW works.

(i) For all r > 0 by items (ii) and (iii) of Lemma 2.1, we conclude that
pu(t; A= AV) = p(t; V(AL = A1) < [IVIiu(ts [A] = A1) = p(t; [A] — AT).

(ii) By Lemma 3.9 we obtain [[A — AV|g = [V(A| — ADllg < [I|A] — AI]¢.
[m}
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