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Monotone functionals on level sets of the distance function
and inequalities for Euclidean moments

Let G be a simply connected domain in the plane. Applying the
standard notation in the theory of estimates on level lines, consider the
following functional

is(µ) := s

∫ ρ(G)

µ

ts−1a(t) dt,

defined on the level set G(µ). The functional Is(G) := is(0) is called the
Euclidean moment of the domain G of order s.

Theorem 1. Let G be a simply connected domain in the plane such
that Is(G) < ∞. If G does not coincide with a Bonnesen-type domain,
then the function

ip(µ)− pπ
∫ ρ(G)tα−1(ρ(G)−t)2

0
dt

pπ
∫ ρ(G)tα−1(ρ(G)−t)
0

dt

is strictly monotone decreasing on [0, ρ(G)].

This theorem generalizes one of the statements in [1]. Theorem 1 and
its analogs lead to the following inequalities.

Theorem 2. Let G be a convex domain in a plane of finite area. Let
s < p < q, then the inequality

Iq(G)

q(q − s)ρ(G)q+2
− Ip(G)

p(p− s)ρ(G)p+2
≥ C1(s, p, q)

Is(G)

ρ(G)s+2
+C2(p, q)

sl(ρ(G))

ρ(G)
.

Equality is achieved if and only if G ∈ Γ.
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