AATEBPA
"
MATEMATHUYECKAA AOTUKA |

Marepriaabl MEKAYHAPOAHOM KOHpEPEHIIUH, IOCBAIEHHOM
100-aeTrio co AHs poxaenns ipodeccopa B.B. Mopososa,
(Kasanb, 25 —30 cenrsibps 2011 1.) u
MOAOA@KHO¥ IKOABI-KoHepentmn “CoBpeMeHHbIE IPOOAeMSI
aAreOpsI M MATEMATHYECKOM AOTHKH
(Kasans, 22 cenrsibps — 3 oxrs6ps 2011 r.)



198 A M. BIKCHENTAEV, R. 8. YAKUSHEV

KOHEYHBIX [TOJrPYIIL.

Ceoiicteo 6. Ecim a — snemerrapras vouka rpymmer G, 10
B nopmannzarope Ng(K) xonewwoil mauannorenrtnoii rpymmnr K
HOPMAJIHAYeMOH 3IIeMEHTOM @, TOUKA @ COHEDHKHTCH B KOHCHHOM
THCJIE KOHEYHBIX ITONTPYIIL.

Csoiictso 7. Hopuaauzarop snevenrapuoli Touku obianaer
KOHCYHOH MepHOAIeCKoil 4acTbio.

Ceoitctso 8. Beckorneurasi YepHHKORCKasT TPYHIIA He 001141

eT INeMeHTAPHBIMA TOYKAME.

ON REPRESENTATION OF TRIPOTENTS AND
REPRESENTATIONS VIA TRIPOTENTS
A. M. Bikchentaev, R.S. Yakushev

Kazan Federal Uniwversity, Kazan, Russia

e-mail; Awat. Bikchentaev@ksu.ru, Rinal. Yoqushev@ksw.ru

Let A, D be algebras. An element A € A is called wdempotent
if A2 = A; and tripotent if A* = A. Let

Ad—fAcA: A=A}, A"={AdcA: A=A}

In [1] we study the following questions: if both A and B
are tripotents, then: under what conditions are A + B and
AB tripotent? Under what conditions do A and B commute?
We decompose any tripotent into the difference of two mutually
orthogonal idempaotents. This representation is unique. We extend
the partial order from the Hilbert space idempotents quantum logic
(see |2]) to the set of all tripotents and show that every normal
tripotent is self-adjoint.

We say that a linear map ¢ : A — D preserves idempotents if

#(A) € DY whenever A € A, Similarly, ¢ preserves tripotents

AM BIKCHENTAEV, R 5. YAKUSHEWV 199

if 9(A) € D' whenever 4 € A", We prove that any linear map
that preserves idempotents also preserves tripotents. The converse
holds for unital algebras and maps which preserve units. The large
class of maps preserving idempotents was considered in [3].

We say that an clement A € A 38 o rotional conves combinafion
of tripotentsif A = A Ay+.. +A, A, with A non-negative rational
numbers and 4; € AY . and A + ... 4+ Ay = 1. We say that A is
average of tripotents il A = (A4, +...+ A, )/n where A; € A™, i =
= 1,2,...,n. We denote the set of all averages of tripotents by
averA'™. Let A be *-algebra and let A% = {A € A: A = A*},
AP = A 4% For A = M, (C) we describe the following sets:
the set of all finite sums of tripotents, conv. A" and averA™. In
contrast with the set conv.AP', the sets conv.A'Y and conv.A™ are
not closed. We show that every matrix A € A with TrA € Z is a
finite sum of elements from A" . This result is similar to one of |4]
which states that A € A is a sum of idempotents if and only if
TrA € Z and TrA > rankA.

Recall that finite sums of elements of AP*, A and A" N
N A™ were considered in [5], [4] and [6]. respectively. Survey |7]
contains results on linear combinations, suns, convex combinations
and/or averages of operators from the classes of diagonal
operators, unitary operators, isometries, projections, syminetries,
idempotents and some other classes but does not contain results
on tripotents. Thus our report supplements the results given in the
survey.

We also give the new proof of rational trace matrix
representations presented in Theorem 3.6 of |8} Finally, we
pose three open problems.

Problem 1. Find the sufficient and necessary condition on
A, B e A™ such that AB € A'.




