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Ëåêöèÿ IV: Óðàâíåíèÿ Âëàñîâà

Ñîäåðæàíèå
ëåêöèè.

.

I Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â
ïîñòîÿííîì ïîëå (íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ñàìîñîãëàñîâàííûå óðàâíåíèÿ Âëàñîâà íà ïðèìåðå
ýëåêòðîñòàòè÷åñêîãî ïîëÿ íà ãðàíèöå ¾ìåòàëë-âàêóóì¿:
ïîñòàíîâêà çàäà÷è Êîøè

I Ðåøåíèå çàäà÷è Êîøè äëÿ ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

I Ñàìîñîãëàñîâàííûå óðàâíåíèÿ Âëàñîâà äëÿ ïëàçìû ñ îäèíî÷íûì
òî÷å÷íûì çàðÿäîì: ýêðàíèðîâêà çàðÿäà

Ëèòåðàòóðà.

.
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
ýíåðãèÿ ÷àñòèöû â ýòîì ïîëå (â ñëó÷àå ýëåêòðè÷åñêîãî ïîëÿ q = e �
ýëåêòðè÷åñêèé çàðÿä ÷àñòèöû, â ñëó÷àå êëàññè÷åñêîãî ãðàâèòàöèîííîãî
ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)

I Òàêèì îáðàçîì, êàíîíè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä:

dr

dt
=

P

m
,

(
=
∂H

∂Pi

)
;

dP

dt
= −q∇φ,

(
= −

∂H

∂xi

)
. (2)

I Áåññòîëêíîâèòåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa

∂r
− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:

dt

1
=

dx1

P1/m
=

dx2

P2/m
=

dx3

P3/m
=

dP1

−q∂1φ
=

dP2

−q∂2φ
=

dP3

−q∂3φ
. (4)
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)
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ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)
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=
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∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa
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− qa∇φ

∂fa

∂P
= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:
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=
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Áåññòîëêíîâèòåëüíîå êèíåòè÷åñêîå óðàâíåíèå â ïîñòîÿííîì ïîëå

(íåðåëÿòèâèñòñêèé ñëó÷àé)

I Ðàññìîòðèì íåêîòîðîå ïîñòîÿííîå (ñòàòè÷åñêîå) ïîëå, îïèñûâàåìîå
ñêàëÿðíûì ïîòåíöèàëîì φ(r), òàê ÷òî U(r) = qφ(r) � ïîòåíöèàëüíàÿ
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ïîëÿ q = m � ìàññà ÷àñòèöû).

I Êëàññè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà èìååò âèä:

H = E + U =
1

2m
P2 + U(r). (1)
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,
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=
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= −
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∂fa

∂t
+ [Ha, fa] = 0⇒

∂fa

∂t
+

P

ma

∂fa
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− qa∇φ

∂fa
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= 0. (3)

I Óðàâíåíèå (3) ïðèíàäëåæèò ê êëàññó ëèíåéíûõ îäíîðîäíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì. Ýëüñãîëüö).
Äëÿ åãî ðåøåíèÿ ñîñòàâèì ñèñòåìó óðàâíåíèé âåêòîðíûõ ëèíèé:
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1
=
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=
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Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ïîñòîÿííîì ïîëå

I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
ïåðâûå èíòåãðàëû ñèñòåìû (4): C1(t, r,P), . . . , Cn(t, r,P) (n=6), êîòîðûå
íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)

ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.
I Äëÿ èíòåãðèðîâàíèÿ êîíêðåòíûõ óðàâíåíèé õàðàêòåðèñòèê ñëåäóåò

âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):
a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
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íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
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a1
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=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.
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F (C1, . . . , Cn) = 0, (5)
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=
aa

b2
= · · ·
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bn
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∑
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I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
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áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
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íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.
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âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):

a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ïîñòîÿííîì ïîëå

I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
ïåðâûå èíòåãðàëû ñèñòåìû (4): C1(t, r,P), . . . , Cn(t, r,P) (n=6), êîòîðûå
íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.

I Äëÿ èíòåãðèðîâàíèÿ êîíêðåòíûõ óðàâíåíèé õàðàêòåðèñòèê ñëåäóåò
âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):

a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.

I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé
áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ïîñòîÿííîì ïîëå

I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
ïåðâûå èíòåãðàëû ñèñòåìû (4): C1(t, r,P), . . . , Cn(t, r,P) (n=6), êîòîðûå
íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.

I Äëÿ èíòåãðèðîâàíèÿ êîíêðåòíûõ óðàâíåíèé õàðàêòåðèñòèê ñëåäóåò
âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):

a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ïîñòîÿííîì ïîëå

I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
ïåðâûå èíòåãðàëû ñèñòåìû (4): C1(t, r,P), . . . , Cn(t, r,P) (n=6), êîòîðûå
íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.

I Äëÿ èíòåãðèðîâàíèÿ êîíêðåòíûõ óðàâíåíèé õàðàêòåðèñòèê ñëåäóåò
âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):

a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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Ðåøåíèå áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ïîñòîÿííîì ïîëå

I Äàëåå, äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (3) íåîáõîäèìî íàéòè
ïåðâûå èíòåãðàëû ñèñòåìû (4): C1(t, r,P), . . . , Cn(t, r,P) (n=6), êîòîðûå
íàçûâàþòñÿ õàðàêòåðèñòèêàìè óðàâíåíèÿ (3). Òîãäà îáùèì ðåøåíèåì
óðàâíåíèÿ (3) ïîëó÷àåòñÿ êàê ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ:

F (C1, . . . , Cn) = 0, (5)
ãäå F (z) � ïðîèçâîëüíàÿ ôóíêöèÿ.

I Äëÿ èíòåãðèðîâàíèÿ êîíêðåòíûõ óðàâíåíèé õàðàêòåðèñòèê ñëåäóåò
âîñïîëüçîâàòüñÿ ñëåäóþùèì ñâîéñòâîì ðàâíûõ äðîáåé (ñì. Ôèëèïïîâ):

a1

b1
=
aa

b2
= · · ·

an

bn
≡ t⇒

∑
i kiai∑
i kibi

= t, äëÿ ∀ki, i = 1, n. (6)

I Òàêèì îáðàçîì, ëåãêî íàéòè, íàïðèìåð, ñëåäóþùóþ õàðàêòåðèñòèêó
óðàâíåíèÿ (3):

C1 =
P2

2m
+ qφ(r) ≡ E − U = E, (7)

êîòîðàÿ ÿâëÿåòñÿ èíòåãðàëîì ïîëíîé ýíåðãèè ÷àñòèöû.
I Ýòîé õàðàêòåðèñòèêè äîñòàòî÷íî äëÿ îïèñàíèÿ ñòàòè÷åñêîé èçîòðîïíîé

áåññòîëêíîâèòåëüíîé ïëàçìû. Òàêèì îáðàçîì, ðåøåíèå
áåññòîëêíîâèòåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå ýòîìó
ñëó÷àþ ïðèìåò âèä:

fa = fa

(
P2

2m
+ qφ(r)

)
, (8)

ãäå fa(z) ïîêà ïðîèçâîëüíûå ôóíêöèè ñâîèõ àðãóìåíòîâ ñ åäèíñòâåííûì
ïîêà óñëîâèåì ñõîäèìîñòè èíòåãðàëîâ îò íèõ ïî èìïóëüñíûì ïåðåìåííûì.

F i1...in ≡
∫
P

P i1 · · ·P infa
(
P2

2m
+ qφ(r)

)
d3P 6= ±∞. (9)
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Ìîìåíòû èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8)

I Î÷åâèäíî, ÷òî ïëîòíîñòü òîêà, îïðåäåëÿþùàÿñÿ ïåðâûì ìîìåíòîì
îòíîñèòåëüíî èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8), ðàâíà íóëþ, òàê êàê
â ïðîñòðàíñòâå èìïóëüñîâ íåò âûäåëåííîãî íàïðàâëåíèÿ:

J =

∫
P

Pfa

(
P2

2m
+ qφ(r)

)
d3P ≡ 0. (10)

I Äëÿ ïëîòíîñòè çàðÿäà a - ãî ñîðòà ïîëó÷èì, ïåðåõîäÿ ê ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ïðîñòðàíñòâå èìïóëüñîâ

P 1 = p cos θ cosϕ; P 2 = p cos θ sinϕ; P 3 = p sin θ; (11)

d3P = p2dp sin θdθdφ; (p ∈ [0,+∞); θ ∈ [−π/2.π/2]; ϕ ∈ [0, 2π]) (12)
è èíòåãðèðóÿ ïî óãëîâûì ïåðåìåííûì, ïîëó÷èì:

ρa(r) = 4πea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp; (13)

ρ(r) = 4π
∑
a

ea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp. (14)

I Ðàññìîòðèì â êà÷åñòâå fa(p) ðàñïðåäåëåíèå Ìàêñâåëëà:

fa(p) = Ae
− p2

2maT ⇒ fa = A exp

− p2

2ma
+ eaφ(r)

T

 (15)

,
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Ìîìåíòû èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8)

I Î÷åâèäíî, ÷òî ïëîòíîñòü òîêà, îïðåäåëÿþùàÿñÿ ïåðâûì ìîìåíòîì
îòíîñèòåëüíî èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8), ðàâíà íóëþ, òàê êàê
â ïðîñòðàíñòâå èìïóëüñîâ íåò âûäåëåííîãî íàïðàâëåíèÿ:

J =

∫
P

Pfa

(
P2

2m
+ qφ(r)

)
d3P ≡ 0. (10)

I Äëÿ ïëîòíîñòè çàðÿäà a - ãî ñîðòà ïîëó÷èì, ïåðåõîäÿ ê ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ïðîñòðàíñòâå èìïóëüñîâ

P 1 = p cos θ cosϕ; P 2 = p cos θ sinϕ; P 3 = p sin θ; (11)

d3P = p2dp sin θdθdφ; (p ∈ [0,+∞); θ ∈ [−π/2.π/2]; ϕ ∈ [0, 2π]) (12)
è èíòåãðèðóÿ ïî óãëîâûì ïåðåìåííûì, ïîëó÷èì:

ρa(r) = 4πea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp; (13)

ρ(r) = 4π
∑
a

ea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp. (14)

I Ðàññìîòðèì â êà÷åñòâå fa(p) ðàñïðåäåëåíèå Ìàêñâåëëà:

fa(p) = Ae
− p2

2maT ⇒ fa = A exp

− p2

2ma
+ eaφ(r)

T

 (15)

,
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Ìîìåíòû èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8)

I Î÷åâèäíî, ÷òî ïëîòíîñòü òîêà, îïðåäåëÿþùàÿñÿ ïåðâûì ìîìåíòîì
îòíîñèòåëüíî èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8), ðàâíà íóëþ, òàê êàê
â ïðîñòðàíñòâå èìïóëüñîâ íåò âûäåëåííîãî íàïðàâëåíèÿ:

J =

∫
P

Pfa

(
P2

2m
+ qφ(r)

)
d3P ≡ 0. (10)

I Äëÿ ïëîòíîñòè çàðÿäà a - ãî ñîðòà ïîëó÷èì, ïåðåõîäÿ ê ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ïðîñòðàíñòâå èìïóëüñîâ

P 1 = p cos θ cosϕ; P 2 = p cos θ sinϕ; P 3 = p sin θ; (11)

d3P = p2dp sin θdθdφ; (p ∈ [0,+∞); θ ∈ [−π/2.π/2]; ϕ ∈ [0, 2π]) (12)
è èíòåãðèðóÿ ïî óãëîâûì ïåðåìåííûì, ïîëó÷èì:

ρa(r) = 4πea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp; (13)

ρ(r) = 4π
∑
a

ea

∞∫
0

p2fa

(
p2

2ma
+ eaφ(r)

)
dp. (14)

I Ðàññìîòðèì â êà÷åñòâå fa(p) ðàñïðåäåëåíèå Ìàêñâåëëà:

fa(p) = Ae
− p2

2maT ⇒ fa = A exp

− p2

2ma
+ eaφ(r)

T

 (15)
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Ìîìåíòû èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8)

I Î÷åâèäíî, ÷òî ïëîòíîñòü òîêà, îïðåäåëÿþùàÿñÿ ïåðâûì ìîìåíòîì
îòíîñèòåëüíî èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8), ðàâíà íóëþ, òàê êàê
â ïðîñòðàíñòâå èìïóëüñîâ íåò âûäåëåííîãî íàïðàâëåíèÿ:

J =

∫
P

Pfa

(
P2

2m
+ qφ(r)

)
d3P ≡ 0. (10)

I Äëÿ ïëîòíîñòè çàðÿäà a - ãî ñîðòà ïîëó÷èì, ïåðåõîäÿ ê ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ïðîñòðàíñòâå èìïóëüñîâ

P 1 = p cos θ cosϕ; P 2 = p cos θ sinϕ; P 3 = p sin θ; (11)

d3P = p2dp sin θdθdφ; (p ∈ [0,+∞); θ ∈ [−π/2.π/2]; ϕ ∈ [0, 2π]) (12)
è èíòåãðèðóÿ ïî óãëîâûì ïåðåìåííûì, ïîëó÷èì:
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∑
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∞∫
0
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2ma
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I Ðàññìîòðèì â êà÷åñòâå fa(p) ðàñïðåäåëåíèå Ìàêñâåëëà:

fa(p) = Ae
− p2

2maT ⇒ fa = A exp

− p2
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+ eaφ(r)
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 (15)
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Ìîìåíòû èçîòðîïíîé ôóíêöèè ðàñïðåäåëåíèÿ (8)
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∫
P

Pfa
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P2
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+ qφ(r)
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I Äëÿ ïëîòíîñòè çàðÿäà a - ãî ñîðòà ïîëó÷èì, ïåðåõîäÿ ê ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò â ïðîñòðàíñòâå èìïóëüñîâ

P 1 = p cos θ cosϕ; P 2 = p cos θ sinϕ; P 3 = p sin θ; (11)

d3P = p2dp sin θdθdφ; (p ∈ [0,+∞); θ ∈ [−π/2.π/2]; ϕ ∈ [0, 2π]) (12)
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Óðàâíåíèÿ Âëàñîâà: ïëîñêàÿ ñèììåòðèÿ

I Òîãäà, âûïîëíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì â (14), ñ ó÷åòîì èçâåñòíîãî
ñîîòíîøåíèÿ:

∞∫
0

e−x
2
dx =

√
π

2
, (16)

ïîëó÷èì:

ρ(r) =
∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (17)

I Çàïèøåì òåïåðü óðàâíåíèå Ìàêñâåëëà äëÿ ñòàòè÷åñêîãî ýëåêòðè÷åñêî-
ãî ïîëÿ ñ ïëîòíîñòüþ çàðÿäà (17) (ïîëàãàÿ çàðÿä ýëåêòðîíà ðàâíûì −e < 0):

4φ = −4πρ⇒4φ = −4π
∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (18)

Óðàâíåíèå (18) ôàêòè÷åñêè è ÿâëÿåòñÿ ñàìîñîãëàñîâàííûì óðàâíåíèåì
Âëàñîâà, îïèñûâàþùèì îäíîâðåìåííî ýëåêòðè÷åñêîå ïîëå è ôóíêöèþ
ðàñïðåäåëåíèÿ çàðÿäîâ.

I Ðàññìîòðèì ýòî óðàâíåíèå â ñëó÷àå ïëîñêîé ñèììåòðèè, êîãäà âñå ôóíêöèè
çàâèñÿò ëèøü îò îäíîé êîîðäèíàòû x:

d2φ

dx2
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T . (19)
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π

2
, (16)
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T . (17)
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4φ = −4πρ⇒4φ = −4π
∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (18)

Óðàâíåíèå (18) ôàêòè÷åñêè è ÿâëÿåòñÿ ñàìîñîãëàñîâàííûì óðàâíåíèåì
Âëàñîâà, îïèñûâàþùèì îäíîâðåìåííî ýëåêòðè÷åñêîå ïîëå è ôóíêöèþ
ðàñïðåäåëåíèÿ çàðÿäîâ.

I Ðàññìîòðèì ýòî óðàâíåíèå â ñëó÷àå ïëîñêîé ñèììåòðèè, êîãäà âñå ôóíêöèè
çàâèñÿò ëèøü îò îäíîé êîîðäèíàòû x:

d2φ

dx2
= −4π
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a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T . (19)
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ñîîòíîøåíèÿ:

∞∫
0

e−x
2
dx =

√
π

2
, (16)

ïîëó÷èì:

ρ(r) =
∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (17)

I Çàïèøåì òåïåðü óðàâíåíèå Ìàêñâåëëà äëÿ ñòàòè÷åñêîãî ýëåêòðè÷åñêî-
ãî ïîëÿ ñ ïëîòíîñòüþ çàðÿäà (17) (ïîëàãàÿ çàðÿä ýëåêòðîíà ðàâíûì −e < 0):

4φ = −4πρ⇒4φ = −4π
∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (18)

Óðàâíåíèå (18) ôàêòè÷åñêè è ÿâëÿåòñÿ ñàìîñîãëàñîâàííûì óðàâíåíèåì
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ðàñïðåäåëåíèÿ çàðÿäîâ.

I Ðàññìîòðèì ýòî óðàâíåíèå â ñëó÷àå ïëîñêîé ñèììåòðèè, êîãäà âñå ôóíêöèè
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0

e−x
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, (16)
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ρ(r) =
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I Çàïèøåì òåïåðü óðàâíåíèå Ìàêñâåëëà äëÿ ñòàòè÷åñêîãî ýëåêòðè÷åñêî-
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∑
a
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eaφ(r)
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Óðàâíåíèå (18) ôàêòè÷åñêè è ÿâëÿåòñÿ ñàìîñîãëàñîâàííûì óðàâíåíèåì
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∑
a

eaAa(2πmaT )
3
2 )e−

eaφ(r)
T . (18)

Óðàâíåíèå (18) ôàêòè÷åñêè è ÿâëÿåòñÿ ñàìîñîãëàñîâàííûì óðàâíåíèåì
Âëàñîâà, îïèñûâàþùèì îäíîâðåìåííî ýëåêòðè÷åñêîå ïîëå è ôóíêöèþ
ðàñïðåäåëåíèÿ çàðÿäîâ.

I Ðàññìîòðèì ýòî óðàâíåíèå â ñëó÷àå ïëîñêîé ñèììåòðèè, êîãäà âñå ôóíêöèè
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dx2
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∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T . (19)
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Figure 1. Êîíòàêò äâóõ ïðî-
âîäíèêîâ. Ïîëàãàÿ âíåøíåå
ýëåêòðè÷åñêîå ïîëå îòñóòñòâó-
þùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.
I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Ðàññìîòðèì êîíòàêò äâóõ ìåòàëëîâ. Ìåòàëëû îòëè÷àþòñÿ îò ïëàçìû
òâåðäî çàêðåïëåííûìè èîíàìè, íàõîäÿùèìèñÿ â óçëàõ êðèñòàëëè÷åñêîé
ðåøåòêè. Ïîýòîìó ïëîòíîñòü èîíîâ â ìåòàëëå ìîæíî ñ÷èòàòü ïîñòîÿííîé
ni(x) = const. Òàêèì îáðàçîì, ñëåâà ðàñïîëàãàåòñÿ ìåòàëë ñ
êîíöåíòðàöèåé èîíîâ n1

i , ñïðàâà � n
2
i (ñì. Ðèñ. 1). Â ýòîì ñìûñëå âàêóóì

òîæå ìîæíî ñ÷èòàòü òâåðäûì òåëîì, òàê êàê è â íåì êîíöåíòðàöèÿ èîíîâ
ïîñòîÿííà n2

i = 0.

I

.
.

Figure 1. Êîíòàêò äâóõ
ïðîâîäíèêîâ. Ïîëàãàÿ âíåø-
íåå ýëåêòðè÷åñêîå ïîëå
îòñóòñòâóþùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.
I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Ðàññìîòðèì êîíòàêò äâóõ ìåòàëëîâ. Ìåòàëëû îòëè÷àþòñÿ îò ïëàçìû
òâåðäî çàêðåïëåííûìè èîíàìè, íàõîäÿùèìèñÿ â óçëàõ êðèñòàëëè÷åñêîé
ðåøåòêè. Ïîýòîìó ïëîòíîñòü èîíîâ â ìåòàëëå ìîæíî ñ÷èòàòü ïîñòîÿííîé
ni(x) = const. Òàêèì îáðàçîì, ñëåâà ðàñïîëàãàåòñÿ ìåòàëë ñ
êîíöåíòðàöèåé èîíîâ n1

i , ñïðàâà � n
2
i (ñì. Ðèñ. 1). Â ýòîì ñìûñëå âàêóóì

òîæå ìîæíî ñ÷èòàòü òâåðäûì òåëîì, òàê êàê è â íåì êîíöåíòðàöèÿ èîíîâ
ïîñòîÿííà n2

i = 0.

I

.
.

Figure 1. Êîíòàêò äâóõ
ïðîâîäíèêîâ. Ïîëàãàÿ âíåø-
íåå ýëåêòðè÷åñêîå ïîëå
îòñóòñòâóþùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.

I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Ðàññìîòðèì êîíòàêò äâóõ ìåòàëëîâ. Ìåòàëëû îòëè÷àþòñÿ îò ïëàçìû
òâåðäî çàêðåïëåííûìè èîíàìè, íàõîäÿùèìèñÿ â óçëàõ êðèñòàëëè÷åñêîé
ðåøåòêè. Ïîýòîìó ïëîòíîñòü èîíîâ â ìåòàëëå ìîæíî ñ÷èòàòü ïîñòîÿííîé
ni(x) = const. Òàêèì îáðàçîì, ñëåâà ðàñïîëàãàåòñÿ ìåòàëë ñ
êîíöåíòðàöèåé èîíîâ n1

i , ñïðàâà � n
2
i (ñì. Ðèñ. 1). Â ýòîì ñìûñëå âàêóóì

òîæå ìîæíî ñ÷èòàòü òâåðäûì òåëîì, òàê êàê è â íåì êîíöåíòðàöèÿ èîíîâ
ïîñòîÿííà n2

i = 0.

I

.
.

Figure 1. Êîíòàêò äâóõ
ïðîâîäíèêîâ. Ïîëàãàÿ âíåø-
íåå ýëåêòðè÷åñêîå ïîëå
îòñóòñòâóþùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.

I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Ðàññìîòðèì êîíòàêò äâóõ ìåòàëëîâ. Ìåòàëëû îòëè÷àþòñÿ îò ïëàçìû
òâåðäî çàêðåïëåííûìè èîíàìè, íàõîäÿùèìèñÿ â óçëàõ êðèñòàëëè÷åñêîé
ðåøåòêè. Ïîýòîìó ïëîòíîñòü èîíîâ â ìåòàëëå ìîæíî ñ÷èòàòü ïîñòîÿííîé
ni(x) = const. Òàêèì îáðàçîì, ñëåâà ðàñïîëàãàåòñÿ ìåòàëë ñ
êîíöåíòðàöèåé èîíîâ n1

i , ñïðàâà � n
2
i (ñì. Ðèñ. 1). Â ýòîì ñìûñëå âàêóóì

òîæå ìîæíî ñ÷èòàòü òâåðäûì òåëîì, òàê êàê è â íåì êîíöåíòðàöèÿ èîíîâ
ïîñòîÿííà n2

i = 0.

I

.
.

Figure 1. Êîíòàêò äâóõ
ïðîâîäíèêîâ. Ïîëàãàÿ âíåø-
íåå ýëåêòðè÷åñêîå ïîëå
îòñóòñòâóþùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.
I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Ðàññìîòðèì êîíòàêò äâóõ ìåòàëëîâ. Ìåòàëëû îòëè÷àþòñÿ îò ïëàçìû
òâåðäî çàêðåïëåííûìè èîíàìè, íàõîäÿùèìèñÿ â óçëàõ êðèñòàëëè÷åñêîé
ðåøåòêè. Ïîýòîìó ïëîòíîñòü èîíîâ â ìåòàëëå ìîæíî ñ÷èòàòü ïîñòîÿííîé
ni(x) = const. Òàêèì îáðàçîì, ñëåâà ðàñïîëàãàåòñÿ ìåòàëë ñ
êîíöåíòðàöèåé èîíîâ n1

i , ñïðàâà � n
2
i (ñì. Ðèñ. 1). Â ýòîì ñìûñëå âàêóóì

òîæå ìîæíî ñ÷èòàòü òâåðäûì òåëîì, òàê êàê è â íåì êîíöåíòðàöèÿ èîíîâ
ïîñòîÿííà n2

i = 0.

I

.
.

Figure 1. Êîíòàêò äâóõ
ïðîâîäíèêîâ. Ïîëàãàÿ âíåø-
íåå ýëåêòðè÷åñêîå ïîëå
îòñóòñòâóþùèì, ïîëó÷èì

E(−∞) = E(+∞) = 0;⇒ (20)

φ(−∞) = φ1; φ(+∞) = φ2. (21)

Íà áåñêîíå÷íîñòè ïëàçìà
äîëæíà áûòü ýëåêòðîíåé-
òðàëüíà, ïîýòîìó:

ne(−∞) = Z1n
1
i ; ne(+∞) = Z2n

2
i , (22)

ãäå Zi � çàðÿä èîíîâ â ñîîòâåòñòâóþùèõ ïðîâîäíèêàõ.
I Ñ äðóãîé ñòîðîíû â íàøåì ñëó÷àå ñîãëàñíî (17):

ρ(x) = Zeni − eAe(2πmeT )
3
2 e

eφ(x)
T . (23)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ýëåêòðè÷åñêîå ïîëå íà ãðàíèöå äâóõ ìåòàëëîâ: ãðàíè÷íûå óñëîâèÿ

I Èç (23) ïîëó÷èì íà áåñêîíå÷íîñòè:

Z1n
1
i = Ae(2πmeT )

3
2 e

eφ1
T , (24)

Z2n
2
i = Ae(2πmeT )

3
2 e

eφ2
T . (25)

I Ïîäåëèâ îáå ÷àñòè (25) íà ñîîòâåòñòâóþùèå ÷àñòè (24) è ëîãàðèôìèðóÿ,
ïîëó÷èì:

φ2 = φ1 +
T

e
ln
Z2n2

i

Z1n1
i

. (26)

I Äàëåå, èç (24) íàéäåì:

Ae =
Z1n1

i

(2πmeT )
3
2

e−
eφ1
T . (27)

Òàêèì îáðàçîì, ìû âûðàçèëè âñå ïàðàìåòðû çàäà÷è ÷åðåç åäèíñòâåííóþ
ïîñòîÿííóþ � φ1.

I Áóäåì â äàëüíåéøåì äëÿ îïðåäåëåííîñòè ïîëàãàòü

n1 > n2. (28)

Â ñëó÷àå, êîãäà ñïðàâà íàõîäèòñÿ âàêóóì, ò.å., ni2 = 0, ñîãëàñíî (26)
φ2 = −∞ = const.

I C ó÷åòîì (27) óðàâíåíèå Ïóàññîíà (18) ïðèìåò âèä:

d2φ

dx2
= −4πe

(
Zni − Z1n

1
i e
e(φ−φ1)

T

)
. (29)
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Ðàçìåðíîñòíîå ïðåîáðàçîâàíèå, îêîí÷àòåëüíîå óðàâíåíèå

I Ââåäåì íîâóþ áåçðàçìåðíóþ ïîòåíöèàëüíóþ ôóíêöèþ Φ è íîâóþ
áåçðàçìåðíóþ ïåðåìåííóþ ξ:

Φ =
eφ

T
, (30)

ξ =
x

λD
; λD =

√
T

4πe2Zn1
i

, (31)

ãäå λD � òàê íàçûâàåìûé ðàäèóñ Äåáàÿ - Õþêêåëÿ, à Φ(ξ) � îòíîøåíèå
ïîòåíöèàëüíîé ýíåðãèè ýëåêòðîíà â ýëåêòðè÷åñêîì ïîëå ê åãî ñðåäíåé
êèíåòè÷åñêîé ýíåðãèè.

I Äàëåå, ó÷èòûâàÿ, ÷òî ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ çàäàí ñ òî÷íîñòüþ äî
êîíñòàíòû, ïîëîæèì:

φ(−∞) ≡ φ1 = 0. (32)

I Òàêèì îáðàçîì, óðàâíåíèå Âëàñîâà (29) ïðèìåò ñëåäóþùèé êîìïàêòíûé âèä:

d2Φ−

dξ2
= eΦ− − 1; ξ < 0; (33)

d2Φ+

dξ2
= eΦ+ −

Z2n2
i

Z1n1
i

; ξ ≥ 0. (34)

I Óðàâíåíèÿ (33) - (34) äîëæíû ðåøàòüñÿ ñ óñëîâèÿìè íà ãðàíèöå ïåðåõîäà è
íà áåñêîíå÷íîñòè:

Φ−(0) = Φ+(0); Φ′−(0) = Φ′+(0), (35)

Φ−(−∞) = 0; Φ′−(−∞) = Φ′+(+∞) = 0. (36)
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= eΦ− − 1; ξ < 0; (33)

d2Φ+

dξ2
= eΦ+ −

Z2n2
i

Z1n1
i

; ξ ≥ 0. (34)

I Óðàâíåíèÿ (33) - (34) äîëæíû ðåøàòüñÿ ñ óñëîâèÿìè íà ãðàíèöå ïåðåõîäà è
íà áåñêîíå÷íîñòè:

Φ−(0) = Φ+(0); Φ′−(0) = Φ′+(0), (35)

Φ−(−∞) = 0; Φ′−(−∞) = Φ′+(+∞) = 0. (36)
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Φ =
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T
, (30)
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x

λD
; λD =

√
T

4πe2Zn1
i

, (31)
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ïîòåíöèàëüíîé ýíåðãèè ýëåêòðîíà â ýëåêòðè÷åñêîì ïîëå ê åãî ñðåäíåé
êèíåòè÷åñêîé ýíåðãèè.
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Ðåøåíèå íåëèíåéíûõ óðàâíåíèé Âëàñîâà

I Óðàâíåíèÿ Âëàñîâà (33) � (34) ÿâëÿþòñÿ îáûêíîâåííûìè íåëèíåéíûìè
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè 2-ãî ïîðÿäêà âèäà:

d2Φ

dξ2
= F (Φ). (37)

I Äëÿ èõ ðåøåíèÿ ñäåëàåì çàìåíó ïåðåìåííûõ:

dΦ

dξ
= U(Φ, ξ);⇒

d2Φ

dξ2
≡

d

dξ
U ≡

dU

dΦ
U. (38)

I Òàêèì îáðàçîì, óðàâíåíèå (37) ïðåîáðàçóåòñÿ ê ïðîñòîìó óðàâíåíèþ:

dU2

dΦ
= 2F (Φ)⇒

dΦ

dξ
= ±

√
2

∫
F (Φ)dΦ + Const1 (39)

I Òàêèì îáðàçîì, îêîí÷àòåëüíî ðåøåíèå óðàâíåíèÿ Âëàñîâà ìîæíî çàïèñàòü
â êâàäðàòóðàõ â íåÿâíîì âèäå:∫

dΦ√
2
∫
F (Φ)dΦ + Const1

= ±ξ + Const2. (40)

I Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé íà =∞ â ëåâîì ïîëóïðîñòðàíñòâå ïîëó÷èì
èç (40):

dΦ−

dξ
=

√
2(eΦ− − 1− Φ−). (41)
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dU2

dΦ
= 2F (Φ)⇒

dΦ

dξ
= ±

√
2

∫
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I Òàêèì îáðàçîì, îêîí÷àòåëüíî ðåøåíèå óðàâíåíèÿ Âëàñîâà ìîæíî çàïèñàòü
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dΦ√
2
∫
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I Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé íà =∞ â ëåâîì ïîëóïðîñòðàíñòâå ïîëó÷èì
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dΦ−

dξ
=

√
2(eΦ− − 1− Φ−). (41)
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ôîðìàëüíî îòòîëêíóòüñÿ îò óñëîâèÿ íà áåñêîíå÷íîñòè, ãäå ξ = −∞:

Φ0∫
Φ

dΦ√
2(eΦ − 1− Φ)

= −ξ; ξ < 0. (42)

I Ýòîò èíòåãðàë íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïîýòîìó
ðàññìîòðèì ñëó÷àé ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

Φ� 1, (43)
I Òîãäà, ðàçëàãàÿ ïîäêîðåííîå âûðàæåíèå â ðÿä Òåéëîðà ïî ìàëîñòè Φ

ñ òî÷íîñòüþ äî êâàäðàòîâ, ïîëó÷èì
√

2(eΦ − 1− Φ) ≈ Φ2 è, òàêèì îáðàçîì:

Φ−(ξ) = Φ0eξ. (44)

I Â ýòîì æå ïðèáëèæåíèè íàéäåì ñ ïîìîùüþ (41):

dΦ−

dξ
= Φ−;⇒ Φ′−(0) = Φ0. (45)

I Òàêèì îáðàçîì, íà ãðàíèöå ðàçäåëà èìååì:

Φ−(0) = Φ0; Φ′−(0) = −Φ0. (46)

I Â ïðàâîé ïîëóïëîñêîñòè èìååì â ëèíåéíîì ïî Φ ïðèáëèæåíèè, ïîëàãàÿ â
óðàâíåíèè (34) n2

i = 0:

Φ+ = C1e−ξ − 1. (47)

Φ−(0) = Φ0 = C1− 1; Φ′−(0) = −Φ0 = −C1, (48)

(49)
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ôîðìàëüíî îòòîëêíóòüñÿ îò óñëîâèÿ íà áåñêîíå÷íîñòè, ãäå ξ = −∞:

Φ0∫
Φ

dΦ√
2(eΦ − 1− Φ)

= −ξ; ξ < 0. (42)

I Ýòîò èíòåãðàë íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïîýòîìó
ðàññìîòðèì ñëó÷àé ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

Φ� 1, (43)
I Òîãäà, ðàçëàãàÿ ïîäêîðåííîå âûðàæåíèå â ðÿä Òåéëîðà ïî ìàëîñòè Φ

ñ òî÷íîñòüþ äî êâàäðàòîâ, ïîëó÷èì
√

2(eΦ − 1− Φ) ≈ Φ2 è, òàêèì îáðàçîì:

Φ−(ξ) = Φ0eξ. (44)

I Â ýòîì æå ïðèáëèæåíèè íàéäåì ñ ïîìîùüþ (41):
dΦ−

dξ
= Φ−;⇒ Φ′−(0) = Φ0. (45)

I Òàêèì îáðàçîì, íà ãðàíèöå ðàçäåëà èìååì:

Φ−(0) = Φ0; Φ′−(0) = −Φ0. (46)
I Â ïðàâîé ïîëóïëîñêîñòè èìååì â ëèíåéíîì ïî Φ ïðèáëèæåíèè, ïîëàãàÿ â

óðàâíåíèè (34) n2
i = 0:

Φ+ = C1e−ξ − 1. (47)

Φ−(0) = Φ0 = C1− 1; Φ′−(0) = −Φ0 = −C1, (48)

(49)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ ãðàíèöû ìåòàëë-âàêóóì

I Ðåøåíèå óðàâíåíèÿ (41) â íåÿâíîì âèäå ìîæíî çàïèñàòü ñ ïîìîùüþ
ïîòåíöèàëà íà ãðàíèöå ðàçäåëà Φ−(0) ≡ Φ0, â òî âðåìÿ êàê íåâîçìîæíî
ôîðìàëüíî îòòîëêíóòüñÿ îò óñëîâèÿ íà áåñêîíå÷íîñòè, ãäå ξ = −∞:

Φ0∫
Φ

dΦ√
2(eΦ − 1− Φ)

= −ξ; ξ < 0. (42)

I Ýòîò èíòåãðàë íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïîýòîìó
ðàññìîòðèì ñëó÷àé ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

Φ� 1, (43)
I Òîãäà, ðàçëàãàÿ ïîäêîðåííîå âûðàæåíèå â ðÿä Òåéëîðà ïî ìàëîñòè Φ

ñ òî÷íîñòüþ äî êâàäðàòîâ, ïîëó÷èì
√

2(eΦ − 1− Φ) ≈ Φ2 è, òàêèì îáðàçîì:

Φ−(ξ) = Φ0eξ. (44)

I Â ýòîì æå ïðèáëèæåíèè íàéäåì ñ ïîìîùüþ (41):
dΦ−

dξ
= Φ−;⇒ Φ′−(0) = Φ0. (45)

I Òàêèì îáðàçîì, íà ãðàíèöå ðàçäåëà èìååì:
Φ−(0) = Φ0; Φ′−(0) = −Φ0. (46)

I Â ïðàâîé ïîëóïëîñêîñòè èìååì â ëèíåéíîì ïî Φ ïðèáëèæåíèè, ïîëàãàÿ â
óðàâíåíèè (34) n2

i = 0:

Φ+ = C1e−ξ − 1. (47)

Φ−(0) = Φ0 = C1− 1; Φ′−(0) = −Φ0 = −C1, (48)

(49)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ ãðàíèöû ìåòàëë-âàêóóì

I Ðåøåíèå óðàâíåíèÿ (41) â íåÿâíîì âèäå ìîæíî çàïèñàòü ñ ïîìîùüþ
ïîòåíöèàëà íà ãðàíèöå ðàçäåëà Φ−(0) ≡ Φ0, â òî âðåìÿ êàê íåâîçìîæíî
ôîðìàëüíî îòòîëêíóòüñÿ îò óñëîâèÿ íà áåñêîíå÷íîñòè, ãäå ξ = −∞:

Φ0∫
Φ

dΦ√
2(eΦ − 1− Φ)

= −ξ; ξ < 0. (42)

I Ýòîò èíòåãðàë íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïîýòîìó
ðàññìîòðèì ñëó÷àé ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

Φ� 1, (43)
I Òîãäà, ðàçëàãàÿ ïîäêîðåííîå âûðàæåíèå â ðÿä Òåéëîðà ïî ìàëîñòè Φ

ñ òî÷íîñòüþ äî êâàäðàòîâ, ïîëó÷èì
√

2(eΦ − 1− Φ) ≈ Φ2 è, òàêèì îáðàçîì:

Φ−(ξ) = Φ0eξ. (44)

I Â ýòîì æå ïðèáëèæåíèè íàéäåì ñ ïîìîùüþ (41):
dΦ−

dξ
= Φ−;⇒ Φ′−(0) = Φ0. (45)

I Òàêèì îáðàçîì, íà ãðàíèöå ðàçäåëà èìååì:
Φ−(0) = Φ0; Φ′−(0) = −Φ0. (46)

I Â ïðàâîé ïîëóïëîñêîñòè èìååì â ëèíåéíîì ïî Φ ïðèáëèæåíèè, ïîëàãàÿ â
óðàâíåíèè (34) n2

i = 0:

Φ+ = C1e−ξ − 1. (47)

Φ−(0) = Φ0 = C1− 1; Φ′−(0) = −Φ0 = −C1, (48)

(49)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ ãðàíèöû ìåòàëë-âàêóóì

I Ðåøåíèå óðàâíåíèÿ (41) â íåÿâíîì âèäå ìîæíî çàïèñàòü ñ ïîìîùüþ
ïîòåíöèàëà íà ãðàíèöå ðàçäåëà Φ−(0) ≡ Φ0, â òî âðåìÿ êàê íåâîçìîæíî
ôîðìàëüíî îòòîëêíóòüñÿ îò óñëîâèÿ íà áåñêîíå÷íîñòè, ãäå ξ = −∞:

Φ0∫
Φ

dΦ√
2(eΦ − 1− Φ)

= −ξ; ξ < 0. (42)

I Ýòîò èíòåãðàë íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, ïîýòîìó
ðàññìîòðèì ñëó÷àé ñëàáîãî ýëåêòðè÷åñêîãî ïîëÿ

Φ� 1, (43)
I Òîãäà, ðàçëàãàÿ ïîäêîðåííîå âûðàæåíèå â ðÿä Òåéëîðà ïî ìàëîñòè Φ

ñ òî÷íîñòüþ äî êâàäðàòîâ, ïîëó÷èì
√

2(eΦ − 1− Φ) ≈ Φ2 è, òàêèì îáðàçîì:

Φ−(ξ) = Φ0eξ. (44)

I Â ýòîì æå ïðèáëèæåíèè íàéäåì ñ ïîìîùüþ (41):
dΦ−

dξ
= Φ−;⇒ Φ′−(0) = Φ0. (45)

I Òàêèì îáðàçîì, íà ãðàíèöå ðàçäåëà èìååì:
Φ−(0) = Φ0; Φ′−(0) = −Φ0. (46)

I Â ïðàâîé ïîëóïëîñêîñòè èìååì â ëèíåéíîì ïî Φ ïðèáëèæåíèè, ïîëàãàÿ â
óðàâíåíèè (34) n2

i = 0:

Φ+ = C1e−ξ − 1. (47)

Φ−(0) = Φ0 = C1− 1; Φ′−(0) = −Φ0 = −C1, (48)

(49)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ ãðàíèöû ìåòàëë-âàêóóì

I Ðåøàÿ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (48), íàéäåì:

Φ0 = −
1

2
; C1 =

1

2
. (50)

I Òàêèì îáðàçîì íàéäåì ðåøåíèå ëèíåéíîãî óðàâíåíèÿ Âëàñîâà:

Φ = −
1

2
eξ; ξ < 0 ⇒ φ = −

T

2e
e
x
λD ; (51)

Φ =
1

2
e−ξ; ξ ≥ 0 ⇒ φ =

T

2e
e
− x
λD −

T

e
. (52)

I
Figure 2. Ïðèâåäåííàÿ íàïðÿæåí-
íîñòü ýëåêòðè÷åñêîãî ïîëÿ Φ′ξ íà ãðà-

íèöå ¾ìåòàëë - âàêóóì¿ (51) � (52).
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïóñòü â íà÷àëå êîîðäèíàò íàõîäèòñÿ çàðÿä q, à ïëàçìà â öåëîì
ýëåêòðîíåéòðàëüíà, ò.å.:

ne(∞) = Zni(∞) = n0; (53)

φ(∞) = 0; φ′(∞) = 0. (54)

I Ðàññìîòðèì óðàâíåíèå Âëàñîâà (18) â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè,
ïîëàãàÿ φ(r) = φ(r) è ó÷èòûâàÿ ôîðìóëó äëÿ îïåðàòîðà Ëàïëàññà â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè:

4φ(r) =
1
√
g

∂

∂xi
√
ggik

∂φ

∂xi
=

1

r2

d

dr
r2 dφ

dr
. (55)

I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2

Ae. (57)
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I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2

Ae. (57)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïóñòü â íà÷àëå êîîðäèíàò íàõîäèòñÿ çàðÿä q, à ïëàçìà â öåëîì
ýëåêòðîíåéòðàëüíà, ò.å.:

ne(∞) = Zni(∞) = n0; (53)

φ(∞) = 0; φ′(∞) = 0. (54)

I Ðàññìîòðèì óðàâíåíèå Âëàñîâà (18) â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè,
ïîëàãàÿ φ(r) = φ(r) è ó÷èòûâàÿ ôîðìóëó äëÿ îïåðàòîðà Ëàïëàññà â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè:

4φ(r) =
1
√
g

∂

∂xi
√
ggik

∂φ

∂xi
=

1

r2

d

dr
r2 dφ

dr
. (55)

I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïóñòü â íà÷àëå êîîðäèíàò íàõîäèòñÿ çàðÿä q, à ïëàçìà â öåëîì
ýëåêòðîíåéòðàëüíà, ò.å.:

ne(∞) = Zni(∞) = n0; (53)

φ(∞) = 0; φ′(∞) = 0. (54)

I Ðàññìîòðèì óðàâíåíèå Âëàñîâà (18) â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè,
ïîëàãàÿ φ(r) = φ(r) è ó÷èòûâàÿ ôîðìóëó äëÿ îïåðàòîðà Ëàïëàññà â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè:

4φ(r) =
1
√
g

∂

∂xi
√
ggik

∂φ

∂xi
=

1

r2

d

dr
r2 dφ

dr
. (55)

I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïóñòü â íà÷àëå êîîðäèíàò íàõîäèòñÿ çàðÿä q, à ïëàçìà â öåëîì
ýëåêòðîíåéòðàëüíà, ò.å.:

ne(∞) = Zni(∞) = n0; (53)

φ(∞) = 0; φ′(∞) = 0. (54)

I Ðàññìîòðèì óðàâíåíèå Âëàñîâà (18) â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè,
ïîëàãàÿ φ(r) = φ(r) è ó÷èòûâàÿ ôîðìóëó äëÿ îïåðàòîðà Ëàïëàññà â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè:

4φ(r) =
1
√
g

∂

∂xi
√
ggik

∂φ

∂xi
=

1

r2

d

dr
r2 dφ

dr
. (55)

I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïóñòü â íà÷àëå êîîðäèíàò íàõîäèòñÿ çàðÿä q, à ïëàçìà â öåëîì
ýëåêòðîíåéòðàëüíà, ò.å.:

ne(∞) = Zni(∞) = n0; (53)

φ(∞) = 0; φ′(∞) = 0. (54)

I Ðàññìîòðèì óðàâíåíèå Âëàñîâà (18) â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè,
ïîëàãàÿ φ(r) = φ(r) è ó÷èòûâàÿ ôîðìóëó äëÿ îïåðàòîðà Ëàïëàññà â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè:

4φ(r) =
1
√
g

∂

∂xi
√
ggik

∂φ

∂xi
=

1

r2

d

dr
r2 dφ

dr
. (55)

I Òàêèì îáðàçîì óðàâíåíèå Âëàñîâà (18) ïðèíèìàåò âèä:

1

r2

d

dr
r2 dφ

dr
= −4π

∑
a

eaAa(2πmaT )
3
2 e−

eaφ(x)
T (56)

I Ó÷èòûâàÿ óñëîâèÿ íà áåñêîíå÷íîñòè (53) � (54) è ïðèðàâíèâàÿ íà
áåñêîíå÷íîñòè êîíöåíòðàöèè çàðÿäîâ ýëåêòðîíîâ è èîíîâ, ïîëó÷èì
ñîîòíîøåíèå:

eAe(2πmeT )
3
2 = ZeAi(2πmiT )

3
2 ⇒ Ai =

1

Z

(
me

mi

) 3
2

Ae. (57)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:

ψ(ξ) = Ce−ξ ⇒ φ(r) =
TλD

er
Ce
− r
λD . (63)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:

ψ(ξ) = Ce−ξ ⇒ φ(r) =
TλD

er
Ce
− r
λD . (63)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:

ψ(ξ) = Ce−ξ ⇒ φ(r) =
TλD

er
Ce
− r
λD . (63)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:

ψ(ξ) = Ce−ξ ⇒ φ(r) =
TλD

er
Ce
− r
λD . (63)



@
P
ro
fe
ss
or

Y
u
ri
i
G
.
Ig
n
a
t'
ev
,
K
a
za
n
F
ed

er
a
l
U
n
iv
er
si
ty

Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:

ψ(ξ) = Ce−ξ ⇒ φ(r) =
TλD

er
Ce
− r
λD . (63)
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Ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèé Âëàñîâà äëÿ çàðÿäà â ïëàçìå

I Ïîäñòàâèì (57) â óðàâíåíèå Âëàñîâà (56) è ïðîèçâåäåì ðàçìåðíîñòíîå
ïðåîáðàçîâàíèå:

eφ

T
= Φ; r = λDξ, (58)

I Òîãäà óðàâíåíèå Âëàñîâà (56) ïðèìåò ñëåäóþùèé âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
=
(
eΦ − e−ZΦ

)
. (59)

I Â ëèíåéíîì ïî Φ ïðèáëèæåíèè óðàâíåíèå (59) ïðèíèìàåò âèä:

1

ξ2

d

dξ
ξ2 dΦ

dξ
− Φ(1 + Z) = 0. (60)

I Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ñäåëàåì ñòàíäàðòíóþ çàìåíó

Φ =
ψ(xi)

ξ
⇒

1

ξ2

d

dξ
ξ2 dΦ

dξ
≡
ψ′′

ξ
. (61)

I Òàêèì îáðàçîì, â áåçðàçìåðíûõ ïåðåìåííûõ (ψ, ξ) óðàâíåíèå Âëàñîâà
ïðèíèìàåò âèä:

ψ′′ + (1 + Z)ψ = 0. (62)

è èìååò ñâîèì ñõîäÿùèìñÿ íà áåñêîíå÷íîñòè ðåøåíèåì:
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Äåáàåâñêàÿ ýêðàíèðîâåà çàðÿäà â ïëàçìå

I Ó÷èòûâàÿ, ÷òî ïðè r → 0 ðåøåíèå (63) äîëæíî ïåðåõîäèòü â êóëîíîâñêîå
ðåøåíèå äëÿ çàðÿäà q, ò.å., q/r, íàéäåì, ñðàâíèâàÿ, êîíñòàíòó C:

C =
eq

TλD
. (64)

I Òàêèì îáðàçîì, ïîëó÷èì îêîí÷àòåëüíî äëÿ ïîëÿ îäèíàíî÷íîãî çàðÿäà q â
îäíîðîäíîé ïëàçìå:

φ(r) =
q

r
e
− r
λD . (65)

I Ðåøåíèå (65) îïèñûâàåò òàê íàçûâàåìóþ Äåáàåâñêîå ýêðàíèðîâàíèå çàðÿäà
â ïëàçìå. Ôàêòè÷åñêè íà ðàññòîÿíèè íåñêîëüêèõ Äåáàåâñêèõ ðàäèóñîâ
ýëåêòðè÷åñêîå ïîëå çàðÿäà ïðàêòè÷åñêè ïîëíîñòüþ ýêðàíèðóåòñÿ.
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