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Àííîòàöèÿ

Äëÿ íîðìèðîâàííîé àëãåáðû A è k ∈ N ââåäåíû è èññëåäîâàíû ‖ · ‖-çàìêíóòûå
êëàññû

Pk(A) = {T ∈ A : ‖T k+1A‖ ≥ ‖TA‖k+1 äëÿ âñåõ A ∈ A ñ ‖A‖ = 1}.

Ïîêàçàíî, ÷òî P1(A) ⊂ Pk(A) äëÿ âñåõ k ∈ N. Åñëè T ∈ P1(A), òî Tn ∈ P1(A)
äëÿ âñåõ n ∈ N. Åñëè A óíèòàëüíà, U, V ∈ A òàêèå, ÷òî ‖U‖ = ‖V ‖ = 1, V U = I
è T ∈ Pk(A), òî UTV ∈ Pk(A) äëÿ âñåõ k ∈ N. Â ÷àñòíîñòè, åñëè A óíèòàëüíàÿ

C∗-àëãåáðà è T ∈ Pk(A), òî UTU∗ ∈ Pk(A) äëÿ âñåõ èçîìåòðèé U ∈ A è k ∈ N.
Ïóñòü A óíèòàëüíà, òîãäà 1) åñëè ýëåìåíò T ∈ P1(A) îáðàòèì ñïðàâà, òî ïðàâûé

îáðàòíûé ýëåìåíò T−1 ∈ P1(A); 2) ïðè ‖I‖ = 1 êëàññ P1(A) ñîñòîèò èç íîðìàëîèäíûõ
ýëåìåíòîâ; 3) åñëè ñïåêòð ýëåìåíòà T ∈ P1(A) ëåæèò íà åäèíè÷íîé îêðóæíîñòè, òî

‖TX‖ = ‖X‖ äëÿ âñåõ X ∈ A. Åñëè A = B(H), òî êëàññ P1(A) ñîâïàäàåò ñ êëàññîì

âñåõ ïàðàíîðìàëüíûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå H.

Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, Ñ*-àëãåáðà, ïàðàíîðìàëüíûé îïåðàòîð, êâà-
çèíèëüïîòåíûé îïåðàòîð, èçîìåòðèÿ, ãèïîíîðìàëüíûé îïåðàòîð, íîðìàëîèäíûé îïåðàòîð,
íîðìèðîâàííàÿ àëãåáðà, óíèòàëüíàÿ àëãåáðà.

Ïóñòü B(H) � *-àëãåáðà âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå H. Îïåðàòîð T ∈ B(H) íàçûâàåòñÿ ïàðàíîðìàëüíûì, åñëè ‖T 2x‖H ≥ ‖Tx‖2H
äëÿ âñåõ x ∈ H ñ ‖x‖H = 1, ñì. [1]�[3]; èçîìåòðèåé, åñëè T ∗T = I; ãèïîíîðìàëüíûì,
åñëè T ∗T ≥ TT ∗. C∗-àëãåáðîé íàçûâàåòñÿ êîìïëåêñíàÿ áàíàõîâà ∗-àëãåáðà òàêàÿ, ÷òî
‖X∗X‖ = ‖X‖2 äëÿ âñåõX ∈ A. Ïî òåîðåìå Ãåëüôàíäà�Íàéìàðêà ëþáóþ C∗-àëãåáðó ìîæ-
íî ðåàëèçîâàòü êàê C∗-ïîäàëãåáðó â B(H) äëÿ íåêîòîðîãî ãèëüáåðòîâà ïðîñòðàíñòâà H.

Ïóñòü A � íîðìèðîâàííàÿ àëãåáðà íàä ïîëåì Λ, A1 = {X ∈ A : ‖X‖ = 1} è k ∈ N.
Íàïîìíèì, ÷òî T ∈ A êâàçèíèëüïîòåíò, åñëè ‖T n‖ 1

n → 0 ïðè n → ∞; íîðìàëîèäíûé,
åñëè ‖T n‖ = ‖T‖n äëÿ âñåõ n ∈ N. Ââåäåì êëàññ

Pk(A) = {T ∈ A : ‖T k+1A‖ ≥ ‖TA‖k+1 äëÿ âñåõ A ∈ A1}.

Î÷åâèäíî, 0 ∈ Pk(A) è T ∈ Pk(A)⇔ λT ∈ Pk(A) äëÿ âñåõ λ ∈ Λ \ {0} è k ∈ N.

Òåîðåìà 1. Êëàññ Pk(A) ‖ · ‖-çàìêíóò â A.

Ïðåäëîæåíèå 2. Ïóñòü A � ïëîòíàÿ ïîäàëãåáðà íîðìèðîâàííîé àëãåáðû B. Òîãäà
Pk(A) ⊂ Pk(B) äëÿ âñåõ k ∈ N.

Ïðåäëîæåíèå 3. Ïóñòü A1, . . . ,An � íîðìèðîâàííûå àëãåáðû. Òîãäà Pk(A1) × · · · ×
Pk(An) ⊂ Pk(A1 × · · · × An) äëÿ âñåõ k ∈ N.

Òåîðåìà 4. Èìååì P1(A) ⊂ Pk(A) äëÿ âñåõ k ∈ N.
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Ñëåäñòâèå 5. Ïóñòü A � íîðìèðîâàííàÿ óíèòàëüíàÿ àëãåáðà è ‖I‖ = 1. Åñëè T ∈
P1(A), òî T íîðìàëîèäíûé.

Ñëåäñòâèå 6. Ïóñòü A � íîðìèðîâàííàÿ óíèòàëüíàÿ àëãåáðà è ‖I‖ = 1. Åñëè (0 6=
)T ∈ P1(A), òî T íå ìîæåò áûòü êâàçèíèëüïîòåíòîì.

Ïðåäëîæåíèå 7. Ïóñòü A � íîðìèðîâàííàÿ àëãåáðà.

(i) Åñëè T ∈ A ñ ‖TX‖ = ‖X‖ äëÿ âñåõ X ∈ A, òî T ∈ P1(A).
(ii) Åñëè T ∈ Pk−1(A) è T k ∈ Pn−1(A), òî T ∈ Pkn−1(A) äëÿ âñåõ k, n ≥ 2.

Ïðåäëîæåíèå 8. Ïóñòü A � íîðìèðîâàííàÿ àëãåáðà, X ∈ A1 è T ∈ A òàêèå, ÷òî

XTX = T . Åñëè k ∈ N íå÷åòíî è T ∈ Pk(A), òî XT ∈ Pk(A).

Ïðåäëîæåíèå 9. Ïóñòü íîðìèðîâàííàÿ àëãåáðà A óíèòàëüíà. Òîãäà λI ∈ P1(A) äëÿ
âñåõ λ ∈ Λ è ñïðàâåäëèâû óòâåðæäåíèÿ:

(i) åñëè T ∈ A1 ñ T
k+1 = I, òî T ∈ Pk(A);

(ii) åñëè T = T k+1 ∈ Pk(A) è ‖I‖ = 1, òî ‖T‖ ∈ {0, 1}.
Ïðåäëîæåíèå 10. Åñëè A � êîììóòàòèâíàÿ íîðìèðîâàííàÿ àëãåáðà è ‖T 2‖ = ‖T‖2

äëÿ âñåõ T ∈ A, òî Pk(A) = A äëÿ âñåõ k ∈ N.
Òåîðåìà 11. Ïóñòü A � íîðìèðîâàííàÿ óíèòàëüíàÿ àëãåáðà è U, V ∈ A1 òàêèå, ÷òî

V U = I. Åñëè T ∈ Pk(A), òî UTV ∈ Pk(A) äëÿ âñåõ k ∈ N.
Ñëåäñòâèå 12. Åñëè A óíèòàëüíàÿ C∗-àëãåáðà è T ∈ Pk(A), òî UTU∗ ∈ Pk(A) äëÿ

âñåõ èçîìåòðèé U ∈ A è k ∈ N.
Ñëåäñòâèå 12 ïðè k = 1 îáîáùàåò ï. (ii) òåîðåìû 2 [4].

Òåîðåìà 13. Ïóñòü A � íîðìèðîâàííàÿ óíèòàëüíàÿ àëãåáðà. Åñëè ýëåìåíò T ∈ P1(A)
îáðàòèì ñïðàâà, òî ïðàâûé îáðàòíûé ýëåìåíò T−1 ∈ P1(A).

Ñëåäñòâèå 14. Ïóñòü A � íîðìèðîâàííàÿ óíèòàëüíàÿ àëãåáðà íàä ïîëåì C è T ∈
P1(A) òàêîé, ÷òî ñïåêòð σ(T ) ëåæèò íà åäèíè÷íîé îêðóæíîñòè. Òîãäà ‖TX‖ = ‖X‖
äëÿ âñåõ X ∈ A.

Òåîðåìà 15. Ïóñòü A � íîðìèðîâàííàÿ àëãåáðà. Åñëè T ∈ P1(A), òî T n ∈ P1(A) äëÿ
âñåõ n ∈ N.

Çàìå÷àíèå 16. Èç òåîðåìû 15 ìîæíî ïîëó÷èòü âòîðîå äîêàçàòåëüñòâî ñëåäñòâèÿ 5.

Èç òåîðåìû 2.1 [4] (ñì. òàêæå òåîðåìó 1 [5]) èìååì

Ñëåäñòâèå 17. Åñëè A = B(H), òî êëàññ P1(A) ñîâïàäàåò ñ êëàññîì âñåõ ïàðàíîð-

ìàëüíûõ îïåðàòîðîâ â H.
Ïîñêîëüêó îïåðàöèÿ ïðîèçâåäåíèÿ ñåêâåíöèàëüíî ñîâìåñòíî íåïðåðûâíà â ñèëüíîé

îïåðàòîðíîé òîïîëîãèè â B(H) [6, çàäà÷à 93], èç ñëåäñòâèÿ 17 âûòåêàåò

Ñëåäñòâèå 18. Åñëè A = B(H), òî êëàññ P1(A) ñåêâåíöèàëüíî çàìêíóò â ñèëüíîé

îïåðàòîðíîé òîïîëîãèè.

Ñëåäñòâèå 19. Åñëè A = B(H), òî â P1(A) ñóùåñòâóåò íå ãèïîíîðìàëüíûé îïåðà-

òîð.

Çàìå÷àíèå 20. Åñëè A = M2(C), òî êëàññ P1(A) åñòü ìíîæåñòâî âñåõ íîðìàëüíûõ
ìàòðèö èç A (òåîðåìà 2.32 [5]). Äëÿ A = B(H) òåîðåìà 4 óñòàíîâëåíà â [7] è [8], òåîðåìà
13 (äëÿ îáðàòèìîãî T ) è ñëåäñòâèå 14 äîêàçàíû â [7], à òåîðåìà 15 � â [2].

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé è ïðàâèòåëü-
ñòâîì Ðåñïóáëèêè Òàòàðñòàí, ïðîåêò 15-41-02433, è âûäåëåííûìè Êàçàíñêîìó ôåäåðàëü-
íîìó óíèâåðñèòåòó äëÿ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëü-
íîñòè ñóáñèäèÿìè 1.1515.2017/Ï×, 1.9773.2017/8.9.
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Paranormal elements in normed algebra
A.M. Bikchentaev, S.A. Abed

Abstract

For a normed algebra A and k ∈ N we introduce and investigate the ‖ ·‖-closed classes

Pk(A) = {T ∈ A : ‖T k+1A‖ ≥ ‖TA‖k+1 for all A ∈ A with ‖A‖ = 1}.

We show that P1(A) ⊂ Pk(A) for all k ∈ N. If T ∈ P1(A) then Tn ∈ P1(A) for all n ∈ N.
If A is unital, U, V ∈ A are such that ‖U‖ = ‖V ‖ = 1, V U = I and T ∈ Pk(A) then
UTV ∈ Pk(A) for all k ∈ N. In particular, if A is a unital C∗-algebra and T ∈ Pk(A)
then UTU∗ ∈ Pk(A) for all isometries U ∈ A and k ∈ N. Let A be unital, then 1) if an
element T ∈ P1(A) is right invertible then the right inverse element T−1 ∈ P1(A); 2) for
‖I‖ = 1 the class P1(A) consists of normaloid elements; 3) if the spectrum of an element
T ∈ P1(A) lies on unit circle then ‖TX‖ = ‖X‖ for all X ∈ A. If A = B(H) then the
class P1(A) coincides with the set of all paranormal operators on a Hilbert space H.

Keywords: Hilbert space, C*-algebra, paranormal operator, quasinilpotent operator, isom-
etry, hyponormal operator, normaloid operator, normed algebra, unital algebra.
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