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Cubupckuii MaTeMaTHIeCKHH Ky PHAJT
Cenrsabpps—okTs6ps, 2002. Tom 43, Ne 5

VIIK 515.1

O MNMCEBOOKOMMNAKTHbIX, CHETHO
KOMIMAKTHbIX, JIOKAJIbHO BEUKOMIMAKTHbIX
OTOBPAXEHUNAX N E-OTOBPAXEHUAX
FO. H. MupounosBa

Ansoranusi: PaccMoTpeHbl BapuaHTBI ONPEIEICHUs IICEBIOKOMIIAKTHOIO OTOOparke-
HUSI 1 OCHOBHBIE CBOMCTBA MICEBJOKOMITAKTHBIX oToOpaxkenuii. Kpome Toro, paccmorpeno
OIIpe/ieJIeHHe CYETHOM KOMIIAKTHOCTH HEIPEPBHIBHOIO OTOOparKeHUsl, U3y4YeHbl CBOICTBAa
CYETHO KOMIIAKTHOTO OTOOPAXKeHWsI, aHAJOTMYHBIE COOTBETCTBYIOIIUM CBOWCTBAM JIJIsi
CYEeTHO KOMIIAKTHBIX IIPOCTPAHCTB, & TaKyKe CBA3b MeXK/ly CYEeTHOIl KOMIIAKTHOCTBbIO U
IICEBJOKOMITAKTHOCTBIO OTOOpazkeHusi. VlccienoBaHO Tak:Ke pacIpOCTPAHEHUE IMOHSATHUST
JIOKaJIbHON OMKOMIIAKTHOCTU U IOHSITHS k-IIPOCTPAHCTBA Ha HENPEPBIBHBIE OTOOparke-
HUA.

KiroueBble cj10Ba: IICEBIOKOMIIAKTHOCTD, CYETHAsI KOMIIAKTHOCTb, JIOKAJIbHAasi OMKOM-
[TaKTHOCTb, k-0TOOparKeHust

MHorue TOHSITUSI ¥ Pe3yJIbTaThI, OIIPEJIeJIEHHbIE U BEPHBIE B KJIACCE TOIIOJIOTH-
YeCKUX MTPOCTPAHCTB, UMEIOT AHAJOTH B KJIACCE HENPEPBIBHBIX OoTobOpakeHmii. Ha
KJIACC HEIPEPBIBHBIX 0TOOparKeHnit OBLJIN PACIIPOCTPAHEHBI AKCHOMBI OTIAEIIMMOCTH,
Ha HeM ObLIN OIpeJeIeHbl MOHATUS 0a3bl 0TOOpPaKeHUsI, BeCa OTOOPAXKEHUS; pa3-
JIMIHBIM 00PA30M OIIPEJIENISIACh TAKIKE PA3MEPHOCTH 0TOOpaykeHus [1] u . 1.

BosHukatoT 3a7aun pacipoCcTpaHeHus pe3yJIbTaTOB TEOPUHU TOIOJIOIMIECKUAX
[IPOCTPAHCTB Ha KJjacc orobpaxkenuit. CylmecTByeT KJIACC OTOOPAXKEHUIA, BBITOJ-
HSIIOIIUX BO MHOTHX CJIyd9asX POJib OMKOMITAKTOB B KJIACCE HEIPEPLIBHBIX OTOOpaXKe-
HUI, — 9TO COBEPIIEHHbIE OTODPAYKEHUS.

B nanmnoit pabore paccmoTpeHo 0000INEHHE KJIacca MCEBAOKOMIIAKTHBIX IIPO-
CTPaHCTB U CBSI3aHHBIX C HUMU CBOWCTB IIPOCTPAHCTB HA CJIydail 0TOOparKeHumii.

1. O IICEBAOKOMIIAKTHbBIX OTOGpa}KeHI/IﬂX

HamomuuM, 9TO THMXOHOBCKOE IPOCTPAHCTBO X HA3BIBAETCS MCEGOOKOMNAKM-
HbiM, ecyin JTiobast HermpepbiBHAsS HA X (DYHKIMS OTPAHAICHA.

Ilogmuo)kecTBO B C X TUXOHOBCKOIO IPOCTPaHCTBA X HAa3BIBAETCS OMMHOCU-
meavHo ncesdokomnarmmowm B X, eciu jirobast HerpepbiBHast Ha X (DYHKIIUsT Orpa-
HuJeHa Ha B.

Crenyrommue CBORCTBA XapaKTEPU3YIOT B KJACCe TUXOHOBCKUX IIPOCTPAHCTB
[CEBJOKOMIIAKTHOCTb U OTHOCUTEIHHYIO IICEBIOKOMIAKTHOCTh COOTBETCTBEHHO (CM.
[1,2]).

1. JIrobast oTKpbITas JOKaJIbHO KOHEeYHAas B IIpOocTpaHcTBe X CHCTEeMa KOHEYHA.

2. JLmst mpocrpancrBa X, mHOXKectBa B C X u J1r0605 OTKPBITOH JIOKAJIBHO
KoHe4HO# cucrembl A B X BbinosiHsiorcs coorromrenns | St(B, A)| < w.

(© 2002 Muposnosa 0. H.
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Paccmorpum reneps HenpepbiBHOe oTobpaxkenue [ : X — Y. Ilpemjioxum psif
OTIPE/IEJIEHNUI TICEBIOKOMITAKTHOTO OTOOPAXKEHNST I PACCMOTPUM B3AUMOCBA3b MEXK LY
HUMU.

OnPEAEJEHUE 1. HenpepoiBaHoe orobpaxkenue f : X — Y HasoBeM o-nces-
Q0KOMNAKMHBLM, €CJIN JIJIsT JII00Oro OTKPBITOro B Y MHOXKecTBa O, 000 TOYKH
y € O u moboil JTOKAILHO KOHEIHOH 1 OTKpLITOH B f 1O cmcTeMbl A cymecTsyer
okpectrocTh Oy Toukn y Takag, ato Oy C O u | St(f~10y, )| < w.

Paccmorpum BapuanT onpeesieHus, CBA3aHHBIN C HEIPEPHIBHBIMU (DY HKITHSIMEI
Ha TpyOKax.

OnPEAENEHME 2 (A. FO. 3y6os, B. A. ITackiakos). HenpepbisHoe oTOGpaske-
wue f : X — Y HazsoBeM ncesdokoMmarxmmoim, €ciau Jijisi JF000T0 OTKPBITOro B Y
MHOXKecTBa O, moboit Toukn y € O u moboit HempepriBHOH GyHKIUE 1) @ f 10 — R
cymecrsyer okpecrHocth Oy C O TOUKH Y TaKas, 4T0 DyHKIUs | -1, OrpaHmde-
HA.

2. CsoiicTBa 0-IICEBIOKOMITIAKTHBIX
¥ IICEBIOKOMIIAKTHBIX OTOOpa>KeHuin

PaCCMDTpHNICBH3b IICEBAOKOMIIAKTHOCTH U O-TIICEBIAOKOMIIAKTHOCTH 0T06pax«}
HUit ¢ JAPpYyTuMHu HX CBOMCTBAMHU U HEKOTOpPbIE CBOICTBA IICEBJOKOMIIAKTHBIX M
O-TICEBJOKOMITaKTHBIX OTO6pa}KEHI/II7I, aHaJIOTUYIHbIE€ COOTBETCTBYIOIIUM CBOICTBaAM
IICE€B/IOKOMITIAKTHBIX IIPOCTPAHCTB

Ilpennoxenune 1. BukoMmakTHOE OTOOPAXKEHHE O-IICEBIOKOMITAKTHO.

JIOKA3ATEJBCTBO. Ilycth orobpaxkenne f : X — Y 6ukomnaxkrao. Paccmor-
puM oTkpbiToe MHOXKecTBO O C Y u Touky y € O. Ilycrbs A — OTKpPBITOE JIOKAJIBHO
KOHeJHOe TOKpHITHe IpocTpancTsa f10. Tak kKak crucreMa A JOKATHHO KOHEYHA,
s moboit Touxkn x € fly cymecrsyeT oxpectHOCTs O C f~ 'O TOUuKM T Takas,
aro |St(Ox, \)| < w. IockombKy cioit f~ 1y GUKOMIAKTEeH, CyMmecTByeT KOHedHast

S
-1
cucrema {Ox1,...,0%4},, 4 cp-1, Takas, aro f~1y C U Oz;. Jljast OTKPLITOro
Jj=1

S
muoxkectBa V = |J Oz; mmeem |St(V, )| < w. B cmmy Toro, aro orobparxkemnue f
=1
3aMKHYTO, CYIIECTBYeT OKpecTHOCTh Oy Touky y Takas, uro f 'Oy C V. Cienosa-
terbHo, | St(f 10y, \)| < w, u orobparkenue f 0-MCeBIOKOMIAKTHO.

CaencrBue 1. B ciyuae Briosise perysipHoro X OHKOMIIAKTHOE OTOODaYKeHHe
f: X =Y saBiasercs mceBIoOKOMIAKTHBIM.

OnpeaeaeHUE 1 (B. A. Iaceiakos). Orobpaxkenue f : X — Y (Pynruyuo-
HAABHO) NAPAKOMNAKIMHO, €CJHU JJIA JTH000ro OTKPLITOro B Y muoxkecrsa O, moboit
touku y € O u 106010 (HYHKINOHATIBLHO) OTKPBITOTO TIOKPLITHS A Tpy6ku f 1O
CYIIECTBYeT OKPECTHOCTH Oy TOYKHU Y Takasi, 9TO B IIOKPBITHE A MOXKHO BIHCATD
(byHKIMOHAIBLHO) OTKPBITOE JIOKATLHO KOHEYHOe TOKphiTHe TpyoKu f~10y.

Teopema 1. o-IIceBaoKoMITAKTHOE 3aMKHYTOE HaPAKOMIIAKTHOE OTODPAaXKEeHHE
OUKOMIIAKTHO.

JIOKA3ATEJBCTBO. Ilycth orobpazkenue f : X — Y yjnoBieTBOpsieT yCIOBUAM
TeopeMbl. PaccMoTpuM OTKpbITOe TOKpbiTHE A = {04 }aca npocTpancrsa fly.
st kaxxgaoro O, € A cymiectByer oTkpbiToe B X MHOXKecTBO U, Takoe, uro O, =

flynU,, a€ A. Tak xax flyc U N\ 1o flyc U N, e N = {Us}aca-
acA acA
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Torma 3 3amMKHYyTOCTH OTOOpaykeHusi f ciiefyeT cynecTBoBanne Takoit Oy TOUYKH ¥,
aqro f~ly C UN Iyers V, = UoNf 10y, a € A. Takkax f~ly C f 10y, T0 O4 =
Vo N fly, a € A. Cucrema v = {V,}aca — OTKDBITOE HOKDBITHE POCTPAHCTBA
f~tOy. TlockombKy oTobparkeHne f IAPaKOMIIAKTHO, TO CYIIECTBYIOT OKPECTHOCTH
Oy C Oy TOYKM Y W JIOKAJTHHO KOHEYHOE OTKPBITOE MOKPBITHE 4 IPOCTPAHCTBA
f~ 101y, Brucannoe B v. Torma BBUIY O-TICEBJOKOMIAKTHOCTH OTOOpasKeHus f :
X — Y cymectsyet okpectocTh O2y C O1y Toukn y Taxast, ato | St(f 10y, v1)| <
W, T. €. CyTIeCTBYeT KOHETHOE TIOIMHOYKECTBO I/ MOKPBITHS V1 IpocTpancTBa f 1Oy
Takoe, uto f 1y C Uvj. Cucrema v} Brmcana B vy. Ilycrs v) = {Wq,..., W },s € N.
Torma cymecrBytor MHOXKeCTBa Vi, , ..., V,, € v Takue, uto W; C V,,, 1 =1,...,s5,
a; € A. Tlostomy W; C Vo, C Uy, i = 1,...,8, a; € A. Cnenosarennno, f~ly C
S S
U U.., snauut, f~ty C |J O,,, u cucrema {Oq,,...,0q,} ABISETCH OTKPBITBIM

i=1 i=1
U KOHEYHBIM IIO/IIOKPBITHEM TOKPBITHS A. Tak Kak orobparkeHue f 3aMKHYTO, OHO

OMKOMIIAKTHO.

Ilpensoxxenune 2. IlceBrokoMmaKTHOE 3aMKHYTOE (DYHKIIHOHAIBHO ITAPAKOM-
IMaKTHOE OTOOPaKeHne OHKOMITAKTHO.

ﬂOKASATE.HbCTBO AHaJIOTUYIHO JIOKa3aTeJIbCTBY TE€OPEMbI 1.

Teopema 2. HemnpepbIBHBIH 06pa3 0-TICEBJOKOMIAKTHOIO OTOOPAXKEHHST O-IICEB-
JTIOKOMITAK TEH.

JTOKABATEJIbCTBO. Ilycth orobpaxkenume f : X — Y 0-1IceBIOKOMIIAKTHO,
g: Z — Y — ero obpa3s npu mopcpusme £ : X — Z. Ilycrs, Kpome TOTO, MHOXKe-
crBo O oTKpEITO B Y, iy € O. PaccMOTPHM OTKPBITYIO JIOKAJILHO KOHEUHYIO B ¢ 1O
cucremy A. Tak Kax cucreMa &~ 1\ OTKpBITa I JIOKAILHO KoHeuHa B Tpy6oKe f 1O, cy-
mectByeT okpecTHocTh Oy C O Toukn y Takas, ato | St(f 10y, £71N)| < w. Torna
u | St(g7 10y, \)| = |St(&)(f~10y),E(E7N))| < w. Crenosarenbho, oTobpakenue
g: Z — Y 0-TICEeBJIOKOMITIAKTHO.

Ilpennoxxenune 3. HempepboiBHBIIH 00pa3 MCEBIJOKOMIIAKTHOTO OTOOPAXKeHHS
TICEBJIOKOMITAK TEH.

JIOKA3ATEJILCTBO HPOU3BOANUTCS AHAJOIMYHO JIOKA3ATEIBCTBY TEOPEMBI 2 ¢
yueToM Toro GakTa, ITo Mpoodpas pu HENPEephIBHOM 0TOOparkeHNn (BbyHKIIMOHAIb-
HO OTKPBITOI'O MHOKECTBA, [PEJICTABISIET COOON (DYHKIMOHATIBHO OTKPBITOE MHOKE-
cTBO [2, c. 78].

Teopema 3. Ilycrs orobpakenwme f : X — Y 0-ICEBIJOKOMIAKTHO U JJIST HEKO-
TOpOro oTKphIiToro B Y Muoxkectsa O MHOXKeCTBO B KaHOHWYeCKH 3aMKHYTO B TPY6-
ke f~10. Toraa orobpaskenue fp = f|g : B — Y o-1ceBnoKoMIaKTHO.

JIOKABATEJLCTBO. Tak kak B C f~1O, umeem fp(B) C O. Paccmorpum
oTkpbiToe B Y MuHOKecTBO O1. Moxkuo canrars, ato O C O. Bozbmem TpyOKy
fglOl = f~10.N B, Touky y € O ¥ JOKAILHO KOHETHYIO B TPyOKe fglOl cucreMmy
A, COCTOSNIYIO N3 KAHOHMYIECKH 3aMKHYTLIX B TPyOKe fg 101 muOXKecTB. MHOXKECTBO
f~'0;, N B xaHOHMYECKH 3aMKHYTO B TPyOKe fglOl. Tak kak cucrema A\ JIOKAJIbHO
KOHEUHA ¥ KAHOHHYECKH 3aMKHYTa B MHOKecTBe [ 'O N B, KOTOpPOe KAaHOHUYIECKN
3aMKHYTO B TpyOke f~10;, TO [2,c. 121] cucTema A JIOKAJIbHO KOHEYHA U KAHOHUIE-
CKU 3aMKHYTa, B TpyoKe f 10;. U3 0-1ICEeBIOKOMIAKTHOCTH OTOOPasKeHUs [ Cley-
er cymecTBoBanue Taxoit okpectaoctn Oy C Op Toukn y, aro |St(f 10y, \)| < w.
Suaqnr, |St (fglOy, )\)| < w, u orobpaxkenue f|g: B — Y 0-1CeBIOKOMIIAKTHO.
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CaencrBue. B ciyuae, korjia npoctpancTBo X BIIOJIHE DETYJISIDHO, TeopeMa 3
BEpHA JJIs ICEBIOKOMITAKTHOIO oTobpakernust f : X — Y.

Teopema 4. Ilycrs muO)ecTBo S koHeuHo. Kombubamus Vgesfs @ X =
GXs = Y, me fs : Xg — Y, s €S, o-11ceBioKoMIIaKTHA TOIJIa U TOJIBKO TOLJA,
Korza Bce orobpazkenust fs : Xg — Y 0-11CEBIOKOMIIAKTHBI.

JTOKA3ATEJBCTBO. 1. Ilyctb oTobpakenue f o-niceBgokoMuakTHO. Paccmor-
puMm orobpaxkenue fs : Xy — Y, orkpbiToe B Y MHO)KecTBO O, TOUKy 3y € O 1 OTKPBI-
TY10 JIOKaJIbHO Koneunyto B f; 1O cucremy . Tax xak X = & X5, as joboro s € S
MHO2KeCTBO X, KaHoHmdeckn 3aMKHyTO B X. Torma mo teopeme 3 orobOpakeHue
fs : X5 = Y o-miceBIOKOMITAaKTHO.

2. Paccmorpum orkpeitoe B Y muOkecTtBO O u Touky y € O. Ilycrs cucrema
A OTKPBITa U JIOKaJIbHO KoHeuHa B X = @ X,. Torma cucrema Ay = AN X oTKphITa
U JIOKQJIbHO KOHedHa B X, s € S, u, kpome Toro, A = @GAs. g moboro s € S
cymectByeT oKpecTHOCTD Ogy C O TOYKH Yy TaKasd, 9TO |St ( fit0gy, )\S) | < w. Ilycrp

Oy = ) Osy. Torma |St (fflOy,)\s)‘ < w g goboro s € S. CiemoBarenbHo,

S
ses
‘St(f’lOy NXs, AN XS)| < w mg qoboro s € S. Tak Kak MHOKECTBO S KOHEYHO,

S
10 |St(f 10y, \)| < w, T. e. oToGpakenue f O-TICEBIOKOMIIAKTHO.

Ilpensoxxenune 4. Ilycrs muoxkectBo S kKonedro. Kombunamus Vesfs: X =
eXs — Y, me fo: Xg — Y, s €S, nceBaokoMiiakTHa TOrAa U TOJIBKO TOIJA, KOIJA
Bce orobpazkenust fs : Xy — Y HCEBIOKOMIIAKTHBI.

JIOKABATEJBLCTBO. 1. Ilycrs orobpazkerue f 1ceBIoKOMIAKTHO. PaccMoTpuM
orobpaxkenue fs : Xg — Y, orkpbiToe B Y MHOXkKecTBO O, Touky y € O u pyHK-
IIOHATBLHO OTKPBITYIO JIOKAIBHO KoHeuHyio B f; ! cucremy \. Tak kak X = © X,
cucreMa A QYHKITMOHAJIHHO OTKPBITA U JIOKAJBHO KOHEeYHA B X, CJI€0BATEHHO, CY-
mectByer okpectHocth Oy C O Toukm y Takag, uto | St(f 10y, \)| < w. Torma
‘St(fS_lOy,)\)| < w.

2. JIOKA3BATEJIBCTBO II. 2 aHAJIOTUYIHO JIOKA3ATEJIHCTBY II. 2 TeOpeMbI 4.

3. O cueTHO KOMMIAaKTHbBIX OTO6pa}KeHI/I${X

PaccvoTpum 3a1aty pactupocTpaHeHUs TOHITHSI CI€THOW KOMITAKTHOCTHU C TIPO-
CTPaHCTB HA HEIPEPBIBHbIE OTOOPAYKEHUSI.

HamomuamnM, 4TO THXOHOBCKOE TTPOCTPAHCTBO X HA3BIBAETCI CHEMMO KOMNAKM-
HbiM, €CJTH U3 JIIOOOTO €10 CIETHOTO OTKPBITOrO IOKPBITHS MOYKHO BBIOPATH KOHETHOE
[TO/IIIOKPBITHE.

Ilogmuo)kecTBO B C X TUXOHOBCKOIO IPOCTPAHCTBA X HAa3BIBAETCS OMMHOCU-
MEABLHO CHETHO KOMTAKMHBbIM B X , €CJIH 13 JIF0OOT0 CIETHOrO TIOKPBITHS IPOCTPAH-
ctBa X MOXKHO BBIOPATH KOHEUHOE TOJIITOKPBITHE ITPOCTPAHCTBA .

UssecrHo [2], 94T0 cueTHAs KOMIAKTHOCTD NPOCTPaHCTBAa X PABHOCHIILHA TOMY,
910 J1I00ast JIOKAJIHHO KOHEYHAS B IPOCTPAHCTBE X CHCTEMa KOHEJHA.

Paccmorpum HernpepwiBHOe orobpakenue f: X — Y.

OnpeaeaEHUE 1 (B. A. ITaceinko). HenpepoiBuoe oro6paxkenune f: X — Y
HA30BEM CYEMMHO KOMNAKMHbLM, €CIIA JJId JI000ro oTKphIiToro B Y mHOXKecTBa O,
mo6oit Toukn y € O u J060ro CYETHOrO OTKPBITOrO TOKPLITHA i TPyOku f~10
cymiecTByer okpecTHOCTh Oy Toukn y Takast, 9o Oy C O U n3 HOKPLITUS i MOYKHO
BEIOPATL KOHETHOE HOIIOKPEITHe TPyoKn f~1Oy.
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4. Kpurepuu cUYeTHOI KOMIIAKTHOCTUA OTOOparkeHus

1j1s CI€THO KOMIIAKTHOTO OTOOPAXKEH NS CIIPABEJINBLI KDUTEPUH, AHAJIOTTIHBIE
KPUTEPUSIM CYETHON KOMIIAKTHOCTU IpocTpaHcTBa [2, Teopembr 3.10.2, 3.10.3].

Ilpensoxxenune 1. [Lnst mpomssosbHOro orobpakenmnsi f : X — Y skBuba-
JIEHTHBI CJICTYIOIIHE YCIOBHSI:

1) orobpaxenne f : X — Y cyeTHO KOMIAKTHO;

2) st Jiroboro orkperroro B Y MmuOMkectBa O, jroboii Toukn y € O u 060ro
cuernoro cemeiictea ® = {F,}aca Taxoro, uro (F,, N---NF, )N f 10y # @
JIst 1060 okpectroctd Oy TOYKH Y, €CJIH S KOHEYHO, COCTOSIIErO U3 3aMKHYTHIX
B f~'O mmoxects, cymectByer okpectHocTs Oy Toukm y Takad, urto Oy C O u
J710y N (ND) # o

3) auist mo6oro orkpeiroro B'Y MmHOMxkecrBa O, moboit toukn y € O u Jro6oii
ybbIBaromiei mocaegoBaTebHocTd Fy O Fo D ... mepecekaronmuxcs ¢ Jro00i Tpyo-
kott f 1Oy max moboit oxpectHOCTHI0O QY TOUKH Y 3aMKHYTHIX B f 1O MHOMeCTB

o0
cymectByer okpectHocts Oy Toukn y Takas, uro f~OyN | E) # 2@ u0y CO.
i=1

JIOKA3BATEJIBCTBO. 1)= 2). Ilycrs muoxkecrBo O orkpsito B Y u y € O.
IIycts, kKpome Toro, orobpaxkenue f : X — Y cYeTHO KOMIAKTHO. PaccMoTpum
cuernoe cemeiicTso ® = {F, }oca 3amxnyThix B f 1O muoxkecTB Takoe, uto (Fy, N
N F,,)N f710y # @ nna moboit okpecrHoctn Oy TOYKM Y U KOHEIHOTO S, U
1Oy N(N®) = @ mia moboit okpectrOCTH OY TOUKH Y.

Paccemorpum otkpbithie B f 1O muoxectsa U, = 710\ F,.

Tak xkak
UUe=UUTONR) =0\ ([ Fa) = [0\ (N9),
acA acA acA

o [fTlyl € U Us up={fO\[f 'y} U{Us}taca — oTxpbITOE CUETHOE TIO-
acA

kpbiTue npocrpanctsa f 0. Cremosarenbro (Tak Kak orobpaxkernne f : X — Y
CYETHO KOMIIAKTHO), CyIecTByeT okpectHocTb Oy Toukm y Takasi, uro Oy C O u

k
[0y c U U,,, k € N. Tostomy
i=1

(3

k

k k
F10y c | JUa, = JU PO\ Fa,) = 71O\ [ Fa-
=1

i=1 i=1

o0
Ho (ﬂ Fal) N f10y # @ nna moboit okpecrnocrn Oy Toukn y. Iloayunam
i=1

HIpPOTHBOpeYIne. 3HAYHAT, CYMEeCTBYeT OKpecTHOCTh Oy TOUKH y Takad, ato f 'Oy N
(N®) # @. VMniamkarys JoKa3aHa.

2) = 3). Pacemorpum oTkpbiToe B Y MHOKecTBO O, TOUKY y € O U IPOU3BOJIb-
HYIO YOBIBAIOIILYIO ITOCJIeIOBaTENbHOCT F1 D Fh D ... mepecekarolnuxcs ¢ JI000i
Tpy6koit f 1Oy man moboit okpecTHOCTBIO QY TOUKH Yy 3aMKHYTHIX B f~ 1O MHO-
sxecrs. Vmeem (Fy N---NFy) N 710y # @ ana moboit okpectroctn Oy TOUKH ¥,
ecin s konegHo. CJrefoBaTeILHO, CYIECTBYET OKPECTHOCTh QY TOYKU Y TaKast, ITO

o0
OycOu f~toyn (ﬂ Fl) # @. NMiuinkarus JJoKa3aHa.
i=1

3) = 1). Ilycrs cymecTByloT oTKpbiToe MHOXKecTBo O C Y, Touka y € O
u cueTHoe OTKphIToe ToKpbitne A\ = {U; }ieny mpoctpanctsa f~ 1O takue, 4ro s
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sio6oit okpectHoctn Oy C O Toukn y u3 nokpeitus A = {U; };cN HeAb3sl BBIIEINTD
KOHEJHOe HOAIOKPEITHE TPyoKn f~1Oy.

[TocTponMm cuetHyio ioceposarenbaocts ® = { F; }ien 3aMxnayThIX B f 1O MHO-
2KECTB CJIEAYIOMUM 00pa3oM:

Fi=f1'0\U, FE=f1'0\(U3uly),...,F,=f10\(U1U---UlU,),....

Toryia Fy D Fy D ... u ajst moboro i € N umeem f~10y N F; # @. JeiicTsu-
TesibHO, yceTh i € N, Tora F; = f~O\ (U U---UU,), f~1OY ¢ Uy U---UU;, Tak
kak u3 nokpbitusd A = {U; }ieN HeJb3s BBIAEIUTH KOHEYHOE HOJIIOKPLITHE TPYOKU
ftoy.

o0
[ockoseky f~ 1Oy C () U; ast moboit okpectroct Oy TOUKHA Y, TO
i=1
oo (oo} oo
floyn ([ F) = toyn | (oD | crroyn | o\ Ui | = o,
i=1

i=1 i=1

T. €. YCJIOBHE 3 He BBIOJIHSIETCS.

NmMmruikarus, a Tak:Ke IpejIozKeHne JOKa3aHbI.

Hanomunwm [1], uTo & — crporast npejesibHasi TOYKa Jyisi MHOXKecTBa A, ecsm
B JIODOIi €6 OKPECTHOCTH JIEXKUT OECKOHEYHOe MHOXKeCcTBO Touek 3 A. MHoxkecTBO
TaKUX TOUeK obo3Hauaercs depes A",

Ilpensoxxenne 2. /lis orobparkenust f : X — Y 9KBHBaJIEHTHBI CJIEIYIOIHE
YCJIOBUSI:

1) orobpaxenue f : X — Y cuerno KOMIakKTHO;

2) ast soboro orkpeiroro B 'Y muoxecrsa O, so6oii toukn y € O u J1r060ii
JIOKaJIbHO Koreurort B f ~1O cucremsr \ cymecrsyer okpectHocTh Oy TOUKH 3y TaKast,
aro Oy C O u |St(f~10y, \)| < w;

3) auist mo6oro orkpeiroro B'Y MmHOXxkecrBa O, moboit Toukn y € O u Jro6oii
JoKaIpHO KoHedHoit B f 1O cmereMmsr \, cocTosmett I3 OJHOTOYETHBIX MHOMKECTB,
cymectByer okpectHocTb Oy Toukn y Taxas, aro Oy C O u |St(f~10y, \)| < w;

4) mst sioboro orkpbiroro B Y muoxkecrsa O, soboii Touku y € O u joboro
6eCKOHETHOTO TOMHOMKECTBa i TpocTpancTBa 1O Takoro, aro |f~ 10y Npu| > w
st moboit okpectrocTn Oy TOYKH y, MHOXKECTBO ji uMeeT B TpybKe f~1O crporyio
1IpeJIeIbHYT0 TOYKY;

5) autst Jiroboro otkperroro B Y MmuOXkectBa O, jroboii Toukn y € O u jr060ro
CYeTHOTrO GECKOHETHOTO ITOMHOKECTBa (i TpocTpancTsa f 10 Takoro, aro |f~1OyN
p| > w s mo6oit oxkpectrocTH Oy TOYKH Y, MHOXKECTBO ji UMeeT B Tpybke f~10
CTPOT'YIO MPEAEJTBHYIO TOUKY.

JIOKA3BATEJIBCTBO. 3) = 1). IIpeanosoxum, 910 ycjioBre 2 He BBIIOJIHAETCS,
T. €. CyIIeCTBYIOT OTKpbIToe MHOXKecTBO O C Y, Touka y € O U JIOKAJILHO KOHEYHOE
cemeitcTBO A = {A; };en HenycThix B f 10 muoxects Taxue, ato | St(f 10y, \)| > w
Jutst J1io60it okpectHoctr Oy C O TOUKH Y.

B cuty JsiokasibHON KOHEWHOCTH ceMmeiicTBa A cucrema Fi, Fo, ..., tme F; =
o0
N [4;] aBnsieTca yObIBaomeii OCIeI0BATENIBHOCTBIO HEIYCTHIX 3aMKHYTHIX B f 1O
j=i

S S
MHOXKeCTB Takux, uro [| F; = A; U--- U A;, T e (ﬂ Fl) Nf 10y # @ s
i=1 i=1

KOHEYHOTO § U j1i000it okpectHOCTH OY TOYKH Y.

ITo npemroxkenuio 1 orobpazxkenune f : X — Y He cC4eTHO KOMITAKTHO.
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NMmnnukanust gjoka3aHa.

2) = 3) oueBumHO.

3) = 4). IlycTb BBIIOJIHSETCs YCJIOBHE 3, HO HE BBIIOJHIAETCS yCJaoBue 4.

Paccemorpum orkpsiroe B Y muOX)KecTBO O, TOUKy Yy € O 1 6€CKOHETHOE MHOXKE-
ctBo A = {z1,...,%pn,...} B f1O Takoe, uto |f1Oy N A| > w nist mo6oit okpect-
nocrun Oy Touku y. Ilycrs A me mmeer B f 1O crporoit mpesenbHoit Toukn. Torma
quist moboit Toukn x € f~1O cymecrsyer ee oxpectocTs Ox C f~ 1O Takas, uro
Oz N A| < w, 1. e. cucrema A = {z, : x, € A} JOKaIbHO KOHEYHA B TPyOKe
f71O. Ho |St(f~t0y,\)| > w ana moboit okpectnoctn Oy Touku y. Ilomydeno
[IPOTUBOpEYIE.

NMmnnukanust joka3aHa.

4) = 5) oueBHIHO.

5) = 1). Iycrb BBIOIHSIETCST YCI0BUE b, HO He BbINONHseTCs yeaosue 1. Torma
[0 TIPEJITIOXKEHUI0 1 CyImecTByIOT OTKpbITOoe B Y MHOXkecTBO O, Touka y € O un
HoCIeIoBaTeLHOCTL | D Fy D ... HemycTHIX 3aMKHYTHIX B f (O MHOXKeCTB Takad,

S
gro f~tOyN ( N F,) # @& st 1060 okpectHOCTH QY TOUKH Y U JIIOOOTO KOHETHOT'O
i=1

o0
s, HO f~1Oy N (ﬂ F,) = @ jyist 110601t okpectHOCTH OY TOYKU Y.
i=1

Bribepem 1o Touke x; € Fy N f 1Oy nia mexoTopoit okpectrOocTn QY TOUKH Y.
IMosyuyennoe muoxkectBo A = {x1,..., Ty, ...} OECKOHEUHO, TAK KAK B IIPOTUBHOM
CIIydae HEKOTOpasi ero TOYKa MPHHAJIIEXKAJ Obl OECKOHETHOMY IHCIIy MHOMKECTB F;

u Torma f 1Oy N <Fﬁ Fl) + .
i=1

Hns moboit Touxn x € f~'O cymectsyer i € N takoe, uto x ¢ F;. Torma
muoxectBo U; = 1O\ F; — okpecrrocts Touku v u U;NA C {1, 22, ..., 01} —
KOHEYHOE MHOXKECTBO, T. €. YCJIOBHE D He BBIIOJIHSIETCS.

Nmnukarusi, a Takzke MpeJjiosKeHre JOKA3aHbI.

Takum 06pa3oM, JIOKa3aH CJIELYIONUI KPUTEPHl CIETHON KOMIIAKTHOCTUA 0TOO-
paxenns f: X — Y.

Kpurepuii (x). Orobpaxenue f: X — Y c4eTHO KOMIAKTHO TOIJA U TOJBKO
TOL/A, KOIJA BBIIIOJIHIETCS YCJIOBUE

(d.1.3) st Jiro6oro orkpbrroro B Y muoxecrsa O, mo6oi rouku y € O u o6oii
JoKaIbHO Konewaroit B f 1O cmucrembr A cymectsyer okpecraocts Oy C O Toukm y
rakast, aro | St(f10y,\)| < w.

IIpenmoxenne 3. Orobpakenue f: X — Y ynojerBopsier yCJIOBHIO

(¢.2.3) aurst J11060it ToukE Yy € Y m 106010 OTKPBITOrO CYETHOIO IIOKPBITHS (i
npocrpancrBa X cyiectByer okpectHoCTb Oy TOYKH Yy TAKAsl, 9TO U3 HOKPBHITHS [
MOXKHO BBIOpATH KOHETHOe MOMIIOKpEITHe TpyoKH f 1Oy

TOI/{a U TOJIKO TOTJia, KOIJIa BBIITOJIHSIETCS YCIOBHE

(d.2.3) aurst 0607t ToukH y € Y u 10601 JIOKaJIbHO KOHEUHOI B X cHCTEMBI A
cymectByer okpectHocTh Oy ToukH y Takas, uro | St(f~10y, \)| < w.

JIOKABATEJIbCTBO ClIeIyeT U3 MPEJIOKEHUs 2 U n3 TOro (hakTa, YT0 MHOKE-
crBo O =Y oTKpbITO B Y.

IIpenmoxenne 4. Orobpakenue f: X — Y ynojerBopsier yCJIOBHIO

(¢.3.3) auist smo6oro otkpeiToro muoxkecrsa O C 'Y wu groboii roukn y € O
13 JIF060r0 OTKPBITOI'O CUETHOI'O IIOKPBITHS [t IpocTpaHcTBa f 'O MOXKHO BEIOpATDH
KOHeIHOe MOAIIOKphITHe caod 1y
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TOrJa M TOJIBKO TOIJIA, KOIVIA BBIOJIHIETCS YCIOBHE
(d.3.3) st Jroboro orkperroro muoxkecrsa O C Y, joboii roukn y € O u
060t jiokasbHO Koneunoit B f 1O cucrembr X mmeem | St(f 10y, \)| < w.

JIOKA3ATEJIbCTBO aHAJOINIHO JOKA3ATEIbCTBY KpUTEPHs (k).

IIpenmoxenne 5. Orobpaxkenue f: X — Y ynojerBopsier yCJIOBUIO

(c.4.3) ms so6oii Toukn y € Y u3 Ji1060ro OTKPBITOro CY€THOIO HOKPBITHS (i
npocrparcTBa X MOXKHO BHIODATH KOHETHOE MOMIIOKPHITHE caos [ 1y

TOI/Ia U TOJIKO TOTJia, KOIJIa BBIITOJIHSIETCS YCIOBHE

(d.4.3) gurst sm060it Toukn y € O u 10605 JIOKAIbHO KOHEYHOH B X CHCTEMBI
umeem | St(f710y, \)| < w.

JIOKABATEJIbCTBO cjlefyeT nu3 IIPeIosKeHus 5.

CaencrBue 1. Ilycrs orobpaxkernne f : X — Y samknyrto. Torga (c.1.3) <
(d.3.3).

CaencrBue. Ilyctop orobparkenme f : X — Y 3aMKHyTO, mpoCTpaHCTBO Y
peryisipao. Torga (c.1.3) < (d.1.3) <(d.2.3) & (d.3.3) < (d.4.3).

5. CpoiicTBa CY€THO KOMITAKTHOT'O OTOOpa>keHusl

st CI€THO KOMITAKTHBIX OTOOPAXKEHUI MBI MOXKEM MOJIyIUTh Psif CBOICTB,
AHAJIOTUIHBIX CBOUCTBAM IICEBIOKOMIAKTHBIX OTOODAYKEHUIA.

TeopeMa 1. CuerHo KoMmmakTHOE OTO6pa}KeHI/I€ O-IICEB/IOKOMIIaKTHO.

ﬂOKABATE.HbCTBO cjlielyeT u3 Toro, 9To OTKpbiTasd JIOKaJIbHO KOHEYHAasl CUCTEe-
Ma MHOXKECTB SBJISETCS JIOKAJIbHO KOHEYHOM CUCTEMOI MHOYKECTB U B CHIy KpUTEepUA

().
CJ'Ie,HCTBI/Ie 1. CuerHo KoMmmakKTHOE OTO6pa}KeHI/I€ IICeB/JOKOMIIAKTHO.

Teopema 2. CuerHO KOMIIAKTHOE 3aMKHYTOE MapaKOMIIAKTHOE OTODPa’KeHHe
OUKOMIIAKTHO.

CaexnctBue. Eciam orobpazkenne f: X — Y mapakoMIiakTHO H 3aMKHYTO, TO
O-IICEBJIOKOMITAKTHOCTh, OUKOMIAKTHOCTh H CYETHAS] KOMIIAKTHOCTH OTOODaKeHUsI
f: X =Y coBnajaror.

Teopema 3. HemnpepbIBHBIH 00pa3 CIeTHO KOMIAKTHOIO OTOOPAarsKeHHsT CIETHO
KOMITAKTEH.

JIOKA3ATEJIbCTBO TIPOBOJIUM, UCHOJIb3Ysl KpUTEpHii ().

[Iycts orobpaxkenune f : X — Y cderHo KomuakTtHo, g : Z — Y — ero obpas
npu mopdusme £ 1 X — Z. Ilycrs muoxkectBo O orkpwiTo B Y,y € O. Paccmor-
pUM JIOKaJIbHO KoHeuHylo B ¢~ 'O cucremy A. Tak Kak cmcrema &'\ Joxambmo
KoHeuna B Tpybke f~1O, cymecrsyer okpecrHocts Oy C O TOYKH Yy Takas, 4TO
|St(f 10y, £ 10)| < w. Torma u |St(g='0y, A)| [ St(E(S~ Op), E(EN))] < w. Cre-

JIOBaTEJIbHO, OTOOpakeHue g : Z — Y CYeTHO KOMIIAKTHO.

Teopema 4. Ilycrs mmoxkecrBo S komedno. Kombunamms Vgesfs : X =
®Xs = Y, rme fs : Xs > Y, s € 5, cuerHO KOMIIAKTHA TOIa W TOJHKO TOIJIA,
Korsa Bce orobpazkenust fs : Xs — Y cueTHO KOMITAKTHBI.

JIOKA3ATEJIbCTBO TIPOBOJIUM, UCHOJIb3Ysl KpUTEpHii ().
1. Ilycre oTobpaxkenue f cd4eTHO KOMIIAKTHO. Paccmorpum orobpakenue fg :
X; — Y, orkpeiroe B Y muOoxkectBO O, Touky y € O ¥ JIOKAJIHHO KOHEYHYIO B
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f510 cucremy \. Tak kak X @ X, yis 106010 8 € S MHOKECTBO X g KAHOHUICCKH
samMkayTO B X. Torma orobpaskenne fs : Xg — Y CIEeTHO KOMITAKTHO.

2. Paccmorpum orkpoiToe B Y muoxkectBo O u Touky y € O. Ilycth cucrema A
JokaabHo Koneuna B X = ©X,. Torma cucrema Ay = AN X JIOKAJIbHO KOHEYHA B
X, s € S, u, kpome Toro, A = BA;. Huist siroboro s € S cymecTByer OKpecTHOCTh
Osy C O Touknu y Taxast, uro |St(f; 10y, \)| < w. Ilycrs Oy = |J Osy. Toraa

seS
‘St(fs’lOy, )\)| < w s groboro s € S. CieoBaTesbHO, |St(f;10yﬂXs,)\ﬂXs)‘ <
w s moboro s € S. Tak xKax MHOXKecTBO S Konewno, To | St(f 10y, \)| < w, T. e.
orobpaxkenue [ CYETHO KOMIIAKTHO.

Teopema 5. Ilycrb orobpazkenue f : X — Y cY4eTHO KOMIIAKTHO U JIJIsI HEKOTO-
poro oTkperToro B'Y muoxkecrsa O MHOMKecTBO B 3amKHyTO B Tpy6Ke f~1O. Torma
orobpazkenue fp = f|p: B — Y cuerHo KoMmakTHO.

JTOKABATEJIbCTBO. Paccmorpum orkpbiToe B Y muoxkecTBO O1, TouKy Yy € O
¥ JIOKaJIbHO KOHEUHyIo B ipoctpanctee BNf 101 = fg 101 cucremy \. Tak xak B C
f~to, ro fglOl =BNf'0; C f7'ONf~10;. HockomabKy MHOKecTBO BN f~10;
3aMKHyTO B Tpy6Ke f~1O7, cucrema A JIOKaJbHO KOHedHa B mpocrpancrse f1O1.
B cuity Toro, uro orobparxkenue f : X — Y CueTHO KOMIIAKTHO, [0 KPUTEPHUIO (%)
cymectsyer okpectHocTh Oy C O Touku y Taxas, aro | St(f 10y, \)| < w. Ho Torma
u ‘St(fglOy,)\)‘ = |St(f~'Oy N B,\)| < |St(f~10y,\)| < w. CuaenosarennHho,

orobpaxenue fp = f|p: B — Y Cc4eTHO KOMIAKTHO.

PaCCMOTpI/IM CBsI3b CUETHOIT KOMITAKTHOCTU U IICEBJOKOMIIAKTHOCTHU 0T06pa>Ke—
HMA.

OnPEAENEHUE 1. [Ins orobpaxenus f : X — Y mHOoxkectBa A u B w3 X
HA3BIBAIOTCS f-omdeaumvimu okpecmuocmamy ( f-Pynryuoraivro omoeaumvimu),
ecim mobas Touka y € Y obaamaer okpecraocTbio Oy, B mpoobpaze flOy xoropoit
MHOXKecTBa A 1 B oTesmMbl OKpecTHOCTIME ((DYHKIMOHATIBHO OT/IEIIAMBI ).

ONPEAENEHUE 2. Orobpaxenne f : X — Y nHaswbBaercs (PyHkyuoHasbHO)
NPEIHOPMAALHVLM, €CJTH JTIOObIE JBA TU3BIOHKTHBIE 3aMKHYThIe B X MHOXKeCTBa, f-
oTIe UMbl OKpecTHOCTAME ( f-DyHKIIMOHAIBHO OTIEIUMBI).

OnpeAeaEHUE 3 (B. A. ITaceimkos). Orobpaxenue f : X — Y nasbiBaercs
(PYHKYUOHAABHO) HOPMAALHBLM, €CITU JJisl JTI060ro OTKpHITOro B Y MHO)KecTBa O
orobpazenue f : f710 — O asngercsa (bYHKIMOHAIBHO) TPETHOPMATLHbIM.

Teopema 6. Ecsmn orobpazkernne f : X — Y HOpMAaJIbHO, TO 0-IICEBJOKOMIIAKT-
HOCTB U cYeTHasl KOMIAaKTHOCTH orobpaxkenus: [ : X — Y coBnazgaror.

JOKABATEJILCTBO. Ilycts orobpaxkenme f : X — Y mHe CIeTHO KOMITAKTHO.
Torza mo npeToKeHNIo 2 CymeCcTBYIOT OTKPbITOE B Y MHOX)KecTBO O, Touka y € O
1 GecKoHedHoe MHOXKeCTBO A = {x1,29,...} C f~1O Takoe, uro |f1Oy N A| > w
nutst 06oit oxpectroct Oy toukn y u AP = 0 B f~10. MnoxkecrBo A siBiisiercst
3aMKHYTBIM JIICKPETHBIM TIOIPOCTpancTBoM Tpyokn f 0.

Tax kax muoxkectsa {[z1]} u A\ z1 3amkuyTel B Tpy6ke f1O u [z1] N (A
x1) = &, B cuity HOpMaJibHOCTH oToOpazkenus f : X — Y cylecTByioT OKpeCcTHOCTD
O1y C O ToukE y 1 OTKpBITHIE MHOXKecTBa Uy S [z1] u Vi D (A \ x1) Takme, 4T0
f_lOly n (U1 N ‘/1) = .

st muoxkects {[z2]} u A\ (21 Uxg) cymecrsytor okpectaocts Oy C Oy u
oTKpbiThIe MHOXKecTBa Us D [z2] 1 Vo D A\ (21 Uxs) Takue, uro f~102yN(UsNVy) =
...
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Hnst muokects {[zy]} u A\ (21 U--- Ux,) cymecrBylor okpectHocTs Oy C
Oy—1y u orkpbitbie MuoxkecTBa U, 3 [x,] u V,, D A\ (21 U--- U x,) Takue, 4ro
fOowynN (U, NV,) = 2.

Torya cucrema A = {U, N f 10,y }nen T0KaTBbHO KOHEIHA 1 OTKPBITA B TPyOKe
f~'O. CnenosarensHo, cymecrByer okpectHOCTh Oy C O TOUKH Y TaKas, UTO
|St(f~1Oy,\)| < w. Ho Torma u |f~1Oy N A| < w. Tomyueno nporusopedne.

Caencreue 1. Eciu f : X — Y — HOpMaJjibHOEe 0TOOparkeHHe BIIOJIHE DEry-
JISIDHBIX IIPOCTPAHCTB, TO IICEBJIOKOMIIAKTHOCTDb U CYETHAasi KOMIIAKTHOCTH OTOOpa-
xernst f : X — 'Y cosmagaror.

Teopema 7. Ecim orobpazkenune f : X — Y (PyHKIHOHAJIBHO HOPMAJBHO, TO
TICEBJIOKOMIIAKTHOCTH M CUIEeTHAsT KOMIAKTHOCTH oTobpazkerust f : X — Y cosmana-
OT.

JIOKA3ATEJBCTBO. Ilycth orobpaxenune f : X — Y I[ICEBIOKOMIIAKTHO, HO
He CYeTHO KOMIIAKTHO. PaccMoTpuMm oTKpbITOe MHOXKecTBO O C %, Touky y € O u
HeckonedHoe MHOKeCTBO A = {x1,Z2,...} C 71O raxoe, aro |f1OyN A| > w nna
mmoboit oxpecrroct Oy Toukn y u A" =08 f~10.

Tax kak muoxectsa {[z1]} u A\ z1 3amknyTst B Tpy6re f~10 u [z1]N(A\z1) =
&, B cuity (bYHKIIMOHAJILHONW HOpMaJibHOCTU OTOOpakenust f : X — Y cymecTByror
okpecrrocTh O1y C O TOYKH Y 1 HenpepbiHas GyHKIus @1 : f 101y — R Taxue,
aro p1(X1) =1u p1(A\ z1) C {0}.

Hotst muoxects {[zo]} u A\ (21 U z2) cymectByior okpectHocTs Oy C O1y 1
HerrpepbiBHas byHKIHA @2 : f 10y — R Taxme, uTo @o(w2) = 2 1 po(A \ (z1 U
x2)) C {0}....

Mot muoXkecTB {[z,]} 1 A\ (21 U---Uzy,) cymecrByor okpecTHOCTE Opy C
On—1y u HenpepbiBHas byHKIusd @, : f 10,y — R Takue, uto ¢, (1,) = n u
pn(A\ (21 Uzn)) C {0}

(oo}
Torma dynkmus ¢ = > ¢, 1 f710 — R, tie po = 0 na 10, nenpepwisaa un
n=0

HeOrpaHWYeHa B poobpase Jitoboii okpecTHOCTH Oy TOYKH .

JeiicrBurensno, mycrs |¢|s-10,| < k. Torma rak xak |f~1Oy N A| > w, To
cymecTByer x41 € f~ 1Oy, ciegoBaTebHo, Qlf-10y = Pry1 = k+ 1.

BuauuT, orobpakenue f : X — Y He ICEBIOKOMIIAKTHO.

6. JIokajpHO OMKOMIIaAKTHBIE
orobpakeuusa n k-orobparkeHust

HamoMHIM, 9TO TOMOJIOIMYECKOE IIPOCTPAHCTBO X HA3BIBACTCS A0KAALHO KOM-
NAKMHM, €CJIN [T KaXKI0ro € X CyIecTByeT OKpecTHOCTh U TOYKH T Takas,
qro [U] sBisgercs KOMIAKTHBIM IIOIIPOCTPAHCTBOM IIPOCTPAHCTBA X .

Hamomuamm Takke, 9T0 TOMOJIOrIIeCKOe IPOCTPAHCTBO X HA3BIBACTCH k-npocm-
PAHCMBOM, €CIU OHO XaycIopPdOBO M IPEACTABUMO B BHIE 00pa3a HEKOTOPOro JIo-
KaJIbHO KOMIIAKTHOTO XaycIop@oBa IMPOCTPAHCTBA IpU (PaKTOPHOM OTODPaAYKEHUH.
fcno, 9TO KaXkK10e JIOKAIbHO KOMIIAKTHOE XayCI0PdOBO IPOCTPAHCTBO sABJISAETCS k-
[IPOCTPAHCTBOM.

B. A. TlaceikoB [1] mocraBui 3a/1a1y pACIPOCTPAHEHUS] OCHOBHBIX MOHSITHIH
0011l TOMOJIONIU HA HEIIPEPBHIBHBIE OTOOPAYKEHNUS.
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7. ®akTopHble MOP(PU3MBI U JIOKAJIBHO
OMKOMMIaKTHBbIE OTOOpa>KeHMsI

OnPEAENEHUE 1. Ilycrs jmanbr orobpaxkenuss f : X — Y ug: Z — Y.
Mopduzm £ : X — Y HazwiBaercs ¢garxmopHum, eciu oroopaxkenune & : X — Z
sABJIsIeTCsl (PaKTOPHBIM OTOOPAXKEHUEM W KOMMYTATUBHA CJIE/IYIOIIAs TUAIDAMMA:

x -5
f\/g
Y

W3 cBoiicTB haKTOPHBIX 0TOOPAXKEHUIT HEITOCPEICTBEHHO BBITEKAIOT CJIELYOIINE
CBOIiCTBa (PAKTOPHBIX MOP(PU3MOB.

CBoiicTBO 1. Kommozunust a8yx dhaxTopHbIX MOPGU3MOB — (DAKTOPHBIH MOD-
dusm.

CBoicTBO 2. Ilycrp xommosunus pé mopdusmoB i : f — gué:g— h —
dakropubiii Mmopdusm. Torma € : g — h — dakropubiii Mmopdusm. (Cm. cuen-
crBue 2.4.5 u3 [2].)

CBouCTBO 3. Ilycrb manbr orobpaxkenus f: X — Y, g: Z — Y u mopdusm
h: f — g. Ecau cymecrsyror nomorobpaxenne f|a : A — Y, A C X, rakoe, uto
h(f|a) = g m cyxenne h|g, — daxTopmbIit MOpDU3M, TO h — pakTOpPHBII MOPHHU3M.
(Cm. caencreue 2.4.6 us [2].)

Paccmorpum Teneps ompeesienne JTOKAJILHO OMKOMITAKTHOTO OTOOPaYKeHM.

OnpPEAENEHUE 2 (B. A. Iaceiakos). HempepsisHoe oroGpaxenue f : X —
Y Ha3bIBaeTCs A0KAALHO OUKOMNAKMMHBIM, €CJu it Joboro x € X CyIecTBYIOT
okpectrocTh O fx ero obpasa fr u okpectHocTs O Touxu x : Ox € f~ 1O fr Takue,
uro orobpazkenne [ : [Ox];-105, — O fx copepurenno.

IIpenmoxenne 1. Henpepoisaoe orobpaxkernne [ : X — Y JIOKaJIbHO OHKOM-
IIAKTHO TOIJIA U TOJIBKO TOIJIA, KOIJA

(A) st smr060it Toukn x© € X cymectByror ee okpectHOCTh OX M OKPECTHOCTH
Oz ee obpasa fx Taxme, aro orobpaskenne f : [Ox]x Nf~1Ofx — Ofz cosepmrento.

JIOKABATEJIbCTBO. [ljist HAYa/Ia 3aMeTuM, 9To B ycIoBun (A) MOXKHO CUATAT,
aro Oz C f~'Ofz. Heitcteurensno, okpectaocts Oz pasaa Oz N f~1O0fz C
f~rOfzr u muoxectso Q12 OTKpHITO Kak B X, Tak u B f 1O fx.

Jl1st loKa3aTebeTBa SKBUBAJICHTHOCTH onpejieienust 2 u cpoiicTsa (A) mocta-
TOYHO II0KA3aTh, ITO

[Oz]x N f'Ofz = [012] 4100 (1)

Hoxkazkem pasencrso (1).

1. Iyers ¢ € [Oz]x N f~1Ofx. Hoxaxem, aro t € [O1x]p-105,. Pacemorpum
okpectroctb Uyt Touku t B f 1O fx. s nee cymectsyer Ut-OKPeCTHOCTb TOUKH ¢
B X Takas, uro Uit = UtN f~ 1O fx. Tak xkax t € [Oz],Nf1O0fz, ot € fOfxn
t € [Ox],, caenoBarensho, s Ut umeem UtNOx # &. Torma Beseacrsue TOro, 4ro
muoxkecTBO Ut orkpeiTo B X (B cuity HenpepbiBHOCTH OToOpakenus f : X — Y),
Uit N Oz # @, cneposarensho, Ut N f~1O0fx N Oz # @, snauur, (Ut N f~1Ofz) N
(Ox N f71O0fx) # @. Tem cambim Uyt N Or1x # @ nia moboit okpectrocTu Uit
toukn ¢ B f1O fx. Takum obpasom, t € [O12]f-10,. Hosromy [Oz]x N f1Ofx C
[Olﬂf]f—l()fx.
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2. Ilycre t € [O12]f-10f,. PaccyoTpum nponsBosibHyo OKpecTHOCTD Ut TOUKH
t 8 X. Torma mmuoxkecrso Uit = Ut N f~1Ofx orkpwiro B f~'Ofx u mosromy
Uit N Oz # @. Tak xak O1z C Oz u Uyt C Ut, 7o Ut N O D Uit N Oz # O.
Cnenosarenbuo, t € [0z, nockonbky t € f~1Ofx, Tot € [Oz]xNf~ 1O fr. 3uaunr,
[Oz]x N f~'Ofx D [O12]p-10¢4, 1 pasencTso (1) noxasamno.

Jlanee, MOYKHO JIEFKO TOJIYYATH SKBUBAJEHTHOCTH OIPEJIESeHNs] 2 M CBOHCTBA
(A).

IleficTBUTEIBHO, IIyCTh OTOOpaxKeHue f JIOKAIbHO OMKOMIIAaKTHO. PaccMmorpum
npousBoJibHy0 TOUKy = € X. CymmectByor okpecTHOCTh O f TOUKHA T W OKPeCT-
nocrs O1z C f~'Ofx Takue, uaro orobpaxenne f : [Ox];-105, — Ofx cosep-
menno. Jag oTkpoiToro B f 1O fx mHOXkecTBa O1T CyMECTBYeT OTKPBITOE B X
mHokectBo Oz Taxoe, uro O1x = Ox N f~1Ofx, u B cuny (1) orobpaskenue f :
[Ox]x N f~1Ofz — Ofx cosepmento.

ITycrn Teneps umeer mecto cBoiicTBo (A).

Torma mrst Toukn x € X cymecTByIoT okpectHOocTh Ox u okpectaHocts O fx
ee obpasza fz Taxue, uto orobpaenue f : [Ozx]x N f~1Ofr — Ofx coepuiento.
Taxum obpaszom, O1z = Oz N f~1Ofr — nckoMast OKPeCTHOCT JJIsI OIpe iesieHnst 2.

Jeiicrsurensno, O1z C f~'Ofx n orobpaxenne f : [O1x]p-10p, — Ofx co-
BEPIIIEHHO.

Jlemma 1. Ilycrs npocrpancrBa X u'Y xaycaopgossr, X — JIOKaJIbHO OUKOM-
nakTHoe rnpocrpaacTBo. Torma orobpazkenue f: X — Y JI0KaJIbHO OUKOMITAKTHO.

JIOKA3ATEJBCTBO. Paccmorpum Touky x € X 1 OKpecTHOCTH Y TOYKH fx.
Haiinem okpecrnocrs Oz C f~'Y Toukn z Takyio, aro orobpazxenne f : [Ox]f-1y —
Ofz coepmenno. Tax Kax MHOKecTBO f 1Y oTkpbITO B X, TO Hpocrpancrso f 1Y
SIBJISIETCsI JIOKAJIBHO OUKOMITAKTHBIM XaycaopdOBBIM IIPOCTPAHCTBOM [2], ciieoBa-
TenbHO, it Toukn & C f 'Y cymecrByer ee okpectocTs Ox C f~ 'Y Takas, uro
MHOXKeCTBO [O] f-1y OGMKOMIIAKTHO.

Tak kak mpocrpancTBo Y xaycnopdoBo, To mist 6ot Toukn y € Y ee mpo-
obpasz f~ 1y 6ukommakTen. I10CKOIbKY HempepbIBHOE 0TOGpaskeHne GHKOMIAKTHOTO
IIPOCTPAHCTBA B XayCc0PGOBO IPOCTPAHCTBO 3aMKHY TO, oTobpazkenue f : [Ox] -1y —
Y coseprienno. CiesoBaresibio, otobpaxkenue f: X — Y JI0KaIbHO GUKOMITAKTHO.

8. MynsTUNIINKATUBHOCTD JIOKAJIBHOU
OUMKOMITAKTHOCTU OTODparKeHUs

Jlemwma 1. Ilycre f: X — Y wu jgst siroboro x € X CyImecTByOT OKPECTHOCTH
Ofz u Ox raxue, 410 fl[04] nf-10f2 — COBepHIeHHOE OTOOpaskewue. Ilycrs Oy fx C
Ofx. Torna flioz)xnf-10fx COBEPIIEHHO.

JIOKABATEJILCTBO. leiictBuresnbHo, f |[Om} xNf-10fs COBEPIIEHHO KaK CyKe-
uue Ha Tpy6ky f~1Ofx 1m0 pemiozkennio 3.7.4 uz [2].

Teopema 1. IIpousBezienue JOKaaIbHO OUKOMITAKTHBIX OTOOPAaXKEHHI JIOKAJIHHO
OHKOMITAKTHO.

HOKABATEJIBLCTBO. Ilycrs orobpaxkenus f1: X3 — Y, fo : Xo — Y nokasnb-
HO O6ukOMIAKTHBI U f : Xg — Y — IOCJI0liHOEe ITPOU3BeJIeHNEe ITUX OTOOPaXKEHUIA.
HyCTb, KpoMe TOoro, r = (Il, IQ) S )(07 L1 = P1T, T2 = P2X, Y = f$

Taxk kak orobpakenust f1 u fo JOKAIHHO ONKOMITAKTHBI, TO CYIIECTBYIOT OKPECT-
moctu O f;x;, Ox; Takue, 910 OTOOpAXKEHTE f|[Ozi]x7,ﬂf[10fiziv i = 1,2, cOBEpIITIEHHO.
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Hyers y = fiz1 = fi(p1x) = fa(p2x) = foxe = fz, m nycers Oy = O1y N Ozy =
O f1x1 = O faxo. Torma orobpazkenus fi|[0mi] nf-loy = f! coBepennst mo semme 1

x

u ux nocjoiinoe npoussegenue f = f|z — Oy coepienno. Ho
Z=XoN (fi'0yN[Oz1]s,) x (f5 0y N [Oxs]s,) = Xo N (fi 'Oy x f5'0y)
n ([Oml]xl X [O$2]$2) =XoN flOy X [Ox]l‘lﬁiw > flOy N [Ox]lo

3aMKHYTO B Z
Taxkum ob6pazom, orobpazkeHme fi|[0x]zom f~10 f COBEPIICHHO, 1, CJIEJI0OBATENILHO,
orobpaxenue [ : Xy — Y J0KaJIbHO OMKOMIIAKTHO.

Teopema 2. /Iist smoboro jiokaabHO bukoMIaKTHOTO oTobpaxkeaus f : X — Y
u Jroboro ¢pakropuoro moppusma € g — h, rneg: Z — Y, h:T — Y, nekaproBo
npoussegenue 1) : f X g — f X h — ¢akropHbLi MOpgu3zM.

JTOKABATEILCTBO. Ilycrs npoobpas n W C Zy muoxectsa W C Ty OTKpBHIT,
u nycrb (xg,tg) € W. Bwibepem Touxy 29 C £ 'ty W paccMOTPEM OKDPECTHOCTD
Ofxzg C Y Toukn fxo u oxpectHocTs Oxog C f~1Ofxy Takme, aT0 oTOOparkeHme
[ 2 [0x0) 1052, — Ofwo coBepienno (OHO CyIIECTBYET B CBHA3M C JIOKAJIbLHOMN O1-
KOMIIAKTHOCTBIO oTobpaxkenus [), u, kpome toro, Zg N ([Oxolf-10fz, X {Zo} C
n~W. Ina moboro z € Z umeem Zy N ([Ozo]f—lofxo X g_lfz) C n7 W, ecom
Zo N ([Ox0] =10 f20 X {2}) C W, nosromy Zo N ([Oxo)p-10f4, X E o) C ' W.
Muozxecreo V = {t € T : Zo N ([Oxolf-1054, x £ ') C ='W} ynosnersopsier
yeaosuto (2o, tg) € (Oxg x V) N Ty C W, 3HAUAT, JOCTATOYHO MOKA3aTh, ITO V
OTKPBITO B 7.

Tak kak orobparkenne & HaKTOPHO, ITO CBOAUTCH K JIOKA3ATEIIHCTBY OTKPBITO-
cTu B Z MHOYXKECTBa

§h={2€Z:ZoN([Omo)p-10f4, x £ '€2) T ' W}
= Y{Z €Z:ZyN ([Ozo]f*10f10 X {Z}) C 7]71W}.

Muoskectso ¢!V gBmsercs momoHeHMeM MPOEKINH 3aMKHYTOTO MHOXKECTBA
(Zo N ([Ox0]-10f2 X Z)) \ "W mpu orobpazernmn p., : Zo N ([Ozo]f-10z, X
Z) — Z, KoTopoe 10 BTOPOIi JIeMMe O TapaJulebHbIX COBepIIenHo. 3uaqnt, £ 1V
OTKPBITO B Z, U, CJIEIOBATEILHO, TAK KaK oTobpakenue & pakTOPHO, TO MHOXKECTBO
V orkperro B T'. Takum obpazom, orobpaxkenue 1 : Zg — 1y daxkTopHO, M03TOMY
n:fxg— fxh— dakropusiit mopduszm.

9. k-OTobpaxkeHusi U UX CBOMCTBA

ONPEAEJEHUE 1. O6pa3 JOKaIbHO OHKOMIIAKTHOTO OTOOpayKeHusl pu (hak-
TOPHOM MOpPdU3Me HA3BIBAETCSI k-0mobOPaHCEHUEM.

W3 Teopemsr 2 . 2 ciemyer

Jlemwma 1. IIpomssenenwne k-orobparkerus: f u JJoKaIbHO OHKOMIAKTHOTO OTOO-
pazkeHust g sABJseTCs k-0TOOparkeHneM.

JIOKABATEJBLCTBO. Tak kak f — k-orobpazkeHue, CyIIECTBYIOT JIOKAJIBHO O1-
KOMITaKTHOe oTobpaxkeHue fo u axropusiii Mopdusm £ rtakue, aro £ : fo — f.
Torma o Teopeme 2 1. 8 1 : fo X g — f X g — dbakTOpHBIT MOPDU3M U, TOCKOIBKY
mo Teopeme 1 1. 2 orobpaxkenue fy X g JOKAJIBHO OMKOMIAKTHO, TO f X g Oymer
k-orobparkennem 1o omnpesneneruto. Jlemma mokazana

Wmeer MecTo ciemyiommast Xxapakrepu3aus k-0ToOparkKeHuii.
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Teopema 1. Orobpaxkernne f : X — Y sBisiercst k-orobpakeHueMm Torjga u
TOJIBKO TOIJA, KOIJIA

(%) B X 3aMKHYTO Takoe H TOJIbKO Takoe MHOXkecTBo A C X, uro juist iro6oro
otkpsrToro B Y muoxkectsa O U JI060T0 3aMKHYTOr0 MHOMKecTBa Z C f~ 1O Takoro,
qro orobpazkenue [ : Z — O cosepinenro, umeem, 4ro f: AN Z — O coepireHHO
u AN Z 3aMKHYTO.

JIOKA3BATEJBCTBO. 1. Ilycrs f — k-orobpaxenue. lokaxkem (k). Ilycrs
A C X u ana moboro otkpeiroro O C Y u Z C f~'O rakoro, uro oTobparkeHue
f:Z — O cosepmienno, umeeM, uro f : AN Z — O COBEpPIIEHHO.

Hokaxkem, aro MHOKecTBO A 3aMkHyTO B X. Ilycts € : g — f — dakropubrit
MOPGU3M JIOKAJIBLHO OUKOMIAKTHOTO OTOOpaXkeHus ¢ : Z — Y Ha oToOpaxKkenue f.

[Tyctsb Touka 2 mpuaajTeskut [f~1A],. Tak Kak g — JOKaJIBHO GUKOMIAKTHOE
orobpaxenue, cymecTsyor okpectnoctn Ogz u Oz, gl(02],ng-10g> COBEPIIEHHO.

Mmuoxectso €1 (ANE([02].Ng~10gz2)) samxmyTo B g~ 1Og2 (Tak Kak ero obpas
samxuyT B £(9710gz)) n comepxut mMuoxkectso £ LA N [0z], N g t0gz, 3naunr,
z € £ YA, Cnenosarennsho, [€71A], = €A, u Tak xak ¢ daxropHo, To [A], = A.

2. Paccmorpum orobpazkenue f : X — Y, ob6o3nauum uepes Z(f) cemeiicTBo
BCeX COBEPIIMEHHBIX MOI0TOOparKeHmit oTobpaskennst f.

Orobpaxenue f = € Z sokanbHO coBepineHHo, a Mopdusm & = V,cz(f)iz,
z€Z(f)
rie i, — TOXKJECTBEHHOE BJIOXKEHHUE II0JI0TO0paykeHusi Z B orobpazkeHue [, Helpe-

PBIBEH, TaK KakK BCe OTOOPAYKEHUsT COTTIACOBAHBIL.

Maeem € : f — f, f: X =Y, f: X — Y, X = ®Z, f|. cosepiieHHo.
Jokazkem, 4ro ecsn BbIIOJIHsIETCH (%), TO £ — DaKTOPHBIH MOPDU3M.

IIycrs £~'W oTKpEITO B X. Hoxkaxkem, uro W orkpwito B X. MHoXkKecTBO
(X \ £1W) samknyTo B X.

Nnmeem f()? \¢IW) = A Tlyers O =Y, f: Z — O coBepinento, cieioBa-
remsno, f(ANZ) = fIE(X\EW)NZ) = f(E(Z\ £ W) coepmenno (Tax Kax
Z C ®X).

ITo ycmoBuio (*) A 3amuyro B X, ciemoBareibHo, & ()Z' \ £71W) zamknyTO B
X, Toryma (5)? \ E71W) = X \ W zamknyTo B X, nostomy W orkpwito B X 1 & —
dakropubrit Mopdusm. Teopema mokazana.

Ussectno [2, upemyioxkenue 3.7.4.], uro eciu orobpaxenue f : X — Y co-
BEpIIIeHHO, TO Jyis Jioboro 3amrayroro A C X wu Joboro B C Y orobparkeHus
fla:A—Y u f|g: f~'B — B coBepuieHHbI.

JlokarkeM aHAJIOTMYIHOE YTBEPKICHUE JJIsi JIOKAJIHBHO OMKOMITAKTHBIX OTOOpa-
2KCHUIL.

YrBepxkaenune 1. Eciu orobpaxkenue [ : X — Y JjiokajibHO OGHKOMIAKTHO,
To Jutst 3amkHyTOoro A C X m smo6oro B C 'Y orobpaxenust fla : A —Y u f|p :
f~'B — B siokaibHO 6HKOMIAKTHBL.

JIOKABATEJBLCTBO. Ilycrs orobpaxkenue f : X — Y JlOKaJbHO OUKOMIIAKTHO,
T.e. Vo € X 30230fx : fo: [Ox], N f71Ofx — Ofz cosepmento.

[Tycts MuOKecTBO A C X 3amxnyTo. Tax xax muozkecto AN [Oz], N f~1Ofx
samxnyTo B [Oz], N f~1Ofx, orobpaxenue fola : AN [Ox]a N f1Ofr — Ofx
COBEpIIIEHHO, T. €. orobpaxenue fola : [Ox]a N f;lOanc — Ofax coBepIIeHHO.
CuaenroBarennbho, orobpaxkenue |4 : A — Y jloKaJibHO GUKOMIIAKTHO.
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2. Ilycts B C Y. Torma jus moboro z € f~'B cylecrByloT OKpecTHOCTH
Opr = f71BNOx u Ofgr = BN Ofx taxkue, uro orobpazkenne fo|p : [Opx] N
s YO fpx coBepmenno. YrBepiieHue 10KA3AHO.

UssectHo takxke [2, upemyioxenue 2.4.15], 9ro ecim orobpakenue f : X — Y
dakTOpHO, TO JIs1 JIFOOOI0 OTKPBITOrO min 3aMKHyTOro B C Y orobpakenue fp :
f~'B — B dakropmo.

JlokarkeM Terepb CJIeAyIoIIee YTBEPKIEHHE.

Jlemma 2. Ilycrs [ : X — Y — k-orobpazkenue, MHOXKeCTBO A 3aMKHYTO B X ,
MHOKecTBO O OTKPBITO (3aMKHYTO) B'Y .
Torga orobpazkerust fla: A—Y u flo: f71O — O cyrb k-orobpaskemus.

JOKABATEJILCTBO. Ilycts f: X — Y — k-orobpazkenne. Torma cymmecTByioT
dakTopubIii MOpbu3M £ U JOKAJIBHO OUKOMIIAKTHOE O0TOOparkeHne g takue, 9to & :
g— I

1. Ilycrs A zamxnyTto B X. Torma £~!'A samknyTo B Z, oTOOpaskenue gle-1a
JIOKaJIbHO GukoMIakTHO (yTBepxienne 1), €4 1 €A — A — dakropHoe oTobpa-
JKeHne, 3Ha4uT, {4 — GaxTopHbIi MOphU3M, {4 : gle-14 — f|a, U, ClIem0BaTEIHHO,
fla — k-orobpazkenue.

2. Ilycers mmoxkecTBo O oTkponiTo B Y. Torma f~ 'O orkpeiro 8 X m 0T06-
paxkenne go : g~ 'O — O jokajbHO GUKOMIAKTHO (yTBeps:kiaenne 1) m sBasgeTcs
mpoobpazom oTobpazkerns fo : f 1O — O mpu daxToproM Mopdusme & : go — fo,
e orobpaskenne &g : g~ 1O crpemurca x f~10. JlemMa nokasaHa.

Takum 06pa3oM, MbI PACCMOTPEJIN HEKOTOPBIE ACIIEKTHI, CBI3aHHBIE C JIOKAJIBHO
OMKOMIAKTHBIME OTOOPAYKEHUAMHA U k-OTOOPAIKEHUSTMI.
Bce zamauu 6buin nocrasiensl b. A. I1acblHKOBBIM.
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