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Àííîòàöèÿ. Â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò ñòðîèòñÿ òî÷íîå ðåøåíèå òðåõìåðíîé çà-

äà÷è òåðìîóïðóãîñòè äëÿ ðåçåðâóàðà ñ æèäêîñòüþ. Èç ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíî-

ñòè îïðåäåëÿåòñÿ òåìïåðàòóðíîå ïîëå. Çàòåì ðåøàþòñÿ óðàâíåíèÿ íåñèììåòðè÷íîé çàäà÷è

òåîðèè óïðóãîñòè, ïðè÷åì ñèñòåìà ðàçðåøàþùèõ óðàâíåíèé ñâîäèòñÿ ê ÷åòûðåì îòäåëüíûì

óðàâíåíèÿì îòíîñèòåëüíî ïåðåìåùåíèé êîíñòðóêöèè. Ïîñòðîåíû íåñêîëüêî òî÷íûõ ðåøåíèé

êðàåâûõ çàäà÷. Ðåçóëüòàòû ïðåäñòàâëåíû â âèäå äîñòàòî÷íî ïðîñòûõ ôîðìóë.

Êëþ÷åâûå ñëîâà: Òåìïåðàòóðíîå ïîëå, òåðìîóïðóãîñòü, èíòåãðèðóåìûå êîìáèíàöèè, êðàåâûå
çàäà÷è, àíàëèòè÷åñêèå ðåøåíèÿ.

ÓÄÊ: 539

Abstract. An exact solution of three-dimension thermoelasticity problem for a vessel with liquid
is framed in cylindrical coordinate system. Temperature pattern is defined based on the solution
of thermal conductivity equation. After this equations of unsymmetrical problem of the theory of
elasticity are solved, besides the system of resolving equations is limited to four separate equations
in relation to construction displacement. Several exact solutions of boundary value problems are
framed. The results are represented in the form of quite simple formulae.

Keywords: Temperature pattern, thermoelasticity, integratable combinations, boundary value
problems, analytical solutions.

Óðàâíåíèÿ òðåõìåðíîé òåîðèè óïðóãîñòè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò êàê îò-
íîñèòåëüíî ïåðåìåùåíèé, òàê è íàïðÿæåíèé, â íàèáîëåå êîìïàêòíîé ôîðìå ïðèâåäåíû â
ìîíîãðàôèÿõ [1], [2]. Àíàëîãè÷íûå óðàâíåíèÿ ñ ó÷åòîì òåìïåðàòóðíûõ ÷ëåíîâ, ïîñòðîåí-
íûå ñ èñïîëüçîâàíèåì ñîîòíîøåíèé Äþãàìåëÿ-Íåéìàíà, ïðèâåäåíû â ìîíîãðàôèè [3]. Âñå
ýòè óðàâíåíèÿ îáëàäàþò îáùèì íåäîñòàòêîì � íå óäàåòñÿ ïîëó÷èòü èõ èíòåãðèðóåìûå êîì-
áèíàöèè, ÷òî ïðèâîäèò ê íåïðåîäîëèìûì òðóäíîñòÿì ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé. Â
ìîíîãðàôèè [4] ýòó ïðîáëåìó óäàëîñü ðåøèòü äëÿ óðàâíåíèé, íå ñîäåðæàùèõ òåìïåðàòóð-
íûõ ÷ëåíîâ, ïóòåì ââåäåíèÿ â ñèñòåìó äîïîëíèòåëüíîãî óðàâíåíèÿ îòíîñèòåëüíî îáúåìíîé
äåôîðìàöèè. Òî÷íîå ðåøåíèå ýòîãî óðàâíåíèÿ îïóáëèêîâàíî åùå â ðàáîòå [1], îäíàêî èñ-
ïîëüçîâàòü åãî äëÿ ðåøåíèÿ âñåé ñèñòåìû ðàçðåøàþùèõ óðàâíåíèé óäàëîñü àâòîðàì ðàáîòû
[4].
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå íàèáîëåå óäîáíîé äëÿ èíòåãðèðîâàíèÿ ñè-

ñòåìû óðàâíåíèé òåîðèè óïðóãîñòè ñ ó÷åòîì òåìïåðàòóðíûõ ÷ëåíîâ, è ðåøåíèå ýòèõ óðàâ-
íåíèé.
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Â êà÷åñòâå èñõîäíûõ ïðèíèìàþòñÿ óðàâíåíèÿ äëÿ êðóãîâîãî öèëèíäðà îòíîñèòåëüíî ïå-
ðåìåùåíèé [3]. Áåç ó÷åòà ìàññîâûõ ñèë îíè çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì
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Çäåñü α, β, γ− áåçðàçìåðíûå öèëèíäðè÷åñêèå êîîðäèíàòû (α îòíåñåíà ê âíåøíåìó ðà-
äèóñó öèëèíäðà R, γ− ê åãî âûñîòå H, β− óãëîâàÿ êîîðäèíàòà âäîëü íàïðàâëÿþùåé);
r− ðàäèóñ âíóòðåííåé áîêîâîé ïîâåðõíîñòè; u, v, w− ïåðåìåùåíèÿ âäîëü êîîðäèíàòû α , â
îêðóæíîì β , è âäîëü γ ñîîòâåòñòâåííî; T− òåìïåðàòóðà òåëà; αT− òåìïåðàòóðíûé êîýô-
ôèöèåíò ëèíåéíîãî ðàñøèðåíèÿ; E , υ− ìîäóëü óïðóãîñòè è êîýôôèöèåíò Ïóàññîíà; θ−
îáúåìíàÿ äåôîðìàöèÿ,
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Ñ ó÷åòîì óðàâíåíèÿ òåïëîïðîâîäíîñòè ∆T = 0 äëÿ íåñâÿçàííîé çàäà÷è ïðèõîäèì ê óðàâ-
íåíèþ îòíîñèòåëüíî îáúåìíîé äåôîðìàöèè

∆θ = 0, (3)

ñîâïàäàþùåìó ñ óðàâíåíèåì, ïðèâåäåííûì â ðàáîòå [1] áåç ó÷åòà òåìïåðàòóðíûõ ÷ëåíîâ.
Çàìåíÿÿ ïîñëåäíåå óðàâíåíèå ñèñòåìû (1) óðàâíåíèåì (3) è âêëþ÷àÿ â íåå óðàâíåíèå

òåïëîïðîâîäíîñòè ïðèõîäèì ê ñèñòåìå ðàçðåøàþùèõ óðàâíåíèé ïîñòàâëåííîé çàäà÷è
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Ïîðÿäîê ñèñòåìû (4) (áåç óðàâíåíèÿ òåïëîïðîâîäíîñòè) âûøå ïîðÿäêà ñèñòåìû (1), òàê
êàê ïîñòðîåíèå óðàâíåíèÿ (3) ïðîâîäèëîñü ñ äîïîëíèòåëüíûì äèôôåðåíöèðîâàíèåì. Î÷å-
âèäíî, îáùåå ðåøåíèå ñèñòåìû (4) äîëæíî ñîäåðæàòü ëèøíèå ïîñòîÿííûå èíòåãðèðîâàíèÿ.
Â ìîíîãðàôèè [4] ïîêàçàíî, ÷òî ïðèâëå÷åíèå ñîîòíîøåíèÿ
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â êà÷åñòâå äîïîëíèòåëüíîãî óñëîâèÿ óñòðàíÿåò ýòîò íåäîñòàòîê, òî åñòü ïîëíîñòüþ ðåøàåò
ïðîáëåìó.
Òî÷íîå ðåøåíèå ñèñòåìû (4) ñòðîèòñÿ â ïðåäïîëîæåíèè, ÷òî òåìïåðàòóðà è ïåðåìåùåíèÿ

ëèíåéíû îòíîñèòåëüíî êîîðäèíàòû γ . Ýòîò âàðèàíò èìååò ïðàêòè÷åñêîå ïðèìåíåíèå, â
÷àñòíîñòè, ïðè èññëåäîâàíèè äåôîðìàöèè ðåçåðâóàðîâ, çàïîëíåííûõ æèäêîñòüþ.
Ïåðèîäè÷åñêîå ïî β ðåøåíèå èùåòñÿ â âèäå

T (α , β , γ) = Tm (α , γ) cos (mβ) , θ (α , β , γ) = θm (α , γ) cos (mβ) ,

w (α , β , γ) = wm (α , γ) cos (mβ) , (6)

u (α , β , γ) = um (α , γ) cos (mβ) , v (α , β , γ) = vm (α , γ) sin (mβ) ,

ãäå m �ëþáîå öåëîå ÷èñëî.
Çàìå÷àíèÿ.

à) Â ôîðìóëå (6) ìîæíî ïîìåíÿòü ìåñòàìè êîñèíóñû è ñèíóñû, à òàêæå ñîñòàâèòü êîì-
áèíàöèþ ýòèõ ôóíêöèé. Ðåøåíèå â ýòèõ ñëó÷àÿõ ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò âûáðàííîãî
âàðèàíòà.
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Â ðåçóëüòàòå ïîäñòàíîâêè ñîîòíîøåíèé (6) â ñèñòåìó óðàâíåíèé (4), âçÿâ âìåñòî äâóõ
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Îòìåòèì, ÷òî ïðè m = 0 ïåðåìåùåíèå v0 ≡ 0, è ïîñëåäíèå äâà óðàâíåíèÿ ñîâïàäàþò,
îïðåäåëÿÿ ïåðåìåùåíèå u0.
Ïðèíèìàÿ âî âíèìàíèå ñäåëàííûå ïðåäïîëîæåíèÿ î ëèíåéíîñòè ïåðåìåùåíèé ïî γ, îáî-

çíà÷èì
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Tm (α , γ) = Tm1 (α) + Tm2 (α) γ, θm (α , γ) = θm1 (α) + θm2 (α) γ,

wm (α , γ) = wm1 (α) + wm2 (α) γ, (8)

um (α , γ) = um1 (α) + um2 (α) γ, vm (α , γ) = vm1 (α) + vm2 (α) γ.

Â ðåçóëüòàòå êàæäîå èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû (7) ïðèâîäèò ê ïàðå îäèíàêîâûõ
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Ckmn− ïîñòîÿííûå èíòåãðèðîâàíèÿ.
Â ñëó÷àå îñåñèììåòðè÷íîé äåôîðìàöèè öèëèíäðà (m = 0) óðàâíåíèå îòíîñèòåëüíî u0
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2 (1 − 2υ)

[
D1

11α
2 +D2

11α
−2 + L2

11

]
,

u11 − v11 = − R

2 (1 − 2υ)

{
D3

11 +D4
11 lnα+ L1

11α
2
}
, (13)

u12 + v12 = − R

2 (1 − 2υ)

[
D1

12α
2 +D2

12α
−2 + L2

12

]
,

u12 − v12 = − R

2 (1 − 2υ)

{
D3

12 +D4
12 lnα+ L1

12α
2
}
.

Ïðè m > 1 ïðèõîäèì ê óðàâíåíèÿì[
∂2

∂α2
+

1

α

∂

∂α
− (m+ 1)2

α2
+

1

ε2
∂2

∂γ2

]
(umn + vmn) =

2R m

(1 − 2υ)
L2
mn α

−(m+1),[
∂2

∂α2
+

1

α

∂

∂α
− (m− 1)2

α2
+

1

ε2
∂2

∂γ2

]
(umn − vmn) = − 2R m

(1 − 2υ)
L1
mn α

m−1.

Èõ ðåøåíèå

um1 + vm1 = − R

2 (1 − 2υ)

[
D1
m1α

(m+1) +D2
m1α

−(m+1) + L2
m1α

−(m−1)
]
,

um2 + vm2 = − R

2 (1 − 2υ)

[
D1
m2α

(m+1) +D2
m2α

−(m+1) + L2
m2α

−(m−1)
]
, (14)

um1 − vm1 = − R

2 (1 − 2υ)

[
D3
m1α

(m−1) +D4
m1α

−(m−1) + L1
m1α

(m+1)
]
,

um2 − vm2 = − R

2 (1 − 2υ)

[
D3
m2α

(m−1) +D4
m2α

−(m−1) + L1
m2α

(m+1)
]
.

Çäåñü Dk
mn− ïîñòîÿííûå èíòåãðèðîâàíèÿ.
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Â ðåçóëüòàòå äëÿ m = 0

θ01 (α) = A1
01 +A2

01 lnα , θ02 (α) = A1
02 +A2

02 lnα,

w01 (α) = − R

(1 − 2υ) ε

[
C1
01 + C2

01 lnα+
1

4
L1
02 α

2 + L2
02

α2

4
(lnα− 1)

]
,

w02 (α) = − R

(1 − 2υ) ε

(
C1
02 + C2

02 lnα
)
, (15)

u01 = − R

2 (1 − 2υ)

[
D1

01 α+D2
01

1

α
+ L2

01 α lnα

]
,

u02 = − R

2 (1 − 2υ)

[
D1

02 α+D2
02

1

α
+ L2

02 α lnα

]
.

Äëÿ m = 1

θ11 (α) = A1
11 α+A2

11 α−1, θ12 (α) = A1
12 α+A2

12 α−1,

w11 = − R

(1 − 2υ) ε

{
C1
11 α+ C2

11

1

α
+

1

8
L1
12α

3 +
1

2
L2
12 α lnα

}
,

w12 = − R

(1 − 2υ) ε

(
C1
12 α+ C2

12

1

α

)
, (16)

u11 = − R

4 (1 − 2υ)

[(
D1

11 + L1
11

)
α2 +D2

11α
−2 +D4

11 lnα+D3
11 + L2

11

]
,

v11 = − R

4 (1 − 2υ)

[(
D1

11 − L1
11

)
α2 +D2

11α
−2 −D4

11 lnα−D3
11 + L2

11

]
,

u12 = − R

4 (1 − 2υ)

[(
D1

12 + L1
12

)
α2 +D2

12α
−2 +D4

12 lnα+D3
12 + L2

12

]
,

v12 = − R

4 (1 − 2υ)

[(
D1

12 − L1
12

)
α2 +D2

12α
−2 −D4

12 lnα−D3
12 + L2

12

]
.

Äëÿ m > 1

θm1 (α) = A1
m1α

m +A2
m1 α

−m , θm2 (α) = A1
m2 α

m +A2
m2 α

−m,

wm1 = − R

4 (1 − 2υ) ε

[
C1
m1α

m + C2
m1α

−m +
L1
m2

(m+ 1)
αm+2 − L2

m2

(m− 1)
α−m+2

]
,

wm2 = − R

(1 − 2υ) ε

(
C1
m2α

m + C2
m2α

−m) , (17)

um1 = − R

4 (1 − 2υ)

[(
D1
m1 + L1

m1

)
α(m+1) +D2

m1α
−(m+1) +D3

m1α
(m−1) +

(
D4
m1 + L2

m1

)
α−(m−1)

]
,

vm1 = − R

4 (1 − 2υ)

[(
D1
m1 − L1

m1

)
α(m+1) +D2

m1α
−(m+1) −D3

m1α
(m−1) −

(
D4
m1 − L2

m1

)
α−(m−1)

]
,

um2 = − R

4 (1 − 2υ)

[(
D1
m2 + L1

m2

)
α(m+1) +D2

m2α
−(m+1) +D3

m2α
(m−1) +

(
D4
m2 + L2

m2

)
α−(m−1)

]
,
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vm2 = − R

4 (1 − 2υ)

[(
D1
m2 − L1

m2

)
α(m+1) +D2

m2α
−(m+1) −D3

m2α
(m−1) −

(
D4
m2 − L2

m2

)
α−(m−1)

]
.

Ïðàâèëüíîñòü ïîëó÷åííûõ ðåøåíèé ëåãêî óñòàíàâëèâàåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâ-
êîé â óðàâíåíèÿ ëèáî âðó÷íóþ, ëèáî ñ èñïîëüçîâàíèåì ëþáîé êîìïüþòåðíîé ñèñòåìû.
Îñòàåòñÿ âûïîëíèòü äîïîëíèòåëüíîå óñëîâèå (5). Èç íåãî äëÿ êàæäîãî m ñëåäóåò ïàðà

òîæäåñòâ

θm1 ≡
1

R

(
1

α

d (α um1)

dα
+

m

α
vm1 +

1

ε
wm2

)
, θm2 ≡

1

R

(
1

α

d (α um2)

dα
+

m

α
vm2

)
,

ïîçâîëÿþùèõ îïðåäåëèòü çíà÷åíèÿ Akmn ÷åðåç îñòàëüíûå ïîñòîÿííûå:

A1
01 =

1

2 (1 − υ) (1 − 2υ)

{
(1 + υ) (1 − 2υ)αTB

2
01 +

C2
02 − 4 (1 − υ)C1

02

2ε2
− 2 (1 − υ)D1

01

}
,

A2
01 =

(1 + υ)

(1 − υ)
αTB

2
01 −

1

2 (1 − υ) ε2
C2
02, A1

02 =
(1 + υ)

2 (1 − υ)
αTB

2
02 −

1

(1 − 2υ)
D1

02,

A2
02 =

(1 + υ)

(1 − υ)
αTB

2
02, (18)

A1
11 =

2

(3 − 4υ)

[
(1 + υ)αTB

1
11 −

1

ε2
C1
12 −D1

11

]
,

A2
11 =

1

2 (3 − 4υ)

[
4 (1 + υ)αTB

2
11 −

4

ε2
C2
12 −D4

11

]
,

A1
12 =

2

(3 − 4υ)

[
(1 + υ)αTB

1
12 −D1

12

]
, A2

12 =
1

2 (3 − 4υ)

[
4 (1 + υ)αTB

2
12 −D4

12

]
,

A1
m1 =

1

(3 − 4υ)

[
2 (1 + υ)αTB

1
m1 −

2

ε2
C1
m2 − (m+ 1)D1

m1

]
,

A2
m1 =

1

(3 − 4υ)

[
2 (1 + υ)αTB

2
m1 −

2

ε2
C2
m2 + (m− 1)D4

m1

]
.

Îñòàëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé:Bk
mn òåìïå-

ðàòóðíîé çàäà÷è, Ckmn, D
k
mn− èç óñëîâèé óïðóãîé çàäà÷è.

Ðàññìîòðèì ñëó÷àé îñåñèììåòðè÷íîé äåôîðìàöèè (m = 0) ðåçåðâóàðà ñ æèäêîñòüþ.
Ïóñòü îáà åãî òîðöà è âíóòðåííÿÿ áîêîâàÿ ïîâåðõíîñòü òåïëîèçîëèðîâàíû îò îêðóæàþ-
ùåé ñðåäû, âíåøíÿÿ áîêîâàÿ ïîâåðõíîñòü èìååò ïîñòîÿííóþ òåìïåðàòóðó Θ .Â ýòîì ñëó÷àå
òåìïåðàòóðà ñòåíîê ðåçåðâóàðà ïðèíèìàåò çíà÷åíèå T = T01 = Θ , T02 = 0, òåì áûñòðåå,
÷åì âûøå òåïëîïðîâîäíîñòè ìàòåðèàëà. Î÷åâèäíî B1

01 = Θ, B2
01 = B1

02 = B2
02 = 0.

Òîãäà

A1
01 =

1

2 (1 − υ) (1 − 2υ)

[
C2
02 − 4 (1 − υ)C1

02

2ε2
− 2 (1 − υ)D1

01

]
A2

01 = − 1

2 (1 − υ) ε2
C2
02, A1

02 = − 1

(1 − 2υ)
D1

02, A2
02 = 0, (19)
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L1
01 =

1

2 (1 − υ) (1 − 2υ)

[
C2
02 − 4 (1 − υ)C1

02

2ε2
− 2 (1 − υ)D1

01

]
− 2 (1 + υ)αTB

1
01,

L2
01 = − 1

2 (1 − υ) ε2
C2
02 , L1

02 = − 1

(1 − 2υ)
D1

02 , L2
02 = 0.

Â ðåçóëüòàòå

θ01 (α) =
1

2 (1 − υ) ε2

[
1

2 (1 − 2υ)
− lnα

]
C2
02 −

1

(1 − 2υ)

(
1

ε2
C1
02 +D1

01

)
, (20)

θ02 (α) = − 1

(1 − 2υ)
D1

02 , w01 (α) = − R

(1 − 2υ) ε

[
C1
01 + C2

01 lnα− 1

4 (1 − 2υ)
D1

02 α
2

]
,

w02 (α) = − R

(1 − 2υ) ε

(
C1
02 + C2

02 lnα
)
, u02 = − R

2 (1 − 2υ)

[
D1

02 α+D2
02

1

α

]
,

u01 = − R

2 (1 − 2υ)

[
D1

01 α+D2
01

1

α
− 1

2 (1 − υ) ε2
C2
02 α lnα

]
.

Îïðåäåëèì íàïðÿæåíèÿ, íåîáõîäèìûå äëÿ âûïîëíåíèÿ êðàåâûõ óñëîâèé, äëÿ ÷åãî âîñ-
ïîëüçóåìñÿ ñîîòíîøåíèÿìè Äþãàìåëÿ-Íåéìàíà [3]

σαα =
E

2 (1 + υ) (1 − 2υ)

{
2 (1 − 2υ)

R

∂u

∂α
+ 2υθ − 2 (1 + υ)αTT

}
,

σγγ =
E

2 (1 + υ) (1 − 2υ)

{
2 (1 − 2υ)

Rε

∂w

∂γ
+ 2υθ − 2 (1 + υ)αTT

}
, (21)

σαγ =
E

2 (1 + υ)R

(
∂w

∂α
+

1

ε

∂u

∂γ

)
.

Åñëè ïðèíÿòü

σαα = σαα1 + σαα2 γ , , σγγ = σγγ1 + σγγ2 γ, σαγ = σαγ1 + σαγ2 γ, (22)

òî äèôôåðåíöèðóÿ ñîîòíîøåíèÿ (20) îïðåäåëÿåì

σαα1 =
E

2 (1 + υ) (1 − 2υ)

{
− 1

(1 − 2υ)
D1

01 +D2
01

1

α2
− 2υ

(1 − 2υ) ε2
C1
02 − 2 (1 + υ)αTB

1
01+

+
1

2 (1 − υ) ε2

[
(1 − υ)

(1 − 2υ)
+ (1 − 2υ) lnα

]
C2
02

}
,

σαα2 =
E

2 (1 + υ) (1 − 2υ)

{
− 1

(1 − 2υ)
D1

02 +D2
02

1

α2

}
,

σγγ1 =
E

2 (1 + υ) (1 − 2υ)

{
− 2 (1 − υ)

(1 − 2υ) ε2
C1
02 − 2 (1 + υ)αTB

1
01+

+
1

(1 − υ) ε2

[
υ

2 (1 − 2υ)
− (2 − υ) lnα

]
C2
02 −

2υ

(1 − 2υ)
D1

01

}
,

σγγ2 = − υE

(1 + υ) (1 − 2υ)2
D1

02, σαγ2 = − E

2 (1 + υ) (1 − 2υ) ε
C2
02

1

α
, (23)
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σαγ1 = − E

4 (1 + υ) (1 − 2υ) ε

{(
2C2

01 +D2
02

) 1

α
− 2υ

(1 − 2υ)
D1

02 α

}
.

Â êà÷åñòâå ïðèìåðîâ îïðåäåëèì ïåðåìåùåíèÿ äëÿ òðåõ âèäîâ ãðàíè÷íûõ óñëîâèé. Ôîð-
ìóëû äëÿ ïåðåìåùåíèé îäèíàêîâû âî âñåõ òðåõ çàäà÷àõ

w (α , γ) = − R

(1 − 2υ) ε

{
C1
01 + C1

02 γ +
(
C2
01 + C2

02 γ
)

lnα− 1

4 (1 − 2υ)
D1

02 α
2

}
, (24)

u (α, γ) = − R

2 (1 − 2υ)

{(
D1

01 +D1
02 γ

)
α+

(
D2

01 +D2
02 γ

) 1

α
− 1

2 (1 − υ) ε2
C2
02 α lnα

}
,

÷òî ñëåäóåò èç (20). Îñòàåòñÿ îïðåäåëèòü çíà÷åíèÿ ïîñòîÿííûõ èíòåãðèðîâàíèÿ.
1) Äëÿ êðàåâûõ óñëîâèé

σαα (t , γ) = ρH (1 − γ) , σαγ (t , γ) = 0, (25)

w (1 , 0) = u (1 , 0) = 0, w (1 , 1) = 0, u (1 , 1) = 0

ïîëó÷àåì ñëåäóþùèå ôîðìóëû

C1
01 =

t2f

4 (t2 + 1 − 2υ)
, C2

01 =

(
2υ t2 + 1 − 2υ

)
t2f

2 (t2 + 1 − 2υ)
, C1

02 = 0, C2
02 = 0, (26)

D1
01 = −D2

01 = −
(1 − 2υ)

[
f + 2 (1 + υ)αTB

1
01

]
t2

(t2 + 1 − 2υ)
, D1

02 = −D2
02 =

(1 − 2υ) t2f

(t2 + 1 − 2υ)
.

Çäåñü ρ− ïëîòíîñòü æèäêîñòè, f = 2(1+υ)(1−2υ)ρ H
E .

2) Êîãäà ãðàíè÷íûå óñëîâèÿ èìåþò âèä

σαα (t , γ) = ρH (1 − γ) , σαγ (t , γ) = 0, (27)

w (1 , 0) = u (1 , 0) = 0, σγγ (1 , 1) = 0, u (1 , 1) = 0.

òî åñòü îòëè÷àþòñÿ îò (25) íà îäíî óñëîâèå, äëÿ ïîñòîÿííûõ C1
01, C2

01, C2
02, D1

02 , D
2
02

ñïðàâåäëèâû ôîðìóëû (26), à

1

ε2
C1
02 = −

(1 + υ) (1 − 2υ)
(
t2 + 1

)
[t2 (1 + υ) + 1 − υ]

αTB
1
01, (28)

D1
01 = −D2

01 = −2 (1 + υ) (1 − 2υ) t2

[t2 (1 + υ) + 1 − υ]
αTB

1
01 −

(1 − 2υ) t2f

(t2 + 1 − 2υ)
.

3) Äëÿ ãðàíè÷íûõ óñëîâèé

σαα (t , γ) = ρH (1 − γ) , (29)

w (1 , 0) = u (1 , 0) = 0, w (1 , 1) = 0, u (1 , 1) = 0, w (t , 0) = 0, w (t , 1) = 0

ïîñòîÿííûå ïîñòîÿííûå C1
01, C2

01, C2
02, D1

02 , D
2
02 îïðåäåëÿþòñÿ ôîðìóëàìè (26)
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C2
01 =

(
t2 − 1

)
t2f

4 (t2 + 1 − 2υ) ln t
, D1

01 = −D2
01 = −

(1 − 2υ)
[
f + 2 (1 + υ)αTB

1
01

]
t2

(t2 + 1 − 2υ)
. (30)

Ëèòåðàòóðà

[1] Ðåêà÷ Â.Ã. Ðóêîâîäñòâî ê ðåøåíèþ çàäà÷ ïî òåîðèè óïðóãîñòè (Ìîñêâà, ¾Âûñøàÿ øêîëà¿, 1966, 227c.).
[2] Ïàðòîí Â.Ç., Ïåðëèí Ï.È. Ìåòîäû ìàòåìàòè÷åñêîé òåîðèè óïðóãîñòè (Íàóêà, Ì., 1981, 688c.).
[3] Êîâàëåíêî À.Ä.Èçáðàííûå òðóäû (Êèåâ, ¾Íàóêîâà äóìêà¿, 1976, 762 ñ.).
[4] Ãóðüÿíîâ Í.Ã., Òþëåíåâà Î.Í.Êðàåâûå çàäà÷è òåîðèè óïðóãîñòè äëÿ øàðà è öèëèíäðà (Êàçàíü, èçä-âî

Êàçàíñêîãî óí-òà, 2008, 207 ñ.).

Íèêîëàé Ãåîðãèåâè÷ Ãóðüÿíîâ, ïðîôåññîð, êàôåäðà îáùåé ìàòåìàòèêè Êàçàíñêîãî (Ïðèâîëæñêîãî)

ôåäåðàëüíîãî óíèâåðñèòåòà

420008á ã. Êàçàíü, óë. Êðåìëåâñêàÿ,ä.18

e-mail: gng.ggb@mail.ru

Îëüãà Íèêîëàåâíà Òþëåíåâà, äîöåíò, êàôåäðà îáùåé ìàòåìàòèêè Êàçàíñêîãî (Ïðèâîëæñêîãî) ôå-
äåðàëüíîãî óíèâåðñèòåòà

420008á ã. Êàçàíü, óë. Êðåìëåâñêàÿ,ä.18

e-mail: tdv.ton@mail.ru

N.G.Guryanov, Professor, Chair of General Mathematics,Kazan (Volga region) Federal University,

18, Kremlin str., Kazan, 420008 Russia

e-mail: gng.ggb@mail.ru

O.N.Tyuleneva, Associate Professor, Chair of General Mathematics,Kazan (Volga region) Federal University,

18, Kremlin str., Kazan, 420008 Russia

e-mail: tdv.ton@mail.ru


