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Abstract—Types of bifurcations of zeros for the gradient of a hyperbolic derivative of a holomorphic
function on the unit disk are determined, provided that the derivative is embedded in the family of level
lines of the given function. The character of the dependence of the motion of zeros on the curvature of
the hyperbolic derivative is described, which makes it possible to extend the Poincarée—Hopf theorem
so as to obtain a class of new uniqueness conditions for zeros in the form of nonnegativity conditions
on curvature-type functionals. This class contains a one-parameter series of Epstein inequalities
obtained from the Behnke—Peschl linear convexity condition for Hartogs domains of special form. A
specific rigidity effect arises; namely, the inequalities mentioned above are meaningful only on a finite
interval of parameters.
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INTRODUCTION

According to Riemann’s theorem, a normalized conformal mapping F' from a hyperbolic domain
D c C onto a disk Eg generates a surface (in R®) over D [1, p. 32]. This surface, R = Rp(z), is
characterized by that each of its level lines is the radius R of the target Er, whose center is the F'-
image of the current point on the line. The value Rp(z) is called the (inner) conformal radius of the
domain D at the point z [2, p. 26].

By means of a biholomorphism f : D — D, this situation can be transferred to the space over the unit
disk D = {¢ € C: |¢| < 1}, so that the conformal radius at the point f(w) turns out to be equal to the
value of the function

he(C) = (1= ¢ F(©)] (1)

at the point ( =w € D [2, p. 28], [3]). For a given domain D, the choice of such f is unique up to an
automorphism of ; thus, (1) give a complete information about the conformal radius of the domain D.

The study of quantity (1) with an arbitrary holomorphic function f on D puts correspondences
f = hy, which substitute correspondences D +— Rp for various classes of domains in the initial D-
setting, in the forefront. In this f-approach, quantity (1) is called the hAyperbolic derivative, or the
Bloch derivative, of the function f (see, e.g., [4, 5]). As is known, the extrema of (1) “formalize
obstructions” in studying the well-posedness of a number of problems in mathematical physics and
function theory (see [6] and the bibliography in [7]). The difference between the representations R =
Rp(z) and h = hy(¢) (which are usually identified by means of z = f(¢)) plays an essential role in
expressing their Gaussian curvatures in terms of ¢ € ; the nonnegativity of these curvatures leads to
the conditions [8]

£ CH < -2/ = 1CP)? + /2" /£)(Q) —20/(1 = [K1P)P], ¢ eD, (2)
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where {f, ¢} = (/) () — (f"/f)?(¢)/2 is the Schwarz derivative of the function f at the point ¢,

and |{f, ¢} +2(Inhp () (f" /1)) < | —2/(1 = |¢*)?* +2|(Inhs(C))c]?| for ¢ € D. A similar “recal-
culation” for the logarithms InR and Inh gives the inequalities

[{f. ¢ = /2)((F"/ Q) = 20/ (1 = [K))? < 2/(1 = [¢]*)?, ¢eD, (3)
and [(f"/f')(¢) = 2C°/(1 = [¢[2)?] < 2/(1 — [¢2), ¢ € D.

A general approach to constructing similar conditions was outlined by Kinder in [9] in relation to the
uniqueness problem for critical points of function (1) (see Section 1); in [8], case (2) was completely
studied. In this paper, in the framework of this problem, we study conditions of the form

J(f,¢) >0, ¢eD, (4)
for holomorphic functions fonD and J = G,, Ig and K, where

Galf, Q)+ [{F.C + B3/2 = I(f"/FH2(C) — 4T/ (1 — 1¢P))]
= I5(£,¢) + |{f.C} +2(28 — 1)(Inhs(¢))}]
— K (£, )+ |(F"/ ) () = /(1 = [¢P)?] = 2/(1 = [¢1»)>

One of the reasons why we take the class H of holomorphic functions on ID for the domain of the
functionals J is that condition (4) (unlike, e.g., (2)) is surely violated for meromorphic functions on D
when J coincides with one of the functionals G, (with o # 3/2), Ig (with 8 # 1/2), and K. In the case

J = Gy = I, 5, we obtain Nehari’s well-known inequality

{£.¢H <2/ -1¢P)? ¢eD, (5)

which ensures the uniqueness of the critical point of (1) for meromorphic f (this point coincides with
the pole of f). For establishing uniqueness in the case of holomorphic f in (5), a number of methods
were suggested in [5, 10—13]. We mention two of them, namely, the method of radial superposition
used in [10] and developed in [11] and the method of bifurcations of parametric families [13, 14], which
is related to a version of the Poincaré—Hopi theorem constructed in [15, 16] for the vector field Vhy.
In this paper, both methods are compared as applied to the proof of the (at most) uniqueness of the
critical point of (1) for functions f € H satisfying the inequality I5(f,{) > 0,( € D, in which the weak
linear convexity condition on special Hartogs domains in C? being a version of Epstein’s condition [17]
arises (see Section 3). The application of the bifurcation method is simplified at the expense of the a
generalization of the above-mentioned version of the Poincaré—Hopf theorem (Theorem 1).

An accompanying question is whether condition (4) is well defined for f € H. Let Hy={f € H :
7€) # 0,¢ € D} be the class of holomorphic locally univalent functions on D. It is easy to verify that,
for J = Gg, Ig, or K, the fulfillment of condition (4) for a holomorphic function f on ID not being
identically constant implies f € Hy. Thus, unless otherwise specified, we assume that all functions under
consideration are locally univalent in D. An important aspect of conditions of the form (4) being well
defined is the question of whether such conditions are meaningful. Answering this question turns out to
require the application (in the spirit of [ 18]) of Plesner’s classical theorem; nevertheless, it is convenient
to use the following definition.

A functional J : Hy x D xR — R: (f,(,w) — J,(f, () generating the family of classes 7, = {f €
Hy: J,(f,¢) > 0,¢ € D} is said to be rigid in the parameter w, or simply rigid, if the set Q = Q(J) =
{w e R : T, # 0}, which is called the support of the functional J, is an interval of R.

The crucial role played by the Nehari functional

Gs/o(f,¢) = T12(f,¢) =2/(1 = [¢]*)* = [{f, ¢}

and the related inequality (5) in setting the problem of constructing functionals J with the property that
J > 0 implies the uniqueness of the extremum of (1) can be clarified by, e.g., the following observation.
At the elements of

My = {a €D (9hy/0C)(a) = 0},
that is, the sets of critical points of (1) for f € Hp, the Nehari functional coincides both with the
functionals Gy, Ig, and K, (no matter what the parameter values are) and with the functionals
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generating inequality (2) and (3) and their analogues. The effectiveness of the setting mentioned above
is related to the extension of the set of situations in which the following “metatheorem” is valid; already
during the work on papers [11] and [9], this assertion proved a guiding conjecture [19] rather than an
ordinary assumption.

M.I. Kinder’s conjecture. let J : Hy x D — R be a functional with the property
SigI]J(f, (I) = Sign]1/2(fa (I),CL S Mf7 f € H07 (6)
and let the class J = {f € Hy : J(f,¢) > 0,¢ € D} be nonempty. Then f € J and k¢ < oo imply
kg <1
Here, kf = # M is the number of elements in M. The case ky = oo can occur in only two situations,

when M contains analytic arcs (with endpoints in O for f € Hy)[20] and when My is discrete and has
a limit point in 9D [21].

1. VERIFICATION OF THE CONJECTURE

The special role played by the functional I, in the setting under consideration is based on that
this functional, as well as K», is a sign-defining factor in the expression for the curvature K((() of the
function Inh¢(¢) at the elements of M:

Kg(a) = [2/(1 = a*)* + |{f, a}|) I1)2(f,a), a€ My (7)
We also mention the relation Ky (¢) = [1+|F|*|72J¢(¢) for ¢ € D, where J¢(¢) = (|F¢| + | F¢|) Ka(f,¢)
is the Jacobian of the vector field Vinh(¢) ~ F = 2(Inhy)zand F = F(¢,C) = f"(¢)/f'(¢) —2¢/(1 -

(C) is the Gakhov mapping with zero set My [6].

A more delicate characteristic of the surface h = h¢(() in a neighborhood of the isolated elements of
My is the index

@ =~ [ i)
I¢—al=p
of a point a € M singular for the vector field Vhr(¢); M (N{|¢ — a| < p} = {a}. Asis known [15, 16],
vr(My) C {*£1,0}. Settingm3 = #{a € My : v¢(a) = €1}, we obtain ky = m;{ + m(} +my . A united
classification of the isolated elements My (f € Hy) is as follows (see, e.g., [6]).

Proposition 1. On the discrete part of My, the relations v¢(sgnKy = +1) = sgnKy and
v¢(sgnKy =0) C {—1,0 + 1} hold; moreover, sgnKyog(a) = sgnKr(¢(a)) and viop(a) = v¢(d(a)),
where a € My and ¢ is an automorphism of D. The surface h = hy(() over the elements My > a ~
(sgnKy(a),v¢(a)) admits the following structure: (+1,41) is an elliptic maximum (a umbilic if
{f,0} =0);(0,41) is a parabolic maximum; (0,0) is a parabolic half-saddle; (0,—1) is a parabolic
saddle; and (—1,—1) is a hyperbolic saddle. All of these cases are realizable.

As the point of departure in studying the conjecture stated above the following version [15, 16]
of the classical Poincaré—Hopi theorem ([22, p. 223]) can be considered, in which By = {f € H :
lime ophy(¢) = 0} is the small Bloch class.

Proposition 2. /] f € By Ho and ky < o0, then 35, ¢ pp, vy(a) = my —m; = 1.

Remark 1. The example of a function f € By (| Ho with countable M constructed in [21]shows that
the second condition k¢ < oo in this proposition cannot be removed at the expense of the first condition.

To prove the conjecture in a special case, in [9], the class F of functions f € H, reconstructible from
the representations Inf’(¢) = (1/2x) 027r p(0)(e” + ¢)/ (e — ¢)df with p € C[0,27] was introduced.
The following assertion is valid.

Proposition 3. Let J: Hy x D — R be a functional with property (6), and let f € F be a
function satisfying the strict inequality (4), that is, such that

J(f,¢) >0, ¢eD. (8)
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Then ky = 1.

The relation f € F ensures the simultaneous fulfillment of both conditions in Proposition 2. The
application of this proposition with taking into account (6) (as well as (7) and Proposition 1) proves
Proposition 3:m; = m} = 0and ky =mj = 1.

As an illustration of this assertion, in [9], strict versions of the following inequalities with ¢ € D were
suggested:

(A)Go(f,¢) =0

(B) La/2(f. ) = 0, where Ls(f,¢) = 1/(1 — [¢I*) = [CI|(f'/ £ O, ¢} +20(Inhg (€))e

(C) IS/ M@ = 3/2(f"/ Q] < 1/(1 = [¢P);

(D) [CP2(f/f) () +1] < L.

The following proposition is valid.

Proposition 4. The functionals G : (f,(,a) — Go(f,¢) and L: (f,(,0) — Ls(f,C) are rigid
with respect to theirs parameters with supports |2a —3| <1 and |0| <1/2, respectively. In
particular, inequalities (A) and (B) are not meaningful (in the class H).

Proof. According to Plesner’s classical theorem [23], there exists a point on dD and a sequence of
elements of D converging to this point such that the corresponding sequence of values of the holomorphic
function (f”/f") + (1 — «)(f"/ f)? has a finite limit. Performing the corresponding passage to the limit
in the inequality (1 — [¢|?)2Ga(f,¢) > 0(¢ € D), we obtain |2« — 3| < 1. The rigidity of the functional
L is proved in a similar way. O

The functionals corresponding to (C) and (D) are defined on H \ {a{ + b : a,b € C}; in case (C), the
condition f € Hy holds automatically, and in case (Q), it is imposed additionally; then, in both cases,
¢ = 0 cannot be a umbilic. The fulfillment of conditions (C) and (D) is obvious for, e.g., fractional-
linear f (both inequalities are strict) and for functions of the form f(¢) = a + bfs(e¢), where f4(¢) =
(1/2)In((1+¢)/(1 = ¢)) (f(D) is a strip), a,b € C, and |e| = 1; in (C), the equality is attained on a
diameter of D, and in (D), everywhere in D. If 0 € My, then the strict inequality (C) can hold only if
0 < [¢| < 1: at the point ¢ = 0, the left-hand side of (C) equals |{, C}M(f//@)/f/@))/d|¢—0 =1

If f”(0) #0, then case (D) can be simplified by applying Schwarz’ lemma to the inequality
|24/ (¢)/u?(¢)| < 1, where ¢ € D, which is equivalent to (D), because

’

Q) f1(€) = 2u(¢)/(1 = Cu(()). (9)

Estimate (D) turns out to be strict; the special cases u//u? = —1, «//u®? =1, and «//u®? =0 are
exemplified by, respectively, f(¢) = €™ € F (1 € R\ {0}) with k; = 1,

f(Q)=In(1/(1 =¢)) € B\ By, and f(¢)=1/(1-¢) ¢ B, (10)

where B={f € H: supe ¢ phs(¢) < oo} is the Bloch class. In the two last cases, we have ky = 0.
Thus, the strictness of (D) alone does not ensure the presence of critical points for the function (1) in D.

When f”(0) = 0, a new effect arises; namely, the point 0 € M is essentially nonelliptic: the condition
[{f,0}] > 2 coincides with (D) for ( = 0. The parabolic case [{f,0}] =2 is exhausted by a family
outside F containing fs, which can be written explicitly. An example of a function f € F with 0 € My
and strict estimate (D) is obtained from (9) for at 1/u(¢) = 1/(aC) + ¢(¢), where a > 2, ¢'(¢) =
(1—1/a?)(1 —¢%/a)~L, and ¢(0) = 0. Here,

U/ (€) = 2a¢/((C) + ¥ ()

with

¢
o) =1-Cla, $(Q) = (1 1/a>)C / £2(1— 2/a) " Ldt.
0

It is easy to show that ‘SOHC‘)]D) >1—-1/a>1+1/a)/3 > WH(‘)]D) at o > 2; the absence of poles for
f"/f"in Dis now established by using Rouché’s theorem.
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As a result, we obtain the following sharpening of the corollary to Theorem 5 from [9].

Proposition 5. For f € F, the strict estimate (C) gives 0 ¢ My and ky =1, and the strict
estimate (D) gives ky = 3if0 € Myand ky =1if0 ¢ M.

Proof. In both cases, if 0 ¢ My, then we can apply at once Proposition 3. Suppose that, for f € F,
the strict estimate (D) holds and 0 € My. As mentioned above, in this case, we have |{f,0}| > 2,
that is, K¢(0) < 0. By virtue of Proposition 1, v4(0) = —1. We have m; =1 and mgl = 0, because for
a € My \ {0}, the strict inequality (D) is precisely the strict inequality (5), that is, K¢(a) > 0, and hence,
v¢(a) = +1. Proposition 2 implies m}r =m; +1=2and ks = m}r +m; =3. O

Remark 2. Change (9) allowed S.R. Nasyrov to simplify the proof of (5) in the class S° of normalized
convex functions on D (see [11, 24]) and F.G. Avkhadiev, who revealed this property of S? in [25], to
completely describe the class of functions satisfying condition (2) [8].

2. GENERALIZATION OF THE POINCARE—-HOPF THEOREM
In 26, p. 117], the following version of the Poincaré—Hopf theorem for the unit disk is given.

Lemma 1. Suppose that a vector field continuous on D and continuously differentiable on D is
directed outside D at all points of D and vanishes on a set M C . If the Jacobian of the field is
positive on M, then M is a singleton.

For the vector field VInhy (considered in this paper) with f € Hy, Lemma 1 can be strengthened by
removing the boundary condition. Namely, the following generalization of Proposition 3 is valid.

Theorem 1. /f f € Hy, My is nonempty, and v¢(My) = +1, then ky = 1.

We need the following result of [13] about bifurcations of the elements of the sets M, := My, for the
family f-(¢) = f(r() of “level lines” of a function f € Hy, in which every f; is defined for || < 1/r, where
re (07+OO)- We set R = "Rf = UT c (0’ —I—OO) M, x {7’}, K, = Kfr’ Yr = Yfr Q(C) = Cf//(g)/f/(g)y

and g,(¢) = g(r¢).

Lemma 2. Suppose that f € Ho and o is an isolated element M, with 0 < p <1 being a zero
of multiplicity k for the function g,(¢) — g,(c).

(1) Ifa#0o0ra=0and K,(a) =0, then the foliation R near the point («, p) consists of k
(k=2 for a =0) analytic curves intersecting in this point. Moreover, the index = : (a,r) —
vr(a) does not vanish on R\ {(«, p)} near («, p), and the number k, = #{M, ) (sufficiently small
neighborhood of )} equals k for all r # p close to p or has a jump of 2 at p.

(2) The relation K,(o) # 0 is stable with respect to the “perturbations” f, of the function f,
at r close to p: K,(a,) # 0, where a, is the (unique) element of M, such that a, = « (a, =0 for
a=0).Ifa#0, then, as r increases near p, the absolute value |a,| increases (if K,(a,) > 0) or
decreases (if K,(a,) <0).

(3) Let K,(a) = 0. For k =1 (except in the “stable” situation where k, =1 for r close to p, in
which |y,(a)| = 1), the birth or annihilation of one maximum and one saddle at (o, p) may occur
provided that v,(a) = 0. If . = 0, then 0 € My for all r € (0, +00) with v.(0) = sgn(p — ), r # p,
and k, = 2 + v,(a)sgn(r — p) for r # p near p.

In what follows, we denote birth by the symbol U; the symbol ¥ is used when a maximum (for
r < p) decomposes into two maxima and a saddle (for r > p). We set R(I) = . ¢ 1 M, x {r}, where
I C (0,1] and consider the functional ¥ =7 = sup{¢ € (0,1] : r € (0,£] = ky, = 1} of the first exit
from the set H = {h € Hy : k;, = 1} along the level lines of the function f. The quantity 7 is bounded
away from zero by the convexity radius of the function f; therefore, 7 > 0.

Let R={r €(0,1): 0 € K,(M,)}. It is easy to show by using Lemma 2 that the set R is at most
countable and can have at most one limit point (r = 1). Next, 28(0,7) is a simple C“-curve admitting
the parameterization (a(r),r), where r € (0,7), in which ¢ = a(r) is a continuous function such that
lim, g4+a(r) = 0, v-(a(r)) = 41, and its absolute value and argument are (piecewise if (0,7) (| R # 0)
real analytic. Moreover, either a(r) = 0 or |a(r)| increases with respect to the parameter r.
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If7 < 1, then Mz consists of the point a(7) = lim,. _, 7_a(r) withv#(a(7)) = +1 and at most finitely
many points with index zero. The latter points, if exist, give bifurcations of type U. The point a(7) can
generate a bifurcation only of type ¥ (this always occurs if M7= {a(F)}). In the case f”(0) =0, for
p > 7, we define the additional set &), = R[F, p] \ ({0} x [T, p]) and the quantity pz, = inf(, e, lal.

Lemma 3. 1f f € Hy, 0 € My, v4(0) = +1, and 7 < 1, then the function p : p — p,, is right contin-
uous and decreases on [T, 1]. If a,, is an element of M, with |a,| = p, and 7 < p < 1, then v,(a,) = —1
forp ¢ Randvy,(a,) # +1forp € R.

Proof. It is sufficient to verify the nonemptiness of 98}, for p € [F, 1] for p = 7. According to Lemma 2
(= 0), the conditions v¢(0) = +1 and 7 < 1 imply that Mz x {7} has points of type U, that it,
M\ {0} # 0. Therefore, p is well defined and 0 < u, <1 for p € [7,1]. The relation p, = 0 would
mean that 9}, has a limit point in {0} x [7,1]. By Lemma 2, this point must be (0,1), which is
impossible, because v7(0) = +1. Next, take (ay,,r,) € R, such that |a,| — p,. The convergence of the
subsequences a,; — a, and r,,y — 7,(€ [T, p]) implies |a,| = p, € (0,1), whence a, € D\ {0}. Finally,
the relation (a,,r,) € R[F, p] follows from the continuity of the Gakhov mapping, and a, # 0 implies
(ap,7p) € R, thatis, a, € M, \ {0} withr, < p.

Let us show that a, is an element of M, \ {0} with p € [7,1]. Suppose that r, < p. Then, by
Lemma 2, there are two possibilities for some neighborhood U x V' C D x [T, p) of the point (a,,r,):
1€~ (M.NU) for all » <r, from V or =1 € (M, (U) for all » > r, from V. In each of these
cases, there exists a branch of a C“-curve from R of the form (a(r), ) with a(r,) = a,, where r ranges
over the corresponding half-neighborhood V (\{r = r,}. For r # r,, the derivative d|a(r)|/dr has sign
sgnkK,(a(r)) = v (a(r)) = sgn(r, —r) (see Lemma 2 in Section 2 and Proposition 1); therefore, in
the half-neighborhood mentioned above, the inequality |a(r)| < p, must hold, which contradicts the
definition of y,. Thus, r, = p and a, € M, \ {0}. Moreover, |a,| = min{|a| : a € M, \ {0}}, p € [F, 1]
by the definition of the quantity .

It follows from these considerations that ~,(a,) # 41 and the function x is monotone. Indeed, by
virtue of Lemma 2, if v,(a,) = +1, then one of the possibilities specified above (1 € ~, (M, (\U) for all
r <1, = piromV)isrealized. For p ¢ R, the obtained inequality is sharpened as y,(a,) = —1, because
in this case, 0 ¢ v,(M),). Now, let us prove the implication r < p = p, > pu,. It was established above
thatifa € M, \ {0} forr < pand |a| = p,, thenr = p. This means that a € M, \ {0} withr < pimplies
la| > p,, whence i, = |a,| > p,. Since the function p decreases, it is right continuous at the points of
[7,1) () R. We use Lemma 2 and the continuity of p outside R as the lower envelope of a finite family of
C*“-functions on each of the intervals forming [7, 1) \ R. O

Proof of Theorem 1. By virtue of Proposition 1, we can assume that 0 € M. Suppose that ky > 1.
[f7 = 1, then the elements of the set M \ {0} generate bifurcations of type U, that is, v (M \ {0}) = 0.
If 7 < 1, then, according to Lemma 3, the index of the element of My \ {0} nearest to zero is different
from +1. In both cases, we arrive at a contradiction, which proves the theorem.

Lemma 2 makes it also possible to prove the star-shapedness of the class H({f € Hop : f”(0) = 0}
along the level lines. Namely, is the following corollary is valid.

Corollary 1. /f f € Hy, My = {0}, and v¢(0) = +1, then ky, = 1 forr € (0,1).

Proof. Suppose that there exists an 7 € (0,1) such that kz. > 1. Then 7 <7 < 1; therefore, by
Lemma 3, for any p € [F, 1], the set M, \ {0} is nonempty, which cannot be for p = 1. O

The following example demonstrates that the condition f”(0) = 0 in Corollary 1 is essential.

Example 1. Consider the level lines of a function f(€ Hp) with f7(¢)/f'(¢) = (1/2)/(1 — ¢)2. A
simple routine analysis shows that the foliation % over (0, 1] consists of only one C*-curve (p,7(p)),
where p € (0, 1]. In addition to the end extrema 0 and 1, the function » = r(p) has two interior extrema,

namely, the maximum r,, = v/3/2 at the point p = 1/4/3 and the minimum 7 = (2/3)+/5/3 at p =
V/3/5. Take any ro € (rm, 1). We have ky, =1, but kg, > 2Tor7/rg <t <1y, /ro.

Theorem 1 fully confirms the strict version of Kinder’s conjecture. Namely, the following assertion is
valid.
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Corollary 2. Let J : Hy x D — R be a functional with property (6), and let f € Hy be a function
satisfying inequality (8). Then ky < 1.

Proof. If M # (), then inequality (8) and property (6), together with (7) and Proposition 1, ensure
the discreteness of My [27, p. 209] and the fulfillment of the condition v;(My) = +1. By Theorem 1, this
implies k¢ = 1. a

Corollary 3. Let J : Hy x D — R be a functional with the following properties:

(1) f €T = L(fr,a) >0, wherea € My, andr € (ro,1), for somerg = ro(f) € [0,1);

(2) feTJ= foopeJforeach automorphism ¢ of the disk D.

Then, for any function f € J, either ky < 1 or My contains a continuum.

Proof. Suppose that My is nonempty (ky > 1) and discrete (otherwise, according to [20], My
contains a continuum). Let us show that ky = 1.

Note at once that, by virtue of Proposition 1 and Theorem 1, property (1) can be extended as
fedJ=ky =1iorre (ro(f),1).

Take any a € My. If Kf(a) > 0, then v¢(a) = +1. Suppose that K¢(a) = 0. Consider the function

f: fo¢ (€ J by virtue of condition (2) in this corollary), where ¢ is an automorphism of D such
that ¢(0) = a. We have 0 € My and K]*;(O) = 0 by proposition 1; moreover, it follows from the above

considerations that ky =1 for r € (ro(f),1). According to Lemma 2, this implies that ¢ =0 is a
bifurcation point of type ¥ (for » = 1) in the foliation 2, and hence (by Proposition 1), v¢(a) = fyf(O) =
+1.

Thus, v¢(My) = +1, which implies k¢ = 1 by Theorem 1. O

Remark 3. The result obtained above remains valid when implications (1) and (2) are replaced by the
conditions (1') J(f,a) > 0(> 0)= I /2(f,a) > 0(> 0)fora € My and f € Ho;(1")J(fr, My,) > Ofor
r e (ro,1)and f € J;and (2') J(f,a) = 0= ¢'(a) =0fora € Myand f € T (g =Cf"/f'). It can be
shown that the functionals G, and K, satisfy (1”) with 1o = 0 (provided that the parameters values are
in the supports) and even the more restrictive condition J(f,,¢) > r2J(f,7¢) forr € (0,1) and ¢ € D
(which is equivalent to Ahlfors’ inequality [17] in the case J = G; = K3). Corollary 3 and its analogue
thus obtained generalize the constructions of uniqueness conditions of the form (4) given in [13]
and [28] for the functionals J = I 5 and J = 2/(1 = [¢]?) — |(f”/ ) (¢)], respectively, and distinguish
the situation in which Kinder’s conjecture is confirmed under modified condition (6). Obviously, in any
case, the validity of this conjecture is related to the elimination of elements a € My of index zero.

3. LINEAR CONVEXITY OF HARTOGS DOMAINS AND THE EPSTEIN INEQUALITY

Consider the class N(3) (8 € R) of normalized holomorphic functions f satisiying the condition
I5(f,¢) > 0for ¢ € D, or, in more detail,

£+ (B =1/2)((F"/ () —2¢/(L = <) < 2/(1 = [¢]*)?, ¢ eD. (11)

Suppose that D is a hyperbolic Riemann surface and f : D — D is its holomorphic parameterization
by the unit disk. The Hartogs domain over D is defined as H = {(z,w) € D x C : |w| < £(2)}, where
the function 2 € C2(D) is positive and satisfies the inequality (InQ2).z < 0 in D (that is, H is strictly
pseudoconvex). For the defining function for H we take r(z,w) = Injw| — InQ(2). One of the versions
of the definition of linear convexity, which goes back to the classical work [29], means as applied
to H that the real Hessian Hessr(z,w)(A, 1) of the function r is nonnegative at any point (z,w) €

r~1(0) (D x C) and any vector (X, 1) from the complex tangent plane Tg’w)((‘)H).
We have (1/2)Hessr(z,w)(\, 1) = —(InQ).z|A|? — Re{u?/2w? + (InQ)..\?} and T&w)(aH) =
{(\, 1) € C?: p/w = 2(InQ) A} (see, e.g., [30]). Thus, according to the version mentioned above, we

have Re{[(InQ).. + 2(InQ)?]A\?} < —(InQ).z|\|?, ¢ € D, X € C, or, equivalently,
|(InQ).. +2(InQ)?| < —(InQ).z, (€ D. (12)
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The change 2 = \/R/e® (where R = R(z) denotes conformal radius) followed by the passage to the
unit disk z = f(¢), o(¢) := s(f(¢)) transforms estimate (12) into the Epstein inequality [17]

locc — o = {f,¢}/2 = (2¢/(1 = [{P)oc| < oe +1/(1 = [¢[*)?, ¢ eD. (13)

As is known [17, 31], if |o¢| < [¢]/(1 — [¢]?), where rg < [¢| < 1 for some rg € (0,1), then, under
condition (13), the function f is univalent in D. This suggests that if the Hartogs domain H is linearly
convex over D (in the sense of a suitable version of the definition), then any holomorphic covering of the
Riemann surface (the Riemann domain over C™ in the case n > 2) D is simple.

We return to condition (12) in the special case Q = R?; passing to D, we obtain precisely inequal-
ity (11).

Theorem 2. If 3 € [0,1], then N(B) is a linearly invariant family of order ord N (3) < (1 —
()12 containing the class S° of convex functions. The classes N'(3) are empty for § ¢ [0,1].

Proof. The linear invariance of the classes N () is verified directly. Using the actions

Ao [ (2) = (F(c(2)) = F(6c(0))/(@:(0)f"(6¢(0)) = 2+ D An(f, ()"
n=2
on the functions f € N(8) by the Mébius automorphisms ¢¢(2) = (z + () /(1 + (2) (see [32]), we can
rewrite (11) in terms of the coefficients As(f, () and As(f, () with taking into account the relations

As(£.€) = AR(£,Q) = (1/6)(1 — [C2)2{, ¢} and As(f,) = —C + (1 — [C[2)/2)(f"/1)(C) as Tollows:
1343(f,C) +2(8 - 2)A3(f,Q)| <1, (eD. (14)

Under the passage from f € N(f) to the function f5(¢) = £f(er¢)/r, where r € (0,1) and |e| = 1, this
inequality transforms into the more complicated inequality

3A43(f5,C) — 3A5(f5,C) + (28 — 1)[A2(f£.C) + T (O] < r2(1 = <7 (0))?, (15)

where 7 (¢) = (1 —1?)/(1 = r?|(J?).

Let us show that the order ord f = sup¢ e plAz2(f, )| of any function f € N(f) isfinite forany 8 # 1
with nonempty AV(3). Take any 3 € R and suppose that there exists an f € N(3) such that a = ordf =
+oo. In this case, as well as for finite a [33], for the dilations f,.(¢) = f(r()/r, the passage to the limit
o, = ordf, — a asr — 1— can be performed. It is easy to show that As(f¢,2¢) = cAs(f,{)for( € D
and |e| = 1, where f¢(¢) =&f(e(). This allows us to realify the second coefficient, and the condition
o, > 1, which holds for r < 1 close to 1, ensures the existence of points ¢, € D and ¢, € 9D such that
As(fer, () = ap(< +00). By virtue of Theorem 2.3 a from [32], we have A3(fs", () = (22 +1)/3.
Substituting the obtained expressions for the coefficients in (15) with e = ¢, and ¢ = (., we see that
1 —a2+ (26 — Do + Gy (G2 < 72(1 — |G 29 (¢))? Tor all 7 < 1 close to 1. Dividing both sides
by a2, passing to the limit as  — 1—, and taking into account the boundedness of ~,.(¢) in D and the
convergence a, — 400, we obtain 3 = 1. Thus, forany 8 # 1, f € N(3) implies ord f < 4o0.

Now, let us determine 3 for which the classes N(3) are nonempty. Suppose that a class N (3)
with 8 # 1 is nonempty. Let us show that, in this case, # belongs to the interval [0,1). Note that
the nonemptiness of N(3) for 8 € [0,1] follows from the inclusion S° ¢ N(B) for 3 € [0,1], which
was proved on the basis of the well-known estimate |A3 — Ag| < (1 — |A2]?)/3 for the coefficients
As = As(f,¢) and Az = A3(f,¢) with f € S%in[25].

Thus, suppose that V() with 8 # 1 contains a function f with ordf = o < +00. The compactness
principle for the sequence {f, = Ay f:n € N}, for which [As(f,n)| — a (¢, € D) as n — oo and
|Aa(fn, Q)| <« for ¢ €D, and the linear invariance of the class N(3) ensure the existence of a
function g(¢) = ¢ + a2 +azC® +--- € N(B) () ™Ua such that as = a, where 2, is the universal linearly
invariant family of order « [32]. Applying the same Theorem 2.3 a from [32] to as = a = As(g,0)
and a3z = A3(g,0) and substituting the resulting relation a3 = (2a? + 1)/3 into (14) with g instead
of f and with ¢ = 0, we obtain the inequality [2(8 — 1)a? + 1| < 1, that is, 0 < (1 — B8)a? < 1, which
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immediately implies the estimate 3 < 1 (recall that § # 1); taking into account the inequality o > 1
(see[32]), we obtain the estimate 8 > 0.

Moreover, if f € N(B)( S, for 3 €[0,1), where &, = {h € A, : ordh = o}, then a =ordf <
(1 — B)~'/2, that is, the intersection V'(3) ) &, is empty for 3 € [0,1) and o > (1 — §)~1/2. As shown
above, NV () with 8 € [0,1) contains no functions of infinite order; it follows that ord NV (3) < (1 —
B)~1/2, 8 € [0,1]. This completes the proof of Theorem 2. O

Remark 4. The relation N'(0) = S°, which was obtained as a byproduct in the proof given above, was
proved by a different method in [34].

Corollary 4. The functional I : (f,{, ) — Ig(f, () is rigid with respect to the parameter 8 with
support [0, 1].

The following example shows that the equality in the estimate ord N (3) < (1 — 8)~1/2 is partially
attained.

Example 2. The function f,(¢) = [((1 +¢)/(1 —¢))? —1]/(2q), where ¢ > 1, with ord f; = ¢ belongs
to the class N(8) with ¢ < (1 —3)"Y2if g€ [0,2/3] and with ¢ < \/H(j3) if 3 € [2/3,1], where
H(B) = 3/(83% — 1153 + 4). These bounds cannot be unimproved.

Theorem 3. /f 5 € [0,1] and f € N(B), then either ky < 1or f(D) is a strip.

Proof. The case k;y = 0 is meaningful: functions (10) belong to N (8) forany 5 € [0, 1]. Suppose that
k¢ > 1 and consider the following cases (cf. [13]).

1. My is discrete in D.

Substituting ¢ = ra with a € My, into condition (11), we obtain |{f,,a} 4+ 2(28 — 1)y.(a)?a?/(1 —
|a[?)?| < 2r%/(1 —r?|al?)?, whence I 5(fy,a) > 0 for 7 € (0,1) and § € [0,1]; it remains to apply
Corollary 3.

2. My contains its limit points.

Asis known [20], any limit point M in D is contained in an analytic arc {¢ = {(t),t € T C R} C Mj.
Thus, (lnhf)dczc(t) =0fort € T,or (f"/f)(C(t)) =2((t)/(1 — [(()]?) fort € T, whence

{1 CI @ =20/ - [COF?, teT. (16)
Substituting the two last identities into (11), we see that the function s(¢) = (1 — [¢[*)?|{f, ¢} +
2(28 — 1)(lnhf)g‘ attains its maximum, which equals 2, at the points ¢ = ((¢), t € T, which satisfy
the equation (Inszf)¢ = 0:

UYLy = KO/ - KOP). teT (7

Without loss of generality, we assume that ¢(¢y) = ((to) = 0 for some to € T'; since the arc is analytic,
we have ¢'(to) # 0.

To integrate system (16), (17) with given initial data, we pass to complexifications of the real analytic
functions ¢(¢) and {(¢) on T, that is, to holomorphic functions u(7) and u(7) on the strip T C T c C
such that u = ¢ and v|T = (. The conditions u(ty) = v(tg) = 0 and u'(tg) # 0 allow us to pass to

the superposition w(u) := v(7(u)), which is holomorphic in some neighborhood of the point v = 0 and
satisfies the condition w(0) = 0. The complexification of identities (16) and (17) in terms of w = w(u)
yields, respectively,

{fiu} =20 (w)/(1 —ww(w))® and  {f,u} /{fu} =4w(u)/(1 - uw(u)). (18)
The former relation gives |w’(0)] = (1/2)[(1 — ww(u))?{f, u}| Ju=o = 1 (because s¢(((t)) = 2); thus,

we can assume without loss of generality that «'(0) = 1.

Identities (18) imply w”(u)/w'(u) = 2(w(u) — vw'(u))/(1 — uw(w)). Therefore, w”(0) =0 and
{w,u} = 0, and taking into account the relations w(0) = 0 and w’(0) = 1, we obtain w(u) = u, which
implies that f(ID) is a strip. This completes the proof of Theorem 3. a
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An easy modification of the method used in the first proof of the implication (5) = ky < 1 or f(ID) is
a strip given in [10, 11] proves the following theorem.

Theorem 4. Suppose that a > 0 and f € Hy satisfies the conditions f”(0) = 0 and

Re(¢®{f.C}) <2/(1 = r*)? +4(a — 1) [Ree” (Inh (¢))]* + 2| (Inhf ()| (19)
for ¢ = re® € D. If f(D) is not a strip, then
Rec(f"/f)(¢) < 2r/(1=7?), (€D (20)

Proof. Consider the functions g(t,0) = f(r(t)e?) and wu(t,0) = |g.(t,0)|?, where r = r(t) is the
inverse to t = fs(r) (in[10], the dependence on # was not used). For a > 0, condition (19) is equivalent
to the inequality

a ug/u = —Re{g, t} + (a — 1/2) (Re(gu/9:))° + (1/2) (Im(ge /g:))* > 0, (21)

where (¢,0) € [0, +00) x R. Together with f”(0) = 0, this inequality implies that the function u does not
decrease in t for any fixed 6. In terms of g, this means that

Regu/g: <0, (t,0) € [0,+00) x R, (22)

which is the nonstrict inequality (20). The equality in (22) at some point (¢g, 6y) with ¢ty # 0 extends
over the interval [0,%9] x {6} (thanks to (21)), in which we have u = = ¢(=|f'(0)|~%). By virtue
of the relation ug/u = (ar/(1 — r%))Imgy/g:, the assumption of the existence of £ € (0, o] for which
Im(gue/gt)(t, 00) # 0 implies the inequality u(t,0) < ¢(= u(0,8)) for those # which are “adjacent” to
0o from one side. Obviously, this contradicts the function u being nondecreasing (in t), which was
established above. Thus, the equality in (22) for (¢,6) = (to,00) implies the identity g /g: =0 on
[0,%0] x {6p}, and, by the uniqueness theorem, f(D) is a strip. O
Theorem 3 can be proved by using the following assertion.

Corollary 5. Suppose that 3 € (—o0,1], f € Hp, f”(0) =0, and

Re{e™{f,¢}+ (8= 1/2)(”(f"/£)(¢) = 2r/(1 = 1*))*} < 2/(1 —r?)? (23)
for ¢ = re’? € . Then the assertion of Theorem 4 holds.
Proof. For g < 1, estimate (23) implies (19) witha > 1 — . )

The proof of Theorem 3 is simple: the condition f € N(3), where 3 € [0, 1], ensures the fulfillment
of inequality (23), estimate (20) implies the equality ky = 1, and the relation f”(0) = 0 follows from the
linear invariance of the class NV(53).

Note that this approach does not work for the condition G, (f,() > 0, where { € D (|2a — 3] < 1),
except in the case G3/o = I} /5. At present, we can only assert that the above inequality implies ky, =1

forr € (0,1) and that Corollary 2 holds for J = G,.

4. THE INEQUALITY K. (f,¢) >0 FOR ¢ € D

Lemma 4. Suppose that a real-valued function € C?(D) satisfies the condition
9%c(Q)] £ —92(¢), CeD. (24)
I Q¢ vanishes at two different points (o, ¢; € D, then Q¢ = 0 on the rectilinear segment joining (o and
G
Proof. Setting ®(p,0) = Q({o + pe'?), we obtain &, —i®q/p = 2e"Q; and ®,, —i(Py/p), =
2[00 + Q] Let G = Go + p1€%t. Then the equality of the values Q¢ at the points o and ¢; implies
®,(p1,601) = ®,(0,61), which implies the vanishing of the integral over the interval T' = {¢y + 7e' :
7 € [0, p1]} of the nonpositive function Ree®?1 Q¢ + Q7 thus, this function vanishes on this interval.
Therefore, by virtue of (24), we have Ree™" Q¢ = |21 Qc| = —Q 5 therefore, Ime?" Q¢c = 0 on T.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.32 No.4 2011



436 KAZANTSEV

Integrating the resulting identity 1 Q¢ + Qcz = 0(with ¢ € T') with respect to 7 from O to p € 0, p1],
we arrive at the required conclusion Q¢ = 0for { € T O
The following theorem is valid.
Theorem 5. If a function f € H satisfies the condition

A= 1CP?U" () =T <2 ¢eD, (25)
where —2 < < 2, then ky < 1. For |y| > 2, conditions (25) and f € H are inconsistent.

Proof. The rigidity of the functional K, with respect to the parameter v with support [—2, 2] is proved
in the same way as in Proposition 4.

Let © = Inhy. Then condition (25) with ¢ = pe’ (€ D) acquires the form 2620 + (2 — 7)p?/(1 —
p*)?| < =20z, whence Ree®Q¢¢ + Qz < 0 on D, provided that y < 2.

Suppose that € = 0 at points o, (1 € D (o # ¢1). As in Lemma 4, for ¢ € T, the latter inequal-
ity turns out to be an identity; substituting it into the former, we obtain the estimate |_2QCE+
20Ime?M Qe + (2 =7)p? /(1 = p*)?| < < —2QTor ¢ € T, which, surely, does not hold for y < 2. Thus,
kp <1ifye[-2,2).

Suppose that v = 2. Then (25) coincides with (24), and, according to Lemma 4, we have Q¢ =0
on T. This means that (f”/f")(¢(1)) = 2{(7)/(1 — |¢(7)]?), where ((1) = (o + e, 7€ [0,p1], is a
parametric representation of the interval T'.

The analytic continuation of the last identity with respect to 7 into the disk (~!(ID), which extends
the interval T of the critical points of the function k¢ to the chord S = ¢(¢71(D) N R), yields an explicit
form of the pre-Schwarzian f”/f’. We can be assume that, up to a rotation in the ¢ plane, {y = ih and
S={ih+7:7€(=VI-h?V1-h)}(he (=11))thus, (f"/f)(C) = 2(C —ih)/(1 - ((C ~ih)).
A cumbersome analysis shows that, for any function f({) with pre-Schwarzian of such a form (and,
therefore, for all rotations e~ f((), where |e| = 1, of this function), inequality (25) is violated at points

of D close to (V1 — h? 4 ih)(g) € OD. Thus, functions f for which k; > 1 do not belong to the class
determined by condition (25), as required. O
Part of the results of this paper were announced in [35, 36].

REFERENCES

. G. M. Goluzin, Geometric Theory of Functions of a Complex Variable (Nauka, Moscow, 1966) [in
Russian].

2. G. Polya and G. Szégo, Problems and Theorems in Analysis (Springer, New York, 1972; Nauka, Moscow,
1978), Vol. 2.

3. H.R.Haegi, Extremalprobleme und Ungleichungen konformer Gebietsgrdssen, Compositio Math. 8 (2),
81 (1950).

4. J. Garnett and A. Nicolau, Interpolating Blaschke Products Generate H*, Pacific J. Math. 173 (2), 501
(1996).

5. S. Yamashita, The Schwarzian Derivative and Local Maxima of the Bloch Derivative, Math. Japonica
37(6), 1117 (1992).

6. L. A. Aksent’ev, A Relationship between the Exterior Inverse Boundary Value Problem with Inner
Radius of the Domain, lzv. Vyssh. Uchebn. Zaved., Mat., No. 2, 3 (1984).

7. B. Kawohl, Rearrangements and Conuvexity of Level Sets in PDE, Lect. Notes Math. 1150, 1 (1985).

8. F. G. Avkhadiev, Conformally Invariant Inequalities and Their Applications, Preprint of Chebotarev
Research Institute of Mathematics and Mechanics (Kazan. Fond “MATEMATIKA”, Kazan, 1995).

9. L. A. Aksent’ev, A. V. Kazantsev, M. I. Kinder, and A. V. Kiselev, “On Uniqueness Classes of the Exterior
Inverse Boundary Value Problem,” in Proceedings of Seminar on Boundary Value Problems (Kazan. Gos.
Univ., Kazan, 1990), Vol. 24, pp. 39—62 [in Russian].

10. F. W. Gehring and Ch. Pommerenke, On the Nehari Univalence Criterion and Quasicircles, Comment.
Math. Helv. 59, 226—242 (1984).

I1. L. A. Aksent’ev and A. V. Kazantsev, “A New Property of the Nehari Class and Its Applications,” in

Proceedings of Seminar on Boundary Value Problems (Kazan. Gos. Univ., Kazan, 1990), Vol. 25, pp. 33—

51 [in Russian].

—_

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.32 No.4 2011



12.
13.
14.
15.
16.

17.
18.
19.

20.

21.

22.

23.
24.

25.

26.
27.

28.
29.

30.
31.

32.
. D. M. Campbell, Locally Univalent Functions with Locally Univalent Derivatives, Trans. Am. Math.

34.

35.

36.

BIFURCATIONS AND NEW UNIQUENESS CRITERIA 437

F. G. Avkhadiev, Conformal Mappings and Boundary Value Problems (Kazan. Fond “MATEMATIKA,”
Kazan, 1996) [in Russian].

A. V. Kazantsev, On a Problem of Polya and Szegd, Lobachevskii J. Math. 9, 37 (2001);
http://www.ken.ru/tat en/science/ljm/contents.html.

A. V. Kazantsev, Bifurcations of the Roots of the Gakhov Equation with Levner Left-Hand Side, 1zv.
Vyssh. Uchebn. Zaved., Mat., No. 6, 69 (1993).

M. 1. Kinder, On the Number of Solutions to F.D. Gakhov’'s Equation in the Case of a Non—Simply
Connected Domain, Izv. Vyssh. Uchebn. Zaved., Mat., No. 8, 69 (1984).

M. 1. Kinder, A Study of F.D. Gakhov’s Equation in the Case of Multiply Connected Domains, in
Proceedings of Seminar on Boundary Value Problems (Kazan. Gos. Univ., Kazan, 1985), Vol. 22,
pp. 104—116 [in Russian].

C. L. Epstein, The Hyperbolic Gauss Map and Quasiconformal Reflections, J. Reine Angew. Math. 372,
96 (1986).

F. G. Avhadiev and 1. R. Kayumov, Estimates for Bloch Functions and Their Generalization, Complex
Variables, 29, 193 (1996).

A. V. Kazantsev and M. [. Kinder, “Uniqueness Conditions for Solutions to the Exterior Inverse Boundary
Value Problem,” in Summary Scientific Conference at Kazan State University, 1985 (Kazan. Gos. Univ.,
Kazan, 1985), p. 21.

St. Ruscheweyh and K.-J. Wirths, On Extreme Bloch Functions with Prescribed Critical Points, Math.
Z.180,91 (1982).

A. V. Kiselev and S. R. Nasyrov, “On the Structure of the Set of Roots of FED. Gakhov’s Equation for
Simply Connected and Non—Simply Connected Domains,” in Proceedings of Seminar on Boundary Value
Problems (Kazan. Gos. Univ., Kazan, 1990), Vol. 24, pp. 105—115[in Russian].

J. W. Milnor, Topology from the Differentiable Viewpoint (Univ. Press of Virginia, Charlottesville, Va.,
1965); A. H. Wallace, Differential Topology: Initial Steps (Benjamin, New York, 1968); J. Milnor and
A. Wallace, Differential Topology: Initial Course (Mir, Moscow, 1972).

A.1. Plessner, Uber das Verhalten analytischer Funktionen am Rande ihres Definitionsbereichs, J. Reine
Angew. Math. 158, 219 (1927).

S. R. Nasyrov and Yu. E. Hhokhlov, The Uniqueness of the Solution of the Exterior Inverse Boundary
Value Problem in the Class of Spiral-Shaped Domains, lzv. Vyssh. Uchebn. Zaved., Mat., No. 8§, 24
(1984).

F. G. Avkhadiev, On Univalence Conditions for Analytic Functions, 1zv. Vyssh. Uchebn. Zaved., Mat.,
No. 11, 3(1970).

Ch. Pommerenke, Boundary Behavior of Conformal Maps (Springer-Verlag, Berlin, 1992).

[. Ya. Bake’'man, A. L. Werner, and B. E. Cantor, An Introduction to “Global” Differential Geometry
(Nauka, Moscow, 1973)[in Russian].

A. V. Kazantsev, “Hyperbolic Derivatives with Pre-Schwarzians from the Bloch Space,” in Proceedings of
Lobachevskii Mathematical Center (Kazan. Mat. O-vo, Kazan, 2002), Vol. 14, 135—144 [in Russian].

H. Behnke and E. Peschl, Zur theorie der Funktionen mehrerer komplexer Verdnderlichen. Konvexitiit
in bezug auf analytische Ebenen im kleinen und grossen, Math. Ann. 111 (2), 158 (1935).

B. V. Shabat, Introduction to Complex Analysis (Nauka, Moscow, 1985), Vol. 2 [in Russian].

M. Chuaqui, A Unified Approach to Univalence Criteria in the Unit Disc, Proc. Am. Math. Soc. 123 (2),
441 (1995).

Ch. Pommerenke, Linear-invariante Familien analytischer Funktionen, Math. Ann. 155 (2), 108 (1964).

Soc. 162, 395 (1971).

L. A. Aksent’ev, The Local Structure of a Surface of Inner Conformal Radius for a Plane Domain, 1zv.
Vyssh. Uchebn. Zaved., Mat., No. 4, 3 (2002).

A. V. Kazantsev, “Linear Convexity of Hartogs Domains in C? and New Classes of Plane Disks with a Unique
Extremum of the Hyperbolic Derivative,” in Proceedings of Lobacheuvskii Mathematical Center (Kazan.
Mat. O-vo, Kazan, 2003), Vol. 19, p. 113 [in Russian].

A. V. Kazantsev, “To M.I. Kinder’s Conjecture,” in Proceedings of Lobacheuskii Mathematical Center
(Kazan. Mat. O-vo, Kazan, 2004), Vol. 23, p. 97.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.32 No.4 2011




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


