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Abstract—The aim of the present paper is the clarification of the result of A. Paliathanasis,
K. Krishnakumar, K.M. Tamizhmani and P.G.L. Leach on the symmetry Lie algebra of the Black–
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1. MAIN RESULT

The Black–Scholes–Merton (BSM) [1, 2, 5] model is one of the most important concepts in modern
financial theory. It is used for the valuation of stock options, taking into account the impact of time and
other risk factors.

The classical BSM model is described by a second order PDE

ut +
1

2
σ2x2uxx + rxux − ru = 0.

In recent years the number of papers is devoted to the determining the Lie algebra of symmetries of
some PDEs that generalize this model. First of all we mention the papers of Gazizov and Ibragimov [4]
and Sinkala, Leach, and O’Hara [7]. The paper of Bozhkov and Dimas [3] solves the problem of group
classification of the generalized BSM equation

ut +
1

2
σ2x2uxx + rxux + f(u) = 0,

where f(u) is an arbitrary smooth function.
Paliathanasis, Krishnakumar, Tamizhmani, and Leach [6] considered the BSM equation for Euro-

pean options with stochastic volatility for which the premium term depends only upon the return-to-risk
ratio. It has the form

1

2
f2(y)x2uxx + ρβxf(y)uxy +

1

2
β2uyy + rxux +

(
α(m− y)− βρ

μ− r

f(y)

)
uy − ru+ ut = 0, (1)

where t, x, y are independent variables, u = u(t, x, y) is the value of the option, f(y) is an arbitrary
smooth function, and r, ρ, m, μ, α, β are real parameters with |ρ| < 1.
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The authors calculate the Lie algebra of symmetries of this equation in the case when f(y) = const,
and claim that in the case of a non-constant function f(y) this Lie algebra is the direct sum of a
three-dimensional commutative Lie algebra and the infinite dimensional commutative Lie algebra which
corresponds to the solutions on the equation. It should be mentioned that there are some misprints in
their paper.

In the present paper we add some corrections to this result. We show that this PDE admits additional
symmetries also in the case when

f(y) =
k

y −m
, k = const.

For this case we denote

g = 2

(
α+

ρβ(μ − r)

k

)
.

The computations were performed using the Maple packages DifferentialGeometry and JetCalcu-
lus by I.M. Anderson.

Theorem. For arbitrary function f(y) the equation (1) admits the Lie symmetries

X1 =
∂

∂t
, X2 = x

∂

∂x
, X3 = u

∂

∂u
, Xb = b(x, y, t)

∂

∂u
,

where b(x, y, t) is the solution of (1). Moreover, in the case when f = f0 = const, it admits three
additional symmetries

X4 = e−αt ∂

∂y
, X5 = f2

0

(
ρ2 + αt

)
x
∂

∂x
+ f0ρβ

∂

∂y
+

1

2
α

(
t(f2

0 − 2r) + 2 ln x
)
u
∂

∂u
,

X6 = 2βf2
0ρe

αtx
∂

∂x
+ β2f0e

αt ∂

∂y
− 2eαt (αf0(m− y) + βρ(r − μ))u

∂

∂u
.

In the case f(y) =
k

y −m
and g �= 0 the equation (1) takes the form

1

2
f2(y)x2uxx + ρβxf(y)uxy +

1

2
β2uyy + rxux +

1

2
g(m− y)uy − ru+ ut = 0

and admits two additional symmetries

X4 = e−gt

(
rx

∂

∂x
− 1

2
g(y −m)

∂

∂y
+

∂

∂t
+ ur

∂

∂u

)
,

X5 = egt
(
x

β
(ρgk + βr)

∂

∂x
+

1

2
g(y −m)

∂

∂y
+

∂

∂t
+

u

2β2

(
g2(y −m)2 + β2(2r − g)

) ∂

∂u

)
.

In the case f(y) =
k

y −m
and g = 0 the equation (1) takes the form

1

2
f2(y)x2uxx + ρβxf(y)uxy +

1

2
β2uyy + rxux − ru+ ut = 0

and admits two additional symmetries

X4 =
1

2β
(ρk + 2βrt)x

∂

∂x
+

y −m

2

∂

∂y
+ t

∂

∂t
+ rtu

∂

∂u
,

X5 =
xt

β
(ρk + βrt)

∂

∂x
+ t (y −m)

∂

∂y
+ t2

∂

∂t
+

u

2β2

(
(y −m)2 + β2(2rt2 − t)

) ∂

∂u
.
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2. INVARIANT SOLUTIONS

In this section, we apply the Lie symmetries in order to reduce the equation (1) and to construct
the invariant solutions. To do this, we need to use 2-dimensional Lie subalgebras. As it is mentioned
in [6], solutions in which u does not depend upon some of the independent variables, are not interesting.
Therefore, the reductions are performed with modified symmetry vectors likeX1 + k1X3, X2 + k2X3 and
some other.

2.1. The Case f = f0 = const

In this subsection we repeat the results of A. Paliathanasis et al. with minor corrections. The Lie
Brackets of the Lie algebra are given in the table:

[Xi,Xj ] X1 X2 X3 X4 X5 X6

X1 0 0 0 −αX4 f2
0αX2 + α

(
1

2
f2
0 − r

)
X3 αX6

X2 0 0 0 0 αX3 0

X3 0 0 0 0 0 0

X4 αX4 0 0 0 0 2αf0X3

X5 −f2
0αX2 − α

(
1

2
f2
0 − r

)
X3 −αX3 0 0 0 0

X6 −αX6 0 0 −2αf0X3 0 0

Throughout this subsection we denote Y1 = X1 + k1X3, Y2 = X2 + k2X3.

1) Algebra {Y1, Y2}. The invariant solution has the form u(x, y, t) = ek1txk2w(y), where w(y)
satisfies the equation

β2f0w
′′ + 2(ρβf2

0 k2 + α(m− y)f0 + βρ(r − μ))w′ + ((k2 − 1)(f2
0 k2 + 2r) + 2k1)w = 0.

Its solution is expressed via Kummer functions M , U , so finally we get

u(x, y, t) = ek1txk2(C1M(γ, 12 , z) + C2U(γ, 12 , z)),

where

z =
(k2ρβf

2
0 + βρ(r − μ)− αf0(y −m))2

αβ2f2
0

, γ =
k2(1− k2)f

2
0 + 2r(1− k2)− 2k1

4α
.

2) Algebra {Y2,X4 + kX3}. The invariant solution has the form u(x, y, t) = exp(keαty)xk2w(t),
where w(t) satisfies the equation

2f0w
′ +

(
β2k2f0e

2αt + 2kβρ

(
k2f

2
0 +

αmf0
ρβ

− (μ− r)

)
eαt + (k2 − 1)f0(k2f

2
0 + 2r)

)
w = 0.

Its solution is

w(t) = C exp

(
−β2k2

4α
e2αt − kβρ

αf0
eαt

(
f2
0k2 +

αf0m

βρ
− μ+ r

)
− 1

2
t(k2 − 1)(f2

0 k2 + 2r)

)
.

3) Algebra {Y2,X6 + kX3}. The invariant solution has the form

u(x, y, t) = exp

(
α

β2
y2 −

(
2αf0m+ ke−αt

β2f0
+

2ρ(r − μ+ f2
0k2)

βf0

)
y

)
xk2w(t),

where w(t) satisfies the equation

2β2f2
0w

′ + (f2
0β

2(2α + (k2 − 1)(f2
0 k2 + 2r))
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+ 2k(k2βf
2
0ρ+ αf0m+ βρ(r − μ))e−αt + k2e−2αt)w = 0.

Its solution is

w(t) = C exp
( 1

4αβ2f2
0

(
k2e−2αt + 4k(k2βf

2
0ρ+ αf0m+ βρ(r − μ))e−αt

− 2tαβ2f2
0 (2α + (k2 − 1)(f2

0 k2 + 2r))
))

.

4) Algebra {X5,X4 + kX3}. The invariant solution has the form

u(x, y, t) = exp

(
kyeαt +

α ln2 x

2f2
0 (ρ

2 + αt)

)
xψ(t)w(t),

where

ψ(t) = −2kβρf0e
αt + (2r − f2

0 )tα

2f2
0 (ρ

2 + αt)
.

The function w(t) is the solution of the linear first order ODE

8f2
0 (ρ

2 + αt)2w′ +
(
4e2αtk2f2

0β
2(α2t2 + ρ2 − ρ4)

+ 4eαt
(
kf0α

2(βf2
0ρ+ 2f0αm− 2ρβμ)t2 + kαρ2f0(βf

2
0ρ+ 4αf0m+ 2βρ(r − 2μ))t

+ (2kf2
0αmρ4 − 2kβρ3f0(ρ

2(μ− r) + r)− 1)
)

−
(
α2(2r + f2

0 )
2t2 + 2α(f4

0 ρ
2 + 2f2

0 (2rρ
2 − α) + 4r2ρ2)t+ 4f2

0ρ
2(2rρ2 − α)

))
w = 0.

The final form of w is too cumbersome to give it here.

5) Algebra {X5,X6}. The invariant solution has the form

u(x, y, t) = xψ(t) exp(ϕ(x, y, t))w(t),

where we denoted

ψ(t) =

(
t(r − 1

2f
2
0 )β − 2ρf0(m− y)

)
α+ 2βρ2(μ− r)

f2
0 (ρ

2 − αt)β
,

ϕ(x, y, t) = αβ2 ln2 x− 2yf0
(
(ρ2 + αt)(2m− y)αf0 + αβρ(f2

0 − 2μ)t+ 2ρ3β(r − μ)
)
.

The function w(t) has the form

w(t) =

C exp

(
ξ(t)

αβ2f2
0 (αt− ρ2)

)
√
αt− ρ2

,

where

ξ(t) =
1

8

(
αβ2(αt− ρ2)

(
(2r + f2

0 )
2 − 8f2

0α
)
+ ρ2

(
βρ(f2

0 − 4μ+ 2r) + 4αf0m
)2)

.

2.2. The Case f =
k

y −m
, g �= 0

For convenience we will use g = 2

(
α+

ρβ(μ − r)

k

)
instead of α. The Lie Brackets of the Lie

algebra are given in the table:
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[Xi,Xj ] X1 X2 X3 X4 X5

X1 0 0 0 −gX4 gX5

X2 0 0 0 0 0

X3 0 0 0 0 0

X4 gX4 0 0 0 X

X5 −gX5 0 0 −X 0

where we denoted

X = 2gX1 +
(g2ρk

β
+ 2r

)
X2 −

1

2
g(g − 4r)X3.

1) Algebra {X1 + aX3,X2 + bX3}. The invariant solution has the form u(x, y, t) = eatxbw(y), where
w(y) satisfies the second order ODE

β2(y −m)2w′′ + (2βρbk − g(y −m)2)(y −m)w′ +
(
2(a+ r(b− 1))(y −m)2 + k2b(b− 1)

)
w = 0.

Its solution can be expressed via Whittaker functions Mκν , Wκν

w(y) = exp

(
g(y −m)2

4β2

)
(y −m)γ

(
Mκν

(
g(y −m)2

2β2

)
+Wκν

(
g(y −m)2

2β2

))
, γ = −1

2
+

kbρ

β
,

and

κ =
(β + 2kbρ)g + 4β(a+ r(b− 1))

4gβ
, ν =

1

4β

√
β2 + 4k(k − ρβ)b− 4k2b2(1− ρ2).

2) Algebra {X1 + aX3,X4}. The invariant solution has the form

u(x, y, t) = eatx1−a/rw(h(t, y)), h(t, y) = xg(y −m)2r.

The function w(h) satisfies the second order Euler equation

r2(4β2r2 + g2k2 + 4rkgρβ)h2w′′

− r(k2g(2a − g(r + 1)) + 4rρβ(a− g(r + 1))k − 2r2β2(2r − 1))hw′ + ak2(a− r)w = 0.

3) Algebra {X2 + bX3,X4}. The invariant solution has the form

u(x, y, t) = xb(y −m)γw(h(t, y)), h(t, y) = egt(y −m)2, γ =
2r(b− 1)

g
.

The function w(h) satisfies the second order Euler equation

4β2g2h2w′′ + 2gβ(g(2bkρ + β) + 4rβ(b− 1))hw′

+ (b(k2g2 + 4r2β2 + 4kgrρβ) − 2rβ2(2r + g))w = 0.

4) Algebra {X2 + bX3,X5 + pX3}. The invariant solution has the form

u(x, y, t) = xb(y −m)γ exp(ϕ(t, y))w(h(t, y)),

where we denoted

h(t, y) = (y −m)2e−gt, ϕ(t, y) = −g2y(2m− y) + 2pβ2e−gt

2gβ2
; γ = −(g − 2r + 2rb)β + 2bρkg

gβ
.

The function w(h) satisfies the second order ODE

4g2β2h2w′′ − 2βg(gβ + 2bρkg + 4βr(b− 1))hw′ + (2pg2h+ 6gβ2rb− 8β2r2b+ 4β2r2b2 − 6gβ2r

+ k2b2g2 − k2bg2 + 4b2ρβkgr + 2g2β2 + 4β2r2 + 4g2βbρk − 4bρβrkg)w = 0.
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Its solution is

w(h) = hγ
(
C1Jn

(√
2ph

β

)
+ C2Yn

(√
2ph

β

))
,

where

γ =
(4r(b− 1) + 3g)β + 2bkgρ

4gβ
, n =

1

2β

√
(4(ρ2 − 1)k2b2 − 4k(4βρ− k)b+ β2

and Jn, Yn are the Bessel functions.
5) Algebra {X2 + aX1,X4}. The invariant solution has the form

u(x, y, t) = (y −m)−2r/gw(h(x, y, t)), h(x, y, t) = egtx−ag(y −m)2(1−ar).

The function w(h) satisfies the second order Euler equation

g2((4β2r2 + 4kgrρβ + k2g2)a2 − 4β(gkρ + 2βr)a+ 4β2)h2w′′ + g(g(4β2r2 + 4kgrρβ + k2g2)a2

+ (k2g2 + 8β2r2 + 4kgrρβ − 6grβ2 − 4kg2ρβ)a+ 2gβ2)hw′ + 2rβ2(2r + g)w = 0.

6) Algebra {X2 + aX1,X5}. The invariant solution has the form

u(x, y, t) = (y −m)−1+2r/g exp

(
gy(y − 2m)

2β2

)
w(h(x, y, t)),

where

h(x, y, t) =
(y −m)γeβgt

xaβg
, γ = 2(agkρ + arβ − β).

The function w(h) satisfies the second order Euler equation

g4β2(a2(4r2β2 + 4rgkβρ+ k2g2)− 4aβ(gkρ + 2βr) + 4β2)h2w′′ + g3β(4g(ar − 1)2β3

+ 2(ar − 1)(2ag2kρ+ 4r − 3g)β2 + agk(akg2 + 4ρ(r − g))β + k2g2a)hw′ + (g − r)(g − 2r)w = 0.

2.3. The Case f =
k

y −m
, g = 0

The Lie Brackets of the Lie algebra are given in the table:

[Xi,Xj ] X1 X2 X3 X4 X5

X1 0 0 0 X1 + rX2 + rX3 −1

2
X3 + 2X4

X2 0 0 0 0 0

X3 0 0 0 0 0

X4 −X1 − rX2 − rX3 0 0 0 X5

X5
1

2
X3 − 2X4 0 0 −X5 0

1) Algebra {X1 + aX3,X2 + bX3}. The invariant solution has the form u(x, y, t) = eatxbw(y), where
w(y) satisfies the second order ODE

β2(y −m)2w′′ + 2βρbk(y −m)w′ +
(
2(a+ r(b− 1))(y −m)2 + k2b(b− 1)

)
w = 0.

Its solution can be expressed via Whittaker functions

w(y) = (y −m)−bkρ/β(C1M0,ν(z) + C2W0,ν(z)),
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where

z =
2
√

(2− 2b)r − 2a(y −m)

β
, ν =

√
4b(1− b+ bρ2)k2 + β(β − 4bkρ)

2β
.

2) Algebra {X2 + bX3,X4}. The invariant solution has the form

u(x, y, t) = xb(y −m)γ exp(ϕ(t, y))w(h(t, y)),

where we denoted

h(t, y) =
t

(y −m)2
, ϕ(t, y) =

r(b− 1)(2m − y)ty

(y −m)2
, γ = −bρk

β
.

The function w(h) satisfies the second order ODE

4β2h2w′′ + 2(4rm2β2(b− 1)h2 + 3β2h+ 1)w′

+
(
4m4r2β2(b− 1)2h2 + 6rm2β2(b− 1)h+ (k2b+ 2m2r)(b− 1) + bkρ(β − bkρ)

)
w = 0.

Its solution can be expressed via Kummer functions

w(h) = e−m2hr(b−1)h−γ

(
C1M

(
γ, 2γ +

1

2
,

1

2β2h

)
+ C1U

(
γ, 2γ +

1

2
,

1

2β2h

))
,

where

γ =
β +

√
4(ρ2 − 1)k2b2 + 4k(k − 4ρβ)b+ β2

4β
.

3) Algebra {X2 + bX3,X5}. The invariant solution has the form

u(x, y, t) = xb(y −m)γ exp(ϕ(t, y))w(h(t, y)),

where we denoted

h(t, y) =
t

y −m
, ϕ(t, y) =

y(y −m)

2βt
− r(b− 1)ty

y −m
, γ = −1

2
− bρk

β
.

The function w(h) satisfies the second order ODE

4β4h4w′′ − 4β2h2(2β2rm(b− 1)h2 − 3β2h+m)w′ +
(
4β4r2m2(b− 1)2h4 − 12β4rm(b− 1)h3

+ β2(4kb(k(b − 1)− kbρ2 − ρβ) + 4m2r(b− 1) + 3β2)h2 − 2β2mh+m2
)
w = 0.

Its solution is

w(h) = (C1h
λ1 + C2h

λ2) exp

(
m(2rβ2(b− 1)h2 − 1)

β2h

)
,

where λ1, λ2 are the roots of the quadratic equation

λ2 + 2λ+
1

4β2

(
4(1 − ρ2)b2k2 + 3β2 − 4k2b+ 4bkβρ

)
= 0.

4) Algebra {X4,X5}. The invariant solution has the form

u = x
√
rt exp

(
(y −m)2

2β2t

)
(y −m)−1−kρ/βw(h),

where h(t, x, y) = kρ ln(y −m) + β(rt− lnx), and the function w(h) satisfies the second order ODE
with the constant coefficients

k2β2(1− ρ2)w′′ + kβ(k + βρ− 2kρ2)w′ + (β + kρ)(2β − kρ)w = 0.
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