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1. Ïîñòàíîâêà çàäà÷è
Ïóñòü ïëîñêîñòü R2 ðàçäåëåíà êðèâîé Γ íà îáëàñòè S1 è S2. Áóäåì

ñ÷èòàòü, ÷òî Γ = {(x, f(x)) : x ∈ R}, ãäå f(x) ∈ C1,α(R), 0 < α ≤ 1 è
supp f ⊆ [−d, d] äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî âåùåñòâåííîãî ÷èñëà d,
êðîìå òîãî, f(±d) = 0 (ò.å. çà èñêëþ÷åíèåì êîíå÷íîãî íåðîâíîãî ó÷àñò-
êà êðèâàÿ Γ ñîâïàäàåò ñ ïðÿìîé). Åñëè îáîçíà÷èòü ÷åðåç Γ∗ íåðîâíûé
ó÷àñòîê êðèâîé Γ, òî

Γ = Γ∗ ∪ {(x, 0) : x 6∈ [−d, d]}, Γ∗ = {(x, f(x)) : x ∈ [−d, d]},

S1 = {(x, z) : z > f(x), x ∈ R} , S2 = {(x, z) : z < f(x), x ∈ R} .

Îáîçíà÷èì ÷åðåç ν = ν(M) åäèíè÷íûé âåêòîð íîðìàëè ê êðèâîé Γ â
òî÷êå M , íàïðàâëåííûé â îáëàñòü S1, à ÷åðåç ∂ν = ∂ν(M) � ïðàâèëüíóþ
íîðìàëüíóþ ïðîèçâîäíóþ â òî÷êå M (ñì., íàïð., [2, 10]). Ñ ïîìîùüþ
èíäåêñîâ �−� è �+� áóäåì îòëè÷àòü ïðåäåëüíûå çíà÷åíèÿ ôóíêöèé íà
ãðàíèöå Γ, âû÷èñëåííûå èç îáëàñòåé S1 è S2 ñîîòâåòñòâåííî.

Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó. Íàéòè ïàðó ôóíêöèé
u1(x, z), u2(x, z), îïðåäåëåííûõ â îáëàñòÿõ S1 è S2 ñîîòâåòñòâåííî,
òàêèõ ÷òî

4u1(x, z) + k2
1u1(x, z) = 0, (x, z) ∈ S1,

4u2(x, z) + k2
2u2(x, z) = 0, (x, z) ∈ S2;

(1.1)

íà ãðàíèöå ðàçäåëà îáëàñòåé ïðåäåëüíûå çíà÷åíèÿ ôóíêöèé uj(x, z) è
∂νuj(x, z) (j = 1, 2) óäîâëåòâîðÿþò óñëîâèÿì ñîïðÿæåíèÿ

u−1 (x, z)− u+
2 (x, z) = g(x, z),

p1∂νu−1 (x, z)− p2∂νu+
2 (x, z) = h(x, z),

(x, z) ∈ Γ, (1.2)

ãäå g(x, z) ∈ C1,β(Γ), h(x, z) ∈ C0,β(Γ) (0 < β ≤ 1) � çàäàííûå ôóíêöèè;
â êîíöåâûõ òî÷êàõ M1 = (−d, 0) è M2 = (d, 0) íåðîâíîãî ó÷àñòêà Γ∗

âûïîëíåíû óñëîâèÿ íà ðåáðå

lim
δ→0

{∫

C1(δ)∪C2(δ)

(
|uj(M)|+

∣∣∣∣
∂uj(M)

∂δ

∣∣∣∣
)

dsM

}
= 0, (1.3)

ãäå Cj(δ) = {M = (x, z) : |M − Mj | = δ}\Γ è ∂
∂δ

íàïðàâëåíà âäîëü
ðàäèóñà îêðóæíîñòè Cj(δ), j = 1, 2;
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êðîìå òîãî, âûïîëíåíû óñëîâèÿ èçëó÷åíèÿ

uj
∗ = eikjrO

(
1√
r

)
,

∂uj
∗

∂r
− ikjuj

∗ = eikjro

(
1√
r

)
, r →∞, (1.4)

ãäå r =
√

x2 + z2, (x, z) ∈ Sj, è uj
∗(x, z) = uj(x, z)− ũj(x, z), j = 1, 2.

Çäåñü ÷åðåç ũ1(x, z), ũ2(x, z) îáîçíà÷åíî ðåøåíèå âñïîìîãàòåëüíîé
çàäà÷è îá îòðàæåíèè âîëíû îò ïîëóïëîñêîñòè.

Ýòà êðàåâàÿ çàäà÷à âîçíèêàåò ïðè èññëåäîâàíèè âîëíîâûõ ïðîöåññîâ
â ðåàëüíûõ ñðåäàõ (íàïðèìåð, â îêðåñòíîñòè äèýëåêòðè÷åñêèõ ðåøåòîê,
âáëèçè ìîðñêîãî äíà èëè ïîâåðõíîñòè âîäû). Â çàäà÷å äèôðàêöèè ïëîñ-
êîé ýëåêòðîìàãíèòíîé âîëíû eik1(sin θx−cos θz) ·e−iωt, ïàäàþùåé èç S1 ïîä
óãëîì θ ê îñè 0z íà ãðàíèöó ðàçäåëà äèýëåêòðè÷åñêèõ ñðåä S1 è S2, ïà-
ðàìåòðû çàäà÷è ñîïðÿæåíèÿ áóäóò ñëåäóþùèìè: kj = ω

√
εj µj , ãäå ω �

÷àñòîòà èçìåíåíèÿ ïîëÿ, εj � äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü, à µj �
ìàãíèòíàÿ ïðîíèöàåìîñòü ñðåäû Sj (j = 1, 2). Ôóíêöèÿ g(x, z) â óñëî-
âèè (1.2) èìååò âèä −eik1(sin θx−cos θz), à ôóíêöèÿ h(x, z) � ∂ν(x,z)g(x, z).
Â ñëó÷àå TE � ïîëÿðèçàöèè ïîëÿ èìååì pj = µ0/µj , à â ñëó÷àå TH
� ïîëÿðèçàöèè pj = ε0/εj (j = 1, 2); çäåñü ε0 è µ0 � ýëåêòðè÷åñêàÿ è
ìàãíèòíàÿ ïîñòîÿííûå. Ïîäðîáíîñòè ñì., íàïð., [6, 9, 12, 14].

2. Âñïîìîãàòåëüíàÿ çàäà÷à
Çàäà÷à ðàññåÿíèÿ íà ïîëóïëîñêîñòè èñïîëüçóåòñÿ êàê âñïîìîãàòåëü-

íàÿ ïðè ðåøåíèè èñõîäíîé êðàåâîé çàäà÷è. Â ýòîì ñëó÷àå

S1 = Rx × R+
z , S2 = Rx × R−z ,

ãäå

Rx = {x : x ∈ R}, R+
z = {z ∈ R : z > 0}, R−z = {z ∈ R : z < 0}.

Ãðàíèöà ðàçäåëà Γ ñîâïàäàåò ñ Rx, à ïðîèçâîäíàÿ ïî íîðìàëè ∂ν ñîâ-
ïàäàåò ñ ∂/∂z.

Ðåøåíèå ýòîé çàäà÷è ïîëó÷åíî â ðàáîòàõ [11, 18] â âèäå

1√
2π

∞∫

−∞

±a(ξ)γ∓(ξ)− ib(ξ)
γ+(ξ) + γ−(ξ)

e±iγ±(ξ)z−iξx dξ,

ãäå a(ξ) = g (ξ, f(ξ)), b(ξ) = h(ξ, f(ξ)), γ±(ξ) =
√

k2
1,2 − ξ2 ñ ïîäõîäÿùèì

âûáîðîì âåòâè êîðíÿ, èíäåêñ �+� ñîîòâåòñòâóåò ðåøåíèþ â âåðõíåé ïî-
ëóïëîñêîñòè, à èíäåêñ �−� � â íèæíåé ïîëóïëîñêîñòè. Ðåøåíèå âñïîìî-
ãàòåëüíîé çàäà÷è èìååò íàèáîëåå ïðîñòîé âèä â ñëó÷àå, êîãäà èñõîäíàÿ
âîëíà ïëîñêàÿ, ýòîò ñëó÷àé èíòåðåñåí è ñ òî÷êè çðåíèÿ ïðèëîæåíèé.
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Áóäåì ñ÷èòàòü, ÷òî âîëíà ïàäàåò íà ãðàíèöó ðàçäåëà ñðåä èç îáëàñòè
S1 è çàäàåòñÿ âûðàæåíèåì u0(x, z) · e−iωt, ãäå

u0(x, z) = eik1(x sin θ−z cos θ) = eik1(xα1−zβ1), (2.1)

çäåñü θ1 = θ � óãîë ïàäåíèÿ âîëíû.
×åðåç θ2 îáîçíà÷èì óãîë ïðåëîìëåíèÿ âîëíû, à ÷åðåç θ3 � óãîë îò-

ðàæåíèÿ. Ââåäåì âåëè÷èíû

α1 = sin θ1, α2 = sin θ2, β1 = cos θ1 =
√

1− α1, β2 = cos θ2 =
√

1− α2.

Ðåøåíèå çàäà÷è ñîñòîèò èç ôóíêöèé u1(x, z), u2(x, z), îïðåäåëåííûõ
â îáëàñòÿõ S1 è S2 ñîîòâåòñòâåííî è óäîâëåòâîðÿþùèõ óñëîâèþ ñîïðÿ-
æåíèÿ íà ãðàíèöå. Ôóíêöèþ u1 ìîæåì ðàññìàòðèâàòü êàê ðàññåÿííóþ
(îòðàæåííóþ) âîëíó, à ôóíêöèþ u2 êàê ïðåëîìëåííóþ âîëíó. Ïðè ýòîì

u1(x, z) = B · eik1(x sin θ3+z cos θ3), (x, z) ∈ S1,

u2(x, z) = C · eik2(x sin θ2−z cos θ2), (x, z) ∈ S2.
(2.2)

Äëÿ íàõîæäåíèÿ óãëîâ θ2, θ3 è êîýôôèöèåíòîâ B, C âîñïîëüçóåìñÿ
ãðàíè÷íûìè óñëîâèÿìè (1.2). Èç ïåðâîãî ãðàíè÷íîãî óñëîâèÿ ïîëó÷àåì

B · eik1x sin θ3 − C · eik2x sin θ2 = −eik1x sin θ1 . (2.3)

Âî âòîðîì ãðàíè÷íîì óñëîâèè ó÷òåì, ÷òî ∂ν = ∂z. Èìååì

Bp1k1(cos θ3)eik1x sin θ3 + Cp2k2(cos θ2)eik2x sin θ2 = p1k1(cos θ1)eik1x sin θ1

èëè
B · eik1xα3 − C · eik2xα2 = −eik1xα1 , (2.4)

Bp1k1β3e
ik1xα3 + Cp2k2β2e

ik2xα2 = p1k1β1e
ik1xα1 . (2.5)

Èç ýòèõ óðàâíåíèé ïîëó÷àåì, ïðåæäå âñåãî, ÷òî

sin θ1 = sin θ3, îòêóäà θ3 = θ1, (2.6)

ò.å. óãîë îòðàæåíèÿ ðàâåí óãëó ïàäåíèÿ. Êðîìå òîãî,

k1 sin θ1 = k2 sin θ2 èëè k1α1 = k2α2, (2.7)

÷òî èçâåñòíî êàê âòîðîé çàêîí Ñíåëëèóñà.
Òîãäà ôîðìóëû (2.4) è (2.5) óïðîùàþòñÿ:

B + 1 = C, (2.8)
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Bp1k1β1 + Cp2k2β2 = p1k1β1. (2.9)

Èç ýòîé ñèñòåìû óðàâíåíèé íàéäåì âûðàæåíèÿ êîýôôèöèåíòîâ B è C
÷åðåç p1, p2, k1, k2, β1, β2:

B =
p1k1β1 − p2k2β2

p1k1β1 + p2k2β2
, (2.10)

C =
2p1k1β1

p1k1β1 + p2k2β2
. (2.11)

Êîýôôèöèåíò B íàçûâàþò êîýôôèöèåíòîì îòðàæåíèÿ, à êîýôôèöè-
åíò C � êîýôôèöèåíòîì ïðîçðà÷íîñòè. Ôîðìóëû (2.10), (2.11) íàçûâà-
þò ôîðìóëàìè Ôðåíåëÿ (ñì., íàïð., [1, 14]).

Åñëè ââåñòè âåëè÷èíû m =
p1

p2
è n =

k2

k1

√
ε2

ε1
(ïîêàçàòåëü ïðåëîì-

ëåíèÿ ãðàíèöû), òî
B =

mβ1 − nβ2

mβ1 + nβ2
, (2.12)

C =
2mβ1

mβ1 + nβ2
. (2.13)

Ïîñêîëüêó

β2 =
√

1− α2
2 =

√
1− α2

1

k2
1

k2
2

,

òî â ôîðìóëàõ (2.12) è (2.13) ìîæåì îñòàâèòü òîëüêî âåëè÷èíû, çàâè-
ñÿùèå îò óãëà θ:

B =
mβ1 −

√
n2 − α2

1

mβ1 +
√

n2 − α2
1

≡ m cos θ −
√

n2 − sin2 θ

m cos θ +
√

n2 − sin2 θ
, (2.14)

C =
2mβ1

mβ1 +
√

n2 − α2
1

≡ 2m cos θ

m cos θ +
√

n2 − sin2 θ
. (2.15)

Åñëè èñïîëüçîâàòü ïîêàçàòåëè ïðåëîìëåíèÿ äèýëåêòðè÷åñêèõ ñðåä
n1 =

√
ε1, n2 =

√
ε2, òî ìîæíî ïîëó÷èòü åùå îäèí âàðèàíò ôîðìóë

(2.10), (2.11):

B =
n1

µ2
µ1

cos θ −
√

n2
2 − n2

1 sin2 θ

n1
µ2
µ1

cos θ +
√

n2
2 − n2

1 sin2 θ
,

C =
2n1

µ2
µ1

cos θ

n1
µ2
µ1

cos θ +
√

n2
2 − n2

1 sin2 θ
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� â ñëó÷àå TE�ïîëÿðèçàöèè è

B =
n2

2 cos θ − n1

√
n2

2 − n2
1 sin2 θ

n2
2 cos θ + n1

√
n2

2 − n2
1 sin2 θ

,

C =
2n2 cos θ

n2
2 cos θ + n1

√
n2

2 − n2
1 sin2 θ

� â TH�ñëó÷àå.
Åñëè n2 < n1, òî îïðåäåëèì òàê íàçûâàåìûé, êðèòè÷åñêèé óãîë θc :

sin θc = n èëè sin θc =
n2

n1
.

Êàê òîëüêî óãîë ïàäåíèÿ θ ïðåâçîéäåò êðèòè÷åñêîå çíà÷åíèå θc (ò.å.
θ > θc èëè sin θ > sin θc, ÷òî, â ñâîþ î÷åðåäü, ðàâíîñèëüíî n2−sin2 θ < 0),
äëÿ êîýôôèöèåíòà îòðàæåíèÿ áóäåì èìåòü

B =
m cos θ − i

√
sin2 θ − n2

m cos θ + i
√

sin2 θ − n2
=

z

z
. (2.16)

Â ýòîì ñëó÷àå ìîäóëü êîýôôèöèåíòà îòðàæåíèÿ |B| = 1, è ìîæíî ãîâî-
ðèòü î ïîëíîì îòðàæåíèè.

Çàìå÷àíèå. Êàê ïîêàçûâàåò ôîðìóëà (2.7), â çàäà÷àõ ðàñïðîñòðàíå-
íèÿ âîëí ìîæåì îãðàíè÷èòüñÿ ñëó÷àåì, êîãäà âîëíîâûå ÷èñëà óäîâëå-
òâîðÿþò óñëîâèþ

sign (Re k1) = sign (Re k2). (2.17)

Äåéñòâèòåëüíî, ñîãëàñíî (2.7), èìååì k1 sin θ1 = k2 sin θ2. Ñëåäîâàòåëü-
íî,

(Re k1) sin θ1 = (Re k2) sin θ2.

Ïîñëåäíåå ðàâåíñòâî ïðèâîäèò ê ñîîòíîøåíèþ
Re k1

Re k2
=

sin θ2

sin θ1
. (2.18)

Ïîñêîëüêó 0 ≤ θ1 < π
2 , òî sin θ1 > 0. Èç ñîîòíîøåíèÿ (2.18) ìîæåì

ñäåëàòü åñòåñòâåííîå ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ïðåäïîëîæåíèå, ÷òî
óãîë ïðåëîìëåíèÿ òàêæå ëåæèò â èíòåðâàëå 0 ≤ θ2 < π

2 , ÷òî âëå÷�åò çà
ñîáîé íåðàâåíñòâî sin θ2 > 0. Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî
Re k1

Re k2
> 0 è, ñëåäîâàòåëüíî, âîëíîâûå ÷èñëà k1 è k2 óäîâëåòâîðÿþò

óñëîâèþ (2.17).
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3. Åäèíñòâåííîñòü ðåøåíèÿ
Êëàññè÷åñêèì ðåøåíèåì çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4) íàçîâåì

ïàðó ôóíêöèé {u1, u2}, óäîâëåòâîðÿþùèõ óñëîâèÿì (1.1) � (1.4) è
uj ∈ C2(Sj) ∩ C

(
Sj \ Ωδ

)
(j = 1, 2). Çäåñü ÷åðåç Ωδ îáîçíà÷åíî îáú-

åäèíåíèå ïðîèçâîëüíî ìàëûõ δ�îêðåñòíîñòåé êîíöåâûõ òî÷åê (−d, 0)
è (d, 0) íåðîâíîãî ó÷àñòêà.

Òåîðåìà 3.1. Åñëè Im k1 ≥ 0, Im k2 ≥ 0, sign (Re k1) = sign (Re k2),
p1p̄2 ∈ R è çíàê p1p̄2 ñîâïàäàåò ñî çíàêîì (Re k1)(Re k2), òî çàäà÷à
(1.1) � (1.4) èìååò íå áîëåå îäíîãî êëàññè÷åñêîãî ðåøåíèÿ .

Äîêàçàòåëüñòâî. Îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò äâà
êëàññè÷åñêèõ ðåøåíèÿ u = {u1, u2}, v = {v1, v2} çàäà÷è ñîïðÿæåíèÿ.
Ðàññìîòðèì ôóíêöèþ w = {w1, w2}, ãäå w1(P ) = u1(P ) − v1(P ), P =
(x, z) ∈ S1 è w2(P ) = u2(P )− v2(P ), P = (x, z) ∈ S2.

Ïóñòü R > d � ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî. Ïðèìåíèì â êàæ-
äîé èç îáëàñòåé Sj,R = {(x, z) ∈ Sj : x2 + z2 < R2} (j = 1, 2) âòîðóþ
ôîðìóëó Ãðèíà ê ôóíêöèÿì wj è w̄j ïðè j = 1, 2:

∫

Sj,R

∫
(wj4wj − wj4wj)dσ =

∫

∂Sj,R

(
wj∂ν(P )wj − wj∂ν(P )wj

)
dsP . (3.1)

Ðàññìîòðèì ëåâóþ ÷àñòü ñîîòíîøåíèÿ (3.1). Ïîñêîëüêó

4wj(P ) + kj
2 wj(P ) = 0, 4wj(P ) + kj

2
wj(P ) = 0,

èìååì 4wj(P ) = −kj
2 wj(P ), 4wj(P ) = −kj

2
wj(P ) (j = 1, 2). Îáîçíà-

÷èì νj = Re kj , ρj = Im kj , j = 1, 2. Òîãäà
∫

Sj,R

∫
(wj 4w̄j − w̄j 4wj) dσ =

= (4iνjρj)
∫

Sj,R

∫
wj wj dσ, j = 1, 2.

(3.2)

Ðàññìîòðèì ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (3.1). Ãðàíèöû îáëàñòåé Sj

(j = 1, 2) ìîæíî ïðåäñòàâèòü â âèäå

∂S1,R = γ+
R ∪ Σ+

R, ∂S2,R = γ−R ∪ Σ−R,

ãäå γ+
R = γ−R = γR = {(x, f(x)) : x ∈ [−R, R]},

Σ+
R = {(x, z) : x2 +z2 = R2, z > 0}, Σ−R = {(x, z) : x2 +z2 = R2, z < 0},
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ïðè ýòîì γ+
R è γ−R îòëè÷àþòñÿ íàïðàâëåíèåì íîðìàëè:

∂ν(P )

∣∣
γ+

R

= − ∂ν(P )

∣∣
γ−

R

= ∂ν(P )

∣∣
γR

.

Òàêèì îáðàçîì,
∫

∂S1,R

(
w1 ∂ν(P )w1 − w1 ∂ν(P )w1

)
dsP =

=
∫

γR

(
w1∂ν(P )w1 − w1∂ν(P )w1

)
dsP +

∫

Σ+
R

(
w1∂ν(P )w1 − w1∂ν(P )w1

)
dsP ,

∫

∂S2,R

(
w2 ∂ν(P )w2 − w2 ∂ν(P )w2

)
dsP =

= −
∫

γR

(
w2∂ν(P )w2 − w2∂ν(P )w2

)
dsP +

∫

Σ−
R

(
w2∂ν(P )w2 − w2∂ν(P )w2

)
dsP .

Èç óñëîâèé ñîïðÿæåíèÿ íà γR ïîëó÷àåì ñëåäóþùèå ðàâåíñòâà

[w1 − w2]|γR
= [(u1 − v1)− (u2 − v2)]|γR

= [−u0 + u0]|γR
= 0,

[
p1 ∂ν(P )w1 − p2 ∂ν(P )w2

]∣∣
γR

=

=
[
p1 ∂ν(P )u1 − p2 ∂ν(P )u2

]∣∣
γR
− [

p1 ∂ν(P )v1 − p2 ∂ν(P )v2

]∣∣
γR

= (3.3)

=
[−∂ν(P )u0 + ∂ν(P )u0

]∣∣
γR

= 0.

Åñëè óìíîæèòü (3.1) íà |p1|2 è |p2|2 è ñëîæèòü, òî, ñ ó÷åòîì ôîðìóëû
(3.2), ïîëó÷èì â ëåâîé ÷àñòè

(4iν1ρ1)|p1|2
∫

S1,R

∫
|w1|2 dσ + (4iν2ρ2)|p2|2

∫

S2,R

∫
|w2|2 dσ.

Ñîîòâåòñòâåííî, â ïðàâîé ÷àñòè ïîëó÷èì
∫

γR

{
w1

(|p1|2∂νw1 − |p2|2∂νw2

)− w1

(|p1|2∂νw1 − |p2|2∂νw2

)}
ds+

+|p1|2
∫

Σ+
R

(w1∂νw1 − w1∂νw1) dsP + |p2|2
∫

Σ−
R

(w2 ∂νw2 − w2∂νw2) dsP .
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Çäåñü ïîäðàçóìåâàåòñÿ, ÷òî ν = ν(P ). Îáîçíà÷èì ÷åðåç I1 èíòåãðàë ïî
γR, à ÷åðåç I2 � ñóììó èíòåãðàëîâ ïî ãðàíèöàì Σ+

R è Σ−R.
Èç (3.3) ñëåäóåò, ÷òî íà ãðàíèöå γR âûïîëíåíû ñîîòíîøåíèÿ

p1 ∂ν(P )w1 = p2 ∂ν(P )w2, p1 ∂ν(P )w1 = p2 ∂ν(P )w2,

èç êîòîðûõ ïîëó÷àåì

I1 =
∫

γR

{
p̄1(p1 − p2)w1 ∂ν(P )w1 − p1(p̄1 − p̄2)w1 ∂ν(P )w1

}
dsP =

=
∫

γR

{
h(P )− h(P )

}
dsP ,

(3.4)

ãäå h(P ) = p̄1(p1 − p2)w1(P ) ∂ν(P )w1(P ), P = (x, z) ∈ γR.
Îáîçíà÷èì ÷åðåç w∗ ïàðó {w∗1 , w∗2}, ãäå w∗j (P ) = u∗j (P ) − v∗j (P ) =

(uj(P )− ũj(P ))− (vj(P )− ṽj(P )). Ïîñêîëüêó ðåøåíèå çàäà÷è ñîïðÿæå-
íèÿ íà ãðàíèöå ðàçäåëà äâóõ ïîëóïëîñêîñòåé åäèíñòâåííî, òî ũ1(P ) =
ṽ1(P ), ũ2(P ) = ṽ2(P ), îòêóäà ïîëó÷àåì, ÷òî w∗j (P ) = uj(P ) − vj(P ) =
wj(P ). Ñëåäîâàòåëüíî, ôóíêöèè wj(P ) (j = 1, 2) óäîâëåòâîðÿþò óñëî-
âèÿì èçëó÷åíèÿ

wj = ei kj r O

(
1√
r

)
,

∂wj

∂r
− ikj wj = ei kj r o

(
1√
r

)
. (3.5)

Èç âòîðîãî óñëîâèÿ (3.5) ïîëó÷àåì äëÿ j = 1, 2:

∂wj

∂r
= −ikjwj + e−i kj r o

(
1√
r

)
,

∂wj

∂r
= ikjwj + ei kj r o

(
1√
r

)
. (3.6)

Ïîñëå ïîäñòàíîâêè ýòèõ âûðàæåíèé â I2 ïðèõîäèì ê ñîîòíîøåíèþ

|p1|2
∫

Σ+
R

{
w1

(
−ik1w1 + e−ik1ro

(
1√
r

))
− w1

(
ik1w1 + eik1ro

(
1√
r

))}
dsP +

+|p2|2
∫

Σ−
R

{
w2

(
−ik2w2 + e−ik2ro

(
1√
r

))
− w2

(
ik2w2 + eik2ro

(
1√
r

))}
dsP =

= −(k1 + k1)i|p1|2
∫

Σ+
R

|w1|2 dsP − (k2 + k2)i|p2|2
∫

Σ−
R

|w2|2 dsP +
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+ o

(
1√
R

)
|p1|2

∫

Σ+
R

(
w1e

−i k1 R − w1e
i k1 R

)
dsP +

+ o

(
1√
R

)
|p2|2

∫

Σ−
R

(
w2e

−i k2 R − w2e
i k2 R

)
dsP .

Çàìåíèâ â ýòîì ñîîòíîøåíèè ôóíêöèè wj è wj (j = 1, 2) íà àñèìïòîòè-
÷åñêèå îöåíêè èç (3.10), ïîëó÷èì òîæäåñòâî

−2 i ν1 |p1|2
∫

Σ+
R

|w1|2 dsP − 2 i ν2 |p2|2
∫

Σ−
R

|w2|2 dsP +

+ o

(
1√
R

)
|p1|2

∫

Σ+
R

(
O

(
1√
R

)
− O

(
1√
R

))
dsP +

+ o

(
1√
R

)
|p2|2

∫

Σ−
R

(
O

(
1√
R

)
− O

(
1√
R

))
dsP =

−2 i ν1 |p1|2
∫

Σ+
R

|w1|2 dsP − 2 i ν2 |p2|2
∫

Σ−
R

|w2|2 dsP +

+ o

(
1√
R

)
O

(
1√
R

) {
|p1|2

∫

Σ+
R

dsP + |p2|2
∫

Σ−
R

dsP

}
.

Îòñþäà

−2 i ν1 |p1|2
∫

Σ+
R

|w1|2 dsP − 2 i ν2 |p2|2
∫

Σ−
R

|w2|2 dsP + o

(
1
R

)
R.

Òàêèì îáðàçîì, ïðèõîäèì ê ðàâåíñòâó

(4 i ν1 ρ1) |p1|2
∫

S1,R

∫
|w1|2 dσ + (4 i ν2 ρ2) |p2|2

∫

S2,R

∫
|w2|2 dσ =

=
∫

γR

{
h(P )− h(P )

}
dsP − 2 i ν1 |p1|2

∫

Σ+
R

|w1|2 dsP − (3.6)
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− 2 i ν2 |p2|2
∫

Σ−
R

|w2|2 dsP + o

(
1
R

)
R.

Îòäåëèì äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè â ñîîòíîøåíèè (3.6) è
ïåðåéäåì ê ïðåäåëó ïðè R → ∞. Â ìíèìîé ÷àñòè ïîëó÷èì

(4 ν1 ρ1) |p1|2
∫

S1,R

∫
|w1|2 dσ + (4 ν2 ρ2) |p2|2

∫

S2,R

∫
|w2|2 dσ +

+ 2ν1|p1|2
∫

Σ+
R

|w1|2 dsP + 2ν2|p2|2
∫

Σ−
R

|w2|2 dsP → 0 ïðè R →∞.

Â ëåâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ âñå ÷ëåíû ïîëîæèòåëüíû,
ïîýòîìó îíè ñòðåìÿòñÿ ê 0 â ïðåäåëå ïðè R →∞. Èç

∫

Sj,R

∫
|wj |2 dσ → 0 ïðè R → ∞

ñëåäóåò ∫

Sj

∫
|wj |2 dσ = 0,

îòêóäà ïîëó÷àåì, ÷òî ïðè Im k1 ≥ 0, Im k2 ≥ 0 è sign (Re k1) =
sign (Re k2), â îáëàñòÿõ Sj èìååò ìåñòî òîæäåñòâî wj(x, z) ≡ 0, j = 1, 2.
Åäèíñòâåííîñòü êëàññè÷åñêèõ ðåøåíèé ðàññìîòðåííîé çàäà÷è ñîïðÿæå-
íèÿ äîêàçàíà.

4. Ïðåäñòàâëåíèå ðåøåíèÿ
Ðàññìîòðèì ôóíêöèè

Gm(k;M, P ) =
πi

2

{
H

(1)
0 (kr) + (−1)mH

(1)
0 (kr∗)

}
, m = 1, 2, (4.1)

ãäå H
(1)
0 (·) � ôóíêöèÿ Ãàíêåëÿ ïåðâîãî ðîäà íóëåâîãî ïîðÿäêà (ñì.,

íàïð., [2, 4]), M = (x, z), P = (τ, ξ),

r =
√

(x− τ)2 + (z − ξ)2, r∗ =
√

(x− τ)2 + (z + ξ)2.

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ñëåäóåò, ÷òî ôóíêöèÿ Gm(k;M, P )
èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü ïðè M = P .

Ââåäåì îáîáùåííûå ïîòåíöèàëû ïðîñòîãî è äâîéíîãî ñëîÿ

(Vm(k)ϕ) (M) =
∫

Γ∗

Gm(k; M,P )ϕ(τ) dsP , M 6∈ Γ, (4.2)
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(Wm(k)ψ) (M) =
∫

Γ∗

∂ν(P )Gm(k; M,P )ψ(τ) dsP , M 6∈ Γ (4.3)

ñ ïëîòíîñòÿìè ϕ,ψ ∈ Ċ(1)[−d, d] (ò.å. supp ϕ ⊆ [−d, d], supp ψ ⊆ [−d, d]).
Ýòè âûðàæåíèÿ íàçûâàþò (ñì., íàïð., [5, 8, 13]) îáîáùåííûìè ïîòåí-

öèàëàìè ïî òîé ïðè÷èíå, ÷òî, â îòëè÷èå îò êëàññè÷åñêèõ ïîòåíöèàëîâ,
îíè ðàññìàòðèâàþòñÿ íà íåçàìêíóòîé êðèâîé.

Ââåäåì òàêæå èíòåãðàëüíûå îïåðàòîðû íà Γ

(Vm(k)ϕ) (M) =
∫

Γ∗

Gm(k; M, P )ϕ(τ) dsP , M ∈ Γ, (4.4)

(Wm(k)ψ) (M) =
∫

Γ∗

∂ν(P )Gm(k; M,P )ψ(τ) dsP , M ∈ Γ. (4.5)

Èíòåãðàëû â ñîîòíîøåíèÿõ (4.4) è (4.5) ïîíèìàþòñÿ â ñìûñëå ãëàâíîãî
çíà÷åíèÿ.

Äëÿ îáîáùåííûõ ïîòåíöèàëîâ âûïîëíåíû òå æå ïðåäåëüíûå ñîîòíî-
øåíèÿ, ÷òî è äëÿ êëàññè÷åñêèõ ïîòåíöèàëîâ ïðîñòîãî è äâîéíîãî ñëîÿ
(ñì., íàïð., [2, 7, 10]), à èìåííî,

(Vm(k)ϕ)± = Vm(k)ϕ, (4.6)

(∂νVm(k)ϕ)± = ∓πϕ + WT
m(k)ϕ, (4.7)

(Wm(k)ψ)± = ±πψ + Wm(k)ψ, (4.8)

(∂νWm(k)ψ)+ = (∂νWm(k)ψ)− , m = 1, 2, (4.9)

ãäå ÷åðåç WT
m(k) îáîçíà÷èëè èíòåãðàëüíûé îïåðàòîð íà Γ∗ ñ ÿäðîì

∂ν(M)Gm(k; M,P ) (m = 1, 2).
Îáîçíà÷èì ÷åðåç (ũ1, ũ2) ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è.
Áóäåì èñêàòü ðåøåíèå çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4) â âèäå

u1(M) = v1(M) + ũ1(M), u2(M) = v2(M) + ũ2(M), (4.10)

ãäå M ∈ Sj , j = 1, 2 è

vj(M) =
1
pj
{(W1(kj)ϕ) (M) + (V2(kj)ψ) (M)} . (4.11)

Èç ïåðâîãî óñëîâèÿ ñîïðÿæåíèÿ

−u0|Γ = [u1 − u2]|Γ = [ũ1 − ũ2]|Γ + [v1 − v2]|Γ . (4.12)
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Ïîñêîëüêó Γ\Γ∗ ⊂ R, òî äëÿ M ∈ Γ\Γ∗ èìååì r = r∗, îòêóäà ñëåäóåò
ðàâåíñòâî G2(M, P ) = 0. Èç ýòîãî ðàâåíñòâà ïîëó÷àåì

[v1 − v2]|Γ\Γ∗ = 0. (4.13)

Ñîîòíîøåíèå
−u0|Γ\Γ∗ = [ũ1 − ũ2]|Γ\Γ∗ (4.14)

âûïîëíåíî â ñèëó òîãî, ÷òî ôóíêöèè ũ1(M) è ũ2(M) ÿâëÿþòñÿ ðåøåíèåì
âñïîìîãàòåëüíîé çàäà÷è.

Äëÿ òî÷êè M∗ = (x∗, z∗) ∈ Γ∗ ñïðàâåäëèâû ñëåäóþùèå ïðåäåëüíûå
ñîîòíîøåíèÿ

lim
M→M∗

M∈Sj

∫

Γ∗

∂ν(P )G1(kj ; M, P )ϕ(τ) dsP = (4.15)

=
∫

Γ∗

∂ν(P )G1(kj ; M,P )ϕ(τ) dsP ∓ πϕ(x∗), j = 1, 2.

Ñ ïîìîùüþ ôîðìóë (4.12) � (4.15) ïðèõîäèì ê èíòåãðàëüíîìó óðàâ-
íåíèþ

−π
p1 + p2

p1p2
ϕ(x) +

∫

Γ∗

{t11(x, τ)ϕ(τ) + t12(x, τ)ψ(τ)} dsP = q1(x), (4.16)

ãäå x ∈ [−d, d] è

t11(x, τ) =
1
p1

∂ν(P )G1(k1; M, P )− 1
p2

∂ν(P )G1(k2; M, P ), (4.17)

t12(x, τ) =
1
p1

G2(k2; M,P )− 1
p2

G2(k2;M, P ), (4.18)

q1(x) = −u0(M)−(ũ1(M)− ũ2(M)) , M = (x, f(x)), x ∈ [−d, d]. (4.19)

Èç âòîðîãî óñëîâèÿ ñîïðÿæåíèÿ

−∂ν(M)u0(M)
∣∣
Γ

=
[
p1 ∂ν(M)u1(M) − p2 ∂ν(M)u2(M)

]∣∣
Γ

=
(4.20)[

p1∂ν(M)ũ1(M)− p2∂ν(M)ũ2(M)
]∣∣

Γ
+

[
p1∂ν(M)v1(M)− p2∂ν(M)v2(M)

]∣∣
Γ

.

Íà ó÷àñòêå ãðàíèöû Γ \ Γ∗ ïîëó÷àåì

∂ν(M)v1(M)
∣∣
Γ\Γ∗ = ∂ν(M)v2(M)

∣∣
Γ\Γ∗ = 0,
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− ∂ν(M)u0(M)
∣∣
Γ\Γ∗ = ∂ν(M) [ũ1(M)− ũ2(M)]

∣∣
Γ\Γ∗ .

Ñîãëàñíî ñâîéñòâàì ïðàâèëüíîé íîðìàëüíîé ïðîèçâîäíîé ïîòåíöèàëà
ïðîñòîãî ñëîÿ (ñì., íàïð., [7, 10]) èìååì äëÿ òî÷êè M∗ = (x∗, z∗) ∈ Γ∗

ïðè j = 1, 2:

lim
M→M∗

M∈Sj

∂ν(M)

∫

Γ∗

G2(kj ; M,P )ψ(τ) dsP =

=
∫

Γ∗

∂ν(M)G2(kj ;M∗, P )ψ(τ) dsP ∓ π ψ(x∗).

(4.21)

Ñ ïîìîùüþ ýòèõ ñîîòíîøåíèé ïðèõîäèì ê óðàâíåíèþ

2πψ(x) +
∫

γ∗

{t21(x, τ)ϕ(τ) + t22(x, τ)ψ(τ)} dsP = q2(x), (4.22)

ãäå x ∈ [−a, a], M = (x, f(x)), P = (τ, f(τ)) è

t21(x, τ) = ∂2
ν(M)ν(P )G1 (k1; M, P )− ∂2

ν(M)ν(P )G1 (k2;M, P ) , (4.23)

t22(x, τ) = ∂2
ν(M)ν(P )G2 (k1;M, P )− ∂2

ν(M)ν(P )G2 (k2; M,P ) , (4.24)

q2(x) = ∂ν(M)u0(M) − [
p1∂ν(M)ũ1(M) − p2∂ν(M)ũ2(M)

]
. (4.25)

Òàêèì îáðàçîì, åñëè ïðåäïîëàãàòü, ÷òî ðåøåíèå çàäà÷è ñîïðÿæåíèÿ
ïðåäñòàâèìî â âèäå (4.10), òî ïëîòíîñòè ϕ(x) è ψ(x) îáîáù�åííûõ ïî-
òåíöèàëîâ, âõîäÿùèõ â âûðàæåíèå (4.10), áóäóò óäîâëåòâîðÿòü ñèñòåìå
èíòåãðàëüíûõ óðàâíåíèé (4.16), (4.22). Ïîëó÷åííóþ ñèñòåìó óðàâíåíèé
óäîáíî çàïèñàòü â îïåðàòîðíîé ôîðìå

UΨ ≡ (E − T )Ψ = F, (4.26)

ãäå
Ψ = (ϕ,ψ)t

, F ≡ (F1, F2)t = (q1, q2)
t
,

E =
( −π (1/p1 + 1/p2) I 0

0 2πI

)
, T =

(
T11 T12

T21 T22

)
. (4.27)

Çäåñü ÷åðåç (·)t îáîçíà÷åíà îïåðàöèÿ òðàíñïîíèðîâàíèÿ, ÷åðåç I îáîçíà-
÷åí åäèíè÷íûé îïåðàòîð, à îáîçíà÷åíèÿ Tij (ïðè i, j = 1, 2) èñïîëüçó-
þòñÿ äëÿ èíòåãðàëüíûõ îïåðàòîðîâ íà Γ∗ ñ ÿäðàìè tij , îïðåäåëÿåìûìè
ñîîòíîøåíèÿìè (4.17), (4.18), (4.23) è (4.24).
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Ïîëó÷èì ÿâíûå âûðàæåíèÿ äëÿ ÿäåð èíòåãðàëüíûõ óðàâíåíèé
(4.16) è (4.22). Ïî îïðåäåëåíèþ ôóíêöèé Gm (kj ;M, P )

∂ν(P ) G1 (kj ; M, P ) =
π i

2

[
∂ν(P ) H

(1)
0 (kj rMP )− ∂ν(P )H

(1)
0 (kj r∗MP )

]
=

=
π i

2

[
∂ H

(1)
0 (τ)
∂ τ

∂ν(P )rMP − ∂ H
(1)
0 (τ∗)
∂ τ∗

∂ν(M)r
∗
MP

]
.

Èç ñîîòíîøåíèé äëÿ ïðîèçâîäíûõ ïî íîðìàëè ôóíêöèé Ãàíêåëÿ ñëåäó-
åò, ÷òî

∂ν(P )G1 (kj ; M, P ) =

=
iπkj

2

[
1

rMP
H

(1)
1 (kjrMP ) {(τ − x)f ′(τ) + (f(x)− f(τ))} +

+
1

r∗MP

H
(1)
1 (kjr

∗
MP ) {(x− τ)f ′(τ) + (f(x) + f(τ))}

]
, j = 1, 2.

Îòñþäà è èç âûðàæåíèÿ (4.18)

t11(x, τ) = (4.28)

πi

2

{[
k1

p1r
H

(1)
1 (k1r)− k2

p2r
H

(1)
1 (k2r)

]
· [(τ − x)f ′(τ) + (f(x)− f(τ))]+

+
[

k1

p1r∗
H

(1)
1 (k1 r∗)− k2

p2r∗
H

(1)
1 (k2 r∗)

]
· [(x− τ)f ′(τ) + (f(x) + f(τ))]

}
,

ãäå r =
√

(x− τ)2 + (f(x)− f(τ))2 è r∗ =
√

(x− τ)2 + (f(x) + f(τ))2.
Ôóíêöèè G1 (kj ; M, P ), (j = 1, 2) èìåþò ëîãàðèôìè÷åñêóþ îñîáåí-

íîñòü ïðè M = P , ñîãëàñíî ñâîéñòâàì ëîãàðèôìè÷åñêèõ ïîòåíöèàëîâ
(ñì., íàïð., [2]) ìîæíî äîîïðåäåëèòü ÿäðî ∂ν(P )G1 (kj ;M, P ) â òî÷êàõ
ñîâïàäåíèÿ àðãóìåíòîâ, ïîëîæèâ åãî çíà÷åíèå ðàâíûì ïîëîâèíå êðèâèç-
íû ãðàíè÷íîé êðèâîé â ýòîé òî÷êå. Åñëè îáîçíà÷èòü êðèâèçíó â òî÷êå
M ÷åðåç κ(M), òî ïîëó÷àåì

t11(x, x) =
1
2

(
1
p1
− 1

p2

)
κ(M), M = (x, f(x)) ∈ Γ∗. (4.29)

Àíàëîãè÷íî

t22(x, τ) =
πi

2

√
1 + (f ′(τ))2

1 + (f ′(x))2
× (4.30)
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×
{[

k1H
(1)
1 (k1r)− k2H

(1)
1 (k2r)

] (x− τ) f ′(x) + (f(τ)− f(x))
r

+

+
[
k1H

(1)
1 (k1r

∗)− k2H
(1)
1 (k2r

∗)
] (x− τ)f ′(x)− (f(τ) + f(x))

r∗

}
.

Ôóíêöèè G2 (kj ;M, P ) (j = 1, 2) èìåþò ëîãàðèôìè÷åñêóþ îñîáåí-
íîñòü ïðè M = P è M = M∗ = (x,−z). Êàê è â ñëó÷àå ÿäðà t11(x, τ),
ìîæíî äîîïðåäåëèòü ÿäðî t22(x, τ) äî íåïðåðûâíîé ôóíêöèè. Äëÿ ýòî-
ãî áóäåì ñ÷èòàòü, ÷òî çíà÷åíèå ôóíêöèè ∂ν(M)G2 (kj ; M,P ) â òî÷êàõ
M = P è M = M∗ ðàâíî κ(M)/2. Òîãäà

t22 (x, x) = 0, t22 (x, x∗) = 0. (4.31)

Ïðèâåäåì ðàñ÷åòíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ÿäåð t12 (x, τ) è t21 (x, τ).
Èìååì

t12(x, τ) =
πi

2

{ 1
p1

[
H

(1)
0 (k1 rMP ) − H

(1)
0 (k1 r∗MP )

]
−

− 1
p2

[
H

(1)
0 (k2 rMP ) − H

(1)
0 (k2 r∗MP )

]}
,

(4.32)

t21(x, τ) =
π i

2
∂2

ν(M)ν(P )

{[
H

(1)
0 (k1 rMP ) − H

(1)
0 (k2 rMP )

]
+

+
[
H

(1)
0 (k1 r∗MP ) − H

(1)
0 (k2 r∗MP )

]}
.

(4.33)

Ñëåäîâàòåëüíî,

t21(x, τ) = −πi

2

{
1
2

[(
k2
1H

(1)
0 (k1 r∗MP )− k2

2H
(1)
0 (k2 r∗MP )

)
−

−
(
k2
1H

(1)
2 (k1 r∗MP )− k2

2H
(1)
2 (k2 r∗MP )

)]
∂ν(M)r

∗
MP ∂ν(P )r

∗
MP +

+
[
k1H

(1)
1 (k1 r∗MP )− k2H

(1)
1 (k2 r∗MP )

]
∂2

ν(M)ν(P )r
∗
MP

}
.

Ïðîèçâîäíûå ïî íîðìàëè ìîæíî âûðàçèòü ÷åðåç íàïðàâëÿþùèå êî-
ñèíóñû íîðìàëè:

∂ν(M)rMP =
1

rMP
[(x− τ) cos ζ∗ + (z − ξ) cos η∗] ,

∂ν(M)r
∗
MP =

1
rMP

[(x− τ) cos ζ∗ + (z + ξ) cos η∗] ,

∂ν(P )rMP = − 1
rMP

[
(x− τ) cos ζ̂ + (z − ξ) cos η̂

]
,
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∂ν(P )r
∗
MP = − 1

r∗MP

{
(x− τ) cos ζ̂ + (z + ξ) cos η̂

}
,

∂2
ν(M)ν(P )rMP = ∂ν(M)

(
∂ν(P )rMP

)
=

=
1

(r∗MP )3
[
(x− τ) cos ζ̂ + (z + ξ) cos η̂

]
[(x− τ) cos ζ∗ + (z + ξ) cos η∗]−

− 1
r∗MP

[
cos ζ̂ cos ζ∗ − cos η̂ cos η∗

]
,

ãäå cos ζ∗, cos η∗ � íàïðàâëÿþùèå êîñèíóñû íîðìàëè â òî÷êå M = (x, z),
à cos ζ̂, cos η̂ � íàïðàâëÿþùèå êîñèíóñû íîðìàëè â òî÷êå P = (τ, ξ).

Ñ ïîìîùüþ ïîëó÷åííûõ ñîîòíîøåíèé, à òàêæå ôîðìóë äëÿ íàïðàâ-
ëÿþùèõ êîñèíóñîâ, ïðèõîäèì ê ñëåäóþùåé ðàñ÷�åòíîé ôîðìóëå

t21(x, τ) =

= −πi

4

{[
k2
1H

(1)
0 (k1r)− k2

2H
(1)
0 (k2r)

]
−

[
k2
1H

(1)
2 (k1r)− k2

2H
(1)
2 (k2r)

]}
· b−

−πi

2

[
k1H

(1)
1 (k1r)− k2H

(1)
1 (k2r)

]
· c− (4.34)

−πi

4

{[
k2
1H

(1)
0 (k1r

∗)−k2
2H

(1)
0 (k2r

∗)
]
−

[
k2
1H

(1)
2 (k1r

∗)−k2
2H

(1)
2 (k2r

∗)
]}
· b∗−

−πi

2

[
k1H

(1)
1 (k1r

∗)− k2H
(1)
1 (k2r

∗)
]
· c∗.

Çäåñü

b = − [(x− τ)f ′(τ) + (f(x)− f(τ))] [(x− τ)f ′(x) + (f(x)− f(τ))]

r2

√
1 + (f ′(x))2

,

c =
[(τ − x)f ′(τ) + (f(x)− f(τ))] [(τ − x)f ′(x) + (f(x)− f(τ))]

r3

√
1 + (f ′(x))2

−

− f ′(τ)f ′(x) + 1

r

√
1 + (f ′(x))2

,

b∗ = − [(x− τ)f ′(τ) + (f(x) + f(τ))] [(x− τ)f ′(x) + (f(x) + f(τ))]

r∗2
√

1 + (f ′(x))2
,
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c∗ =
[(τ − x)f ′(τ) + (f(x) + f(τ))] [(τ − x)f ′(x) + (f(x) + f(τ))]

(r∗)3
√

1 + (f ′(x))2
−

− f ′(τ)f ′(x) + 1

r∗
√

1 + (f ′(x))2
,

ãäå r =
√

(x− τ)2 + (f(x)− f(τ))2 è r∗ =
√

(x− τ)2 + (f(x) + f(τ))2.

5. Ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ
Ëåììà 5.1. Â óñëîâèÿõ òåîðåìû 3.1 îäíîðîäíàÿ ñèñòåìà èíòå-

ãðàëüíûõ óðàâíåíèé
(E − T )Ψ = 0, (5.1)

ãäå E è T îïðåäåëåíû ñîîòíîøåíèåì (4.27), èìååò òîëüêî òðèâèàëü-
íîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ïóñòü Ψ = (ϕ,ψ)t � íåíóëåâîå êëàññè÷åñêîå ðå-
øåíèå ðàññìàòðèâàåìîé îäíîðîäíîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé.

Ñ ïîìîùüþ ôîðìóëû (4.11) ïîñòðîèì ôóíêöèè v1 è v2, èñïîëüçóÿ
ôóíêöèè ϕ è ψ êàê ïëîòíîñòè ïîòåíöèàëîâ.

Ïîñêîëüêó ôóíêöèè v1 è v2 ïðåäñòàâëÿþò ñîáîé ñóììó îáîáù�åííûõ
ïîòåíöèàëîâ, òî îíè óäîâëåòâîðÿþò óðàâíåíèþ Ãåëüìãîëüöà, à òàêæå
óñëîâèÿì èçëó÷åíèÿ íà áåñêîíå÷íîñòè âèäà (1.4). Ñîîòíîøåíèÿ (4.6)
è (4.8) ïîçâîëÿþò âû÷èñëèòü çíà÷åíèÿ ýòèõ ôóíêöèé â òî÷êàõ M∗ =
(x∗, z∗), ïðèíàäëåæàùèõ ãðàíèöå Γ:

(vj)
± (M∗) = lim

M→M∗ Sj

vj(M) = ∓ π

pj
ϕ(x∗) + (5.2)

+
1
pj

∫

Γ∗

{
∂ν(P )G1 (kj ;M∗, P )ϕ(τ) + G2 (kj ; M∗, P )ψ(τ)

}
dsP , j = 1, 2,

Èç ýòèõ ñîîòíîøåíèé ïîëó÷àåì, ÷òî íà ãðàíèöå ðàçäåëà ñðåä âûïîë-
íåíû ðàâåíñòâà

(
(v1)+ − (v2)−

)
(P ∗) =

= 2π

(
1
p1

+
1
p2

)
ϕ(x∗) +

∫

Γ∗

{t11(x∗, τ)ϕ(τ) + t12(x∗, τ)ψ(τ)} dsP .

Ïðàâàÿ ÷àñòü ýòîãî ñîîòíîøåíèÿ ÿâëÿåòñÿ ïåðâûì óðàâíåíèåì ñèñòåìû
èíòåãðàëüíûõ óðàâíåíèé (5.1), à ïîñêîëüêó {ϕ, ψ} ÿâëÿåòñÿ ðåøåíèåì
ýòîé ñèñòåìû, ïðèõîäèì ê âûâîäó, ÷òî

[v1 − v2]|Γ = 0. (5.3)
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Äàëåå èç ñîîòíîøåíèé (4.7) è (4.9) ïðè j = 1, 2 ïîëó÷àåì
(
∂ν(M∗)vj

)± (M∗) = lim
M→M∗ Sj

∂ν(M)vj(P ) = ∓ π

pj
ψ(x∗) + (5.4)

+
1
pj

∫

Γ

{
∂2

ν(M∗)ν(P )G1 (kj ;M∗, P )ϕ(τ) + ∂ν(M∗)G2 (kj ; M∗, P ) ψ(τ)
}

dsP .

Èç ýòîãî ñîîòíîøåíèÿ ïîëó÷àåì
[
p1

(
∂ν(M∗)v1

)+ − p2

(
∂ν(M∗)v2

)−]
(M∗) = 2πψ(x∗) +

+
∫

Γ∗

{t21(x∗, τ)ϕ(τ) + t22(x∗, τ)ψ(τ)} dsP , M∗ ∈ Γ.

Ïðàâàÿ ÷àñòü ïîñëåäíåãî ñîîòíîøåíèÿ ñîâïàäàåò ñî âòîðûì óðàâíåíèåì
ðàññìàòðèâàåìîé â ëåììå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé è, ïîýòîìó,
ðàâíà 0. Ñëåäîâàòåëüíî, âûïîëíåíî ãðàíè÷íîå óñëîâèå

[
p1∂ν(M)v1(M)− p2∂ν(M)v2(M)

]∣∣
Γ

= 0. (5.5)

Òàêèì îáðàçîì, {v1, v2} ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîé çàäà÷è ñî-
ïðÿæåíèÿ. Â ñèëó òåîðåìû î åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ
çàäà÷è ñîïðÿæåíèÿ ïîëó÷àåì, ÷òî

v1(M) = 0 äëÿ M ∈ S1, v2(M) = 0 äëÿ M ∈ S2. (5.6)

Îïðåäåëèì ôóíêöèè

w1(M) =
∫

Γ∗

{
∂ν(P )G1 (k2; M,P )ϕ(τ) +

1
p2

G2 (k2; M, P )ψ(τ)
}

dsP ,

w2(M) = −
∫

Γ∗

{
∂ν(P )G1 (k1;M, P ) ϕ(τ) +

1
p2

G2 (k1; M,P ) ψ(τ)
}

dsP

ïðè M ∈ S1 è M ∈ S2 ñîîòâåòñòâåííî.
Ñ ïîìîùüþ ôîðìóëû î ñêà÷êå çíà÷åíèé ïîòåíöèàëà äâîéíîãî ñëîÿ

íà ãðàíèöå ïîëó÷àåì

(w1)
+ (M∗) = −πϕ(x∗) + (5.7)

+
∫

Γ∗

{
∂ν(P )G1 (k2;M∗, P )ϕ(τ) +

1
p2

G2 (k2; M∗, P )ψ(τ)
}

dsP ,
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(w2)
− (M∗) = −πϕ(x∗)− (5.8)

−
∫

Γ∗

{
∂ν(P )G1 (k1; M, P )ϕ(τ) +

1
p1

G2 (k1; M∗, P ) ψ(τ)
}

dsP .

Èç ñîîòíîøåíèé (5.2) è (5.7)
(
(w1)

+ (M∗) − p2 (v2)
− (M∗)

)
= −2 ϕ(x∗), M∗ ∈ Γ. (5.9)

Èç ðàâåíñòâ (5.2), (5.7) ïðèõîäèì ê ñîîòíîøåíèþ
(
p1 (v1)

+ (M∗) + (w2)
− (M∗)

)
= −2 ϕ(x∗), M∗ ∈ Γ. (5.10)

Êàê ñëåäñòâèå ôîðìóë (5.9) è (5.10) ïîëó÷àåì
(
(w1)+ − (w2)−

)
(M∗) = p1 (v1)+(M∗) + p2 (v2)−(M∗).

Èç (5.6) ñëåäóåò, ÷òî ïðàâàÿ ÷àñòü ïîñëåäíåãî âûðàæåíèÿ ðàâíà íóëþ,
ïîýòîìó âûïîëíåíî ñëåäóþùåå óñëîâèå íà ãðàíèöå

[w1 − w2]|Γ = 0. (5.11)

Â ñâîþ î÷åðåäü, ôîðìóëà î ñêà÷êå çíà÷åíèé ïðàâèëüíîé íîðìàëüíîé
ïðîèçâîäíîé ïîòåíöèàëà ïðîñòîãî ñëîÿ ïðèâîäèò ê ñîîòíîøåíèÿì:

(
∂ν(M∗)w1

)+ (M∗) =
π

p2
ψ (x∗) + (5.12)

+
∫

Γ

{
∂2

ν(M∗)ν(P )G1 (k2; M∗, P )ϕ(τ) +
1
p2

∂ν(M∗)G2 (k2; M∗, P )ψ(τ)
}

dsP ,

(
∂ν(M∗)w2

)− (M∗) =
π

p1
ψ(x∗) −

−
∫

Γ

{
∂2

ν(M∗)ν(P )G1 (k1; M∗, P )ϕ(τ) +
1
p1

∂ν(M∗)G2 (k1; M∗, P )ψ(τ)
}

dsP .

Èç ñîîòíîøåíèé (5.4) è (5.12) ïîëó÷àåì

(
∂ν(M∗)w1

)+ (M∗)− (
∂ν(M∗)v2

)− (M∗) =
2 π

p2
ψ (x∗), (5.13)

(
∂ν(M∗)v1

)+ (M∗) +
(
∂ν(M∗)w2

)− (M∗) =
2 π

p1
ψ (x∗). (5.14)
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Èç ïîñëåäíèõ ðàâåíñòâ íàõîäèì

p2

(
∂ν(M∗)w1

)+ (M∗)− p1

(
∂ν(M∗)w2

)− (M∗) =

= p1

(
∂ν(M∗)v1

)+ (M∗) + p2

(
∂ν(M∗)v1

)− (M∗).

Ïðàâàÿ ÷àñòü ïîñëåäíåãî ñîîòíîøåíèÿ, êàê ñëåäóåò èç (5.6), ðàâíà íóëþ,
ïîýòîìó íà ãðàíèöå âûïîëíåíî óñëîâèå

[
p2 ∂ν(M)w1 − p1 ∂ν(M)w2

]∣∣
Γ

= 0. (5.15)

Ôóíêöèè w1, w2, òàê æå êàê è ôóíêöèè v1, v2, óäîâëåòâîðÿþò óðàâíå-
íèþ Ãåëüìãîëüöà, è äëÿ íèõ ñïðàâåäëèâû óñëîâèÿ èçëó÷åíèÿ íà áåñêî-
íå÷íîñòè. Ñëåäîâàòåëüíî, ó÷èòûâàÿ (5.11) è (5.15), ïðèõîäèì ê âûâîäó,
÷òî ôóíêöèè {w1, w2} ÿâëÿþòñÿ ðåøåíèåì çàäà÷è ñîïðÿæåíèÿ

4w1(M) + k2
2 v1(M) = 0, M ∈ S1,

4w2(M) + k1
2 v2(M) = 0, M ∈ S2, (5.16)

[w1 − w2]|Γ = 0,
[
p2 ∂ν(M)w1 − p1 ∂ν(M)w2

]∣∣
Γ

= 0.

Â ñîîòâåòñòâèè ñ òåîðåìîé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è ñîïðÿ-
æåíèÿ ïîëó÷àåì, ÷òî ñïðàâåäëèâû ðàâåíñòâà

w1(M) = 0, M ∈ S1, w2(M) = 0, M ∈ S2. (5.17)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (5.6) è (5.17), ïîëó÷àåì èç (5.9), (5.13), ÷òî
íà ãðàíèöå Γ âûïîëíåíû òîæäåñòâà ϕ ≡ 0, ψ ≡ 0. Ïîëó÷åííîå ïðîòèâî-
ðå÷èå çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Ëåììà 5.2. Â óñëîâèÿõ òåîðåìû 3.1 ñóùåñòâóåò íåòðèâèàëüíîå
ðåøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

UΨ ≡ (E − T )Ψ = F,

ãäå E, T è F îïðåäåëåíû ñîîòíîøåíèÿìè (4.27).

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ðàññìàòðèâàåìàÿ ñèñòåìà èíòåãðàëü-
íûõ óðàâíåíèé ÿâëÿåòñÿ ôðåäãîëüìîâîé.

Ñ ïîìîùüþ ñîîòíîøåíèé (4.28) è (4.30) ÿäðà t11, t22 äîîïðåäåëåíû
äî íåïðåðûâíûõ ôóíêöèé. Îñîáåííîñòü ÿäðà t12 ïðè M = P è M = M∗

îïðåäåëÿåòñÿ ïîâåäåíèåì ôóíêöèè H
(1)
0 , îíà èìååò âèä

(
1
p1

− 1
p2

)
ln

1
rMP

ïðè M = P,
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(
1
p1

− 1
p2

)
ln

1
r∗MP

ïðè M = M∗.

Îñîáåííîñòü ÿäðà t21 ïðè M = P îïðåäåëÿåòñÿ ðàçíîñòÿìè

k2
1H

(1)
0 (k1rMP )− k2

2H
(1)
0 (k2rMP ), k1H

(1)
1 (k1rMP )− k2H

(1)
1 (k2rMP ),

k2
1H

(1)
2 (k1rMP )− k2

2H
(1)
2 (k2rMP ). (5.18)

Çàìåòèì, ÷òî

H(1)
ν (τ) = Jν (τ) + i Yν (τ), ν = 0, 1, . . . (5.19)

è ïðè ìàëûõ çíà÷åíèÿõ àðãóìåíòà èìåþò ìåñòî ñîîòíîøåíèÿ

Jν (τ) ∼
(τ

2

)ν

/ Γ(ν + 1), ν = 1, 2, (5.20)

Y0 (τ) ∼ 2
π

ln τ, Yν(τ) ∼ − 1
π

Γ(ν)
(τ

2

)−ν

, ν = 1, 2. (5.21)

Ñëåäîâàòåëüíî, â ïðåäåëå ïðè M → P èìååì

k1H
(1)
1 (k1rMP )− k2H

(1)
1 (k2rMP ) ∼

∼ −k1

(
k1rMP

2

)−1

+ k2

(
k2rMP

2

)−1

= − 2
rMP

+
2

rMP
= 0,

k2
1H

(1)
2 (k1rMP )− k2

2H
(1)
2 (k2rMP ) ∼

∼ −k2
1

(
2

k1rMP

)2

+ k2
2

(
2

k2rMP

)2

= 0.

Òàêèì îáðàçîì, îñîáåííîñòü ÿäðà t21 îïðåäåëÿåòñÿ òîëüêî ñëàãàåìûì
k2
1H

(1)
0 (k1rMP )− k2

2H
(1)
0 (k2rMP ) è ðàâíà

(
k2
1 − k2

2

)
ln rMP .

Ìîæåì çàêëþ÷èòü, ÷òî ÿäðà ðàññìàòðèâàåìîé ñèñòåìû èíòåãðàëü-
íûõ óðàâíåíèé ëèáî íåïðåðûâíû ëèáî èìåþò ëîãàðèôìè÷åñêóþ îñî-
áåííîñòü. Õàðàêòåð ýòîé îñîáåííîñòè òàêîâ, ÷òî äëÿ ëþáîé çàìêíóòîé
îáëàñòè D èìååò ìåñòî íåðàâåíñòâî (ñì., íàïð. [10])

∫

D

∫

D

|Gm (kj ; M,P )|2 dsM dsP < ∞. (5.22)

Ïîñêîëüêó ïëîòíîñòè îáîáù�åííûõ ïîòåíöèàëîâ ìîæíî íåïðåðûâíî
ïðîäîëæèòü íóëåì íà çàìêíóòûé êîíòóð, ñîäåðæàùèé Γ∗, òî ýòè ïîòåí-
öèàëû ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåííûå íà çàìêíóòîì êîíòóðå

23



è, ñëåäîâàòåëüíî, äëÿ íèõ èìååò ìåñòî ñîîòíîøåíèå (5.22). Ïîñêîëüêó
ÿäðà t12(x, τ), t21(x, τ) ÿâëÿþòñÿ êîìáèíàöèÿìè ôóíêöèé Gm (kj ;M, P )
è èõ íîðìàëüíûõ ïðîèçâîäíûõ, òî èíòåãðàëüíûå îïåðàòîðû ñ ÿäðàìè
t12(x, τ) è t21(x, τ) èìåþò èíòåãðèðóåìóþ îñîáåííîñòü.

Òàêèì îáðàçîì, ðàññìàòðèâàåìàÿ â ëåììå ñèñòåìà èíòåãðàëüíûõ
óðàâíåíèé ÿâëÿåòñÿ ôðåäãîëüìîâîé è ñóùåñòâîâàíèå íåòðèâèàëüíîãî
ðåøåíèÿ âûòåêàåò êàê ñëåäñòâèå òåîðèè Ôðåäãîëüìà.

Òåîðåìà 5.1. Â óñëîâèÿõ òåîðåìû 3.1 ñóùåñòâóåò êëàññè÷åñêîå
ðåøåíèå çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

−π

(
1
p1

+
1
p2

)
ϕ(x) +

∫

Γ∗

{t11(x, τ)ϕ(τ) + t12(x, τ)ψ(τ)} dsP = q1(x),

2πψ(x) +
∫

Γ∗

{t21(x, τ)ϕ(τ) + t22(x, τ)ψ(τ)} dsP = q2(x),

ãäå tij(x, τ) îïðåäåëåíû ñîîòíîøåíèÿìè (4.17), (4.18), (4.23) è (4.24), à
qi(x) � ñîîòíîøåíèÿìè (4.19) è (4.25).

Êàê ñëåäóåò èç ëåììû 5.2, ñóùåñòâóåò íåòðèâèàëüíîå êëàññè÷åñêîå
ðåøåíèå {ϕ, ψ} ýòîé ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé.

Ðàññìîòðèì ôóíêöèè

u1 (M) = ũ1 (M) + v1(M), M ∈ S1,

u2(M) = ũ2 (M) + v2(M), M ∈ S2,

ãäå ôóíêöèè v1 è v2 ïîñòðîåíû ïî ôîðìóëå (4.11), ïðè÷åì ôóíêöèè ϕ
è ψ èñïîëüçóþòñÿ êàê ïëîòíîñòè îáîáùåííûõ ïîòåíöèàëîâ.

Ïîñêîëüêó ôóíêöèè uj(M) (j = 1, 2) ÿâëÿþòñÿ êîìáèíàöèÿìè ôóíê-
öèé, óäîâëåòâîðÿþùèõ óðàâíåíèþ Ãåëüìãîëüöà è óñëîâèÿì èçëó÷åíèÿ
íà áåñêîíå÷íîñòè, ïîëó÷àåì, ÷òî uj(M) òàêæå óäîâëåòâîðÿþò óðàâíå-
íèþ Ãåëüìãîëüöà è óñëîâèÿì èçëó÷åíèÿ.

Ïðîâîäÿ òå æå âûêëàäêè, ÷òî è ðàíåå, ïðèõîäèì ê ñèñòåìå èíòå-
ãðàëüíûõ óðàâíåíèé (4.16), (4.22). Ïîñêîëüêó {ϕ,ψ} � ðåøåíèå ýòîé
ñèñòåìû, ïðèõîäèì ê âûâîäó, ÷òî äëÿ ôóíêöèé u1 è u2 âûïîëíåíû óñëî-
âèÿ ñîïðÿæåíèÿ íà ãðàíèöå.

Ñëåäîâàòåëüíî, ôóíêöèè u1, u2 ÿâëÿþòñÿ ðåøåíèåì çàäà÷è ñîïðÿ-
æåíèÿ (1.1) � (1.4).

Òåîðåìà 5.2. Â óñëîâèÿõ òåîðåìû 3.1 ñïðàâåäëèâû ñëåäóþùèå óòâåð-
æäåíèÿ.
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Âñÿêîå ðåøåíèå {u1, u2} çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4) äîïóñêàåò
èíòåãðàëüíîå ïðåäñòàâëåíèå

u1 (M) = ũ1 (M) + v1(M), M ∈ S1,

u2 (M) = ũ2 (M) + v2(M), M ∈ S2,
(5.23)

ãäå {ũ1, ũ2} � ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è, à v1 è v2 îïðåäåëå-
íû ôîðìóëîé (4.11) ñ ïëîòíîñòÿìè ϕ è ψ, ïîëó÷åííûìè êàê ðåøåíèå
ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

(E − T )Ψ = F, (5.24)

ãäå E, T è F = (ϕ,ψ)t îïðåäåëåíû ñîîòíîøåíèÿìè (4.27).
Ñ äðóãîé ñòîðîíû, åñëè {ϕ(x), ψ(x)} � ðåøåíèå ñèñòåìû èíòå-

ãðàëüíûõ óðàâíåíèé (5.24), òî ôóíêöèè u1(M) è u2(M), ïîñòðîåííûå ñ
ïîìîùüþ ñîîòíîøåíèÿ (5.23) ñ ïëîòíîñòÿìè ϕ(x) è ψ(x), ÿâëÿþòñÿ
ðåøåíèåì çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ìíîæåñòâî êëàññè÷åñêèõ ðåøåíèé çàäà-
÷è ñîïðÿæåíèÿ (1.1) � (1.4) ÷åðåç D. Ðàññìîòðèì òàêæå ìíîæåñòâî Q,
ñîñòîÿùåå èç ïàð (ũ1 + v1, ũ2 + v2), ãäå (ũ1, ũ2) � ðåøåíèå âñïîìîãàòåëü-
íîé çàäà÷è, à ôóíêöèè v1 è v2 ïîñòðîåíû ïî ôîðìóëàì (4.11), ïðè÷åì â
êà÷åñòâå ïëîòíîñòåé ïîòåíöèàëîâ áåðóòñÿ ðåøåíèÿ ϕ, ψ ñèñòåìû óðàâ-
íåíèé (5.24). Èç òåîðåìû ñóùåñòâîâàíèÿ ñëåäóåò, ÷òî Q 6= {(0, 0)}.

Êàê áûëî ïîêàçàíî, ôóíêöèè u1(M) è u2(M), ïîñòðîåííûå ïî ôîð-
ìóëàì (5.23) ñ ïëîòíîñòÿìè ϕ(x) è ψ(x), ïîëó÷åííûìè êàê ðåøåíèå ñè-
ñòåìû èíòåãðàëüíûõ óðàâíåíèé (5.24), ÿâëÿþòñÿ ðåøåíèåì çàäà÷è ñî-
ïðÿæåíèÿ (1.1) � (1.4). Èç ñâîéñòâ îáîáù�åííûõ ïîòåíöèàëîâ ñëåäóåò,
÷òî ýòè ôóíêöèè ÿâëÿþòñÿ êëàññè÷åñêèìè ðåøåíèÿìè. Òàêèì îáðàçîì,
èìååò ìåñòî âêëþ÷åíèå Q ⊆ D. Äàëåå, èç òåîðåìû î åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è ñîïðÿæåíèÿ ïîëó÷àåì, ÷òî |D| ≤ 1. Ñëåäîâàòåëüíî,
{(0, 0)} 6= Q = D è |D| = 1. Ïîñëåäíèå ðàâåíñòâà îçíà÷àþò ýêâèâà-
ëåíòíîñòü çàäà÷è ñîïðÿæåíèÿ (1.1) � (1.4) è ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (5.24).

6. Àëãîðèòì ïðèáëèæ�åííîãî ðåøåíèÿ
Íà îñíîâàíèè òåîðåìû ýêâèâàëåíòíîñòè 5.2 çàêëþ÷àåì, ÷òî äëÿ âû-

÷èñëåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è ñîïðÿæåíèÿ ìû ìîæåì èñ-
ïîëüçîâàòü ìåòîäû ïðèáëèæåííîãî ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé,
à äëÿ îáîñíîâàíèÿ àëãîðèòìîâ � ïðèìåíèòü ðàçðàáîòàííóþ äëÿ èíòå-
ãðàëüíûõ óðàâíåíèé ìåòîäèêó îáîñíîâàíèÿ âû÷èñëèòåëüíûõ ñõåì (ñì.,
íàïð., [3]).
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Ïðèáëèæåííîå ðåøåíèå çàäà÷è ñîïðÿæåíèÿ ñòðîèòñÿ ïî ôîðìóëå
(4.10), ïëîòíîñòè ϕ è ψ ïðè ýòîì çàìåíÿþòñÿ íà ôóíêöèè ϕ∗ è ψ∗, ïî-
ëó÷åííûå â ðåçóëüòàòå ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (4.26)
îäíèì èç ïðèáëèæåííûõ ìåòîäîâ.

Äëÿ ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé áóäåì èñïîëüçîâàòü
ìåòîä ñïëàéí�êîëëîêàöèè.

Çàäà÷à ñîïðÿæåíèÿ ýêâèâàëåíòíà ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé

K1(ϕ, ψ) ≡ ϕ(x) +

d∫

−d

{t11(x, τ)ϕ(τ) + t12(x, τ)ψ(τ)} dτ = q1(x), (6.1)

K2(ϕ,ψ) ≡ ψ(x) +

d∫

−d

{t21(x, τ)ϕ(τ) + t22(x, τ)ψ(τ)} dτ = q2(x). (6.2)

ßäðà t11(x, τ), t22(x, τ) íåïðåðûâíû, à t12(x, τ), t21(x, τ), ñîãëàñíî ôîð-
ìóëàì (4.20), (4.21), ìîæíî ïðåäñòàâèòü â âèäå

t12(x, τ) = ln|x− τ |µ12(x, τ) + t̂12(x, τ),

t21(x, τ) = ln|x− τ |µ21(x, τ) + t̂21(x, τ),

ãäå µ12(x, τ), µ12(x, τ), t̂12(x, τ), t̂21(x, τ) � ãëàäêèå ôóíêöèè.
Ðåøåíèå ñèñòåìû (5.25) � (5.26) èùåì â âèäå ñïëàéíîâ

ϕl
n(x) =

n∑

j=0l

cl
js

l
j(x), ψm

n (x) =
n∑

j=0m

dm
j sm

j (x), l,m = 0, 1, . . . ; 00 = 1.

(6.3)
×åðåç sl

j(x) îáîçíà÷åíû ôóíäàìåíòàëüíûå ñïëàéíû ïîðÿäêà l íà ñåòêå

−d = x0 < x1 < . . . < xn−1 < xn = d (6.4)

ñ óñëîâèåì
δn = max

1≤j≤n
(xj − xj−1) → 0, n →∞.

Íåèçâåñòíûå êîýôôèöèåíòû cl
j (j = 0l, n), dm

j (j = 0m, n) îïðåäåëÿåì
èç óñëîâèé

(
(K1(ϕl

n, ψm
n )

)
(xj) = q1(xj), j = 0l, n,

(
(K2ϕ

l
n, ψm

n )
)
(xj) = q2(xj), j = 0m, n.

(6.5)
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Â ñëó÷àå ñòóïåí÷àòîãî ìåòîäà ñïëàéí�êîëëîêàöèè ïðèáëèæ�åííîå ðå-
øåíèå èùåì â âèäå ñïëàéíîâ íóëåâîãî ïîðÿäêà

ϕ0
n(x) =

n∑

j=1

c0
j s0

j (x), ψ0
n(x) =

n∑

j=1

d0
j s0

j (x), (6.6)

ãäå s0
j (x) � ôóíäàìåíòàëüíûå ñïëàéíû íóëåâîãî ïîðÿäêà.

Èç (6.5) ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ
îïðåäåëåíèÿ êîýôôèöèåíòîâ {c0

j , d0
j}:

c0
j +

n∑

k=1

(
c0
k α0

jk + d0
k β0

jk

)
= q1(xj),

d0
j +

n∑

k=1

(
c0
k σ0

jk + d0
k ζ0

jk

)
= q2(xj),

j = 1, n. (6.7)

Çäåñü ââåäåíû îáîçíà÷åíèÿ

α0
jk =

xk∫

xk−1

t11(xj , τ) s0
k(τ) dτ, β0

jk =

xk∫

xk−1

t12(xj , τ) s0
k(τ) dτ,

σ0
jk =

xk∫

xk−1

t21(xj , τ) s0
k(τ) dτ, ζ0

jk =

xk∫

xk−1

t22(xj , τ) s0
k(τ) dτ.

(6.8)

Ñèñòåìó (6.7) ìîæíî çàïèñàòü â âèäå

Ae = b, (6.9)

ãäå A = [ajk]2n,2n,

ajk =





α0
jk + δjk, j, k = 1, n,

β0
j k−n, j = 1, n, k = n + 1, 2n,

σ0
j−n k, j = n + 1, 2n, k = 1, n,

ζ0
j−n k−n + δjk, j = n + 1, 2n, k = n + 1, 2n,

(6.10)

çäåñü δjk � ñèìâîë Êðîíåêåðà,

e = (ek)2n
1 =

(
c0
1, . . . , c

0
n, d0

1, . . . , d
0
n

)t
, (6.11)
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b = (bj)2n
1 = (q1(x1), . . . , q1(xn), q2(x1), . . . , q2(xn))t

. (6.12)

Â ïîëèãîíàëüíîì ìåòîäå ñïëàéí�êîëëîêàöèè ïðèáëèæ�åííîå ðåøå-
íèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé èùåì â âèäå ñïëàéíîâ ïåðâîãî
ïîðÿäêà

ϕ1
n(x) =

n∑

j=0

c1
j s1

j (x), ψ1
n(x) =

n∑

j=0

d1
j s1

j (x), (6.13)

ãäå s1
j (x) � ôóíäàìåíòàëüíûå ñïëàéíû ïåðâîãî ïîðÿäêà.

Íåèçâåñòíûå êîýôôèöèåíòû c1
j , d

1
j (j = 0, n) îïðåäåëÿåì ïî ìåòîäó

ñïëàéí�êîëëîêàöèè èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

c1
j +

n∑

k=0

(
c1
k α1

jk + d1
k β1

jk

)
= q1(xj),

d1
j +

n∑

k=0

(
c1
k σ1

jk + d1
k ζ1

jk

)
= q2(xj),

j = 0, n, (6.14)

ãäå

α1
jk =

d∫

−d

t11(xj , τ) s1
k(τ) dτ, β1

jk =

d∫

−d

t12(xj , τ) s1
k(τ) dτ,

σ1
jk =

d∫

−d

t21(xj , τ) s1
k(τ) dτ, ζ1

jk =

d∫

−d

t22(xj , τ) s1
k(τ) dτ.

(6.15)

Èñïîëüçóÿ îïðåäåëåíèå ôóíäàìåíòàëüíûõ ñïëàéíîâ ïåðâîãî ïîðÿä-
êà, ìîæíî ïåðåïèñàòü ñîîòíîøåíèÿ (6.15) â âèäå

α1
jk = τ11

jk , β1
jk = τ12

jk , σ1
jk = τ21

jk , ζ1
jk = τ22

jk , (6.16)
ãäå

τ im
j0 =

1
x1 − x0

x1∫

x0

tim(xj , τ)(x1 − τ) dτ, j = 0, n, i,m = 1, 2,

τ im
jk =

1
xk − xk−1

xk∫

xk−1

tim(xj , τ) (τ − xk−1) dτ +

+
1

xk+1 − xk

xk+1∫

xk

tim(xj , τ) (xk+1 − τ) dτ, (6.17)
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τ im
jn =

1
xn − xn−1

xn∫

xn−1

tim(xj , τ)(τ − xn−1) dτ,

j = 0, n, k = 1, n− 1, i, m = 1, 2.

Çàìåòèì, ÷òî ñèñòåìà (6.14) â ìàòðè÷íîé ôîðìå èìååò âèä

Ae = b, (6.18)

ãäå A = [ajk]2n+2,2n+2,

ajk =





α1
jk + δjk, j, k = 0, n,

β1
j k−n−1, j = 0, n, k = n + 1, 2n + 1,

σ1
j−n−1 k, j = n + 1, 2n + 1, k = 0, n,

ζ1
j−n−1 k−n−1 + δjk, j = n + 1, 2n + 1, k = n + 1, 2n + 1,

e = (ek)2n+1
0 =

(
c1
0, . . . , c

1
n, d1

0, . . . , d
1
n

)t
,

b = (bj)2n+1
0 = (q1(x0), . . . , q1(xn), q2(x0), . . . , q2(xn))t

.

7. Îáîñíîâàíèå âû÷èñëèòåëüíîé ñõåìû
Ïðè îáîñíîâàíèè âû÷èñëèòåëüíîé ñõåìû áóäåì îïèðàòüñÿ íà ìåòî-

äèêó è ðåçóëüòàòû ðàáîòû [3].
Ïóñòü X è Y � ïðîèçâîëüíûå íîðìèðîâàííûå ïðîñòðàíñòâà, à Xn

è Yn � èõ ïðîèçâîëüíûå êîíå÷íîìåðíûå ïîäïðîñòðàíñòâà îäèíàêîâîé
ðàçìåðíîñòè, ãäå n ∈ N. Ðàññìîòðèì ëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ:
òî÷íîå �

K f = g (f ∈ X, g ∈ Y ) (7.1)

è ñîîòâåòñòâóþùåå åìó ïðèáëèæ�åííîå �

Kn fn = gn (fn ∈ Xn, gn ∈ Yn) , (7.2)

ãäå K è Kn � àääèòèâíûå è îäíîðîäíûå îïåðàòîðû, äåéñòâóþùèå èç X
â Y è èç Xn â Yn ñîîòâåòñòâåííî.

Ñîãëàñíî òåîðåìå 7 ãë. I [3], åñëè äëÿ óðàâíåíèé (7.1) è (7.2) âûïîëíå-
íû óñëîâèÿ: i) îïåðàòîð K îãðàíè÷åííî îáðàòèì; ii) εn ≡ ‖K −Kn‖ → 0
è δn ≡ ‖g − gn‖ → 0, n → ∞, òî äëÿ âñåõ n ∈ N, òàêèõ, ÷òî qn ≡∥∥K−1

∥∥ εn < 1, óðàâíåíèÿ Knfn = gn îäíîçíà÷íî ðàçðåøèìû è
∥∥K−1

n

∥∥ ≤∥∥K−1
∥∥ / (1− qn), ‖f − fn| = O (εn + δn) → 0 ïðè n →∞.
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Îáîçíà÷èì ÷åðåç P l
n îïåðàòîð, êîòîðûé ëþáîé íåïðåðûâíîé ôóíê-

öèè ϕ ñòàâèò â ñîîòâåòñòâèå å�å èíòåðïîëÿöèîííûé ñïëàéí ñòåïåíè l:

P l
n ϕ =

n∑

j=0l

ϕ(xj)sl
j(x).

Îòíîñèòåëüíî âû÷èñëèòåëüíîé ñõåìû (6.6) � (6.8), (6.13) � (6.15)
ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 7.1. Â óñëîâèÿõ òåîðåìû 3.1 ïðè âñåõ n ∈ N, íà÷èíàÿ ñ
íåêîòîðîãî, ñïëàéí�ôóíêöèè ϕl

n(x), ψl
n(x) (l = 0; 1), îïðåäåëÿåìûå ìå-

òîäîì ñïëàéí�êîëëîêàöèè (6.1), (6.2), (6.6) � (6.8), (6.13) � (6.15),
ñóùåñòâóþò è åäèíñòâåííû. Ôóíêöèè f l

n =
(
ϕl

n, ψl
n

)
ñõîäÿòñÿ ê òî÷-

íîìó ðåøåíèþ f∗ = (ϕ∗, ψ∗) ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (6.1),
(6.2) ñî ñêîðîñòüþ

‖f∗ − f l
n‖ = O (max {ωx (t11; δn) , ωx (t22; δn)} + δn|ln δn|) . (7.3)

Äîêàçàòåëüñòâî. Îñíîâíîå ïðîñòðàíñòâî X, â êîòîðîì ðàññìàòðè-
âàåòñÿ ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (6.1), (6.2), áóäåì âûáèðàòü â
çàâèñèìîñòè îò ñòåïåíè l ñïëàéíîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè âû-
÷èñëèòåëüíîé ñõåìû. Â ñëó÷àå l = 0 ðàññìîòðèì ïðîñòðàíñòâî X =
M [−d, d]×M [−d, d] ñ íîðìîé

∥∥∥∥
(

ϕ
ψ

)∥∥∥∥
X

= max (‖ϕ‖M , ‖ψ‖M ) ,

ãäå M [−d, d] � ïðîñòðàíñòâî îãðàíè÷åííûõ íà [−d, d] ôóíêöèé ñ íîðìîé
‖ϕ‖M = sup

x∈[−d,d]

|ϕ(x)|. Â ñëó÷àå l = 1 ðàññìîòðèì ïðîñòðàíñòâî X =

C [−d, d]× C [−d, d] ñ íîðìîé
∥∥∥∥
(

ϕ
ψ

)∥∥∥∥
X

= max (‖ϕ‖C , ‖ψ‖C) .

Ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé (6.1), (6.2) ìîæíî çàïèñàòü â âèäå
îïåðàòîðíîãî óðàâíåíèÿ â ïðîñòðàíñòâå X

Kf ≡ f + Tf = g, (7.4)
ãäå

f =
(

ϕ(x)
ψ(x)

)
, g =

(
q1(x)
q2(x)

)
, T =

(
T11 T12

T11 T22

)
,
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Tijχ(x) =

d∫

−d

tij(x, τ)χ(τ) dτ, i, j = 1, 2.

Ïóñòü X l
n � ïðîñòðàíñòâî ôóíêöèé âèäà f l

n(x) =
(

ϕl
n(x)

ψl
n(x)

)
(l =

0; 1), ãäå ϕl
n(x), ψl

n(x) îïðåäåëåíû ñîîòíîøåíèåì (6.3). Âû÷èñëèòåëüíàÿ
ñõåìà (6.6) � (6.8), (6.13) � (6.15) ýêâèâàëåíòíà çàäàííîìó â ïðîñòðàí-
ñòâå X l

n îïåðàòîðíîìó óðàâíåíèþ

Kl
nf l

n ≡ f l
n + P

l

n(Tf l
n) = P

l

ng,
(
f l

n ∈ X l
n

)
, (7.5)

ãäå
P

l

n

(
ϕl

n(x)
ψl

n(x)

)
=

(
P l

nϕl
n (x)

P l
nψl

n(x)

)
,

à ÷åðåç P l
n îáîçíà÷åí îïåðàòîð ñïëàéí�èíòåðïîëèðîâàíèÿ ñòåïåíè l (l =

0; 1) ïî óçëàì (6.4). Ýêâèâàëåíòíîñòü çäåñü ïîíèìàåòñÿ â ñëåäóþùåì
ñìûñëå: åñëè ñèñòåìà (6.7) ïðè l = 0 (èëè (6.14) ïðè l = 1) èìååò åäèí-

ñòâåííîå ðåøåíèå {c∗j , d∗j}, òî âåêòîð f∗n =




n∑

j=0l

c∗js
l
j(x),

n∑

j=0l

d∗js
l
j(x)




t

ÿâëÿåòñÿ ðåøåíèåì (7.5), è, íàîáîðîò, åñëè (7.5) èìååò ðåøåíèå f∗n (l =
0; 1), òî ñèñòåìà (6.7) (ñîîòâåòñòâåííî (6.14)) òàêæå èìååò ðåøåíèå {c∗j , d∗j},

ïðè÷�åì f∗n =




n∑

j=0l

c∗js
l
j(x),

n∑

j=0l

d∗js
l
j(x)




t

.

Â ïðåäûäóùèõ ðàçäåëàõ äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ñèñòå-
ìû èíòåãðàëüíûõ óðàâíåíèé (6.1), (6.2). Òàêèì îáðàçîì, äëÿ äîêàçà-
òåëüñòâà îäíîçíà÷íîé ðàçðåøèìîñòè óðàâíåíèÿ (7.5) äîñòàòî÷íî ïîêà-
çàòü áëèçîñòü îïåðàòîðîâ K è Kl

n íà ïîäïðîñòðàíñòâå X l
n.

Ïóñòü f l
n ∈ X l

n, òîãäà
∥∥Kf l

n − Kl
nf l

n

∥∥ =
∥∥∥Tf l

n − P
l

nTf l
n

∥∥∥ ≤

≤ max
{∥∥T11ϕ

l
n − P l

nT11ϕ
l
n

∥∥ +
∥∥T12ψ

l
n − P l

nT12ψ
l
n

∥∥ ;
∥∥T21ϕ

l
n − P l

nT21ϕ
l
n

∥∥ +
∥∥T22ψ

l
n − P l

nT22ψ
l
n

∥∥}
.

Èñïîëüçóÿ ëåììó 5.2, ïðèõîäèì ê íåðàâåíñòâó
∥∥Kf l

n − Kl
nf l

n

∥∥ ≤

≤ max
{
ω

(
T11ϕ

l
n; δn

)
+ ω

(
T12ψ

l
n; δn

)
;ω

(
T21ϕ

l
n; δn

)
+ ω

(
T22ψ

l
n; δn

)}
.
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Ïðàâóþ ÷àñòü ýòîãî íåðàâåíñòâà ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì
∥∥Kf l

n − Kl
nf l

n

∥∥ ≤
(7.6)

≤ A1 ·max
(
ωx (t11; δn) ‖ϕl

n‖+
(
ωx

(
t̂12; δn

)
+ δn|lnδn|

) ‖ψl
n‖;

ωx (t22; δn) ‖ϕl
n‖+

(
ωx

(
t̂21; δn

)
+ δn|lnδn|

) ‖ψl
n‖

}
.

Ïîñêîëüêó ôóíêöèè t̂12, t̂21 ãëàäêèå, ìîæíî ïðîäîëæèòü íåðàâåíñòâà
(7.6):

∥∥Kf l
n − Kl

nf l
n

∥∥ ≤

≤ A2 ·max
(
ωx (t11; δn) ‖ϕl

n‖+ {δn + δn|lnδn|} ‖ψl
n‖;

ωx (t22; δn) ‖ϕl
n‖+ {δn + δn|lnδn|} ‖ψl

n‖
) ≤

≤ A3 ·
(
max {ωx (t11; δn) , ωx (t22; δn)} ‖ϕl

n‖+ δn|lnδn|‖ψl
n‖

)
.

Îáîçíà÷èâ

εn = max {ωx (t11; δn) , ωx (t22; δn)} + δn|lnδn|,
ïîëó÷èì

∥∥Kf l
n − Kl

nf l
n

∥∥ ≤ Aεn max
{‖ϕl

n‖; ‖ψl
n‖

}
= Aεn ‖f l

n‖. (7.7)

Ïðàâàÿ ÷àñòü íåðàâåíñòâà (7.7) ïðè n →∞ ñòðåìèòñÿ ê íóëþ â ñèëó
óñëîâèÿ δn → 0. Ýòî îçíà÷àåò, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 7 ðà-
áîòû [3]. Ñëåäîâàòåëüíî, îïåðàòîðíîå óðàâíåíèå (7.5) îäíîçíà÷íî ðàç-
ðåøèìî õîòÿ áû ïðè n > n0, ãäå öåëîå ÷èñëî n0 âûáðàíî èç óñëîâèÿ
εn0‖K−1‖ < 1. Ñõîäèìîñòü ïðèáëèæ�åííîãî ðåøåíèÿ ê òî÷íîìó è îöåí-
êà (7.3) ñëåäóþò èç óêàçàííîé òåîðåìû è íåðàâåíñòâà (7.6).

Çàìå÷àíèå. Áåç êàêèõ�ëèáî ñóùåñòâåííûõ èçìåíåíèé äîêàçàòåëü-
ñòâî òåîðåìû ïåðåíîñèòñÿ íà ñëó÷àé áîëåå îáùåé ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé

Kiϕ (x) = ϕ (x) +
k∑

j=1

b∫

a

µj(|x− τ |) tij ϕj(τ) dτ = gi(x), i = 1, k, (7.8)

ãäå tij(x, τ) � îãðàíè÷åííûå ôóíêöèè, íåïðåðûâíûå ïî ïåðåìåííîé x
ðàâíîìåðíî îòíîñèòåëüíî τ , gi(x) � íåïðåðûâíûå ôóíêöèè è

µj(|x− τ |) =
lnmj |x− τ |
|x− τ |αj

, mj = 0, 1, 2, . . . , N < ∞, 0 ≤ αj < 1, j = 1, k.
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×åðåç ϕ(x) = (ϕ1(x), . . . , ϕk(x)) â (7.8) îáîçíà÷åí âåêòîð íåèçâåñòíûõ
ôóíêöèé. Îòíîñèòåëüíî ñèñòåìû (7.8) ïðåäïîëàãàåì, ÷òî ïðè ëþáîé
ïðàâîé ÷àñòè g(x) = (g1(x), . . . , gk(x)) èìååòñÿ åäèíñòâåííîå ðåøåíèå.

Ïîãðåøíîñòü ïðèáëèæ�åííîãî ðåøåíèÿ îöåíèâàåòñÿ òàê:

∥∥ϕ∗ − ϕl
n

∥∥ = O

(
max
1≤i≤k

{
ω(gi; δn) +

k∑

j=1

ωx(hij ; δn) + δ1−αi
n |δn|

})
,

ãäå ϕ∗(x) = (ϕ∗1(x), . . . , ϕ∗k(x)) � òî÷íîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (7.8), à ϕl

n(x) =
{(

ϕl
n

)
1
(x), . . . ,

(
ϕl

n

)
k
(x)

}
� ïðèáëèæ�åííîå

ðåøåíèå, íàéäåííîå ñòóïåí÷àòûì (l = 0) èëè ïîëèãîíàëüíûì (l = 1)
ìåòîäîì ñïëàéí�êîëëîêàöèè.
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