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Introduction

From the early childhood we are faced with sections. Cut food,

whittle a stick or a pencil with a knife. Secant plane in all these

cases, is the plane of the knife. Sections are di�erent.

In practice, we dissect this subject into two parts, which can

be taken and well considered separately from each other. Another

thing is the section of geometric shapes on a sheet of paper. We

will only have an image of the spatial shape and its section on the

plane. In other words, to consider separately the two parts of the

�gure is impossible. the name Here will help us with our spatial

representation, which has evolved over the course of drawing the

lessons of plane and solid geometry.

None of the geometric solids do not have such perfection and

beauty as polyhedra. "Polyhedra de�ant few, once wrote of Lewis

Carroll, but it is very modest in number, the squad managed to

sneak into the depths of the various Sciences."

At the present time, the theory of geometric constructions represents

a vast and deeply developed �eld of mathematics, connected with the

solution of various fundamental questions that go to other branches

of mathematics.
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Theoretical foundations for

constructing plane sections

of polyhedra

Polyhedra's de�nition

In stereometry, shapes in space, called bodies, are studied. A

visual (geometric) body is represented as a part of the space occupied

by a physical body and bounded by a surface.

A polyhedron is a body whose surface consists of several planar

polygons. A polyhedron is called a convex if it is located on one side

of the plane of each �at polygon on its surface. The general part of

such a plane and the surface of a convex polyhedron is called a face.

The faces of a convex polyhedron are plane convex polygons. The

sides of the faces are called the edges of the polyhedron, and the

vertices are called the vertices of the polyhedron.

A cross-section of a polyhedron is a plane called a geometric

�gure, which is the set of all points of space that belong simultaneously

to a given polyhedron and a plane; The plane is called the cutting

plane.
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The surface of a polyhedron consists of edges, segments, and faces

of plane polygons. Since the line and the plane intersect at a point,

and the two planes along a straight line, the plane of the polyhedron

is a plane polygon; the vertices of this polygon are the points of

intersection of the secant plane with the edges of the polyhedron, and

the sides are the segments along which the secant plane intersects

its faces. This means that to construct the required cross-section of

a given polyhedron by the plane ? it is su�cient to construct points

of its intersection with the edges of the polyhedron. Then, in series,

connect these points, and select the visible sides with solid lines and

dashed lines the invisible sides of the resulting polygon section.

Polyhendra's exapmles

De�nitions

1. Two lines in space are parallel if they lie in the same plane

and do not intersect.

2. Two lines intersect in space, if through them one can not draw

a plane.

3. The line and the plane are parallel if they do not have common

points.

4. Two planes are parallel if they do not have common points.

5. Two lines in space are called perpendicular if the angle between

them is 90 degrees.

6. A line is called perpendicular to the plane if it is perpendicular

to any line contained in this plane.
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7. Two planes are called perpendicular if the angle between them

is 90 degrees.

Axioms

1. Through three points not lying on one line, there passes a

plane, and the only one.

2. Through line and not lying on it point, there passes a plane,

and the only one.

3. Through two intersecting lines, there passes a plane, and the

only one.

Theorems

1. If the line a not lying in the plane π is parallel to some line p

lying in the plane π, then it is parallel to the given plane.

2. Let the line p be parallel to the plane µ. If the plane π

passes through the line p and intersects the plane µ, then the line of

intersection of the planes π and µ is the straight line m-parallel to

the line p.
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3. If two intersecting lines from one plane are parallel to two

intersecting lines from another plane, then such planes will be parallel.

4. If two parallel planes α and β are intersected by the third

plane γ, then the intersection lines of the planes are also parallel:

α||β, α ∩ γ = a, β ∩ γ = b→ a||b

5.Suppose that the line l lies in the plane λ. If the line s intersects

the plane λ at a point S that does not lie on the line l, then the lines

l and s intersect.

6. If the line is perpendicular to two intersecting lines lying in a

given plane, then it is perpendicular to this plane.

7. Theorem of Three Perpendiculars

If BH is perpendicular to a plane β and if from H, the foot of

the perpendicular, a straight line AH is drawn perpendicular to any

straight line x in the plane, then AB is also perpendicular to x.
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8. If the plane passes through a straight line perpendicular to

another plane, then it is perpendicular to this plane.

Note : in order to �nd the point of intersection of a straight line

and a plane, it is su�cient to �nd the point of intersection of a given

line and its projection onto this plane.

For this, from two arbitrary points A and B of a line a we draw

perpendicular lines to the plane µ - AA′ and BB′ (points A′, B′ are

called projections of points A,B on the plane). Then the line A′B′ is

the projection of the line a to the plane µ. The point M = a∩A′B′

is the intersection of a line a and plane µ.

And note that all points A,B,A′, B′,M lie in the same plane.
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Various methods for

constructing plane sections

of polyhedra

The construction of polyhedra's cross-sections

based on the axiom system of stereometry

Task 1. Construct a cross-section of the pyramid PABC by

plane α = (MKH), where M,K and H - internal points of edges

PC,PB and AB, respectively.
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Solution

Step 1. The points M and K lie in each of the two planes α and

(PBC). Therefore, according to the axiom of intersection of two

planes, the plane α intersects the plane (PBC) along the straight

line MC. Consequently, the segment MK is one of the sides of the

required section. Similarly, the segment KH is the other side of the

required section.

Step 1
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Step 2. The points M and H do not lie simultaneously in any of

the faces of the pyramid PABC, so the segment MH is not the side

of the section of this pyramid. StraightKH and PA lie in the plane of

the face PAB and intersect. We construct the point T = KN ∩AP .

Step 2

Step 3. Since the line KH lies in the plane α, the point T lies in

the plane α. Now we see that the planes α and (PAC) have common

points M and T . Therefore, according to the axiom of intersection

of two planes, the plane α and the plane (PAC) intersect along the

straight line MT , which intersects the edge AC at the point R.
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Step 3

Step 4. The plane α intersects the faces PAC and ABC along

the segments MR and HR, respectively. Consequently, the required

cross-section is the quadrilateral MKHR.

Step 4

Task 2. Construct the cross-section of the pyramid MABCD

by the plane α = (KHP ), where K,H and P are the interior points
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of the edges MA,MB and MD, respectively.

Solution

The �rst two steps are similar to steps 1 and 2 of the previous

task. As a result, we obtain the sides of the KR and KN of the

required section. We construct the remaining vertices and sides of

the polygon-section.

Step 3. We extend the segment KP to the intersection with

the line AD at the point F . Since the straight line KP lies in the

intersecting plane α, the point F = KP ∩ AD = KP ∩ (ABC) is

common for the planes α and (ABC).

Step 4. We extend the segment KH to the intersection with

the line AB at the point L. Since the straight line KH lies in the

intersecting plane α, the point L = KH ∩ AB = KH ∩ (ABC) is

common for the planes α and (ABC).

Thus, the points F and L are common for the planes α and ABC.

This means that the plane α intersects the plane ABC of the base

of the pyramid along the line FL.

Step 5. Draw the line FL. This line intersects the edge DC at

the point T .

Step 6. Now we draw a segment PT , along which the plane α

intersects the face (MCD) of this pyramid. The intersection point

Q of the segment PT and the plane (MCD) lies on the edge MC.

We get the quadrilateral PKHQ - the desired cross-section of the

pyramid MABCD.
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Desired cross-section PKHQ

Let us consider more di�cult task.

Task 3. Construct the cross-section of the pentagonal pyramid

PABCDE by the plane α = (KQR), where K,Q are the interior

points of the edges PA and PC, respectively, and the point R lies

inside the face of (DPE).
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Solution

Step 1. The straight lines QK and AC lie in one plane (PAC)

(by the axiom of the line and the plane) and intersect at some point

T1, while T1 ∈ α, since QK ∈ α.

Step 1

Step 2. The line PR intersects DE at some point F , which is

the intersection point of the plane (PAR) and the side DE of the

pyramid base. Then the lines KR and AF lie in the same plane

(PAR) and intersect at some point of T2, with T2 ∈ α as the point

of the line KR ∈ α (by the axiom of the line and the plane).
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Step 2

Step 3. The straight line T1T2 lies in the secant plane α and in

the plane of the base of the pyramid (along the axiom of the straight

line and the plane), while the straight line intersects the sides DE

and AE of the base ABCDE of the pyramid, respectively, at the

points M and N , which are the points of intersection of the plane

α with the edges DE and AE and serve as vertices of the required

section.

17



Step 3

Step 4. The line MR lies in the plane of the face (DPE) and

in the secant plane α (by the axiom of the line and the plane),

intersecting the edge PD at some point H-one more vertex of the

required section.

Step 4
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Step 5. We construct the point T3 = T1T2 ∩ AB, which, as a
point of the straight line T1T2 ∈ α, lies in the plane α (according

to the axiom of the line and the plane). Now two points T3 and K

of the secant plane α belong to the plane (PAB) , so the straight

line T3K is the intersection line of these planes. The straight line

T3K intersects the edge PB at the point L, which serves as the next

vertex of the required section.

Step 5

Construction

1. T1 = QK ∩AC;
2. F = PR ∩DE;
3. T2 = KR ∩AF ;
4. M = T1T2 ∩DE;
5. N = T1T2 ∩AE;
6. H =MR ∩ PD;
7. T3 = T1T2 ∩AB;
8. L = T3K ∩ PB.
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The hexagon MNKLQH is the required section.

MNKLQH is the required section
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Tasks for independent work

Construct cross-sections passing through the points K,L,M .

a) b)

c) d)

e) f)

21



Trace method in constructing plane sections of

polyhedra

The line along which the intersecting plane α intersects the plane

of the base of the polyhedron is called the trace of the plane α in

the plane of this base.

From the de�nition of the trace we obtain: at each of its points

there are intersections of lines, one of which lies in the cutting plane,

the other in the plane of the base. It is this property of the trace

that is used in the construction of �at sections of polyhedra by the

method of traces. Moreover, in the cutting plane, it is convenient to

use straight lines that intersect the edges of the polyhedron.

The basic rules for constructing sections by the trace method:

- If two points of the section plane are given (or already constructed)

on one face of the polyhedron, then the trace of the section of this

plane is a straight line passing through these two points;

- If a straight line intersecting the plane of the section with the

base of the polyhedron (the trace on the base) is given (or already

constructed) and is a point belonging to a certain lateral face, then

it is necessary to determine the point of intersection of this trace

with this lateral face (the point of intersection of this trace with the

common straight base and this side face);

- The point of intersection of the plane of sections with the base

can be de�ned as the point of intersection of any straight line in the

plane of the section with its projection onto the plane of the base.

The essence of the method consists in constructing an auxiliary

line, which is an image of the line of intersection of the cutting plane

with the plane of any face of the �gure. It is most convenient to

construct an image of the intersection of the cutting plane with the
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plane of the lower base. Using the trace, it is easy to construct images

of the points of the cutting plane that are on the side edges or faces

of the �gure.

First, the secant plane, we de�ne it in the plane of the base of

the prism (pyramid) and the point belonging to the surface of the

prism (pyramid).

Task 1. Construct the cross-section of the prism

ABCDEA1B1C1D1E1 by the plane α, which is given by the

trace l in the plane (ABC) of the base of the prism and by the point

M belonging to the edge DD1.

Analysis

Suppose that the pentagon MNPQR is the required section. To

construct this �at pentagon it is su�cient to construct its vertices

N,P,Q,R (the point M is given) - the points of intersection of the

secant plane α with the edges CC1, BB1, AA1, EE1 of the given

prism, respectively.

To construct the point N = α∩CC1, it is su�cient to construct

the intersection line of the secant plane α with the plane of the face
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(CDD1C1). For this, in turn, it is su�cient to construct in the plane

of this face another point belonging to the secant plane α. How to

build such a point?

Since the line l lies in the plane of the base of the prism, it

can intersect the plane of the face (CDD1C1) only at a point that

belongs to the straight line CD = (CDD1) ∩ ABC, i.e. the point
X = l ∩ CD = l ∩ (CDD1) belongs to the secant plane α. Thus, to

construct a point N = α ∩ CC1, it is su�cient to construct a point

X = l ∩ CD.
Similarly, to construct points P = α ∩ BB1, Q = α ∩ AA1 and

R = α ∩ EE1, it su�ces to construct the points: Y = l ∩ BC,Z =

l ∩AB and T = l ∩AE.
Construction

1. X = l ∩ CD;
2. N =MX ∩ CC1;

3. Y = l ∩BC;
4. P = NY ∩BB1;

5. Z = l ∩AB;
6. Q = PZ ∩AA1;

7. T = l ∩AE;
8. R = QT ∩ EE1.

9. Pentagon MNPQR is the required section.

step 1 step 2
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step 3 step 4

step 5 step 6

step 7 step 8

Pentagon MNPQR is the required section
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Proof

Since the line l is the trace of the secant plane α, the points

X = l ∩ CD, Y = l ∩ BC, Z = l ∩ AB and T = l ∩ AE belong to

this plane.

So we have:

M ∈ α,X ∈ α ⇒ MX ∈ α, then MX ∩ CC1 = N ∈ α, which
means that N = α ∩ CC1;

N ∈ α, Y ∈ α ⇒ NY ∈ α, then NY ∩ BB1 = P ∈ α, which

means that P = α ∩BB1;

P ∈ α,Z ∈ α⇒ PZ ∈ α, then PZ∩AA1 = Q ∈ α, which means
that Q = α ∩AA1;

Q ∈ α, T ∈ α⇒ QT ∈ α, then QT ∩EE1 = R ∈ α, which means
that R = α ∩ EE1;

Hence, MNPQR is the required section.

Research

The trace l of the secant plane α does not intersect the base of

the prism, and the point M of the cutting plane belongs to the side

edge DD1 of the prism. Therefore, the secant plane α is not parallel

to the lateral edges. Consequently, the points N,P,Q and R of the

intersection of this plane with the lateral edges of the prism (or the

extensions of these edges) always exist. And since, in addition, the

point M does not belong to the trace l, the plane α de�ned by them

is unique. This means that the task has (always) a unique solution.

Task 2.

Construct the section of the pyramid SABCD by the plane α,

which is given by the point M on the edge SC, the points N and P

in the faces SAB and SAD, respectively.

Analysis

Suppose that the quadrilateralGEMF is the required section. To
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construct this plane quadrilateral it su�ces to construct its vertices

G,E,M (the point M is given) - the points of intersection of the

secant plane ? with the edges of SA, SB, SD, respectively, of this

pyramid.

To construct the trace p, we need to determine the points X

and Y . To do this, we construct the projections P ′ = SP ∩AD and

N ′ = SN ∩ AB of the points P and 0N on the plane of the base

of the pyramid (ABCD). X = PN ∩ P ′N ′. The projection of the

point M to the plane of the base of the pyramid is the vertex C.

Y = MN ∩ CN ′. Thus we have obtained the trace p given by the

points X and Y .

Since the line p lies in the plane of the base of the pyramid, it can

intersect the plane of the face SBC only at the point that belongs

to the line BC = (SBC) ∩ (ABCD), i.e. the point Z = p ∩ BC =

p∩ (SBC) belongs to the secant plane α. Thus, to construct a point
E on an edge SB that belongs to the required section, it su�ces to

intersect the lines SB andMZ lying in the plane of the face (SBC).

Similarly, for the construction of the points G = α ∩ SA, F =

α ∩ SD, it is necessary to intersect the edges with the straight lines

27



EN and GP , which have already been found, respectively.

Construction

1. P ′ = SP ∩AD;
2. N ′ = SN ∩AB;
3. X = PN ∩ P ′N ′;

4. Y =MN ∩ CN ′;

5. p = XY is the trace of the secant plane α;

6. Z = p ∩BC;
7. E =MZ ∩ SB;
8. G = EN ∩ SA;
9. F = GP ∩ SD;
The quadrilateral GEMF is the required cross-section.

The quadrilateral GEMF is the required cross-section

Proof

Since the line p is the trace of the secant plane α, the points

X = p ∩ P ′N ′, Y = P ∩ CN ′, Z = l ∩BC belong to this plane.

So we have:

M ∈ α,Z ∈ α ⇒ MZ ∈ α, then MZ ∩ SB = E ∈ α, which

means that E = α ∩ SB;
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N ∈ α,E ∈ α⇒ NE ∈ α, then NE∩SC = G ∈ α, which means
that G = α ∩ SA;

G ∈ α, P ∈ α⇒ GP ∈ α, then GP ∩ SD = F ∈ α, which means
that F = α ∩ SD00;

The quadrilateral GEMF is the required cross-section.

Research

The trail p of the secant plane α does not intersect the base of

the pyramid, and the point M of the secant plane belongs to the

side edge SC of the pyramid. Therefore, the secant planeα is not

parallel to the lateral edges. Consequently, the points G,E, F of the

intersection of this plane with the lateral edges of the pyramid (or

the extensions of these edges) always exist. And since, in addition,

the point M does not belong to the trace p, the plane α de�ned

by them is unique. This means that the task has (always) a unique

solution.
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Tasks for independent work

1. Construct the cross-section of the prismABCDEA1B1C1D1E1

by a plane passing through three points M,N,K. The point M lies

on the edge BB1, the point N lies in the plane CC1D1D, the point

K - in the plane (AA1E).

2. Construct the CROSS-section of the pyramid SABCDE by a

plane passing through the point K belonging to the face SAB and

the line l lying on the face of (SCD).

3. Construct the cross-section of the prism ABCDA1B1C1D1

by a plane passing through the points M,N,K lying on the edges

AA1, BB1 and CC1, respectively.

4. Construct the section of the parallelepiped ABCDA′B′C ′D′

by the plane (LMN) if the point L is in the face of BCC ′B′, the

point N is on the edge AD, the point M is on the edge CD.
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The method of internal projection in the con-

struction of polyhedra's plane sections

In some textbooks this method of constructing sections of polyhedra

is called the method of internal design or the method of correspondence,

or by the method of diagonal sections. This method consists in the

fact that in order to construct a section, those points of the lower

base of the polyhedron that are in one-to-one correspondence with

the points of the required section are initially constructed.

Task 1. Construct the cross-section of the straight prism

ABCDA1B1C1D1 by a plane passing through the pointsG,E, F .

1. Draw straight lines GF and FE - straight lines, along which

the plane will cut the faces ADD1A1 and CDD1C1 of the prism.
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Step 1

2. Draw the straight lineGE of the secant plane and its projection

AC onto the base plane.

Step 2

3. Draw a straight line BD - this is the projection of the future

straight secant plane, which must be restored, having received the

missing point of this line (and the cutting plane). The constructed

projection BD intersects the projection AC at the point H.
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Step 3

4. From the point H we construct a perpendicular to the base,

and bring it to the intersection with the line GE, thus obtaining a

point T belonging to the section.

Step 4

5. Through the points F and T of the secant plane, draw a

straight line until the edge BB1 intersects it. Thus, we obtain the

last point Q of the required polygon of the section.
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Step 5

6. We construct a section by joining the points G and Q, Q and

E sequentially. The desired section is the quadrilateral GQEF .

Step 6

It is impossible to master the method of internal projection, not

having learned to work with the pyramids, because their lateral faces

are inclined to the base. Therefore, when constructing sections of

pyramids, the method of internal projection has its own peculiarities.
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Task 2. Construct a cross-section of the regular hexagonal pyramid

by the method of internal projection. The plane of the section is

drawn through the points O,Q, P .

1. We draw the segment PQ, along this straight line the plane

cuts the face of SDE. Draw the line OQ of the plane, and its

projection AD in the plane of the base.

Step 1

2. We connect the vertex B with the vertex F , and the vertex

C with the vertex E, obtaining the projections of the future lines

35



of the required plane of the section. The straight line BF intersects

AD at the point R, the line EC intersects AD at the point K.

Step 2

3. At this step, the features of the construction manifest themselves:

since the lateral faces have an inclination to the base, it is incorrect to

restore the perpendiculars from the points obtained. It is necessary

to connect points R and K with the top of the pyramid. Then the

intersection of the line SR with the straight line OQ of the plane -

the point V - will belong to the section. Similarly, the intersection of

the straight line SK and the line OQ will give us the section point

W .

Step 3
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4. In the same way we get the point Y . Draw BE, the intersection

of BE and AD will give us the base of the height of the pyramid -

the point Y .

Step 4

5. We de�ne the intersection of the height of the pyramid with

the straight line OQ-point Z.

6. We draw the line PZ. Since both points belong to the plane,

the whole line belongs to the plane and intersects the opposite edge

SB at the point L.

Steps 5, 6
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7. We draw the line of the secant plane LV . Its intersection with

the edge SF is the point N .

8. We draw a straight line of the secant plane PW . Its intersection

with the edge SC is the point M .

Steps 6, 7

9. Now we have all the points in which the cross section crosses

the edges of the pyramid. Just connect them. We obtain the required

section OLMQPN .

Step 9
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Tasks for independent work

1. Construct a section of the regular pentagonal prism

ABCDEA1B1C1D1E1 by a plane passing through pointsN,O,P

by the method of internal projection.

2. Construct the cross-section of the hexagonal regular prism

ABCDEFA1B1C1D1E1F1 by a plane passing through pointsN,O,M

by the method of internal projection.

3. Construct a cross-section of a regular quadrangular prism by

the method of internal projection. Two of the three points through

which the cross section passes lie in the faces of the pyramid. For a

clearer visualization, the points N and O were connected to the top
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of the pyramid S and obtained the intersection points P and Q with

the base edges.
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The construction of polyhedra's cross-sections

in SCM Maple
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1. Construct a cross-section of the prism ABCDEA′B′C ′D′E′

passing through the points P,Q,R.
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2. Construct a cross-section of the pyramid SABCD, passing

through the points P,Q,R.
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