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A.V. Abanin (Rostov-na-Donu, Russia), Pham Trong Tien (Hanoi,
Vietnam)

avabanin@sfedu.ru, phamtien@mail.ru
DYNAMICS OF CLASSICAL OPERATORS IN WEIGHTED SPACES

OF HOLOMORPHIC FUNCTIONS1

It will be given a survey of some recent and new results concerning various properties
of classical operators in weighted spaces of holomorphic functions in the unit dick or
the complex plane de�ned by radial weights.
We will discuss the main results from [1], [2] where it was developed a new approach

to study boundedness and compactness of the di�erentiation and integration operators
and from [3] where Tien extended and partially improved some previous results by
Chan and Shapiro on dynamical properties of the translation operator.
The next point of the survey will be devoted to our new results concerning invariant

subspaces and cyclic elements of the integration operator. Recently, Aleman and Koren-
blum [4] and Constantin and Pel�aez [5] have proposed two di�erent methods to study
this problem in weighted spaces of holomorphic functions. From some reasons these
methods can be applied to only those weights that have a very special form. We develop
a new technique that allows us to give a complete description of invariant subspaces
of the integration operator for a wide family of Bergman, Fock, Bloch, and Dirichlet
spaces given by weights of a general type. We show also that this technique works as
well for the di�erentiation operator.

R E F E R E N C E S
1. Abanin A.V., Pham Trong Tien. Di�erentiation and integration operators on weighted Banach spaces of holomorphic

functions. Math. Nachr. 2017. Vol. 290 (to appear). DOI: 10.1002/mana.201500405.
2. Abanin A.V., Pham Trong Tien. Compactness of di�erentiation and integration operators on weighted Banach spaces of

holomorphic functions. Collect. Math. 2017. Vol. 68 (to appear). DOI: 10.1007/s13348-016-0185-z.
3. Pham Trong Tien. Translation operators on weighted spaces of entire functions. Proc. Amer. Math. Soc. 2016. Vol. 145,

No. 2, pp. 805�815.
4. Aleman A., Korenblum B. Volterra invariant subspaces of Hp. Bull. Sci. Math. 2008. Vol. 132, No. 6, pp. 510�528.
5. Constantin O., Pel�aez J.A. Integral operators, embedding theorems and a Littlewood-Paley formular on weighted Fock

spaces. J. Geom. Anal. 2016. Vol. 26, No. 2, pp. 1109�1154.

Î.Ã. Àâñÿíêèí (Ðîñòîâ-íà-Äîíó)
avsyanki@math.rsu.ru

ÈÍÒÅÃÐÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ ÂÎËÜÒÅÐÐÎÂÑÊÎÃÎ ÒÈÏÀ Ñ
ÎÄÍÎÐÎÄÍÛÌÈ ßÄÐÀÌÈ

Ïóñòü Bn = {x ∈ Rn : |x| 6 1} è 1 < p <∞. Ðàññìîòðèì âåñîâîå ïðîñòðàíñòâî

Lp,v(Bn) = {f(x) : f(x)v1/p(|x|) ∈ Lp(Bn)},
1The research of A.V. Abanin was supported by Russian Foundation for Basic Research under Project 15-01-01404
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ãäå v(t) � íåïðåðûâíàÿ è ïîëóìóëüòèïëèêàòèâíàÿ ôóíêöèÿ, òàêàÿ ÷òî v(t) > 1.

Â ïðîñòðàíñòâå Lp,v(Bn) ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð

(Kϕ)(x) =

∫
|x|6|y|61

k(x, y)ϕ(y) dy, x ∈ Bn,

ïðåäïîëàãàÿ, ÷òî ôóíêöèÿ k(x, y) îïðåäåëåíà íà Rn × Rn è óäîâëåòâîðÿåò ñëåäó-
þùèì óñëîâèÿì:

1) k(αx, αy) = α−nk(x, y), ∀α > 0;

2) k(ω(x), ω(y)) = k(x, y), ∀ω ∈ SO(n);

3)
∫
|y|>1

|k(e1, y)||y|−n/pv(|y|−1) dy <∞, ãäå e1 = (1, 0, . . . , 0).

Íàçîâåì ñèìâîëîì îïåðàòîðà λI −K ôóíêöèþ

σ(m, ξ) = λ−
∫
|y|>1

k(e1, y)Pm(e1 · y′)|y|−n/p+iξ dy,

ãäå y′ = y/|y|, Pm(t) � ìíîãî÷ëåíû Ëåæàíäðà. Ñèìâîë çàäàåòñÿ íà íåêîòîðîì
êîìïàêòå, çàâèñÿùåì îò âåñîâîé ôóíêöèè v(t). Ïîêàçàíî, ÷òî íåâûðîæäåííîñòü
ñèìâîëà σ(m, ξ) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì îáðàòèìîñòè îïå-
ðàòîðà λI −K.
Îáîçíà÷èì ÷åðåç A íàèìåíüøóþ çàìêíóòóþ ïîäàëãåáðó áàíàõîâîé àëãåáðû

L(Lp(Bn)), ñîäåðæàùóþ âñå îïåðàòîðû λI − K. Àëãåáðà A êîììóòàòèâíà. Äëÿ
àëãåáðû A ïîñòðîåíî ñèìâîëè÷åñêîå èñ÷èñëåíèå, â òåðìèíàõ êîòîðîãî ïîëó÷åí
êðèòåðèé îáðàòèìîñòè îïåðàòîðîâ èç ýòîé àëãåáðû.
Â êà÷åñòâå ñëåäñòâèÿ ðàññìîòðåí ñëó÷àé áåçâåñîâîãî ïðîñòðàíñòâà Lp(Bn).

A. V. Harutyunyan (George, Marinescu, Yerevan State University,
University of Cologne)

anahit@ysu.am
HANKEL AND BEREZIN TYPE OPERATORS ON WEIGHTED

BESOV SPACES OF HOLOMORPHIC FUNCTIONS ON POLYDISCS

Assuming that S is the space of functions of regular variation(see [2]) and ω =
(ω1, . . . , ωn), ωj ∈ S, by Bp(ω) we denote the class of all holomorphic functions de�ned
on the polydisk Un such that

‖f‖pBp(ω) =

∫
Un
|Df(z)|p

n∏
j=1

ωj(1− |zj|)dm2n(z)

(1− |zj|2)2−p < +∞,
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where dm2n(z) is the 2n-dimensional Lebesgue measure on Un and D stands for a
special fractional derivative of f de�ned here. As in the one-dimensional case, Bp(ω) is
a Banach space with respect to the norm ‖·‖Bp(ω). For properties of holomorphic Besov
spaces see [1]. In this paper we consider also the generalized Berezin type operators
on Bp(ω) (and on Lp(ω)) and prove some theorems about the boundedness of these
operators. Let us de�ne the little Hankel operators as follows: denote by Bp(ω) the
space of conjugate holomorphic functions on Bp(ω). For the integrable function f on
Un we de�ne the generalized little Hankel operator with symbol h ∈ L∞(Un) by

hαg (f)(z) = P α(fg)(z) =

∫
Un

(1− |ζ|2)α

(1− ζz)α+2
f(ζ)g(ζ)dm2n(ζ),

α = (α1, . . . , αn), αj > −1, 1 ≤ j ≤ n.

For n = 1, α = 0 this includes the de�nition of the classical little Hankel operator,
see [3]. we consider the boundedness of little Hankel operator on Bp(ω). For the case
0 < p < 1 and for the case p = 1 we have the following results
Theorem 1. Let 0 < p < 1, f ∈ Bp(ω) (or f ∈ B

p
(ω)), g ∈ L∞(Un). Then

hαg (f) ∈ Bp(ω) if and only if αj > αωj/p− 2, 1 ≤ j ≤ n.

Theorem 2. Let f ∈ B1(ω), g ∈ L∞(Un). Then hαg (f) ∈ B1(ω) if and only if
αj > αωj − 2, 1 ≤ j ≤ n. The case p > 1 is di�erent from the cases of 0 > p < 1 and
from the case of p = 1. Here we have the following
Theorem 3. Let 1 < p < +∞, f ∈ Bp(ω) (or f ∈ Bp(ω)), g ∈ L∞(Un). Then if

αj > αωj , 1 ≤ j ≤ n then hαg (f) ∈ Bp(ω).
For the integrable function f on Un and for g ∈ L∞(Un) we de�ne the Berezin-type

operator in the following way

Bα
g f(z) =

(α + 1)

πn
(1− |z|2)α+2

∫
Un

(1− |ζ|2)α

|1− zζ|4+2α
f(ζ)g(ζ)dm2n(ζ).

In the case α = 0, g ≡ 1 the operator Bα
g will be called the Berezin transform. We

have the following results:
1. for the case of 0 < p < 1 we have
Theorem 4. Let 0 < p < 1, f ∈ Bp(ω) (or f ∈ Bp(ω)), g ∈ L∞(Un) and let

αj > αωj/p− 2, 1 ≤ j ≤ n. Then Bα
g (f) ∈ Lp(ω). 2. the case 1 < p < +∞ gives the

next theorem
Theorem 5. Let 1 < p < +∞, f ∈ Bp(ω) (or f ∈ Bp(ω)), g ∈ L∞(Un) and let

αj > (αωj/p− 2, 1 ≤ j ≤ n. Then Bα
g (f) ∈ Lp(ω).

3. we consider now the case of p = 1.
Theorem 6. Let f ∈ B1(ω) (or f ∈ B1(ω)), g ∈ L∞(Un). Then Bα

g (f) ∈ L1(ω) if
and only if αj > αωj , 1 ≤ j ≤ n.
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D. Harutyunyan (Yerevan State University, Armenia)
davith@math.utah.edu

QUANTITATIVE BRUNN-MINKOWSKI AND ISOPERIMETRIC
INEQUALITIES: WHEN THE CAUCHY INEQUALITY BECOMES A

FORMULA

In this talk we revisit the anisotropic isoperimetric and the Brunn-Minkowski ine-
qualities for convex sets. The best known constant C(n) = Cn7 depending on the space
dimension n in both inequalities is due to Segal. We improve that constant to Cn6 for
convex sets and to Cn5 for centrally symmetric convex sets. We also conjecture, that
the best constant in both inequalities must be of the form Cn2, i.e., quadratic in n.
The tools are the Brenier's mapping from the theory of mass transportation combined
with new sharp geometric-arithmetic mean and some algebraic inequalities plus a trace
estimate by Figalli, Maggi and Pratelli. We also prove a new formula for the di�erence
of arithmetic and geometric means, which provides with the necessary sharp versions
of the Cauchy inequality.

A. Akbulut (Kirsehir, Turkey)
akbulut72@gmail.com

SOME EMBEDDING THEOREMS ON THE NIKOLSKII-MORREY
TYPE SPACES

In this study, the Nikolskii-Morrey type spaces were introduced and studied. Some
embedding theorems are obtained in these spaces with the help of Nikolskii type integral
representation.
This work was supported by the Ahi Evran University Scienti�c Research Projects

Coordination Unit. Project Number: FEF.A3.16.023.
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T.M. Andreeva, A.V. Abanin (Rostov-na-Donu, Russia)
metzi@yandex.ru, abanin@math.sfedu.ru

THE SURJECTIVITY OF CONVOLUTION OPERATORS ON
HOLOMORPHIC WEIGHTED SPACES IN BOUNDED CONVEX

DOMAINS

Let G be a domain in C and H(G) the space of all holomorphic functions in G.
For a continuous function (a weight) v : G → R de�ne the Banach space Hv(G) :={
f ∈ H(G) : ||f ||v := sup

z∈G
|f(z)|e−v(z) < ∞

}
. For an increasing sequence of weights

V = (vn) de�ne the inductive limit VH(G) := indHvn(G).
Let µ be an analytic functional on C carried by a convex compact setK. Under some

restrictions on a weight sequence which are similar to those used by V.V. Napalkov
([2]) we study the continuity and surjectivity of the convolution operator µ∗f(z) : f 7→
µwf(z + w) that maps VH(G+K) into (onto) VH(G). We establish the surjectivity
criteria for the convolution operator in terms of its Laplace (Fourier-Borel) transform
µ̂(ζ) := µze

〈z·〉 via an appropriate description of the spaces that are conjugated to
VH(G+K) and VH(G).
The main results are the following:
1) We obtain a criterion of continuity for the convolution operator µ∗ : VH(G +

K)→ VH(G);
2) We establish a functional criterion of surjectivity for convolution operator in terms

of the closure of the image of the multiplication operator f 7→ µ̂f that is conjugate to
µ∗;
3) In the case vn(z) = n|z|α, α > 0, we �nd out a criterion of surjectivity for

convolution operator in terms of regular growth of µ̂ (the lower estimate on |µ̂| outside
some exceptional set).
A similar research was presented in [1] for the spaces of functions that are holomorphic

in a convex domain and have a polynomial growth near its boundary (the weight
sequence vn(z) = n ln(1 + |z|)).
The research was supported by Russian Foundation for Basic Research under Project

15-01-01404.
R E F E R E N C E S
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À.Á. Àíòîíåâè÷ (Ìèíñê, Áåëîñòîê), Å.Þ. Ëåîíîâà (Ìèíñê)
antonevich@bsu.by, genieleo@mail.ru

ÂÀÐÈÀÖÈÎÍÍÛÉ ÏÐÈÍÖÈÏ ÄËß ÏÐÎÄÎËÆÅÍÈß
ÔÓÍÊÖÈÎÍÀËÀ

Âàðèàöèîííûì ïðèíöèïîì äëÿ ôóíêöèîíàëà f , çàäàííîãî íà ïðîñòðàíñòâå C(X)
íåïðåðûâíûõ ôóíêöèé íà êîìïàêòíîì ïðîñòðàíñòâå X, íàçûâàåòñÿ åãî ïðåäñòàâ-
ëåíèå â âèäå

f(ϕ) = sup
µ∈M

{∫
X

ϕ(x)dµ− g(µ)

}
, ϕ ∈ C(X), (1)

ãäå g åñòü ôóíêöèîíàë íà ñîïðÿæåííîì ïðîñòðàíñòâå C(X)′ è M åñòü íåêîòîðîå
ïîäìíîæåñòâî â C(X)′.
Â ïðèëîæåíèÿõ ôèçè÷åñêèé ñìûñë èìååò ôóíêöèÿ a(x) = eϕ(x) è f ïîðîæäàåò

ôóíêöèîíàë F (a) = f(ln a), îïðåäåëåíûé íà îòêðûòîì êîíóñå K ⊂ C(X), ñîñòî-
ÿùåì èç ñòðîãî ïîëîæèòåëüíûõ ôóíêöèé. Íî óñëîâèå ñòðîãîé ïîëîæèòåëüíîñòè
ôóíêöèè a íå îïðàâäàíî ôèçè÷åñêè, â ñâÿçè ñ ÷åì âîçíèêàåò çàäà÷à î ïðîäîëæåíèè
F íà çàìêíóòûé êîíóñ K, ñîñòîÿùèé èç íåîòðèöàòåëüíûõ ôóíêöèé. Îñîáåííîñòü
ýòîé çàäà÷è çàêëþ÷àåòñÿ â òîì, ÷òî, äàæå åñëè ôóíêöèîíàë F íåïðåðûâåí, ó íåãî
ìîæåò íå ñóùåñòâîâàòü íåïðåðûâíîãî ïðîäîëæåíèÿ íà K. Èññëåäîâàíèå ýòîé çà-
äà÷è ïîòðåáîâàëî îáîáùåíèÿ íåêîòîðûõ êëàññè÷åñêèõ ðåçóëüòàòîâ. Â ÷àñòíîñòè,
ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå, êîòîðîå ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû Äèíè.
Òåîðåìà 1. Åñëè ìîíîòîííî óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëóíåïðåðûâ-

íûõ ñâåðõó ôóíêöèé fn íà êîìïàêòíîì ïðîñòðàíñòâå T ñõîäèòñÿ òî÷å÷íî ê f ,
òî ôóíêöèÿ f òàêæå ïîëóíåïðåðûâíà ñâåðõó è

lim
n→∞

max
t∈T

fn(t) = max
t∈T

f(t).

Òåîðåìà 2. Åñëè â ïðåäñòàâëåíèè (1) ôóíêöèîíàëà f ìíîæåñòâîM îãðàíè÷å-
íî è ñîñòîèò èç (ïîëîæèòåëüíûõ) ìåð, òî ó ôóíêöèîíàëà F íà K ñóùåñòâóåò
òîëüêî îäíî ìîíîòîííîå è ïîëóíåïðåðûâíîå ñâåðõó ïðîäîëæåíèå F íà K è äëÿ
ýòîãî ïðîäîëæåíèÿ ñïðàâåäëèâ âàðèàöèîííûé ïðèíöèï

F (a) = sup
µ∈M

{∫
X

ln a(x)dµ− g(µ)

}
, a ∈ K.



¾Table of contents¿

Functional Analysis and Operator Theory 19

E.G. Bakhtigareeva (Moscow, Russia)
salykai@yandex.ru

AN OPTIMAL IDEAL SPACE FOR A CONE OF DOUBLE
MONOTONE FUNCTIONS

Let T0 ∈ (0,∞], Y = Y (0, T0) be an ideal space (shortly: IS), generated by ideal
quasinorm (shortly: IQN) ρ; let M be the set of measurable almost everywhere �nite
functions, M+ = {f ∈M : f > 0} .

K1 =

{
h ∈ Y : 0 ≤ h(t),

h(t)

ϕ(t)
↓, h(t)

ψ(t)
↑
}

; ρK1
(h) := ρ(h),∀h ∈ K1. (1)

Here, ϕ, ψ ∈ C(0, 2T0) are given functions, λ(t) := ϕ(t)
ψ(t) ↑; λ ∈ ∆2. λ ∈ ∆2 ⇔

supt∈(0,T0)

[
λ(2t)
λ(t)

]
<∞. Next, we �x t0 ∈ (0, T0) and consider

h0(t) =
ϕ(t)

ϕ(t0)
, t ∈ (0, t0]; h0(t) =

ψ(t)

ψ(t0)
, t ∈ (t0, T0). (3)

We have 0 < h0(t)
ϕ(t) ↓, 0 < h0(t)

ψ(t) ↑ . Let the condition be satis�ed

ρ(h0) <∞. (4)

Then h0 ∈ K1. Next, let the condition be satis�ed, and : for ∀τ ∈ (0, T0)

λ(t)

λ(t+ τ)
↑ on (0, T0) (by t). (5)

Consider the operator A0 : M(0, T0)→M+(0, T0) (norm taken by τ ):

(A0f)(t) = ϕ(t)

∥∥∥∥ f(τ)

λ(t+ τ)ψ(τ)

∥∥∥∥
L∞(0,T0)

. (6)

Theorem 1. Under the conditions above consider the functional ρ0(f) = ρ(A0f),
here A0 is the operator (6). Then, ρ0 is an IQN, and the space X0 = X0(0, T0) ={
f ∈ Y : ‖f‖X0

= ρ(A0f) <∞
}
, generated by ρ0, is an IS, X0 ⊂ Y ; moreover X0 is

minimal among all IS X = X(0, T0) for embedding K1 7−→ X.
This work is supported by The Russian Foundation for Basic Research (pr. No. 15-

01-02732).
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A.A. Belyaev (Khimki, Moscow region, Russia)
alexei.a.belyaev@gmail.com

MULTIPLIERS ON BESSEL POTENTIAL SPACES

The objective of the talk is to give a complete description of the multipliers acting
between Bessel potential spaces Hs

p(Rn) and H t
q(Rn), provided some assumptions on

the indices s, p, t, q.
The importance of this problem in the case s > 0, t < 0 for the correct de�nition of

elliptic operators with singular coe�cients was pointed out in the paper of M. I. Neiman-
zade and A.A. Shkalikov [1]. Our �nal result in this direction (see [2], where some
important partial cases were considered) is the following.
Theorem 1. Let s, t > 0, p, q > 1, p 6 q′ and let additionally either s > t and

s > n/p or t > s and t > n/q. Then

M [Hs
p(Rn)→ H−tq′ (Rn)] = H−tq′, unif(R

n) ∩H−sp′, unif(R
n).

Here p′ and q′ are H�older conjugate numbers to p and q.

Also we shall present an analogue of Theorem 1 for nonnegative smoothness indices
s > n/p and t > 0.
Theorem 2. Let p, q > 1, s > n/p, t > 0 and let additionally p 6 q, s − n/p >

t− n/q. Then
M [Hs

p(Rn)→ H t
q(Rn)] = H t

q, unif(Rn).

In the case when the Strichartz-type condition s > n/p does not hold, under some
additional assumptions, we establish continuous embeddings of the type

H t
r, unif(Rn) ⊂M [Hs

p(Rn)→ H t
q(Rn)],

similar to the continuous embeddings, established earlier for the space M [Hs
2(Rn) →

H−t2 (Rn)] and for the space M [Hs
p(Rn)→ H−sq′ (Rn)] (see [1] and [3] respectively).

Some results from the joint unpublished paper with A.A.Shkalikov will be used in
the talk.
The research was supported by the RNF grant No 14-11-00754.

R E F E R E N C E S
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G. I. Botirov, U.U. Qayumov (Tashkent, UZBEKISTAN)
botirovg@yandex.ru

FUNCTIONAL EQUATIONS FOR THE POTTS MODEL WITH
COUNTABLE SPIN VALUES ON A CAYLEY TREE

The in�nity state Potts model with external �led is de�ned by the formal Hamiltonian

H(σ) = −
∑

<x,y>∈L

Jxyδσ(x),σ(y) −
∑
x∈V

ξσ(x)(x),

where Jxy ∈ R is the interaction energy along edge< x, y >∈ L, ξ(x) = (. . . , ξ1, ξ2, . . . ) ∈
R∞ represents the external �led, and δij is the Kronecker delta symbol (i.e., δij = 1 if
i = j and δij = 0 otherwise).
To be more precise, for a given vector �led x ∈ V → h(x) = (. . . , h1(x), h2(x), . . . ) ∈

R∞. Fix a probability measure ν = {ν(i) > 0, i ∈ Z} and n = 1, 2, . . . consider the
probability distribution µ(n) on ΩVn de�ned by

µhn(σn) = Z−1
n exp

(
−βHn(σn) + β

∑
x∈Wn

hσn(x)(x)

) ∏
x∈Vn

ν(σ(x)), (1)

where β = 1
T is the inverse temperature, Zn = Zn(β, h) is the normalizing factor. The

probability distributions µ(n) are compatible if for any n ≥ 1 and σn−1 ∈ ΦVn−1 :∑
ωn∈ΦWn

µ(n)(σn−1 ∨ ωn) = µ(n−1)(σn−1).

Here σn−1 ∨ ωn is the concatenation of σn−1 and ωn.

Theorem 1. Probability distributions µ(n)(σn), n = 1, 2, . . . in (1) are compatible
i� for any x ∈ V the following equation holds:

hi,x =
∑
y∈S(x)

ln

(θ − 1)ehi,y +
∞∑

n∈Z0

ehn,y + 1

θ +
∞∑

n∈Z0

ehn,y
, i ∈ Z0

Here, and below hi,x = exp(hi,x − h0,x), i ∈ Z0 and hx = (. . . , h1,x, h2,x, . . . ) ∈ R∞.
R E F E R E N C E S
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E. Burtseva (Lule�a, Sweden)
Evgeniya.Burtseva@ltu.se

BOUNDEDNESS OF WEIGHTED HARDY OPERATORS IN H�OLDER
SPACES

We prove boundedness of weighted multidimensional Hardy type operators in H�older
spaces. We obtain the necessary and su�cient conditions for such boundedness in the
settings both with and without compacti�cation of Rn.
The talk is based on the joint paper with L.-E. Persson and N. Samko.

B.G. Vakulov, Yu. E. Drobotov (Rostov-on-Don, Russia)
bvak1961@bk.ru, yu.e.drobotov@yandex.ru

TWO-POLE RIESZ TYPE POTENTIAL IN GENERALIZED H�OLDER
SPACES

The problem to be considered is of investigating conditions for smoothness of the
two-pole Riesz type potential operator over Ṙn

(Iαf) (x) =

∫
Ṙn

f(σ)

|x− σ|n−α|x+ σ|n−α
dσ, x ∈ Ṙn,

where Ṙn denotes the one-point compacti�cation of Rn, r(x, y) = |x − y| is the
Euclidean distance.
One of the ways to determine smoothness is using the terms of the generalized H�older

spaces. The generalized variable H�older space Hω(·) is determined by the following
norm:

‖f‖Hω(·)(Ω,w) = ‖f‖C(Ω,w) + sup
x∈Ω,t>0

Mr(wf, x, t)

ω(x, t)
,

where Ω ⊆ Ṙn, w is a weight function, C denotes the space of continuous functions
and the local continuity modulus is

Mr(f, x, t) = sup
y∈Ω:r(x,y)≤t

|f(x)− f(y)|,

where r is the notion for a metric.
Earlier, the two-pole Riesz type potential operator over a unit sphere Sn−1 ⊆ Rn was

considered [1]. It has been proved, that the operator improves smoothness of functions
from Hω

k

(
Sn−1, ρ

)
exactly by an order Rα, where

Hω
k

(
Sn−1, ρ

)
=
{
f ∈ Ck

(
Sn−1

)
: Mr

(
Dkf, t

)
≤ cω(t)

}
,
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Dk denotes the sphere di�erentiation operator from a special class, ρ(x) = |x− a|µ,
0 < µ < n, and x, a ∈ Sn−1. Here, stereographic projection v is applied in order to
extend the results to the case of integrating over Ṙn:

|ξ − σ| = 2|x− y|√
|x|2 + 1

√
|y|2 + 1

, dσ =
2ndy(
|y|2 + 1

)n ,
where x, y ∈ Ṙn, ξ = v(x), σ = v(y), ξ, η ∈ Sn.

R E F E R E N C E S
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À.Ñ. Ãàñïàðÿí (Ïåðåñëàâëü-Çàëåññêèé, Ðîññèÿ)
armenak.gasparyan@yandex.ru

σ-ÄÅÒÅÐÌÈÍÀÍÒÍÛÅ ÍÅÐÀÂÅÍÑÒÂÀ ÄËß ËÈÍÅÉÍÛÕ
ÔÓÍÊÖÈÎÍÀËÎÂ È ÎÏÅÐÀÒÎÐÎÂ

Ìíîãèå êëàññè÷åñêèå íåðàâåíñòâà ïî ñóòè ÿâëÿþòñÿ äåòåðìèíàíòíûìè, íàïðè-
ìåð íåðàâåíñòâà Íüþòîíà íà ýëåìåíòàðíûå ñèììåòðè÷åñêèå ñðåäíèå, íåðàâåíñòâà
òèïà Òóðàíà äëÿ îðòîãîíàëüíûõ ïîëèíîìîâ, íåðàâåíñòâà À.Ä.Àëåêñàíäðîâà äëÿ
ñìåøàííûõ äèñêðèìèíàíòîâ, íåðàâåíñòâî Õîäæà íà èíäåêñû ïåðåñå÷åíèÿ, íåðà-
âåíñòâî Ãðàìà è â ÷àñòíîñòè íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî-Øâàðöà, íåðàâåí-
ñòâà ×åáûøåâà, Ãðþññà, Îñòðîâñêîãî è ìíîãèå äðóãèå.
Àâòîð äîêëàäà â òå÷åíèè íåñêîëüêèõ ëåò çàíèìàëñÿ ñèñòåìàòè÷åñêèì îáîáùåíè-

åì êëàññè÷åñêèõ è íîâûõ äåòåðìèíàíòíûõ òîæäåñòâ è íåðàâåíñòâ íà ìíîãîìåðíûå
ìàòðèöû è îïðåäåëèòåëè. Ïðè ýòîì, íàðÿäó ñ ïðÿìûìè îáîáùåíèÿìè, ïîëó÷åíî
ìíîæåñòâî ñóùåñòâåííî íîâûõ íåðàâåíñòâ.
Â äàííîé ðàáîòå ïðåäñòàâëåíû îáîáùåíèÿ ìíîæåñòâà íàçâàííûõ íåðàâåíñòâ

íà σ-äåòåðìèíàíòû, îòâå÷àþùèå ìíîãîìåðíûì ìàòðèöàì. σ-äåòåðìèíàíò � ýòî
ôóíêöèÿ ýëåìåíòîâ ìíîãîìåðíîé ìàòðèöû, îäíîâðåìåííî îáëàäàþùàÿ ñâîéñòâàìè
îáû÷íûõ îïðåäåëèòåëåé è ïåðìàíåíòîâ. Ñèãíàòóðà ìíîãîìåðíîãî äåòåðìèíàíòà
çàäà¼òñÿ ïîñëåäîâàòåëüíîñòüþ èç íóëåé è ÷¼òíîãî ÷èñëà åäèíèö: σ = (σ1, . . . , σp) ∈
{0, 1}p. σ-äåòåðìèíàíò p-ìåðíîé êóáè÷åñêîé ìàòðèöû n-ãî ïîðÿäêà A = ‖Ai1...ip‖
îïðåäåëÿåòñÿ ïî ôîðìóëå

|Ai1...ip|(σ) =
1

n!

∑
π1,...,πp∈Sn

p∏
k=1

(δ(πk))
σk

n∏
r=1

Aπ1(r)...πp(r),

ãäå δ(π) � çíàê ïåðåñòàíîâêè π.
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σ-äåòåðìèíàíòíûå íåðàâåíñòâà, ïîëó÷åííûå äëÿ êîíå÷íûõ ñóìì è èíòåãðàëîâ,
äàëåå îáîáùàþòñÿ íà ïîëîæèòåëüíûå (èëè èçîòîííûå) ëèíåéíûå ôóíêöèîíàëû è
îïåðàòîðû.

D.V. Gorbachev, V. I. Ivanov (Tula, Russia), S.Yu. Tikhonov (Barcelona,
Spain)

dvgmail@mail.ru, ivaleryi@mail.ru, stikhonov@crm.cat
BOUNDEDNESS OF THE RIESZ POTENTIALS FOR DUNKL

TRANSFORM

Let R ⊂ Rd \ {0} be a root system, R+ positive subsystem, G(R) ⊂ O(d) re�ection
group, and k : R→ R+ G-invariant multiplicity function.
Let also vk(x) =

∏
a∈R+

|(a, x)|2k(a), c−1
k =

∫
Rd e

−|x|2/2vk(x) dx, dµk(x) = ckvk(x) dx,

p ≥ 1, ‖f‖p =
(∫

Rd |f |
p dµk

)1/p

be the norm in Lp(Rd, dµk).

De�ne the Dunkl transform of f by Fk(f) and the generalized translation operator
by τ yf . If k ≡ 0, then Fk(f) is the usual Fourier transform and τ yf(x) = f(x+ y) is
the translation operator.
Set λk = d/2 − 1 +

∑
a∈R+

k(a). S. Thangavelu and Y. Xu de�ned the weighted

Riesz potential operator Ikα on Schwartz space S(Rd) by

Ikαf(x) = (dαk )−1

∫
Rd
τ−yf(x)|y|α−(2λk+2) dµk(y),

where dαk = 2−λk−1+αΓ(α/2)/Γ(λk + 1− α/2), 0 < α < 2λk + 2.
We are interested in the inequality

‖|x|−γIkαf‖q ≤ c(α, β, γ, p, q, k)‖|x|βf‖p,

on S(Rd), with the sharp constant c(α, β, γ, p, q, k).
Theorem 1. If 1 < p ≤ q <∞, γ < 2λk+2

q , β < 2λk+2
p′ , γ+β ≥ 0, 0 < α < 2λk + 2,

and α− γ − β = (1
p −

1
q )(2λk + 2), then c(α, β, γ, p, q, k) <∞.

If γ = β = 0, Theorem 1 was proved by S. Hassani, S. Mustapha and M. Si�. If
k ≡ 0, Theorem 1 was proved by G.H. Hardy and J.E. Littlewood (d = 1), S. Sobole�
(d > 1, γ = β = 0), E.M. Stein and G. Weiss (the general case).
Theorem 2. If 1 < p <∞, γ < 2λk+2

p , β < 2λk+2
p′ , α > 0, and γ = α− β, then

c(α, β, γ, p, p, k) = 2−α
Γ(λk+1

p −
α−β

2 )Γ(λk+1
p′ −

β
2 )

Γ(λk+1
p′ + α−β

2 )Γ(λk+1
p + β

2 )
. (1)
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If k ≡ 0, equality (1) was proved by I.W. Herbst (β = 0) and W. Beckner (the
general case).
The authors were supported by RFBR N 16-01-00308.

R.C. Guerra (Aveiro, Portugal)
ritaguerra@ua.pt

ON THE INVERTIBILITY PROPERTIES OF A CLASS OF INTEGRAL
EQUATIONS INVOLVING COSINE AND SINE KERNELS AND

THEIR ASSOCIATED CONVOLUTIONS

We consider a class of integral equations characterized by kernels of cosine and sine
type and study their solvability. Moreover, we analyse the integral operator T, which is
generating those equations, by identifying its characteristic polynomial, characterizing
its invertibility, spectrum, Parseval type identity and involution properties. Additionally,
new convolutions are introduced, associated with T, for which we deduce corresponding
factorizations properties. This is based on a joint work with L.P. Castro and N. M.
Tuan.
R. C. Guerra is supported by Portuguese Foundation for Science and Technology

(FCT) through the Ph.D. scholarship PD/BD/114187/2016.

V. Guliyev (Kirsehir, Turkey and Baku, Azerbaijan)
vagif@guliyev.com

CHARACTERIZATIONS FOR THE FRACTIONAL MAXIMAL
OPERATOR, RIESZ POTENTIAL AND THEIR COMMUTATORS ON

ORLICZ SPACES

In this talk, we shall give necessary and su�cient conditions for the strong and weak
boundedness of the fractional maximal and Riesz potential operators on Orlicz spaces.
Cianchi [1] found necessary and su�cient conditions on general Young functions Φ and
Ψ ensuring that these operators are of weak or strong type from LΦ into LΨ. Our
characte-rizations for the boundedness of the above-mentioned operators are di�erent
from the ones in [1]. Moreover, we also give characterizations for the boundedness of
the commutators of fractional maximal and Riesz potential operators on Orlicz spaces
[2].
This work was supported by the Ahi Evran University Scienti�c Research Projects

Coordination Unit. Project Number: FEF.A3.16.024.
R E F E R E N C E S

1. Cianchi A. Strong and weak type inequalities for some classical operators in Orlicz spaces. J. London Math. Soc. 1999.
Vol. 2, No. 1, pp. 247�286.
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2. Guliyev V. S., Deringoz F. and Hasanov S.G. Riesz potential and its commutators on Orlicz spaces. accepted in J. Inequal.
Appl. 2017.

Ð.Â. Äàëëàêÿí (Åðåâàí, Àðìåíèÿ)
dallakyan57@mail.ru

ÎÁ ÎÄÍÎÌ ÏÐÅÄÑÒÀÂËÅÍÈÈ ÔÓÍÊÖÈÉ ÊËÀÑÑÎÂ AP
α

Èññëåäîâàíèþ âåñîâûõ ïðîñòðàíñòâ Ap
α (0 < p < +∞, −1 < α < +∞) àíàëèòè-

÷åñêèõ â åäèíè÷íîì êðóãå |z| < 1 ôóíêöèé [1, 2, 3], îïðåäåëÿåìûõ óñëîâèåì

1∫
0

2π∫
0

(1− r)α
∣∣f(reiθ)

∣∣p r drdθ < +∞

ïîñâÿùåíî ìíîæåñòâî ðàáîò èçâåñòíûõ ñïåöèàëèñòîâ.
Äîêëàä ïîñâÿùåí óñòàíîâëåííîìó íåäàâíî àâòîðîì [4] îáîáùåíèþ îäíîãî èç

íàéäåííûõ Ì.Ì. Äæðáàøÿíîì â 1948ã. ïðåäñòàâëåíèé êëàññîâ A2
α (−1 < α <

+∞). À èìåííî, óòâåðæäåíèÿ î òîì, ÷òî åñëè f(z) ∈ A2
α ïðè êàêîì-ëèáî −1 <

α < +∞, òî ôóíêöèÿ

ϕ0(z) :=
α + 1

π

1∫
0

(1− p)
α−1
2 f(ρz) dρ

ïðèíàëåæèò êëàññó ÕàðäèH2 â |z| < 1, è èìååò ìåñòî èíòåãðàëüíîå ïðåäñòàâëåíèå

f(z) =
1

2π

2π∫
0

ϕ0(e
iθ)dθ

(1− e−iθz)
α+3
2

, |z| < 1.

(ñì. Òåîðåìó V â [1], à òàêæå [2]). Êàê îòìå÷åíî â [1], ðàíåå, ïðè α = 0, ýòî
ïðåäñòàâëåíèå áûëî óñòàíîâëåíî Ì.Â. Êåëäûøåì.

Ë È Ò Å Ð À Ò Ó Ð À
1. Äæðáàøÿí Ì.Ì. Î ïðîáëåìå ïðåäñòàâèìîñòè àíàëèòè÷åñêèõ ôóíêöèé, Ñîîáù. èíñò. Ìàò. è Ìåõ. ÀÍ Àðìÿíñêîé

ÑÑÐ. 1948, âûï. 2, ñòð. 3�40.
2. Djrbashian A.E., Shamoyan F.A. Topics in the theory of Apα spaces. Teubner-Texte zur Mathematic, Leipzig, 1988.
3. Hedenmalm H., Korenblum B., Zhu K. Theory of Bergman spaces. Springer Verlag, New York, 2000.
4. Äàëëàêÿí Ð.Â. Î ïðåäñòàâëåíèè îäíîãî êëàññà àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé. Íàó÷íûå âåäîìîñòè

ÁåëÃÓ. ñåðèÿ ìàò.-ôèç. 2013, ò. 5(148), âûï. 30, ñòð. 61�67.

Â.Â. Äåíèñåíêî, Â.Ì. Äåóíäÿê (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
ru.victa@gmail.com, vl.deundyak@gmail.com

ÎÁ ÎÃÐÀÍÈ×ÅÍÍÎÑÒÈ ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ Ñ
ÎÄÍÎÐÎÄÍÛÌÈ ßÄÐÀÌÈ ÍÀ ÃÐÓÏÏÅ ÃÅÉÇÅÍÁÅÐÃÀ
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Óñëîâèÿ îãðàíè÷åííîñòè ìíîãîìåðíûõ èíòåãðàëüíûõ îïåðàòîðîâ ñ îäíîðîäíû-
ìè ÿäðàìè â ïðîñòðàíñòâå Lp(Rn), ãäå 1 < p < +∞, ïîëó÷åíû Í.Ê. Êàðàïåòÿíöåì
[1], [2]. Öåëü íàñòîÿùåé ðàáîòû � ïåðåíîñ ðåçóëüòàòîâ Í.Ê. Êàðàïåòÿíöà íà êëàññ
èíòåãðàëüíûõ îïåðàòîðîâ ñ îäíîðîäíûìè ÿäðàìè, äåéñòâóþùèìè â ïðîñòðàíñòâå
Lp(Hn), ãäå Hn � ãðóïïà Ãåéçåíáåðãà. Íàïîìíèì, ÷òî ãðóïïîé Ãåéçåíáåðãà íàçû-
âàåòñÿ ìíîæåñòâî Hn = Cn × R ñ îïåðàöèåé:

∀(z, r), (w, q) ∈ Hn : (z, r)(w, q) = (z + w, r + q + 2Im(z · w)),

(ñì. [3], c. 209).
Ë È Ò Å Ð À Ò Ó Ð À

1. Êàðàïåòÿíö Í.Ê. Î íåîáõîäèìûõ óñëîâèÿõ îãðàíè÷åííîñòè îïåðàòîðà ñ íåîòðèöàòåëüíûì êâàçèîäíîðîäíûì ÿäðîì
// Ìàòåìàòè÷åñêèå çàìåòêè. 1981. Ò. 30, � 5. Ñ. 787�794.

2. Karapetiants N., Samko S. Equations with Involutive Operators. Boston: Birkhauser, 2001, 427 p.
3. Krantz S.G. Explorations in harmonic analysis: with applications to complex function theory and the Heisenberg group.

Boston: Birkhauser, 2009, 360 p.

F. Deringoz (Kirsehir, Turkey)
deringoz@hotmail.com

PARAMETRIC MARCINKIEWICZ INTEGRAL OPERATOR AND
HIGHER ORDER COMMUTATORS ON GENERALIZED WEIGHTED

MORREY SPACES

In this talk, we present criteria for the boundedness of parametric Marcinkiewicz
integral operator and its higher order commutator with rough kernels on generalized
weighted Morrey spaces based on the works of Guliyev [1] and [2].
This work was supported by the Ahi Evran University Scienti�c Research Projects

Coordination Unit. Project Number: FEF.A3.16.011.
R E F E R E N C E S

1. Guliyev V. S. Generalized weighted Morrey spaces and higher order commutators of sublinear operators. Eurasian Math.
J. 2012. Vol. 3, No. 3, pp. 33�61.

2. Guliyev V. S. and Aliyev S.A. Boundedness of the parametric Marcinkiewicz integral operator and its commutators on
generalized Morrey spaces. Georgian Math. J. 2012. Vol. 19, No. 2, pp. 195�208.

È.,Â. Äèêàðåâ (Êîòáóñ, Ãåðìàíèÿ)
dikarill@tu-cottbus.de

ÑÓÙÅÑÒÂÎÂÀÍÈÅ ÐÅØÅÍÈß ÎÁÎÁÙÅÍÍÎÉ ÇÀÄÀ×È
ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß Ñ ÁÅÑÊÎÍÅ×ÍÛÌ

ÃÎÐÈÇÎÍÒÎÌ

Â ðàáîòå ðàññìàòðèâàåòñÿ îáîáùåííàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêî-
íå÷íûì ãîðèçîíòîì è êîìïàêòíîé îáëàñòüþ óïðàâëåíèÿ U ⊂ Rm. Äîïóñòèìûå òðà-
åêòîðèè ðàññìàòðèâàþòñÿ âî âçâåøåííîì Ñîáîëåâîì ïðîñòðàíñòâå W 1,n

2 (R++, ν).
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Âåñ ν âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü ν(R++) < ∞. Ââîäèòñÿ
êëàññM∞

U ñïåöèàëüíûõ ñåìåéñòâ µ=̂{µt}t∈R+ âåðîÿòíîñòíûõ ìåð µt äëÿ ïðèìåíå-
íèÿ ê çàäà÷àì óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì. ÊëàññM∞

U ñòðîèòñÿ ïîäîá-
íî ìíîæåñòâó MU îáîáùåííûõ óïðàâëåíèé µ, ââåäåííîìó Ãàìêðåëèäçå â [1].
Ââîäÿ íà îñè âðåìåíè íåêîòîðóþ ìåðó ζ, îïðåäåëÿÿ êëàññMU

ζ êàê ìíîæåñòâî
ôóíêöèîíàëîâ π èç äâîéñòâåííîãî ïðîñòðàíñòâà C0(R+×U)∗ âèäà π = µ⊗ ζ è ïî-
ëó÷àÿ èçîìîðôèçìM∞

U 'MU
ζ , áûëà ïîëó÷åíà òåîðåìà î ñóùåñòâîâàíèè ðåøåíèÿ

ñëåäóþùåé çàäà÷è îáîáùåííîãî îïòèìàëüíîãî óïðàâëåíèÿ:

J(x, π) = π(r(t, x(t), v)) =

∫ ∞
0

{∫
U

r(t, x(t), v)dµt

}
dζ →Min!

ẋ(t) =

∫
U

f(t, x(t), v)dµt ï.â., x(0) = x0,

x ∈ W 1,n
2 (R++, ν),

π ∈MU
ζ , U ⊂ Rm � êîìïàêò.

Ë È Ò Å Ð À Ò Ó Ð À
1. Gamkrelidze R.V. Principles of Optimal Control Theory. Plenum Press. 1978.
2. Áóðáàêè Í. èíòåãðèðîâàíèå: ìåðû íà ëîêàëüíî êîìïàêòíûõ ïðîñòðàíñòâàõ, ïðîäîëæåíèå ìåðû, èíòåãðèðîâàíèå

ìåð íà îòäåëèìûõ ïðîñòðàíñòâàõ. "Íàóêà�. 1977.

Ï.À. Èâàíîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
pavel−rsm@mail.ru

Ñ.Í. Ìåëèõîâ (Ðîñòîâ-íà-Äîíó, Âëàäèêàâêàç, Ðîññèÿ)
melih@math.rsu.ru

ÎÏÅÐÀÒÎÐ ÏÎÌÌÜÅ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÃÎËÎÌÎÐÔÍÛÕ
ÔÓÍÊÖÈÉ ÌÍÎÃÈÕ ÊÎÌÏËÅÊÑÍÛÕ ÏÅÐÅÌÅÍÍÛÕ

Ïóñòü Ωj, 1 ≤ j ≤ N , � îáëàñòè â C, ñîäåðæàùèå 0; Ω :=
N∏
j=1

Ωj; H(Ω) � ïðî-

ñòðàíñòâî Ôðåøå âñåõ ôóíêöèé, ãîëîìîðôíûõ â Ω. Îïðåäåëèì ÷àñòíûå îïåðàòîðû
Ïîììüå:

Dj,0(f)(t) :=

{
f(t)−f(t1,...,tj−1,0,tj+1,...,tN )

tj
, tj 6= 0,

∂f
∂tj

(t1, . . . , tj−1, 0, tj+1, . . . , tN), tj = 0,

è ïîëîæèì äëÿ α = (αj)
N
j=1 ∈ NN

0 , ãäå N0 := N ∪ {0},

Dα
0 := Dα1

1,0 · · ·D
αN
N,0.

Îïåðàòîð Ïîììüå ïîäðîáíî èññëåäîâàí â ðàçëè÷íûõ ïðîñòðàíñòâàõ ãîëîìîðôíûõ
ôóíêöèé ïðè N = 1: îïèñàíû ïåðåñòàíîâî÷íûå ñ íèì îïåðàòîðû, åãî öèêëè÷åñêèå
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âåêòîðû; îí ïðèìåíÿëñÿ ïðè èçó÷åíèè ðÿäîâ Íüþòîíà è îñòàòêîâ ðÿäîâ Òåéëîðà
äëÿ ãîëîìîðôíûõ ôóíêöèé (ñì. [1]).
Â äîêëàäå èäåò ðå÷ü î ñâîéñòâàõ îïåðàòîðîâ Dα

0 , α ∈ NN
0 , è àññîöèèðîâàííûõ ñ

íèìè îïåðàòîðîâ ñäâèãà Tz, z ∈ Ω. Îñíîâîé îïðåäåëåíèÿ îïåðàòîðîâ Tz ÿâëÿåòñÿ
ðàâåíñòâî Tz(f) =

∑
α∈NN0

zαDα
0 (f), ñïðàâåäëèâîå äëÿ ìíîãî÷ëåíîâ f . Ñ ïîìîùüþ

îïåðàòîðîâ ñäâèãà îïèñàí êîììóòàíò K(D0) ñèñòåìû {Dj,0 : 1 ≤ j ≤ N} â êîëüöå
âñåõ ëèíåéíûõ íåïðåðûâíûõ â H(Ω) îïåðàòîðîâ. Â òîïîëîãè÷åñêîì ñîïðÿæåííîì
H(Ω)′ ê H(Ω) ââåäåíî óìíîæåíèå ◦ ôóíêöèîíàëîâ. Îíî îáëàäàåò òåì ñâîéñòâîì,
÷òî àëãåáðà (H(Ω)′, ◦) èçîìîðôíà êîììóòàíòó K(D0) ñ îáû÷íûì îïåðàòîðíûì
óìíîæåíèåì. Àëãåáðà (H(Ω)′, ◦) èçîìîðôíà òàêæå ïðîñòðàíñòâó H0(CΩ) ðîñòêîâ

âñåõ ôóíêöèé, ãîëîìîðôíûõ íà
N∏
j=1

(C \ Ωj) è îáðàùàþùèõñÿ â 0 â áåñêîíå÷íûõ

òî÷êàõ, ñ óìíîæåíèåì (f, g) 7→ (−1)Nz1 · · · zNg(z)h(z).
Ë È Ò Å Ð À Ò Ó Ð À

1. Èâàíîâà Î.À., Ìåëèõîâ Ñ. Í. Îá îïåðàòîðàõ, ïåðåñòàíîâî÷íûõ ñ îïåðàòîðîì òèïà Ïîììüå â âåñîâûõ ïðîñòðàíñòâàõ
öåëûõ ôóíêöèé. Àëãåáðà è àíàëèç. 2016. Ò. 28, �. 2, ñòð. 114�137.

Î.À. Èâàíîâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
neo−ivolga@mail.ru

ÎÁ ÀËÃÅÁÐÅ ÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÎÍÀËÎÂ,
ÎÏÐÅÄÅËßÅÌÎÉ ÎÏÅÐÀÒÎÐÀÌÈ ÎÁÎÁÙÅÍÍÎÃÎ ÑÄÂÈÃÀ

Â ðàáîòå [1] îïèñàíû îïåðàòîðû, ëèíåéíî è íåïðåðûâíî äåéñòâóþùèå â íåêî-
òîðîì ñ÷åòíîì èíäóêòèâíîì ïðåäåëå E âåñîâûõ ïðîñòðàíñòâ Ôðåøå öåëûõ (â C)
ôóíêöèé è ïåðåñòàíîâî÷íûå â íåì ñ îïåðàòîðîì Ïîììüå D0,g0, àññîöèèðîâàííûì
ñ íåêîòîðîé ôóíêöèåé g0 ∈ E. Ïóñòü E ′ � òîïîëîãè÷åñêîå ñîïðÿæåííîå ê E. Êàê
ïîêàçàíî â [1], êîììóòàíò K(D0,g0) îïåðàòîðà D0,g0 â êîëüöå âñåõ ëèíåéíûõ íåïðå-
ðûâíûõ îïåðàòîðîâ â E èçîìîðôåí àëãåáðå E ′ c îïåðàöèåé óìíîæåíèÿ (ñâåðòêè)
⊗, îïðåäåëÿåìîé ñ ïîìîùüþ îïåðàòîðà ñäâèãà äëÿ îïåðàòîðà Ïîììüå. Â äîêëàäå
èäåò ðå÷ü î ñâîéñòâàõ ýòîé àëãåáðû. Äîêàçàíî, ÷òî àëãåáðû (E ′,⊗) è K(D0,g0) òàê-
æå è òîïîëîãè÷åñêè èçîìîðôíû, åñëè E ′ ñíàáäèòü ñëàáîé òîïîëîãèåé, à K(D0,g0)
� òîïîëîãèåé ïîòî÷å÷íîé ñõîäèìîñòè (êîãäà â E ââåäåíà ñëàáàÿ òîïîëîãèÿ). Óêà-
çàííàÿ "òîïîëîãè÷íîñòü" èçîìîðôèçìà ïðèìåíÿåòñÿ ïðè ðåøåíèè çàäà÷è î ïðåä-
ñòàâëåíèè îïåðàòîðîâ èç K(D0,g0) â âèäå Dg0,0-îïåðàòîðîâ áåñêîíå÷íîãî ïîðÿäêà.
Êðîìå òîãî, îïèñàíû ìóëüòèïëèêàòèâíûå ôóíêöèîíàëû íà ýòèõ àëãåáðàõ. Åñëè
ôóíêöèÿ g0 íå èìååò íóëåé, òî òàêîé ôóíêöèîíàë åäèíñòâåíåí. Â îáùåì ñëó÷àå
òàêèõ ôóíêöèîíàëîâ "íà 1 áîëüøå" , ÷åì íóëåé ó g0. Ñóùåñòâåííûì ïîáóäèòåëü-
íûì ìîòèâîì ê äàííîìó èññëåäîâàíèþ ïîñëóæèëà ñòàòüÿ Â. À. Òêà÷åíêî [3]. Â [3]
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óñòàíîâëåíû ïîäîáíûå ñâîéñòâà êîììóòàíòà îïåðàòîðà îáîáùåííîãî èíòåãðèðîâà-
íèÿ IP â ñèëüíîì ñîïðÿæåííîì ê âåñîâîìó (LB)-ïðîñòðàíñòâó öåëûõ ôóíêöèé,
ðîñò êîòîðûõ îïðåäåëÿåòñÿ íåêîòîðîé ρ-òðèãîíîìåòðè÷åñêè âûïóêëîé ôóíêöèåé.
Ïðè ýòîì îïåðàòîð IP ÿâëÿåòñÿ ñîïðÿæåííûì ê îïåðàòîðó Ïîììüå D0,eP , ãäå P �
íåêîòîðûé ìíîãî÷ëåí. Ïðèâåäåííûå ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ Ñ.Í. Ìå-
ëèõîâûì è îïóáëèêîâàíû â [2].
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À.Ñ. Êàëèòâèí, À.È. Èíîçåìöåâ (Ëèïåöê, Ðîññèÿ)
kalitvinas@mail.ru inozemcev.a.i@gmail.com

Î ÔÐÅÄÃÎËÜÌÎÂÎÑÒÈ ÎÄÍÎÃÎ ÒÈÏÀ ÓÐÀÂÍÅÍÈÉ Ñ
ÌÍÎÃÎÌÅÐÍÛÌÈ ×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ

Â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé C(G), ãäå G = [a, b]× [c, d]× [e, f ], ðàñ-
ñìàòðèâàåòñÿ ôðåäãîëüìîâîñòü óðàâíåíèÿ

x(t, s, u) =

∫ b

a

l(t, s, u, τ)x(τ, s, u) dτ +

∫ d

c

m(t, s, u, σ)x(t, σ, u) dσ+

+

∫ f

e

n(t, s, u, υ)x(t, s, υ)dυ + f(t, s, u) ≡ (Kx)(t, s, u) + f(t, s, u) ≡

≡ ((L+M +N)x)(t, s, u) + f(t, s, u) (1)

ñ íåïðåðûâíûìè ôóíêöèÿìè l,m, n, f. Îïåðàòîðû K,L,M,N ñ íåíóëåâûìè ÿäðà-
ìè íå êîìïàêòíû. Îòñþäà ñëåäóåò, ÷òî óðàâíåíèå (1) íå ÿâëÿåòñÿ ôðåäãîëüìîâûì
â îáùåì ñëó÷àå íåïðåðûâíûõ ÿäåð l,m, n. Â ðàáîòå [1] ñîäåðæàòñÿ êðèòåðèè ôðåä-
ãîëüìîâîñòè ëèíåéíûõ îïåðàòîðîâ è óðàâíåíèé ñ ÷àñòíûìè èíòåãðàëàìè â C(G), â
ñëó÷àå G = [a, b]× [c, d]. Â äàííîé çàìåòêå ïðèâîäèòñÿ êðèòåðèé ôðåäãîëüìîâîñòè
îïåðàòîðà I −K è óðàâíåíèÿ (1) â C(G) = C([a, b]× [c, d]× [e, f ]).
Åñëè îáðàòèìû îïåðàòîðû I−L, I−M, I−N è (I−L)−1 = I+Rl, (I−M)−1 =

I+Rm, (I−N)−1 = I+Rn, ãäå ÿäðà ÷àñòè÷íî èíòåãðàëüíûõ îïåðàòîðîâ Rl, Rm, Rn

íåïðåðûâíû, òî I−K = Θ[I−B12−B13−B23−B123], ãäå Θ = (I−L)(I−M)(I−N),
B12 = LM + R2LM + R1LM + R2R1LM, B13 = LN + R3LN + R1LN + R3R1LN,
B23 = MN + R3MN + R2MN + R3R2MN, à B123 � êîìïàêòíûé èíòåãðàëüíûé
îïåðàòîð â C(G). Åñëè òåïåðü (I − B12)

−1 = I + R12, (I − B13)
−1 = I + R13,
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(I−B23)
−1 = I+R23, òî I−K = Θ∆[I−H123], ãäå ∆ = (I−B12)(I−B13)(I−B23),

à H123 � èíòåãðàëüíûé îïåðàòîð ñ íåïðåðûâíûì ÿäðîì.
Òàêèì îáðàçîì, èç îáðàòèìîñòè îïåðàòîðîâ I−L, I−M, I−N, I−B12, I−B13,

I − B23 â C(G) ñëåäóåò ôðåäãîëüìîâîñòü îïåðàòîðà I − K. Âåðíî è îáðàòíîå
óòâåðæäåíèå.

Òåîðåìà. Ïóñòü ôóíêöèè l,m, n è f íåïðåðûâíû. Òîãäà â C(G) ôðåäãîëüìî-
âîñòü îïåðàòîðà I − K è óðàâíåíèÿ (1) ðàâíîñèëüíû îáðàòèìîñòè îïåðàòîðîâ
I − L, I −M, I −N, I −B12, I −B13, I −B23.

Ë È Ò Å Ð À Ò Ó Ð À
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A. Karapetyants (Rostov-on-Don, Russia), S. Samko (Faro, Portugal)
ON A CERTAIN NEW CLASSES OF BERGMAN TYPE SPACES

We present a new general approach to the de�nition of mixed norm Bergman space
Aq;X(D), 1 6 q < ∞ on the unit disc D. We study a problem of boundedness of
Bergman projection in this general setting. Second, we apply this general approach for
the new concrete cases when X is either Orlicz space or generalized Morrey space, or
generalized complementary Morrey space, or generalized Orlich-Morrey type spaces.

L.P. Castro (Aveiro, Portugal)
castro@ua.pt

EXPLICIT RESOLVENT OPERATORS FOR BOUNDARY VALUE
PROBLEMS IN DIFFRACTION THEORY

The main aim of the talk is to present how to construct resolvent operators for
certain classes of boundary value problems in di�raction theory. We will use an operator
theory approach to analyse problems of wave di�raction from polygonal-conical screens.
These are formulated as boundary value problems for the three-dimensional Helmholtz
equation with Dirichlet or Neumann conditions on a plane screen of polygonal-conical
form (including unbounded and multiply-connected screens), in weak formulation.
The method is based upon operator theoretical techniques in Hilbert spaces, such
as the construction of matricial coupling relations and certain orthogonal projections.
Various cross connections will be exposed, particularly considering classical Wiener-
Hopf operators in Sobolev spaces as general Wiener-Hopf operators in Hilbert spaces.
This is based on joint works with R. Duduchava and F.-O. Speck.
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À.Â. Êîçàê, Ä.È. Õàíèí. (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò)
avkozak@bmail.ru, dihan@mail.ru

ÏÐÈÁËÈÆ�ÍÍÎÅ ÐÅØÅÍÈÅ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ
ÌÍÎÃÎÌÅÐÍÛÌÈ ÎÏÅÐÀÒÎÐÀÌÈ ÑÂ�ÐÒÊÈ ÍÀ ÁÎËÜØÈÕ

ÌÍÎÆÅÑÒÂÀÕ Ñ ÊÓÑÎ×ÍÎ-ÃËÀÄÊÎÉ ÃÐÀÍÈÖÅÉ

Â äîêëàäå ðàññìàòðèâàåòñÿ óðàâíåíèå òèïà ìíîãîìåðíîé èíòåãðàëüíîé ñâ¼ðòêè
â Lp(R

m) íà áîëüøîì ìíîæåñòâå ñ êóñî÷íî-ãëàäêîé ãðàíèöåé. Èñõîäíîå ìíîæå-
ñòâî ðàçáèâàåòñÿ íà íåïåðåñåêàþùèåñÿ ÷àñòè, â êàæäîé èç êîòîðûõ ïðèáëèæ¼í-
íîå ðåøåíèå èùåòñÿ îòäåëüíî. Â öåíòðàëüíîé ÷àñòè ðåøåíèå èùåòñÿ ñ ïîìîùüþ
îïåðàòîðà ñâ¼ðòêè ïî âñåìó ïðîñòðàíñòâó, àíàëîãè÷íî òîìó êàê ýòî äåëàëîñü äëÿ
ìíîãîãðàííèêîâ è äîêëàäûâàëîñü íà êîíôåðåíöèè â 2015 ãîäó. Âìåñòî îïåðàòîðà
ñâ¼ðòêè ïî âñåìó ïðîñòðàíñòâó ìîæíî èñïîëüçîâàòü îïåðàòîð ñâ¼ðòêè ñ ïåðèîäè-
÷åñêèì ÿäðîì.
Â îêðåñòíîñòè ôèêñèðîâàííîé ãðàíè÷íîé òî÷êè ðåøåíèå ïðåäëàãàåòñÿ èñêàòü

ñ ïîìîùüþ îïåðàòîðà ñâ¼ðòêè ïî ïîëóïðîñòðàíñòâó, åñëè óêàçàííàÿ ôèêñèðîâàí-
íàÿ òî÷êà ïðèíàäëåæèò ãëàäêîìó ó÷àñòêó ãðàíèöû. Â îêðåñòíîñòÿõ æå îñòàëüíûõ
ãðàíè÷íûõ òî÷åê ðåøåíèå ìîæíî îïðåäåëèòü ÷èñëåííî èëè ñ ïîìîùüþ îïåðàòîðîâ
ñâ¼ðòêè â íåêîòîðûõ êîíóñàõ, åñëè ïîñëåäíèå óäàñòñÿ ýôôåêòèâíî îáðàòèòü. Äîêà-
çàíû îöåíêè ïîãðåøíîñòè â òåðìèíàõ îïåðàòîðíûõ íîðì è óáûâàþùèõ ôóíêöèé
ñïåöèàëüíîãî âèäà, äîêàçûâàþùèå ýôôåêòèâíîñòü ìåòîäà äëÿ äîñòàòî÷íî áîëü-
øèõ ìíîæåñòâ.
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À.Â. Êîçàê, Á.ß. Øòåéíáåðã, Î.Á. Øòåéíáåðã
(Ðîñòîâ-íà-Äîíó, Ðîññèÿ)

avkozak@bmail.ru, borsteinb@mail.ru, olegsteinb@gmail.com
ÐÀÇÂÈÒÈÅ ÈÑÑËÅÄÎÂÀÍÈÉ ÁÛÑÒÐÎÃÎ ÂÎÑÑÒÀÍÎÂËÅÍÈß

ÑÌÀÇÀÍÍÎÃÎ ÈÇÎÁÐÀÆÅÍÈß

Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ñìàçàííîãî èçîáðàæåíèÿ ïî-
ëó÷åííîãî ðàâíîìåðíî âðàùàþùåéñÿ êàìåðîé. Äàííóþ çàäà÷ó ìîäåëèðóåò ñèñòåìà
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ öèêëè÷åñêîé ìàòðèöåé ñïåöèàëüíîãî âèäà.
Ýòà ÑËÀÓ ÿâëÿåòñÿ óðàâíåíèåì ñâåðòêè íà öèêëè÷åñêîé ãðóïïå ñ ÿäðîì � õàðàê-
òåðèñòè÷åñêîé ôóíêöèåé ñåãìåíòà.
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Êàê áûëî èññëåäîâàíî àâòîðàìè ðàíåå [1]-[3], äàæå ïðè èäåàëüíîì ãîðèçîíòàëü-
íîì ñìàçå âîçíèêàåò ïëîõî îáóñëîâëåííàÿ ñèñòåìà óðàâíåíèé. Â ðåàëüíîé çàäà÷å
âðàùàþùàÿñÿ êàìåðà ðàñïîëîæåíà ïîä óãëîì ê ãîðèçîíòó è ñìàç íà åå ìàòðèöå
ïðîèñõîäèò íå ãîðèçîíòàëüíî, à ïî íåêîòîðûì êðèâûì, ÷òî ïðèâîäèò ê áîëüøèì
ïîãðåøíîñòÿì è äåëàåò âîñ-ñòàíîâëåíèå èçîáðàæåíèÿ áåç ó÷åòà ãåîìåòðè÷åñêèõ
èñêàæåíèé íåâîçìîæíûì. Â ðàáîòå èññëåäîâàíû âîçíèêàþùèå ãåîìåòðè÷åñêèå èñ-
êàæåíèÿ è ïðåäëîæåí ìåòîä èõ êîìïåíñàöèè.
Â ïðåäûäóùèõ ðàáîòàõ [1]-[3] èññëåäîâàëñÿ ñëó÷àé, ïðè êîòîðîì ìàòðèöà ñèñòå-

ìû ëèíåéíûõ óðàâíåíèé, ìîäåëèðóþùàÿ ñìàç èçîáðàæåíèÿ, íåâûðîæäåíà. Äëÿ
ýòîãî ñëó÷àÿ áûë ïîëó÷åí áûñòðûé àëãîðèòì âîññòàíîâëåíèÿ èçîáðàæåíèÿ, òðå-
áóþùèé îêîëî 4 îïåðàöèé íà ïèêñåëü. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé
âûðîæäåííîé ìàòðèöû, äëÿ êîòîðîãî òàêæå ïîëó÷åí áûñòðûé àëãîðèòì. Ñ ïîëó-
÷åííûì àëãîðèòìîì ïðîâîäÿòñÿ ÷èñëåííûå ýêñïåðèìåíòû.
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Â.Í. Êîçëîâ, À.À. Åôðåìîâ (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
saiu@ftk.spbstu.ru

Ê ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÀÇÍÎÑÒÍÛÕ ÎÏÅÐÀÒÎÐÎÂ Ñ
ÏÐÎÅÊÖÈÎÍÍÛÌÈ ÈÍÒÅÐÂÀËÜÍÎ ÄÎÏÓÑÒÈÌÛÌÈ È

ÎÏÒÈÌÀËÜÍÛÌÈ ÓÏÐÀÂËÅÍÈßÌÈ

Äåéñòâóþùèé â åâêëèäîâîì ïðîñòðàíñòâå óïðàâëÿåìûé ðàçíîñòíûé îïåðàòîð

xk+1 = Hxk + Fuuk, yk = cxk, xk0 = x0 ∈ D,

4 ãäå Ep ny ∈ Rp ny×p ny ,G ∈ Rpny×pnu. Ïðîãíîçû Zkp íà [k, k + p] ∈ N âûõîäîâ è
óïðàâëåíèé çàäàíû ëèíåéíûì ìíîãîîáðàçèåì

D0
Z =

{
Zkp = (Ykp, Ukp)

T |AZkp = bk, A =
[
Ep ny | −G

]
∈ Rp ny× (pny+pnu)

}
,

ãäå Ep ny ∈ Rp ny×p ny , G ∈ Rpny×pnu, à îãðàíè÷åíèÿ � øàðàìè

D1
Z =

{
Zkp = (Y k, Uk)

T | ‖Z kp‖2
2 ≤ r 2

}
.
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Îïåðàòîð èíòåðâàëüíî äîïóñòèìîãî óïðàâëåíèÿ (ÈÄÓ) ñ ïàðàìåòðàìè äîïóñòè-
ìîñòè θ̄p ∈ [0, 1] è ηk = ρ−1/2α 1/2 (xk) ïðè óïðàâëåíèè ïî ñîñòîÿíèþ èìååò âèä

Ūk
(
θ̄p, xk

)
= TU PAbk (xk) + θ̄pTU P

0Cρ−1/2α1/2 (xk) ,

ãäå bk = bk (xk) = cH̄xk, PA = AT
(
AAT

)−1
, P 0 = Eny − PAA;

pθ (θ) = 0, 5 (|θ | − |θ − 1|+ 1) ∈ [0, 1] ;α1/2 (xk) =
[
r2 − pα

(
‖Qk‖2

)] 1/2

, Qk =

PAcH̄xk. Ïðîåêòîð îïåðàòîðà ÈÄÓ (2) âèäà

pα

(
‖Qk‖2

)
=

1

2

( ∣∣∣ ‖Qk‖2−ε2
∣∣∣−∣∣∣ ‖Qk‖2 − (r − ε)2

∣∣∣+ ε2 + (r − ε)2
)
∈
[
ε2, (r − ε)2

]
,

ëèïøèöåâ:
∣∣α1/2 (c)− α1/2 (d)

∣∣ ≤ Lα |α (c)− α (d) | ,Lα ∈
[
0, 1r2; 0, 9r2

]
. Ýòà ïî-

ñòîÿííàÿ � êîððåêòíàÿ, åñëè ‖Qk‖2 ∈
[
ε2, (r − ε)2

]
. ¾Ôóíêöèÿ¿ ãàðàíòèðóåò êîð-

ðåêòíîñòü êâàäðàòíîãî êîðíÿ ñ àðãóìåíòîì ‖Qk‖2. Óñòîé÷èâîñòü ñëåäóåò èç óñëî-
âèÿ ñæàòèÿ

‖Xk+1 −X∗ ‖ ≤ ‖H ‖ · ‖Xk −X∗ ‖ + ‖Fu ‖ · | γ | · ‖TU ‖×(
‖PA ‖ ·

∥∥ H̄ ∥∥ · ‖ c ‖ +
∣∣θ̄p∣∣ · ∥∥p0

C

∥∥LαLpα ‖Xk +X∗‖ ·
∥∥ D̄ ∥∥) ‖Xk −X∗‖ ,

îïðåäåëÿþùåãî ïàðàìåòðû èññëåäóåìûõ îïåðàòîðîâ [1]

| γ | < (1− ‖H ‖ )×
(
‖PA ‖ ·

∥∥ H̄ ∥∥ · ‖ c ‖+

+2
∣∣θ̄p∣∣ r ∥∥ p0

C

∥∥ LαLpα ∥∥ D̄ ∥∥)−1
(‖FU ‖ · ‖TU ‖)−1.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êîçëîâ Â.Í. Íåãëàäêèå ñèñòåìû, îïåðàòîðû îïòèìèçàöèè è óñòîé÷èâîñòü. Èçä-âî Ïîëèòåõí. óí-òà. ÑÏá. 2012.

V.D. Kryakvin (Rostov-na-Donu, Russian Federation)
kryakvin@sfedu.ru

CHARACTERIZATION OF THE H�OLDER-ZYGMUND SPACES
WITH VARIABLE SMOOTHNESS BY THE POISSON INTEGRAL

We consider the H�older-Zygmund space Λs(·)(Rn) of the distributions u (∈ S ′(Rn))
for which the norm

‖u‖Λs(·)(Rn) := sup
k∈N

sup
x∈Rn

∣∣2ks(x)ψk(D)u(x)
∣∣

is �nite ([2]). The variable smoothness s(·) is the bounded real-valued function satis�ed
of the log-continuity condition and {ψk} is the Littlewood-Paley partition of unity.
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Known ([1]) characterization of these spaces for constant positive smoothness s by
means of the Poisson integral

u(x, y) =

∫
Py(t)u(x− t) dt, Py(t) =

cny

(|t|2 + y2)
n+1
2

transfers in the case of the variable smoothness s(·) with the use of the condition

sup
0<y<1

sup
x∈Rn

∣∣∣ ∂ku(x, y)

ys(x)−k∂yk

∣∣∣
where k > supx∈Rn s(x) and infx∈Rn s(x) > 0.

R E F E R E N C E S
1. Stein E.M. Singular integrals and di�erentiability properties of functions. Princeton. 1970.
2.Kryakvin V.D. Boundedness of pseudodi�erential operators in H�older-Zygmund spaces of variable order. Siberian Mathematical

Journal. 2014. Vol. 55, No. 6, pp. 1073�1083.

Ì.Â. Êóêóøêèí (Æåëåçíîâîäñê, Ðîññèÿ)
kukushkinmv@rambler.ru

Î ÑÂÎÉÑÒÂÅ ÑÈËÜÍÎÉ ÀÊÊÐÅÒÈÂÍÎÑÒÈ ÎÏÅÐÀÒÎÐÎÂ
ÄÐÎÁÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß

Äèôôåðåíöèàëüíûì îïåðàòîðàì âòîðîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé â ìëàä-
øèõ ÷ëåíàõ ïîñâÿùåíû ðàáîòû [1-2]. Â äàííîé ðàáîòå ìû ðàññìîòðèì îïåðàòîðû
äðîáíîãî äèôôåðåíöèðîâàíèÿ â ðàçëè÷íûõ ñìûñëàõ. Íà êîìïàêòå ðàññìîòðèì
îïåðàòîðû: Êèïðèÿíîâà, Ðèìàíà-Ëèóâèëëÿ, Ìàðøî [3]. Íà îñè: Ðèìàíà-Ëèóâèëëÿ,
Ìàðøî. Óñòàíîâèì, ÷òî ñâîéñòâî ñèëüíîé àêêðåòèâíîñòè [4] ÿâëÿåòñÿ îáùèì ñâîé-
ñòâîì îïåðàòîðîâ äðîáíîãî äèôôåðåíöèðîâàíèÿ. Òàêæå äîêàæåì, ÷òî ñâîéñòâîì
ñåêòîðèàëüíîñòè [4], îáëàäàþò äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿäêà ñ
äðîáíîé ïðîèçâîäíîé â ìëàäøèõ ÷ëåíàõ. Èññëåäóåì ðàñïîëîæåíèå ñïåêòðà è ðå-
çîëüâåíòíîãî ìíîæåñòâà îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé â
ìëàäøèõ ÷ëåíàõ. Ïîêàæåì, ÷òî ñïåêòð ñóììû îïåðàòîðà è ñîïðÿæåííîãî ÿâëÿåò-
ñÿ äèñêðåòíûì. Â êà÷åñòâå ïðèëîæåíèÿ ñâîéñòâà ñåêòîðèàëüíîñòè ñôîðìóëèðóåì
òåîðåìó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ âòîðîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé â ìëàäøèõ ÷ëåíàõ. Â êà÷åñòâå ïðè-
ëîæåíèÿ ñâîéñòâà ñèëüíîé àêêðåòèâíîñòè, ïîëó÷èì îöåíêó ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà âòîðîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé â ìëàäøèõ ÷ëåíàõ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êèïðèÿíîâ È.À. Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ è ñòåïåíè ýëëèïòè÷åñêèõ îïåðàòîðîâ. Äîêëàäû Àêàäåìèè

íàóê ÑÑÑÐ. 1960. Òîì. 131, �. 2, ñòð. 238�241.
2. Íàõóøåâ À.Ì. Çàäà÷à Øòóðìà - Ëèóâèëëÿ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ

äðîáíûìè ïðîèçâîäíûìè â ìëàäøèõ ÷ëåíàõ. Äîêëàäû Àêàäåìèè íàóê ÑÑÑÐ. 1977. Òîì. 234, �. 2, ñòð. 308�311.
3. Ñàìêî Ñ. Ã.,Êèëáàñ À.À.,Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è íåêîòîðûå èõ ïðèëîæåíèÿ.

Ìèíñê "Íàóêà è òåõíèêà". 1987.
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4. Kato T. Perturbation theory for linear operators. Springer-Verlag Berlin Heidelberg New York. 1966.

Ä.À. Ëåîíîâ, Â.Ì. Äåóíäÿê (Ðîñòîâ-íà-Äîíó)
tori_92@inbox.ru

Î ÐÅØÅÍÈÈ ÓÐÀÂÍÅÍÈÉ ÄÂÓÑÒÎÐÎÍÍÅÉ ÑÂ�ÐÒÊÈ ÍÀ
ÊÎÍÅ×ÍÛÕ ÍÅÊÎÌÌÓÒÀÒÈÂÍÛÕ ÃÐÓÏÏÀÕ.

Ìåòîä Ôóðüå íà êîììóòàòèâíûõ ãðóïïàõ äàâíî ïðèìåíÿåòñÿ âî ìíîãèõ îáëàñòÿõ
ìàòåìàòèêè, ôèçèêè è òåõíè÷åñêèõ íàóê. Íàðÿäó ñ îäíîñòîðîííèìè ñâ¼ðòêàìè è
ñîîòâåòñòâóþùèìè ñâ¼ðòî÷íûìè óðàâíåíèÿìè ïîÿâèëèñü äâóñòîðîííèå ñâ¼ðòêè íà
íåêîììóòàòèâíûõ ãðóïïàõ, êîòîðûå âîçíèêàþò â ñèëó íåêîììóòàòèâíîñòè ãðóïïî-
âîé îïåðàöèè. Ðàññìàòðèâàþòñÿ äâóñòîðîííèå ñâ¼ðòêè íà ïðîèçâîëüíûõ êîíå÷íûõ
íåêîììóòàòèâíûõ ãðóïïàõ. Ïðèâîäèòñÿ êðèòåðèé îáðàòèìîñòè îïåðàòîðà äâóñòî-
ðîííåé ñâ¼ðòêè è àëãîðèòì ðåøåíèÿ óðàâíåíèÿ äâóñòîðîííåé ñâ¼ðòêè íà ïðîèç-
âîëüíîé êîíå÷íîé íåêîììóòàòèâíîé ãðóïïå. Íàõîäÿòñÿ îöåíêè âû÷èñëèòåëüíîé
ñëîæíîñòè ïîñòðîåííîãî àëãîðèòìà. Ïîñòðîåííûé àëãîðèòì ïîäðîáíî ðàññìàòðè-
âàåòñÿ íà ïðèìåðå êîíå÷íîé äèýäðàëüíîé ãðóïïû Dm è ãðóïïû Ãåéçåíáåðãà H(Fp)
íàä ïðîñòûì ïîëåì Ãàëóà. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êèñèëü Â.Â. Ëîêàëüíûå àëãåáðû äâóñòîðîííèõ ñâ¼ðòîê íà ãðóïïå Ãåéçåíáåðãà // Ìàò. çàìåòêè, ò. 59, âûï. 3, 1996.
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äèýäðàëüíûõ ãðóïïàõ // Âåñòíèê ÑÀÔÓ, 2015. No. 3. Ñ. 97�107.
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4. Õüþèòò Ý., Ðîññ Ê. Àáñòðàêòíûé ãàðìîíè÷åñêèé àíàëèç. Ì.: Íàóêà, 1975.
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I. Louhichi (Sharjah, UAE)
ilouhichi@aus.edu

ON THE COMMUTATIVITY OF TOEPLITZ OPERATORS

Describing the commutant of a given Toeplitz operator, that is the set of all Toeplitz
operators that commute with it, is one of the most challenging open questions in the
theory of Bergman space Toeplitz operators. In this talk, I will survey former results
and recent developments related to this problem, with a particular attention to the
so-called quasihomogeneous Toeplitz operators.

Ê.Â. Ëûêîâ (Ñàìàðà, Ðîññèÿ)
alkv@list.ru

ÝÊÑÒÐÀÏÎËßÖÈÎÍÍÎÅ ÎÏÈÑÀÍÈÅ
ÑÈÌÌÅÒÐÈ×ÍÎ-ÍÎÐÌÈÐÎÂÀÍÍÛÕ ÈÄÅÀËÎÂ 1

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ 16-41-630676 ð_à è 17-01-00138 a.
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Òåîðåìà 1. Ïóñòü X � áàíàõîâà ðåøåòêà îäíîñòîðîííèõ ÷èñëîâûõ ïîñëåäî-
âàòåëüíîñòåé, à X � èäåàë êîìïàêòíûõ îïåðàòîðîâ, äåéñòâóþùèõ â íåêîòîðîì
ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H, îïðåäåëåííûé óñëîâèåì

A ∈ X ⇔ ‖A‖X :=

∥∥∥∥∥
{ n∑
j=1

sj

}∞
n=1

∥∥∥∥∥
X

<∞,

ãäå {sj}∞j=1 � ïîñëåäîâàòåëüíîñòü s-÷èñåë îïåðàòîðà A. Ïðåäïîëîæèì, ÷òî â X
äåéñòâóåò îãðàíè÷åííî îïåðàòîð S : {xn} → {xn2}. Òîãäà ñ íåêîòîðîé êîíñòàí-
òîé C, íå çàâèñÿùåé îò A ∈ X, âûïîëíÿþòñÿ íåðàâåíñòâà

C−1‖A‖X 6
∥∥∥{‖A‖p(n)

}∞
n=1

∥∥∥
X
6 C‖A‖X,

ãäå ‖A‖p(n) � íîðìà Øàòòåíà-ôîí Íåéìàíà îïåðàòîðà A ïðè p = p(n) = log n
log n−1,

n > 3, è ‖A‖p(n) := ‖A‖H→H ïðè n = 1 è n = 2.
Ïóñòü A � êîìïàêòíûé îïåðàòîð â H. ×åðåç

AR :=
1

2
(A+ A∗) è AJ :=

1

2i
(A− A∗)

îáîçíà÷èì, ñîîòâåòñòâåííî, äåéñòâèòåëüíóþ è ìíèìóþ êîìïîíåíòó îïåðàòîðà A. Ñ
ïîìîùüþ òåîðåìû 1 è èçâåñòíîé òåîðåìû Ìàöàåâà îá îöåíêå íîðìû Øàòòåíà-ôîí
Íåéìàíà äåéñòâèòåëüíîé êîìïîíåíòû âîëüòåððîâà îïåðàòîðà ÷åðåç íîðìó ìíèìîé
êîìïîíåíòû ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî A � âîëüòåððîâ îïåðàòîð, à èäåàë X óäî-

âëåòâîðÿåò óñëîâèÿì òåîðåìû 1. Åñëè AJ ∈ X, òî AR ∈ X(log−1), ãäå èäåàë
X(log−1) îïðåäåëÿåòñÿ óñëîâèåì êîíå÷íîñòè íîðìû

‖T‖X(log−1) :=

∥∥∥∥∥
{

1

log(en)

n∑
j=1

sj

}∞
n=1

∥∥∥∥∥
X

.

M.V. Maliutina, S. S. Orlov (Irkutsk, Russia)
fanofevanescence2008@yandex.ru, orlov_sergey@inbox.ru

PERIODIC SOLUTION OF GENERALIZED ABEL INTEGRAL
EQUATION OF THE FIRST KIND 1

Let us consider the integral equation

1

Γ(α)

x∫
0

(x− t)α−1ϕ(t)dt = f(x), x ≥ 0, (1)

1The reported study was funded by Russian Foundation for Basic Research according to the research project No. 16-31-00291.
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where f is given function, Γ(α) is gamma function of �xed value α. It is assumed that
α > 0. This case includes 0 < α < 1, when integral has a weak singularity and equation
(1) is called generalized Abel equation.
In the academic literature little attention is paid to the problem of the existence

of continuous periodic solutions of integral Volterra equations. We have studied this
problem for the class (1) of Abel type equations.

Theorem. Equation (1) has a unique continuous T -periodic solution if and only if
the source f expression is of the form

f(x) =

[α]+2∑
i=1

Ai−1x
{α}+i−2

Γ({α}+ i− 1)
+

1

Γ({α})
d

dx

x∫
0

(x− t){α}−1E(t)dt,

where [·] and {·} are �oor and fractional value functions; E(x) ∈ C [α]+1
[0; +∞) is T -periodic

function such that E (i−1)(0) = −Ai−1 for all i = 1, . . . , [α]. The solution is given by
the formula

ϕ(x) = A[α]+1 + E ([α]+1)(x), x ≥ 0.

This theorem is true for α /∈ N. The case of integer values of the parameter α is
considered in [1].

R E F E R E N C E S
1. Maliutina M.V. Problema sushchestvovaniya nepreryvnykh periodicheskikh resheniy integral'nykh uravneniy Vol'terra

(The Problem of Existence of Continuous Periodic Solutions of Integral Volterra Equations). Obozreniye prikladnoy i promyshlennoy
matematiki. 2016. Vol. 23, Issue 4, pp. 369�370. (In Russian)
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ÎÁ ÈÍÂÀÐÈÀÍÒÍÛÕ ÏÎÄÏÐÎÑÒÐÀÍÑÒÂÀÕ ÎÏÅÐÀÒÎÐÀ
ÎÁÎÁÙÅÍÍÎÃÎ ÑÄÂÈÃÀ ÂËÅÂÎ

Â äîêëàäå èäåò ðå÷ü î ñîáñòâåííûõ çàìêíóòûõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâàõ
îïåðàòîðà îáîáùåííîãî ñäâèãà âëåâîD0,g0 (îïåðàòîðà Ïîììüå) â (LF)-ïðîñòðàíñòâå
E öåëûõ ôóíêöèé, èçîìîðôíîì ïîñðåäñòâîì ïðåîáðàçîâàíèÿ Ëàïëàñà ñèëüíîìó
ñîïðÿæåííîìó ê ïðîñòðàíñòâó H(Q) âñåõ ðîñòêîâ ôóíêöèé, àíàëèòè÷åñêèõ íà âû-
ïóêëîì ëîêàëüíî çàìêíóòîì ìíîæåñòâå Q ⊂ C. Ñåìåéñòâî òàêèõ ìíîæåñòâ ñîäåð-
æèò âñå âûïóêëûå îòêðûòûå è âûïóêëûå çàìêíóòûå ìíîæåñòâà â C. Îïåðàòîð
D0,g0 àññîöèèðîâàí ñ íåêîòîðîé ôóíêöèåé g0 ∈ E òàêîé, ÷òî g0(0) = 1. Îí ïðèìå-
íÿåòñÿ ïðè èçó÷åíèè ðàçëîæåíèé àíàëèòè÷åñêèõ ôóíêöèé â ðÿäû ýêñïîíåíò, óðàâ-
íåíèé ñâåðòêè. Åñëè g0 ≡ 1, òî D0,g0 ÿâëÿåòñÿ êëàññè÷åñêèì îïåðàòîðîì Ïîììüå.
Â [1] îïèñàíû âñå ñîáñòâåííûå çàìêíóòûå D0,g0-èíâàðèàíòíûå ïîäïðîñòðàíñòâà E
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â ñëó÷àå, êîãäà ôóíêöèÿ g0 íå èìååò íóëåé, ò. å. g0(z) = eλz, z ∈ C, äëÿ íåêîòîðîãî
λ ∈ Q.
Çäåñü ìû ïðèâîäèì îïèñàíèå âñåõ ñîáñòâåííûõ çàìêíóòûõ D0,g0-èíâàðèàíòíûõ

ïîäïðîñòðàíñòâ E äëÿ ôóíêöèè g0, èìåþùåé êîíå÷íîå ÷èñëî íóëåé, ò. å. äëÿ
g0(z) = P (z)eλz, z ∈ C, ãäå λ � íåêîòîðàÿ òî÷êà èç Q, à P � ìíîãî÷ëåí ñòåïåíè
íå ìåíüøå 1. Äëÿ òàêîé ôóíêöèè g0 îïåðàòîð D0,g0, â îòëè÷èå îò ñëó÷àÿ g0 := eλz,
íå ÿâëÿåòñÿ îäíîêëåòî÷íûì, ò. å. åãî ñîáñòâåííûå çàìêíóòûå ïîäïðîñòðàíñòâà íå
îáðàçóþò öåïü. Èõ ñîâîêóïíîñòü ñîñòîèò óæå èç ìíîæåñòâ äâóõ âèäîâ. Ïåðâîå (îíî
êîíå÷íîå) ñîäåðæèò ïðîñòðàíñòâà êîíå÷íîé êîðàçìåðíîñòè, à âòîðîå (îíî ñ÷åòíîå)
� ïðîñòðàíñòâà êîíå÷íîé ðàçìåðíîñòè. Ïîëó÷åíà àíàëèòè÷åñêàÿ ðåàëèçàöèÿ ∗ â
H(Q) óìíîæåíèÿ ⊗, çàäàâàåìîãî îïåðàòîðîì ñäâèãà äëÿ îïåðàòîðà D0,g0 â òîïî-
ëîãè÷åñêîì ñîïðÿæåííîì E ′ ê E. Ñ ïîìîùüþ ïðèíöèïà äâîéñòâåííîñòè îïèñàíû
âñå ñîáñòâåííûå çàìêíóòûå èäåàëû â àëãåáðå (H(Q), ∗), èçîìîðôíîé (E ′,⊗).
Ïðèâåäåííûå ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ Î.À. Èâàíîâîé.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ivanova O.A., Melikhov S.N. On the completeness of orbits of a Pommiez operator in weighted (LF)-spaces of entire

functions. arXiv:1608.03850.

M.A. Muratov, J. S. Pashkova (Simferopol, Russia)
mamuratov@gmail.com

THE KLEINECKE-SHIROKOV THEOREM IN ∗-ALGEBRAS OF
MEASURABLE OPERATORS

LetM be a von Neumann algebra of operators acting on a Hilbert space H, S(M)
∗-algebra of all operators measurable with respect to the M, and P (M) a complete
structure of orthogonal projections inM.

Theorem 1. If an operator T ∈ S(M) is self-adjoint, then exists a dense invariant
linear subspace D ⊆ H, such that ‖T k‖ ≤ Ck

ξ ‖ξ‖ for any ξ ∈ D (D ⊆ Hb(T )).

Theorem 2. If T, S ∈ S(M) are self-adjoint operators, then exists a strongly dense
linear subspace D ⊆ H, such that D ⊆ Hb(T ) ∩Hb(S).
If T, S ∈ S(M) are self-adjoint operators, and [T, [T, S]] = 0, then operators T and

S commute as elements of the ∗-algebra S(M).

Theorem 3. If G be a real �nite dimensional nilpotent Lie algebra and π : G →
S(M) be a its skew-symmetric representation in S(M), then π is commutative that
is, [π(x), π(y)] = 0 for all x, y ∈ G.
Let fi(t), gi(s), f̃i(t), g̃i(s), i = 1, 2, . . . ,m. the polynomials of one real variable, and

K1(t, s) =
∑m

i=1 fi(t)gi(s), K2(t, s) =
∑m

i=1 f̃i(t)g̃i(s).

Theorem 4. Let T, S ∈ S(M) are self-adjoint operators, and exists a strongly
dense linear subspace D ⊆ Hb(T ) ∩Hb(S), such that
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1). D is invariant with respect to each of operators T and S;
2). D =

⋃∞
n=1Rn(H), Rn ∈ P (M), Rn ↑ I;

3). TRnξ = RnTξ and SRnξ = RnSξ for all ξ ∈ D;
4). TRn, SRn ∈M, n ∈ N and ‖TRn‖ ≤ n, ‖SRn‖ ≤ n.
If {(t, s) : K1(t, s) = 0} = {(t, s) : K2(t, s) = 0}, then

m∑
i=1

fi(T )Sgi(T ) = 0⇐⇒
m∑
i=1

f̃i(T )Sg̃i(T ) = 0.

R E F E R E N C E S
1. Ostrovskyi V., Samoilenko Yu. Introduction to the theory representation of �nite presented *-algebras. I. Representations

by bounded operators. Rev. Math. and Math. Phys., London. 1999.
2. Muratov M., Samoilenko Yu. On commutativity of measurable operators a�liated to a von Neumann algebra. Uch.

Zap.Tavr. Nats. Univ. 2007. Vol. 20(59), �. 1, p. 70-79.

A.B. Muravnik (Voronezh, Russia)
amuravnik@yandex.ru

HALF-PLANE DIFFERENTIAL-DIFFERENCE ELLIPTIC
PROBLEMS: SOLUTION ESTIMATES

The problem

uxx +
m∑
k=1

akuxx(x+ hk, y) + uyy = 0, x ∈ (−∞,+∞), y > 0, (1)

u∣∣∣
y=0

= u0(x), x ∈ (−∞,+∞), (2)

where ak and hk, k = 1,m, are real parameters, there exists a positive constant C such

that 1 +
m∑
k=1

ak coshkξ ≥ C for any real x, and u0 is a bounded continuous function, is

considered.
In [1], the following integral representation of its solution is provided:

u(x, y) =

+∞∫
−∞

E(x− ξ, y)u0(ξ)dξ, (3)

where

E(x, y) =
1

π

∞∫
0

e−yG1(ξ) cos [xξ − yG2(ξ)] dξ,

G{12}(ξ) = ξ

√
ϕ(ξ)± a coshξ ± 1

2
, ϕ(ξ) =

√
a2(ξ) + b2(ξ) + 2a(ξ) + 1 ,
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a(ξ) =
m∑
k=1

ak coshkξ, and b(ξ) =
m∑
k=1

ak sinhkξ.

Here, the following estimate for the function u(x, y) is proved in the half-plane
(−∞,+∞)× (0,+∞):

|u(x, y)| ≤ sup
R1

|u0|. (4)

R E F E R E N C E S
1.Muravnik A.B. Half-plane problems for di�erential-di�erence elliptic equations. Abstr. of the 13th International Conference

�Operator Theory, Complex Analysis, and Mathematical Modeling�. Southern Mathematical Institute of Vladikavkaz Scienti�c
Centre of Russian Academy of Sciences. 2016, p. 128.

Ê. Ã. Îâñåïÿí (Èäæåâàíñêèé Ôèëèàë Åðåâàíñêîãî Ãîñóäàðñòâåííîãî
Óíèâåðñèòåòà)

karen.hovsep@gmail.com
O ÍÅÊÎÒÎÐÛÕ ÑÂÎÉÑÒÂÀÕ C∗�ÀËÃÅÁÐ, ÏÎÐÎÆÄÅÍÍÛÕ
ÈÍÂÅÐÑÍÛÌÈ ÏÎÄÏÎËÓÃÐÓÏÏÀÌÛ ÁÈÖÈÊËÈ×ÅÑÊÎÉ

ÏÎËÓÃÐÓÏÏÛ

Ðàññìîòðèì áèöèêëè÷åñêóþ ïîëóãðóïïó S ïîðîæäåííóþ ýëåìåíòîì a. Èç ðà-
âåíñòâà a∗a = e íåïîñðåäñâåííî ñëåäóåò, ÷òî êàæäûé ýëåìåíò áèöèêëè÷åñêîé
ïîëóãðóïïû èìååò âèä ama∗n, ãäå m è n íåîòðèöàòåëüíûå öåëûå ÷èñëà. Ýëåìåíò
âèäà ama∗n íàçîâåì ìîíîìîì. Èíäåêñîì ìîíîìà b = ama∗n èç S íàçîâåì ÷èñëî
m − n è îáîçíà÷èì ÷åðåç ind(b). Çàôèêñèðóåì öåëîå ÷èñëî m ∈ N, è îáîçíà÷èì
÷åðåç Sm = {b ∈ S : ind(b) = k · m, k ∈ Z}. Ïóñòü S(m) ⊂ S ïîäïóëóãðóïïà
ïîðîæäåííàÿ ýëåìåíòîì am. Ïîíÿòíî, ÷òî S(m), Sm ÿâëÿþòñÿ èíâåðñíûìè ïîäïî-
ëóãðóïïàìè áèöèêëè÷åñêîé ïîëóãðóïïû S.
Ðàññìîòðèì òî÷íîå áåñêîíå÷íîìåðíîå íåïðèâîäèìîå ïðåäñòàâëåíèå áèöèêëè÷å-

ñêîé ïîëóãðóïïû(ñì.[2]) π : S → B(l2(Z+)), π(ana∗m) = T nT ∗m, ãäå T � îïåðà-
òîð ñäâèãà íà l2(Z+), òî åñòü, íà áàçèñå {ek}k∈Z+

äåéñòâóåò ñëåäóþùèì îáðàçîì:
Tek = ek+1, è ýòî ïðåäñòàâëåíèå ïîðîæäàåò àëãåáðó Òåïëèöà T . Îáîçíà÷èì ÷åðåç
Tm è T (m) � C∗-ïîäàëãåáðû àëãåáðû Òåïëèöà T , êîòîðûå ïîðîæäàåþòñÿ ñîîòâåò-
ñòâåííî èíâåðñíûì ïîäïîëóãðóïïàìè π(Sm) è π(S(m)).

Ëåììà 1. Äëÿ ëþáîãî m ∈ N C∗-àëãåáðà Tm ÿâëÿåòñÿ ÿäåðíîé àëãåáðîé.

Îïðåäåëåíèå 1. Ïóñòü çàäàííû àëãåáðû A è B, òàêèå ÷òî A ⊂ B. Ðàñ-
ñìîòðèì öåïî÷êó àëãåáð

A ( A1 ( .... ( An−1 ( B

Öåïî÷êà íàçûâàåòñÿ íåóïëîòíÿåìîé, åñëè íåëüçÿ âëîæèòü äðóãóþ àëãåáðó â ýòó
öåïî÷êó. Òèïîì àëãåáðû B îòíîñèòåëüíî àëãåáðû A íàçûâàåòñÿ ìàêñèìàëüíàÿ
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äëèíà íåóïëîòíÿåìûõ öåïî÷åê ñîäåðæàùèõñÿ ìåæäó àëãåáðàìè A è B è îáîçíà-
÷àåòñÿ ÷åðåç tB(A).

Òåîðåìà 1. Òèï àëãåáðû Km îòíîñèòåëüíî àëãåáðû K(m) ðàâåí m− 1:

tKm(K(m)) = m− 1.

, ãäå Km è K(m) ïîäàëãåáðû êîìïàêòíûõ îïåðàòîðîâ â àëãåáðàõ T (m) è Tm ñî-
îòâåòñòâåííî.
Òåîðåìà 2. Òèï àëãåáðû Tm îòíîñèòåëüíî àëãåáðû T (m) ðàâåí m− 1:

tTm(T (m)) = m− 1.

Ë È Ò Å Ð À Ò Ó Ð À
1. Barnes B.A. Representation of the l1-algebra of an inverse semigroup. Trans. of AMS. 1976. Òîì. 218, ñòð. 361�396.
2. Îâñåïÿí Ê. Ã. O C∗�àëãåáðàõ ïîðîæäåííûõ èíâåðñíûìè ïîäïîëóãðóïïàìè áèöèêëè÷åñêîé ïîëóãðóïïû. Èçâåñòèÿ

ÍÀÍ Àðìåíèè, ìàòåìàòèêà. 2014, Òîì. 49, N 5, ñòð. 67�75.

À.Ý. Ïàñåí÷óê (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÐÀÂÍÎÑÈËÜÍÀß ÐÅÃÓËßÐÈÇÀÖÈß ÎÄÍÎÃÎ ÊËÀÑÑÀ
ÄÂÓÌÅÐÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÒÅÏËÈÖÀ

Ïóñòü Γ = {ξ ∈ C : |ξ| = 1}, Γ2 = Γ×Γ. Îáîçíà÷èì ÷åðåç L2

(
Γ2
)
èW

(
Γ2
)
ñòàí-

äàðòíûå ãèëüáåðòîâî ïðîñòðàíñòâî ñóììèðóåìûõ ñ êâàäðàòîì íà òîðå Γ2 ôóíêöèé
è ôóíêöèé ñ àáñîëþòíî ñóììèðóåìûìè êîýôôèöèåíòàìè Ôóðüå ñîîòâåòñòâåííî.
Ïóñòü L++

2

(
Γ2
)
ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç âñåõ ýëåìåíòîâ L2

(
Γ2
)
, àíàëèòè-

÷åñêè ïðîäîëæèìûõ â îáëàñòü
{

(ξ, η) ∈ C2 : |ξ| < 1, |η < 1|
}
, à P++ - îïåðàòîð

ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâî L++
2

(
Γ2
)
.

Ðàññìàòðèâàåòñÿ îïåðàòîð Òåïëèöà Ta : L++
2

(
Γ2
)
→ L++

2

(
Γ2
)
, (Taφ) (ξ, η) =

P++a (ξ, η)φ (ξ, η) , (ξ, η) ∈ Γ2, ãäå ôóíêöèÿ - a (ξ, η) ∈ W
(
Γ2
)
è íàçûâàåòñÿ

ñèìâîëîì îïåðàòîðà Ta. È.Á.Ñèìîíåíêî [1] ïîëó÷åí ñëåäóþùèé êðèòåðèé íåòåðî-
âîñòè: îïåðàòîð Ta íåòåðîâ òîãäà è òîëüêî òîãäà, êîãäà åãî ñèìâîë óäîâëåòâîðÿåò
óñëîâèÿì a (ξ, η) 6= 0, (ξ, η) ∈ Γ2; ind

ξ
a (ξ, η) = ind

η
a (ξ, η) = 0.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ a (ξ, η) = a•− (ξ, η) ηn, ãäå a•− (ξ, η) ∈ W
(
Γ2
)
àíà-

ëèòè÷åñêè ïðîäîëæèìà â îáëàñòü {η ∈ C : |η| > 1} ïðè ëþáîì ôèêñèðîâàííîì
ξ ∈ Γ ïîðîæäàåò íåòåðîâ îïåðàòîð Òåïëèöà â ïðîñòðàíñòâå L++

2

(
Γ2
)
. Òîãäà

èìååò ìåñòî ïðåäñòàâëåíèå Ta = Tη−nTa−−Ta+−Ta++Ta−+Tηn, ãäå a
±∓ (ξ, η) êîìïî-

íåíòû êàíîíè÷åñêîé ôàêòîðèçàöèè ôóíêöèè a (ξ, η) â àëãåáðå W
(
Γ2
)
.

Ïðè ïîìîùè ïðåäñòàâëåíèÿ, ïîëó÷åííîãî â òåîðåìå, óðàâíåíèå Taφ = f ïðè-
âîäèòñÿ ê ðàâíîñèëüíîé ñèñòåìå èç n óðàâíåíèé. Îïåðàòîð, ïîðîæäàåìûé ýòîé
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ñèñòåìîé, äåéñòâóåò â ïðîñòðàíñòâå (L+ (Γ))n è ïðåäñòàâëÿåò ñîáîé ñóììó ìàòðè÷-
íîãî òåïëèöåâà è âïîëíå íåïðåðûâíîãî îïåðàòîðîâ. Ýòî ïðèâîäèò ê ïîñòðîåíèþ
ðàâíîñèëüíîãî ðåãóëÿðèçàòîðà, âûïèñûâàåìîãî ÷åðåç êîìïîíåíòû êàíîíè÷åñêîé
ôàêòîðèçàöèè ìàòðè÷íîãî ñèìâîëà. Ïðè n = 1 ðåãóëÿðèçàòîð âûïèñûâàåòñÿ â
ÿâíîé ôîðìå.

Ë È Ò Å Ð À Ò Ó Ð À
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ÏÎÑÒÐÎÅÍÈÅ ÎÁÙÅÃÎ ÐÅØÅÍÈß ÎÄÍÎÐÎÄÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÑÂÅÐÒÊÈ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ
ÓËÜÒÐÀÄÈÔÔÅÐÅÍÖÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ

Â ðàáîòå ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà E1
(ω)(R) óëüòðàäèôôåðåíöèðóåìûõ ôóíê-

öèé íîðìàëüíîãî òèïà íà âñåé ÷èñëîâîé ïðÿìîé:

E1
(ω)(R) =

{
f ∈ C∞(R) : ∀q ∈ (0, 1) , ∀l ∈ (0,∞)

sup
j∈N0

sup
|x|≤l

|f (j)(x)|
eqϕ∗ω(j/q)

<∞
}
.

Çäåñü ω � âåñîâàÿ ôóíêöèÿ, çàäàþùàÿ ïðîñòðàíñòâî; ϕ∗ω � ñîïðÿæåííàÿ ïî Þíãó
ñ ω(ex).
Â E1

(ω)(R) èññëåäóåòñÿ îäíîðîäíîå óðàâíåíèå ñâåðòêè

Tµf = 0 . (1)

Åãî ñèìâîë µ ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ öåëóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ
îïðåäåëåííûì îãðàíè÷åíèÿì ðîñòà.
Êàê ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1) âêëþ÷àþò â ñåáÿ äèôôåðåíöèàëüíûå óðàâíå-

íèÿ áåñêîíå÷íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
∞∑
k=0

akf
(k) = 0, à òàêæå

íåêîòîðûå ðàçíîñòíûå óðàâíåíèÿ � íàïðèìåð, óðàâíåíèå f(x+ 1)− f(x− 1) = 0.
Ïóñòü (λs)

∞
s=1 � íóëè ñèìâîëà µ(z) êðàòíîñòåé ks. Ýòèì íóëÿì îòâå÷àþò ýëå-

ìåíòàðíûå ðåøåíèÿ óðàâíåíèÿ (1) âèäà (−ix)ke−iλsx, 0 ≤ k < ks. Êàê èçâåñòíî, â
îáùåì ñëó÷àå óêàçàííûå ýëåìåíòàðíûå ðåøåíèÿ íå îáÿçàíû îáðàçîâûâàòü áàçèñ
âñåãî ïðîñòðàíñòâà ðåøåíèé óðàâíåíèÿ (1).
Â ðàáîòå ïðîâåäåíà ãðóïïèðîâêà íóëåé ñèìâîëà µ(z), è óñòàíîâëåíî, ÷òî â ïðî-

ñòðàíñòâå ðåøåíèé èìååòñÿ àáñîëþòíûé áàçèñ, ñîñòîÿùèé èç ëèíåéíûõ êîìáèíà-
öèé ýëåìåíòàðíûõ ðåøåíèé, îòâå÷àþùèõ ñãðóïïèðîâàííûì íóëÿì.
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Èññëåäîâàíèå ñóùåñòâåííûì îáðàçîì îïèðàåòñÿ íà êðèòåðèé ñþðúåêòèâíîñòè
îïåðàòîðà ñâåðòêè Tµ, óñòàíîâëåííûé â ðàáîòå [1].
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1. Àáàíèí À.Â., Àáàíèíà Ä.À. Òåîðåìà äåëåíèÿ â íåêîòîðûõ âåñîâûõ ïðîñòðàíñòâàõ öåëûõ ôóíêöèé. Âëàäèêàâê. ìàò.

æóðí. 2010. Ò. 12, �. 3, ñòð. 3�21.

S.A. Roshchupkin (Yelets, Russia)
roshupkinsa@mail.ru

THE THEOREM ON THE NORM OF OPERATOR

The norm of integro-di�erential operators (p.d.operators) in the scale of Sobolev
spaces was studied by R. T. Sili [1]. In these investigations, a similar theorem is proved
for s.p.d. operators Kipriyanov-Katrakhov. We follow the methods and approaches of
the work of J. Kohn and L. Nirenberg [2].
For the symbol class a(x; ξ) and the class of the operator A corresponding to these

symbols in [3] we use the notation � Ξm
q .

Theorem 1. Let A ∈ Ξm
q . Let's pretend that

max
x,ξ∈Σ+

n

|a(x, ξ)| = K

K <∞. Then we have the equality

K = inf
T
‖A+ T‖s,γ,

where ‖‖S,γ is the norm of the operators in the scale Hs
γ and the lower bound is taken

over all operators of order m− 1.

Theorem 2. Let A ∈ Ξm
q . Then the following statements are equivalent:

I. The symbol of the operator A is identically equal to zero.
II. A = 0.
III. For some l < m, the operator A has order l.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ñèëè Ð.Ò. Èíòåãðî-äèôôåðåíöèàëüíûå îïåðàòîðû íà âåêòîðíûõ ðàññëîåíèÿõ // Ñá. Ìàòåìàòèêà. � 1967. � Ñ. 57

� 97.
2. Êîí Äæ., Íèðåíáåðã À. Àëãåáðà ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ // Ñá. Ïñåâäîäèôôåðåíöèàëüíûå îïåðà-

òîðû. � Ì.: Ìèð. � 1967.
3. Êàòðàõîâ Â.Â., Ëÿõîâ Ë.Í. Ïîëíîå ïðåîáðàçîâàíèå Ôóðüå-Áåññåëÿ è àëãåáðà ñèíãóëÿðíûõ ïñåâäîäèôôåðåíöè-

àëüíûõ îïåðàòîðîâ. Äèôôåðåíö. Óðàâíåí. � 2011, Ò. 47. � 5. � Ñ. 681 � 695.

G.Rozenblioum (Gothenburg, Sweden)
grigori@chalmers.se

TOEPLITZ OPERATORS WITH VERY SINGULAR SYMBOLS IN
BERGMAN TYPE SPACES
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We develop a new approach to de�ning Toeplitz operators in Bergman type spaces
(the reproducing kernel spaces) based upon considering sesquilinear forms with special
properties. The approach allows, in particular, to de�ne operators and investigate
boundedness and compactness conditions for highly singular symbols, in particular,
involving distributions and hyperfunctions in certain classes. To check these conditions
we introduce and study 'Carleson measures for derivatives'. Particular applications
include operators in the classical Bergman space, the Fock space, and the Herglotz
space of solutions of the Helmholtz equation. The talk is based upon a series of papers,
joint with N.Vasilevski, Mexico.

R E F E R E N C E S
1. Rozenblum G., Vasilevski, N. Toeplitz operators de�ned by sesquilinear forms. Fock space case. J. Funct. Anal. 2014. Vol.

267. No. 11, pp. 4399�4430.
2. Rozenblum, G., Vasilevski, N. Toeplitz operators de�ned by sesquilinear forms. Bergman space case. J. Math. Sci. (N.Y.)

2016. Vol. 213. No. 4, pp. 582-609.
3. Rozenblum, G., Vasilevski, N. Toeplitz operators in the Herglotz space. Integral Equations Operator Theory 2016. Vol

86. No. 3, pp. 409�438.

À.Ð. Ðóñòàíîâ (ÌÏÃÓ, Ðîññèÿ)
aligadzhi@yandex.ru

Ñ.Â. Õàðèòîíîâà (ÎÃÓ, Ðîññèÿ)
hcb@yandex.ru

ÑÂÎÉÑÒÂÀ ÈÍÒÅÃÐÈÐÓÅÌÎÑÒÈ NC10-ÌÍÎÃÎÎÁÐÀÇÈÉ

Îïðåäåëåíèå 1 [1]. AC-ñòðóêòóðà, õàðàêòåðèçóåìàÿ òîæäåñòâîì

∇X(Φ)Y +∇Y (Φ)X = ξ∇X(η)ΦY + ξ∇Y (η)ΦX+

+η(X)∇ΦY + η(Y )∇ΦXξ;X, Y ∈ X(M),

íàçûâàåòñÿ NC10-ñòðóêòóðîé.
AC-ìíîãîîáðàçèå, ñíàáæåííîåNC10-ñòðóêòóðîé íàçûâàåòñÿNC10-ìíîãîîáðàçèåì.

Òåîðåìà 1. NC10-ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ ôîðìó òî-
ãäà è òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ òî÷íåéøå êîñèìïëåêòè÷åñêèì ìíîãîîá-
ðàçèåì, ò.å. êîãäà ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà
ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêà-
çàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëîáàëüíûìè.

Òåîðåìà 2. Èíòåãðèðóåìàÿ NC10-ñòðóêòóðà ÿâëÿåòñÿ êîñèìïëåêòè÷åñêîé
ñòðóêòóðîé.

Òåîðåìà 3. Èíòåãðèðóåìàÿ NC10-ñòðóêòóðà ëîêàëüíî ýêâèâàëåíòíà ïðîèç-
âåäåíèþ êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè ìíîãîîáðàçèå îä-
íîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëîáàëüíû-
ìè.
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Îïðåäåëåíèå 2 [3], [4]. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçû-
âàåòñÿ íîðìàëüíîé, åñëè N(X, Y ) + 2dη(X, Y )ξ = 0.

Òåîðåìà 4. Íîðìàëüíàÿ NC10-ñòðóêòóðà ÿâëÿåòñÿ êîñèìïëåêòè÷åñêîé, à
çíà÷èò, ëîêàëüíî ýêâèâàëåíòíà ïðîèçâåäåíèþ êåëåðîâà ìíîãîîáðàçèÿ íà âåùå-
ñòâåííóþ ïðÿìóþ. Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýê-
âèâàëåíòíîñòè ìîæíî âûáðàòü ãëîáàëüíûìè.

Òåîðåìà 5. Ïóñòü S = (η, ξ,Φ, g = 〈·, ·〉) � AC-ñòðóêòóðà. Òîãäà ñëåäóþùèå
óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) S = (η, ξ,Φ, g = 〈·, ·〉) � èíòåãðèðóåìàÿ NC10-ñòðóêòóðà;
2) S = (η, ξ,Φ, g = 〈·, ·〉) � íîðìàëüíàÿ NC10-ñòðóêòóðà;
3) S = (η, ξ,Φ, g = 〈·, ·〉) � êîñèìïëåêòè÷åñêàÿ ñòðóêòóðà.

Òåîðåìà 6. Õàðàêòåðèñòè÷åñêèé âåêòîð ξ NC10-ñòðóêòóðû ÿâëÿåòñÿ âåê-
òîðîì Êèëëèíãà.

Òåîðåìà 7. Êîíòàêòíàÿ ôîðìà η NC10-ñòðóêòóðû ÿâëÿåòñÿ ôîðìîé Êèë-
ëèíãà.

Òåîðåìà 8. NC10-ìíîãîîáðàçèå ñ N
(2)(X, Y ) = 0 ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè
ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âû-
áðàòü ãëîáàëüíûìè.

Òåîðåìà 9. Íà NC10-ìíîãîîáðàçèè N (3)(X, Y ) = 0 òîãäà è òîëüêî òîãäà,
êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ òî÷íåéøå êîñèìïëåêòè÷åñêèì ìíîãîîáðàçèåì. À
çíà÷èò, ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîá-
ðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå
ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëîáàëüíûìè.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ðóñòàíîâ À.Ð. Ìíîãîîáðàçèÿ êëàññà NC10. Ïðåïîäàâàòåëü XXI âåê. - 2014. � 3, 2014, ñ. 209-218.
2. Êèðè÷åíêî Â.Ô. Äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèå ñòðóêòóðû íà ìíîãîîáðàçèÿõ. Èçäàíèå âòîðîå äîïîëíåííîå.

Îäåññà: "Ïå÷àòíûé äîì 2013.
3. Blair D. Contact manifolds in Riemannian geometry. Lect. NotesinMath., 509, 1976, p. 1-146.

N. Samko (Lule�a, Sweden)
Natasha.Samko@ltu.se

COMMUTATORS OF WEIGHTED HARDY OPERATORS ON
MORREY TYPE SPACES

We prove theorems on the boundedness of commutators of the weighted multidimen-
sional Hardy operator from a generalized local Morrey space to local or global space.
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A. Sathish Kumar (Department of Mathematics, Visvesvaraya National
Institute of Technology Nagpur Nagpur, Maharashtra-440010, India)

mathsatish9@gmail.com
APPROXIMATION BY GENERALIZED KANTOROVICH SAMPLING

TYPE SERIES

In the present article, we analyse the behaviour of a new family of Kantorovich
type sampling operators (Kϕ

wf)w>0. First, we give a Voronovskaya type theorem for
these Kantorovich generalized sampling series and a corresponding quantitative version
in terms of the �rst order of modulus of continuity. Further, we study the order of
approximation in C(R) (the set of all uniformly continuous and bounded functions on
R) for the family (Kϕ

wf)w>0. Finally, we give some examples of kernels such as B-spline
kernels and Blackman-Harris kernel to which the theory can be applied.

R E F E R E N C E S
1. Bardaro C., Mantellini I. On convergence properties for a class of Kan-torovich discrete operators. Num. Funct. Anal.

Optim. (2012). 33(4): 374-396.
2. Bardaro C., Vinti G. An abstarct approach to sampling type operators inspired by the work of P.L. Butzer. Part I-Linear

operators. Sampl. Theor. Signal Image Process. (2003). 2(3): 271-296.
3. Bardaro C., Vinti G., Butzer P. L., Stens R.L. Kantorovich-type generalized sampling series in the setting of Orlicz spaces.

Sampl. Theor. Signal Image Process. (2007). 6: 29-52.

V.V. Semenov (Kiev, Ukraine)
semenov.volodya@gmail.com

ON THE CONVERGENCE OF NEW METHOD FOR VARIATIONAL
INEQUALITY PROBLEM OVER THE SET OF SOLUTIONS THE

EQUILIBRIUM PROBLEMS

Let H be a real Hilbert space with inner product (·, ·). For operator A : H → H, set
M ⊆ H, and bifunction F : H ×H → R we denote by V I(A,M) and EP (F,M) sets
{x ∈M : (Ax, y − x) ≥ 0 ∀ y ∈M} and {x ∈M : F (x, y) ≥ 0 ∀ y ∈M}, respec-
tively.
We are interested in approximate solution of problems

�nd x ∈ V I(A,EP (F,C)), (1)

and,
�nd x ∈ V I(A,EP (F1, C1) ∩ EP (F2, C2)). (2)

Problems of form (1) or (2) are referred as variational inequality over the set of solutions
the equilibrium problem or over the set of solutions the system of equilibrium problems.
This problems have found applications in a wide array of disciplines, including mechanics,
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economics, partial di�erential equations, approximation theory, signal and image proces-
sing, game theory, optimal transport theory, probability and statistics, and machine
learning.
Motivated by the idea of Korpelevich's extragradient method and Antipin's extensions

the extragradient method to equilibrium problem, we'll introduce a new and maybe
e�cient method for solving problem (2). One version of this method is following.
Select an arbitrary point x1 ∈ H and generates the sequence (xn) iteratively by

vn = proxλnF1(xn,·)xn, yn = proxλnF1(vn,·)xn,

un = proxλnF2(xn,·)xn, zn = proxλnF2(un,·)xn,

wn = 1
2yn + 1

2zn,
xn+1 = wn − αnAwn.

where λn, αn > 0.
This method use the proximity operator. Principal di�erence here, at each iteration,

we solve strongly convex programming problems only instead of a auxiliary equilibri-
um programming problems. We'll prove the strong convergence of these methods under
mild conditions.

H. Khan (Doha, Qatar)
safeer@qu.edu.qa ITERATIVE CONVERGENCE FOR

QUASI-CONTRACTIVE TYPE OPERATORS

Let C be a nonempty convex subset of a normed space E and T : C → C an
operator. We use the following quasi-contractive type operators

max(‖Tx− p‖ , ‖Sx− p‖) ≤ δ ‖x− p‖ (1)

to apporoximate their common �xed points by using the following iterative process.
x1 = x ∈ C,
xn+1 = Tyn,

yn = (1− αn)xn + αnSxn, n ∈ N.
(2)

The above mentioned operators are actually a two-mapping extension of the operators
de�ned by Chidume and Olaleru [1] whereas the iterative process is a two-mapping
extension of a new more general and faster iterative process due to Khan [2].
Our purpose in this talk is to discuss a convergence result for approximating common

�xed points of two quasi-contractive type operators using (1) with (2) in normed spaces.
Keeping in mind that approximating common �xed points has a direct link with the
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minimization problem, our extension makes sense. We also stress upon the fact that
our result is in the setting of a normed space in contrast with a Banach space. It
generalizes and improves upon the corresponding results of several authors including
[1] in the following di�erent directions: (ii) faster iterative process (iii) more number of
operators.

R E F E R E N C E S
1. Chidume C.E. and Olaleru J.O. Picard iteration process for a general class of contractive mappings. 2014. Vol. 33,

pp. 19�23.
2. Khan S.H. A Picard-Mann hybrid iterative process. Fixed Point Theory and Applications. 2013. Vol. 2013:69, pp. 1�10.

À.Ï. ×åãîëèí (Ðîñòîâ-íà-Äîíó)
apchegolin@mail.ru

ÊÎÌÏËÅÊÑÍÛÅ ÑÒÅÏÅÍÈ ÊËÀÑÑÈ×ÅÑÊÎÃÎ ÄÂÓÌÅÐÍÎÃÎ
ÒÅËÅÃÐÀÔÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

Â ðàáîòå â ðàìêàõ ïðîñòðàíñòâ p-ñóììèðóåìûõ ôóíêöèé ÿâíî âîññòàíîâëå-
íû êîìïëåêñíûå ñòåïåíè êëàññè÷åñêîãî òåëåãðàôíîãî îïåðàòîðà ñ îòðèöàòåëüíîé
äåéñòâèòåëüíîé ÷àñòüþ ïîðÿäêà ñòåïåíè ñèìâîëà. Ïðè ýòîì ïàðàìåòðû ñèìâîëà
èìåþò êîíêðåòíûé ôèçè÷åñêèé ñìûñë è ñîîòâåòñòâóþò òåëåãðàôíîìó óðàâíåíèþ.
Îïåðàòîðû ñ ïîëîæèòåëüíîé äåéñòâèòåëüíîé ÷àñòüþ ðåàëèçóþòñÿ â àíàëîãè÷íûõ
è âåñîâûõ ïðîñòðàíñòâàõ â âèäå àïïðîêñèìàòèâíûõ êîíñòðóêöèé, ïîñòðîåííûõ ïî
ìíîæåñòâàì âûðîæäåíèÿ ñèìîëà.

A.A. Shkalikov (Lomonosov Moscow State University, Russia)
shkalikov@mi.ras.ru PT -SYMMETRIC OPERATORS WITH

PARAMETER. CRITICAL PARAMETER VALUES

We consider PT -symmetric Sturm-Liouville operators

T (ε) = − d2

dx2
+ εP (x), ε > 0,

in the space L2(−a, a), 0 < a 6 ∞, where P is subject to the condition P (x) =
−P (−x). The spectra of these operators are symmetric with respect to the real axis
and discrete, provided that the interval (−a, a) is �nite and P is not a singular potential.
We will show that the spectrum of the operator T (ε) is real for su�ciently small values
of the parameter ε and in this case T (ε) is similar to a self-adjoint operator. For large
values of ε the complex eigenvalues do appear and the number of non-real eigenvalues
increases as ε→∞.
The aim of the talk is to cast some light to the following problems: How the

eigenvalues of T (ε) do behave when the parameter changes? Is it possible to evaluate
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or to calculate the critical value ε0 of the parameter, such that T (ε) are similar to
self-adjoint operators for all ε < ε0? We will �nd an explicit answer for some particular
potentials.
The talk is based on the joint papers with S.Tumanov.

Ì.Ó. ßõøèáîåâ, À. Ãàçèåâ (Ñàìàðêàíä, Óçáåêèñòàí)
yahshiboev@rambler.ru

Î ÄÐÎÁÍÎÌ ÈÍÒÅÃÐÈÐÎÂÀÍÈÈ ÒÈÏÀ ÀÄÀÌÀÐÀ Â
ÊÓÑÎ×ÍÎ-ÑÒÅÏÅÍÍÛÕ ÂÅÑÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ÑÓÌÌÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îãðàíè÷åííîñòü òèïà Àäàìàðà äðîáíî èíòå-
ãðèðîâàííûõ ôóíêöèé â ïðîñòðàíñòâå Xp

γ,ν.
Äëÿ ôóíêöèè ϕ (x), çàäàííîé íà ïîëóîñè R1

+, èíòåãðàëû

(Jα+,µϕ) (x) :=
1

Γ (α)

∫ x

0

(
t

x

)µ (
ln
x

t

)α−1

ϕ (t)
dt

t
, x > 0, α > 0,

(Jα−,µϕ) (x) :=
1

Γ (α)

∫ ∞
x

(x
t

)µ(
ln
t

x

)α−1

ϕ (t)
dt

t
, x > 0, α > 0,

íàçûâàþòñÿ èíòåãðàëàìè äðîáíîãî ïîðÿäêà α òèïà Àäàìàðà (ñîîòâåòñòâåííî, ëå-
âîñòîðîííèìè è ïðàâîñòîðîííèìè). Íà äåéñòâèòåëüíîé ïîëóîñè ðàññìàòðèâàåòñÿ
èíòåãðàëüíûå îïåðàòîðû òèïà Àäàìàðà â ïðîñòðàíñòâå

Xp
γ,ν =

{
ϕ :

∫ 1

0

x−γ |ϕ(x)|p dx
x

+

∫ ∞
1

x−ν |ϕ (x)|p <∞, γ ≥ 0, ν ≥ 0, 1 ≤ p <∞
}

ñ íîðìîé

‖ϕ‖Xp
γ,ν

=

{∫ 1

0

|f (x)|p x−γ dx
x

+

∫ ∞
1

|f (x)|p x−vdx
x

} 1
p

.

Òåîðåìà. Ïóñòüγ, ν ∈ R1, 1 ≤ p ≤ ∞, α > 0 è µ ∈ C.
a) Åñëè Reµ > −m

p , m = min (γ, ν) , γ > 0, v > 0, òî îïåðàòîð Jα+,µ îãðàíè÷åí
â ïðîñòðàíñòâå Xp

γ,ν, è∥∥Jα+,µϕ∥∥Xp
γ,ν
≤ C+

p ‖ϕ‖Xp
γ,ν
, C+

p =

(
p

µ p+m

)α
, C+
∞ =

(
1

µ+m

)α
.

b) Åñëè Reµ > M
p , M = max (γ, ν) , γ < 0, v < 0, òî îïåðàòîð Jα−,µ îãðàíè÷åí â

ïðîñòðàíñòâå Xp
γ,ν, è∥∥Jα−,µϕ∥∥Xp
γ,ν
≤ C−p ‖ϕ‖Xp

γ,ν
, C−p =

(
p

µ p−M

)α
, C−∞ =

(
1

µ−M

)α
.
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Session II

Function Theory and Approximation
Theory



¾Table of contents¿

Function Theory and Approximation Theory 52

Ì.Â. Áàáóøêèí, Â.Â. Æóê (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
maxbabushkin@gmail.com, zhuk@math.spbu.ru

Î ÑÈËÜÍÎÉ ÔÎÐÌÅ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÕ ÔÎÐÌÓË ÒÈÏÀ
ÂÎÐÎÍÎÂÑÊÎÉ�ÁÅÐÍØÒÅÉÍÀ Ñ ÏÎÒÎ×Å×ÍÎÉ ÎÖÅÍÊÎÉ

ÎÑÒÀÒÎ×ÍÎÃÎ ×ËÅÍÀ

Äëÿ øèðîêîãî êðóãà ìåòîäîâ ïðèáëèæåíèÿ óñòàíàâëèâàþòñÿ ðåçóëüòàòû, êîòî-
ðûå äëÿ ïîëèíîìîâ Áåðíøòåéíà (â óïðîù¼ííîì âèäå) âûãëÿäÿò ñëåäóþùèì îá-
ðàçîì. Ïóñòü Ω∗ � ìíîæåñòâî âñåõ âûïóêëûõ ìîäóëåé íåïðåðûâíîñòè, Bn(f, x) =
n∑
k=0

f
(
k
n

)
pn,k(x) � ïîëèíîìû Áåðíøòåéíà, ãäå pn,k(x) = Ck

nx
k(1− x)n−k.

Óòâåðæäåíèå 1. Ïóñòü p ≥ 1, ω ∈ Ω∗, n ∈ N, x ∈ [0, 1], äëÿ îãðàíè÷åííîé
ôóíêöèè f : [0, 1] → R ïðè âñåõ t òàêèõ, ÷òî x + t ∈ [0, 1], ñïðàâåäëèâî íåðàâåí-
ñòâî |f(x+ t)− f(x)| ≤ ω(|t|). Òîãäà(

n∑
k=0

∣∣∣∣f (kn
)
− f(x)

∣∣∣∣p pn,k(x)

)1/p

≤ ω

( n∑
k=0

∣∣∣∣kn − x
∣∣∣∣p pn,k(x)

)1/p
 ,

â ÷àñòíîñòè, ïðè p = 2(
(Bn(f, x)− f(x))2 +Bn(f

2, x)−B2
n(f, x)

) 1
2 ≤ ω

(√
x(1− x)

n

)
.

Óòâåðæäåíèå 2. Ïóñòü ω ∈ Ω∗, n ∈ N, îãðàíè÷åííàÿ ôóíêöèÿ f : [0, 1] → R
èìååò â òî÷êå x ∈ [0, 1] ïðîèçâîäíóþ, ïðè âñåõ t òàêèõ, ÷òî x + t ∈ [0, 1],
ñïðàâåäëèâî ïðåäñòàâëåíèå f(x+ t) = f(x) + f ′(x)t+

+ε(t)t, ãäå |ε(t)| ≤ ω(|t|); αn(x) =
√

x(1−x)
n . Òîãäà

n∑
k=0

∣∣∣∣f (kn
)
− f(x)− f ′(x)

(
k

n
− x
)∣∣∣∣ pn,k(x) ≤ αn(x)ω (αn(x)) .

Ë È Ò Å Ð À Ò Ó Ð À
1. Òåëÿêîâñêèé Ñ.À. Î ñêîðîñòè ïðèáëèæåíèÿ ôóíêöèé ìíîãî÷ëåíàìè Áåðíøòåéíà. Òð. ÈÌÌ ÓðÎ ÐÀÍ. 2008. Òîì.

14, �. 3, ñòð. 162�169.
2. Æóê Â.Â. Î ñèëüíîì ïðèáëèæåíèè ôóíêöèé ïîñðåäñòâîì ïîëîæèòåëüíûõ îïåðàòîðîâ. Çàï. íàó÷í. ñåì. ÏÎÌÈ.

2015. Òîì. 440, ñòð. 68�80.
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Õ.Õ. Áóð÷àåâ (Ãðîçíûé), Â. Ã. Ðÿáûõ (Ðîñòîâ-íà-Äîíó), Ã.Þ. Ðÿáûõ
(Ðîñòîâ-íà-Äîíó)
ryabich@aaanet.ru

Î ÏÐÈÁËÈÆÅÍÈÈ ÍÅÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ
ÀÍÀËÈÒÈ×ÅÑÊÈÌÈ 1

Ïóñòü D = {z ∈ C : |z| < 1}, T = {t ∈ C : |t| = 1}, Ap(Hp) � îáû÷íûå ïðîñòðàí-
ñòâà Áåðãìàíà (Õàðäè) ïî åäèíè÷íîìó êðóãó; ω ∈ Lp(D) = Lp. Èçó÷àåòñÿ çàäà÷à
î ñâîéñòâàõ ôóíêöèè

X ∈ Ap : min
x∈Ap
‖ω − x‖Lp = ‖ω −X‖Lp.

Òåîðåìà 1. Åñëè 1 < p < p1 < 2 è ω = (1 − |z|)k, ãäå k ∈ L2p∗

⋂
W 1,p1(D),

p∗ = p1/(2− p1), òî X ∈
⋂
γ<p∗

Hγ.

Òåîðåìà 2. Åñëè 1 < p < p1, 2 < p1 < ∞ è ω = (1 − |z|)k, ãäå k ∈
L∞
⋂
W 1,p1(D), òî ìîäóëü âíåøíåé ôóíêöèè X(z) ïðèíàäëåæèò Lip((1−2/p1)/p;T ).

Â ÷àñòíîñòè ôóíêöèÿ ω = (1− |z|)k̄, k ∈ Ap1, óäîâëåòâîðÿåò óñëîâèÿì, óêàçàí-
íûì â òåîðåìàõ 1 è2.
Â [1] äîêàçàíî, ÷òî ïðè ω ∈ W 1,p, 1 ≤ p < ∞, ôóíêöèÿ X ∈ Hp. Ïîäîáíàÿ

çàäà÷à â Hp èññëåäîâàíà â ðàáîòå [2].
Ë È Ò Å Ð À Ò Ó Ð À

1. Khavinson D.,McCarhtyt John E. and Shapiro H. Best approximation in the Mean by analytic and Harmonic Functions
// Ark. Mat. 39(2001). P. 339�359.

2. Ðÿáûõ Â. Ã. Ïðèáëèæåíèå íåàíàëèòè÷åñêèõ ôóíêöèé àíàëèòè÷åñêèìè // Ìàò. ñáîðíèê. 2006. Ò. 197, � 2. C. 87�96.

Ä.À. Çàêîðà (Ñèìôåðîïîëü, ÐÔ)
dmitry.zkr@gmail.com

Î P-ÁÀÇÈÑÍÎÑÒÈ ÑÈÑÒÅÌÛ ÊÎÐÍÅÂÛÕ ÝËÅÌÅÍÒÎÂ Â
ÎÄÍÎÉ ÇÀÄÀ×Å ÃÈÄÐÎÄÈÍÀÌÈÊÈ

Ðàññìàòðèâàåòñÿ çàäà÷à î ìàëûõ äâèæåíèÿõ èäåàëüíîé ðåëàêñèðóþùåé æèä-
êîñòè, çàïîëíÿþùåé îãðàíè÷åííóþ îáëàñòü Ω ⊂ R3 è íàõîäÿùåéñÿ â íåâåñîìîñòè

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-00331).
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(ñì. [1]):

∂u(t, x)

∂t
= −a2

∞ρ
−1
0 ∇ρ(t, x)+

+ a2
∞

m∑
l=1

∫ t

0

e−bl(t−s)kl∇ρ(s, x) ds+ f(t, x) (â Ω),

∂ρ(t, x)

∂t
+ ρ0divu(t, x) = 0 (â Ω), u(t, x) · n = 0 (íà ∂Ω),

u(0, x) = u0(x), ρ(0, x) = ρ0(x).

Çäåñü u(t, x), ρ(t, x) � ïîëå ñêîðîñòåé è äèíàìè÷åñêàÿ ïëîòíîñòü æèäêîñòè, ρ0 �
ïëîòíîñòü æèäêîñòè, a∞ � ñêîðîñòü çâóêà â ñæèìàåìîé æèäêîñòè, f(t, x) � ìàëîå
ïîëå âíåøíèõ ñèë, íàëîæåííîå íà ãðàâèòàöèîííîå, n � âíåøíèé åäèíè÷íûé íîð-
ìàëüíûé ê ∂Ω âåêòîð, îñòàëüíûå ïàðàìåòðû â óðàâíåíèÿõ � ýòî ïîëîæèòåëüíûå
ôèçè÷åñêèå êîíñòàíòû.
Ñ ðàññìàòðèâàåìîé çàäà÷åé àññîöèèðîâàí îïåðàòîðíûé áëîê, äåéñòâóþùèé â

îðòîãîíàëüíîé ñóììå ãèëüáåðòîâûõ ïðîñòðàíñòâ. Äîêàçàíî, ÷òî ñèñòåìà êîðíå-
âûõ ýëåìåíòîâ ýòîãî îïåðàòîðíîãî áëîêà îáðàçóåò p-áàçèñ â ñîîòâåòñòâóþùåì ïðî-
ñòðàíñòâå. Ðåøåíèå ðàññìàòðèâàåìîé äèíàìè÷åñêîé çàäà÷è ïðåäñòàâëåíî â âèäå
ðÿäà ïî âîçíèêàþùåé ñèñòåìå ýëåìåíòîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1.Kopachevsky N.D., Krein S.G.Operator Approach to Linear Problems of Hydrodynamics. Vol. 2: Nonself-adjoint Problems

for Viscous Fluids. Birkh�auser Verlag. 2003.

Â.Ï. Çàñòàâíûé, À.Ä. Ìàíîâ (Äîíåöê)
zastavn@rambler.ru, manov.ad@ro.ru

ÏÎËÎÆÈÒÅËÜÍÀß ÎÏÐÅÄÅË�ÍÍÎÑÒÜ ÊÎÌÏËÅÊÑÍÎÉ
ÊÓÑÎ×ÍÎ-ËÈÍÅÉÍÎÉ ÔÓÍÊÖÈÈ È ÍÅÊÎÒÎÐÛÅ Å�

ÏÐÈÌÅÍÅÍÈß

Ôóíêöèÿ f : R → C íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííîé íà R (f ∈ Φ(R)),
åñëè ïðè ëþáûõ m ∈ N, {xk}mk=1 ⊂ R è {ck}mk=1 ⊂ C âûïîëíÿåòñÿ íåðàâåíñòâî
m∑

k,j=1

ckcjf(xk − xj) > 0.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à. Äëÿ çàäàííûõ α ∈ (0, 1) è c = h + iβ,
h, β ∈ R, ôóíêöèÿ fα,c : R → C îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: 1) ôóíêöèÿ
fα,c ÿâëÿåòñÿ ýðìèòîâîé, ò.å. fα,c(−x) = fα,c(x), x ∈ R; 2) fα,c(x) = 0 ïðè x > 1, à
íà îòðåçêàõ [0, α] è [α, 1] ôóíêöèÿ fα,c ÿâëÿåòñÿ ëèíåéíîé è fα,c(0) = 1, fα,c(α) =
c, fα,c(1) = 0. Äëÿ êàæäîãî ôèêñèðîâàííîãî α ∈ (0, 1) òðåáóåòñÿ íàéòè ìíîæåñòâî
âñåõ c ∈ C, äëÿ êîòîðûõ fα,c ∈ Φ(R)
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Åñëè c = h ∈ R, òî ýòî çàäà÷à Ð.Ì. Òðèãóáà, êîòîðàÿ ðåøåíà àâòîðàìè â [1].
Â îáùåì ñëó÷àå ïîëó÷åíà ñëåäóþùàÿ
Òåîðåìà 1. Ïóñòü α ∈ (0, 1), c = h + iβ, h, β ∈ R, m(α) = 0, åñëè 1/α 6∈ N, è

m(α) = −α, åñëè 1/α ∈ N. Òîãäà ôóíêöèÿ fα,c ∈ Φ(R) ⇐⇒ m(α) 6 h 6 1− α è
|β| 6 γ(α, h), ãäå

γ(α, h) := inf
t∈R\NGα

Fα,h(t)

|Gα(t)|
, NGα := {t ∈ R : Gα(t) = 0},

Fα,h(t) =
(1− α− h)(1− cos(αt)) + αh(1− cos t)

α(1− α)t2
, Fα,h(0) :=

α + h

2
,

Gα(t) =
sin(αt)− α sin t

α(1− α)t2
, Gα,h(0) := 0.

Åñëè m(α) < h < 1 − α è α ∈ Q, òî γ(α, h) > 0, è γ(α, h) = 0 â îñòàëüíûõ
ñëó÷àÿõ : a) α 6∈ Q; b) h = 1− α; c) h = m(α).
Íàéäåíû çíà÷åíèå êîíñòàíòû γ(α, h) äëÿ α = 1/2, 1/3 è 2/3. Ñ ïîìîùüþ òåî-

ðåìû 1 ïîëó÷åí êðèòåðèé âïîëíå ìîíîòîííîñòè ôóíêöèé âèäà f(x) = (Ax2 +B +
Cx)/(x(x2 + 1)(x2 + α2)) è äîêàçàíî òî÷íîå íåðàâåíñòâî äëÿ òðèãîíîìåòðè÷åñêèõ
ìíîãî÷ëåíîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. A. Manov, V. Zastavnyi Positive de�niteness of piecewise-linear function. Expo. Math. (ïðèíÿòà â ïå÷àòü, DOI: 10.1016/
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Å.Â. Èêîííèêîâà (ã. Âîðîíåæ, Ðîññèÿ)
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ÎÁ ÓÐÀÂÍÅÍÈßÕ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ Ñ ÁÛÑÒÐÎ
ÎÑÖÈËËÈÐÓÞÙÅÉ ÏÐÀÂÎÉ ×ÀÑÒÜÞ

Â äàííîé ðàáîòå äîêàçàíà êîìïàêòíîñòü ìíîæåñòâà ðåøåíèé çàäà÷è Êîøè äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà ñ áûñòðî îñöèëëèðóþùåé ïðà-
âîé ÷àñòüþ ñëåäóþùåãî âèäà: z′(τ) = F

(τ
ε
, z(τ − εh), z′(τ − εh), ε

)
, τ ∈ [0, d];

z(τ) = ϕ0, ϕ0 ≡ const, τ ≤ 0,
(1)

ãäå h ≡ const, h ∈ R1
+, à F óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

A1)F : R1 × Rn × Rn × [0, 1]→ Rn � íåïðåðûâíîå ïî ñîâîêóïíîñòè ïåðåìåííûõ
îòîáðàæåíèå;
À2) Ôóíêöèÿ F (·, ·, ·, ·) ÿâëÿåòñÿ T -ïåðèîäè÷åñêîé ïî ïåðâîé ïåðåìåííîé;
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A3) F (·, ·, ·, ε) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî ïåðâîé, âòîðîé è òðåòüåé
ïåðåìåííûì ñ êîíñòàíòàìè k1 ≥ 0, k2 ≥ 0 è 0 ≤ k3 < 1 ñîîòâåòñòâåííî.
Èçó÷åíû ñâîéñòâà ïðåäåëüíûõ òî÷åê â ïðîñòðàíñòâå C([0, d],Rn) òàêèõ ðåøå-

íèé. Áûëî óñòàíîâëåíî, ÷òî äëÿ ðåøåíèé çàäà÷è (1) ðåçóëüòàò êëàññè÷åñêîãî ïðèí-
öèïà óñðåäíåíèÿ Í.Í. Áîãîëþáîâà-Í.Ì. Êðûëîâà â îáùåì ñëó÷àå íå âåðåí. Óêà-
çàíû ÷àñòíûå ñëó÷àè ôóíêöèè F , äëÿ êîòîðûõ ïðèíöèï óñðåäíåíèÿ âåðåí. Ýòî
óðàâíåíèÿ, ëèíåéíûå ïî z′(τ − εh), òî åñòü: z′(τ) = F

(τ
ε
, z(τ − εh)

)
+ a

(τ
ε

)
z′(τ − εh), τ ∈ [0, d];

z(τ) = ϕ0, ϕ0 ≡ const, τ ≤ 0,

ãäå a(·) óäîâëåòâîðÿåò óñëîâèÿì:
D1) îïåðàòîð a(ξ) : Rn → Rn ëèíååí è T -ïåðèîäè÷åí ïî ξ;
D2)‖a(ξ)‖Rn < 1;
D3) a(·) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé k3 ≥ 0.

À.Ñ. Êàëèòâèí, Í.È. Òðóñîâà (Ëèïåöê)
kalitvinas@mail.ru, trusova.nat@gmail.com

ÐÀÇÐÅØÈÌÎÑÒÜ ÑÈÑÒÅÌ ÍÅËÈÍÅÉÍÛÕ
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÁÀÐÁÀØÈÍÀ
Ñ ×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ Â ÏÐÎÑÒÐÀÍÑÒÂÅ C(1),n(D)

Ðàññìîòðèì ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

∂xi(t, s)

∂t
=

n∑
j=1

[
aij(t, s, xj(t, s)) +

d∫
c

cij(t, s, σ, xj(t, σ))dσ

]
+ gi(t, s), (1)

ñ íà÷àëüíûì óñëîâèåì
xi(a, s) = ϕi(s), (2)

ãäå i = 1, · · · , n, t ∈ [a, b], s ∈ [c, d], aij(t, s, u), cij(t, s, σ, u) è gi(t, s) � çàäàííûå íà
D = [a, b]× [c, d]×(−∞,+∞), D× [c, d]×(−∞,+∞) è D ñîîòâåòñòâåííî ôóíêöèè,
à èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.
Ïðåäïîëàãàåòñÿ, ÷òî [a, b] è [c, d] � êîíå÷íûå îòðåçêè, à ðåøåíèåì çàäà÷è (1)/(2)

ñ÷èòàåòñÿ âåêòîð-ôóíêöèÿ x = (x1, . . . , xn) (xi � íåïðåðûâíàÿ âìåñòå ñ (xi)
′
t ôóíê-

öèÿ), óäîâëåòâîðÿþùàÿ ñèñòåìå (1) è íà÷àëüíîìó óñëîâèþ (2). Ïóñòü C(D) �
ïðîñòðàíñòâî íåïðåðûâíûõ íà D ôóíêöèé, à C(1),n(D) � ïðîñòðàíñòâî âåêòîð-
ôóíêöèé x(t, s) ñî çíà÷åíèÿìè â Rn è ñ (xi)

′
t, (xi)

′
s ∈ C(D) (i = 1, · · · , n).
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Òåîðåìà. Ïóñòü ôóíêöèè aij è cij íåïðåðûâíû âìåñòå ñ ÷àñòíûìè ïðîèçâîä-
íûìè ïî ïåðåìåííîé s,

|aij(t, s, τ, u)− aij(t, s, τ, v)| ≤ Lij|u− v|,

|cij(t, s, τ, σ, u)− cij(t, s, τ, σ, v)| ≤ Nij|u− v|,
ãäå Lij è Nij � íåêîòîðûå êîíñòàíòû, ϕi ∈ C([c, d]), gi ∈ C(D) (i, j = 1, · · · , n).
Òîãäà çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå â C(1),n(D).
Äëÿ äîêàçàòåëüñòâà îòìåòèì, ÷òî çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîé ñèñòåìå

íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè èíòåãðàëàìè è ñ ïðèìåíåíèåì ìåòîäîâ èç [1]
äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü åå ðåøåíèÿ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êàëèòâèí A.C., Êàëèòâèí Â.À. Èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà è Âîëüòåððà - Ôðåäãîëüìà ñ ÷àñòíûìè

èíòåãðàëàìè. Ëèïåöê: ËÃÏÓ, 2006. � 177 ñ.
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Î ÍÅÊÎÒÎÐÛÕ ÎÏÅÐÀÒÎÐÀÕ ÒÈÏÀ ÑÂ�ÐÒÊÈ

Ââîäÿòñÿ îäíîìåðíûå îïåðàòîðû òèïà ñâåðòêè â îïðåäåëåíèè êîòîðûõ ðîëü ïðå-
îáðàçîâàíèå Ôóðüå èãðàåò ñïåêòðàëüíîå ïðåîáðàçîâàíèå íåêîòîðîãî ñàìîñîïðÿ-
æåííîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà îñè. Ðàññìàòðèâàåòñÿ çàäà÷è ñâÿçàííûå
ñ òåîðèåé Ôðåäãîëüìà è ñ òåîðèåé îáðàòèìîñòè ýòèõ îïåðàòîðîâ.

D.B. Karp (Vladivostok, Russia)
dimkrp@gmail.com

GENERALIZED HYPERGEOMETRIC FUNCTIONS AS
COMPLETELY MONOTONIC, STIELTJES AND RADIAL POSITIVE

DEFINITE FUNCTIONS

In the talk we discuss various aspects of the theory of generalized hypergeometric
functions discovered recently by E.G.Prilepkina, J.L.L�opez and the author. In particular,
we demonstrate representations of these functions as Laplace, generalized Stieltjes and
Schoenberg transforms. In all cases the measure being transformed is expressed in terms
of Meijer's G function. Applying the positivity conditions for this functions found by us
earlier, we give rather complete description of cases when generalized hypergeometric
function is completely monotonic, generalized Stieltjes and radial positive de�nite.
We calculate its exact Stieltjes order, relate the representing measures for the original
function and for the function of the reciprocal argument and negative reciprocal argument
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and examine various consequences of such representations. We further employ some
recent results from [1] to discuss when the generalized hypergeometric function is
radial positive de�nite for Rn but not for Rn+1. Most results presented in the talk
are contained in [2-4] and our forthcoming paper [5].

R E F E R E N C E S
1. Golinskii L., MalamudM. and Oridoroga L. Radial Positive De�nite Functions and Schoenberg Matrices with negative

Eigenvalues, Transactions of AMS, 2016, DOI:10.1090/tran/6876
2. Karp D. Representations and inequalities for generalized hypergeometric functions, Journal of Mathematical Sciences,

2015, Volume 207, Issue 6, 885-897. DOI:10.1007/s10958-015-2412-7
3. KarpD. and L�opez J.L. Representations of hypergeometric functions for arbitrary values of the parameters and their use,

to appear in Journal of Approximation Theory, 2017. Preprint arXiv:1609.02340
4. KarpD. and Prilepkina E. Hypergeometric functions as generalized Stieltjes transforms, Journal of Mathematical Analysis

and Applications, Volume 393, Issue 2 (2012), 348�359. DOI:10.1016/j.jmaa.2012.03.044
5. KarpD. and Prilepkina E. Stieltjes and completely monotonic generalized hypergeometric functions and related integral
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M. Lanza de Cristoforis (Padova, Italy)
mldc@math.unipd.it

ANALYTIC DEPENDENCE OF A PERIODIC ANALOG OF A
FUNDAMENTAL SOLUTION UPON THE PERIODICITY

PARAMETERS

We prove an analyticity result for the periodic analog of the fundamental solution
of an elliptic partial di�erential operator upon the parameters which determine the
periodicity cell. Then we show concrete applications to the Helmholtz and the Laplace
operators. In particular, we show that the periodic analog of the fundamental solution
of the Helmholtz and of the Laplace operator are jointly analytic in the the spatial
variable and in the parameters which determine the size of the periodicity cell. The
analysis of the present paper is motivated by the application of the potential theoretic
method to boundary value problems corresponding to anisotropic periodic problems in
which the `degree of anisotropy' is a parameter of the problem.
Based on joint work with Paolo Musolino (Aberystwyth, Wales UK)

musolinopaolo@gmail.com

Ì.Â. Íåâñêèé, À.Þ. Óõàëîâ (ßðîñëàâëü, Ðîññèÿ)
mnevsk55@yandex.ru, alex-uhalov@yandex.ru

Î ÌÈÍÈÌÀËÜÍÎÉ ÍÎÐÌÅ ÈÍÒÅÐÏÎËßÖÈÎÍÍÎÃÎ
ÏÐÎÅÊÒÎÐÀ

Ïóñòü n ∈ N, Qn = [0, 1]n. Äëÿ n-ìåðíîãî íåâûðîæäåííîãî ñèìïëåêñà S ÷åðåç
σS îáîçíà÷èì îáðàç ñèìïëåêñà ïðè ãîìîòåòèè îòíîñèòåëüíî åãî öåíòðà òÿæåñòè
ñ êîýôôèöèåíòîì σ. Ïîëîæèì ξ(S) = min{σ ≥ 1 : Qn ⊂ σS}, ξn = min{ξ(S) :
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S ⊂ Qn}. Â ñëó÷àå S ⊂ Qn ÷åðåç P îáîçíà÷èì èíòåðïîëÿöèîííûé ïðîåêòîð,
äåéñòâóþùèé èç C(Qn) íà ïðîñòðàíñòâî ëèíåéíûõ ôóíêöèé n ïåðåìåííûõ, óçëû
êîòîðîãî ñîâïàäàþò ñ âåðøèíàìè S. Ïóñòü θn = min{‖P‖ : S ⊂ Qn}, ãäå ‖P‖ �
íîðìà P êàê îïåðàòîðà èç C(Qn) â C(Qn).
Ïðè ëþáîì n ñïðàâåäëèâû íåðàâåíñòâà

n+ 1

2n
(θn − 1) + 1 ≤ ξn ≤

n+ 1

2
(θn − 1) + 1. (1)

Òî÷íûå çíà÷åíèÿ θn èçâåñòíû ëèøü äëÿ n = 1, 2, 3, 7. Äëÿ ýòèõ n ïðàâîå íåðàâåí-
ñòâî â (1) îáðàùàåòñÿ â ðàâåíñòâî. Èìåþò ìåñòî ñîîòíîøåíèÿ θn � n1/2, n ≤ ξn <
n+1. Åñëè ñóùåñòâóåò ìàòðèöà Àäàìàðà ïîðÿäêà n+1, òî ξn = n. Ïî ïîâîäó ýòîé
ïðîáëåìàòèêè è ðàçíîîáðàçíûõ îöåíîê ñì. [1].
Â äîêëàäå ïðåäïîëàãàåòñÿ ïðèâåñòè íåêîòîðûå íîâûå ðåçóëüòàòû ([2], [3]). Äî-

êàçàíî, ÷òî
θ5 < 2.44804, ξ5 = 5, ξ6 < 6.0166, ξ9 = 9.

Òàêèì îáðàçîì, ñóùåñòâóþò òàêèå n, äëÿ êîòîðûõ n+ 1 íå ÿâëÿåòñÿ ÷èñëîì Àäà-
ìàðà è, òåì íå ìåíåå, ξn = n. Ïî ïðåäïîëîæåíèþ àâòîðîâ,

θ4 =
7

3
= 2.3333 . . . , ξ4 =

19 + 5
√

13

9
= 4.1141 . . .

Åñëè ýòî ïðåäïîëîæåíèå âåðíî, òî ìèíèìàëüíîå n, ïðè êîòîðîì ïðàâîå íåðàâåí-
ñòâî â (1) ÿâëÿåòñÿ ñòðîãèì, ðàâíî 4.
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1. Íåâñêèé Ì.Â. Ãåîìåòðè÷åñêèå îöåíêè â ïîëèíîìèàëüíîé èíòåðïîëÿöèè. ßðîñëàâëü: ßðÃÓ. 2012.
2. Íåâñêèé Ì.Â., Óõàëîâ À.Þ. Î ÷èñëîâûõ õàðàêòåðèñòèêàõ ñèìïëåêñà è èõ îöåíêàõ. Ìîäåë. è àíàëèç èíôîðì.

ñèñòåì. 2016. Òîì 23, � 5, ñòð. 603�619.
3. Íåâñêèé Ì.Â., Óõàëîâ À.Þ. Íîâûå îöåíêè ÷èñëîâûõ âåëè÷èí, ñâÿçàííûõ ñ ñèìïëåêñîì. Ìîäåë. è àíàëèç èíôîðì.

ñèñòåì. 2017. Òîì 24, � 1, ñòð. 94�110.

Â.Â. Íîâèêîâ (Ýíãåëüñ, Ðîññèÿ)
vvnovikov@yandex.ru

ßÂËÅÍÈÅ ÃÈÁÁÑÀ ÄËß ËÀÊÓÍÀÐÍÎÉ ÈÍÒÅÐÏÎËßÖÈÈ

Îáîçíà÷èì ÷åðåç Qn(f, x) òðèãîíîìåòðè÷åñêèé (0,2,3) èíòåðïîëÿöèîííûé ìíî-
ãî÷ëåí Áèðêãîôà (ñì., íàïðèìåð, [1]) 2π-ïåðèîäè÷åñêîé ôóíêöèè f ñ óçëàìè {xk,n =
2πk/(2n+ 1)}nk=−n òàêîé, ÷òî

Qn(f, xk,n) = f(xk,n), Q
′′
n(f, xk,n) = Q′′′n (f, xk,n) = 0, k = −n, n.

Â òåîðèè ðÿäîâ Ôóðüå ïî ðàçëè÷íûì îðòîãîíàëüíûì ñèñòåìàì õîðîøî èçâåñòíî
ÿâëåíèå Ãèááñà. Íå ìåíåå èçâåñòíûì ôàêòîì ÿâëÿåòñÿ ñõîäñòâî ìåæäó ÷àñòè÷íû-
ìè ñóììàìè ðÿäà Ôóðüå è íåêîòîðûìè èíòåðïîëÿöèîííûìè ïîëèíîìàìè. Â ñâÿçè
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ñ ýòèì âîçíèêàåò âîïðîñ î íàëè÷èè àíàëîãà ÿâëåíèÿ Ãèááñà äëÿ ðàçëè÷íûõ èíòåð-
ïîëÿöèîííûõ ïðîöåññîâ. Îòíîñèòåëüíî íåäàâíî, â 1994 ãîäó [2], íàëè÷èå ÿâëåíèÿ
Ãèááñà áûëî óñòàíîâëåíî äëÿ èíòåðïîëÿöèîííîãî ïðîöåññà Ëàãðàíæà. Êàê â óêà-
çàííîé ñòàòüå, òàê è â ðÿäå ïîñëåäóþùèõ ðàáîò, ðàññìàòðèâàëàñü òðèãîíîìåòðè÷å-
ñêàÿ èíòåðïîëÿöèÿ Ëàãðàíæà ñ ðàâíîîòñòîÿùèìè óçëàìè èëè àëãåáðàè÷åñêàÿ èí-
òåðïîëÿöèÿ ñ óçëàìè ×åáûøåâà 1 ðîäà. Ñëåäóþùåå óòâåðæäåíèå äàåò ÷àñòè÷íûé
îòâåò íà âîïðîñ î íàëè÷èè ÿâëåíèÿ Ãèááñà äëÿ äðóãèõ òèïîâ èíòåðïîëÿöèîííûõ
ïðîöåññîâ.
Òåîðåìà. Àíàëîã ÿâëåíèÿ Ãèááñà èìååò ìåñòî äëÿ ëàêóíàðíîãî èíòåðïîëÿ-

öèîííîãî ïðîöåññà {Qn(f, x)}∞n=1.
Ë È Ò Å Ð À Ò Ó Ð À

1. Lorentz G.G., Jetter K., Riemenshcneider S.D. Birkho� interpolation. Reading, Massachusetts: Addison-Wesley, 1983.
2. Helmberg G. The Gibbs phenomenon for Fourier interpolation. J. Approx. Theory 1994. V. 78. P. 41�63.

Ì.Â. Íîðêèí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÊÀÂÈÒÀÖÈÎÍÍÎÅ ÒÎÐÌÎÆÅÍÈÅ ÝËËÈÏÒÈ×ÅÑÊÎÃÎ
ÖÈËÈÍÄÐÀ Â ÆÈÄÊÎÑÒÈ ÏÎÑËÅ ÓÄÀÐÀ

Ðàññìàòðèâàåòñÿ âåðòèêàëüíûé è áåçîòðûâíûé óäàð ýëëèïòè÷åñêîãî öèëèíäðà,
ïîëóïîãðóæåííîãî â èäåàëüíóþ íåñæèìàåìóþ æèäêîñòü êîíå÷íîé ãëóáèíû. Ïðåä-
ïîëàãàåòñÿ, ÷òî ïîñëå óäàðà ñêîðîñòü öèëèíäðà óìåíüøàåòñÿ ïî ëèíåéíîìó çàêîíó
(ïðîèñõîäèò òîðìîæåíèå òåëà â æèäêîñòè). Ïðè áîëüøèõ óñêîðåíèÿõ âîçíèêàþò
îáëàñòè íèçêîãî äàâëåíèÿ âáëèçè òåëà è îáðàçóþòñÿ ïðèñîåäèíåííûå êàâåðíû.
Îòðûâ âîçíèêàåò ñðàçó ïî êîíå÷íûì ó÷àñòêàì ïîâåðõíîñòè òåëà. Ïðè ýòîì âàæ-
íóþ ðîëü èãðàþò íà÷àëüíûå çîíû îòðûâà è êîíòàêòà, êîòîðûå îïðåäåëÿþòñÿ íà
îñíîâå ðåøåíèÿ ñìåøàííîé êðàåâîé çàäà÷è òåîðèè ïîòåíöèàëà ñ îäíîñòîðîííèìè
îãðàíè÷åíèÿìè íà ïîâåðõíîñòè òåëà â ïåðâîíà÷àëüíî íåâîçìóùåííîé îáëàñòè Ω:

∆Φ1 = 0, R ∈ Ω, Φ1 = −f(Φ0), R ∈ S2

∂Φ1

∂n
= ωny, p0 − Φ1 − f(Φ0)− Fr−2y > 0, R ∈ S11

∂Φ1

∂n
> ωny, p0 − Φ1 − f(Φ0)− Fr−2y = 0, R ∈ S12

∂Φ1

∂y
=
∂2Φ0

∂x2
, y = −H; f(Φ0) =

∂Φ0

∂y
+

1

2
(∇Φ0)

2

Çäåñü S11 è S12 � íà÷àëüíûå çîíû êîíòàêòà è îòðûâà; S2 � íåâîçìóùåííàÿ ñâî-
áîäíàÿ ãðàíèöà æèäêîñòè; H � ãëóáèíà æèäêîñòè; Φ0 � ïîòåíöèàë ñêîðîñòåé, ïðè-
îáðåòåííûõ ÷àñòèöàìè æèäêîñòè â ðåçóëüòàòå óäàðà; ω � áåçðàçìåðíîå óñêîðåíèå
öèëèíäðà; p0 � áåçðàçìåðíîå àòìîñôåðíîå äàâëåíèå; Fr � ÷èñëî Ôðóäà.
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Íà îñíîâå ðåøåíèÿ ýòîé çàäà÷è îïðåäåëÿþòñÿ âîçìóùåíèÿ âíóòðåííåé è âíåø-
íåé ñâîáîäíûõ ãðàíèö æèäêîñòè íà ìàëûõ âðåìåíàõ. Ïðèâîäÿòñÿ ïðèìåðû ÷èñëåí-
íûõ ðàñ÷åòîâ îáðàçîâàíèÿ îäíîé è äâóõ êàâåðí âáëèçè ãðàíèöû òåëà. Â ÷àñòíîì
ñëó÷àå êðóãîâîãî öèëèíäðà ïîñòàâëåííàÿ çàäà÷à èçó÷åíà â ñòàòüå [1].

Ë È Ò Å Ð À Ò Ó Ð À
1. Íîðêèí Ì.Â. Êàâèòàöèîííîå òîðìîæåíèå êðóãîâîãî öèëèíäðà â æèäêîñòè ïîñëå óäàðà. Ïðèêëàäíàÿ ìåõàíèêà è

òåõíè÷åñêàÿ ôèçèêà. 2017. Òîì. 58, �. 1(341), ñòð. 102�107.

A. S. Silva (Aveiro, Portugal)
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AN INVERTIBILITY CRITERION FOR WIENER-HOPF PLUS
HANKEL OPERATORS ON VARIABLE EXPONENT LEBESGUE

SPACES

In this talk, we present an invertibility criterion for Wiener-Hopf plus Hankel operators
acting between variable exponent Lebesgue spaces on the real line. This is obtained by
a so-called odd asymmetric factorization which is applied to the Fourier symbols of the
operators under study.
This is based on a joint work with L.P. Castro. A.S. Silva is supported by FCT�

Portuguese Foundation for Science and Technology through the postdoctoral scholar-
ship SFRH/BPD/96763/2013.

Smirnova I.Yu. (Rostov-on-Don, Russia)
ON A CLASS OF MIXED NORM BERGMAN TYPE SPACES

We introduce and study the weighted mixed norm Bergman type space on the unit
disc D in the complex plane. We prove boundedness of the Bergman projection and
provide characterization of a function in such spaces in terms of behavior of their Taylor
coe�cients.

Ë.Â. Ñòåôàíåíêî (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
stefanenko.lv@mail.ru

Î ÑÞÐÜÅÊÒÈÂÍÎÑÒÈ ÎÏÅÐÀÒÎÐÀ ÑÂÅÐÒÊÈ Â
ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÐÎÑÒÊÎÂ ÃÎËÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ ÍÀ

ÂÛÏÓÊËÛÕ ÌÍÎÆÅÑÒÂÀÕ

Ïóñòü Q � ñîáñòâåííîå âûïóêëîå ïîäìíîæåñòâî C, îáëàäàþùåå ñ÷åòíûì áàçè-
ñîì îêðåñòíîñòåé, ñîñòîÿùèì èç âûïóêëûõ îáëàñòåé. Ñåìåéñòâî òàêèõ ìíîæåñòâ
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ñîäåðæèò âñå âûïóêëûå îáëàñòè è âûïóêëûå êîìïàêòû â C. Äàëåå H(Q) � ïðî-
ñòðàíñòâî ðîñòêîâ âñåõ ôóíêöèé, ãîëîìîðôíûõ íà Q. Çàôèêñèðóåì âûïóêëûé
êîìïàêòK â C è ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë µ íàH(K). Îïåðàòîð ñâåðò-
êè Tµ(f)(z) := µt(f(t+ z)) îòîáðàæàåò H(Q+K) â H(Q).
Áîëüøîå ÷èñëî ðàáîò ïîñâÿùåíî ïðîáëåìå ñþðúåêòèâíîñòè îïåðàòîðîâ ñâåðò-

êè Tµ äëÿ ðàçëè÷íûõ êëàññîâ ìíîæåñòâ Q, êàê âûøå. Äëÿ âûïóêëûõ îáëàñòåé
è êîìïàêòîâ Q äîêàçàíû êðèòåðèè ñþðúåêòèâíîñòè Tµ (â òåðìèíàõ àñèìïòîòè-
÷åñêîãî ïîâåäåíèÿ ñèìâîëà µ̂ ôóíêöèîíàëà µ; ñì., íàïðèìåð, îáçîð [1]). Ïóñòü
S := {a ∈ C | |a| = 1}; HQ(z) := sup

t∈Q
Re(teia), z ∈ C, � îïîðíàÿ ôóíêöèÿ Q; RQ

� ìíîæåñòâî âñåõ a ∈ S òàêèõ, ÷òî HQ(a) îòëè÷íî îò áåñêîíå÷íîñòè è íå ñóùå-
ñòâóåò îêðåñòíîñòè a, â êîòîðîé ôóíêöèÿ HQ ãàðìîíè÷íà. Äëÿ A ⊂ S ïîëîæèì
Γ(A) := {ta | t ≥ 0, a ∈ A}. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ
Òåîðåìà. Ïóñòü âíóòðåííîñòü Q íåïóñòà. Åñëè îïåðàòîð Tµ : H(Q+K)→

H(Q) ñþðüåêòèâåí, òî äëÿ ëþáîãî êîìïàêòà A â RQ ôóíêöèÿ µ̂ ìåäëåííî óáû-
âàåò íà Γ(A).
Ïðè äîêàçàòåëüñòâå ïðèìåíÿåòñÿ èäóùàÿ îò Ë. Ýðåíïðàéñà òåõíèêà ñ èñïîëüçî-

âàíèåì ñóáãàðìîíè÷åñêèõ ìàæîðàíò. Îòìåòèì, ÷òî âî ìíîãèõ ñëó÷àÿõ äëÿ âûïóê-
ëûõ ìíîæåñòâ ñî ñìåøàííîé ãåîìåòðè÷åñêîé ñòðóêòóðîé ñþðüåêòèâíîñòü îïåðàòî-
ðà Tµ, ïîìèìî ðåãóëÿðíîñòè ðîñòà µ̂, âëå÷åò ñïåöèàëüíîå ïîâåäåíèå íàïðàâëåíèé
ñãóùåíèÿ íóëåé µ̂ â çàâèñèìîñòè îò ãåîìåòðèè ÷àñòè (îòíîñèòåëüíîé) ãðàíèöû
ìíîæåñòâà Q, ñîäåðæàùåéñÿ â Q. Äëÿ ìíîæåñòâ Q, êàê âûøå, ñþðüåêòèâíîñòü
îïåðàòîðà Tµ íå íàêëàäûâàåò òàêèõ äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ðàñïðåäåëå-
íèå íóëåé µ̂.
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1. Êîðîáåéíèê Þ.Ô. Î ðàçðåøèìîñòè â êîìïëåêñíîé ïëîñêîñòè íåêîòîðûõ êëàññîâ ëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé.

Ðîñòîâ-íàÄîíó: èçä-âî ÞÔÓ. 2009.

Ô.Ñ. Ñòîíÿêèí (Ñèìôåðîïîëü, Ðîññèÿ)
fedyor@email.ru

ÑÓÁËÈÍÅÉÍÛÉ ÀÍÀËÎÃ ÒÅÎÐÅÌÛ ÁÀÍÀÕÀ-ÌÀÇÓÐÀ Â
ÂÛÏÓÊËÛÕ ÊÎÍÓÑÀÕ Ñ ÍÎÐÌÎÉ

Âåñüìà õîðîøî èçâåñòíà òåîðåìà Áàíàõà-Ìàçóðà, êîòîðàÿ óòâåðæäàåò, ÷òî âñÿ-
êîå ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî èçîìåòðè÷åñêè èçîìîðôíî íåêîòîðîìó
ïîäïðîñòðàíñòâó ïðîñòðàíñòâà C[0; 1] íåïðåðûâíûõ ôóíêöèé ϕ : [0; 1] → R ñî
ñòàíäàðòíîé sup-íîðìîé. Â [1] äîêàçàí àíàëîã ýòîãî ðåçóëüòàòà äëÿ ñåïàðàáåëü-
íûõ ïðîñòðàíñòâ ñ íåñèììåòðè÷íîé íîðìîé, êîòîðûé óòâåðæäàåò èõ âëîæåíèå â
C[0; 1], íàäåë¼ííîå íåñèììåòðè÷íîé íîðìîé. Òàêîå âëîæåíèå, âîîáùå ãîâîðÿ, íå
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ìîæåò áûòü èçîìåòðè÷íûì îòíîñèòåëüíî ñòàíäàðòíîé sup-íîðìû â C[0; 1]. Íàìè
ïîëó÷åí àíàëîã òåîðåìû Áàíàõà-Ìàçóðà â ñëåäóþùåì êëàññå âûïóêëûõ êîíóñîâ.
Îïðåäåëåíèå 1. Áóäåì íàçûâàòü âûïóêëûé êîíóñ X ñ íîðìîé îòäåëèìûì,

åñëè äëÿ x1 6= x2 èç X ñóùåñòâóåò ëèíåéíûé ôóíêöèîíàë ` : X → R òàêîé, ÷òî
`(x) 6 ||x|| äëÿ âñåõ x ∈ X è `(x1) 6= `(x2), ïðè÷¼ì `(x1) > 0 èëè `(x2) > 0.
Îòìåòèì, ÷òî íîðìà â âûïóêëîì êîíóñå àíàëîãè÷íî ñëó÷àþ ëèíåéíîãî ïðî-

ñòðàíñòâå, íî ñ çàìåíîé àêñèîìû îäíîðîäíîñòè íà ïîëîæèòåëüíóþ îäíîðîäíîñòü.
Ìîæíî äîêàçàòü, ÷òî âî âñÿêîì îòäåëèìîì íîðìèðîâàííîì êîíóñå X ñóùåñòâóåò
îäíîðîäíàÿ ìåòðèêà d è íà å¼ áàçå ââåñòè ñâîéñòâî d-ñåïàðàáåëüíîñòè îòäåëèìî-
ãî íîðìèðîâàííîãî êîíóñà X êàê ìåòðè÷åñêîãî ïðîñòðàíñòâà (X, d). Â ÷àñòíîñòè,
åñëè ïðîñòðàíñòâî E ñ íåñèììåòðè÷íîé íîðìîé ‖ · | ñåïàðàáåëüíî ïî ñîãëàñîâàí-
íîé ñ íåé ñèììåòðè÷íîé íîðìå [1], òî (E, ‖ · |) � d-ñåïàðàáåëüíûé îòäåëèìûé
íîðìèðîâàííûé êîíóñ. Ñôîðìóëèðóåì òåïåðü àíàëîã òåîðåìû Áàíàõà-Ìàçóðà äëÿ
d-ñåïàðàáåëüíûõ îòäåëèìûõ íîðìèðîâàííûõ êîíóñîâ.
Òåîðåìà 1. Ïóñòü X � d-ñåïàðàáåëüíûé îòäåëèìûé íîðìèðîâàííûé êîíóñ.

Òîãäà X ñóáëèíåéíî èíúåêòèâíî èçîìåòðè÷íî âëîæåí â ïðîñòðàíñòâî íåïðå-
ðûâíûõ ôóíêöèé C[0; 1] ñ sup-íîðìîé è åñòåñòâåííûì ÷àñòè÷íûì ïîðÿäêîì.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìî-

ëîäûõ ó÷¼íûõ-êàíäèäàòîâ íàóê, êîä ÌÊ-176.2017.1.
Ë È Ò Å Ð À Ò Ó Ð À

1. Áîðîäèí Ï.À. Òåîðåìà Áàíàõà�Ìàçóðà äëÿ ïðîñòðàíñòâ ñ íåñèììåòðè÷íîé íîðìîé è åå ïðèëîæåíèÿ â âûïóêëîì
àíàëèçå. Ìàòåì. çàìåòêè. 2001. Òîì. 69, âûï. 3, ñòð. 329 �337.

Wolfgang Sproessig (Institute of Applied Analysis, TU Freiberg,
Germany)

sproessig@math.tu-freiberg.de
HYPERCOMPLEX ANALYSIS IN APPLICATIONS

Hypercomplex analysis can be seen as some kind of ½complex function theory� for
higher dimensions, where complex numbers are replaced by quaternions, coquaternions,
split quaternions, Cli�ord numbers, octonions, sedenions etc.. Hyperholomorphic functions
play the role of holomophic functions of the complex function theory in the plane.
They are zero solutions of higher-dimensional versions of Cauchy-Riemann equations
(Riesz system, Fueter system, system of Moisil-Teodorescu, etc.).In this talk we reduce
our considerations to quaternion valued functions over 3D-domains. As in the classical
function theory also in higher dimensional versions some operators are important: Dirac
operator, Teodorescu transform, Cauchy-Fueter operator as well as the orthoprojections
on the Bergman space of the Hilbert space (module) and on its complement. For
boundary value problems we also need so-called projections of Plemelj type which
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are connected with the Cauchy-Fueter operator. We use and derive analoga of basic
theorems of the plane function theory. Using Bergman-Hodge decompositions boundary
value problems can be considered. In this talk will be magnetic �uid �ow and shallow
water problems in the focus of applications. Further results belonging to Appell polyno-
mials, hypercomplex parabolic Dirac operators, Dunkl operators, generalized Eisenstein
series, Cli�ord transform analysis, spaces of holomorphic functions, etc.. are shortly
explained.

R E F E R E N C E S
1. Guerlebeck K., Habetha., K. Sproessig W. Application of holomorphic functions in two and higher dimensions. Birkhauser,

Basel. (2016).

S.M. Tabatabaie (Qom, Iran)
sm.tabatabaie@qom.ac.ir

COORBIT SPACES RELATED TO LOCALLY COMPACT
HYPERGROUPS

Coorbit spaces were introduced in a series of papers by H. G. Feichtinger and K. H.
Grochenig in 1980's and 1991. By using coorbit spaces and their related concepts, via
a voice transform one can construct a full scale of smoothness spaces. In this paper, we
initiate coorbit spaces on locally compact weighted hypergroups and specially, we give
some necessary and su�cient conditions for the extended coorbit space to be complete.
In particular, we �nd admissible vectors of the left regular representation of compact
commutative hypergroups, and we study the coorbit space related to the dual of an
important class of hypergroups, introduced by Dunkl and Ramirez.

R E F E R E N C E S
1. Bloom W. R. and Heyer H. Harmonic Analysis of Probability Measures on Hypergroups, De GruYter, Berlin, 1995.
2. Feichtinger H. G. and Grochenig K. H., Banach spaces related to integrable group representations and their atomic

decompositions II, Monatsh. Math. 1989. Vol. 108, pp. 129�148.
3. Tabatabaie S. M., The Problem of density on L2(G), Acta Math. Hungar. 2016. Vol. 150, pp. 339�345.

T.E. Tileubayev (Astana, Republic of Kazakhstan)
Tileubaev@email.ru

THE INVERSE THEOREMS OF APPROXIMATION THEORY OF
FUNCTIONS IN Lpw SPACES

Let 1 < p <∞. Denote by Lα,βp be the space of all functions f measurable on [−1, 1]
with the �nite norm

‖f‖p =

(∫ 1

−1

|f(x)|p(1− x)α(1 + x)β
) 1

p

.

In the case p =∞ we set Lα,βp := C[−1, 1] and ‖f‖∞ = max[−1,1] |f(x)|.
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For α ≥ β ≥ −1
2 . We conseder the system P α,β

n (x), n ∈ Z+ is orthogonal on [−1, 1]
with weight w = (1− x)α(1 + x)β and normalized by the condition

Rn(x) := Rα,β
n (x) =

P α,β
n (x)

P α,β
n (1)

For f ∈ Lα,βp ,1 < p <∞ we de�ne the Jacobi generalized shift operator

T sf(t) =

∫ +1

−1

f(z)K(t, s, z)(1− z)α(1 + z)βdz,−1 < t, s, z < 1.

We note some properties of the functionsK(t, s, θ) to be used in the future [1,2]:

K(t, s, θ) ≥ 0, 0 < t, s, θ < π∫ +1

−1

K(t, s, z)(1− z)α(1 + z)βdz = 1

Rn(t)Rn(s) =

∫ +1

−1

Rn(z)K(t, s, z)(1− z)α(1 + z)βdz.

For f ∈ Lα,βp we de�ne the k − th generalized Jacobi di�erence by the rule 41
hf(t) =

T sf(t) − f(t), 4k
hf(t) = 41

h(4k−1
h f(t)), k = 2, 3, ... The k − th generalized Jacobi

modulus of smoothness is de�ned by the equation Ωk(f, δ)p = sup0<h<δ ‖4k
hf(�)‖p.

Theorem 1. If f ∈ Lα,βp , 1 < p <∞, then

Ωk(f,
1

n
)p ≤

c

n2k

(
n∑
ν=1

ν2kp−1Ep
ν(f)p

) 1
p

, 1 < p ≤ 2

Ωk(f,
1

n
)p ≤

C

n2k

(
n∑
ν=1

ν4k−1E2
ν(f)p

) 1
2

, 2 ≤ p <∞

where C = C(k, α, β) is a positive constant.
Theorem1 is a strengthening of theorem 4.4 from [3, 160p.]
Theorem 2. If f ∈ Lα,βp , 1 < p <∞ and series

∞∑
ν=1

ν2r−1Eν(f)p <∞,

then a function f belongs to the Sobolev space W r
p and for every positive integer n ∈ N

, we have for 1 < p ≤ 2

Ωk(B
rf,

1

n
)p ≤

C

n2k

( n∑
ν=1

ν(2k+2r)p−1Ep
ν−1(f)p

) 1
p

+
∞∑

ν=n+1

ν2r−1Eν−1(f)p


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and for 2 ≤ p <∞

Ωk(B
rf,

1

n
)p ≤

C

n2k

( n∑
ν=1

ν4k−1E2
ν(f)p

) 1
2

+
∞∑

ν=n+1

ν2r−1Eν−1(f)p

 ,
where C = C(k, α, β) is a positive constant.
Theorem 2 is a strengthening of theorem 4.5 from [3, 161p.]

R E F E R E N C E S
1.Gasper G. Positivity and the convolution structure for Jacobi series //Ann.Math,1971,Vol 93,No 1,pp. 112-118.
2.Gasper G. Banach algebras for Jacobi series and positivity of a kernel//Ann. Math.1972.Vol 95.No. 2,pp. 260-280.
3.Platonov S. S.Fourier-Jacobi harmonic analysis and approximation of functions //Izb. RAN.ser.Mat.2014, Vol.78, No.1,

pp.117-166.

Ð.Ì. Òðèãóá (Èçðàèëü)
roald.trigub@gmail.com

Î ÏÎËÈÍÎÌÀÕ Ñ ÖÅËÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

1) Ïðèáëèæåíèå ãëàäêèõ ôóíêöèé íà îòðåçêå âåùåñòâåííîé îñè öåëî÷èñëåííû-
ìè ïîëèíîìàìè [1].
2) Ïðèáëèæåíèå êîíñòàíò è ãëàäêèõ ôóíêöèé ïîëèíîìàìè ñ íàòóðàëüíûìè êî-

ýôôèöèåíòàìè [1].
3) Öåëî÷èñëåííûé òðàíñôèíèòíûé äèàìåòð. Ñâÿçü ñ ðàñïðåäåëåíèåì ïðîñòûõ

÷èñåë. Ñì. íàóíî-ïîïóëÿðíóþ ñòàòüþ [2]
Ë È Ò Å Ð À Ò Ó Ð À

1. Ð.Ì. Òðèãóá Î ïðèáëèæåíèè ãëàäêèõ ôóíêöèé è êîíñòàíò ìíîãî÷ëåíàìè ñ öåëûìè è íàòóðàëüíûìè êîýôôèöèåí-
òàìè. Ìàòåì. çàì, 70:1 (2001), 123-136.

2. R.M. Trigub Polynomials with integer coe�cients and Chebyshev polynomials. J. Math. Sciences, 6:222 (May, 2017),
797-818.

A.Yu. Trynin (Saratov, Russia)
tayu@rambler.ru

SINC APPROXIMATION OF BOUNDED VARIATION FUNCTION

E. Borel and E.T. Whittaker introduced independently the notion of a cardinal and
a truncated cardinal function, whose restriction on the segment [0, π] reads as follows:

CΩ(f, x) =
n∑
k=0

sin (Ωx− kπ)

Ωx− kπ
f
(kπ

Ω

)
=

n∑
k=0

(−1)k sin Ωx

Ωx− kπ
f
(kπ

Ω

)
, (1)

here Ω > 0 and n = [Ω] is integer part Ω ∈ R. The function sin (Ωx)
Ωx called sinc- function.

At present, the problem on sinc approximation of function decaying exponentially at
in�nity and analytic in a strip containing the real axis is studied in great details.
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Theorem 1. Let 0 ≤ a < b ≤ π, 0 < ε < (b − a)/2 and Vf [a, b]� total variation
continuous function f on [0, π]. If Vf [a, b] <∞, then we have

lim
Ω→∞

‖f − CΩ(f, ·)‖C[a+ε,b−ε] = 0.

Here operator CΩ(f, ·) de�ned in (1).

A. I. Fedotov (Kazan, Russia)
fedotov@mi.ru

BOUNDNESS OF THE LAGRANGE IMTERPOLATION OPERATORS
IN MULTIDIMESIONAL SOBOLEV SPACES

Let Ln be the usual polynomial Lagrange interpolation operator of order n ∈ N
w.r.t. the equally-spaced collocation points on [−π, π] and Hs be Sobolev space.
Theorem 1. The operator Ln is bounded and the following estimate is valid

‖Ln‖Hs→Hs ≤
√

1 + ζ(2s), n = 1, 2, ...,

where ζ(t) =
∑∞

j=1 j
−t- is the Riemann's ζ-function bounded and decreasing for t > 1.

Let Ln be the polynomial Lagrange m-dinesional interpolation operator of order
n ∈ Nm w.r.t. the equally-spaced by each dimension collocation points on [−π, π]m

and Hs be m-dimesional Sobolev space.
Theorem 2. For all s ∈ R, m ∈ N, m ≥ 2, s > m/2, and n ∈ Nm the following

estimate holds:

‖Ln‖Hs→Hs ≤ 2
m−s
2 m

s+1
2 M s(n)

√
1 + ζ(2s−m+ 1),

M(n) =

( √
n2

min(n)

)
,

The same results are valid for the polynomial Lagrange interpolation operators in
weighted Sobolev spaces.

R E F E R E N C E S
1. Fedotov A. I. On the asymptotic convergence of the polynomial collocation method for singular integral equations and

periodic pseudodi�erential equations. Archivum Mathematicum. 2002. Tomus. 38, No. 1, pp. 1�13.
2. Fedotov A. I. Estimate of the norm of the Lagrange interpolation operator in a multidimensional Sobolev space. Mathematical

Notes. 2007. Vol. 81, No. 3, pp. 373�378.
3. Fedotov A. I. Estimate of the norm of the Lagrange interpolation operator in a multidimensional weighted Sobolev space.

Mathematical Notes. 2016. Vol. 99, No. 5, pp. 747�756.

D.V. Fufaev (Moscow, Russia)
fufaevdv@rambler.ru

TENSOR PRODUCTS AND CONVERGENCE ALMOST
EVERYWHERE
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A lot of classical results of harmonic analysis on the convergence almost everywhere
for summable functions could be formulated in terms of weak type property for the
maximal operator, associated with some family of linear operators for the general case
of abstract measure spaces. Namely, the following theorem generalizes the result [1,
XVII.3.1]:
Theorem 1. Let (X,µ) be a space with �nite measure, {Tn}n∈N � sequence of linear

operators, Tn : L1(X)→ L1(X). Assume that
1) corresponding maximal operator T : L1(X) → L0(X), Tf(x) = sup

n∈N
|Tnf(x)|, is

of weak type (1,1), that is, there exists C > 0 such that for any λ > 0, f ∈ L1(x) the

following inequality holds: µ{x ∈ X : Tf(x) > λ} ≤ C||f ||1
λ ;

2) for any φ ∈ L, where L is a dense subspace of L1(X), we have lim
n→∞

Tnφ(x) = φ(x)

a.e. on X.
Then lim

n→∞
Tnf(x) = f(x) a.e. on X for any f ∈ L1(X).

However, this result doesn't provide convergence a.e. of rectangular Fejer-Chesaro
means for f ∈ L(log+ L)d−1(Td) (see [1, XVII.2.14]). To obtain such results, we need
to consider the products of measure spaces (X1 ×X2, µ1 ⊗ µ2) and tensor product of
operators: T 1 ⊗̂ T 2 : L1(X1 ×X2) → L1(X1 ×X2). In these terms we can generalize
result about rectangular Fejer means by the following theorem:
Theorem 2. ([2]) Let (X i, µi), i = 1, . . . , d be spaces with �nite measures X =

d∏
i=1

X i, {T ini}ni∈N � sequences of integral linear operators, T ini : L1(X i) → L1(X i).

Assume that
1) corresponding maximal operators T i : L1(X) → L0(X), Tf(x) = sup

n∈N
|Tnf(x)|,

are of weak type (1,1);
2) for any i, i = 1, . . . , d, φ ∈ L, where L is a dense subspace of L1(X i), we have

lim
n→∞

T inφ(x) = φ(x) a.e. on X i.

Then lim
min
i

(ni)→∞

⊗̂
1≤i≤d

T inif = f a.e. for any f ∈ L(log+ L)d−1(X).

R E F E R E N C E S
1. Zigmund A. Trigonometric Series, Vol. 1, 2. Mir, Moscow. 1965.
2. Fufaev D.V. Convergence of products of operator orientations. Moscow University Mathematics Bulletin. 2016. Vol. 71,

No. 4, pp. 151�160.

I. G. Tsar'kov (Moscow, Russia)
tsar@mech.math.msu.su

ε-SELECTION ON LINEAR SUBSPACES IN Lp
1

1This research was carried out with the �nancial support of the Russian Foundation for Basic Research (grant no. 16-01-00295)
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In what follows, X is real Banach space and B(x, r) is the closed ball with centre
x and radius r > 0. The best approximation, that is, the distance of a given element
x ∈ X from a given non-empty set M ⊂ X is, by de�nition, %(x,M) := inf

y∈M
‖x− y‖.

The set of all nearest points inM is denotes by PMx, i.e. PMx := {y ∈M | %(x,M) =
‖x− y‖}. The best approximation operator PM is well known to be poorly stable even
Chebyshev subspaces M . In order to improve this situation we consider the concept of
ε-selection.
De�nition 1. Let ε > 0 and M ⊂ X. A map ϕ : X →M is called a multiplicative

(additive) ε-selection if for all x ∈ X ‖x−ϕ(x)‖ 6 (1+ε)%(x,M) (respectively, ‖x−
ϕ(x)‖ 6 %(x,M) + ε), that is ϕ(x) ∈ B(x, (1 + ε)%(x,M)) ∩M (respectively, ϕ(x) ∈
B(x, %(x,M) + ε) ∩M).
The existence of continuous ε-selections have been studied by Konyagin, Marinov,

Tsar'kov, Albrecht, Rutin, Livshits, and others (see [1]�[4]). In particular Albrecht
proofs that on a �nite subspaces ` of Lp[0, 1](1 < p <∞) there exists a multiplicative

Lipschitz ε-selection with constant equals to Cε|
1
2−

1
p |, where is C > 0 depends on

n = dim `. The next assertion make more precise Albrecht's rezult for p > 2.
Theorem 1. Let be p > 2, ε > 0, Lp = Lp(Ω,Σ, µ), let be ` a subspace of Lp and

n = dim `. Then there exists a multiplicative Lipschitz ε
1
p -selection on ` with constant

equals to Cn
p−2
p ε

1
2−

1
p , where is C > 0 doesn't depends on ε and n.

R E F E R E N C E S
1. Alimov A. R., Tsar'kov I. G. Connectedness and solarity in problems of best and near-best approximation//Russian

Mathematical Surveys. 2016. Vol. 71, No. 1. P. 1-77
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3. Tsar'kov I. G. Local and global continuous ε-selection// Izv. Math. 2016. Vol. 80, No. 2. P. 442-461.
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Ì.Ì. Öâèëü (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
tsvilmm@mail.ru

ÔÀÁÅÐÎÂÑÊÈÅ ÏÐÈÁËÈÆÅÍÈß ÌÍÎÃÎÌÅÐÍÎÃÎ ßÄÐÀ
ÊÎØÈ

ÏóñòüD+ = D+
1 ×D+

2 ×. . .×D+
n ,D

− = D−1 ×D−2 ×. . .×D−n � ïîëèöèëèíäðè÷åñêàÿ
îáëàñòü â n-ìåðíîì êîìïëåêñíîì ïðîñòðàíñòâå Cn ñ îñòîâîì σ = L1×L2×. . .×Ln;
ãäå D+

k � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü â ïëîñêîñòè C1, îãðàíè÷åííàÿ ñïðÿìëÿ-
åìîé æîðäàíîâîé êðèâîé Lk;D

−
k � åå äîïîëíåíèå äî âñåé ïëîñêîñòè; ôóíêöèÿ zk =

ψk(wk)
êîíôîðìíî è îäíîëèñòíî îòîáðàæàåò âíåøíîñòü åäèíè÷íîãî êðóãà {|wk| > 1}
íà îáëàñòü D−k ïðè óñëîâèÿõ ψk(∞) = ∞, ψ′k(∞) > 0; ôóíêöèÿ wk = ϕk(zk) �
îáðàòíàÿ ê ψk(wk), k = 1, 2, . . . , n.
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Îáîçíà÷èì ÷åðåç T n � åäèíè÷íûé òîð; Πn = {θ ∈ Rn : − π < θk < π, k =
1, 2, . . . , n} � n-ìåðíûé êóá; Zn � ìíîæåñòâî âåêòîðîâ ` = (`1, `2, . . . , `n) ñ öåëî-
÷èñëåííûìè êîîðäèíàòàìè; Zn

+ � ìíîæåñòâî âåêòîðîâ ` ∈ Zn ñ íåîòðèöàòåëüíûìè
êîîðäèíàòàìè.
Ðàññìîòðèì â D+ ôóíêöèþ f(z) n êîìïëåêñíûõ ïåðåìåííûõ, êîòîðàÿ ïðåä-

ñòàâèìà èíòåãðàëîì òèïà Êîøè ñ ïëîòíîñòüþ τ(ζ). Â ðàáîòå [1] ïîñòðîåí àíàëîã
ôîðìóëû Â.Ê. Äçÿäûêà ñóììèðîâàíèÿ îáîáùåííûõ ðÿäîâ Ôàáåðà n ïåðåìåííûõ:

PΩ+
(z) =

1

(2π)n
1

(2πi)n

∫
Πn

SΩ(θ)dθ

∫
σ

τ(ζ〈−θ〉)
g(ζ〈−θ〉)

· g(ζ)dζ

(ζ − z)I
=

=
∑
`∈Ω+

λ`a`Φ`(z, g), z ∈ D+, Ω+ = Ω ∩ Zn
+, (1)

ãäå SΩ(θ) =
∑̀
∈Ω

λ`e
i|`θ| � ïðîèçâîëüíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì n ïåðåìåí-

íûõ, Ω � êîíå÷íîå ïîäìíîæåñòâî ðåøåòêè Zn, Φ`(z, g) � îáîáùåííûå ïîëèíîìû
Ôàáåðà n-ïåðåìåííûõ, I = (1, 1, . . . , 1).
Âî âíóòðåííåì èíòåãðàëå ôîðìóëû (1) ïðîâåäåì çàìåíó ïåðåìåííîé èíòåãðè-

ðîâàíèÿ ïî ôîðìóëàì

ηk = ζk〈−θk〉, ζk = ηk〈θk〉, dζk = ψ′k(ϕk(ηk)e
iθ)eiθϕ′(η)dη.

Çàòåì â ïîëó÷åííîì èíòåãðàëå âìåñòî η ïîñòàâèì ζ, ïîìåíÿåì ïîðÿäîê èíòåãðè-
ðîâàíèÿ. Â ðåçóëüòàòå ïîëó÷èì

PΩ+
(z)=

1

(2πi)n

∫
σ

τ(ζ)

 1

(2π)n

∫
Πn

SΩ(θ)
g(ζ〈θ〉)ψ′[ϕ(ζ)eiθ]

[ζ〈θ〉 − z]I
eiθdθ

ϕ′(ζ)

g(ζ)
dζ.

Âåëè÷èíó, ñòîÿùóþ â ôèãóðíûõ ñêîáêàõ, îáîçíà÷èì HΩ+
(ζ, z). Äëÿ íå¼ èìååì

ïðåäñòàâëåíèå

HΩ+
(ζ, z) =

∑
`∈Ω+

λ`Φ`(z; g)

ϕ`+I(ζ)
, ζ ∈ σ, (2)

ãäå ϕ`+I = [ϕ1(ζ1)]
`1+1 . . . [ϕ1(ζn)]

`n+1. Òîãäà ðàâåíñòâî (1) ïðèâîäèòñÿ ê âèäó

PΩ+
(z) =

1

(2πi)n

∫
σ

τ(ζ)HΩ+
(ζ, z)

ϕ′(ζ)

g(ζ)
dζ

è

f(z)− PΩ+
(z) =

1

(2πi)n

∫
σ

τ(ζ)

[
1

(ζ − z)I
−HΩ+

(ζ, z)
ϕ′(ζ)

g(ζ)

]
dζ.
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Òàêèì îáðàçîì, âîçíèêàåò çàäà÷à î íàèëó÷øåì ïðèáëèæåíèè ìíîãîìåðíîãî ÿäðà
Êîøè ñóììàìè âèäà (2).
Áîëåå ïîäðîáíî ðàññìàòðèâàåòñÿ ñëó÷àé g(z) ≡ 1.

Ë È Ò Å Ð À Ò Ó Ð À
1. Öâèëü Ì.Ì. Î ñóììèðîâàíèè êðàòíûõ îáîáùåííûõ ðÿäîâ Ôàáåðà // Òåç. äîêë. Ìåæäóíàðîäíîãî ñåìèíàðà ¾Ñî-

âðåìåííûå ìåòîäû è ïðîáëåìû òåîðèè îïåðàòîðîâ è ãàðìîíè÷åñêîãî àíàëèçà è èõ ïðèëîæåíèÿ¿. Ðîñòîâ-íà-Äîíó, 2013.
C. 42�43.

À.Ô. ×óâåíêîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
chuvenkovaf@mail.ru

Î ÍÅÊÎÒÎÐÛÕ ÍÎÂÛÕ ÃÐÀÍÄ-ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÎÐËÈ×À

Ââîäèìûå ãðàíä-ïðîñòðàíñòâà (â ÷àñòíîñòè, LaM),s(Ω, ω)) ñòðîÿòñÿ íà îñíîâå âå-
ñîâûõ ïðîñòðàíñòâ Îðëè÷à LM(Ω, ω), ïîðîæäåííûõ N -ôóíêöèÿìè M(u), èìåþ-
ùèõ ðàçëè÷íûå ñêîðîñòè óáûâàíèÿ â íóëå (p1) è ðîñòà â áåñêîíå÷íîñòè (p2).
Ïðåäïîëàãàåì, ÷òî âûïîëíÿþòñÿ îãðàíè÷åíèÿ 1 < p1 < ∞, 1 < p2 < ∞,

p = min{p1, p2}. Äëÿ ëþáîãî ïîëîæèòåëüíîãî âåñà a(x) èç ïðîñòðàíñòâà LM(Ω, ω)
îïðåäåëÿåì íîâûé (äîïîëíèòåëüíûé) âåñ ôîðìóëîé

ωδ(x) ≡ ωδ(a,M) = (pδ)
1
pM δ(a(x)) · ω(x), 0 < δ < 1− 1/p.

×åðåç LaM),s(Ω, ω) îáîçíà÷àåì ãðàíä-ïðîñòðàíñòâî Îðëè÷à ñ âåñîì ωδ(x) :f : ρa,s(f,M, ω) =

 δ0∫
0

∫
Ω

M 1−δ(|f(x)|)ωδ(a,M)dx

 s
1−δ

dδ


1
δ

<∞

 ,

ãäå f ∈ LM(Ω, ω), s ∈ [1,∞], δ0 ∈ (0, 1 − 1/p). Â ñëó÷àå, êîãäà M(u) = up

p ,

1 < p < ∞, s = ∞, èìååì ãðàíä-ïðîñòðàíñòâî Ëåáåãà Lp)(Ω) ôóíêöèé, çàäàííûõ
íà îãðàíè÷åííûõ ìíîæåñòâàõ Ω ([2]), è íà íåîãðàíè÷åííûõ � Lap)(Ω) ([3]).
Òåîðåìà. Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó Îðëè÷à LM(Ω, ω),

1 < p = min{p0, p∞} <∞, a � ïîëîæèòåëüíûé âåñ. Äëÿ âåðíîé îöåíêè

ρa,s(f,M, ω) ≤ Cp,aρ(f,M, ω),

ñ òî÷íîé êîíñòàíòîé Cp,a, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû a ∈ LM(Ω, ω).
Ñîîáùàþòñÿ ïåðâîíà÷àëüíûå îñíîâíûå ñâîéñòâà ââåäåííûõ ãðàíä-ïðîñòðàíñòâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Rao M. M., Ren Z. O. Theory of Orlicz Spaces, Crc Press.1991, p. 472.
2. Iwaniec T., Sbordone C. On the integrability of the Jacobian under minimal hypotheses. // Arch. Rational Mech. Anal.,

1992. � 119. C. 129�143.
3. Óìàðõàäæèåâ Ñ. Ì. Îáîáùåíèå ïîíÿòèÿ ãðàíä�ïðîñòðàíñòâà Ëåáåãà. Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà, 2014,� 4, ñ.

42-51.
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Â.Â. Øóñòîâ (Ìîñêâà, Ðîññèÿ)
vshustov@gosniias.ru

Î ÏÐÈÁËÈÆÅÍÈÈ ÈÍÒÅÃÐÀËÎÂ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ
ÑÎÑÒÀÂÍÛÕ ÄÂÓÕÒÎ×Å×ÍÛÕ ÌÍÎÃÎ×ËÅÍÎÂ ÝÐÌÈÒÀ

Â ðàìêàõ ïðîäîëæåíèÿ ðàáîòû ïî èíòåãðèðîâàíèþ ôóíêöèé ñ èñïîëüçîâàíèåì
ïðîèçâîäíûõ, ïðåäñòàâëåííîé â [1], ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ïðîèçâîäíûå
çàäàíû íå òîëüêî íà êîíöàõ, íî è âíóòðè îòðåçêà èíòåãðèðîâàíèÿ. Äëÿ ïîñòðîåíèÿ
êâàäðàòóðíûõ ôîðìóë [2] èñïîëüçóåòñÿ äâóõòî÷å÷íûå ìíîãî÷ëåíû Ýðìèòà [3].
Ïóñòü ôóíêöèÿ f (x ) îïðåäåëåíà íà îòðåçêå [x 0,xn] è èìååò äîñòàòî÷íûé íàáîð

ïðîèçâîäíûõ íà ýòîì îòðåçêå. Ïóñòü òàêæå â óçëîâûõ òî÷êàõ xi = x 0 + i(xn-
x 0)/n, i=0,1,. . .n ýòîãî îòðåçêà çàäàíû çíà÷åíèÿ ôóíêöèè f (x ) è åå ïðîèçâîäíûõ
äî ïîðÿäêà m âêëþ÷èòåëüíî:

f (j)(xi) = f
(j)
i , j = 0, 1, ...,m, i = 0, 1, ...n. (1)

Íåîáõîäèìî ïîñòðîèòü êâàäðàòóðíóþ ôîðìóëó äëÿ îïðåäåëåííîãî èíòåãðàëà îò
ýòîé ôóíêöèè è îöåíèòü åå îñòàòî÷íûé ÷ëåí.
Òåîðåìà. Ïóñòü ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèÿì (1). Òîãäà äëÿ îïðåäå-

ëåííîãî èíòåãðàëà ôóíêöèè èìååò ìåñòî ôîðìóëà∫ xn

x0

f(x)dx =
n−1∑
i=0

m∑
j=0

Dj
mh

j+1[f
(j)
i + (−1)jf

(j)
i+1] + rm,

Dj
m =

cj+1
m+1

(j + 1)!cj+1
2m+2

, bm =
(m+ 1)!(m+ 1)!

(2m+ 3)!
,

rm =
(−1)m+1bmnh

2m+3

(2m+ 2)!
f (2m+2)(η),

L=xn-x 0 , h=L/n è òî÷êà η ∈ (x0,xn).
Ðåçóëüòàòû ñîïîñòàâëÿþòñÿ ñ ôîðìóëîé Ýéëåðà-Ìàêëîðåíà, äàþòñÿ ÷èñëåííûå

ïðèìåðû ñ äàííûìè î ïîãðåøíîñòè è î åå îöåíêå.
Ë È Ò Å Ð À Ò Ó Ð À

1. Øóñòîâ Â.Â. Î ïðåäñòàâëåíèè èíòåãðàëîâ çíà÷åíèÿìè ôóíêöèè è åå ïðîèçâîäíûõ íà îñíîâå èñïîëüçîâàíèÿ äâóõ-
òî÷å÷íûõ ìíîãî÷ëåíîâ Ýðìèòà // ¾Òåîðèÿ îïåðàòîðîâ, êîìïëåêñíûé àíàëèç è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå¿. Âëàäè-
êàâêàç: ÞÌÈ ÂÍÖ ÐÀÍ, 2016. Ñ. 85-87.

2. Íèêîëüñêèé Ñ.Ì. Êâàäðàòóðíûå ôîðìóëû. Ì.: Íàóêà, 1988.
3. Øóñòîâ Â.Â. Î ïðèáëèæåíèè ôóíêöèé äâóõòî÷å÷íûìè èíòåðïîëÿöèîííûìè ìíîãî÷ëåíàìè Ýðìèòà // ÆÂÌÌÔ.

2015. Ò. 55, � 7, Ñ. 1091.
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MULTIPLIERS OF FOURIER SERIES
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This paper is about the multipliers of multiple Fourier series for a regular system
on anisotropic Lorentz spaces. In particular, we show the su�cient conditions for a
sequence of complex numbers {λk}k∈Zn in order to make it a multiplier of multiple
trigonometric Fourier series of space Lp[0; 1]n in the Lq[0; 1]n, p < q.
Let 1 ≤ p ≤ q ≤ ∞. It is said that the sequence of complex numbers λ = {λk}k∈Z

is a trigonometrical Fourier series multiplier from Lp[0, 1] to Lq[0, 1], if for every
function f ∈ Lp[0, 1] with Fourier series

∑
k∈Z

f̂(k)e2πikx there exists a function fλ from

Lq[0, 1] a Fourier series which coincides with the series
∑
k∈Z

λkf̂(k)e2πikx and an operator

Tλ, Tλf = fλ which is a bounded operator from Lp[0, 1] to Lq[0, 1].
Our aim is to �nd characteristics for a sequence λ = {λk}k∈Z , such that operator

Tλ is bounded from Lp[0, 1] to Lq[0, 1], i.e. λ is multiplier.
Let E = {ε = (ε1, ..., εm) : εi = 0 or εi = 1, i = 1, ...,m}.
Theorem. Let 1 < p = (p1, ..., pm) < q = (q1, ..., qm) <∞, 0 < r = (r1, ..., rm) ≤

∞, 0 < α < 1 − 1
p + 1

q and β = α + 1
p −

1
q . If the sequence of complex numbers

λ = {λk}k∈Nm satisfy the following properties for every ε ∈ E

sup
ki∈N

m∏
i=1

kεi−αii

(
m∏
j=1

s
βj
j |∆ελs|

)∗ε
(k1, ..., km) ≤ µ,

where ∆ελs = ∆ε1...∆εmλs1,...,sm, f ∗ε = f ∗
ε1
1 ,...,∗εmm , then λ ∈ mq,r

p,r and

‖λ‖mq,r
p,r
≤ cµ,

here constant c > 0 depends only on p,q, r and α.
R E F E R E N C E S

1. Nursultanov E.D. Multipliers of multiple Fourier series. Proceedings of the Steklov Institute of Mathematics. 1999.
pp. 237�242.

2. Persson L.-E., Sarybekova L.O., Tleukhanova N.T. A Lizorkin theorem on Fourier series multipliers for strong regular
systems. Analysis for science, engineering and beyond, Springer, Heidelberg. 2012. Vol. 6. pp. 305�317.
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Ñ.À. Àâäîíèí, Ê.Á. Íóðòàçèíà (Ôýðáåíêñ, ÑØÀ; Àñòàíà, Êàçàõñòàí)
s.avdonin@alaska.edu, nurtazina.k@gmail.com

ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÒÅÏËÎÂÎÃÎ ÓÐÀÂÍÅÍÈß ÍÀ
ÃÐÀÔÅ-ÄÅÐÅÂÅ

Èññëåäîâàíèå èäåíòèôèöèðóåìîñòè ðàñïðåäåëåííûõ ïàðàìåòðîâ äëÿ ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ íà ãðàôàõ îïèðàåòñÿ íà ðåçóëüòàòû [1, 2]. Íà ãðàôå-äåðåâå
ðàññìàòðèâàåì çàäà÷ó (1)-(3):

ut − uxx + q(x)u = p(t)h(x), t ∈ (0, T ). (1){ ∑
ej∼v ∂uj(v, t) = 0 â êàæäîé âåðøèíå v ∈ V \ ∂Ω, è t ∈ [0, T ]

u(·, t) íåïðåðûâíû â êàæäîé âåðøèíå äëÿ âñåõ t ∈ [0, T ], (2)

∂u = f íà ∂Ω× [0, T ], u|t=0 = 0 íàΩ. (3)

ãäå (2) � óñëîâèå ñîãëàñîâàíèÿ Êèðõãîôà-Íåéìàíà, ∂uj(v, ·) � ïðîèçâîäíàÿ ôóíê-
öèè u â âåðøèíå v, âçÿòàÿ âäîëü ðåáðà e â íàïðàâëåíèè îò âåðøèíû, ej ∼ v îçíà-
÷àåò ðåáðî ej, âõîäÿùåå â âåðøèíó v, à ñóììà áåðåòñÿ ïî âñåì ðåáðàì, âõîäÿùèì
â v.
Ïóñòü H = L2(Ω) è FT = L2([0, T ];Rm). Â ïðåäïîëîæåíèè p èçâåñòíûì ðå-

øåíà çàäà÷à: ïðè çàäàííûõ
{
∂u|∂Ω×[0,T ]

}
è íàáëþäåíèÿõ

{
u|∂Ω×[0,T ]

}
îäíîçíà÷íî

îïðåäåëèòü u, q, h.
Ïðåäïîëàãàåì, ÷òî p ∈ H1(0, T ). Çàäàåì îïåðàòîð îòêëèêà RT : FT → FT

êàê (RTf)(t) = uf(·, t), t ∈ [0, T ].
Ðåøåíà îáðàòíàÿ çàäà÷à, êîòîðàÿ ñîñòîèò â âîññòàíîâëåíèè òîïîëîãèè ãðàôà,

äëèí ðåáåð è âåêòîðîâ q(·) è h(·) ïî îïåðàòîðó RT , èçâåñòíîìó ïðè ïðîèçâîëüíîì
ôèêñèðîâàííîì T > 0.

Ë È Ò Å Ð À Ò Ó Ð À
1. Avdonin S., Bell J. Determining a distributed conductance parameter for a neuronal cable model de�ned on a tree graph.

J. Inv. Probs and Imaging. 2015. No 9. P. 645�659.
2. Avdonin S, Bell J., Nurtazina K. Determining distributed parameters in a neuronal cable model on a tree graph.

Mathematical Methods in the Applied Sciences. 2017.

Ã.Ì. Àéðàïåòÿí (Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Àðìåíèÿ)
hhayrapet@gmail.com

ÎÁ ÎÄÍÎÉ ÃÐÀÍÈ×ÍÎÉ ÇÀÄÀ×Å Ñ ÁÅÑÊÎÍÅ×ÍÛÌ
ÈÍÄÅÊÑÎÌ

Ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à Ðèìàíà â åäèíè÷íîì êðóãåD+ = {z; |z| < 1}
â ñëåäóþùåé ïîñòàíîâêå: îïðåäåëèòü àíàëèòè÷åñêóþ âD+

⋃
D−,D− = {z; |z| > 1}

ôóíêöèþ Φ(z), Φ(∞) = 0 òàê ÷òîáû èìåëî ìåñòî

lim
r→1−0

‖Φ+(rt)− a(t)Φ−(r−1t)− f(t)‖Lp(ρ) = 0, (1)
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ãäå 1 < p <∞, ρ(t) =
∞∏
k=1

|tk − t|δk , t ∈ T , T = {z; |z| = 1}, δk > 0,
∞∑
k=1

δk <∞.

Ïðè 1 < p < ∞ óñòàíàâëèâàåòñÿ ÷òî ýòà çàäà÷à íîðìàëüíî ðàçðåøèìà ò.å.
îäíîðîäíàÿ çàäà÷à èìååò êîíå÷íîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé , à íåîä-
íîðîäíàÿ -ðàçðåøèìà ïðè íàëè÷èå êîíå÷íîãî ÷èñëà óñëîâèé íà ôóíêöèþ f . Ïðè
p = 1, a ≡ 1 óñòàíàâëèâàåòñÿ, ÷òî ôóíêöèÿ

Φ0(z) =
∞∑
k=1

Ak

tk − z
,

ãäå
∞∑
k=1

|Ak| < ∞. Îáùåå ðåøåíèå çàäà÷è (1) ìîæíî ïðåäñòàâèòü â âèäå Φ(z) =

Φ0(z) + Φ1(z), ãäå Φ1(z) =
∞∑
k=1

Φ1k(z),

Φ1k(z) =
1

tk − z
1

2πi

∫
Tk

f(t)(tk − t)
t− z

dt.

Ïðè÷åì èíòåðâàëû Tk, k = 1, 2, . . . íå ïåðåñåêàþòñÿ, tj /∈ Tk, j 6= k, tj ∈ Tj,
T = ∪Tk. Êîãäà a = B−1, ãäå B ïðîèçâåäåíèå Áëÿøêå ñ nóëÿìè αk, k = 1, 2, . . .,
óñòàíîâëèâàåòñÿ, ÷òî ýòà çàäà÷à îäíîçíà÷íî ðàçðåøèìà, êîãäà íóëè ôóíêöèè B
èìåþò ïðåäåëëüíóþ òî÷êó, îòëè÷íóþ îò òî÷åê tk, k = 1, 2, . . ..
Çàäà÷à (1) èññëåäóåòñÿ òàêæå â ñëó÷àå, êîãäà a ∈ Cα. Òàê êàê a(t) = S+(t)(S−(t))−1,

òî îáùåå ðåøåíèå çàäà÷è ìîæíî ïðåäñòàâèòü â âèäå

Φ(z) = Φ0(z) + Φ1(z)

ãäå

Φ0(z) = S±(z)
∞∑
k=1

Ak

tk − z
,Φ1(z) =

∞∑
k=1

Φ1k(z),

ïðè÷åì

Φ1k(z) =
S(z)

tk − z
1

2πi

∫
Tk

f(t)(tk − t)
S+(t)(t− z)

dt.

T.N. Harutyunyan (Yerevan, Armenia)
hartigr@yahoo.co.uk

THE DIRECT AND INVERSE STURM-LIOUVILLE AND DIRAC
PROBLEMS

First, we investigate the dependence of spectral data of Sturm-Liouville operator on
parameters de�ning the boundary conditions. With this aim we introduce the concept
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of "Eigenvalues function of family of Sturm-Liouville operators"(EVF) and investigate
its properties.
Secondly we solve the inverse Sturm-Liouville problem by EVF.
We also provide an analogue of uniqueness theorem (in inverse problem) of Marchenko

and one generalization of theorem of Ambarzumian.
New uniqueness theorems we also prove in inverse problems for canonical Dirac

systems.
We give the description of isospectral Dirac operators.
We have proved, that in common case the analogue of Ambarzumian theorem for

Dirac operator is not true, but in the same time, we describe particular cases, when
there are analogues of Ambarzumian theorem.
We also give some new results in constructive solution of inverse problem for Dirac

system.
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ÊÐÈÒÅÐÈÉ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ ÄÈÕÎÒÎÌÈÈ ÄËß
ÑÈÑÒÅÌÛ ÔÄÓ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ

1. Ðàáîòà ïðèìûêàåò ê [1]. Ðàññìàòðèâàåòñÿ â Π = R× [0,∞) çàäà÷à Êîøè Lu = Du+

∫ 1

0

[dB (s)]u (x, t− s) = 0, t > 1,

u |Π0
= ϕ ∈ E, Π0 = R× [0, 1].

(1)

Çäåñü D = d
dt + A d

dx , A = diag (a1, . . . , aN), a1 > . . . > aN , ak 6= 0, B : [0, 1] →
CN×N ,

∨1
0 (B) < ∞, u =

(
u1, . . . , uN

)T
, E � áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ

îãðàíè÷åííûõ ôóíêöèé Π0 → CN ñ íîðìîé sup |ϕ|.
×åðåç êàæäóþ òî÷êó (x0, y0) ∈ Π ïðîõîäÿò õàðàêòåðèñòèêè q1, . . . , qN ñ óðàâíå-

íèÿìè x = σk (t, x0, t0) = x0 + ak (t− t0). Îïåðàòîð D äàëåå ïîíèìàåòñÿ â îáîá-
ù¼ííîì ñìûñëå D = diag (D1, . . . , DN), ãäå Dku

k � ïðîèçâîäíàÿ ïî t âäîëü qk.
Ïîä ðåøåíèåì çàäà÷è (1) ïîíèìàåòñÿ ôóíêöèÿ u ∈ C(Π,CN) ñ ãëàäêèìè âäîëü
�ñâîèõ� õàðàêòåðèñòèê qk êîìïîíåíòàìè uk, óäîâëåòâîðÿþùàÿ (1). Èìååò ìåñòî
îäíîçíà÷íàÿ ðàçðåøèìîñòü â ýòîì êëàññå, îáîçíà÷àåìîì äàëåå C1

x.
Â ðàáîòå èññëåäóåòñÿ äèõîòîìèÿ ðåøåíèé çàäà÷è (1) ñâåäåíèåì ê òàêîé æå ïðî-

áëåìå äëÿ ðàçíîñòíîé çàäà÷è Êîøè âèäà

un = Γun−1, n = 1, 2, . . . , u0 = ϕ ∈ E (2)
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ñ êîìïàêòíûì îïåðàòîðîì Γ â ôàçîâîì ïðîñòðàíñòâå E.
2. Îïðåäåëèì îïåðàòîðû èç End(E) ôîðìóëàìè

B0ϕ =

∫ t

0

[dB (s)]ϕ (x, t− s) , B1ϕ =

∫ 1

t

[dB (s)]ϕ (x, 1 + t− s) ,

Sϕ =

∫ t

0

 ϕ1 (σ1 (τ, x, t) , τ)
. . .

ϕN (σN , (τ, x, t) , τ)

 dτ, Pϕ =

 ϕ1 (x− a1t, 1)
. . .

ϕN (x− aN t, 1)

 (3)

Ëåììà. 10
. Îïåðàòîð I + SB0 èìååò îãðàíè÷åííûé îáðàòíûé E→ E.

20
. Ôîðìóëà Γ = (I + SB0)

−1 (P − SB1) çàäà¼ò êîìïàêòíûé îïåðàòîð E→ E.
30
. Ôóíêöèÿ u : Π → CN ÿâëÿåòñÿ ðåøåíèåì êëàññà C1

x çàäà÷è (1) òî÷íî òîãäà,
êîãäà ïîñëåäîâàòåëüíîñòü un (x, t) = u (x, t+ n) , (x, t) ∈ Π0, n = 0, 1, . . . ÿâëÿåò-
ñÿ ðåøåíèåì çàäà÷è (2) ñ îïåðàòîðîì 20.
3. Áóäåì ãîâîðèòü, ÷òî èìååò ìåñòî ýêñïîíåíöèàëüíàÿ äèõîòîìèÿ ðåøåíèé çà-

äà÷è Êîøè (1), åñëè ýòî âåðíî äëÿ ðåøåíèé çàäà÷è (2): ôàçîâîå ïðîñòðàíñòâî E
ðàñïàäàåòñÿ â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ E = E1+̇E2,Ek 6= {0}, òàê, ÷òî äëÿ
ðåøåíèé çàäà÷è (2) âåðíû ïðè íåêîòîðûõ µ, ν > 0 îöåíêè

ϕ ∈ E1 ⇒ ‖Γnϕ‖E ≤ µe−νn‖ϕ‖E,

ϕ ∈ E2 ⇒ ‖Γnϕ‖E ≥ µeνn‖ϕ‖E.

Ïîñòàâèì â ñîîòâåòñâèå îïåðàòîðó (1) ìàòðè÷íûé ïó÷îê

∆ (λ, µ) = λI + µA+

∫ 1

0

e−λsdB (s).

Òåîðåìà. Ýêñïîíåíöèàëüíàÿ äèõîòîìèÿ ðåøåíèé çàäà÷è Êîøè (1) èìååò ìå-
ñòî òî÷íî òîãäà, êîãäà ïðè êàæäîì µ ∈ iR óðàâíåíèå

det ∆ (λ, µ) = 0

íå èìååò λ-êîðíåé íà ìíèìîé îñè è èìååò õîòÿ áû îäèí êîðåíü â ïîëóïëîñêîñòè
Reλ > 0.

Ë È Ò Å Ð À Ò Ó Ð À
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ON AN EFFECTIVE SOLUTION OF THE DIRICHLET PROBLEM
FOR SIXTH ORDER PARTIAL DIFFERENTIAL EQUATION
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Let D = {z : |z| < 1} be a unit disk and Γ = ∂D its boundary. We consider the
properly elliptic sixth order di�erential equation

6∑
k=0

Ak
∂6u

∂xk∂y6−k (x, y) = 0, (x, y) ∈ D, (1)

where Ak are such complex constants (A0 6= 0), that the numbers λj (j = 1, . . . , 6) �
the roots of characteristic equation

∑6
k=0Akλ

6−k = 0, satisfy the condition

λ1 = . . . = λk = i 6= λk+1 = . . . = λ3, =λ3 > 0,

λ4 = λ5 = λ6 6= −i, =λ4 < 0.

We suppose, that the multiplicity k may be equal to k = 1, 2, 3, if k = 3, then we have
only triple root i in the upper half-plane. The solution of the equation (1) to be found
in the class C6(D)

⋂
C(2,α)(D), and on the boundary Γ satisfy Dirichlet conditions:

∂iu

∂ ri

∣∣∣∣
Γ

= gi(x, y), (x, y) ∈ Γ, i = 0, 1, 2; z = reiθ. (2)

Here gi are given functions from the class C(2−i,α)(Γ). The case of second order elliptic
equation (1) was considered in [1], further results and the case of fourth order equation
may be found in [2]. We obtain the following theorem.
Theorem 1. If k = 3 then the problem (1), (2) is uniquely solvable. If k = 1, 2 it is

obtained the new formula for the determination of the defect numbers of the problem
(numbers of linearly independent solutions of the homogeneous (when gi ≡ 0) problem
and linearly independent solvability conditions of the inhomogeneous problem) and it
was proved, that if k = 2, then these defect numbers may be equal only zero and one.

R E F E R E N C E S
1. Tovmasyan N.E. Non-Regular Di�erential Equations and Calculations of Electromagnetic Fields. World Scienti�c Co.

Ltd. 1998.
2. Babayan A.H., Babayan V.A. Defect Numbers of the Dirichlet Problem for Higher Order Partial Di�erential Equations

in the Unit Disc. Caspian Journal of Computational and Mathematical Engineering (CJCME). 2016. No. 1, pp. 4�20.
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ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÁÛÑÒÐÎ ÎÑÖÈËËÈÐÓÞÙÅÃÎ

ÑÂÎÁÎÄÍÎÃÎ ×ËÅÍÀ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÏÎ
×ÀÑÒÈ×ÍÎÉ ÀÑÈÌÏÒÎÒÈÊÅ ÐÅØÅÍÈß

Â äîêëàäå ðå÷ü ïîéäåò î íà÷àëüíî-êðàåâîé çàäà÷å äëÿ îäíîìåðíîãî ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ ñ áûñòðî îñöèëëèðóþùåé ïî âðåìåíè ïðàâîé ÷àñòüþ (ñâî-
áîäíûì ÷ëåíîì), êîòîðàÿ çäåñü íå èçâåñòíà. Ðåøàåòñÿ âîïðîñ î åå âîññòàíîâëåíèè



¾Table of contents¿

Di�erential Equations and Mathematical Physics 80

ïðè òåõ èëè èíûõ ñâåäåíèÿõ (äîïîëíèòåëüíûõ óñëîâèÿõ) î ðåøåíèè. Òàêîãî ðî-
äà çàäà÷è îòíîñÿòñÿ ê èçâåñòíîìó øèðîêîìó êëàññó îáðàòíûõ êîýôôèöèåíòíûõ
çàäà÷.
Îáðàòíûå çàäà÷è ñîñòàâëÿþò âàæíîå àêòèâíî ðàçâèâàåìîå íàïðàâëåíèå ñîâðå-

ìåííîé ìàòåìàòèêè (ñì., íàïðèìåð, [1] è áèáëèîãðàôèþ â íåé). Îäíàêî çàäà÷è ñ
áûñòðî îñöèëëèðóþùèìè ñëàãàåìûìè â ýòîé òåîðèè ïî÷òè íå ïðåäñòàâëåíû. Ïðè
ýòîì, îáû÷íî èñïîëüçóåìûå â îáðàòíûõ çàäà÷àõ äîïîëíèòåëüíûå óñëîâèÿ (çíà÷å-
íèÿ ðåøåíèÿ â ôèêñèðîâàííîé òî÷êå ïðîñòðàíñòâà, èíòåãðàëüíûå óñëîâèÿ è ò.ä.),
äëÿ çàäà÷ ñ áûñòðî îñöèëëèðóþùèìè äàííûìè, êàê ïðàâèëî, òðóäíîïðîâåðÿåìû
(äàæå ïðè íàëè÷èè ñóïåðêîìïüþòåðà). Óñëîâèÿ óêàçàííîãî òèïà çäåñü åñòåñòâåí-
íî ñòàâèòü òîëüêî íà íåñêîëüêî ïåðâûõ êîýôôèöèåíòîâ àñèìïòîòèêè ðåøåíèÿ.
Ñêîëüêî ýòèõ êîýôôèöèåíòîâ äîëæíî áûòü çàäåéñòâîâàíî îïðåäåëÿåòñÿ ïðè ðå-
øåíèè ïðÿìîé çàäà÷è, òî åñòü ïðè ïîñòðîåíèè àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðå-
øåíèÿ. Â íàñòîÿùåå âðåìÿ îïóáëèêîâàíà, ïî-âèäèìîìó, ëèøü îäíà ðàáîòà [2] îá
îáðàòíîé çàäà÷å ñ áûñòðî îñöèëëèðóþùèìè äàííûìè.
Â äàííîì äîêëàäå çàäà÷à î âîññòàíîâëåíèè ñâîáîäíîãî ÷ëåíà âèäà

f(x, t)r(t, ωt), ω � 1,

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ðåøåíà â ñëåäóþùèõ ÷åòûðåõ ñëó÷àÿõ: 1) íå èçâåñòíà
ôóíêöèÿ r(t, τ); 2) íå èçâåñòíà ôóíêöèÿ f(x, t); 3) â ïàðå f, r èçâåñòíî ëèøü ñðåä-
íåå r0 ôóíêöèè r(t, τ) ïî τ ; 4) íå èçâåñòíû îáà ñîìíîæèòåëÿ f è r. Êàæäàÿ èç ýòèõ
çàäà÷ ñíàáæåíà, ðàçóìååòñÿ, ñîîòâåòñòâóþùèìè äîïîëíèòåëüíûìè óñëîâèÿìè.
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ÁÈÔÓÐÊÀÖÈÈ ÂÐÀÙÅÍÈß ÆÈÄÊÎÑÒÈ Â ÏÎÃÐÀÍÈ×ÍÎÌ
ÑËÎÅ ÌÀÐÀÍÃÎÍÈ ÏÐÈ ÎÕËÀÆÄÅÍÈÈ ÑÂÎÁÎÄÍÎÉ

ÃÐÀÍÈÖÛ

Ïîãðàíè÷íûå ñëîè Ìàðàíãîíè âîçíèêàþò ïðè íàëè÷èè ïðîäîëüíîãî ãðàäèåíòà
òåìïåðàòóðû íà ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè. Èíòåðåñ ê ýòîé ïðîáëåìå âîç-
íèê âî âòîðîé ïîëîâèíå ïðîøëîãî ñòîëåòèÿ â ñâÿçè ñ ýêñïåðèìåíòàìè â êîñìîñå. Â
äîêëàäå ïðåäñòàâëåíû óñëîâèÿ âîçíèêíîâåíèÿ âðàùåíèÿ æèäêîñòè â òîíêîì ïî-
ãðàíè÷íîì ñëîå âáëèçè ñâîáîäíîé ãðàíèöû. Ðåçóëüòàòû ðàáîòû ìîãóò îáúÿñíèòü
îäíó èç ïðè÷èí âîçíèêíîâåíèÿ âðàùåíèÿ æèäêîñòè âáëèçè ãðàíèöû ðàçäåëà äâóõ
æèäêèõ ñðåä, â òîì ÷èñëå è âîçíèêíîâåíèå òîðíàäî.
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Íà îñíîâå ñèñòåìû Íàâüå � Ñòîêñà ðàññ÷èòàíî ñòàöèîíàðíîå îñåñèììåòðè÷íîå
òåðìîêàïèëëÿðîå òå÷åíèå îäíîðîäíîé æèäêîñòè â ïîëóáåñêîíå÷íîì ãîðèçîíòàëü-
íîì ñëîå, ïðè ëîêàëüíîì îõëàæäåíèè ñâîáîäíîé ãðàíèöû. Ïðåäïîëàãàåòñÿ, ÷òî âíå
òîíêîãî ïîãðàíè÷íîãî ñëîÿ èìååòñÿ âíåøíèé íåçàêðó÷åííûé ïîòîê, îïèñûâàåìûé
â ïåðâîì ïðèáëèæåíèè óðàâíåíèÿìè Ýéëåðà.
Ðàññ÷èòàíû äâà òèïà ðåæèìîâ òå÷åíèé æèäêîñòè � îñíîâíûå è âðàùàòåëüíûå.

Îñíîâíûå ðåæèìû îïèñûâàþò òå÷åíèå áåç âðàùåíèÿ. Âðàùàòåëüíûå ðåæèìû âîç-
íèêàþò â ðåçóëüòàòå áèôóðêàöèè îñíîâíûõ ðåøåíèé. Ïðè îõëàæäåíèè ãðàíèöû
âîçíèêàåò ïàðà àâòîìîäåëüíûõ ðåøåíèé. Ýòè ðåæèìû ñóùåñòâóþò òîëüêî, åñëè
ñêîðîñòü âíåøíåãî íåâÿçêîãî ïîòîêà ïðåâûøàåò ñâîå êðèòè÷åñêîå çíà÷åíèå, çàâè-
ñÿùåå îò òåìïåðàòóðû ãðàíèöû. Èññëåäîâàíî âåòâëåíèå îñíîâíûõ ðåæèìîâ. Íàé-
äåíî áèôóðêàöèîííîå çíà÷åíèå ñêîðîñòè âíåøíåãî ïîòîêà. Ïîëó÷åíû àñèìïòîòè-
÷åñêèå ðàçëîæåíèÿ âðàùàòåëüíûõ ðåæèìîâ âáëèçè òî÷êè áèôóðêàöèè. Ïîñòðîåíî
óðàâíåíèå ðàçâåòâëåíèÿ, êîýôôèöèåíòû êîòîðîãî íàéäåíû ÷èñëåííî. Ïîêàçàíî,
÷òî â òî÷êå áèôóðêàöèè îò îñíîâíîãî ðåæèìà îòâåòâëÿþòñÿ äâà âðàùàòåëüíûõ
ðåæèìà. Ýòè ðåæèìû îòëè÷àþòñÿ äðóã îò äðóãà òîëüêî íàïðàâëåíèåì âðàùåíèÿ.
Âðàùåíèå æèäêîñòè âîçíèêàåò òîëüêî ïðè ëîêàëüíîì îõëàæäåíèè ñâîáîäíîé ïî-
âåðõíîñòè, íàïðèìåð âîçíèêíîâåíèå òîðíàäî ìîæåò ïðîèñõîäèòü ïðè îõëàæäåíèè
ãðàíèöû ðàçäåëà æèäêèõ ôàç ïîòîêîì õîëîäíîãî âîçäóõà.

À.Î. Âàòóëüÿí, Ñ.À. Íåñòåðîâ (Âëàäèêàâêàç, Ðîññèÿ)
vatulyan@math.rsu.ru, 1079@list.ru

ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÐÅØÅÍÈß ÎÁÐÀÒÍÛÕ ÇÀÄÀ× ÄËß
ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÃÐÀÄÈÅÍÒÍÛÕ ÌÀÒÅÐÈÀËÎÂ

Çàäà÷è èäåíòèôèêàöèè òåïëîôèçè÷åñêèõ è òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê
ôóíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ ôîðìèðóþò âàæíûé ñ òî÷êè çðåíèÿ ðàç-
ëè÷íûõ òåõíè÷åñêèõ ïðèëîæåíèé êëàññ êîýôôèöèåíòíûõ îáðàòíûõ çàäà÷ (ÊÎÇ)
ìàòåìàòè÷åñêîé ôèçèêè.
ÊÎÇ äëÿ íåîäíîðîäíûõ ìàòåðèàëîâ, êàê ïðàâèëî, íåëèíåéíû. Ðåøåíèå ÊÎÇ

òåïëîïðîâîäíîñòè ñòðîèòñÿ íà îñíîâå èòåðàöèîííîãî ïðîöåññà, íà êàæäîì ýòàïå
êîòîðîãî ðåøàåòñÿ ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà
[1,2]. Èòåðàöèîííûé ïðîöåññ ñòàðòóåò ñ íåêîòîðîãî íà÷àëüíîãî ïðèáëèæåíèÿ, ïî-
èñê êîòîðîãî â [1,2] îñóùåñòâëÿåòñÿñÿ â êëàññå ëèíåéíûõ ôóíêöèé íà îñíîâå ìè-
íèìèçàöèè ôóíêöèîíàëà íåâÿçêè.
Â äàííîé ðàáîòå ïðåäñòàâëåí íîâûé áîëåå áûñòðûé ñïîñîá íàõîæäåíèÿ íà÷àëü-

íîãî ïðèáëèæåíèÿ íà îñíîâå ïðîåêöèîííîãî ìåòîäà Ãàëåðêèíà. Ïîñëå ïðèìåíåíèÿ
ïðåîáðàçîâàíèÿ Ëàïëàñà ê óðàâíåíèþ òåïëîïðîâîäíîñòè òðàíñôîðìàíòà òåìïåðà-
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òóðû ïðåäñòàâëÿåòñÿ â âèäå êîíå÷íîãî ðàçëîæåíèÿ ïî íåêîòîðîé ñèñòåìå áàçèñ-
íûõ ôóíêöèé, à êîýôôèöèåíò òåïëîïðîâîäíîñòè è óäåëüíàÿ òåïëîåìêîñòü â âèäå
ëèíåéíûõ ôóíêöèé. Ïîñëå ïîäñòàíîâêè ðàçëîæåíèé â óðàâíåíèå òåïëîïðîâîäíî-
ñòè â òðàíñôîðìàíòàõ è ïðîåêòèðîâàíèÿ ðåçóëüòàòîâ íà âñå ïðèñóòñòâóþùèå â
àïïðîêñèìàöèè áàçèñíûå ôóíêöèè ïîèñê íà÷àëüíîãî ïðèáëèæåíèÿ îñóùåñòâëÿåò-
ñÿ ïóòåì ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ïðè çíà÷åíèÿõ ïàðàìåòðà
ïðåîáðàçîâàíèÿ Ëàïëàñà, ðàâíîãî çíà÷åíèÿì ïîëþñîâ òðàíñôîðìàíòû äîïîëíè-
òåëüíîé èíôîðìàöèè.
Ïðåäñòàâëåíû ÷èñëåííûå ðåçóëüòàòû ïî íàõîæäåíèþ íà÷àëüíîãî ïðèáëèæåíèÿ

óäåëüíîé òåïëîåìêîñòè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû � 114072870112 Ïðåçèäèóìà ÐÀÍ

¾Ôóíäàìåíòàëüíûå ïðîáëåìû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ¿.
R E F E R E N C E S

1. Nedin R., Nesterov S., Vatulyan A. On reconstruction of thermalphysic characteristics of functionally graded hollow
cylinder. Applied Mathematical Modelling. 2016. Vol. 40, � 4, pp. 2711�2719.

2. Nedin R., Nesterov S., Vatulyan A. Identi�cation of thermal conductivity coe�cient and volumetric heat capacity of
functionally graded materials. Int. Journal of Heat and Mass transfer. 2016. Vol. 102, pp. 213�218.

À.Î. Âàòóëüÿí, Â.Î. Þðîâ (Ðîñòîâ-íà-Äîíó)
vatulyan@math.rsu.ru, vitja.jurov@yandex.ru

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ È ×ÈÑËÅÍÍÛÅ ÌÅÒÎÄÛ
ÈÑÑËÅÄÎÂÀÍÈß ÄÈÑÏÅÐÑÈÎÍÍÛÕ ÑÂÎÉÑÒÂ

ÍÅÎÄÍÎÐÎÄÍÛÕ ÂÎËÍÎÂÎÄÎÂ

Ðàññìîòðåíà íîâàÿ çàäà÷à äëÿ ìàòðè÷íîãî ñïåêòðàëüíîãî ïó÷êà ñ äâóìÿ ñïåê-
òðàëüíûìè ïàðàìåòðàìè. Îíà ïîðîæäåíà çàäà÷åé äëÿ íåîäíîðîäíîãî ïî ðàäèàëü-
íîé êîîðäèíàòå öèëèíäðè÷åñêîãî âîëíîâîäà ñ ìîäèôèöèðîâàííûìè ãðàíè÷íûìè
óñëîâèÿìè òðåòüåãî ðîäà íà áîêîâîé ïîâåðõíîñòè. Â ãðàíè÷íûå óñëîâèÿ ââåäåíû
äâå æåñòêîñòè, êîòîðûå ñâÿçûâàþò ïåðåìåùåíèÿ íà âíåøíåé ãðàíèöå ñ íîðìàëü-
íûìè è êàñàòåëüíûìè íàïðÿæåíèÿìè íà íåé. Òàêîãî ðîäà çàäà÷à ìîæåò ñëóæèòü
äëÿ îïèñàíèÿ âîëíîâûõ ïðîöåññîâ â òðóáîïðîâîäå, ïîãðóæåííîì â ãðóíò. Çàäà÷à
çàêëþ÷àåòñÿ â èçó÷åíèè ñâîéñòâ äèñïåðñèîííûõ ñîîòíîøåíèé ïðè îñåñèììåòðè÷-
íîì íàïðÿæåííîì ñîñòîÿíèè è ñâîäèòñÿ ê ìàòðè÷íîìó äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ ïåðâîãî ïîðÿäêà, ãäå ìàòðèöà ñ ïåðåìåííûìè êîýôôèöèåíòàìè ïîðîæäàåò
êâàäðàòè÷íûé ïó÷îê, çàâèñÿùèé îò äâóõ ñïåêòðàëüíûõ ïàðàìåòðîâ (÷àñòîòà è
âîëíîâîå ÷èñëî). Ñèñòåìà ñôîðìèðîâàíà òàêèì îáðàçîì, ÷òî îñíîâíàÿ ìàòðèöà íå
ñîäåðæèò ïðîèçâîäíûõ îò ìàòåðèàëüíûõ õàðàêòåðèñòèê. Ýòî ïîçâîëÿåò èññëåäî-
âàòü ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè ïðîèçâîëüíûå çàêîíû íåîäíîðîäíîñòè. Ïðî-
âåäåíî ÷èñëåííîå è àñèìïòîòè÷åñêîå èññëåäîâàíèå äèñïåðñèîííîãî ìíîæåñòâà â
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çàâèñèìîñòè îò êîýôôèöèåíòîâ æåñòêîñòè. Â ñëó÷àå íóëåâîé êàñàòåëüíîé æåñòêî-
ñòè âûÿâëåíî ñóùåñòâîâàíèå äèñïåðñèîííîé âåòâè, èìåþùåé ëèíåéíûé ó÷àñòîê è
âûõîäÿùåé èç íà÷àëà êîîðäèíàò. Ïîñòðîåíà àñèìïòîòèêà äëÿ óãëà íàêëîíà ýòîãî
ó÷àñòêà ïóòåì ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó è èñïîëüçîâàíèÿ óñëîâèé ðàç-
ðåøèìîñòè äëÿ íåîäíîðîäíûõ çàäà÷. Äëÿ îäíîðîäíîãî âîëíîâîäà ïîëó÷åíà ÿâíàÿ
ôîðìóëà äëÿ óãëà íàêëîíà, à äëÿ íåîäíîðîäíîãî âîëíîâîäà óãîë íàêëîíà âûðàæåí
÷åðåç ðåøåíèå âñïîìîãàòåëüíîé êðàåâîé çàäà÷è. Íàëè÷èå êàñàòåëüíîé æåñòêîñòè
ñóùåñòâåííî ìåíÿåò ñòðóêòóðó äèñïåðñèîííîãî ìíîæåñòâà, ïîÿâëÿåòñÿ ÷àñòîòà çà-
ïèðàíèÿ, íà÷àëî êîîðäèíàò íå ÿâëÿåòñÿ òî÷êîé äèñïåðñèîííîãî ìíîæåñòâà. Ïðåä-
ñòàâëåí ïðèáëèæåííûé ñïîñîá îïðåäåëåíèÿ æåñòêîñòåé äëÿ ãðàíè÷íûõ óñëîâèé
÷åðåç ìåõàíè÷åñêèå õàðàêòåðèñòèêè âíåøíåé ñðåäû, çàêëþ÷àþùèéñÿ â îöåíêå åå
ïîòåíöèàëüíîé ýíåðãèè ÷åðåç ãðàíè÷íûå çíà÷åíèÿ. Ïðåäåëüíûå ïî æåñòêîñòÿì
ñëó÷àè äèñïåðñèîííûõ ñîîòíîøåíèé ïîëó÷åíû äëÿ âîëíîâîäà ñî ñâîáîäíîé è æåñò-
êî çàùåìëåííîé ãðàíèöåé, à òàêæå äëÿ öèëèíäðà, íàõîäÿùåãîñÿ â æåñòêîé îáîéìå
áåç òðåíèÿ.

L. Z. Gevorgyan (Yerevan, Armenia)
levgev@hotmail.com

A NEW METHOD OF SOLUTION OF NONLINEAR EQUATIONS

Let f be analytic in some domain D ⊂ C function, having a set of (not obligatory
simple) zeros. In [2] generalizing the well-known Ramanujan algorithm of solution of
equations with analytic functions (cf., e.g. [1] and [3]) the following assertion is proved.
Consider the equation

f (z) = 0. (1)

Denote
Pn (z) = dn (1/f (z)) , n ∈ Z+,

where d is the di�erentiation operator.
Theorem. Let P0 be meromorphic in D, z ∈,D, f (z) 6= 0. The formula

a = z + lim
n→∞

n
Pn−1 (z)

Pn (z)

de�nes the nearest to z zero of f. If there are many such zeros, then a is the zero of
the highest order. The limit does not exist if there are many concurrent zeros of the
highest order in the same distance from z.
In the present talk we propose a discrete version of the above formula

zn+1 = zn +
Dn−1

Dn
, n ∈ N,
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where Dn is the n−th divided di�erence of the function g (z) = 1/f (z) , D0 = g [z0] =
g (z0) and

Dn =
g [z1, z2, · · · , zn]− g [z0, z1, · · · , zn−1]

zn − z0
, n ∈ N

and z0 and z1 are two initial approximate roots of equation (1) .
R E F E R E N C E S

1. Berndt B. Ramanujan's notebooks, Part-1, Springer-Verlag, USA 1985.
2. Gevorgyan L. Z. On Ramanujan method of solutions of equations with analytic functions, Rep. Nat. Acad. Sci. 2016.
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À.Â. Ãèëü, Â.À. Íîãèí (Ðîñòîâ-íà-Äîíó)
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ÊÎÌÏËÅÊÑÍÛÅ ÑÒÅÏÅÍÈ ÎÄÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ, ÑÂßÇÀÍÍÎÃÎ Ñ ÎÏÅÐÀÒÎÐÎÌ ÃÅËÜÌÃÎËÜÖÀ È

ØÐÅÄÈÍÃÅÐÀ

Â ðàáîòå èññëåäóþòñÿ êîìïëåêñíûå ñòåïåíè îäíîãî äèôôåðåíöèàëüíîãî îïåðà-
òîðà â Rn ñ êîìïëåêñíûìè êîýôôèöèåíòàìè â ãëàâíîé ÷àñòè:

Gλ = m2I + ∆−
l∑

k=1

iλk
∂2

∂x2
k

, m > 0, (1)

ãäå ∆ = ∂2

∂x21
+ . . .+ ∂2

∂x2n
� îïåðàòîð Ëàïëàñà, λ = (λ1, . . . , λl), 0 < λk < 1, 1 ≤ l ≤ n.

Êîìïëåêñíûå ñòåïåíè îïåðàòîðà Gλ ñ îòðèöàòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè
íà "äîñòàòî÷íî õîðîøèõ"ôóíêöèÿõ ϕ(x) îïðåäåëÿþòñÿ êàê ìóëüòèïëèêàòîðíûå
îïåðàòîðû, äåéñòâèå êîòîðûõ â îáðàçàõ Ôóðüå ñâîäèòñÿ ê óìíîæåíèþ íà ñîîòâåò-
ñòâóþùóþ ñòåïåíü ñèìâîëà ðàññìàòðèâàåìîãî îïåðàòîðà:

̂
(G
−α/2
λ

ϕ)(ξ) =

(
m2 − |ξ|2 + i

l∑
k=1

λkξ
2
k

)−α/2
ϕ̂(x), ξ ∈ Rn, Reα > 0.

Ïîëó÷åíû èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ êîìïëåêñíûõ ñòåïåíåé (1) â âèäå
èíòåãðàëîâ òèïà ïîòåíöèàëà ñ íåñòàíäàðòíîé ìåòðèêîé. Ñîîòâåòñòâóþùèå äðîá-
íûå ïîòåíöèàëû èìåþò âèä:

(Bα
λ
ϕ)(x) = Cl,α(λ)

∫
Rn

bα
λ
(y)ϕ(x− y)dy,

ãäå Kn−α
2

(mwλ(y)) � ôóíêöèÿ Ìàêäîíàëüäà ïîðÿäêà n−α
2 ,

bα
λ
(y) =

Kn−α
2

(mwλ(y))

(wλ(y))
n−α
2

,
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wλ(y)) =

√√√√− l∑
k=1

y2
k

1 + λ2
k

− |ỹ|2 − i
l∑

k=1

λky2
k

1 + λ2
k

, l ≤ n− 1,

ỹ = (yl+1, . . . , yn) è

wλ(y)) =

√√√√− n∑
k=1

y2
k

1 + λ2
k

− i
n∑
k=1

λky2
k

1 + λ2
k

, åñëè l = n;

Cl,α(λ) =
m

n−α
2 21−α2 exp(−n−l

2 πi)

(2π)n/2Γ(α2 )
l∏

k=1

√
−1 + iλk

, l ≤ n.

Ïîëó÷åíû îöåíêè äëÿ îïåðàòîðà Bα
λ
èç Lp â Lp +Ls â ñëó÷àå l < n è èç Lp â Lp

â ñëó÷àå l = n (âî âòîðîì ñëó÷àå ïîêàçàíî, ÷òî bα
λ
(y) ∈ L1). Â ðàìêàõ ìåòîäà ÀÎÎ

ïîñòðîåíî îáðàùåíèå ïîòåíöèàëîâ Bα
λ
ϕ, ϕ ∈ Lp, è äàíî îïèñàíèå îáðàçà Bα

λ
(Lp) â

òåðìèíàõ îïåðàòîðà, ëåâîãî îáðàòíîãî ê Bα
λ
.

Þ.À. Ãëàäûøåâ, Â.Â. Êàëìàíîâè÷α, Ì.À. Ñòåïîâè÷β (Êàëóãà,
Ðîññèÿ)

αv572264@yandex.ru, βm.stepovich@rambler.ru
Î ÂÎÇÌÎÆÍÎÑÒÈ ÏÐÈËÎÆÅÍÈß ÀÏÏÀÐÀÒÀ ÁÅÐÑÀ Ê

ÌÎÄÅËÈÐÎÂÀÍÈÞ ÏÐÎÖÅÑÑÎÂ ÒÅÏËÎÌÀÑÑÎÏÅÐÅÍÎÑÀ,
ÎÁÓÑËÎÂËÅÍÍÎÃÎ ÝËÅÊÒÐÎÍÀÌÈ Â ÏËÀÍÀÐÍÎÉ

ÌÍÎÃÎÑËÎÉÍÎÉ ÑÐÅÄÅ

Äëÿ êîëè÷åñòâåííîãî îïèñàíèÿ ÿâëåíèé òåïëîìàññîïåðåíîñà, îáóñëîâëåííîãî
ýëåêòðîííûì ïó÷êîì â ïîëóïðîâîäíèêîâîé ìèøåíè, ìîæåò èñïîëüçîâàòüñÿ ò.í.
ìîäåëü íåçàâèñèìûõ èñòî÷íèêîâ, â êîòîðîé ñíà÷àëà ðàññìàòðèâàåòñÿ ïðîöåññ òåï-
ëîìàññîïåðåíîñà îò êàæäîãî ìèêðîîáúåìà ïîëóïðîâîäíèêà, à îáùèé ðåçóëüòàò
íàõîäèòñÿ ñóììèðîâàíèåì (èíòåãðèðîâàíèåì) ïîëó÷åííûõ ðàñïðåäåëåíèé îò êàæ-
äîãî èç ìèêðîîáúåìîâ. Òàêîé ïîäõîä ïîçâîëÿåò íàõîäèòü èñêîìûå ðàñïðåäåëåíèÿ
êàê â îäíîðîäíûõ, òàê è â ïëàíàðíûõ ìíîãîñëîéíûõ ïîëóïðîâîäíèêàõ, îäíàêî
äëÿ ìíîãîñëîéíûõ ñòðóêòóð ïðè ñòàíäàðòíîì ïîäõîäå äàæå ïðè íåáîëüøîì ÷èñ-
ëå ñëî¼â äëÿ ðàñ÷¼òîâ ïðèõîäèòñÿ èñïîëüçîâàòü äîâîëüíî ãðîìîçäêèå âûðàæåíèÿ.
Ïî ýòîé ïðè÷èíå â íàñòîÿùåå âðåìÿ èìåþòñÿ àíàëèòè÷åñêèå ðåøåíèÿ òîëüêî äëÿ
äâóõñëîéíîé è òð¼õñëîéíîé ìèøåíåé.
Â íàñòîÿùåé ðàáîòå äëÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåïëîìàññî-

ïåðåíîñà äëÿ ìíîãîñëîéíûõ ñðåä ïðåäëàãàåòñÿ èñïîëüçîâàòü ìàòðè÷íûé ìåòîä,
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ïîçâîëÿþùèé ñðàâíèòåëüíî íåñëîæíî ïðîâîäèòü ðàñ÷¼òû äëÿ ïðîèçâîëüíîãî ÷èñ-
ëà ñëî¼â. Ìåòîä îñíîâàí íà ïðèìåíåíèè àïïàðàòà îáîáùåííûõ ñòåïåíåé Áåðñà è
ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó óìíîæåíèþ ôóíêöèîíàëüíûõ ìàòðèö, êîìïîíåíòû
êîòîðûõ â êàæäîé òî÷êå îïðåäåëÿþòñÿ ôèçè÷åñêèìè è ãåîìåòðè÷åñêèìè ïàðà-
ìåòðàìè òåêóùåãî ñëîÿ [1]. Íåêîòîðûå âîçìîæíîñòè ïðèìåíåíèÿ ýòîãî ìåòîäà ê
ðàñ÷åòàì äëÿ ñòàöèîíàðíîé çàäà÷è òåïëîïðîâîäíîñòè ðàññìîòðåíû â íàñòîÿùåé
ðàáîòå. Ïîêàçàíî, ÷òî îñíîâíûì äîñòîèíñòâîì ýòîãî ìåòîäà ìîæåò áûòü âîçìîæ-
íîñòü åãî ïðèìåíåíèÿ ê áîëüøîìó ÷èñëó ñëîåâ.
Èññëåäîâàíèÿ ïðîâåäåíû ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16�03�00515).
Ë È Ò Å Ð À Ò Ó Ð À
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ÎÃÐÀÍÈ×ÅÍÍÛÅ ÐÅØÅÍÈß ÑÒÀÖÈÎÍÀÐÍÎÃÎ ÓÐÀÂÍÅÍÈß
ØÐÅÄÈÍÃÅÐÀ ÍÀ ÍÅÊÎÌÏÀÊÒÍÛÕ ÐÈÌÀÍÎÂÛÕ

ÌÍÎÃÎÎÁÐÀÇÈßÕ

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îãðàíè÷åííûõ ðåøåíèé ñòàöèîíàðíîãî óðàâ-
íåíèÿ Øðåäèíãåðà

Lu = ∆u− q(x)u = 0 (1)

íà ïðîèçâîëüíîì íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè M. Çäåñü q(x) � íåïðå-
ðûâíàÿ íåîòðèöàòåëüíàÿ íà M ôóíêöèÿ. Äàëåå ðåøåíèÿ óðàâíåíèÿ (1) áóäåì íà-
çûâàòü q-ãàðìîíè÷åñêèìè ôóíêöèÿìè.
Ðàíåå, â ðàáîòå [1] áûëà äîêàçàíà òî÷íàÿ îöåíêà ðàçìåðíîñòåé ïðîñòðàíñòâ îãðà-

íè÷åííûõ ãàðìîíè÷åñêèõ ôóíêöèé íà íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ â
òåðìèíàõ ìàññèâíûõ ìíîæåñòâ. Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ äîêàçà-
òåëüñòâî àíàëîãè÷íîãî ðåçóëüòàòà äëÿ îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ (1).
Ïóñòü M � ãëàäêîå ñâÿçíîå íåêîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå. Îòêðûòîå

ñîáñòâåííîå ïîäìíîæåñòâî Ω ⊂M áóäåì íàçûâàòü q-ìàññèâíûì, åñëè íà M ñóùå-
ñòâóåò íåòðèâèàëüíàÿ q-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ òàêàÿ, ÷òî u = 0 íà M \ Ω è
0 ≤ u ≤ 1.
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Ïóñòü q(x) � íåòðèâèàëüíàÿ, íåîòðèöàòåëüíàÿ íà M ôóíêöèÿ, à

m ≥ 1 � íàòóðàëüíîå ÷èñëî. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
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1. ðàçìåðíîñòü ïðîñòðàíñòâà îãðàíè÷åííûõ q-ãàðìîíè÷åñêèõ ôóíêöèé íà M íå
ìåíåå m;
2. â M íàéäåòñÿ m ïîïàðíî íå ïåðåñåêàþùèõñÿ q-ìàññèâíûõ ïîäìíîæåñòâ.
Çàìå÷àíèå. Â ñëó÷àå q(x) ≡ 0, äàííîå óòâåðæäåíèå âåðíî òîëüêî äëÿ m ≥ 2.
Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è Àäìèíèñòðà-

öèè Âîëãîãðàäñêîé îáëàñòè (ïðîåêò 15-41-02479 ð_ïîâîëæüå_à).
Ë È Ò Å Ð À Ò Ó Ð À
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Ä.Á. Äèäåíêî (Âîðîíåæ, Ðîññèÿ)
dmixtry@gmail.com

CÏÅÊÒÐÀËÜÍÛÉ ÀÍÀËÈÇ ÎÏÅÐÀÒÎÐÍÛÕ ÏÎËÈÍÎÌÎÂ È
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé || · ||, EndX � áà-
íàõîâà àëãåáðà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X . Ïóñòü
A : D(A) ⊂ X → X � ëèíåéíûé îïåðàòîð ñ íåïóñòûì ðåçîëüâåíòíûì ìíî-
æåñòâîì ρ(A) è B1 è B2 � îïåðàòîðû èç àëãåáðû EndX .
Îïðåäåëåíèå 1. Ïóñòü B : D(B) ⊂ Y → Z � çàìêíóòûé îïåðàòîð. Ðàñ-

ñìîòðèì ñëåäóþùèå óñëîâèÿ: 1) KerB = {0}, ò.å. îïåðàòîð B èíúåêòèâåí; 2)
1 ≤ n = dim KerB < ∞; 3) KerB � áåñêîíå÷íîìåðíîå ïîäïðîñòðàíñòâî èç Y ;
4) KerB � äîïîëíÿåìîå ïîäïðîñòðàíñòâî â Y ; 5) ImB = ImB; 6) ImB 6= ImB; 7)
ImB � çàìêíóòîå äîïîëíÿåìîå ïîäïðîñòðàíñòâî èç Z êîíå÷íîé êîðàçìåðíîñòè
(codim ImB = m <∞); 8) ImB � çàìêíóòîå äîïîëíÿåìîå ïîäïðîñòðàíñòâî èç Z
áåñêîíå÷íîé êîðàçìåðíîñòè; 9) ImB = Z , ò.å. B � ñþðúåêòèâíûé îïåðàòîð; 10)
ImB 6= Z ; 11) îïåðàòîð B íåïðåðûâíî îáðàòèì, ò.å. B−1 ∈ Hom (Z,Y).
Åñëè äëÿ îïåðàòîðà B âûïîëíåíû âñå óñëîâèÿ èç ñîâîêóïíîñòè íåïðîòèâîðå-

÷èâûõ óñëîâèé S ⊂ {1, 2, . . . , 11}, òî áóäåì ãîâîðèòü, ÷òî îïåðàòîð B íàõîäèòñÿ
â ñîñòîÿíèè îáðàòèìîñòè S. Ìíîæåñòâî ñîñòîÿíèé îáðàòèìîñòè îïåðàòîðà B îáî-
çíà÷èì ñèìâîëîì Stinv(B).
Ðàññìîòðèì ëèíåéíûé îïåðàòîð A = A2 + B1A + B2 : D(A2) ⊂ X → X ñ

îáëàñòüþ îïðåäåëåíèÿ D(A) = D(A2).
Íàðÿäó ñ îïåðàòîðîì A îïðåäåëèì îïåðàòîð A : D(A) ∈ X × X → X × X ,

çàäàííûé ñ ïîìîùüþ ìàòðèöû

(
A −I
B2 A+B1

)
.

Òåîðåìà 1. Ìíîæåñòâà ñîñòîÿíèé îáðàòèìîñòè îïåðàòîðîâ A : D(A2) ⊂
X → X è A : D(A)×D(A) ⊂ X × X → X ×X ñîâïàäàþò, ò.å.

Stinv(A) = Stinv(A).
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ÈÑÑËÅÄÎÂÀÍÈÅ ÐÅØÅÍÈÉ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ
ÇÎÍÀËÜÍÎÃÎ ÝËÅÊÒÐÎÔÎÐÅÇÀ

Ðàññìàòðèâàåòñÿ çàäà÷à î çîíàëüíîì ýëåêòðîôîðåçå � ìåòîäå ðàçäåëåíèÿ ñìå-
ñè íà îòäåëüíûå êîìïîíåíòû. Â ðàáîòå ïðåäñòàâëåíà ìîäåëü áåçäèôôóçèîííîãî
ïðîöåññà ïåðåíîñà âåùåñòâà â äâóõêîìïîíåíòíîé ñìåñè. Èçâåñòíî, ÷òî â ñëó÷àÿõ,
êîãäà ïðîâîäèìîñòü ñìåñè óìåíüøàåòñÿ ïðè óâåëè÷åíèè êîíöåíòðàöèé êîìïîíåí-
òîâ, òèï óðàâíåíèé, îïèñûâàþùèõ çîíàëüíûé ýëåêòðîôîðåç, èçìåíÿåòñÿ ñ ãèïåð-
áîëè÷åñêîãî íà ýëëèïòè÷åñêèé [1, 2].
Ýëëèïòè÷åñêèå óðàâíåíèÿ çîíàëüíîãî ýëåêòðîôîðåçà â èíâàðèàíòàõ Ðèìàíà

ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè è èìåþò âèä

K|K|2Kt +Kx = 0, K
∣∣
t=t0

= K0(τ). (1)

Äëÿ èññëåäîâàíèÿ ñïëîøíûõ ñðåä, êîòîðûå îïèñûâàþòñÿ ýëëèïòè÷åñêèìè óðàâ-
íåíèÿìè, èñïîëüçóþòñÿ, êàê ïðàâèëî, ïåðèîäè÷åñêèå äàííûåK0(τ), îïðåäåëåííûå
â íà÷àëüíûé ìîìåíò âðåìåíè [2, 3]. Ñ ïîìîùüþ òàêèõ íà÷àëüíûõ äàííûõ â ïðåä-
ñòàâëåííîé ðàáîòå óäàëîñü ïðîñëåäèòü îáðàçîâàíèå ïðîñòðàíñòâåííî-âðåìåííûõ
ñòðóêòóð, âîçíèêàþùèõ ïðè ýâîëþöèè íåÿâíîãî ðåøåíèÿ p(x, t) è q(x, t): íàáëþ-
äàåòñÿ ïåðåõîä îò ïðîñòðàíñòâåííî-ïåðèîäè÷åñêîãî âîçìóùåíèÿ ê ñîëèòîíîïîäîá-
íûì ïðîôèëÿì äëÿ q(x, t) è êèíêîïîäîáíûì ïðîôèëÿì äëÿ p(x, t). Òàêèì îáðà-
çîì, ìîæíî âûäâèíóòü ãèïîòåçó, ÷òî â ýëëèïòè÷åñêîì ñëó÷àå çàäà÷à (1) îïèñûâàåò
íåêîòîðóþ êâàçèãàçîâóþ íåóñòîé÷èâóþ ñðåäó òèïà ãàçà ×àïëûãèíà.
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ � 1.5169.2017/Á× ïî òåìå ¾Ôóíäàìåíòàëüíûå è
ïðèêëàäíûå çàäà÷è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ¿.
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í/Ä: Èçä. ÞÔÓ, 2016. Ò. 1. Ñ. 179�183.
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Ê ÎÏÐÅÄÅËÅÍÈÞ ÓÐÎÂÍß ÍÅÎÄÍÎÐÎÄÍÛÕ
ÏÐÅÄÍÀÏÐßÆÅÍÈÉ Â ÝËÅÊÒÐÎÓÏÐÓÃÎÌ ÑÒÅÐÆÍÅ È

ÄÈÑÊÅ

Íà îñíîâå îáùåé ïîñòàíîâêè çàäà÷è î äâèæåíèè ýëåêòðîóïðóãîãî òåëà ïðè íàëè-
÷èè íåîäíîðîäíîãî ïðåäâàðèòåëüíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ
(ÏÍÄÑ) ñôîðìóëèðîâàíû çàäà÷è îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ ñòåðæíÿ è äèñêà
[1]. Ïðîäîëüíûå êîëåáàíèÿ êîíñîëüíî-çàêðåïëåííîãî ñòåðæíÿ âûçûâàþòñÿ ïåðè-
îäè÷åñêîé íàãðóçêîé, ïðèëîæåííîé íà ñâîáîäíîì êîíöå. Ñ÷èòàåòñÿ, ÷òî ðàññìàò-
ðèâàåìîå ÏÍÄÑ â ñòåðæíå ÿâëÿåòñÿ îäíîîñíûì. Ðåøåíèå ïðÿìîé çàäà÷è îá îïðå-
äåëåíèè ôóíêöèè ñìåùåíèÿ ïîëó÷åíî ÷èñëåííî ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè.
Ïðîâåäåí ãðàôè÷åñêèé àíàëèç èçìåíåíèÿ àìïëèòóäíî-÷àñòîòíîé õàðàêòåðèñòèêè
ñòåðæíÿ â çàâèñèìîñòè îò óðîâíÿ ÏÍÄÑ. Ñôîðìóëèðîâàíî íåñêîëüêî îáðàòíûõ
çàäà÷ îá îïðåäåëåíèè ÏÍÄÑ â çàâèñèìîñòè îò äîïîëíèòåëüíîé èíôîðìàöèè.
Ðàññìîòðåíèå çàäà÷è îá óñòàíîâèâøèõñÿ ðàäèàëüíûõ êîëåáàíèÿõ ïüåçîýëåêòðè-

÷åñêîãî äèñêà ìàëîé òîëùèíû ïðîâåäåíî â ðàìêàõ îáîáùåííîãî ïëîñêîãî íàïðÿ-
æåííîãî ñîñòîÿíèÿ. Êîëåáàíèÿ âûçûâàþòñÿ ïåðèîäè÷åñêîé íàãðóçêîé ïðèëîæåí-
íîé íà âíåøíåé ãðàíèöå äèñêà. Ó÷èòûâàÿ íåîäíîðîäíîñòü ÏÍÄÑ ðåøåíèå ïðÿìîé
çàäà÷è îá îïðåäåëåíèè ðàäèàëüíîé ôóíêöèè ñìåùåíèÿ òàêæå ñâåäåíî ê ðåøåíèþ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ïîìîùüþ ìåòîäà ïðè-
ñòðåëêè. Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ðàññìîòðåíî ÏÍÄÑ, ñîîòâåòñòâóþùåå
çàäà÷è Ëÿìå. Ïðîâåäåí àíàëèç âëèÿíèÿ óðîâíÿ ÏÍÄÑ íà çíà÷åíèÿ ïåðâûõ ðåçî-
íàíñíûõ ÷àñòîò. Âûÿâëåíî, ÷òî èçìåíåíèå ïåðâîé ÷àñòîòû íàèáîëåå ñóùåñòâåííî.
Ñôîðìóëèðîâàíà è ðåøåíà îáðàòíàÿ çàäà÷à îá îïðåäåëåíèè óðîâíÿ ÏÍÄÑ ïî çíà-
÷åíèþ ðåçîíàíñíîé ÷àñòîòû. Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.
Ðàáîòû âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

(ïðîåêò ÌÊ-3179.2017.1), ÐÔÔÈ (ïðîåêò 16-01-00354 À), Ïðîãðàììû ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé ïî ñòðàòåãè÷åñêèì íàïðàâëåíèÿì ðàçâèòèÿ íàóêè Ïðåçè-
äèóìà ÐÀÍ � 1 ¾Ôóíäàìåíòàëüíûå ïðîáëåìû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ¿
(114072870112) ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåîäíîðîäíûõ è ìíîãîôàçíûõ
ñòðóêòóð¿.

Ë È Ò Å Ð À Ò Ó Ð À
1. Kuang Z.B. Theory of Electroelasticity. Springer. 2014.
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ON THE MIXED FOURIER-BESSEL TRANSFORMATION OF A
RADIAL BESSEL J-FUNCTION OF INTEGER AND

HALF-INTEGRAL INDEX

We consider the mixed Fourier-Bessel transformation in the Euclidean space R+
N =

{x = (x′, x′′), x1 > 0, . . . , xn > 0, 1 ≤ n ≤ N} [1]. The Bessel j-function by jν,
jν = Jν(t)/t

ν. The Bessel transformation (with respect to the Bessel j-functions) acts
on n variables, the Fourier transformation acts on the remaining variables. By applying
the formula for the weighted spherical mean of the kernel of this transformation

Λ(xξ) =
∏n

i=1 jγi−1
2

(xξ) e−i(x
′′,ξ′′)

the Fourier-Bessel transformation of the function jν(a |x|) has been obtained for the

cases when ν > N+|γ|−1
2 (and N = n = 1). We give this formula

FB[jν(a |x|)](ξ) =


(a2−|ξ|2)ν−

N+|γ|
2

a2ν A(ν,N,n,γ) , ξ ∈ {|ξ| < a}+ ,

0 , ξ /∈ {|ξ| < a}+ ,

For−1
2 < ν ≤ N+|γ|−1

2 , the Fourier-Bessel transformation of jν(a |x|) can be calculated
within the weight distributions S ′ev. Following [1], we introduce the Kipriyanov distribu-
tions that are concentrated on the surface of the n-half-sphere in R+

N acting on the basic
functions ϕ ∈ Sev by the following formulas
a) for an even N + |γ|(
Ika , ϕ

)
γ

= 1
a2k

(
1
a
d
da

)N+|γ|
2 −k−1

[
aN+|γ|−2

∫
S+
1 (N)

ϕ(aξ) (ξ′)γ dS(ξ)

]
,

b) for an odd N + |γ|(
I
k− 1

2
a , ϕ

)
γ

= 1
a2k−1

(
1
a
d
da

)N+|γ|−1
2 −k

[
aN+|γ|−2

∫
S+
1 (N)

ϕ(aξ)(ξ′)γdS(ξ)

]
.

The Fourier-Bessel transformation of the function jν(a |x|) in the sense of the space
S ′ev, for the integer |γ|, the integer index ν = k and the half-integer ν = k − 1

2 :
a) for an even N + |γ| FB[jk(a|x|)](ξ) = A′ν · Ika ,
b) for an odd N + |γ| FB[jk− 1

2
(a|x|)](ξ) = A′′ν · I

k− 1
2

a .

R E F E R E N C E S
1. Êèïðèÿíîâ È.À. Ïðåîáðàçîâàíèå Ôóðüå-Áåññåëÿ è òåîðåìû âëîæåíèÿ äëÿ âåñîâûõ êëàññîâ. // Òð. ÌÈÀÍ. 1967. Ò.

LXXXIX. Ñ. 130-213.
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Ì.Þ. Æóêîâ, Å.Â. Øèðÿåâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
myuzhukov@gmail.com, evshiryaeva@mail.ru

ÏÐÈÌÅÍÅÍÈÅ ÌÅÒÎÄÀ ÃÎÄÎÃÐÀÔÀ Ê ÑÈÑÒÅÌÀÌ
ÊÂÀÇÈËÈÍÅÉÍÛÕ ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ È ÝËËÈÏÒÈ×ÅÑÊÈÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Äëÿ ñèñòåì êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà,
äîïóñêàþùèõ çàïèñü â èíâàðèàíòàõ Ðèìàíà è ÿâëÿþùèõñÿ ïîëóãàìèëüòîíîâûìè,
íà îñíîâå îáîáùåííîãî ìåòîäà ãîäîãðàôà ðàçðàáîòàí ìåòîä âîññòàíîâëåíèÿ ÿâíîãî
ðåøåíèÿ èç åãî íåÿâíîé ôîðìû çàäà÷è ñ íà÷àëüíûìè, â ÷àñòíîñòè, ïåðèîäè÷åñêè-
ìè, âîçìîæíî ðàçðûâíûìè, äàííûìè.
Ìåòîä îñíîâàí íà ïðåîáðàçîâàíèè íåÿâíîé ôîðìû ðåøåíèÿ, ïîëó÷åííîãî íà îñ-

íîâå îáîáùåííîãî ìåòîäà ãîäîãðàôà, ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ðàññìîòðåí ðÿä çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, äîïóñêàþùèõ ïðèìå-
íåíèå óêàçàííîãî ìåòîäà, â ÷àñòíîñòè, çàäà÷è î ïåðåíîñå ìàññû âíåøíèì ïîëåì,
çàäà÷è î ñîëèòîííîì ãàçå, çàäà÷è äëÿ îïðîêèíóòîé ìåëêîé âîäû. Â ñëó÷àå äâóõ
óðàâíåíèé èíâàðèàíòû Ðèìàíà âñåãäà ñóùåñòâóþò (âîçìîæíî êîìïëåêñíûå), ñè-
ñòåìà ÿâëÿåòñÿ ïîëóãàìèëüòîíîâîé è îáîáùåííûé ìåòîä ãîäîãðàôà òåñíî ñâÿçàí
ñ ìåòîäîì ãîäîãðàôà íà îñíîâå çàêîíîâ ñîõðàíåíèÿ [1�4]. Ïðè íàëè÷èè ÿâíîãî âû-
ðàæåíèÿ äëÿ ôóíêöèè Ðèìàíà�Ãðèíà óäàåòñÿ ïîñòðîèòü ÿâíîå ðåøåíèå çàäà÷è
ñ íà÷àëüíûìè äàííûìè. Ýòîò ñïîñîá ïîçâîëÿåò êîíñòðóèðîâàòü ìíîãèå ðåøåíèÿ
äëÿ çàäà÷è î íåóñòîé÷èâûõ ñïëîøíûõ ñðåäàõ, îïèñàííûõ â [5].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Senashov S. I., Yakhno A. Conservation laws, hodograph transformation and boundary value problems of plane plasticity.
SIGMA. 2012. Vol. 8, � 071.

2. Senashov S. I., Yakhno A. Application of conservation laws to Dirichlet problem for elliptic quasilinear systems. Int. J. of
Non-Linear Mech. 2016. 85.

3. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â., Äîëãèõ Ò.Ô. Ìåòîä ãîäîãðàôà äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ êâà-
çèëèíåéíûõ óðàâíåíèé. Ì.: Èçä-âî ÞÔÓ. 2015.

4. Åëàåâà Ì.Ñ., Æóêîâ Ì.Þ., Øèðÿåâà Å.Â. Âçàèìîäåéñòâèå ñëàáûõ ðàçðûâîâ è ìåòîä ãîäîãðàôà äëÿ çàäà÷è î
ôðàêöèîíèðîâàíèè äâóõêîìïîíåíòíîé ñìåñè ýëåêòðè÷åñêèì ïîëåì. ÆÂÌ è ÌÔ. 2016. Ò. 56, � 8.

5. Æäàíîâ Ñ.Ê. Òðóáíèêîâ Á.À. Êâàçèãàçîâûå íåóñòîé÷èâûå ñðåäû. Ì.: Íàóêà. 1991.

Â.Â. Êàçàê (ÞÔÓ, Ðîññèÿ), Í.Í. Ñîëîõèí (ÄÃÒÓ, Ðîññèÿ)
vkazak136@gmail.com, nik2007.72@mail.ru

ÊÂÀÇÈÊÎÐÐÅÊÒÍÎÑÒÜ ÓÑËÎÂÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ ÄËß
ÏÎÂÅÐÕÍÎÑÒÅÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ ÏÎËÎÆÈÒÅËÜÍÎÉ

ÊÐÈÂÈÇÍÛ

Ðàññìîòðèì âäîëü êðàÿ ∂S ïîâåðõíîñòè S âåêòîðíîå ïîëå ¯̀, îïðåäåëÿåìîå ñî-
îòíîøåíèåì ¯̀= ¯̀

0 cosα− n̄ sinα, ãäå ¯̀
0 ∈ S, |¯̀0| = 1, α = ∠(¯̀

0, ¯̀), α ∈ (0, π).
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Èçó÷èì äëÿ ïîâåðõíîñòè S õàðàêòåð âíåøíåé ñâÿçè

a(U, ¯̀) + b(V , n̄) = c, (1)

Êðàåâàÿ çàäà÷à {
dUdr = 0,

a(U, ¯̀) + b(V , n̄) = c,
(2)

ýêâèâàëåíòíà êðàåâîé çàäà÷å òåîðèè îáîáù¼ííûõ àíàëèòè÷åñêèõ ôóíêöèé{
wz̄ = 0, z ∈ D,
Re {A(t)wt + εB(t)w} = c, t ∈ ∂D, (3)

Ê ýòîé çàäà÷å ïðèìåíèìû ðåçóëüòàòû ðàáîòû È.È.Äàíèëþêà.
Äëÿ îäíîñâÿçíîé îáëàñòè êðàåâàÿ çàäà÷à (3) ýêâèâàëåíòíà èíòåãðàëüíîìó óðàâ-

íåíèþ F + TεF = P , ãäå F - êîìïëåêñíûé âåêòîð ñ êîìïîíåíòàìè w, wz, w, îïå-
ðàòîð Tε ìîæåò èìåòü ëèøü äèñêðåòíûé ñïåêòð.
Ïðè ýòèõ óñëîâèÿõ ñïðàâåäëèâî óòâåðæäåíèå:
Ïóñòü S - ïîâåðõíîñòü âòîðîãî ïîðÿäêà ñ êðàåì ∂S ∈ C1,µ, 0 < µ < 1 â åâêëè-

äîâîì ïðîñòðàíñòâå E3. Òîãäà óñëîâèå (1) êâàçèêîððåêòíî ñ p = 2n+ 3 ñòåïåíÿìè
ñâîáîäû äëÿ âñåõ çíà÷åíèé ε, ε ∈ (−∞;∞), èñêëþ÷àÿ, áûòü ìîæåò äèñêðåòíûé
ðÿä çíà÷åíèé εk, k = 1, 2, . . . (0 < |ε1| < |ε2| < . . . )

Ë È Ò Å Ð À Ò Ó Ð À
1. Äàíèëþê È.È. Î çàäà÷å ñ íàêëîííîé ïðîèçâîäíîé // ÑÌÆ. Òîì 3. �1 � 1962. � Ñ. 17�55.
2. Êàçàê Â.Â., Ñîëîõèí Í.Í. Î êâàçèêîððåêòíîñòè ñìåøàííîãî êðàåâîãî óñëîâèÿ äëÿ îäíîãî êëàññà ïîâåðõíîñòåé. //

Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè, òîì VI, âûïóñê 2. Èçäàòåëüñòâî Ìîñêîâñêîãî óíè-âåðñèòåòà, 2011. � Ñ.
212 � 216.

À.Ñ. Êàëèòâèí (Ëèïåöê)
kalitvinas@mail.ru

Î ÍÅËÈÍÅÉÍÎÌ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÌ
ÓÐÀÂÍÅÍÈÈ ÁÀÐÁÀØÈÍÀ Ñ ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèåì Áàðáàøèíà (ÈÄÓÁ) ìû áóäåì íàçû-
âàòü èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, â êîòîðîì íåèçâåñòíàÿ ôóíêöèÿ ñî-
äåðæèòñÿ ïîä çíàêîì ÷àñòíîé ïðîèçâîäíîé è ïîä çíàêîì èíòåãðàëà, ïðè÷åì ÷àñò-
íàÿ ïðîèçâîäíàÿ ýòîé ôóíêöèè âû÷èñëÿåòñÿ ïî îäíîé ïåðåìåííîé, à åå èíòåãðè-
ðîâàíèå ïðîèçâîäèòñÿ ïî äðóãîé ïåðåìåííîé.
Îñíîâû òåîðèè ëèíåéíûõ ÈÄÓÁ ñ ÷àñòíîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà è íåêî-

òîðûå èõ ïðèëîæåíèÿ èçëîæåíû â [1].
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Â äàííîé çàìåòêå ðàññìàòðèâàåòñÿ íåëèíåéíîå ÈÄÓÁ

∂2x(t, s)

∂t2
= c(t, s)x(t, s) +

∫ d

c

n(t, s, σ, x(t, σ))dσ + f(t, s) (1)

ñ íà÷àëüíûìè óñëîâèÿìè

x(a, s) = ϕ(s), x′t(a, s) = ψ(s), (2)

ãäå t ∈ J, J = [a, b] èëè J = [a,+∞), s ∈ [c, d], [a, b] è [c, d] � êîíå÷íûå îòðåçêè,
çàäàííûå ôóíêöèè c, n, f, ϕ, ψ íåïðåðûâíû, ôóíêöèÿ n óäîâëåòâîðÿåò óñëîâèþ
Ëèïøèöà |n(t, s, σ, u) − n(t, s, σ, v)| ≤ n0(t, s, σ)|u − v| ñ íåêîòîðîé íåïðåðûâíîé
ôóíêöèåé n0, à ðåøåíèåì çàäà÷è (1)-(2) ñ÷èòàåòñÿ íåïðåðûâíàÿ íà J× [c, d] âìåñòå
ñ x′′tt(t, s) ôóíêöèÿ x(t, s), óäîâëåòâîðÿþùàÿ ÈÄÓÁ (1) è íà÷àëüíûì óñëîâèÿì (2).
Çàäà÷à (1)-(2) ýêâèâàëåíòíà íåëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ ñ ÷àñòíûìè
èíòåãðàëàìè, êîòîðîå ìû îáîçíà÷èì ÷åðåç A.
Ïðè J = [a, b] ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå.
Åñëè J = [a,+∞), D = J×[c, d], X � áàíàõîâî ïðîñòðàíñòâî ðàâíîìåðíî íåïðå-

ðûâíûõ è îãðàíè÷åííûõ íà D ôóíêöèé ñ ñóïðåìóì íîðìîé è ‖(t−τ)c(τ, s)‖L1(J) ≤
ε, ‖(t− τ)n0(τ, s, σ)‖L1(D) ≤ ε ïðè t > r, ãäå r ≥ a � íåêîòîðîå ÷èñëî è 0 < ε < 1,
òî óðàâíåíèå A îäíîçíà÷íî ðàçðåøèìî â X.
Â ñèëó ýêâèâàëåíòíîñòè çàäà÷è (1)-(2) èíòåãðàëüíîìó óðàâíåíèþ A çàäà÷à (1)-

(2), ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ èìååò åäèíñòâåííîå ðåøåíèå ïðè J = [a, b]
èëè J = [a,+∞).

Ë È Ò Å Ð À Ò Ó Ð À
1. Appell J.M., Kalitvin A. S., Zabrejko P. P. Partial Integral Operators and Integro-Di�erential Equations. � New York-

Basel: Marcel Dekker. 2000.

Â.À. Êàëèòâèí(Ëèïåöê)
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Î ×ÈÑËÅÍÍÎÌ ÐÅØÅÍÈÈ ÍÅËÈÍÅÉÍÎÃÎ
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÁÀÐÁÀØÈÍÀ

Ñ ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííîå ðåøåíèå íåëèíåéíîãî èíòåãðî-äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ Áàðáàøèíà (ÈÄÓÁ)

∂2x(t, s)

∂t2
= c(t, s)x(t, s) +

∫ d

c

n(t, s, σ, x(t, σ))dσ + f(t, s) (1)

ñ íà÷àëüíûìè óñëîâèÿìè

x(a, s) = ϕ(s), x′t(a, s) = ψ(s), (2)
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ãäå t ∈ J = [a, b], s ∈ [c, d], [a, b] è [c, d] � êîíå÷íûå îòðåçêè, çàäàííûå ôóíêöèè
c, n, f, ϕ, ψ íåïðåðûâíû, ôóíêöèÿ n óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà |n(t, s, σ, u)−
n(t, s, σ, v)| ≤ n0|u−v| ñ íåêîòîðîé êîíñòàíòîé n0, à ðåøåíèåì çàäà÷è (1)-(2) ñ÷èòà-
åòñÿ íåïðåðûâíàÿ íà J × [c, d] âìåñòå ñ x′′tt(t, s) ôóíêöèÿ x(t, s), óäîâëåòâîðÿþùàÿ
ÈÄÓÁ (1) è íà÷àëüíûì óñëîâèÿì (2).
Çàäà÷à (1)-(2) ýêâèâàëåíòíà íåëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ ñ ÷àñòíû-

ìè èíòåãðàëàìè, êîòîðîå èìååò åäèíñòâåííîå íåïðåðûâíîå âìåñòå ñ x′′tt(t, s) ðåøå-
íèå.
Äëÿ ÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ÷à-

ñòî ïðèìåíÿåòñÿ ìåòîä ìåõàíè÷åñêèõ êâàäðàòóð (ÌÌÊ), îáîñíîâàíèå êîòîðîãî
îáû÷íî ñâÿçàíî ñ ïîëíîé íåïðåðûâíîñòüþ èíòåãðàëüíûõ îïåðàòîðîâ. Îïåðàòîðû
ñ ÷àñòíûìè èíòåãðàëàìè ñâîéñòâîì ïîëíîé íåïðåðûâíîñòè íå îáëàäàþò. Ïîýòî-
ìó ïðèìåíåíèå ÌÌÊ äëÿ ÷èñëåííîãî ðåøåíèÿ íåëèíåéíûõ èíòåãðàëüíûõ óðàâ-
íåíèé ñ ÷àñòíûìè èíòåãðàëàìè òðåáóåò îáîñíîâàíèÿ. Îáîñíîâàíèÿ ïðèìåíåíèÿ
ÌÌÊ äëÿ ðåøåíèÿ ïîëó÷åííîãî íåëèíåéíîãî óðàâíåíèÿ ñ ÷àñòíûìè èíòåãðàëà-
ìè ìîæíî èçáåæàòü, ïðåîáðàçîâàâ ýòî óðàâíåíèå ê ýêâèâàëåíòíîìó íåëèíåéíîìó
äâóìåðíîìó èíòåãðàëüíîìó óðàâíåíèþ ñ íåïðåðûâíûì ÿäðîì, óäîâëåòâîðÿþùèì
óñëîâèþ Ëèïøèöà, òàê êàê äëÿ óðàâíåíèé òàêîãî òèïà îáîñíîâàíèå ÌÌÊ äàíî
Ã.Ì. Âàéíèêêî â [1].

Ë È Ò Å Ð À Ò Ó Ð À
1. Âàéíèêêî Ã.Ì. Âîçìóùåííûé ìåòîä Ãàë¼ðêèíà è îáùàÿ òåîðèÿ ïðèáëèæåííûõ ìåòîäîâ äëÿ íåëèíåéíûõ óðàâíåíèé.

Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè. 1967. Òîì. 7, �. 4, ñòð. 723�751.

G.A. Karapetyan (Yerevan, Armenia)
Garnik_Karapetyan@yahoo.com

INTEGRAL REPRESENTATION OF FUNCTIONS AND EMBEDDING
THEOREMS FOR GENERAL MULTIANISOTROPIC SPACES

Introduction. This paper is a continuation of [1]-[2], in which we proved embedding
theorems for multianisotropic spaces on a plane. In current paper an integral representa-
tion of functions and embedding theorems were proven for the n-dimensional multiani-
sotropic spaces with one points of anistropicity. The paper generalizes the known
embedding theorems for isotropic and anisotropic spaces. For the history of the problem
see [3].
For any parameter ν > 0 and a natural number k denote

P (ν, ξ) =
(
νξα

1
)2k

+ · · ·+
(
νξα

n)2k
+
(
νξα

n+1
)2k

.

G0(ν; ξ) = e−P (ν,ξ).
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G1,j(ν, ξ) = 2k
(
νξα

j
)2k−1

e−P (ν,ξ), (j = 1, . . . , n+ 1).

For any function f consider the regularization with the kernel Ĝ0(t, ν):

fν(x) =
1

(2π)
n
2

∫
Rn

f(t)Ĝ0(t− x, ν)dt.

The following integral representation holds:
Theorem 1. Let the function f have the Sobolev weak derivatives Dαif , (i =

1, . . . , n + 1), where αi are the vertices of the completely regular polyhedron N and
Dαif∈Lp(Rn), 1 ≤ p < ∞, (i = 1, . . . , n + 1). Then for almost all x∈Rn it has the
representation

f(x) = fh(x) + lim
ε→0

n+1∑
i=1

1

(2π)
n
2

h∫
ε

dν

∫
Rn

Dαif(t)Ĝ1,i(t− x, ν)dt.

Let N be a completely regular polyhedron, then

WN
p (Rn) = {f : f∈Lp(Rn), Dαif∈Lp(Rn), i = 1, . . . , n+ 1}

is called a multianisotropic Sobolev space.
Let us prove the embedding theorems for WN

p .

Theorem 2. Let α1 < α2 < · · · < αn−j ≤ αn−j+1 ≤ · · · ≤ αn, 1 ≤ p ≤ ∞ or
1 ≤ p <∞ and q =∞, m = (m1,m2, . . . ,mn) be a multi-index. Denote

χ = max
i=1,...,n

(∣∣µi∣∣+
(
m,µi

))
− min

i=1,...,k

∣∣µi∣∣ (1− 1

p
+

1

q

)
.

If χ < 1, then DmWN
p (Rn) ↪→ Lq(R

n) and the following inequality holds

‖Dmf‖LqRn ≤ h1−χ
(
ak+l|lnh|k+l + · · ·+ a0

) n+1∑
i=1

∥∥∥Dαif
∥∥∥
Lp(Rn)

+

+h−χ
(
bk+l|lnh |k+l + · · ·+ b0

)
‖f‖Lp(Rn),

where k, (k ≤ j) is the number of multi-index α and l is the number of inequalities
between the coordinates of the vector α = (α1, . . . , αn).

R E F E R E N C E S
1. Karapetyan G.A. Integral representation of functions and embedding theorems for multianisotropic spaces on a plane with

one vertex of anisotropicity. // Proceedings of NAS RA - Mathematics, 2016 (in press).
2. Karapetyan G.A. Integral representation of functions and embedding theorems for multianisotropic spaces on a plane. //

Proceedings of NAS RA - Mathematics, 2016 (in press).
3. Besov O.V., Il'in V. P., Nikloskii S.M. Integral representations of functions and embedding theorems. // Nauka, Moscow,

1975 (in Russian), p. 480.
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D.B. Katz (Kazan, Russia)
Katzdavid89@gmail.com

PERIODIC AND DOUBLY PERIODIC RIEMANN BOUNDARY
VALUE PROBLEM FOR NON-RECTIFIABLE CURVES

The doubly periodic Riemann boundary value problem is stated as follows. Given
H�older continuous functions G(t) 6= 0 and g(t) on Γ. To �nd a function Φ(z) analytic
in D+ and in D−, satisfying the periodicity conditions

Φ(z + τj) = Φ(z), j = 1, 2,

and the conjugation condition

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ Γ.

Here G(t) and g(t) are extended onto Γ by periodicity, and Φ+(t) and Φ−(t) are the
limit values of Φ(z) for z tending to t ∈ Γ from D+ and D− correspondingly.
This problem is one of versions of the Riemann boundary value problem (see [1]). Its

detailed solution for piecewise smooth curves Γ was obtained by L.I. Chibrikova (see
[2]). In all studies of this class of boundary value problems assumption of piecewise
smoothness of the curves is essential, because their solutions base on certain properties
of curvilinear integrals over Γ. That integrals are de�ned in customary sense for recti�able
Γ only, and properties of corresponding integral operators are connected with smoothness
of contours of integration.
The Riemann boundary value problem (for non-periodic case) on non-recti�able

curves was solved in earlier 1980th (see [3]). Recently these results were improved by
means of new metric characteristics of non-recti�able curves, so called Marcinkiewicz
exponents (see [8], [9], [10]). In the present report we apply these characteristics (and
also one interesting generalisation of curvilinear integrating on non-recti�able curve
case) for solution of this problem which leads to a new results.

R E F E R E N C E S
1. Gakhov F.D. Boundary value problems. Nauka. 1977.
2. Chibrikova L. I. The main boundary value problems for analytic functions. Kazan University. 1977.
3. Kats B.A. Riemann boundary value problem on non-recti�able Jordan curve. Doklady AN USSR. 1982. Vol. 267, No. 4,

pp. 789�792.
4. Katz D.B. The Marcinkiewicz exponents with applications on boundary value problems. Izvestia vuzov. Matematika.

2014. No. 3, pp. 68�71.

Í.Ä. Êîïà÷åâñêèé (Ñèìôåðîïîëü, Ðîññèÿ)
kopachevsky@list.ru

Î ÌÀËÛÕ ÄÂÈÆÅÍÈßÕ ÄÂÓÕ ÂßÇÊÎÓÏÐÓÃÈÕ
ÆÈÄÊÎÑÒÅÉ, ÇÀÏÎËÍßÞÙÈÕ ÍÅÏÎÄÂÈÆÍÛÉ ÑÎÑÓÄ 1

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �14-21-00066 è ïðîåêò �16-11-10125), âû-
ïîëíÿåìîãî â Âîðîíåæñêîì ãîñóíèâåðñèòåòå.
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1. Áóäåì ñ÷èòàòü, ÷òî ïðîèçâîëüíûé ñîñóä ñ ëèïøèöåâîé ãðàíèöåé çàïîëíÿþò â
ñîñòîÿíèè ïîêîÿ äâå âÿçêîóïðóãèå æèäêîñòè ìîäåëè Îëäðîéòà è çàíèìàþò ñîîò-
âåòñòâåííî îáëàñòè Ω1 è Ω2. Ãðàíèöàìè ýòèõ îáëàñòåé ÿâëÿþòñÿ òâ¼ðäûå ñòåíêè
S1 è S2 ñîñóäà, à òàêæå ãîðèçîíòàëüíàÿ ðàçãðàíè÷èâàþùàÿ ïîâåðõíîñòü Γ.
Ðàññìîòðèì ìàëûå äâèæåíèÿ æèäêîñòåé, áëèçêèå ê ñîñòîÿíèþ ïîêîÿ. Òîãäà

âîçíèêàåò ñëåäóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à:

ρk
∂~uk
∂t

=−∇pk + µk4(I0,k(t)~uk) + ρk ~f(t, x), div~uk=0, x ∈ Ωk, k=1,2,

~uk = ~0 (íà Sk), ~u1 = ~u2 (íà Γ), ~u1 · ~e3 = ~u2 · ~e3 =
∂ζ

∂t
(íà Γ),

µ1τj3(I0,1(t)~u1) = µ2τj3(I0,2(t)~u2), j = 1, 2 (íà Γ), (1)

[−p1 + µ1τ33(I0,1(t)~u1)]− [−p2 + µ2τ33(I0,2(t)~u2)] = −g(ρ1 − ρ2)ζ (íà Γ),

I0,k(t)~uk := ~uk(t, x) + αk

t∫
0

e−βk(t−s)uk(s, x)ds, τjk(~u) =
∂uj
∂xk

+
∂uk
∂xj

,

~uk(0, x) = ~u0
k(x), x ∈ Ωk, ~u0

1(x) = ~u0
2(x), x ∈ Γ, ζ(0, x) = ζ0(x), x ∈ Γ.

Çäåñü ρk è µk � ïëîòíîñòè è äèíàìè÷åñêèå âÿçêîñòè æèäêîñòåé ñîîòâåòñòâåííî,
~uk(t, x) è pk(t, x) � èñêîìûå ïîëÿ ñêîðîñòåé è äàâëåíèé, ζ(t, x) � âåðòèêàëüíîå
îòêëîíåíèå ãðàíèöû ðàçäåëà, αk è βk � õàðàêòåðèñòèêè âÿçêîóïðóãîñòè æèäêî-
ñòåé, g � óñêîðåíèå ñèëû òÿæåñòè, ~f(t, x) � ìàëûå âíåøíèå ñèëû, íàëîæåííûå íà
ãðàâèòàöèîííîå ïîëå.
2. Â ðàáîòå âûâîäèòñÿ çàêîí áàëàíñà ïîëíîé ýíåðãèè â çàäà÷å (1), à çàòåì âûáè-

ðàþòñÿ íåîáõîäèìûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà, â êîòîðûõ åñòåñòâåííî èññëå-
äîâàòü ýòó ïðîáëåìó. Äàëåå ââîäèòñÿ îïðåäåëåíèå îáîáù¼ííîãî ðåøåíèÿ çàäà÷è,
à òàêæå îïåðàòîðû âñïîìîãàòåëüíûõ êðàåâûõ çàäà÷. Ýòî ïîçâîëÿåò ïðèâåñòè ïðî-
áëåìó (1) ê çàäà÷å Êîøè äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ ïåðâîãî
ïîðÿäêà â íåêîòîðîì ãèëüáåðòîâîì ïðîñòðàíñòâå îòíîñèòåëüíî ôóíêöèè, âûðà-
æàþùåéñÿ ÷åðåç èñêîìûå ïîëÿ ~uk(t, x) è ôóíêöèþ ζ(t, x) îòêëîíåíèÿ ãðàíèöû
ðàçäåëà. Îñíîâíîé îïåðàòîðíîé ìàòðèöåé â ýòîé çàäà÷å Êîøè ÿâëÿåòñÿ ãåíåðàòîð
ñæèìàþùåé ïîëóãðóïïû. Ýòî ïîçâîëÿåò äîêàçàòü òåîðåìó î ñèëüíîé ðàçðåøèìî-
ñòè ïîëó÷åííîé çàäà÷è Êîøè, à íà å¼ îñíîâå � òåîðåìó î ñèëüíîé ðàçðåøèìîñòè
èñõîäíîé çàäà÷è (1).
3. Íîðìàëüíûìè äâèæåíèÿìè ãèäðîñèñòåìû íàçûâàþò ðåøåíèÿ îäíîðîäíîé çà-

äà÷è (1), çàâèñÿùèå îò âðåìåíè ïî çàêîíó e−λt. Èñêëþ÷åíèå âñåõ ïåðåìåííûõ,
êðîìå ïàðû ïîëåé ñêîðîñòåé, ïðèâîäèò äëÿ àìïëèòóäíûõ ôóíêöèé ê ñïåêòðàëü-
íîé ïðîáëåìå äëÿ íåêîòîðîãî íîâîãî îïåðàòîðíîãî ïó÷êà (îïåðàòîð-ôóíêöèè) îò
ïåðåìåííîé λ � êîìïëåêñíîãî äåêðåìåíòà çàòóõàíèÿ. ×àñòíûìè ñëó÷àÿìè ýòîãî



¾Table of contents¿

Di�erential Equations and Mathematical Physics 98

ïó÷êà ÿâëÿþòñÿ: à) èçâåñòíûé è õîðîøî èçó÷åííûé îïåðàòîðíûé ïó÷îê Ñ.Ã. Êðåé-
íà; á) ïó÷îê, âîçíèêàþùèé â ïðîáëåìå íîðìàëüíûõ êîëåáàíèé îäíîé âÿçêîóïðóãîé
æèäêîñòè â ÷àñòè÷íî çàïîëíåííîì ñîñóäå; â) ïó÷îê, âîçíèêàþùèé â ïðîáëåìå íîð-
ìàëüíûõ êîëåáàíèé âÿçêîóïðóãîé æèäêîñòè â ïîëíîñòüþ çàïîëíåííîì ñîñóäå (ñì.
[1]).

Ë È Ò Å Ð À Ò Ó Ð À
1. Kopachevsky Nikolay D., Krein Selim G. Operator Approach to Linear Problems of Hydrodynamics. Vol. 2: Nonself-adjoint

Problems for Viscous Fluids // Operator Theory: Advances and Applications (Birkhauser Verlag, Basel/Switzerland). � 2003. �
Vol.146. � 444 p.

Í.Ä. Êîïà÷åâñêèé, À.Ð. ßêóáîâà (Ñèìôåðîïîëü, ÐÔ)
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Î ÍÅÊÎÒÎÐÛÕ ÑÏÅÊÒÐÀËÜÍÛÕ È ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÛÕ
ÇÀÄÀ×ÀÕ, ÏÎÐÎÆÄÅÍÍÛÕ ÏÎËÓÒÎÐÀËÈÍÅÉÍÎÉ ÔÎÐÌÎÉ

ÄËß ÎÏÅÐÀÒÎÐÀ ËÀÏËÀÑÀ

1. Ïóñòü Ω − îáëàñòü â Rm ñ ëèïøèöåâîé ãðàíèöåé ∂Ω. Ðàññìîòðèì îãðàíè÷åí-
íóþ íà H1(Ω) è ðàâíîìåðíî àêêðåòèâíóþ ïîëóòîðàëèíåéíóþ ôîðìó

Φε(η, u) := (η, u)H1(Ω) + 2ε
m∑
k=1

ck

[(
η,
∂u

∂xk

)
L2(Ω)

−
(
∂η

∂xk
, u

)
L2(Ω)

]
, (1)

η, u ∈ H1(Ω), ck ∈ R, k = 1,m, ε ∈ R, ñîîòâåòñòâóþùóþ îáîáùåííóþ ôîðìóëó
Ãðèíà äëÿ îïåðàòîðà Ëàïëàñà:

Φε(η, u) = 〈η, Lεu〉L2(Ω) + 〈γη, ∂εu〉L2(Γ), Γ := ∂Ω, (2)

Lεu := u−∆u+ εϕγu, ϕ :=
m∑
k=1

ck cos(~̂n, ~ek), γu := u |Γ,

∂εu :=
∂u

∂n

∣∣∣∣
Γ

− εϕγu, Lε(u) ∈ (H1(Ω))∗, ∂εu ∈ H−1/2(Γ),

à òàêæå îïåðàòîð Aε ïîëóòîðàëèíåéíîé ôîðìû:

Φε(η, u) = 〈η, Aεu〉L2(Ω), ∀ η, u ∈ H1(Ω),

Aε ∈ L(H1(Ω); (H1(Ω))∗), ∃ A−1
ε ∈ L((H1(Ω))∗;H1(Ω)).

2. Äëÿ ôîðìû (1) è ôîðìóëû Ãðèíà (2) ðàññìîòðåíû êðàåâûå çàäà÷è Äèðèõëå
è Íåéìàíà-Íüþòîíà, à íà èõ îñíîâå - ñïåêòðàëüíûå ïðîáëåìû Äèðèõëå, Íåéìàíà-
Íüþòîíà, Ñòåêëîâà, Ñòåôàíà, Ñ. Êðåéíà (êîëåáàíèÿ âÿçêîé æèäêîñòè â ÷àñòè÷íî
çàïîëíåííîì êîíòåéíåðå), Ì. Àãðàíîâè÷à (òåîðèÿ äèôðàêöèè), ×óåøîâà (ïîâåðõ-
íîñòíàÿ äèññèïàöèÿ ýíåðãèè). Â íåñèììåòðè÷åñêîì ñëó÷àå (ε 6= 0) èññëåäîâàí
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ñïåêòð ýòèõ ïðîáëåì, âîïðîñû ïîëíîòû è áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ è ïðè-
ñîåäèíåííûõ (êîðíåâûõ) ôóíêöèé.
3. Èçó÷åíû íà÷àëüíî-êðàåâûå çàäà÷è, ïîðîæäàþùèå âûøåóïîìÿíóòûå ïðîáëå-

ìû, âûÿâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ èõ ñèëüíûõ ðåøåíèé íà ïðîèçâîëüíîì îò-
ðåçêå âðåìåíè, óñòàíîâëåíû ãèëüáåðòîâû ïðîñòðàíñòâà, â êîòîðûõ äëÿ èñêîìûõ
ðåøåíèé âûïîëíåíû óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ.
Ðàáîòà âûïîëíåíà çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �14-21-

00066, âûïîëíÿåìûé â Âîðîíåæñêîì ãîñóíèâåðñèòåòå). Ìàòåðèàëû äîêëàäà îïóá-
ëèêîâàíû â ãëàâå 6 ìîíîãðàôèè [3], à òàêæå â ðóêîïèñè [4].
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ëèíåéíûìè ôîðìàìè. XXIV Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ Ìàòåìàòèêà. Ýêîíîìèêà. Îáðàçîâàíèå. IX Ìåæäóíàðîäíûé
ñèìïîçèóì Ðÿäû Ôóðüå è èõ ïðèëîæåíèÿ. 2016, ñòð. 57�63.

2. Êîïà÷åâñêèé Í.Ä., ßêóáîâà À.Ð. Î íåêîòîðûõ ñïåêòðàëüíûõ è íà÷àëüíî-êðàåâûõ çàäà÷àõ, ïîðîæäåííûõ ïîëóòîðà-
ëèíåéíûìè ôîðìàìè.XXVII Êðûìñêàÿ Îñåííÿÿ Ìàòåìàòè÷åñêàÿ Øêîëà-ñèìïîçèóì ïî ñïåêòðàëüíûì è ýâîëþöèîííûì
çàäà÷àì (ÊÐÎÌØ-2016). 2016, ñòð. 20.

3. Êîïà÷åâñêèé Í.Ä. Àáñòðàêòíàÿ ôîðìóëà Ãðèíà è íåêîòîðûå åå ïðèëîæåíèÿ. Ñèìôôåðîïîëü: ÎÎÎ ÔÎÐÌÀ, 2016.
� 280 ñ.

4. ßêóáîâà À.Ð. Ýâîëþöèîííûå è ñïåêòðàëüíûå çàäà÷è, ïîðîæäåííûå ïîëóòîðàëèíåéíûìè ôîðìàìè. Âûïóñêíàÿ ìà-
ãèñòåðñêàÿ ðàáîòà (ðóêîïèñü, 70 ñòð.).

À.À. Êîðíóòà (Ñèìôåðîïîëü, Ðîññèÿ)
korn_57@mail.ru

ÑÒÀÖÈÎÍÀÐÍÛÅ ÑÒÐÓÊÒÓÐÛ Â ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÇÀÄÀ×Å
Ñ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅÌ ÏÎÂÎÐÎÒÀ ÍÀ ÎÊÐÓÆÍÎÑÒÈ

Íà îêðóæíîñòè R/2πZ ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå ôóíêöèîíàëüíî - äèô-
ôåðåíöèàëüíîå óðàâíåíèå ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâåííîé ïåðåìåííîé:

∂tu+ u = µ∂xxu+ L (Qπu) + Λ (Qπu)2 + (Qπu)3 ,

u (x+ 2π, t) = u (x, t) , u(x, 0) = u0(x), 0 < x < 2π,
(1)

ãäå u = u(x, t), Qπu = Qπu(x, t) = u(x+ π, t); L, Λ = −
√

3|L|
ctgω , µ > 0 - ïàðàìåò-

ðû [1, 2].
Óðàâíåíèå (1) â ñîáîëåâñêîì ïðîñòðàíñòâåH1(R/2πZ) 2π− ïåðèîäè÷íûõ ôóíê-

öèé ïðè êàæäîì çíà÷åíèè ïàðàìåòðà µ ïîðîæäàåò äèíàìè÷åñêóþ ñèñòåìó.
Èñïîëüçóÿ ìåòîä öåíòðàëüíûõ ìíîãîîáðàçèé, äîêàçàíà òåîðåìà î ñóùåñòâîâà-

íèè ïðîñòðàíñòâåííî íåîäíîðîäíûõ ðåøåíèé ϕ1(x, µ), áèôóðöèðóþùèõ èç ïðî-
ñòðàíñòâåííî îäíîðîäíîãî àñèìïòîòè÷åñêè óñòîé÷èâîãî íóëåâîãî ðåøåíèÿ ïðè óìåíü-
øåíèè ïàðàìåòðà µ è ïðîõîæäåíèè áèôóðêàöèîííûõ çíà÷åíèé µ∗k, k = 1, 2, ... Òåî-
ðåìà íîñèò ëîêàëüíûé õàðàêòåð ïî ïàðàìåòðó µ.
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Äëÿ èññëåäîâàíèÿ äèíàìèêè ñòàöèîíàðíûõ ñòðóêòóð ϕ1(x, µ) ïðè îòõîäå ïàðà-
ìåòðà µ îò áèôóðêàöèîííîãî çíà÷åíèÿ µ∗k ñòðîèòñÿ èåðàðõèÿ óïðîù¼ííûõ ìîäåëåé
çàäà÷è (1).

Ë È Ò Å Ð À Ò Ó Ð À
1. Àõìàíîâ. Ñ.À., Âîðîíöîâ.Ì.À., Èâàíîâ. Â.Þ. Ãåíåðàöèÿ ñòðóêòóð â îïòè÷åñêèõ ñèñòåìàõ ñ äâóìåðíîé îáðàòíîé

ñâÿçüþ: íà ïóòè ê ñîçäàíèþ íåëèíåéíî-îïòè÷åñêèõ àíàëîãîâ íåéðîííûõ ñåòåé // Íîâûå ïðèíöèïû îïòè÷åñêîé îáðàáîòêè
èíôîðìàöèè. Íàóêà. 1990.

2. ÌèùåíêîÅ.Ô., Ñàäîâíè÷èéÂ.À., ÊîëåñîâÀ.Þ., ÐîçîâÍ.Õ. Àâòîâîëíîâûå ïðîöåññû â íåëèíåéíûõ ñðåäàõ ñ äèô-
ôóçèåé. ÔÈÇÌÀÒËÈÒ. 2005.

Vladislav V. Kravchenko (Queretaro, Mexico)
vkravchenko@math.cinvestav.edu.mx

TRANSMUTATIONS AND NEUMANN SERIES OF BESSEL
FUNCTIONS IN SOLUTION OF STURM-LIOUVILLE EQUATIONS

Let q ∈ C[−b, b] be a complex valued function. Consider the Sturm-Liouville equation

Ay := y′′ − q(x)y = −ω2y. (1)

It is well known (see, e.g., [4]) that there exists a Volterra integral operator T called
the transmutation (or transformation) operator de�ned on C[−b, b] by the formula

Tu(x) = u(x) +

∫ x

−x
K(x, t)u(t)dt

such that for any u ∈ C2[−b, b] the following equality is valid

ATu = Tu′′

and hence any solution of (1) can be written as y = T [u] where u(x) = c1 cosωx +
c2 sinωx with c1 and c2 being arbitrary constants.
In the talk several new results concerning the properties and construction of the

kernel K are discussed. In particular, di�erent exact representations for K in the form
of functional series are presented admitting e�cient numerical implementation.
As corollaries of these results, new representations of solutions to equation (1) are

obtained possessing the following feature important for practical applications. Partial
sums of the series approximate the solution uniformly with respect to ω which makes
it especially convenient for the approximate solution of spectral problems. Numerical
methods based on the proposed approach allow one to compute large sets of eigendata
with a nondeteriorating accuracy. The talk is based on [1-3].
Additionally other applications of the main result are discussed such as construction

of complete systems of solutions of partial di�erential equations including the extension
of the method of fundamental solutions onto the PDEs with variable coe�cients.
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V. V. Kravchenko1, S. M. Torba1 and E. L. Shishkina2 (1Quer�etaro,
Mexico; 2Voronezh, Russia)

ilina_dico@mail.ru
EXPLICIT REPRESENTATION FOR THE KERNEL OF A

TRANSMUTATION OPERATOR FOR PERTURBED BESSEL
OPERATORS

We deal with the perturbed Bessel equation

−u′′(x) +

(
l(l + 1)

x2
+ q(x)

)
u(x) = λu(x), l ≥ −1

2
, x ∈ (0, b]. (1)

In [1] and [2] it was shown that there exists a Volterra integral operator T de�ned on
suitable functions ϕ by the expression

T [ϕ](x) = ϕ(x) +

x∫
0

K(x, t)ϕ(t)dt

with a continuous kernel K and such that a regular solution of (1) can be written as

u(x, λ) = T [dl(x, λ)]

where dl(x, λ) :=
√
xJl+ 1

2
(
√
λx) is a regular solution of the equation

−y′′(x) +
l(l + 1)

x2
y(x) = λy(x), l ≥ −1

2
, x ∈ (0, b].

In our talk, developing an approach presented in [3] an explicit representation of the
kernel K(x, t) will be presented.
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2. Volk V.Ya. On inversion formulas for a di�erential equation with a singularuty at x = 0, Uspehi Matem. Nauk (N.S.),

1953. no. 4 (56). pp. 141�151. (In Russian).
3. Kravchenko V.V., Torba S.M., Castillo-Perez R. A Neumann series of Bessel functions representation for solutions of

perturbed Bessel equations. 2017. Applicable Analysis, http://dx.doi.org/10.1080/00036811.2017.1284313.
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À.Í. Êóëèêîâ, Ä.À. Êóëèêîâ (ßðîñëàâëü, Ðîññèÿ)
kulikov_d_a@mail.ru

ÎÁÎÁÙÅÍÍÎÅ "ÊÎÍÑÅÐÂÀÒÈÂÍÎÅ" ÓÐÀÂÍÅÍÈÅ
ÊÓÐÀÌÎÒÎ-ÑÈÂÀØÈÍÑÊÎÃÎ

Ïðåäïîëàãàåòñÿ ðàññìîòðåòü ðÿä âîïðîñîâ îòíîñÿùèõñÿ ê àíàëèçó ëîêàëüíûõ
áèôóðêàöèé êðàåâîé çàäà÷è

ut + uxxxx + buxx + cuxxx + a1(u
2)xx + a2(u

2)xxx = 0, (1)

u(t, x+ 2π) = u(t, x), (2)

ãäå a1, a2, b, c ∈ R, a2
1 + a2

2 6= 0. Óðàâíåíèå (1) áûëî èñïîëüçîâàíî â ðàáîòå [1] â
êà÷åñòâå îäíîé èç âåðñèé ìîäåëè äëÿ îïèñàíèÿ ìåõàíèçìà ôîðìèðîâàíèÿ íåîäíî-
ðîäíûõ ñòðóêòóð â ôèçèêå ïîãðàíè÷íûõ ÿâëåíèé. Íàïðèìåð, â çàäà÷å î ôîðìè-
ðîâàíèè íåîäíîðîäíîãî ðåëüåôà íà ïîâåðõíîñòè ïîëóïðîâîäíèêîâûõ ìàòåðèàëîâ
ïîä âîçäåéñòâèåì èîííîé áîìáàðäèðîâêè [2]. Êðàåâàÿ çàäà÷à (1), (2) äîïóñêàåò
ñåìåéñòâî ðåøåíèé u(t, x) = const ∈ R.
Â ðàáîòå èçó÷åí âîïðîñ îá èõ óñòîé÷èâîñòè, à òàêæå ëîêàëüíûå áèôóðêàöèè

ïðè ñìåíå èìè óñòîé÷èâîñòè [3-4]. Â ÷àñòíîñòè, ïðè a1 = 0 ïîêàçàíî ñóùåñòâî-
âàíèå ëîêàëüíîãî àòòðàêòîðà, âñå ðåøåíèÿ íà êîòîðîì ïåðèîäè÷åñêèå ôóíêöèè
ïåðåìåííîãî t è íåóñòîé÷èâû â ñìûñëå îïðåäåëåíèÿ Ëÿïóíîâà.
Ïðè îáîñíîâàíèè óòâåðæäåíèé èñïîëüçîâàíû òàêèå ìåòîäû òåîðèè äèíàìè÷å-

ñêèõ ñèñòåì êàê ìåòîä èíòåãðàëüíûõ ìíîãîîáðàçèé è àïïàðàò òåîðèè íîðìàëüíûõ
ôîðì.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå èíèöèàòèâíîé ÍÈÐ ßðÃÓ ÂÈÏ-008.
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ÐÀÂÍÎÌÅÐÍÀß ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÏÎ ÏÓÀÑÑÎÍÓ
ÐÅØÅÍÈÉ ÑÈÑÒÅÌ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ 1

Ïóñòü çàäàíà ïðîèçâîëüíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé îò n ïåðå-
ìåííûõ x = (x1, . . . , xn)

T :
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè � MK-139.2017.1
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dx
dt

= F (t, x), F (t, x) = (F1(t, x), . . . , Fn(t, x))T , (1)

ïðàâàÿ ÷àñòü êîòîðîé çàäàíà è íåïðåðûâíà â R+ × Rn.
Äëÿ ïðîèçâîëüíîãî t0 ∈ R+ îáîçíà÷èì ÷åðåç R+(t0) ìíîæåñòâî {t ∈ R | t >

t0}. Ëþáóþ íåîòðèöàòåëüíóþ âîçðàñòàþùóþ ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü τ =
{τi}i>1, lim

i→∞
τi = +∞, íàçîâ¼ì P-ïîñëåäîâàòåëüíîñòüþ. Äëÿ êàæäîé P-ïîñëåäîâà-

òåëüíîñòè τ = {τi}i>1 îáîçíà÷èì ÷åðåç M(τ) ìíîæåñòâî
⋃∞
i=1[τ2i−1; τ2i].

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ðåøåíèÿ ñèñòåìû (1) ðàâíîìåðíî îãðà-
íè÷åíû ïî Ïóàññîíó, åñëè äëÿ ñèñòåìû (1) íàéäåòñÿ òàêàÿ P-ïîñëåäîâàòåëüíîñòü
τ = {τi}i>1, è äëÿ êàæäîãî ÷èñëà α > 0 ñóùåñòâóåò òàêîå ÷èñëî β > 0, ÷òî äëÿ
ëþáîãî ðåøåíèÿ x(t, t0, x0) ñèñòåìû (1), ãäå t0 ∈ M(τ) è ‖x0‖ 6 α, âûïîëíåíî
óñëîâèå ‖x(t, t0, x0)‖ < β ïðè âñåõ t ∈ R+(t0)

⋂
M(τ).

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ðåøåíèÿ ñèñòåìû (1), ó êîòîðîé ïðàâàÿ ÷àñòü
èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî x1 . . . , xn, áûëè ðàâíîìåðíî îãðàíè-
÷åíû ïî Ïóàññîíó, íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèå P-ïîñëåäîâàòåëüíîñòè
τ = {τi}i>1 è ôóíêöèè V (t, x) > 0, óäîâëåòâîðÿþùåé óñëîâèþ Ëèïøèöà ïî t è x,
çàäàííîé â R+(τ1)× Rn, êîòîðûå îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:
1). b(‖x‖) 6 V (t, x) 6 a(‖x‖), äëÿ âñåõ (t, x) ∈ M(τ) × Rn, ãäå a(r) > 0 �

âîçðàñòàþùàÿ ôóíêöèÿ, b(r) > 0 � íåóáûâàþùàÿ ôóíêöèÿ è b(r)→∞ ïðè r →∞
2). V ′+F (t,x)(t, x) 6 0 äëÿ âñåõ (t, x) ∈ R+(τ1) × Rn, ãäå V ′+F (t,x)(t, x) � âåðõíÿÿ

ïðîèçâîäíàÿ Äèíè ôóíêöèè V (t, x) â ñèëó ñèñòåìû (1).
Êðîìå òîãî, â ðàáîòå ââåäåíû ïîíÿòèÿ ÷àñòè÷íîé ðàâíîìåðíîé îãðàíè÷åííîñòè

ïî Ïóàññîíó è ÷àñòè÷íîé ðàâíîìåðíîé îãðàíè÷åííîñòè ïî Ïóàññîíó ñ ÷àñòè÷íûì
êîíòðîëåì íà÷àëüíûõ óñëîâèé ðåøåíèé ñèñòåìû (1) è ïîëó÷åíû íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ ñîîòâåòñòâóþùèõ âèäîâ îãðàíè÷åííîñòè ðåøåíèé.

Â.À. Ëóêüÿíåíêî (Ñèìôåðîïîëü, ÐÔ)
art-inf@yandex.ru

ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÒÈÏÀ ÊÀÐËÅÌÀÍÀ

Èíòåãðàëüíîå óðàâíåíèå òèïà ñâåðòêè � óðàâíåíèå ïëàâíîãî ïåðåõîäàÞ.È. ×åð-
ñêèé ìåòîäîì êîíôîðìíîãî ñêëåèâàíèÿ ñâåë ê çàäà÷å Êàðëåìàíà äëÿ ïîëîñû è
ðåøèë â çàìêíóòîì âèäå [1]. Êàê èíòåãðàëüíîå óðàâíåíèå, òàê è çàäà÷à Êàðëåìà-
íà íàøëè øèðîêèå ïðèëîæåíèÿ â çàäà÷àõ òåîðèè óïðóãîñòè, òåïëîïðîâîäíîñòè,
ìàòåìàòè÷åñêîé ôèçèêè, òåîðèè âîëíîâîäîâ. Ñëåäóÿ êîíñòðóêòèâíîìó ïîäõîäó
Þ.È. ×åðñêîãî, ïîëó÷åíû ðàçëè÷íûå îáîáùåíèÿ íà äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, äèôôåðåíöèàëüíî-ðàçíîñòíûå, èíòåãðàëüíûå óðàâíåíèÿ, áåñêîíå÷íûå ñèñòå-
ìû àëãåáðàè÷åñêèõ óðàâíåíèé; ìíîãîýëåìåíòíûå, äâóìåðíûå, îïåðàòîðíûå è ýêñ-
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òðåìàëüíûå çàäà÷è [2�6]. Ïðîäîëæàÿ äàííûå íàïðàâëåíèÿ, èññëåäóþòñÿ îáîáùåí-
íûå êðàåâûå çàäà÷è òèïà Êàðëåìàíà, çàäà÷è äëÿ äâóõ ôóíêöèé è ýêâèâàëåíòíûå
èì èíòåãðàëüíûå óðàâíåíèÿ.
Êðàåâàÿ çàäà÷à äëÿ äâóõ ôóíêöèé íà îòðåçêå ðåøàåòñÿ ñ ïîìîùüþ ñîîòâåòñòâó-

þùåé ôàêòîðèçàöèè êîýôôèöèåíòà. Â äàëüíåéøèõ ïðåîáðàçîâàíèÿõ èñïîëüçóåòñÿ
äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå. Ðåøåíèå ñòðîèòñÿ â çàìêíóòîì âèäå â çàâèñè-
ìîñòè îò èíäåêñà ñîîòâåòñòâóþùåé ôóíêöèè.
Àíàëèçèðóþòñÿ ýêñòðåìàëüíûå çàäà÷è äëÿ èíòåãðàëüíûõ óðàâíåíèé ñ îïåðàòî-

ðîì ñäâèãà.
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6. Ëóêüÿíåíêî Â.À. Èíòåãðàëüíûå óðàâíåíèÿ è êðàåâûå çàäà÷è äëÿ ôóíêöèé îò äâóõ ïåðåìåííûõ // Äèíàìè÷åñêèå

ñèñòåìû, 2014, òîì 4(32), � 1�2, Ñ. 143�152.

Ë.Í. Ëÿõîâ (Âîðîíåæ, Ðîññèÿ)
levnlya@gmail.com

ÄÐÎÁÍÛÅ ÏÐÎÈÇÂÎÄÍÛÅ ÊÈÏÐÈßÍÎÂÀ È
ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈß ÇÀÄÀ×È ÊÎØÈ ÄËß

ÓÐÀÂÍÅÍÈß ÝÉËÅÐÀ-ÏÓÀÑÑÎÍÀ-ÄÀÐÁÓ

Ïóñòü Ω � âûïóêëàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Rn è x0 ôèêñèðîâàí-
íàÿ òî÷êà îáëàñòè Ω. ×åðåç (x0, ρ,Θ) îáîçíà÷èì ñôåðè÷åñêèå êîîðäèíàòû òî÷êè
x ∈ Sρ(n) = {x : |x − x0| = ρ}. Äðîáíûå îïåðàòîðû Êèïðèÿíîâà, ïîðîæäåííûå
ñôåðè÷åñêîé ñèììåòðèåé, èìåþò âèä (ñì. [1], ñì. òàêæå [2], ãäå ïðèâåäåí ðàçíîñò-
íûé âàðèàíò)

Dαf(x) = ρα+2−n 1

Γ(1− α)

∂

ρ ∂ρ

∫ ρ

0

f(x0, ρ,Θ)

(ρ2 − τ 2)−α
τn−1 dτ .

Òàêîãî ðîäà îïåðàòîðû îêàçàëèñü ñâÿçàííûìè ñ èíòåãðàëüíûì ïðåîáðàçîâàíè-
åì Ôóðüå-Áåññåëÿ, ñ ôîðìóëàìè îáðàùåíèÿ ïðåîáðàçîâàíèåì Ðàäîíà ôóíêöèé
îò ñôåðè÷åñêèõ ñèììåòðèé è ñ ôîðìóëàìè îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà-
Êèïðèÿíîâà.
Â äàííîì äîêëàäå îñòàíîâèìñÿ íà ôîðìóëàõ ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâ-

íåíèÿ Ýéëåðà-Ïóàññîíà-Äàðáó. Ôóíêöèþ u = u(x, t) ñ÷èòàåì èçìåðèìîé è îïðå-
äåëåííîé â îáëàñòè t ∈ R+

1 , x ∈ R+
n′ ×R′′n, n = n′ + n′′. Ïîëàãàåì γ = (γ1, . . . , γn′),

ãäå γi � ôèêñèðîâàííûå ïîëîæèòåëüíûå ÷èñëà ïðè i = 1, ..., n′. Ìóëüòèèíäåêñó γ
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ñòàâèì â ñîîòâåòñòâèå ñèíãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð (∆B)x = ∆γ =∑n′

i=1Bγi +
∑n

i=n′+1
∂2

∂x2i
.

Ïóñòü β > 0 � ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî. Ðàññìîòðèì ñëåäóþùóþ
çàäà÷ó(
∂
∂t + β

t
∂
∂t

)
u(x, t) = ∆γu(x, t) , (x, 0) = f(x), ut(x, 0) = 0.

Ïóñòü f ∈ Cev(R+
n ). Òîãäà ðåøåíèå îïðåäåëÿåòñÿ ïîñðåäñòâîì ïðèìåíåíèÿ îá-

ùåãî âèäà äðîáíîãî îïåðàòîðà Êèïðèÿíîâà ïîðÿäêà α = n+|γ|−1
2 ôîðìóëîé

u(x, t) =
Γ(β+1

2 )
Γ(n+|γ|2 )

Γ(n+|γ|−1−β2 )
Γ(n+|γ|−12 )

t1−β

Γ(1−{α})
(
∂
∂t2

)[α]+1
t∫

0

rn+|γ|−1 Mγ
r f(x)

(t2−r2){α}
dr , ãäå Mγ

r f(x) ñôåðè-

÷åñêîå ñðåäíåå ôóíêöèè íà ñôåðå Sr(n).
Ë È Ò Å Ð À Ò Ó Ð À

1. Êèïðèÿíîâ È.À. Ïðåîáðàçîâàíèå Ôóðüå-Áåññåëÿ è òåîðåìû âëîæåíèÿ äëÿ âåñîâûõ êëàññîâ. // Òð. ÌÈÀÍ. 1967. Ò.
LXXXIX. Ñ. 130-213.

2. Ñàìêî Ñ. Ã., Êèëáàñ À.À., Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è íåêîòîðûå èõ ïðèëîæåíèÿ.
-Ìèíñê: Íàóêà è òåõíèêà, 1987. -687 ñ.

M.S. Mateljevic (Belgrade, Serbia)
miodrag@matf.bg.ac.rs

ESTIMATE FOR ELLIPTIC PDE AND DISTORTION OF
QUASICONFORMAL, HARMONIC MAPS

We study the groth of gradient of mappings which satisfy certain PDE equations
(or inequalities) using Green-Laplacian formula for functions and its derivatives. If
in addition the considered mappings are quasiconformal (qc) between C2 domains, we
show that they are Lipschitz. Some of the obtained results can be considered as versions
of Kellogg-Warshawski type theorem for qc-mappings.
More precisely, developing further methods from Heinz paper 2., we prove

Theorem 1. (i) Let Ω be a Jordan domain in Rn with C2 boundary and f : Bn
onto−−→

Ω be C2, which has continuous extension on B.
(ii) Suppose that f satisfy Poisson-Laplace type inequality on B0 = B(z0, r0) ∩ B,

where x0 ∈ S and r0 > 0.
(I) There is 0 < r1 < r0, c > 0 and and a unit vector �elds X on B1 = B(x0, r1)∩B

such that |dfx(X)| ≤ c for every x ∈ B1 and X ∈ TxB.
If in addition f is qc in B0, then f is Lipschitz continuous on B1.
Every Lyapunov domain in plane is exhausted by a monotonous sequence of C∞-

domains which are Lyapunov - uniformly bounded. Hence we can prove (qc) harmonic
between Lyapunov-domains (in particular C2-domains), we show that they are Lipschitz.
We also plan to discuss a major breakthrough concerning the initial Schoen Conjecture:

A quasiconformal map of the sphere S2 admits a harmonic quasi-isometric extension
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to the hyperbolic space H3.
Among the other things, as tool we use the interior estimates for Poisson type

inequality and try to imply it to study boundary regularity of Dirichlet Eigenfunctions
on bounded domains which are C2 except at a �nite number of corners (Y. Sinai's
question).

R E F E R E N C E S
1. Gilbarg, D., Trudinger, N. Elliptic partial Di�erential Equation of Second Order. Springer Verlag Second Edition, 1983.
2. Heinz, E. On certain nonlinear elliptic di�erential equations and univalent mappings, J. d' Anal. 5, 1956/57, 197-272.
3. Kalaj D., Mateljevi�c M. Inner estimate and quasiconformal harmonic maps between smooth domains. Journal d'Analise

Math.2006. Vol. 100,pp.117-132

Þ.Ì. Ìåøêîâà (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
juliavmeshke@yandex.ru

ÎÏÅÐÀÒÎÐÍÛÅ ÎÖÅÍÊÈ ÏÎÃÐÅØÍÎÑÒÈ ÏÐÈ ÓÑÐÅÄÍÅÍÈÈ
ÝËËÈÏÒÈ×ÅÑÊÈÕ, ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ È

ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ Â ÎÃÐÀÍÈ×ÅÍÍÎÉ ÎÁËÀÑÒÈ

Ïóñòü O ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü êëàññà C1,1. Â L2(O;Cn) ðàññìàòðèâàåò-
ñÿ ñàìîñîïðÿæåííûé ìàòðè÷íûé äèôôåðåíöèàëüíûé îïåðàòîð BD,ε ïðè óñëîâèè
Äèðèõëå íà ∂O. Îïåðàòîð ïðåäïîëàãàåòñÿ ñèëüíî ýëëèïòè÷åñêèì. Ñ÷èòàåì, ÷òî
BD,ε > 0. Êîýôôèöèåíòû îïåðàòîðà BD,ε ïåðèîäè÷íû îòíîñèòåëüíî íåêîòîðîé ðå-
øåòêè â Rd è çàâèñÿò îò x/ε, ε > 0. Ïîýòîìó îíè áûñòðî îñöèëëèðóþò ïðè ε→ 0.
Óñðåäíåíèå ðåçîëüâåíòû (BD,ε − ζI)−1 ïîëó÷åíî â [2].

Òåîðåìà 1. Ïóñòü ζ ∈ C \ R+, ζ = |ζ|eiφ, |ζ| > 1. Ïóñòü c(φ) = | sinφ|−1 ïðè
φ ∈ (0, π/2) ∪ (3π/2, 2π) è c(φ) = 1 ïðè φ ∈ [π/2, 3π/2]. Òîãäà ïðè äîñòàòî÷íî
ìàëîì ε > 0 âûïîëíåíî

‖(BD,ε − ζI)−1 − (B0
D − ζI)−1‖L2(O)→L2(O) 6 C1c(φ)2ε|ζ|−1/2. (1)

Çäåñü B0
D � ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ïîñòî-

ÿííàÿ C1 çàâèñèò òîëüêî îò äàííûõ çàäà÷è. Ïðè ôèêñèðîâàííîì ζ îöåíêà (1)
èìååò òî÷íûé ïîðÿäîê O(ε).
Ðåçóëüòàòû òàêîãî òèïà íàçûâàþò îïåðàòîðíûìè îöåíêàìè ïîãðåøíîñòè â òåî-

ðèè óñðåäíåíèÿ. Äîêàçàòåëüñòâî îñíîâàíî íà ïðîäîëæåíèè âî âñå ïðîñòðàíñòâî Rd

è èñïîëüçîâàíèè ðåçóëüòàòîâ óñðåäíåíèÿ â L2(Rd;Cn), óñòàíîâëåííûõ â [1]. Ñ ïî-
ìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà èç (1) âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïðè äîñòàòî÷íî ìàëîì ε > 0 èìååì

‖e−BD,εt − e−B0
Dt‖L2(O)→L2(O) 6 C2ε(t+ ε2)−1/2e−C3t, t > 0;∥∥(cos(tB

1/2
D,ε)− cos(t(B0

D)1/2)
)
(B0

D)−2
∥∥
L2(O)→L2(O)

6 C4ε
(
1 + |t|5

)
,
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t ∈ R. Ïîñòîÿííûå C2, C3 è C4 çàâèñÿò òîëüêî îò äàííûõ çàäà÷è. Ïðè ôèêñè-
ðîâàííîì t ýòè îöåíêè èìåþò òî÷íûé ïîðÿäîê O(ε).
Òåîðåìà 2 ïðèìåíÿåòñÿ ê âîïðîñó îá óñðåäíåíèè ðåøåíèé çàäà÷è Êîøè äëÿ

ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ ñèñòåì.
Ë È Ò Å Ð À Ò Ó Ð À

1. Meshkova Yu.M., Suslina T.A. Two-parametric error estimates in homogenization of second-order elliptic systems in Rd.
Applicable Analysis. 2016. Vol. 95, � 7, pp. 1413�1448.

2. Meshkova Yu., Suslina T. Homogenization of the Dirichlet problem for elliptic systems: Two-parametric error estimates.
arXiv:1702.00550. 2017.

A.B. Morgulis (Rostov-na-Donu - Vladikavkaz, Russia)
morgulisandrey@gmail.com

ONSET OF SINGULARITIES OF STEADY SOLUTIONS TO THE
INCOMPRESSIBLE EULER EQUATIONS DESCRIBING THE OPEN

FLOWS IN FINITE CHANNELS

We study the boundary value problems for the Euler equations of inviscid incompres-
sible �uid which we are considered in the curvilinear quadrangles (channels). On their
boundaries, the normal velocities are prescribed everywhere except for the vertices.
It is supposed that the normal velocity does not change its sign on the sides of the
quadrangle so that one side in whole is the �ow inlet, the opposite side in whole is the
outlet and the other pair of sides represents fully impermeable walls. In addition, the
boundary conditions prescribe the �ow vorticity on the inlet.
For every problem formulated as described above there exists a weak solution which

turns out to be smooth provided that the correspondent vector �eld of the �ow velocity
has no zeroes [1-2]. Such solutions are referred to as through �ows. The talk we present
is focused on the conditions being necessary for existence of through �ows depending on
the given channel and boundary conditions. These results imply that the appearance of
stagnation points and singularities of the solution are inevitable for rather wide classes
of boundary data; see [3] for more details.

R E F E R E N C E S
1. Alekseev G.V. On vanishing viscosity in the two dimensional steady problems of dynamics of an incompressible �uid. Dyn.

Continuous Media (Dinamica Sploshnoy Sredy). 1972. Vol. 10, pp. 5�28 (Russian).
2. Alekseev G.V. Uniqueness and smoothness for the vortex �ows of ideal incompressible �uid. Dyn. Continuous Media

(Dinamica Sploshnoy Sredy). 1973. Vol. 15, pp. 7�18 (Russian).
3. Morgulis A.B. Variational principles and stability of the inviscid open �ows. Siberian Electronic Mathematical Reports.

2017. Vol. 14, pp. 218�251. DOI 10.17377/semi.2017.14.0222017 (Russian).

Â.À. Ìîçåëü (Îäåññà)
mozel@ukr.net

Î ÁÀÍÀÕÎÂÎÉ ÀËÃÅÁÐÅ ÎÏÅÐÀÒÎÐÎÂ ÒÈÏÀ ÁÅÐÃÌÀÍÀ Ñ
ÀÂÒÎÌÎÐÔÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ È ÑÄÂÈÃÀÌÈ
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Ïóñòü {WG = {Wg ∈ G}} - ïàðàáîëè÷åñêàÿ èëè ãèïåðáîëè÷åñêàÿ áåñêîíå÷-
íàÿ öèêëè÷åñêàÿ ãðóïïà, ëèáî ýëëèïòè÷åñêàÿ êîíå÷íàÿ ãðóïïà, D � åäèíè÷íûé
êðóã (ñì., íàïð., ìîíîãðàôèþ 1.) Ïóñòü, äàëåå, A=

∑
g
agWg. Ïóñòü òàêæå íîðìà

â àëãåáðå îïðåäåëÿåòñÿ ïðàâèëîì: |||A|||1=
∑
g
agWg. Ïóñòü B - èçâåñòíûé îïåðà-

òîð òèïà Áåðãìàíà (íàïð., ïîëè-Áåðãìàí èëè àíòè-ïîëè-Áåðãìàí îïåðàòîð; ñì.,
íàïð., ñîâìåñòíóþ ñòàòüþ Þ. È. Êàðëîâè÷à è àâòîðà 2., à òàêæå óêàçàííóþ òàì
ëèòåðàòóðó.) Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü ãðóïïà G óäîâëåòâîðÿåò óêàçàííûì âûøå ñâîéñòâàì, B

îïèñàí âûøå. Òîãäà îïåðàòîð B=
∑
g∈G

AgWg ôðåäãîëüìîâ (í¼òåðîâ) â áàíàõîâîì

ïðîñòðàíñòâå Lp(D) , åñëè è òîëüêî åñëè åãî ñèìâîë íåâûðîæäåí.
Çàìå÷åíèå. Àâòîìîðôíûå ôóíêöèè, óêàçàííûå âûøå, èçâåñòíû äîñòàòî÷íî

äàâíî. Ñì., íàïð., êíèãó Â. Â. Ãîëóáåâà, öèòèðóåìóþ íèæå, à òàêæå ïåðâóþ
÷àñòü ìîíîãðàôèè Á. Â. Øàáàòà, òîæå ïðèâåäåííóþ íèæå.
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Èçä. 3-å . � Ì. : Íàóêà, 1985 . - Ñ. 253�256.

Â. Ìîðøíåâà
(Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
morsh@math.sfedu.ru

ÁÈÔÓÐÊÀÖÈÈ ÊÎÐÀÇÌÅÐÍÎÑÒÈ 2 Â ÄÈÍÀÌÈ×ÅÑÊÈÕ
ÑÈÑÒÅÌÀÕ Ñ ÊÐÓÃÎÂÎÉ ÑÈÌÌÅÒÐÈÅÉ

Ðàññìàòðèâàþòñÿ áèôóðêàöèè êîðàçìåðíîñòè 2 â äèíàìè÷åñêèõ ñèñòåìàõ, èíâà-
ðèàíòíûõ îòíîñèòåëüíî ãðóïïû O(2). Äëÿ èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä ñâå-
äåíèÿ íà öåíòðàëüíîå ìíîãîîáðàçèå. Ïîñòðîåíû àìïëèòóäíûå ñèñòåìû â îêðåñòíî-
ñòè çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ íåéòðàëüíûé ñïåêòð ëèíåéíîãî îïåðàòîðà
ñîñòîèò èç äâóõ ïàð ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé.
Ïðîâåäåíî èññëåäîâàíèå àìïëèòóäíûõ ñèñòåì íà èíâàðèàíòíûõ ïîäïðîñòðàí-

ñòâàõ. Ïîêàçàíî, ÷òî â óñëîâèÿõ îáùåãî ïîëîæåíèÿ âîçìîæíî âîçíèêíîâåíèå ïå-
ðèîäè÷åñêèõ ðåøåíèé òèïà áåãóùèõ âîëí è èõ íåëèíåéíûõ ñìåñåé, à òàêæå âîçíèê-
íîâåíèå êâàçèïåðèîäè÷åñêèõ ðåøåíèé. Ïîëó÷åíû ÿâíûå âûðàæåíèÿ äëÿ àñèìïòî-
òèê âîçíèêàþùèõ ðåøåíèé è äëÿ âåëè÷èí, îïðåäåëÿþùèõ õàðàêòåð èõ âåòâëåíèÿ
è óñòîé÷èâîñòü. Ïðèâîäÿòñÿ ïðèìåíåíèÿ òåîðèè ê çàäà÷àì êîíâåêöèè.
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Â. Ã. Íèêîëàåâ (Âåëèêèé Íîâãîðîä, Ðîñèèÿ)
vg14@inbox.ru

ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÐÅØÅÍÈß ÇÀÄÀ×È ØÂÀÐÖÀ Â
4-ÌÅÐÍÎÌ ÑËÓ×ÀÅ

Ïóñòü ìàòðèöà J ∈ Cn×n íå èìååò âåùåñòâåííûõ ñîáñòâåííûõ ÷èñåë. Àíàëèòè-
÷åñêîé ïî Äóãëèñó [1], èëè J-àíàëèòè÷åñêîé ñ ìàòðèöåé J íàçûâàåòñÿ êîìïëåêñíàÿ
n-âåêòîð-ôóíêöèÿ φ = φ(z) ∈ C1(D), äëÿ êîòîðîé â îáëàñòè D ⊂ R2 âûïîëíåíî

óðàâíåíèå
∂φ

∂y
− J · ∂φ

∂x
= 0, z ∈ D. Â ñêàëÿðíîì ñëó÷àå, ïðè J = λ, Imλ 6= 0

ôóíêöèþ φ = fλ(z) ∈ C1(D) áóäåì íàçûâàòü λ-ãîëîìîðôíîé â îáëàñòè D.
Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó Øâàðöà [1]. Ïóñòü êîíå÷íàÿ îäíîñâÿç-

íàÿ îáëàñòü D ⊂ R2 îãðàíè÷åíà êîíòóðîì Γ. Òðåáóåòñÿ íàéòè J-àíàëèòè÷åñêóþ ñ
ìàòðèöåé J â îáëàñòè D ôóíêöèþ φ(z) ∈ C(D), êîòîðàÿ óäîâëåòâîðÿåò êðàåâîìó
óñëîâèþ Reφ(z)

∣∣
Γ

= ψ(t), ãäå âåùåñòâåííàÿ âåêòîð-ôóíêöèÿ ψ(t) ∈ C(Γ) çàäàíà.
Ïóñòü n = 4. Îáîçíà÷èì ÷åðåç x,y êîìïëåêñíîå ñîïðÿæåíèå âåêòîðîâ x,y ∈ C4.

Ðàññìîòðèì ñëåäóþùèå ìàòðèöû:

J1 =


λ 0 0 0
1 λ 0 0
0 0 µ 0
0 0 1 µ

 ,

Q =
(
x, y, x + l1x, y + l2y

)
, l1, l2 ∈ C,

x,y ∈ C4, (Imλ) · (Imµ) > 0,{
|l1| = 1, |l2| = {0; 1}, åñëè λ 6= µ,

l1, l2 − ïðîèçâîëüíûå, åñëè λ = µ.

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü ìàòðèöà J = QJ1Q
−1, ãäå ìàòðèöû Q è J1 îïðåäåëåíû

âûøå. Ïóñòü Γ = ∂D � êîíòóð Ëÿïóíîâà, ãðàíè÷íàÿ ôóíêöèÿ ψ(t) ∈ C1,σ(Γ).
Òîãäà çàäà÷à Øâàðöà èìååò åäèíñòâåííîå (ñ òî÷íîñòüþ äî âåêòîð-ïîñòîÿííîé)
ðåøåíèå φ(z) ∈ Hσ(D).
Äîêàçàòåëüñòâî îñíîâàíî íà ñëåäóþùåì ôàêòå. Îáîçíà÷èì: f1 = yf ′λ + hλ,

g1 = yg′µ + hµ. Ìîæíî ïîêàçàòü, ÷òî çàäà÷à Øâàðöà äëÿ äàííîãî ñëó÷àÿ ðàâíî-
ñèëüíà ïðèâåäåííîé íèæå ïàðå ãðàíè÷íûõ çàäà÷ äëÿ ñêàëÿðíûõ ôóíêöèîíàëüíûõ
óðàâíåíèé:

fλ + gµ + l1gµ
∣∣
Γ

= ϕ1, f1 + g1 + l2g1

∣∣
Γ

= ϕ2,

{
fλ, gµ ∈ C1,σ(D),

h1, h2 ∈ Hσ(D),

ãäå ñêàëÿðíûå ôóíêöèè ϕ1 = ϕ1(ψ), ϕ2 = ϕ2(ψ) ∈ C1,σ(Γ).
Ë È Ò Å Ð À Ò Ó Ð À

1. Íèêîëàåâ Â. Ã., Ñîëäàòîâ À.Ï. Î ðåøåíèè çàäà÷èØâàðöà äëÿ J-àíàëèòè÷åñêèõ ôóíêöèé â îáëàñòÿõ, îãðàíè÷åííûõ
êîíòóðîì Ëÿïóíîâà. Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2015. Òîì. 51, �. 7, ñòð. 965�969.
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ÒÎÏÎËÎÃÈß ÔÀÇÎÂÎÃÎ ÏÎÐÒÐÅÒÀ ÍÅÊÎÒÎÐÎÃÎ
ÍÅËÈÍÅÉÍÎÃÎ ÍÅÎÄÍÎÐÎÄÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ðàññìîòðèì íåîäíîðîäíîå íåëèíåéíîå óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut = νx2uxx + αu+ βu2 (1)

ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè u(x+2π, t) ≡ u(x, t) è íà÷àëüíûì óñëîâèåì
u(·, 0) ∈ W1, ãäå W1 =

{
u(·) : u(x) =

∑
n∈Z une

inx;
∑

n∈Z n
2|un|2 <∞

}
.

Ïðîñòðàíñòâî W1 ñ íîðìîé ‖u‖W1
=
(∑

_n ∈ Z(n2 + 1)|un|2
)1/2

ÿâëÿåòñÿ áà-

íàõîâîé àëãåáðîé. Óðàâíåíèå (1) ìîæíî ðàññìàòðèâàòü êàê ýâîëþöèîííîå óðàâ-
íåíèå du

dt = Au + Φ(u) â W1, ãäå A = νx2 d2

dx2 + α, Φ(u) = βu2. Ñîáñòâåííûì
ôóíêöèÿì ϕn = xn, n = 0, 1, 2, . . . îïåðàòîðà A îòâå÷àþò ñîáñòâåííûå çíà÷åíèÿ
λn = νn(n− 1) + α. Èñïîëüçóÿ äëÿ ôóíêöèé u(x, t) è βu2(x, t) ðàçëîæåíèå â ðÿäà
Òåéëîðà:

u(x, t) =
∞∑
k=0

uk(t)x
k; βu2(x, t) = β

∞∑
k=0

( ∑
i+j=k

uiuj

)
óðàâíåíèå (1) ìîæíî ïðåäñòàâèòü â êîîðäèíàòíîé ôîðìå

duk
dt

= (νk2 − νk + α)uk + β
∑

i+j=k

uiuj; k, i, j = 0, 1, 2, . . .

Èñïîëüçóÿ áåñêîíå÷íîìåðíûé àíàëîã òåîðåìû Çèãåëÿ äëÿ ýâîëþöèîííûõ óðàâ-
íåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ â ïðèìåíåíèè ê óðàâíåíèþ (1) ïîëó÷àåì ñëåäó-
þùèé ðåçóëüòàò.
Òåîðåìà. Ñóùåñòâóåò àíàëèòè÷åñêèé ïî Ôðåøå äèôôåîìîðôèçì H : W1 →

W1 íåêîòîðîé îêðåñòíîñòè S íóëÿ áàíàõîâîé àëãåáðû W1 íà ñâîé îáðàç, ñ òîæ-
äåñòâåííîé â íóëå ëèíåéíîé ÷àñòüþ: H ′(0) = I, òàêîé, ÷òî çàìåíà ïåðåìåííûõ
u = H(v) ïðèâîäèò íåëèíåéíîå óðàâíåíèå (1) â îêðåñòíîñòè S ê ëèíåéíîìó íåîä-
íîðîäíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè vt = νx2vxx + αv, åñëè äëÿ âñåõ öåëûõ
÷èñåë n ∈ Z è íåêîòîðîãî s > 0 âûïîëíåíû íåðàâåíñòâà

|νn+ kα| > 1/ks, k = 2, 3, . . .

Åñëè ÷èñëà ν è α ñ÷èòàòü ÷èñòî ìíèìûìè, òî ñôîðìóëèðîâàííàÿ òåîðåìà ïîç-
âîëÿåò ïîëíîñòüþ óçíàòü òîïîëîãèþ ôàçîâîãî óðàâíåíèÿ (1) â îêðåñòíîñòè íóëÿ â
W1: ôàçîâûé ïîðòðåò îêàçûâàåòñÿ ðàññëîåí íà êîíå÷íîìåðíûå è áåñêîíå÷íîìåð-
íûå èíâàðèàíòíûå òîðû.
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÒÎÌÑÎÍÎÂÑÊÎÃÎ ÂÈÕÐÅÂÎÃÎ
ÌÍÎÃÎÓÃÎËÜÍÈÊÀ ÂÍÅ ÊÐÓÃÀ Â ÑËÓ×ÀÅ ÍÅÍÓËÅÂÎÉ

ÖÈÐÊÓËßÖÈÈ ÎÁÒÅÊÀÍÈß ÃÐÀÍÈÖÛ

Ðàññìàòðèâàåòñÿ ñèñòåìà n òî÷å÷íûõ âèõðåé îäèíàêîâîé èíòåíñèâíîñòè κ, ðàñ-
ïîëîæåííûõ ðàâíîìåðíî íà îêðóæíîñòè ðàäèóñà R0 âíå êðóãîâîé îáëàñòè ðàäèóñà
R. Ïðåäïîëàãàåòñÿ îáòåêàíèå êðóãîâîé ãðàíèöû ñ íåíóëåâîé öèðêóëÿöèåé Γ. Äâè-
æåíèå òàêîé âèõðåâîé êîíôèãóðàöèè îïèñûâàåòñÿ ãàìèëüòîíèàíîì:

H =− κ2

4π

∑
16j<k6n

ln
∣∣zj − zk∣∣2 +

κ2

8π

n∑
j=1

n∑
k=1

ln
∣∣R2 − zj z̄k

∣∣2
− κ2n

4π

n∑
k=1

ln
∣∣zk∣∣2 − κΓ

4π

n∑
k=1

ln
∣∣zk∣∣2.

Çäåñü zk = xk + iyk, xk, yk � êîîðäèíàòû k-ãî âèõðÿ, ẑk =
R2

zk
� îòðàæåíèå k-ãî

âèõðÿ ãðàíèöåé êðóãà.
Çàäà÷à èìååò ðåøåíèå, ÿâëÿþùååñÿ ñòàöèîíàðíûì âðàùåíèåì

zk = eiωtuk, uk = R0e
2πi(k−1)/n, k = 1, . . . , n,

ω = ωn =
κ

4πR2
0

(
3n− 1− 2n

1− qn

)
+

κΓ

2πR2
0

, q =
R2

R2
0

< 1.

Ïðîâåäåí àíàëèç óñòîé÷èâîñòè ýòîãî ðåæèìà â ðàìêàõ ïîäõîäà, ðàçâèòîãî Â.È.
Þäîâè÷åì äëÿ çàäà÷è óñòîé÷èâîñòè ñòàöèîíàðíûõ äâèæåíèé äèíàìè÷åñêèõ ñè-
ñòåì, îáëàäàþùèõ ãðóïïîé ñèììåòðèè. Óñòîé÷èâîñòü çäåñü ïîíèìàåòñÿ êàê óñòîé-
÷èâîñòü ïî Ðàóñó (îðáèòàëüíàÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî äâèæåíèÿ).
Â ðàáîòå èññëåäîâàíà êâàäðàòè÷íàÿ ÷àñòü ïðèâåäåííîãî ãàìèëüòîíèàíà è ñîá-

ñòâåííûå çíà÷åíèÿ ìàòðèöû ëèíåàðèçàöèè. Ïîêàçàíî, ÷òî âñå ïðîñòðàíñòâî ïàðà-
ìåòðîâ çàäà÷è (q,Γ) ðàçáèâàåòñÿ íà òðè ÷àñòè: îáëàñòü óñòîé÷èâîñòè ïî Ðàóñó â
òî÷íîé íåëèíåéíîé ïîñòàíîâêå, îáëàñòü ýêñïîíåíöèàëüíîé íåóñòîé÷èâîñòè è îá-
ëàñòü â êîòîðîé òðåáóåòñÿ íåëèíåéíûé àíàëèç. Äëÿ ñëó÷àåâ n = 3, 5 íàéäåíû âñå
ðåçîíàíñû äî ÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî.
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (Çàäàíèå � 1.5169.2017/Á×).
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ON THE LONG TIME BEHAVIOR OF PERIODIC VISCOSITY
SOLUTIONS TO A HAMILTON-JACOBI EQUATION WITH SINGLE

SPACE VARIABLE

In the half-plane Π = R+ × R we consider a �rst order Hamilton-Jacobi equation

ut + f(ux) = 0, u = u(t, x), (t, x) ∈ Π, (1)

with merely continuous hamiltonian function f(v) ∈ C(R). We study the long time
behavior of x-periodic viscosity solutions u(t, x) ∈ C(R+ × T) of (1), where T = R/Z
is a circle. Let −∞ ≤ a < 0, 0 < b ≤ +∞ be points of extended real line such that
(a, b) is the maximal interval, where f(v) = f(0) + cv for some c ∈ R. If such intervals
do not exist, i.e. the function f(v) is not a�ne in any vicinity of 0, we set a = b = 0.
The main our result is the following

Theorem 1. There exists a periodic function w(y) ∈ C(T) (the traveling wave
pro�le) and the constant c (the speed) such that

u(t, x) + f(0)t− w(x− ct) ⇒
t→+∞

0.

Moreover, the function w(y) satis�es one-sided Lipschitz conditions:

a(y2 − y1) ≤ w(y2)− w(y1) ≤ b(y2 − y1) ∀y1, y2 ∈ R, y1 < y2, (2)

while the speed c is determined by the requirement f(v) = f(0) + cv on (a, b). In the
case a = b = 0 the function w ≡ const, in view of (2), and the value of c does not
matter.
The proof of Theorem 1 is essentially based on recent results [1,2] concerning the

long time behavior of periodic entropy solutions to the conservation law vt+f(v)x = 0
corresponding to (1).

The research was carried out under support of the Russian Foundation for Basic
Research (grant no. 15-01-07650-a) and the Ministry of Education and Science of
Russian Federation (project no. 1.445.2016/ÔÏÌ).

R E F E R E N C E S
1. Panov E.Yu. On a condition of strong precompactness and the decay of periodic entropy solutions to scalar conservation

laws// Netw. Heterog. Media. 2016. Vol. 11, No. 2, pp. 349�367.
2. Panov E.Yu. Long time asymptotics of periodic generalized entropy solutions of scalar conservation laws// Mathematical

Notes. 2016. Vol. 100, No. 1, pp. 113�122.
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HIGHER INTEGRABILITY PROPERTY OF SOLUTIONS TO
p(x)-LAPLACIAN AND DOUBLE-LOG CONDITION ON p(x)

Elliptic equations of p(x)-Laplacian type are studied in Rn. We assume that the
measurable exponent p(x) satis�es the restriction

1 < α ≤ p(x) ≤ β <∞.

There is a well-known logarithmic condition (or brie�y log-condition) on the modulus
of continuity of the nonlinearity exponent p(x), which ensures that a Laplacian with
variable order of nonlinearity inherits many properties of the usual p-Laplacian of
the constant order. One of these is so-called higher integrability of the gradient of
the solution. In [1] it is established that this property holds also under a slightly more
general condition on the exponent p(x), although then the improvement of integrability
is logarithmic rather than power-like as in the previous cases mentioned before. This
more general condition may be called as "double-log condition". It implies that

|p(x)− p(y)| ≤ ω(|x− y|), |x− y| ≤ 1

4
,

where

ω(t) =
k0 ln ln(1/t)

ln(1/t)
, k0 > 0.

The property of higher integrability is proved in the case: k0 < α/n.
The method put forward in [1] is based on a special generalization of Gering`s lemma

(see [2]), which relies upon the reverse Hoelder inequality "with increased support and
exponent on the right-hand side".

Ë È Ò Å Ð À Ò Ó Ð À
1. Zhikov V.V., Pastukhova S. E. Improved integrability of the gradients of solutions of elliptic equations with variable

nonlinearity exponent, Sbornik: Mathematics 199:12 1�33.
2. Zhikov V.V., Pastukhova S. E. On Gering`s lemma, Dokl. Math. 77:2(2008) 243�248.
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ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÔÓÐÜÅ Ñ ÏÐÎÈÇÂÎËÜÍÎÉ ÔÀÇÎÉ

Ðàññìàòðèâàþòñÿ óðàâíåíèÿ íà ïîëóîñè, ñîäåðæàùèå ëèíåéíûå êîìáèíàöèè sin-
è cos-ïðåîáðàçîâàíèé Ôóðüå:

A[u](ξ) = a(ξ)

∞∫
0

u(y) cos ξy dy + b(ξ)

∞∫
0

u(y) sin ξy dy = f(ξ), (1)
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A∗[u](ξ) =

∞∫
0

a(y)u(y) cos ξy dy +

∞∫
0

b(y)u(y) sin ξy dy = f(ξ). (2)

Óêàçàí ñïîñîá ñâåäåíèÿ ýòèõ óðàâíåíèé ê çàäà÷å Ðèìàíà íà îñè (ñì. [1]). Íà-
ïðèìåð, óðàâíåíèþ (1) ñîîòâåòñòâóåò çàäà÷à:

a
(
|ξ|
)
− i signξ b

(
|ξ|
)

a
(
|ξ|
)

+ i signξ b
(
|ξ|
) U+(ξ) + U−(ξ) =

2f
(
|ξ|
)

a
(
|ξ|
)

+ i signξ b
(
|ξ|
) . (3)

Ïðè b(0) 6= 0 è (èëè) f(0) 6= 0 êîýôôèöèåíò è ïðàâàÿ ÷àñòü ìîãóò áûòü ðàçðûâíû.
Ýòî îïðåäåëèò èíäåêñ çàäà÷è è êëàññû ðåøåíèé. Âàæíûì ïðèëîæåíèåì ÿâëÿåòñÿ
ïîñòðîåíèå öåëîãî êëàññà ÿâíî ðåøàåìûõ óðàâíåíèé Õàíêåëÿ íà ïîëóîñè. Íîðìè-
ðóåì êîýôôèöèåíòû:

a(ξ) = cosϕ(ξ), b(ξ) = sinϕ(ξ).

Òîãäà îïåðàòîð A∗A ÿâëÿåòñÿ îïåðàòîðîì Õàíêåëÿ:

A∗A[u](x) = πu(x) +

∞∫
0

k(x+ y)u(y) dy, k(t) =

∞∫
0

cos
(
ξt− 2ϕ(ξ)

)
dξ.

Òåîðåìà 1. Åñëè Ind exp
{
−iϕ

(
|ξ|
)

signξ
}

= 0, òî óðàâíåíèå Õàíêåëÿ

A∗A[u](x) = f(x), f(|x|) ∈ {{0}} (ñì. [1]),

èìååò åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå, ïðåäñòàâëÿåìîå êîíå÷íûìè êâàäðà-
òóðàìè.

Ë È Ò Å Ð À Ò Ó Ð À
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ÄÈÍÀÌÈÊÀ ÑÒÀÖÈÎÍÀÐÍÛÕ ÑÒÐÓÊÒÓÐ Â
ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÇÀÄÀ×Å ÍÀ ÎÒÐÅÇÊÅ

Íà îòðåçêå ðàññìàòðèâàåòñÿ äèíàìèêà ñòàöèîíàðíûõ ñòðóêòóð â ïàðàáîëè÷å-
ñêîì óðàâíåíèè [1]

∂u

∂t
= µ

∂2u

∂x2
+ u+ Λu2 − u3, 0 < x < π, t > 0 (1)

ñ êðàåâûìè óñëîâèÿìè âòîðîãî ðîäà:

ux(0, t) = 0, ux(π, t) = 0, (2)
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ãäå µ,Λ - ïîëîæèòåëüíûå ïàðàìåòðû.
Ìåòîäîì öåíòðàëüíûõ ìíîãîîáðàçèé äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è óñòîé-

÷èâîñòè ïðîñòðàíñòâåííî-íåîäíîðîäíûõ ñòàöèîíàðíûõ ðåøåíèé ϕ1(x, µ), ϕ1(π−
x, µ), îòâåòâëÿþùèõñÿ îò íóëåâîãî ðåøåíèÿ ïðè µ = 1. Óòâåðæäåíèÿ òåîðåìû î
ñóùåñòâîâàíèè, ôîðìå è óñòîé÷èâîñòè íîñÿò ëîêàëüíûé ïî ïàðàìåòðó µ õàðàê-
òåð. Ïðîâåä¼ííûå ÷èñëåííûå ðàñ÷¼òû ïîçâîëÿþò óòâåðæäàòü, ÷òî ïîëó÷åííûå â
òåîðåìå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèé ϕ1(x, µ), ϕ1(π − x, µ) â îêðåñò-
íîñòè µ = 1 ÿâëÿþòñÿ ïðèáëèæåííûìè ðåøåíèÿìè ðàññìàòðèâàåìîé çàäà÷è íà
äîñòàòî÷íî øèðîêîì èíòåðâàëå èçìåíåíèÿ ïàðàìåòðà µ.
Ïðè Λ = 0.001 áûë ïðîâåäåí àíàëèç ãàë¼ðêèíñêîé 30-òè ìîäîâîé àïïðîêñè-

ìàöèè çàäà÷è (1)-(2). Ñîãëàñíî ýòîìó àíàëèçó ñòàöèîíàðíûå ðåøåíèÿ ÿâëÿþòñÿ
íåóñòîé÷èâûìè ñ èíäåêñîì íåóñòîé÷èâîñòè 1 íà âñ¼ì ïðîìåæóòêå (0, 1) èçìåíåíèÿ
ïàðàìåòðà µ. Ïîä÷åðêí¼ì, ÷òî ïðè ìàëûõ µ ϕ1(x, µ) ÿâëÿåòñÿ ðåøåíèåì (1)-(2) òè-
ïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ ñ îäíîé òî÷êîé ïåðåõîäà, êîòîðàÿ ïðèáëèæàåòñÿ

ê 0 ïðè µ→ 0. Ïðè ïðîõîæäåíèè ïàðàìåòðà µ ÷åðåç çíà÷åíèå
1

k2
ïàðà ñòàöèîíàð-

íûõ ðåøåíèé u = ϕk(x, µ), u = ϕk(π − x, µ) ðîæäàåòñÿ íåóñòîé÷èâîé ñ èíäåêñîì
íåóñòîé÷èâîñòè k è ñîõðàíÿåò èíäåêñ íåóñòîé÷èâîñòè k ïðè äàëüíåéøåì óìåíü-
øåíèè ïàðàìåòðà µ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Õåíðè Ä. Ãåîìåòðè÷åñêàÿ òåîðèÿ ïîëóëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. Ì.: Ìèð. 1985.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÛÑÛÕÀÞÙÅÉ ÊÀÏËÈ
ÁÈÎËÎÃÈ×ÅÑÊÎÉ ÆÈÄÊÎÑÒÈ

Ïðè îïèñàíèè ìàòåìàòè÷åñêîé ìîäåëè âûñûõàþùåé êàïëè èñïîëüçîâàëàñü ñè-
ñòåìà óðàâíåíèé, îïèñûâàþùàÿ ñïëîøíóþ ñðåäó, ñîñòîÿùóþ èç óïðóãîãî êàðêàñà
è æèäêîñòè [1]

ρfvt = −∇p+ µ∆v + Γ(ut − v),

ρutt = divσ − Γ(ut − v),

σ = σe + σd + σa.

Çäåñü ρf , ρ � ïëîòíîñòè æèäêîñòè è óïðóãîãî êàðêàñà, p � äàâëåíèå, v � ñêîðîñòü
òå÷åíèÿ æèäêîñòè, µ � äèíàìè÷åñêàÿ âÿçêîñòü æèäêîñòè, u � âåêòîð ïåðåìåùå-
íèé óïðóãîãî êàðêàñà, Γ � òðåíèå ìåæäó êàðêàñîì è æèäêîñòüþ, σ � òåíçîð
íàïðÿæåíèÿ äëÿ êàðêàñà.
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Äëÿ èäåíòèôèêàöèè àêòèâíîé ÷àñòè òåíçîðà σa ê èñõîäíûì óðàâíåíèÿì ñëåäóåò
äîáàâëÿòü óðàâíåíèÿ, îïèñûâàþùèå õèìè÷åñêóþ êèíåòèêó ïðîöåññà.
Äëÿ îïèñàíèÿ ãðóáûõ ïðîñòðàíñòâåííûõ ñòðóêòóð, âîçíèêàþùèõ ïðè èñïàðåíèè

êàïëè, îêàçàëîñü äîñòàòî÷íûì ðàññìàòðèâàòü áåçäèññèïàòèâíûå ìîäåëè. Ïîâåäå-
íèå ñâîáîäíîé ïîâåðõíîñòè êàïëè h(r, t) â ïðåäïîëîæåíèè âðàùàòåëüíîé ñèììåò-
ðèè çàäàåòñÿ óðàâíåíèåì [2]

ηt + ηηr = −v0r
2,

ãäå v0 � ïàðàìåòð, ñâÿçàííûé ñî ñêîðîñòüþ èñïàðåíèÿ êàïëè.
Àíàëèç ðåçóëüòàòîâ ÷èñëåííîãî ðåøåíèÿ ìîäåëè ïîêàçàë âîçìîæíîñòü åå èñ-

ïîëüçîâàíèÿ äëÿ îïèñàíèÿ ïðîöåññà îáðàçîâàíèÿ ïðîñòðàíñòâåííûõ ñòðóêòóð ïðè
âûñûõàíèè êàïëè [3].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
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ÑÏÅÊÒÐÀËÜÍÛÅ È ÝÂÎËÞÖÈÎÍÍÛÅ ÇÀÄÀ×È
ÑÎÏÐßÆÅÍÈß

Íà áàçå îáùåãî ïîäõîäà ê èññëåäîâàíèþ àáñòðàêòíûõ êðàåâûõ çàäà÷ ñîïðÿæå-
íèÿ (ñì. [1], [2]) ðàçîáðàíû ñïåêòðàëüíûå çàäà÷è ñîïðÿæåíèÿ äëÿ îäíîé è äâóõ
îáëàñòåé. Â ðåçóëüòàòå èõ èññëåäîâàíèÿ âîçíèêàåò îïåðàòîðíûé ïó÷îê

L(λ, µ)ϕ := (I − µB2 − λ(A−1 +B3)− λ−1B4)ϕ = 0, ϕ ∈ H, λ, µ ∈ C,

H = L2(Ω), 0 6 Bk = B∗k ∈ S∞(H), k = 2, 4, 0 < A = A∗ ∈ S∞(H).

Ïó÷îê çàâèñèò îò äâóõ ïàðàìåòðîâ λ è µ. Ðàññìàòðèâàåòñÿ îáà âîçìîæíûõ ñëó-
÷àÿ, êîãäà îäèí èç ïàðàìåòðîâ ñïåêòðàëüíûé, à äðóãîé ÿâëÿåòñÿ ôèêñèðîâàííûì,
â çàâèñèìîñòè îò ýòîãî âûâåäåíû ñâîéñòâà ðåøåíèé. Â ÷àñòíîñòè, åñëè λ � ñïåê-
òðàëüíûé ïàðàìåòð, à µ � ôèêñèðîâàííûé è ìåíüøå íóëÿ, òî âîçíèêàåò õîðîøî
èçó÷åííûé îïåðàòîðíûé ïó÷îê Êðåéíà. Åñëè íàîáîðîò µ � ñïåêòðàëüíûé ïàðà-
ìåòð, à λ < 0 � ôèêñèðîâàííûé, òî ïî òåîðåìå Ãèëüáåðòà � Øìèäòà ñèñòåìà
ñîáñòâåííûõ ýëåìåíòîâ îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â H1 = H 	 H0. Åñ-
ëè λ � ñïåêòðàëüíûé ïàðàìåòð, Reµ 6 0, ïîëó÷àåì ñëàáî âîçìóùåííûé ïó÷îê
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Êðåéíà. Èìååòñÿ ïîëíîòà, àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé è áàçèñ ïî Àáåëþ
� Ëèäñêîìó. Åñëè µ � ñïåêòðàëüíûé ïàðàìåòð, Reλ 6 0, òî ïîëó÷àåì ñëàáîå âîç-
ìóùåíèå îïåðàòîðà B2, îäíó êîíå÷íóþ âåòâü ñïåêòðà, áåãóùóþ ê ∞ è áàçèñ ïî
Àáåëþ � Ëèäñêîìó.
Òàêæå èçó÷åíû íà÷àëüíî � êðàåâûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè, ïîðîæäà-

þùèå çàäà÷è ñîïðÿæåíèÿ. Ïîëó÷åíû òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ñèëüíîãî ðåøåíèÿ ñî çíà÷åíèÿìè â ñîîòâåòñòâóþùåì ãèëüáåðòîâîì ïðîñòðàíñòâå.
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ÇÀÄÀ×À ÒÈÏÀ ÃÈËÜÁÅÐÒÀ ÄËß ÓÐÀÂÍÅÍÈß
ÊÎØÈ�ÐÈÌÀÍÀ Ñ ÎÄÍÎÉ ÑÈËÜÍÎÉ ÎÑÎÁÎÉ ÒÎ×ÊÎÉ Â

ÌËÀÄØÅÌ ÊÎÝÔÔÈÖÈÅÍÒÅ

Ïóñòü îáëàñòüG ñîäåðæèò òî÷êó z = 0 è îãðàíè÷åíà ïðîñòûì ãëàäêèì êîíòóðîì
∂G, îðèåíòèðîâàííûì ïðîòèâ ÷àñîâîé ñòðåëêè. Óäîáíî ïîëîæèòü G0 = G \ {0},
Gε = G ∩ {|z| > ε} ñ ìàëûì ε > 0 è ïóñòü äëÿ êðàòêîñòè

ρ(z) = z̄|z|n−1, n > 1; ρ1(z) = |z|m, 0 < m < 1.

Â îáëàñòè G0 ðàññìîòðèì óðàâíåíèå Êîøè�Ðèìàíà ñ ñèíãóëÿðíûìè êîýôôèöè-
åíòàìè ñëåäóþùåãî âèäà:

uz̄ −
a

ρ
u+

b

ρ1
ū = f,

ãäå 2∂z = ∂x + i∂y, a, b ∈ C(G) è ïðàâîé ÷àñòüþ f ∈ Lp(G), ãäå è p > 2.
Ïîä åãî ðåøåíèåì ïîíèìàåòñÿ ôóíêöèÿ u ∈ C(G)∩C1(G0), äîïóñêàþùàÿ îáîá-

ùåííóþ ïðîèçâîäíóþ ïî z èç êëàññà Lp(Gε) äëÿ ëþáîãî ε > 0.
Îñíîâíàÿ öåëü ðàáîòû � ïîñòðîèòü ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ ýòîãî óðàâ-

íåíèÿ è èñïîëüçîâàòü ýòî ðåøåíèÿ äëÿ ïîñòàíîâêè è èññëåäîâàíèÿ êðàåâûõ çàäà÷è
òèïà Ãèëüáåðòà.
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WEAK FADDEEV-TAKHTAJAN-VOLKOV ALGEBRAS

In this article we will try to construct a new Poisson bracket on our simplest example
sl2 and then we will try to give a universal construction based on our universal variables
and then will try to construct latticeW2 algebras which will play a key role in our other
constructions on lattice W3 algebras and �nally we will try to �nd the only non trivial
dependent generator of our lattice W4 algebras and so on for lattice Wn algebras.
De�nition 1. Let us de�ne our lattice W-algebra based on its generators according

to [2] [1];
Generators of lattice W-algebra associated with simple Lie algebra g constitute the
functional basis of the space of invariants

τi := InvUq(n+)(Cq[X
ji
i |i ∈ Z])

with additional requirements HXji
i

(τi) = 0 and DXji
i

(τi) = 0. For D
(n)

Xji
i

:=

{SXji
i
, τ1[· · · , X1, X2, X3, · · · ]} and

HXji
i

:=
∑
i

Xi
∂τ1[· · · , X1, X2, X3, · · · ]

∂Xi

and SXji
i
the screening operators.

Main result 1. Lattice Wn algebra; main generator;
Here for sln, we skip to write down all steps which we have done in previous sections
and just will write down our main generator of the lattice Wn algebra.
The functional dependent nontrivial solution for the whole system of �rst order partial
di�erential equations will be as what comes in follow:

τ
(n)
1 =

( ∑
1≤i1≤i2···≤in−1≤2

x
(1)
i1
x

(2)
i2
· · ·x(n−1)

in−1

)( ∑
1≤i1≤i2···≤in−1≤2

x
(1)
i1+1x

(2)
i2+1 · · ·x

(n−1)
in−1+1

)

x
(1)
2 · · ·x

(n−1)
2

( ∑
1≤i1≤i2···≤in−1≤3

x
(1)
i1
x

(2)
i2
· · ·x(n−1)

in−1

) ;
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DESIGNING OF UNIFORMLY ATTRACTIVE SETS OF DYNAMICAL
SYSTEMS

The paper proposes a method of designing of simply connected compact surfaces
having a uniform attraction for the orbits of di�erentiable actions of the additive group
of real numbers. The results of the paper are based on the theory of stability of invariant
sets [1-3]. Consider a set of linear combinations on the domain Dn, ξ̄ (x, µ) = ξ̄α(x) +
µξ̄αβ(x, µ), x ∈ Dn , Dn ⊆ Rn, µ ∈ R,ξ̄α(x) and one-parameter set of �eld ξ̄αβ(x, µ),
so that �eld on ξ̄αβ(x, µ) de�nes a di�erentiable action of the additive group of real
numbers; �elds ξ̄αβ(x, µ) satisfy the equation:

n∑
i=1

ξαβ,i(x, µ)∂xiϕα(x)− ϕβ(x)ϕα(x) + µϕβ(x) = 0,

for µ ∈ =ε(0)\{0}, ϕα, ϕβ � some twice continuously di�erentiable functions, =ε(0)�
some zero neighborhood of the mapping image ϕα, β : Dn 7→ R. The main results of
the method are formulated in the following statement.

Theorem. Let a function ϕα(x) be positively de�ned invariant of the group gt
ξα
,

ϕβ(x)� sign- de�nite function. Then there exists a point µ0 ∈ =ε(0)\{0} such that
the set of mappings gt

ξ(x, µ0) is a group of di�eomorphisms of some compact domain G

bounded by the surface homeomorphic to the sphere Sn−1 with the properties: gt
ξ(x, µ0)∂G =

∂G, orbx0 ⊂ intG ∀x0 ∈ intG, orbx0 =
{

x ∈ intG|x = gt
ξ(x, µ0)x0, t ∈ R

}
, where

intG� interior of the domain G,orbx0� orbit of the point x0. Moreover if ϕβ(x) is
negatively de�ned on G, then the boundary ∂G contains a uniformly attracting set for
the orbits starting in the domain G; if ϕβ(x) is positively de�ned, then the boundary
∂G is the boundary of the domain G of uniform attraction of the vector �eld ξ̄(x, µ0)
zero.
The main results of the method are illustrated by a numerical simulation.
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ÝËËÈÏÒÈ×ÅÑÊÈÅ ÎÏÅÐÀÒÎÐÛ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÅ Ñ

ÃÐÓÏÏÀÌÈ ÊÂÀÍÒÎÂÀÍÍÛÕ ÊÀÍÎÍÈ×ÅÑÊÈÕ
ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ

Ñ ïðåäñòàâëåíèåì ãðóïïû Ëè G êâàíòîâàííûìè êàíîíè÷åñêèìè ïðåîáðàçîâà-
íèÿìè Φg : Hs(M) → Hs(M), g ∈ G, íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè M
àññîöèèðîâàí êëàññ G-îïåðàòîðîâ âèäà

D =

∫
G

DgΦgdg : Hs(M) −→ Hs(M), (1)

ãäå Dg � ãëàäêîå ñåìåéñòâî (ïñåâäî)äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà M . Â
äîêëàäå äà¼òñÿ ïîíÿòèå ñèìâîëà è óñòàíàâëèâàåòñÿ ôðåäãîëüìîâîñòü ýëëèïòè÷å-
ñêèõ îïåðàòîðîâ âèäà (1). Îòìåòèì, ÷òî îïåðàòîðû (1) ïðåäñòàâëÿþò èíòåðåñ ñî
ìíîãèõ òî÷åê çðåíèÿ. Íàïðèìåð, îíè èíòåðåñíû ñ òî÷êè çðåíèÿ íåêîììóòàòèâíîé
ãåîìåòðèè, òàê êàê ñèìâîëû òàêèõ îïåðàòîðîâ îáðàçóþò ñóùåñòâåííî íåêîììóòà-
òèâíûå àëãåáðû � ñêðåùåííûå ïðîèçâåäåíèÿ ñ ãðóïïîé G. Óêàæåì òàêæå, ÷òî
ðàíåå â ëèòåðàòóðå ðàññìàòðèâàëèñü G-îïåðàòîðû, â êîòîðûõ îïåðàòîðû Φg áûëè
ïðîñòî îïåðàòîðàìè ñäâèãà (çàìåíû ïåðåìåííûõ), èíäóöèðîâàííûìè äåéñòâèåì
ãðóïïû íà îñíîâíîì ìíîãîîáðàçèè.
Â íàøåé ðàáîòå ðàññìàòðèâàåòñÿ ñóùåñòâåííî áîëåå îáùèé ñëó÷àé êâàíòîâàí-

íûõ êàíîíè÷åñêèõ ïðåîáðàçîâàíèé. Îäíîé èç ìîòèâèðîâîê äëÿ òàêîãî îáîáùåíèÿ
ìîãóò ñëóæèòü íåäàâíèå ðàáîòû B�ar C., StrohmaierA. (2015) îá èíäåêñå êðàåâûõ
çàäà÷ äëÿ îïåðàòîðà Äèðàêà â ëîðåíöåâîé ãåîìåòðèè (â êîòîðîé ïðîáëåìà èí-
äåêñà ñâîäèòñÿ íà ãðàíèöó ê ò¼ïëèöåâó àíàëîãó îïåðàòîðà (1)), à òàêæå ðàáîòû
Walters S. (2015) ïî íåêîììóòàòèâíûì îðáèôîëäàì. Íàêîíåö, íàøè ðåçóëüòàòû â
êà÷åñòâå ÷àñòíûõ ñëó÷àåâ äàþò òåîðåìû êîíå÷íîñòè âî ìíîãèõ èçâåñòíûõ òåîðèÿõ
(â òðàíñâåðñàëüíîé ýëëèïòè÷åñêîé òåîðèè (Àòüÿ è Çèíãåð), â òåîðèè îïåðàòîðîâ
ñî ñäâèãàìè (Àíòîíåâè÷ è Ëåáåäåâ), â ñëó÷àå G-îïåðàòîðîâ, àññîöèèðîâàííûõ ñ
äåéñòâèÿìè êîìïàêòíûõ ãðóïï Ëè (Ñàâèí è Ñòåðíèí) è äð.)
Ðàáîòà ïîääåðæàíà Íåìåöêèì íàó÷íî-èññëåäîâàòåëüñêèì îáùåñòâîì (DFG) è

ÐÔÔÈ, ïðîåêòû No. 16-01-00373, 15-01-08392.
Ë È Ò Å Ð À Ò Ó Ð À

1. SavinA., SchroheE., SterninB. Elliptic operators associated with groups of quantized canonical transformations. ArXiv:
1612.02981. 2016.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÍÅËÈÍÅÉÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÅØÅÍÈß
ÇÀÄÀ×È ÒÅÏËÎÂÎÉ ÊÎÍÂÅÊÖÈÈ ÄËß ÈÑÏÀÐÅÍÈß ÊÀÏËÈ

ÆÈÄÊÎÑÒÈ

Ðàññìîòðåíà íåëèíåéíàÿ óñòîé÷èâîñòü ðåøåíèÿ êðàåâîé çàäà÷è, ïðåäñòàâëÿ-
þùåé ñîáîé ìîäåëü âûñûõàíèÿ òîíêîãî ñëîÿ íåâÿçêîé, íåòåìïåðàòóðîïðîâîäíîé
æèäêîñòè. Ðàññìàòðèâàþòñÿ: 1) ñòàíäàðòíûå îáåçðàçìåðåííûå óðàâíåíèÿ Îáåðáåêà-
Áóññèíåñêà, à òàêæå óðàâíåíèå äëÿ ïàññèâíîé ïðèìåñè äëÿ ñëó÷àÿ ¾ïðîòÿæåííîé¿
êàïëè [1], (ôóíêöèè íå çàâèñÿò îò ïåðåìåííîé y):

divv = 0; vt + v · ∇v = −∇q + µ4 v + (β0Θ− βcc) k (1)

Θt + v · ∇Θ = δ4Θ; ct + v · ∇c = Dc4c; (2)

ãäå v = (u,w), Θ, q, c � îáåçðàçìåðåííûå ïîëå ñêîðîñòåé, ïðèâåäåííàÿ òåìïåðà-
òóðà, êîíâåêòèâíîå äàâëåíèå, êîíöåíòðàöèÿ òâåðäîé ïðèìåñè; µ, β0, δ, Dc, βc �
êèíåìàòè÷åñêàÿ âÿçêîñòü, êîýôôèöèåíò òåìïåðàòóðíîãî ðàñøèðåíèÿ, òåìïåðàòó-
ðîïðîâîäíîñòü, êîýôôèöèåíòû äèôôóçèè ïðèìåñè è êîíöåíòðàöèîííîãî ñæàòèÿ;
2) êðàåâûå óñëîâèÿ íà ãðàíèöå äâóõôàçíîãî êîíòàêòà æèäêîñòü-òâåðäîå îñíîâà-
íèå: v = 0, Θ = 0; 3) êðàåâûå óñëîâèÿ íà ãðàíèöå z = h(x) äâóõôàçíîãî êîíòàêòà
æèäêîñòü-ïàð, ñîîòâåòñòâóþùèå óñëîâèþ ýíåðãåòè÷åñêîãî áàëàíñà, à òàêæå óñëî-
âèÿì áàëàíñà íîðìàëüíûõ è êàñàòåëüíûõ íàïðÿæåíèé íà ãðàíèöå êîíòàêòà [2]:

J +
(
E2D−2L−1

)
J3 = (Θxhx − Tz)

(
1 + h2

x

)−0,5
; (3)

−1, 5E2D−1J2 + q − 2
(
ux(h

2
x − 1)− hx(uz + wx)

) (
1 + h2

x

)−1
=

= −3S(1− CΘ)hxx
(
1 + h2

x

)−1,5
; (4)

(uz + wx)
(
1− h2

x

)
− 4uxhx = −2MP−1 (Θx + Θzhx)

(
1 + h2

x

)0,5
, (5)

ãäå J � ïîòîê èñïàðÿþùåéñÿ æèäêîñòè ÷åðåç ïîâåðõíîñòü, E, D, L, S, C, M , P
� ïàðàìåòðû. Çàäà÷à (1)� (5) èññëåäîâàíà íà óñòîé÷èâîñòü, ðàññìîòðåíû ñëó÷àè
ðàâíîâåñíîãî è êâàçèðàâíîâåñíîãî èñïàðåíèÿ ïðè ðàçëè÷íûõ ñîîòíîøåíèÿõ ìåæäó
ïàðàìåòðàìè ìîäåëè.

Ë È Ò Å Ð À Ò Ó Ð À
1. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â., Ïîëÿêîâà Í.Ì. Ìîäåëèðîâàíèå èñïàðåíèÿ êàïëè æèäêîñòè: ìîíîãðàôèÿ. Þæíûé

ôåäåðàëüíûé óíèâåðñèòåò. � Ðîñòîâ-íà-Äîíó: Èçäàòåëüñòâî Þæíîãî ôåäåðàëüíîãî óíèâåðñèòåòà, 2015.
2. Burelbach J. P., Banko� S.G., Davis S.H. Nonlinear stability of evapo- rating/condensing liquid �lms. J. Fluid Mech.

1988. Vol. 195, pp. 463�494.
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Nikita N. Senik (St. Petersburg, Russia)
nnsenik@gmail.com ON HOMOGENIZATION FOR LOCALLY

PERIODIC STRONGLY ELLIPTIC OPERATORS

In homogenization theory, one is interested in studying asymptotic properties of
solutions to di�erential equations with rapidly oscillating coe�cients. In this talk, we
consider such a problem for a matrix strongly elliptic operator Aε = − divA(x, x/ε)∇,
where A is Lipschitz in the �rst variable and periodic in the second. We do not require
that A∗ = A, so Aε need not be self-adjoint. It is well known that the resolvent
(Aε − µ)−1 converges, in some sense, as ε tends to 0. Here, we will discuss results
regarding convergence in the uniform operator topology on L2(Rd)n, the strongest type
of operator convergence. We present two terms in the approximation for (Aε − µ)−1

and a �rst term in the approximation for ∇(Aε − µ)−1. Particular attention will be
paid to the rates of the approximations.

L. I. Serbina (Ñòàâðîïîëü, Ðîñññèÿ)
lserbina@mail.com

ÎÁ ÎÄÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ
ÓÐÀÂÍÅÍÈß È ÅÅ ÏÐÈÌÅÍÅÍÈÈ

Îäíèì èç êëàññîâ êà÷åñòâåííî íîâûõ çàäà÷, íå èìåþùèõ àíàëîãîâ â ìàòåìà-
òè÷åñêîé ôèçèêå, ÿâëÿþòñÿ êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèéñ
÷àñòíûìè ïðîèçâîäíûìè ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè. Îñîáûé èíòåðåñ
ñðåäè íåëîêàëüíûõ çàäà÷ ïðåäñòàâëÿþò çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè.Ýòî îáúÿñíèìî òåì, ÷òî èìåÿ âàæíîå
ïðèêëàäíîå çíà÷åíèå, îíè âìåñòå ñ òåì ïîðîæäàþò áîëüøîå êîëè÷åñòâî âîïðîñîâ,
ñâÿçàííûõ ñ âîïðîñàìè èõ ðàçðåøèìîñòè. Â ðàáîòå, â ðàìêàõ ðåøåíèÿ ïðîáëåìû
òåîðåòè÷åñêîãî èññëåäîâàíèÿ â îáëàñòè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íåëèíåé-
íûõ ïðîöåññîâ ïåðåíîñà â âîäîíàñûùåííûõ ïîðèñòûõ ñðåäàõ, äëÿ êîòîðûõ õàðàê-
òåðíî íàëè÷èå îñîáûõ, òàê íàçûâàåìûõ àíîìàëüíûõ ðåæèìîâ, ðàññìàòðèâàåòñÿ
ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. Îòëè÷èòåëüíîé õàðàêòåðèñòèêîé ðàññìîòðåí-
íîé çàäà÷è è ïîèñêà ìåòîäà åå ðåøåíèÿ, ÿâëÿåòñÿ íàëè÷èå íåëîêàëüíîãî êðàåâîãî
óñëîâèÿ òèïà óñëîâèÿ Ñàìàðñêîãî, êîòîðîå íå ïîçâîëÿåò íåïîñðåäñòâåííî ïðèìå-
íÿòü äëÿ åå ðàçðåøèìîñòè èçâåñòíûå àíàëèòè÷åñêèå ìåòîäû.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ñåðáèíà Ë. È. . Äîêëàäû Àäûãñêîé (×åðêåññêîé) ìåæäóíàðîäíîé àêàäåìèè íàóê. 2014. Òîì. 16, �. 1, ñòð. 77�83.
2. Íàõóøåâ À.Ì. Íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèìåíåíèå.Ì: Íàóêà. 2012.
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ÏÐÎÅÊÖÈÎÍÍÛÉ ÌÅÒÎÄ ÃÀË�ÐÊÈÍÀ ÐÅØÅÍÈß
ÑÒÀÖÈÎÍÀÐÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÄÈÔÔÓÇÈÈ Â ÏÎËÓÁÅÑÊÎÍÅ×ÍÎÉ ÎÁËÀÑÒÈ

Ðàíåå [1, 2] íàìè áûëî ïðîâåäåíî îáîñíîâàíèå è ðàññìîòðåí âîïðîñ âû÷èñëè-
òåëüíîé óñòîé÷èâîñòè ìîäèôèöèðîâàííîé ïðîåêöèîííîé ñõåìû ìåòîäà íàèìåíü-
øèõ êâàäðàòîâ äëÿ ìîäåëèðîâàíèÿ îäíîìåðíîãî ïðîöåññà äèôôóçèè â ïîëóáåñêî-
íå÷íîé îáëàñòè. Ìîäåëüíûå ðàñ÷�åòû áûëè ïðîâåäåíû äëÿ ðàñïðåäåëåíèÿ íåîñíîâ-
íûõ íîñèòåëåé çàðÿäà, ãåíåðèðîâàííûõ â ïîëóïðîâîäíèêîâîì ìàòåðèàëå øèðîêèì
ýëåêòðîííûì ïó÷êîì.
Â íàñòîÿùåé ðàáîòå íà ïðèìåðå òð�åõìåðíîãî óðàâíåíèÿ äèôôóçèè ðàññìîòðå-

íû âîçìîæíîñòè èñïîëüçîâàíèÿ ïðîåêöèîííîãî ìåòîäà Ãàëåðêèíà äëÿ ðåøåíèÿ
ñòàöèîíàðíîãî óðàâíåíèÿ òåïëîìàññîïåðåíîñà â ïîëóáåñêîíå÷íîé îáëàñòè. Èñõîä-
íàÿ çàäà÷à ðåøåíà â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò, ðåøåíèå íàéäåíî â âèäå
÷àñòè÷íîé ñóììû äâîéíîãî ðÿäà Ôóðüå ïî ñèñòåìå ìîäèôèöèðîâàííûõ ôóíêöèé
Ëàãåððà. Óñòàíîâëåíà ñõîäèìîñòü íåâÿçêè, ñîîòâåòñòâóþùåé ïðèáëèæåííîìó ðå-
øåíèþ ñòàöèîíàðíîãî óðàâíåíèÿ äèôôóçèè. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ
äâóìåðíîé ìîäåëüíîé çàäà÷è.
Èññëåäîâàíèÿ ïðîâåäåíû ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 16�03�00515), à òàêæå ÐÔÔÈ
è ïðàâèòåëüñòâà Êàëóæñêîé îáëàñòè (ïðîåêò � 14�42�03062).
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êâàäðàòîâ äëÿ ìîäåëèðîâàíèÿ ðàñïðåäåëåíèÿ íåîñíîâíûõ íîñèòåëåé çàðÿäà, ãåíåðèðîâàííûõ ýëåêòðîííûì ïó÷êîì â îä-
íîðîäíîì ïîëóïðîâîäíèêîâîì ìàòåðèàëå. Ïîâåðõíîñòü. Ðåíòãåíîâñêèå, ñèíõðîòðîííûå è íåéòðîííûå èññëåäîâàíèÿ. 2013.
� 11, ñòð. 65�69.

2. Ñåðåãèíà Å.Â., Ñòåïîâè÷ Ì.À., Ìàêàðåíêîâ À.Ì. Ìîäèôèöèðîâàííàÿ ïðîåêöèîííàÿ ñõåìà ìåòîäà íàèìåíüøèõ
êâàäðàòîâ äëÿ ìîäåëèðîâàíèÿ êîíöåíòðàöèè íåîñíîâíûõ íîñèòåëåé çàðÿäà â ïîëóïðîâîäíèêîâûõ ìàòåðèàëàõ. Óñïåõè
ïðèêëàäíîé ôèçèêè. 2013. Òîì. 1, � 3, ñòð. 354�358.

Ì.Ì. Ñèðàæóäèíîâ, Ñ.Ï. Äæàìàëóäèíîâà (Ìàõà÷êàëà, Ðîññèÿ)
sirazhmagomed@yandex.ru, dzh-saida2012@yandex.ru

Î G-ÊÎÌÏÀÊÒÍÎÑÒÈ ÎÄÍÎÃÎ ÊËÀÑÑÀ ÝËËÈÏÒÈ×ÅÑÊÈÕ
ÎÏÅÐÀÒÎÐÎÂ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ1

Ïóñòü W0(Q) � ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Ñîáîëåâà W 2
2 (Q) êîìïëåêñíî-

çíà÷íûõ ôóíêöèé íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë R. È ïóñòü Λ : W0(Q)→ L2(Q)
1 Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (Ãðàíò �16-01-00508)
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îáðàòèìûé ýëëèïòè÷åñêèé îïåðàòîð âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè; Q � îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè ñ ãëàäêîé ãðàíèöåé. Ðàññìîòðèì êëàññ
A(ν0, ν1;Q) îïåðàòîðîâ, äåéñòâóþùèõ èç W0(Q) â L2(Q), âèäà

Au = µ1∂
2
zz̄u+ µ2∂

2
zzu+ µ3∂

2
z̄z̄u+ µ4∂

2
zz̄ū+ µ5∂

2
zzū+ µ6∂

2
z̄z̄ū,

ãäå ∂z̄ = 2−1(D1 + iD2), ∂z̄ = 2−1(D1 − iD2), i � ìíèìàÿ åäèíèöà, Dj = ∂/∂xj,
j = 1, 2; êîýôôèöèåíòû µj (j = 1, . . . , 6) � èçìåðèìûå êîìïëåêñíîçíà÷íûå ôóíê-
öèè, òàêèå ÷òî â ëþáîé ãëàäêîé îäíîñâÿçíîé ïîäîáëàñòè Q1 ⊂ Q èìåþò ìåñòî
íåðàâåíñòâà:

Re

∫
Q1

Au · Λv dx 6 ν1

(
Re

∫
Q1

AuΛu dx,

) 1
2

· ||Λu||L2(Q1),

||Λu||2L2(Q1) 6 ν0 Re

∫
Q1

AuΛu dx, u, v ∈ W0(Q1),

ãäå ν0, ν1 > 0 � ôèêñèðîâàííûå ïîñòîÿííûå.
Ëþáîé îïåðàòîð A : W0(Q)→ L2(Q) îáðàòèì è èìåþò ìåñòî îöåíêè

λ0||u||W 2
2 (Q1) 6 ||Au||L2(Q1) 6 λ1||u||W 2

2 (Q1), ∀u ∈ W0(Q1),

ãäå λ0, λ1 > 0 � êîíñòàíòû, çàâèñÿùèå òîëüêî îò ν0, ν1.

Îïðåäåëåíèå. Ñêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ {Ak} ⊂ A(ν0, ν1;Q)
G-ñõîäèòñÿ â îáëàñòè Q, åñëè èìååò ìåñòî ñëàáàÿ ñõîäèìîñòü A−1

k ⇀ A−1, ãäå
A ∈ A(ν0.ν1;Q).

Òåîðåìà. Êëàññ A(ν0.ν1;Q) G-êîìïàêòåí.

Àíàëîãè÷íûé ðåçóëüòàò äëÿ îïåðàòîðîâ ïåðâîãî ïîðÿäêà áûë ïîëó÷åí â [1].
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ÎÏÅÐÀÒÎÐÛ ÏÐÅÎÁÐÀÇÎÂÀÍÈß � ÈÑÒÎÐÈß È
ÑÎÂÐÅÌÅÍÍÛÅ ÐÅÇÓËÜÒÀÒÛ

Â äîêëàäå èçëàãàåòñÿ êðàòêàÿ èñòîðèÿ ìåòîäà îïåðàòîðîâ ïðåîáðàçîâàíèÿ, êî-
òîðûé èìååò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ, òåî-
ðèè ôóíêöèé è ôóíêöèîíàëüíîì àíàëèçå, äðîáíîì èñ÷èñëåíèè, â çàäà÷àõ, ñâÿçàí-
íûõ ñî ñïåöèàëüíûìè ôóíêöèÿìè è èíòåãðàëüíûìè ïðåîáðàçîâàíèÿìè, ïðèëîæå-
íèÿìè ê òåîðèè ðàññåÿíèÿ è îáðàòíûì çàäà÷àì, òîìîãðàôèè è ïðåîáðàçîâàíèþ
Ðàäîíà, à òàêæå ðÿäó äðóãèõ ïðèëîæåíèé.
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ÍÅËÈÍÅÉÍÛÉ ÀÍÀËÈÇ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÛÕ ÇÀÄÀ×
ÒÅÎÐÈÈ ÏËÀÑÒÈÍ È ÎÁÎËÎ×ÅÊ

Â ðàáîòå ðàññìàòðèâàåòñÿ øèðîêèé êëàññ çàäà÷ äèíàìèêè óïðóãîïëàñòè÷åñêèõ
öèëèíäðè÷åñêèõ ïàíåëåé/ïëàñòèí è ñôåðè÷åñêèõ îáîëî÷åê; ïðîâîäèòñÿ èíòåãðè-
ðîâàíèå íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, îïèñûâàþùèõ êîëåáàíèÿ
îáîëî÷åê êàê äëÿ ñæèìàåìîãî, òàê è äëÿ íåñæèìàåìîãî ìàòåðèàëà. Ìàòåìàòè÷å-
ñêàÿ ìîäåëü îáîëî÷êè ñîäåðæèò, ïîìèìî óðàâíåíèé äâèæåíèÿ, íà÷àëüíûõ è ãðà-
íè÷íûõ óñëîâèé, òàê íàçûâàåìûå îïðåäåëÿþùèå ñîîòíîøåíèÿ, óñòàíàâëèâàþùèå
ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè â ñëó÷àå ó÷¼òà ïëàñòè÷åñêèõ ñâîéñòâ
ìàòåðèàëà. Ðàçðàáîòàíû àëãîðèòìû ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé ìàòå-
ìàòè÷åñêîé ìîäåëè. Ââîäèòñÿ ïîíÿòèå ¾óíèâåðñàëüíîé êðèâîé¿ çàâèñèìîñòè ìåæ-
äó èíòåíñèâíîñòÿìè íàïðÿæåíèé è äåôîðìàöèé [1]. Äâèæåíèå èçîáðàæàþùåé òî÷-
êè ïî äàííîé êðèâîé îòðàæàåò ïðîöåññ óïðóãîïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ýëå-
ìåíòà îáîëî÷êè â êàæäûé ìîìåíò âðåìåíè. Äëÿ ó÷¼òà ïëàñòè÷åñêèõ ñâîéñòâ ìà-
òåðèàëà ïðèìåíÿþòñÿ ìîäèôèöèðîâàííûå ñîîòíîøåíèÿ äåôîðìàöèîííîé òåîðèè
Ãåíêè�Íàäàè�Èëüþøèíà. Àëãîðèòìû ÷èñëåííîãî èíòåãðèðîâàíèÿ ó÷èòûâàþò âîç-
ìîæíîñòü íåîäíîêðàòíîãî óïðî÷íåíèÿ ìàòåðèàëà ýëåìåíòà îáîëî÷êè ïîñëå ïðåä-
øåñòâóþùåé ðàçãðóçêè. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ êîëåáàíèé è
äèíàìè÷åñêîãî ïðîù¼ëêèâàíèÿ öèëèíäðè÷åñêèõ ïàíåëåé, àðîê è ñôåðè÷åñêèõ îáî-
ëî÷åê è èõ ñðàâíåíèå ñ ðåçóëüòàòàìè äðóãèõ àâòîðîâ, ïîëó÷åííûõ ñ ïðèìåíåíèåì
ðàçëè÷íûõ âàðèàíòîâ òåîðèè òå÷åíèÿ. Êðîìå ýòîãî, ÷èñëåííî ïîäòâåðæäàåòñÿ ðå-
çóëüòàò (àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ) î ïðåäåëüíîì ïåðåõîäå îò óðàâíåíèé
êîëåáàíèé óçêèõ óïðóãèõ öèëèíäðè÷åñêèõ ïàíåëåé ñî ñâîáîäíûìè ïðîäîëüíûìè
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ãðàíèöàìè ê ñîîòâåòñòâóþùèì óðàâíåí6èÿì àðêè è â ñëó÷àå óïðóãîïëàñòè÷åñêîé
îáîëî÷êè [1].
Algorithms of numerical integration have been developed and applied to the problems

of elastic-plastic shells oscillations and dynamical buckling. The results of numerical
analysis have been considered.
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ÃÐÀÍÈ×ÍÎÅ ÈÍÒÅÃÐÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ ÄËß
ÀÝÐÎÄÈÍÀÌÈ×ÅÑÊÎÃÎ ÏÐÎÔÈËß Ñ ÎÑÒÐÎÉ ÇÀÄÍÅÉ

ÊÐÎÌÊÎÉ, ÎÁÅÑÏÅ×ÈÂÀÞÙÅÅ ÓÑËÎÂÈÅ
ÊÓÒÒÀ-ÆÓÊÎÂÑÊÎÃÎ

Çàäà÷à îáòåêàíèÿ êðûëîâîãî ïðîôèëÿ ïîòîêîì èäåàëüíîé íåñæèìàåìîé æèä-
êîñòè ìîæåò áûòü ñâåäåíà ê ãðàíè÷íîìó èíòåãðàëüíîìó óðàâíåíèþ (ÃÈÓ) îòíî-
ñèòåëüíî íîðìàëüíîé ïðîèçâîäíîé ôóíêöèè òîêà ψ íà ãðàíè÷íîì êîíòóðå ` ïðî-
ôèëÿ: ∫

`

∂ψ(y)

∂ny
Φ(x, y)d`y = v0x2, x = (x1, x2) ∈ `, y = (y1, y2), (1)

ãäå Φ(x, y) = − ln |x−y|/(2π) � äâóìåðíàÿ ôóíêöèÿ Ãðèíà äëÿ îïåðàòîðà Ëàïëàñà,
v0 � ñêîðîñòü íàáåãàþùåãî ïîòîêà âäîëü îñè x1.
Îáû÷íî ïðîôèëü îáëàäàåò îñòðîé çàäíåé êðîìêîé, êîòîðàÿ äîëæíà îáåñïå÷è-

âàòü ñõîä ñ íåå ïîòîêà. Ìàòåìàòè÷åñêè ýòî âûðàæàåòñÿ ãèïîòåçîé Êóòòà-Æóêîâñêîãî
(Ê-Æ), óòâåðæäàþùåé, ÷òî â îêðåñòíîñòè ýòîé êðîìêè ðåøåíèå óðàâíåíèÿ (1)
äîëæíî îñòàâàòüñÿ îãðàíè÷åííûì. Ìåæäó òåì, ïðÿìîå ÷èñëåííîå ðåøåíèå óðàâ-
íåíèÿ (1) óäîâëåòâîðÿåò ãèïîòåçå Ê-Æ ëèøü äëÿ ñèììåòðè÷íûõ ïðîôèëåé. Ìíîãî-
÷èñëåííûå ðàñ÷åòû ïîêàçûâàþò, ÷òî äëÿ íåñèììåòðè÷íîãî ïðîôèëÿ êðèòè÷åñêàÿ
òî÷êà íèêîãäà íå âûõîäèò íà îñòðóþ êðîìêó, ÷òî íàðóøàåò óñëîâèå Ê-Æ.
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîä, êîòîðûé ïîçâîëÿåò ïðåîäîëåòü ýòó òðóä-

íîñòü. Â ïîòîê äîáàâëÿåòñÿ âèõðü çàðàíåå íåèçâåñòíîé èíòåíñèâíîñòè ñ öåíòðîì,
ðàñïîëîæåííûì âíóòðè êîíòóðà (äëÿ èñêëþ÷åíèÿ îñîáåííîñòåé ðåøåíèÿ âíå êîí-
òóðà `). Ïðè ýòîì âìåñòî (1) èìååì óðàâíåíèå∫

`

∂ψ(y)

∂ny
Φ(x, y)d`y = v0x2 + A ln(x2

1 + x2
2), x ∈ `, (2)



¾Table of contents¿

Di�erential Equations and Mathematical Physics 127

ãäå A - íåèçâåñòíàÿ êîíñòàíòà, ñâÿçàííàÿ ñ èíòåíñèâíîñòüþ âèõðÿ. Ðåøåíèå óðàâ-
íåíèÿ (2) çàâèñèò îò êîíñòàíòû A, êîòîðàÿ íàõîäèòñÿ èç óñëîâèÿ Ê-Æ îá îãðàíè-
÷åííîñòè ðåøåíèÿ íà îñòðîé êðîìêå.
Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ, ïðîåêò 9.5794.2017/Á×.

T.A. Suslina (St. Petersburg, Russia)
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HOMOGENIZATION OF HIGHER-ORDER ELLIPTIC EQUATIONS
WITH PERIODIC COEFFICIENTS

In L2(Rd;Cn), we consider a selfadjoint strongly elliptic operator

Aε = b(D)∗g(x/ε)b(D), ε > 0.

Here g(x) is a periodic bounded and positive de�nite matrix-valued function, b(D) is a
matrix di�erential operator of order p. It is assumed that the symbol b(ξ) has maximal
rank. We study the behavior of the resolvent (Aε − ζI)−1, where ζ = |ζ|eiϕ ∈ C \R+,
for small ε. In [1], it was proved that

‖(Aε − ζI)−1 − (A0 − ζI)−1‖L2(Rd)→L2(Rd) ≤ C1(ϕ)ε|ζ|−1+1/2p, (1)

‖(Aε − ζI)−1 − (A0 − ζI)−1 − εpK(ε; ζ)‖L2(Rd)→Hp(Rd)

≤ C2(ϕ)ε
(
|ζ|−1+1/2p + |ζ|−1/2+1/2p

)
, (2)

for 0 < ε ≤ 1. Here A0 = b(D)∗g0b(D) is the e�ective operator and K(ε; ζ) is a
corrector (note that ‖K(ε; ζ)‖L2→Hp = O(ε−p)). Estimates (1) and (2) are order-sharp
for small ε.
Now, let O ⊂ Rd be a bounded domain of class C2p. By AD,ε we denote the operator

in L2(O;Cn) given by b(D)∗g(x/ε)b(D) with the Dirichlet boundary condition. In [2],
the following error estimates are proved for 0 < ε ≤ ε0 (ε0 is su�ciently small) and
ζ ∈ C \ R+, |ζ| ≥ 1:

‖(AD,ε − ζI)−1 − (A0
D − ζI)−1‖L2(O)→L2(O) ≤ C3(ϕ)ε|ζ|−1+1/2p, (3)

‖(AD,ε − ζI)−1 − (A0
D − ζI)−1 − εpKD(ε; ζ)‖L2(O)→Hp(O)

≤ C4(ϕ)
(
ε1/2|ζ|−1/2+1/4p + εp

)
. (4)

Here A0
D is the e�ective operator and KD(ε; ζ) is the corresponding corrector. Estimate

(3) is order-sharp for small ε. The order of estimate (4) is worse than the order of (2)
because of the boundary layer e�ect.
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The constants Cj(ϕ), j = 1, . . . , 4, are uniformly bounded in any sector ϕ0 ≤ ϕ ≤
2π−ϕ0 with ϕ0 > 0. The analogs of (3), (4) for ζ ∈ C \R+, |ζ| < 1, are also obtained
(with di�erent dependence on ζ).

R E F E R E N C E S
1. Kukushkin A.A., Suslina T.A. Homogenization of high-order elliptic operators with periodic coe�cients. Algebra i Analiz.

2016. Vol. 28, No. 1, pp. 89�149.
2. Suslina T.A. Homogenization of the Dirichlet problem for higher-order elliptic equations with periodic coe�cients. Algebra

i Analiz. 2017. Vol. 29, No. 2, pp. 139�192.

E.V. Tyurikov (Rostov-on-Don)
etyurikov@hotmail.com

SOME NEW RESULTS ON THE MEMBRANE THEORY OF CONVEX
SHELLS

The systematic application of methods of complex analysis to study primary objective
of the general (moment) theory of shallow shells was laid in the works of I. N. Vekua.
The task of building a membrane theory of convex shells with piecewise smooth edge
(i. e., with piecewise smooth boundary to its medial surface) was made by A. L. Golden-
veizer [1]. Signi�cant progress in this direction is connected with the fundamental work
of I. N. Vekua [2], which developed a general method for the study of common problems
of the membrane theory of convex shells of arbitrary shape with a smooth edge and
any number of holes. De�ning fact here is that momentless stressed equilibrium state
of the shell is completely determined by the solution of Riemann�Hilbert with Gilderoy
coe�cient boundary conditions for generalized analytic functions. However, the tasks
for a membrane with piecewise smooth edge provided by A. L. Goldenveizer no longer
�t into the framework of the mathematical part of the theory of I. N. Vekua. Its further
development in the author's works [3] with application to problems of the theory of
in�nitesimal bending leads to the necessity of such formulation of a boundary problem,
which would take into account the speci�city of the stress equilibrium provided the
concentration of stresses at corner points. Such a formulation is given for the shell with
middle surface connected with the use of special boundary conditions of the Riemann�
Hilbert problem, which allows to give a transparent geometric interpretation of the
stress state of equilibrium provided the concentration of stresses at corner points, and
also ¾to compare¿ the di�erent states of equilibrium. This approach combined with
technique [3] allows to formulate a criterion for the correctness of the task. The class
of shells for which the task is quasicorrect has been allocated.
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ÐÅØÅÍÈÅ ÒÈÏÀ ÁÅÃÓÙÅÉ ÂÎËÍÛ Â ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ
ÇÀÄÀ×Å

Íà îêðóæíîñòè ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêàÿ çàäà÷à ñ ïðåîáðàçîâàíèåì ïî-
âîðîòà

vt + Lv = Λ
1

6
·Qv3, (1)

ãäå L = L(D) = 1 − D4 + ΛQ, îïåðàòîð Qv(x, t) = v(x + 2π
3 , t) ñ óñëîâèÿìè íà

îêðóæíîñòè v(x, t) = v(x+ 2π, t).
Äëÿ íàõîæäåíèÿ ðåøåíèé óðàâíåíèÿ (1) ñòðîèòñÿ ãàëåðêèíñêàÿ àïïðîêñèìàöèÿ

â âèäå

v =
N∑
k=1

zk exp(ikx) +
N∑
k=1

zk exp(−ikx),

êîòîðàÿ ïðèâîäèò óðàâíåíèå (1) ê ñèñòåìå

żk = λkzk + gk(z, z),

żk = λkzk + gk(z, z), k = 1, N,

ãäå λk = −1− k2D − Λ exp(ik 2π
3 ), λk = −1− k2D − Λ exp(−ik 2π

3 ).
Ïðè óìåíüøåíèè ïàðàìåòðà D è åãî ïðîõîäå ÷åðåç êðèòè÷åñêîå çíà÷åíèå D∗,

òàêîå ÷òî Re(λ1(D
∗)) = 0 íóëåâîå ðåøåíèå (1) òåðÿåò óñòîé÷èâîñòü êîëåáàòåëüíûì

îáðàçîì. Â ðåçóëüòàòå îò íóëåâîãî ðåøåíèÿ (1) îòâåòâëÿåòñÿ ïåðèîäè÷åñêîå ïî t
ðåøåíèå òèïà áåãóùåé âîëíû.
Â ðàáîòàõ [1,2] èññëåäîâàëèñü ðåøåíèÿ óðàâíåíèÿ (1) ñ ïðåîáðàçîâàíèåì îòðà-

æåíèÿ Qv(x, t) = v(π − x, t).
Ë È Ò Å Ð À Ò Ó Ð À

1. Õàçîâà Þ.À. Ñòàöèîíàðíûå ñòðóêòóðû â ïàðàáîëè÷åñêîé çàäà÷å ñ îòðàæåíèåì ïðîñòðàíñòâåííîé ïåðåìåííîé //
Òàâðè÷åñêèé âåñòíèê èíôîðìàòèêè è ìàòåìàòèêè. 2015. Ò. 28. � 3 C. 82-95.

2. Õàçîâà Þ.À. Ñòàöèîíàðíûå ñòðóêòóðû â ïàðàáîëè÷åñêîé çàäà÷å ñ îòðàæåíèåì ïðîñòðàíñòâåííîé ïåðåìåííîé //
Àêòóàëüíûå íàïðàâëåíèÿ íàó÷íûõ èññëåäîâàíèé XXI âåêà: òåîðèÿ è ïðàêòèêà. 2015. � 8-4 (19-4). C. 314-317.

S.A. Khoury (Sharjah, UAE)
skhoury@aus.edu

SOLUTION OF STOKES FLOW PROBLEMS THAT ARE MODELED
BY THE BIHARMONIC EQUATION: A BIORTHOGONALITY

CONDITION APPROACH

In this talk, an approach is presented and described for the solution of a class of
partial di�erential equations that model creeping viscous incompressible �ow through
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cavities that arise in �uid dynamics (see [1] and [2] and the references therein). Such
�ows are modeled by the biharmomic equation. The strategy leads to the development
of a class of biorthogonality conditions and an algorithm for the computation of the
coe�cients in the eigenfunction expansion. Properties of solutions of the biharmonic
equation as well as the more general polyharmonic equation are explored. Numerical
experiments will be reported to con�rm the validity and applicability of the proposed
strategy.

R E F E R E N C E S
1. Khuri S.A. and Wang C.Y. Stokes �ow around a bend. Quarterly of Applied Mathematics. 1997. Vol. 55, No. 3, pp. 573�

600.
2. Khuri S.A. Biorthogonal series solution of Stokes �ow problems in sectorial regions. 1996. Vol. 56, No. 1, pp. 19�39.

M.M. Kabardov , B.A. Plamenevskii, O.V. Sarafanov, N.M. Sharkova
(Saint-Petersburg, Russia)

kabardov@bk.ru, boris.plamen@gmail.com, oleg.saraf@gmail.com,
n-sharkova@yandex.ru

ASYMPTOTIC AND NUMERICAL STUDY OF TWO CHANNEL
RESONANT TUNNELING OF ELECTRONS IN TWO-DIMENSIONAL

QUANTUM WAVEGUIDES

The waveguide coincides with a strip having two narrows of width ε. The electron
wavefunction satis�es the Dirichlet boundary value problem for the Helmholtz equation.
The part of the waveguide between the narrows acts as a resonator and there may arise
conditions for electron resonant tunneling. We use the asymptotic formulas ([1] and
[2]) for the wavefunction and the transmission and re�ection coe�cients as ε→ 0. The
results of the asymptotics are compared with those of numerical computations of the
waveguide scattering matrix on the interval between the second and third thresholds.
This comparison allows to �nd the range of the parameter ε where the asymptotic and
numerical approaches are consistent. Besides we discussed some threshold phenomenon
[3].

R E F E R E N C E S
1. Baskin L.M., Neittaanm�aki P., Plamenevskii B.A., Sarafanov O.V. Resonant tunneling (Subtitle: Quantum waveguides

of variable cross-section, Asymptotics, Numerics, and Applications), Springer International Publishing, Switzerland, Monograph,
275 pages , 2015.

2. Baskin L.M., Neittaanm�aki P., Plamenevskii B.A., Sarafanov O.V. Asymptotic theory of resonant tunneling in 3D
quantum waveguides of variable cross-section, SIAM J. Appl. Math., 70 (2009), no. 5, pp. 1542�1566.

3. Kabardov, M.M., Plamenevskii, B.A., Sharkova, N.M. Computation of waveguide scattering matrix near thresholds,
Applicable Analysis, pp. 1-8.
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E. L. Shishkina (Voronezh, Russia)
ilina_dico@mail.ru

SINGULAR CAUCHY PROBLEM FOR THE B-HYPERBOLIC
EQUATION

Let R+
n={x=(x1, . . . , xn) ∈ Rn, x1>0, . . . , xn>0}, γ=(γ1, . . ., γn) is a multi-index

consisting of the �xed positive numbers γi > 0, i=1, ..., n and |γ|=γ1+. . .+γn.
Following [1] we will solve the singular Cauchy problem for the equation

n∑
i=1

∂2v

∂x2
i

+
γi
xi

∂v

∂xi
=
∂2v

∂t2
+
k

t

∂v

∂t
, i = 1, ..., n, 0 < k < 1 (1)

with the initials conditions

v(x, 0) = 0, lim
t→0

tk
∂v

∂t
= ϕ(x). (2)

Let q ≥ 0 is the smallest positive integer number such that 2 − k + 2q > n + |γ| − 1
then we have the formula for the solution of (1)-(2) for appropriate function ϕ:

v =

Γ
(

3−k
2

) n∏
i=1

Γ
(
γi+1

2

)
Γ
(

2−k+2q−n−|γ|+1
2

)
2n+q(1− k)Γ

(
3−k+2q

2

)
Γ
(

2−k+2q
2

) (
1

t

∂

∂t

)q
×

×

t1−k+2q

∫
B+

1 (n)

[ γT tyf(x)](1− |y|2)
2−k+2q−n−|γ|−1

2 yγdy

 ,

whereB+
1 (n)={y∈R+

n :
n∑
i=1

y2
i ≤ 1} and γT ty is multidimensional generalized translation

(see [2]).
R E F E R E N C E S

1. Tersenov S.A. Introduction in the theory of equations degenerating on a boundary. USSR, Novosibirsk state university.
1973. (In Russian).

2. Lyakhov L.N., Polovinkin I. P., Shishkina E. L. Formulas for the Solution of the Cauchy Problem for a Singular Wave
Equation with Bessel Time Operator. Doklady Mathematics. 2014. Vol. 90, No. 3, pp. 737�742.

À.ß. ßêóáîâ,ß.À. ßêóáîâ, (Ãðîçíûé, Ðîññèÿ)
Ë.Ä. Øàíêèøâèëè (Òáèëèñè, Ãðóçèÿ)

yakub@inbox.ru
ÏÐÎÁËÅÌÀ ×ÅÁÛØÅÂÀ ÎÁ ÈÍÒÅÃÐÀËÜÍÛÕ

ÍÅÐÀÂÅÍÑÒÂÀÕ
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Ñòàòüè ×åáûøåâà [1] è [2] ïîñâÿùåíû èçó÷åíèþ ñâîéñòâ äîïîëíèòåëüíîãî ÷ëåíà
Rn â îáîáùåííîé ôîðìóëå Ïàðñåâàëÿ. Â ÷àñòíîì ñëó÷àå n = 1 ×åáûøåâ ïîëó÷èë
îöåíêó âàðèàöèîííîãî õàðàêòåðà∫ b

a

pdt

∫ b

a

pfgdt−
∫ b

a

pfdt

∫ b

a

pgdt = q 6≡ 0

×åáûøåâ óñòàíîâèë, ÷òî â êëàññå ìîíîòîííûõ íà îòðåçêå [a, b] ôóíêöèé, âåëè-
÷èíà q ñîõðàíÿåò îäèí è òîò æå çíàê íà âñåì îòðåçêå [a, b].
Ýòîò ðåçóëüòàò ×åáûøåâà îáðàòèë íà ñåáÿ îñîáîå âíèìàíèå ìíîãèõ ó÷åíûõ ìà-

òåìàòèêîâ êàê îòå÷åñòâåííûõ òàê è çàðóáåæíûõ.
Âîçíèêëà ïðîáëåìà: "Îïèñàòü âñå èçìåðèìûå ôóíêöèè, çàäàííûå íà îòðåçêå

[a, b], äëÿ êîòîðûõ ñïðàâåäëèâ ðåçóëüòàò ×åáûøåâà".
Â ýòîé ðàáîòå ââîäÿòñÿ ñïåöèàëüíûå êëàññû èíòåãðàëüíî ñèíõðîííûõ ôóíêöèé,

â êîòîðûõ ðåçóëüòàòû ×åáûøåâà âûïîëíÿþòñÿ ñ íåîáõîäèìîñòüþ.

Îïðåäåëåíèå 1. Èçìåðèìûå ôóíêöèè f, g, çàäàííûå íà îòðåçêå [a, b], áóäåì
íàçûâàòü èíòåãðàëüíûìè ñèíõðîííûìè íà [a, b], åñëè ñóùåñòâóåò ÷èñëî q > 0
òàêîå, ÷òî ñïðàâåäëèâî ñîîòíîøåíèå∫ b

a

∫ b

a

p(t)p(τ)[f(t)− f(τ)][g(t)− g(τ)]dtdτq > 0

íà âñåõ ïîäèíòåðâàëàõ [α, β] ∈ [a, b], a ≤ α, β ≤ b
ãäå p - íåêîòîðàÿ âåñîâàÿ ôóíêöèÿ.
Çàìåòèì çäåñü, ÷òî êëàññ IS äîñòàòî÷íî øèðîê, îí ñîäåðæèò êëàññû Áýðà K0,

K1, K2.
Ë È Ò Å Ð À Ò Ó Ð À
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Session IV

Hausdor� Operators and Related
Topics
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R.A. Bandaliyev (Baku, Azerbaijan)
bandaliyev.rovshan@math.ab.az

THE BOUNDEDNESS OF HAUSDORFF OPERATOR IN LP SPACES
FOR 0 < P < 1

The investigation of Hausdor� operator can be traced back to 1917 by Hurwitz
and Silverman in [1] with summability of number series. Therefore Hausdor� operator
have become an essential part of modern harmonic analysis. In particular, the study of
Hausdor� operator has attracted resurgent attentions in recent years. The Hausdor�
operator has received extensive study in recent years, particularly its boundedness on
the Lebesgue space Lp and the Hardy space Hp (see [2]-[4]).
For a �xed function φ ∈ Lloc1 (0,∞) the one-dimensional Hausdor� operator is de�ned

in the integral form by

Hφ(f)(x) =

∞∫
0

φ
(
x
y

)
y

f(y) dy.

Remark 1. Many important operators of harmonic analysis are special cases of the

Hausdor� operator, by taking suitable choice of φ. For example, the Hardy operator, the
adjoint Hardy operator, the Ces�aro operator, the Hardy-Littlewood-P�olya operator, the
Riemann- Liouville fractional derivatives and others can be derived from the Hausdor�
operator.
In this report we study the boundedness of Hausdor� operator in Lebesgue spaces Lp

for 0 < p < 1. Moreover, we investigate boundedness of Hausdor� operator in variable
Lebesgue spaces.
This is joint work with Przemys law G�orka.

R E F E R E N C E S
1. Hurwitz W.A., Silverman L. L. The consistency and equivalence of certain de�nitions of summabilities. Trans. Amer.

Math. Soc. 1917. Vol. 18, No. 1, pp. 1�20.
2. Li�yand E., Miyachi A. Boundedness of the Hausdor� operators in Hp spaces, 0 < p < 1. Studia Math. 2009. Vol. 194,

No. 3, pp. 279�292.
3. Li�yand E. Hausdor� operators on Hardy spaces. Eurasian Math. J. 2013. Vol. 4, No. 4, pp. 101�141.
4. Ruan J., Fan D. Hausdor� operators on the power weighted Hardy spaces. J. Math. Anal. Appl. 2016. Vol. 433, No. 1,

pp. 31�48.

S. Tikhonov (ICREA, Spain)
tikhonov.work@gmail.com

OLD AND NEW RESULTS ON POLYNOMIAL INEQUALITIES

In this talk, we will discuss several basic polynomial inequalities (Bernstein, Remez,
Nikolskii). In particular, recent results on their interrelations as well as inequalities for
hyperbolic cross polynomials will be surveyed.
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Session V

Probability-Analytical Models and
Methods



¾Table of contents¿

Probability-Analytical Models and Methods 136

Ý.Ì. Àñàäóëëèí (Óôà, Ðîññèÿ)
mrsine@mail.ru

Î ÑÏÎÑÎÁÅ ÌÎÄÅËÈÐÎÂÀÍÈß ÄÈÔÔÓÇÈÎÍÍÛÕ
ÏÐÎÖÅÑÑÎÂ Ñ ÇÀÂÈÑÈÌÛÌÈ ÂÈÍÅÐÎÂÑÊÈÌÈ

ÏÐÎÖÅÑÑÀÌÈ Â ÇÀÄÀ×Å ÔÈËÜÒÐÀÖÈÈ

Äëÿ ìîäåëèðîâàíèÿ çàäà÷è ôèëüòðàöèè äèôôóçèîííûõ ïðîöåññîâ ñ çàâèñèìû-
ìè âèíåðîâñêèìè ïðîöåññàìè íåîáõîäèìî ïîëó÷èòü (ñìîäåëèðîâàòü) òðàåêòîðèè
ðàññìàòèðèâàåìûõ â çàäà÷å äèôôóçèîííûõ ïðîöåññîâ, êîòîðûå ÿâëÿþòñÿ ðåøå-
íèåì ñèñòåìû óðàâíåíèé Èòî:
dx(t) = b1(t, x(t), y(t))dt+ σ1(t, x(t), y(t))dWt,
dy(t) = b2(t, x(t), y(t))dt+ σ2(t, y(t))dNt,

ãäå Wt è Nt � çàâèñèìûå âèíåðîâñêèå ïðîöåññû, òàêèå ÷òî:

E(W 2
t ) =

t∫
0

Q(s)ds, E(N 2
t ) =

t∫
0

R(s)ds, E(WtNt) =
t∫

0

S(s)ds.

Ìîäåëèðîâàíèå òðàåêòîðèé x(t) è y(t) ìîæíî ðàçäåëèòü íà äâà ýòàïà: ìîäåëèðî-
âàíèå òðàåêòîðèé çàâèñèìûõ âèíåðîâñêèõ ïðîöåññîâ è ìîäåëèðîâàíèå òðàåêòîðèé
äèôôóçèîííûõ ïðîöåññîâ ñ èñïîëüçîâàíèåì ïîëó÷åííûõ òðàåêòîðèé âèíåðîâñêèõ
ïðîöåññîâ.
Îêàçûâàåòñÿ, ÷òî òðàåêòîðèè âèíåðîâñêèõ ïðîöåññîâ Wt è Nt ñ òðåáóåìûìè ïà-

ðàìåòðàìè êîððåëèðîâàííîñòè ìîæíî ïîëó÷èòü èç òðàåêòîðèé ñòàíäàðòíûõ íåçà-
âèñèìûõ âèíåðîâñêèõ ïðîöåññîâ w1(t), w2(t) ïî ôîðìóëàì

v1(t) = w1(t)
√
Q(t)− S2(t)

R(t) + w2(t)
√

S2(t)
R(t) + C1(t),

v2(t) = w2(t)
√
R(t) + C2(t),

ãäå ôóíêöèè C1(t) è C2(t) � ðåøåíèÿ ñëåäóþùèé óðàâíåíèé:

C ′1(t) = −
w1(t)

(
Q(t)−S

2(t)
R(t)

)′
2
√
Q(t)−S

2(t)
R(t)

−
w2(t)

(
S2(t)
R(t)

)′
2
√

S2(t)
R(t)

, C ′2(t) = −w2(t)R′(t)

2
√
R(t)

.

Äèôôóçèîííûå ïðîöåññû èìåþò ñëåäóþùóþ ñòðóêòóðó:
x(t) = ϕ(t,W (t)) = x̃(t,W (t) + C1(t)),
y(t) = ψ(t, N(t))) = ỹ(t, N(t) + C2(t)),

ãäå x̃ è ỹ � èçâåñòíûå ôóíêöèè, ïîëó÷åííûå èç öåïî÷êè óðàâíåíèé∫
dϕ

σ1(t,ϕ,ψ(t,N(t))) = u1 + C1(t),
∫

dψ
σ2(t,ψ) = u2 + C2(t),

Íà íåèçâåñòíûå ôóíêöèè C1(t), C2(t) èìåþòñÿ ñëåäóþùèå óðàâíåíèÿ:

C ′1(t) =
b1− 1

2 [(σ1)′xσ1Q(t)−(σ1)′yσ2S(t)]− ∂
∂1
x̃(t,W (t)+C1(t))

∂
∂2
x̃(t,W (t)+C1(t))

,

C ′2(t) =
b2− 1

2 (σ2)′yσ2R(t)− ∂
∂1
ỹ(t,N(t)+C2(t))

∂
∂2
ỹ(t,N(t)+C2(t))

,

ãäå ôóíêöèÿ σ2 çàâèñèò îò àðãóìåíòîâ (t, ỹ(t, N(t) + C2(t))), à ôóíêöèè b1, b2, σ1



¾Table of contents¿

Probability-Analytical Models and Methods 137

� îò (t, x̃(t,W (t) + C1(t)), ỹ(t, N(t) + C2(t))).
Ïîñëåäíèå óðàâíåíèÿ ÿâëÿþòñÿ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-

íèÿìè áåç ñòîõàñòè÷åñêèõ èíòåãðàëîâ, íî ñî ñëó÷àéíûìè êîýôôèöèåíòàìè, êîòî-
ðûå ðåøàþòñÿ ñòàíäàðòíûìè ÷èñëåííî-àíàëèòè÷åñêèìè ìåòîäàìè ñ èñïîëüçîâà-
íèåì íà÷àëüíûõ óñëîâèé âèäà
x̃(0,W (0) + C1(0)) = x0, ỹ(0, N(0) + C2(0)) = y0.

Âëàñêîâ Ã.À. (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
vls1958@mail.ru

ÌÎÄÅËÜ ÂÛÑÎÊÎØÈÐÎÒÍÎÉ ÈÎÍÎÑÔÅÐÛ Â ÓÑËÎÂÈßÕ
ÑÒÎÕÀÑÒÈ×ÅÑÊÎÉ ÊÎÍÂÅÊÖÈÈ

Ðàçëè÷íûå ìîäåëè ðàñïðåäåëåíèÿ ýëåêòðîííîé êîíöåíòðàöèè Ne â F−îáëàñòè
ïîëÿðíîé èîíîñôåðû îïèðàþòñÿ íà äâà îïðåäåëÿþùèõ ôàêòîðà: èîíèçàöèÿ è ïå-
ðåíîñ èîíîñôåðíîé ïëàçìû â ðåçóëüòàòå âîçäåéñòâèÿ êðóïíîìàñøòàáíîãî ýëåêòðè-
÷åñêîãî ïîëÿ ìàãíèòîñôåðíîé êîíâåêöèè [1]. Ýòè ìîäåëè èìåþò äåòåðìèíèðîâàí-
íûé õàðàêòåð, òàê êàê èõ èñõîäíûå äàííûå è ðåøåíèÿ îïèñûâàþòñÿ îäíîçíà÷íû-
ìè ôóíêöèÿìè êîîðäèíàò è âðåìåíè. Îäíàêî, èçìåðåíèÿ ïîêàçûâàþò,íàïðèìåð,
÷òî ýëåêòðè÷åñêîå ïîëå èñïûòûâàåò ñåðü¼çíûå ôëóêòóàöèè, îñîáåííî â àâðîðàëü-
íîé çîíå. Î÷åâèäíî, ÷òî ñòîõàñòè÷åñêèå âîçäåéñòâèÿ âëèÿþò íà ïðîñòðàíñòâåííî-
âðåìåííûå ïàðàìåòðû ýëåêòðîííîé êîíöåíòðàöèè. Ïðåäëàãàåòñÿ â óðàâíåíèè íåðàç-
ðûâíîñòè ∂Ne

∂t + (
→
v +

→
vst)∇Ne = q − βNe, ãäå β− êîýôôèöèåíò ðåêîìáèíàöèè, q−

ôóíêöèÿ èîíîîáðàçîâàíèÿ, ðàçäåëèòü ïîëå ñêîðîñòåé ïåðåíîñà íà äåòåðìèíèðî-
âàííóþ

→
v è ñëó÷àéíóþ

→
vst ñîñòàâëÿþùèå. Èñïîëüçóÿ òðàäèöèîííûé ëàãðàíæåâ

ïîäõîä è ó÷èòûâàÿ âìîðîæåííîñòü èîíîñôåðíîé ïëàçìû â ãåîìàãíèòíîå ïîëå,
ïðåäïîëîæèì, ÷òî ìàãíèòíûå ñèëîâûå òðóáêè ñîâåðøàþò õàîòè÷åñêîå äâèæåíèå,
èìåþùåå áðîóíîâñêèé õàðàêòåð. Òîãäà âåëè÷èíà ýëåêòðîííîé êîíöåíòðàöèè ÿâëÿ-
åòñÿ ñëó÷àéíîé âåëè÷èíîé äëÿ êàæäîé òðóáêè, òî âåñü èõ íàáîð îáðàçóåò ñëó÷àé-
íîå ïîëå. Ðàññìîòðåíèå óïðîù¼ííûõ çàäà÷, äîïóñêàþùèõ àíàëèòè÷åñêîå ðåøåíèå,
ïîêàçàëî, ÷òî íàëè÷èå ñòîõàñòè÷åñêèõ ôëóêòóàöèé êîíâåêöèè äîëæíî ïðèâîäèòü
ê ðàçìûâàíèþ ñðåäíèõ çíà÷åíèé ýëåêòðîííîé êîíöåíòðàöèè [2]. Íàèáîëåå äåé-
ñòâåííûìè îñòàþòñÿ ÷èñëåííûå ìåòîäû, â ÷àñòíîñòè, ìåòîä Ìîíòå-Êàðëî. ×èñ-
ëåííûå ðàñ÷¼òû ïîçâîëèëè ðàññìîòðåòü îñîáåííîñòè ðàñïðåäåëåíèÿ ýëåêòðîííîé
ïëîòíîñòè â íåêîòîðûõ õàðàêòåðíûõ çîíàõ âåðõíåé ïîëÿðíîé èîíîñôåðû, ïîñòðî-
èòü ãèñòîãðàììû, êàðòû ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè âåëè÷èíû Ne.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ä¼ìèíîâ Ì. Ã. Èîíîñôåðà Çåìëè: çàêîíîìåðíîñòè è ìåõàíèçìû. Ñáîðíèê ñòàòåé "Ýëåêòðîìàãíèòíûå è ïëàçìåííûå

ïðîöåññû îò íåäð Ñîëíöà äî íåäð Çåìëè ñ.295-346, ÈÇÌÈÐÀÍ. 2015.
2. Âëàñêîâ Ã.À., Ìîæàåâ À.Ì. Î ìîäåëèðîâàíèè ñòîõàñòè÷åñêè êîíâåêòèðóþùåé ïîïÿðíîé èîíîñôåðû.- â êí. Èññëå-

äîâàíèÿ âûñîêîøèðîòíîé èîíîñôåðû, Àïàòèòû, èçä.ÊÍÖ ÀÍ ÑÑÑÐ, 1986, ñ.42-45.



¾Table of contents¿

Probability-Analytical Models and Methods 138

B.O. Volkov (Moscow, Russia)
borisvolkov1986@gmail.com

LEVY-LAPLACE OPERATOR IN STOCHASTIC ANALYSIS AND
YANG-MILLS EQUATIONS

We de�ne in�nite dimensional di�erential operators on a Sobolev space over the
Wiener measure P by analogy with the classical Levy Laplacian. We consider di�erential
equations with these operators and their connection with the Yang-Mills equations (see
[4]).
LetW 2,1

0 ([0, 1],Rd) be the Cameron-Martin space of P . Let {pµ}dµ=1 be an orthonormal

basis in Rd. Let hn(t) =
√

2 sin(2πnt). The value of the L�evy Laplacian on a function
F on W 2,1

0 ([0, 1],Rd) can be de�ned by

∆LF = lim
n→∞

1

n

n∑
k=1

d∑
µ=1

dpµhkdpµhkF.

It is known that the parallel transport (considered as an operator-valued function on
W 2,1

0 ([0, 1],Rd)) is a solution to the Laplace equation for the Levy Laplacian if and
only if the associated connection is a solution to the Yang-Mills equations (see [1-3]).
We show that the de�nition of the Levy Laplacian can be transferred to the Sobolev

space W 1
2 (P ) over P . We �nd the value of this Laplacian on the stochastic parallel

transport. It is shown that the Yang-Mills equations and the Levy-Laplace equation
for such Laplacian are not equivalent in contrast to the deterministic case (cf. [2]).
Finally, we consider an in�nite dimensional divergence de�ned by analogy with the

Levy Laplacian. We obtain an equation containing this divergence which is equivalent
to the Yang-Mills equations. The resulting equation is an analog of the equation of
motion of chiral �elds.

R E F E R E N C E S
1. Accardi L., Gibilisco P., Volovich I. V. Yang-Mills gauge �elds as harmonic functions for the Levy-Laplacians. Russian

Journal of Mathematical Physics. 1994. Vol. 2, No. 2, pp. 235�250.
2. Leandre R., Volovich I. V. The Stochastic L�evy Laplacian and Yang-Mills equation on manifolds. In�nite Dimensional

Analysis, Quantum Probability and Related Topics. 2001. Vol. 4, No. 4, pp. 151�172.
3. Volkov B.O. Levy Laplacians and instantons. Proceedings of the Steklov Institute of Mathematics. 2015. Vol. 290, pp. 210�

222.
4. Volkov B.O. Stochastic L�evy Di�erential Operators and Yang-Mills Equations. In�nite Dimensional Analysis, Quantum

Probability and Related Topics (to appear).

Ò.À. Âîëîñàòîâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÎÏÒÈÌÈÇÀÖÈß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÌÎÄÅËÅÉ ÑËÎÆÍÛÕ
ÑÈÑÒÅÌ Â ÑËÓ×ÀÅ ÊÎÍÅ×ÍÎÃÎ ×ÈÑËÀ
ÄÅÒÅÐÌÈÍÈÐÎÂÀÍÍÛÕ ÏÐÈÎÐÈÒÅÒÎÂ1

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).
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Äîêëàä ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1], à òàêæå ñîîáùåíèÿ Âîëîñàòîâîé
Ò.À. è Äàíåêÿíö À.Ã. íà êîíôåðåíöèè OTHA-2016. Â ýòèõ ðàáîòàõ áûëà ïðåäñòàâ-
ëåíà ìàòåìàòè÷åñêàÿ ìîäåëü ýêîíîìè÷åñêîé ñèñòåìû ñ òðåìÿ äåòåðìèíèðîâàííû-
ìè ïðèîðèòåòàìè. Ðàññìîòðèì òåïåðü ìîäåëü ñ m ïðèîðèòåòàìè (m<∞). Öåëåâàÿ

ôóíêöèÿ àðáèòðà èìååò âèä: F = F α1
1 F α2

2 . . .F
1−(α1+α2+...+αm−1)
m , ãäå

Fi(x) =

(
n∑
k=1

aikxk + bi

)
I
{
n∑
k=1

aikxi+bi>0}
, i = 1, 2, . . .,m, aki , bi ∈ R, (x1, x2, . . ., xn) ∈

Rn, IA åñòü èíäèêàòîð ìíîæåñòâà A. Íàñ áóäóò èíòåðåñîâàòü ñèòóàöèè, êîãäà ñóùå-
ñòâóþò òî÷êè ëîêàëüíûõ è ãëîáàëüíûõ ìàêñèìóìîâ ôóíêöèè , ïîýòîìó â äàëüíåé-

øåì ìû ñ÷èòàåì, ÷òî x ∈
m⋂
i=1

Bi, ãäå Bi = {Fi > 0}. Åñëè ñóùåñòâóåò ñòàöèîíàðíàÿ

òî÷êà x , òî ñèñòåìà âåêòîðîâ
{
a1, a2, . . ., am

}
ëèíåéíî çàâèñèìàÿ. Ïóñòü öåëå-

âàÿ ôóíêöèÿ F (x) èìååò ñòàöèîíàðíóþ òî÷êó. Îñòàíîâèìñÿ íà ìîäåëè â êîòîðîé{
a1, . . ., am

}
ëèíåéíî çàâèñèìà, à ïîäñèñòåìà

{
a1, . . ., am−1

}
ëèíåéíî íåçàâèñèìà.

Òîãäà âåêòîð am ìîæíî çàïèñàòü â âèäå am =
α1c1

(α1 + . . .+ αm−1)− 1
a1 + . . . +

αm−1cm−1

(α1 + . . .+ αm−1)− 1
am−1, ãäå ïîñòîÿííûå

αici
(α1 + . . .+ αm−1)− 1

ai < 0. Ââåäåì

îáîçíà÷åíèÿ si =
n∑
k=1

aikxk, òîãäà öåëåâàÿ ôóíêöèÿ ïðèìåò âèä:

F (−→s ) = (s1 − b1)
α1. . .(sm−1 − bm−1)

αm−1· (
α1c1

(α1 + . . .+ αm−1)− 1
s1 + . . .

+
αm−1cm−1

(α1 + . . .+ αm−1)− 1
sm−1 + bm)

1−(α1+...+αm−1)

Ïðåäëîæåíèå. Ôóíêöèÿ F (−→s ) èìååò åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó
M(s1, ..., sm−1), êîîðäèíàòû êîòîðîé âû÷èñëÿþò ïî ôîðìóëå:

sj =
1

cj

(
(bm − cjbj)(1− (α1 + ...+ αm−1)) +

m−1∑
i=1

(cibi − cjbj)αi

)
.

Ë È Ò Å Ð À Ò Ó Ð À
1. Âîëîñàòîâà Ò.À., Äàíåêÿíö À.Ã. Îïòèìèçàöèÿ êâàçèëèíåéíûõ ñëîæíûõ ñèñòåì: ñëó÷àé òðåõ äåòåðìèíèðîâàííûõ

ïðèîðèòåòîâ. Ìåæäóíàðîäíûé íàó÷íî-èññëåäîâàòåëüñêèé æóðíàë. 2016. � 10-2 (52). Ñ. 127-132.

Yu.E. Gliklikh (Voronezh, Russia)
yeg@math.vsu.ru

STOCHASTIC LEONTIEFF TYPE EQUATIONS WITH CURRENT
VELOCITIES

In papers by A.L. Shestakov and G.A. Sviridyuk [1,2] a new model of the description
of dynamically distorted signals in some radio devises is suggested in terms of so-called
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Leontie� type equations (a particular case of algebraic-di�erential equations). After
that the problem of taking into account the noise (in standard way expressed in terms
of the white noise) in this theory has been arisen. A special feature of Leontie� type
equation is that for �nding a solution one has to use derivatives of constant terms, in
this case � derivatives of white noise that requires using the generalized functions.
Then two alternative approaches were elaborated by A.L. Shestakov and G.A. Sviri-

dyuk and by Yu.E. Gliklikh and E.Yu. Mashkov where the in�uence of noise is expressed
in terms of the so-called current velocities (symmetric mean derivatives) of the Wiener
process instead of using white noise. This allows the authors to avoid using the genera-
lized function. It should be pointed out that by physical meaning, the current velocity
is a direct analog of physical velocity for the deterministic processes. Note that the
use of current velocity of the Wiener process means that in the construction of mean
derivatives the σ-algebra �present� for the Wiener process is under consideration while
there is also another possibility: to deal with the �present� σ-algebra of the solution as it
is usually done in the theory of stochastic di�erential equation with mean derivatives.
This approach is eleaborated by Yu.E. Gliklikh and E.Yu. Mashkov under various
assumptions.
In this talk we give a survey of results in this direction. A brief introduction into the

Theory of Mean Derivatives is also given.
The research is supported in part by RFBR Grant 15-01-00620.

R E F E R E N C E S
1. Shestakov A.L., Sviridyuk G.A. A new approach to measurement of dynamically distorted signals. Bulletin of South Ural
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2. Shestakov A.L., Sviridyk G.A. Optimal measurement of dynamically distorted signals. Bulletin of South Ural State
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ÏÐÎÃÍÎÇÈÐÎÂÀÍÈÅ ÏÎÄÐÀÇÓÌÅÂÀÅÌÎÉ ÂÎËÀÒÈËÜÍÎÑÒÈ
Ñ ÏÎÌÎÙÜÞ ÌÅÒÎÄÎÂ ÌÀØÈÍÍÎÃÎ ÎÁÓ×ÅÍÈß1

Ïðîãíîçèðîâàíèå ôèíàíñîâûõ âðåìåííûõ ðÿäîâ î÷åíü ñëîæíàÿ çàäà÷à èç-çà
íåñòàöèîíàðíîñòè è íàëè÷èÿ øóìà â äàííûõ. Áîëåå òîãî îñòàåòñÿ îòêðûòûì âî-
ïðîñ, íàñêîëüêî ïðîøëîå ïîâåäåíèå ôèíàíñîâûõ ðûíêîâ â ïîëíîé ìåðå ñîäåðæèò
èíôîðìàöèþ î çàâèñèìîñòÿõ ìåæäó áóäóùèìè öåíàìè è ïðîøëûìè.
Ðàññìîòðèì çàäà÷ó ïðîãíîçèðîâàíèÿ ïîäðàçóìåâàåìîé âîëàòèëüíîñòè (implied

volatility) îïöèîíîâ íà èíäåêñ ÐÒÑ ïî ïðîøëûì çíà÷åíèÿì äàííîãî ïàðàìåòðà è
ðåàëèçîâàííîé âîëàòèëüíîñòè. Ïî ñóòè çàäà÷à ïðîãíîçèðîâàíèÿ ðûíî÷íîé âîëà-
òèëüíîñòè - ýòî çàäà÷à ïðîãíîçèðîâàíèÿ ðûíî÷íîé öåíû îïöèîíà. Îñíîâíàÿ èäåÿ

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò �15-32-01390.
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çàêëþ÷àåòñÿ â òîì, ÷òîáû âûÿâèòü ïàòòåðíû ïîâåäåíèÿ ïðè ïðèíÿòèè ðåøåíèÿ î
òåêóùåì çíà÷åíèè ïîäðàçóìåâàåìîé âîëàòèëüíîñòè, òàê êàê öåíà ôîðìèðóåòñÿ â
ðåçóëüòàòå âëèÿíèÿ ÷åëîâå÷åñêîãî ôàêòîðà. Â ðåçóëüòàòå ïðèõîäèì ê çàäà÷å ìà-
øèííîãî îáó÷åíèÿ - "çàäà÷å îáó÷åíèÿ ñ ó÷èòåëåì". Äëÿ óïðîùåíèÿ çàäà÷à ñâîäèò-
ñÿ íå ê ïðîãíîçèðîâàíèþ êîíêðåòíîãî çíà÷åíèÿ ïîäðàçóìåâàåìîé âîëàòèëüíîñòè,
à ê âîïðîñó áóäåò îíà ðàñòè èëè ïàäàòü. Ñîîòâåòñòâåííî, äàåòñÿ ðåêîìåíäàöèÿ êó-
ïèòü èëè ïðîäàòü îöèîí, òî åñòü ìû ïåðåõîäèì ê çàäà÷å áèíàðíîé êëàññèôèêàöèè.
Â ðàáîòå èñïîëüçîâàëèñü ðàçëè÷íûå ìåòîäû ìàøèííîãî îáó÷åíèÿ, íî îñíîâíîé

óïîð äåëàëñÿ íà íåëèíåéíûå ìåòîäû: íåéðîííûé ñåòè, SVM è ñëó÷àéíûå ëåñà.
Ðàññìàòðèâàåòñÿ ýôôåêòèâíîñòü òîãî èëè èíîãî ìåòîäà äëÿ äàííîé çàäà÷è, ïðè-
âîäÿòñÿ îöåíêè îøèáîê. Ñðàâíèâàåòñÿ äàííûé íåïàðàìåòðè÷åñêèé ïîäõîä ñ ïàðà-
ìåòðè÷åñêèìè ìåòîäàìè îöåíêè ñ ïîìîùüþ ìîäåëåé Ëåâè.

Ë È Ò Å Ð À Ò Ó Ð À
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ÎÏÒÈÌÈÇÀÖÈß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÌÎÄÅËÅÉ ÑËÎÆÍÛÕ
ÑÈÑÒÅÌ : ÑËÓ×ÀÉ ÒÐÅÕ ÏÐÈÎÐÈÒÅÒÎÂ ÂÅÐÎßÒÍÎÑÒÍÎÃÎ

ÕÀÐÀÊÒÅÐÀ1

Íàñòîÿùèé äîêëàä ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [1-2], â êîòîðûõ ïðåäñòàâëå-
íû ðåçóëüòàòû èññëåäîâàíèÿ ïîòåíöèàëà êâàçèëèíåéíûõ ìîäåëåé, â òîì ñëó÷àå,
êîãäà öåëåâàÿ ôóíêöèÿ âîñïðîèçâîäèò ðàçíîíàïðàâëåííûå òðåáîâàíèÿ âñåâîçìîæ-
íûõ ýêîíîìè÷åñêèõ ñòðóêòóð, ñ ó÷åòîì ñëó÷àéíîé ðàññòàíîâêè ïðèîðèòåòîâ íåêèì
ïîñðåäíèêîì � àðáèòðîì.
Â ñîîòâåòñòâèè ñ [1-2] â ïðîñòðàíñòâå Rn ðàññìîòðèì íåîòðèöàòåëüíûå íåíóëå-

âûå íåïðåðûâíûå ôóíêöèè Fi(x1, x2, ..., xn), äâàæäû íåïðåðûâíî äèôôåðåíöèðóå-
ìûå íà îòêðûòûõ ìíîæåñòâàõ Bi = {Fi > 0}, ãäå i = 1, 2, 3. Ìû áóäåì èññëåäîâàòü
òîëüêî òå ìîäåëè, â êîòîðûõ ñóùåñòâóþò òî÷êè ëîêàëüíûõ è ãëîáàëüíûõ ìàêñèìó-

ìîâ ôóíêöèè F , ïîýòîìó x ∈
n⋂
i=1

Bi. Ïðè òàêîì ïîäõîäå öåëåâàÿ ôóíêöèÿ àðáèòðà

èìååò âèä F = E [F α1
1 F α2

2 F α3
3 ], ïîêàçàòåëè (ïðèîðèòåòû) êîòîðîé íîñÿò âåðîÿò-

íîñòíûé õàðàêòåð è óäîâëåòâîðÿþò óñëîâèÿì : P (αi > 0) > 0, P (αi < 1) > 0, ãäå
i = 1, 2, 3 è α1 + α2 + α3 = 1. Ñ÷èòàåì, ÷òî ôóíêöèè Fi ÿâëÿþòñÿ ôóíêöèÿìè

¾êâàçèëèíåéíîãî¿ âèäà: Fi(x) =

(
n∑
k=1

aikxk + bi

)
I
{
n∑
k=1

aikxi+bi>0}
,i = 1, 2, 3, ãäå IA

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).
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åñòü èíäèêàòîð ìíîæåñòâà A. Îáîçíà÷èì ÷åðåç S ìíîæåñòâî ñòàöèîíàðíûõ òî÷åê
ôóíêöèè F (x). Ïðåäïîëîæèì, ÷òî S 6= ∅. Ëåãêî âèäåòü, ÷òî òîãäà ñèñòåìà âåêòî-
ðîâ {~a1, ~a2, ~a3} ëèíåéíî çàâèñèìà. Ïðåäïîëîæèì, ÷òî â ýòîé ñèñòåìå ñóùåñòâóåò
ïàðà ëèíåéíî íåçàâèñèìûõ âåêòîðîâ. Íå íàðóøàÿ îáùíîñòè, ñ÷èòàåì, ÷òî ëèíåéíî
íåçàâèñèìû ~a1 è ~a2. Òîãäà âåêòîð ~a3 ïðåäñòàâèì â âèäå: ~a3 = c1 ~a1 + c2 ~a2. Â äîêëà-
äå áóäåò ðàññìîòðåíà ýêñòðåìàëüíàÿ çàäà÷à äëÿ ôóíêöèè F (x) ïðè âûïîëíåíèè
ýòîãî ñîîòíîøåíèÿ.
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ÂÅÐÎßÒÍÎÑÒÍÛÉ ÌÅÒÎÄ Â ÎÖÅÍÊÅ ÝÔÔÅÊÒÈÂÍÎÑÒÈ
ÑÈÑÒÅÌ ÐÀÑÏÐÅÄÅËÅÍÈß ÊËÞ×ÅÉ

Â äîêëàäå èññëåäóþòñÿ òåîðåòèêî�êîäîâûå ïîëèëèíåéíûå ñèñòåìû ðàñïðåäåëå-
íèÿ êëþ÷åé (ñì. [1]). Íà îñíîâå ðåçóëüòàòîâ ðàáîò [2, 3, 4] ñ èñïîëüçîâàíèåì ìåòî-
äîâ òåîðèè âåðîÿòíîñòåé ïðåäëîæåí íîâûé ñïîñîá îöåíêè ýôôåêòèâíîñòè ñèñòåì
ðàñïðåäåëåíèÿ êëþ÷åé.
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I.M. Erusalimskiy (Rostov-on-Don, Russian Federation)
ymerusalimskyi@sfedu.ru

2-2 WAYS ON A GRAPH-LATTICE

Graph-lattice has vertices at points with non-negative integer coordinates. Each
vertex has two outgoing edges: horizontal edge and vertical edge to the neighboring
vertices (right and top). Graph-lattice has a fractal structure � subgraph generated
by any vertex and the set of vertices that are reachable from it, is the graph-lattice.
In the �rst part we considered the problem of reachability for 2-2 ways. 2-2 way
consists of alternating pieces of horizontal edges or vertical edges, each of which (except,
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perhaps, the �nal piece) has an even length. We obtained formulas for the number of
2-2 ways, leading from the vertex to the vertex. In the second part we investigate the
problem of random walks via 2-2 ways. The process of random walk on the 2-2 paths
isn't Markov process. It is shown that it is locally reduced to the Markov process on
the subgraph which determined by the starting vertex. We obtained the formula for
probability of transition from the vertex to the vertex via 2-2 ways.
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ÌÎÌÅÍÒÍÛÅ ÔÓÍÊÖÈÈ ÐÅØÅÍÈÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÑÎ ÑËÓ×ÀÉÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ðàññìàòðèâàþòñÿ ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, êîýôôèöèåíòû êî-
òîðûõ ÿâëÿþòñÿ ñëó÷àéíûìè ïðîöåññàìè. Çàäà÷à ñîñòîèò â íàõîæäåíèè ìîìåíò-
íûõ ôóíêöèé ðåøåíèé òàêèõ óðàâíåíèé. Ïðåäïîëàãàåòñÿ, ÷òî ñëó÷àéíûå êîýô-
ôèöèåíòû çàäàíû õàðàêòåðèñòè÷åñêèì ôóíêöèîíàëîì [1]. Çàäà÷à ñâîäèòñÿ ê íå
ñëó÷àéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ îáû÷íûìè è âàðèàöèîííûìè ïðî-
èçâîäíûìè [1].
Â ÷àñòíîñòè ðàññìîòðåíà çàäà÷à Êîøè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé dx
dt = ε(t, ω)Ax + f(t, x), x(t0) = x0(ω), ãäå x : [t0, t1] → Rn � èñêîìàÿ

âåêòîðíàÿ ôóíêöèÿ, A � ìàòðèöà ω � ñëó÷àéíîå ñîáûòèå, ε � ñëó÷àéíûé ïðîöåññ,
f � âåêòîðíûé ñëó÷àéíûé ïðîöåññ, x0 � ñëó÷àéíûé âåêòîð. Ïðåäïîëàãàåòñÿ, ÷òî
èçâåñòåí õàðàêòåðèñòè÷åñêèé ôóíêöèîíàë [1]

ψ(u, v) = exp(i

∫ t1

t0

[ε(s, ω)u(s)+ < f(s, ω), v(s) >]ds),

ãäå < ·, · > � ñêàëÿðíîå ïðîèçâåäåíèå â Rn.
Ïóñòü y(t, u, v) = M(x(t) exp(i

∫ t1
t0

[ε(s, ω)u(s)+ < f(s, ω), v(s) >]ds), ãäå M �
çíàê ìàòåìàòè÷åñêîãî îæèäàíèÿ ïî ôóíêöèè ðàñïðåäåëåíèÿ ïðîöåññîâ ε, f. Ïðè
ýòîì y(t, 00) = Mx(t),

∂y(t, u, v)

∂t
= −iAδy(t, u, v)

δu(t)
− iδψ(u, v)

δv(t)
,

y(t0, u, v) = M(x0)ψ(u, v).

http://www.ivdon.ru/ru/magazine/archive/n2p2y2015/2964
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Ðåøåíèå ýòîé çàäà÷è íàõîäèòñÿ â àíàëèòè÷åñêîì âèäå

y(t, u, v) = M(x0)ψ(uE − iAχ(t0, t), v)− i
∫ t1

t0

δψ(uE − iAχ(s, t), v)

δv(s)
,

ãäå E � åäèíè÷íàÿ ìàòðèöà, χ(t0, t) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îòðåçêà [t0, t]
. Ïðè u = 0, v = 0 ïîëó÷àåì âûðàæåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ Mx(t).
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ÎÁ ÎÏÐÅÄÅËÅÍÈÈ ÏÎÂÅÐÕÍÎÑÒÈ ÏÎËÎÆÈÒÅËÜÍÎÉ
ÊÐÈÂÈÇÍÛ ÎÃÐÀÍÈ×ÅÍÍÎÃÎ ÈÑÊÐÈÂËÅÍÈß ÄÂÓÌß

ÑËÓ×ÀÉÍÛÌÈ ÏÐÎÖÅÑÑÀÌÈ

Â ðàáîòå [1] áûëî ïîêàçàíî, ÷òî äëÿ ïîâåðõíîñòåé îãðàíè÷åííîãî èñêðèâëåíèÿ
èìååò ìåñòî ôîðìóëà

K(G) =

∫∫
G

LN −M 2

EG− F 2
dσ,

ãäå K(G) � êðèâèçíà ìíîæåñòâà G. Ïóñòü íà ïîâåðõíîñòè îãðàíè÷åííîãî èñêðèâ-
ëåíèÿ F çàäàíû äâà âèíåðîâñêèõ ïðîöåññàXt è Yt ñ ïåðåõîäíîé ïëîòíîñòüþ pt(x, y)
è ïåðåõîäíîé ôóíêöèåé P (t, x,Γ). Â ðàáîòå [2] áûëà âûâåäåíà ôîðìóëà, ïîçâîëÿþ-
ùàÿ âû÷èñëèòü êðèâèçíó ãëàäêîé ïîâåðõíîñòè ÷åðåç ïðèâåä¼ííûå õàðàêòåðèñòèêè
ñëó÷àéíûõ ïðîöåññîâ. Ýòîò ðåçóëüòàò îáîáùàåòñÿ íà ïîâåðõíîñòü îãðàíè÷åííîãî
èñêðèâëåíèÿ ñëåäóþùèì îáðàçîì:

Òåîðåìà 1. Äëÿ ïîâåðõíîñòè îãðàíè÷åííîãî èñêðèâëåíèÿ F èìååò ìåñòî ôîð-
ìóëà

K(G) =

∫∫
G

b11b22 − b2
12

λ
dσ,

ãäå bij = ∆pt
∂tpt
·
∫
P (t, x, dy)

yiyj
1+δij

, λ = ∆p1t
∂tp1t

.
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¾Table of contents¿

Probability-Analytical Models and Methods 145

Â äîêëàäå ïðîäîëæàþòñÿ èññëåäîâàíèÿ âîçìîæíîñòè îïòèìèçàöèè êâàçèëèíåé-
íûõ ìîäåëåé, îïèñûâàþùèõ âçàèìîäåéñòâèå â åäèíîé ñèñòåìå ñòðóêòóð ñ ðàçëè÷-
íûìè öåëÿìè, ïðèîðèòåòû ìåæäó êîòîðûìè ðàñïðåäåëÿþòñÿ ïî ðåøåíèþ àðáèòðà
� ëèöà, çàèíòåðåñîâàííîãî â íàèáîëåå ýôôåêòèâíîì ôóíêöèîíèðîâàíèè ñèñòåìû
â öåëîì.
Ïîëàãàåì, ÷òî ñèñòåìà ñîñòîèò èç òðåõ ñòðóêòóð, öåëè êîòîðûõ âûðàæàþòñÿ

ïîëîæèòåëüíûìè íåïðåðûâíûìè ôóíêöèÿìè êâàçèëèíåéíîãî òèïà

Fj(x) =

(
n∑
i=1

aijxi + bj

)
I{ n∑

i=1

aijxi+bj>0

}, j = 1, 2, 3.

Ïóñòü αj = αj(ω), j = 1, 2, 3 � ïðîèçâîëüíûå íåçàâèñèìûå ñëó÷àéíûå âåëè÷è-
íû, ïðèíèìàþùèå çíà÷åíèÿ íà îòðåçêå [0;1], îïðåäåëåííûå íà íåêîòîðîì âåðîÿò-
íîñòíîì ïðîñòðàíñòâå (Ω,F , P ) , ïðè÷åì P (αj > 0) > 0 è P (αj < 1) > 0. Öåëåâàÿ
ôóíêöèÿ àðáèòðà ïðè ýòîì F (x) = E (F α1

1 )E (F α2
2 )E (F α3

3 ).
Ñ÷èòàåì, ÷òî ìíîæåñòâî ñòàöèîíàðíûõ òî÷åê S 6= ∅. Äëÿ òîãî, ÷òîáû ôóíêöèÿ

F (x) èìåëà ñòàöèîíàðíûå òî÷êè, íåîáõîäèìî, ÷òîáû ñèñòåìà âåêòîðîâ
{
a(1), a(2), a(3)

}
,

ãäå êàæäûé âåêòîð a(j) ñîñòàâëåí èç êîýôôèöèåíòîâ öåëåâûõ ôóíêöèé êîíêóðè-
ðóþùèõ ñòðóêòóð Fj (x) , j = 1, 2, 3, áûëà ëèíåéíî çàâèñèìà. Ïðåäïîëîæèì, ÷òî
äâà èç òðåõ âåêòîðîâ ñèñòåìû ëèíåéíî íåçàâèñèìû, è ïóñòü, íå íàðóøàÿ îáùíîñòè,
ýòî áóäóò âåêòîðû a(1) è a(2). Òîãäà ñïðàâåäëèâî ðàâåíñòâî

a(3) = −c1a
(1) − c2a

(2) , ãäå

c1 =
E(α1F

α1−1
1 )E(Fα33 )

E(Fα11 )E(α3F
α3−1
3 )

, c2 =
E(α2F

α2−1
1 )E(Fα33 )

E(Fα22 )E(α3F
α3−1
3 )

íà ìíîæåñòâå S.

Öåëü äàííîãî äîêëàäà � èçó÷åíèå ìíîæåñòâà S.

O.E. Kudryavtsev (Rostov-on-Don, Russia)
koe@donrta.ru

A NUMERICAL WIENER-HOPF FACTORIZATION APPROACH IN
COMPUTING RISK MEASURES 1

In recent years more and more attention has been given to stochastic models of
�nancial markets which depart from the traditional Gaussian model. The models
admitting jumps (e.g. L�evy models) are among the most popular.
Among the risk management tools promoted by the Basel committee, the most

popular is the Value-at-Risk (VaR) which measures the potential loss in value of a
risky asset or portfolio over a de�ned period for a given con�dence interval. However,

1The work was �nancially supported by RFBR grant (project 15-32-01390).
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the measure does not give us the probability of the likely loss within that horizon.
The latter risk measure is known as intra-horizon VaR (or iVaR) [1]. In the case of
L�evy models, the problem of the iVaR evaluation is equivalent to solving a complex
partial inregro-di�erential equation subject to certain initial and boundary conditions.
A similar risk measure arises in ruin theory and insurance framework.
On the other side, it is also important to measure liquidity risks. According to [2],

an expected di�erence between the maximal stock price over the period and the price
in the end of the period gives an upeer bound for the value of the stock illiquidity.
In both frameworks, the key quantity of interest is the joint law of the current

position and the running extrema of a L�evy process at a �xed time. In the talk, an
e�cient numerical method to compute an expectation of the laws of this type with
application to risk measures is suggested. As well as in [3] we use a new numerical
realization of the Fast Wiener-Hopf factorization method.
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A HYBRID APPROACH FOR EVALUATING BARRIER OPTIONS IN
BATES MODEL USING A FAST WIENER-HOPF FACTORIZATION1

Derivative pricing is an example of a problem of both great practical value and
mathematical complexity.
Bates option pricing model, �rst published in [1], being rather comp-lex in computational

sense, is nonetheless a quite popular stochastic volatility model with jumps.
We present a new approach to option pricing under Bates model. The method is

based on Markov chain approximation for variance which is similar to the one in [2,3].
Like in [4], we use Carr randomization technique to be able to operate on su�ciently

small time intervals and consider the problem of option pricing as a recurrent scheme
which involves an iterative calculation of a sequence of mathematical expectations.
To calculate the arising expectations we use the approach based on the Wiener-Hopf

factorization formulae from [5] which admits an e�cient numerical realization by means
of the Fast Fourier Transform.

1Supported by RFBR grant (project 15-32-01390).



¾Table of contents¿

Probability-Analytical Models and Methods 147

Numerical experiments show that the scheme proposed leads to accu-rate results
and o�ers a fast convergence.
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Ë.Ý. Ìåëêóìîâà, Ñ.ß. Øàòñêèõ (Ñàìàðà, Ðîññèÿ)
lana.melkumova@gmail.com, s.shatskikh@inbox.ru

ÑÐÀÂÍÅÍÈÅ ÌÅÒÎÄÎÂ ÐÅÃÐÅÑÑÈÈ ÌÍÊ, RIDGE È LASSO Â
ÇÀÄÀ×ÀÕ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ1

Èñïîëüçóÿ ñòàíäàðòèçîâàííûå èñõîäíûå äàííûå W,V, çàäà÷è îöåíêè ðåãðåñ-
ñèîííûõ êîýôôèöèåíòîâ B ñ ïîìîùüþ ìåòîäîâ ÍÊ, Ridge è Lasso ìîæíî ñôîð-
ìóëèðîâàòü â âèäå:

1◦ ‖ V −WB ‖2 7−→ min,
2◦ ‖ V −WB ‖2 +λ ‖ B ‖2 7−→ min,
3◦ ‖ V −WB ‖2 +λ ‖ B ‖1 7−→ min,

Ñ èñïîëüçîâàíèåì ñòàòèñòè÷åñêîãî ïàêåòà R áûë ïðîâåäåí àíàëèç äàííûõ Wine
Quality (ñì. [1]) îáúåìîì 4898 íàáëþäåíèé (11 ôèçèêî-õèìè÷åñêèõ õàðàêòåðèñòèê
áåëîãî âèíà ¾Vinho Verde¿ (ïðåäèêòîðû), îöåíêà êà÷åñòâà âèíà ïî øêàëå îò 0 äî
10 (îòêëèê)).

Òàáëèöà 1: Êîýôôèöèåíòû óâåëè÷åíèÿ äèñïåðñèè V IFj , j = 1, 11
V IF1 V IF2 V IF3 V IF4 V IF5 V IF6 V IF7 V IF8 V IF9 V IF10 V IF11

2.691 1.141 1.165 12.644 1.237 1.788 2.239 28.236 2.196 1.139 7.707

Â ñèòóàöèÿõ ìóëüòèêîëëëèíåàðíîñòè, êîãäà êîýôôèöèåíò óâåëè÷åíèÿ äèñïåð-
ñèè ïðåäèêòîðîâ V IFj > 5 (à òåì áîëåå, > 10), ìåòîäû Ridge è Lasso ïî ñðàâíåíèþ
ñ ÌÍÊ-ðåãðåññèåé ïîçâîëÿþò óâåëè÷èòü òî÷íîñòü ïðîãíîçà è óëó÷øèòü èíòåðïðå-
òèðóåìîñòü ìîäåëè [2].
Ìåòîäîì êðîññ-âàëèäàöèè áûëè íàéäåíû ïîäõîäÿùèå çíà÷åíèÿ λ äëÿ Ridge (λ =

0.156) è Lasso (λ = 0.014).
Ë È Ò Å Ð À Ò Ó Ð À

1. Cortez, P. (et al) Modeling Wine Preferences by Data Mining from Physicochemical Properties. Decision Support Systems.
2009. V. 47, �. 4, p. 547�553.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).



¾Table of contents¿

Probability-Analytical Models and Methods 148

Òàáëèöà 2: Îöåíêè ðåãðåññèîííûõ êîýôôèöèåíòîâ bj, j = 1, 11
Ìåòîä b0 b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11

ÌÍÊ 150.193 0.066 -1.863 0.022 0.081 -0.247 0.004 -0.0003 -150.284 0.686 0.631 0.193

Ridge 42.881 -0.027 -1.538 0.0566 0.028 -1.874 0.004 -0.0008 -40.270 0.246 0.405 0.239

Lasso 18.708 -0.034 -1.848 0 0.026 -0.673 0.003 0 -16.495 0.139 0.307 0.331

2. James, G., Witten, D., Hastie, T., Tibshirani, R. An Introduction to Statistical Learning with Applications in R. Springer.
2013.

Â.Â. Ìèñþðà, Ì.Í. Áîãà÷åâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
vvmisyura2011@gmail.com

ÏÐÅÄÑÊÀÇÀÍÈÅ ÒÅÍÄÅÍÖÈÉ ÐÀÇÂÈÒÈß ÔÈÍÀÍÑÎÂÛÕ
ÂÐÅÌÅÍÍÛÕ ÐßÄÎÂ ÍÀ ÎÑÍÎÂÅ ÏÎÐßÄÊÎÂÛÕ ÑÒÀÒÈÑÒÈÊ1

Öåëü èññëåäîâàíèÿ çàêëþ÷àåòñÿ â îöåíêå âîçìîæíîñòè èñïîëüçîâàíèÿ ïîðÿäêî-
âûõ ñòàòèñòèê äëÿ ïðåäñêàçàíèÿ òåíäåíöèè ðàçâèòèÿ âî âðåìåíè ôèíàíñîâûõ âðå-
ìåííûõ ðÿäîâ. Äëÿ îïèñàíèÿ ýâîëþöèè âåëè÷èí St, ñîîòâåòñòâóþùèõ öåíå íåêî-
òîðîãî ôèíàíñîâîãî èíñòðóìåíòà â ìîìåíò âðåìåíè t, îáðàòèìñÿ ê ñëó÷àéíîìó

ïðîöåññó ht = (ht)1≤t≤n ñ äèñêðåòíûì âðåìåíåì, ãäå ht = ln
(

St
St−1

)
. Îïðåäåëèì

ôóíêöèþ Trendi, ïðîãíîçèðóþùóþ òåíäåíöèþ ðàçâèòèÿ âðåìåííîãî ðÿäà íà îäèí
âðåìåííîé ïåðèîä.

Trendi =


−1, θi+ < 0;
0, (θi− < 0)&(θi+ > 0);
1, θi− > 0.

Ôóíêöèÿ ñîäåðæèò òðè çíà÷åíèÿ -1, 0 è 1, êîòîðûå õàðàêòåðèçóþò ñïàä, ñòà-
áèëüíîå ñîñòîÿíèå è ïîäúåì ðûíêà ñîîòâåòñòâåííî è îïðåäåëÿåòñÿ ïîðîãîâûìè
ïåðåìåííûìè (θi−, θ

i
+). Ïîðîãîâûå ïåðåìåííûå ïðåäëàãàåòñÿ âû÷èñëÿòü ïî ôîð-

ìóëàì θi± = ηi(hk) ± α
√
ηi

(σ2
k)
, ãäå ηi(hk) � ïîðÿäêîâàÿ ñòàòèñòèêà, âû÷èñëåííàÿ ïî

ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè ht çà k âðåìåííûõ ïåðèîäà ïðåäøåñòâóþùèõ óðîâ-
íþ i, ηi

(σ2
k)
� ïîðÿäêîâàÿ ñòàòèñòèêà âû÷èñëåííàÿ ïî ñëó÷àéíîé ïîñëåäîâàòåëüíî-

ñòè σ2
k = (h − ηi(hk))

2 çà k âðåìåííûõ ïåðèîäà ïðåäøåñòâóþùèõ óðîâíþ i, êî-
ýôôèöèåíò α ìîæåò áûòü íàñòðîåí äëÿ êàæäîé ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè.
Â êà÷åñòâå ïîðÿäêîâûõ ñòàòèñòèê ηi(hk) ìîãóò ïðèìåíÿòüñÿ ìåäèàíà, ñòàòèñòèêà
Õîäæåñà-Ëåìàíà, ñòàòèñòèêà Äèêñîíà, ñòàòèñòèêà Îãàâû, ñòàòèñòèêà Ïèðñîíà-
Òüþêè, ñòàòèñòèêà Êåíóÿ [1, 2]. Âåðèôèêàöèÿ ïðåäëîæåííîãî ìåòîäà âûïîëíÿëàñü
íà ïðèìåðå àêòèâîâ êîìïàíèé, ïðåäñòàâëåííûõ íà ðîññèéñêîì ôîíäîâîì ðûíêå.
Îøèáêà ïðîãíîçà ñîñòàâèëà îò 12 äî 29%.

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà � 17-01-00888 À
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Ë È Ò Å Ð À Ò Ó Ð À
1. Õåòòìàíñïåðãåð Ò. Ñòàòèñòè÷åñêèå âûâîäû, îñíîâàííûå íà ðàíãàõ / Ïåð ñ àíãë. Ì.: Ôèíàíñû è ñòàòèñòèêà, 1987.

334 ñ.
2. Êîáçàðü À.È. Ïðèêëàäíàÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà. Äëÿ èíæåíåðîâ è íàó÷íûõ ðàáîòíèêîâ: íàó÷íîå èçä. Ì.:

ÔÈÇÌÀÒËÈÒ, 2006. 816 ñ.

Í.Â. Íåóìåðæèöêàÿ (Ðîñòîâ-íà-Äîíó)
neunata@yandex.ru

ÂÅÐÎßÒÍÎÑÒÍÀß ÌÎÄÅËÜ ÄÂÈÆÅÍÈß È ÊÎÍÖÅÍÒÐÀÖÈÈ
ÄÐÅÂÅÑÍÎÉ ÏÛËÈ Â ÀÒÌÎÑÔÅÐÍÎÌ ÂÎÇÄÓÕÅ

Öåëüþ íàñòîÿùåãî äîêëàäà ÿâëÿåòñÿ ñòîõàñòè÷åñêîå ìîäåëèðîâàíèå äâèæåíèÿ
îò äåðåâîîáðàáàòûâàþùåãî öåõà àòìîñôåðíûõ çàãðÿçíèòåëåé PM10 è PM2,5. Ìî-
äåëèðîâàíèå ïðîèçâîäèëîñü ïîñðåäñòâîì àíàëèçà îòáîðîâ ïûëè.
Àâòîðîì äîêëàäà áûë ïðîèçâåäåí îòáîð ïûëè â òî÷êàõ, íàõîäÿùèõñÿ íà ðàç-

íûõ ðàññòîÿíèÿõ îò äåðåâîîáðàáàòûâàþùåãî öåõà: íà òåððèòîðèè ïðîìïëîùàäêè
(25ì, 50ì) è íà ãðàíèöå ñàíèòàðíî-çàùèòíîé çîíû (100 ì) [1]. Âðåìÿ îòáîðà â
êàæäîé òî÷êå ðàâíÿëîñü 20 ìèíóòàì. Êîíòðîëü ìåòåîðîëîãè÷åñêèõ óñëîâèé ïðè
îòáîðå ïðîá äðåâåñíîé ïûëè îñóùåñòâëÿëñÿ ñîãëàñíî òðåáîâàíèÿì [2]. Óñëîâèÿ
ïðîâåäåíèÿ çàìåðîâ áûëè òàêîâû: îòíîñèòåëüíàÿ âëàæíîñòü âîçäóõà ϕ = 72% ,
òåìïåðàòóðà âîçäóõà t = 180C.
ßñíî, ÷òî êîíöåíòðàöèÿ ïûëè îïðåäåëÿåòñÿ, â ÷àñòíîñòè, õàðàêòåðîì åå äâèæå-

íèÿ. Ïðåäëàãàåòñÿ âåðîÿòíîñòíàÿ ìîäåëü äâèæåíèÿ ïûëè â âèäå ñêëååííûõ òðåõ-
ìåðíûõ âèíåðîâñêèõ ïðîöåññîâ ñ ðàçëè÷íûìè ñíîñàìè. Íà âñåõ òðåõ ó÷àñòêàõ (0�
25 ì, 25�50 ì, 50�100 ì) ñíîñ îïðåäåëÿåòñÿ âåñîì ÷àñòèöû è ñêîðîñòüþ âåòðà. Ïðè
ýòîì ÷àñòèöà, äîñòèãøàÿ íà êàêîì-ëèáî èç ó÷àñòêîâ ïîâåðõíîñòè çåìëè, ñ÷èòà-
åòñÿ çàñòûâøåé. Ïðè ïåðåñå÷åíèè ÷àñòèöåé óñëîâíûõ âåðòèêàëüíûõ áàðüåðîâ (íà
ðàññòîÿíèè 25, 50 è 100 ì) âåêòîð ñíîñà èçìåíÿåòñÿ. Êîíöåíòðàöèÿ ÷àñòèö ìîæåò
áûòü îïðåäåëåíà ñ èñïîëüçîâàíèåì ôóíêöèè ðàñïðåäåëåíèÿ ìîìåíòà ïåðåñå÷åíèÿ
÷àñòèöåé óñëîâíîé ãðàíèöû è âåðîÿòíîñòüþ òîãî, ÷òî ÷àñòèöà íå îñåëà íà çåìëþ
äî ýòîé ãðàíèöû.

Ë È Ò Å Ð À Ò Ó Ð À
1. ÑàíÏèÍ 2.2.1/2.1.1.1200-03 Ñàíèòàðíî-çàùèòíûå çîíû è ñàíèòàðíàÿ êëàññèôèêàöèÿ ïðåäïðèÿòèé, ñîîðóæåíèé è

èíûõ îáúåêòîâ. � Ìîñêâà, 2003.

2. ÐÄ 52.04.186-89 Ðóêîâîäñòâî ïî êîíòðîëþ çàãðÿçíåíèÿ àòìîñôåðû. � Ìîñêâà : Ãèäðîìåòåîèçäàò, 1991. � 635 ñ. (â

ðåäàêöèè ïðèêàçîâ Ôåäåðàëüíîé ñëóæáû ïî ãèäðîìåòåîðîëîãèè è ìîíèòîðèíãó îêðóæàþùåé ñðåäû îò 04.09.2014 ã. �

493, îò 02. 02.2016 ã. � 46, îò 02. 02.2016 ã. � 47, îò 02. 02.2016 ã. � 48).



¾Table of contents¿

Probability-Analytical Models and Methods 150

I. V. Pavlov (Rostov-on-Don)
pavloviv2005@mail.ru

NEW FAMILY OF ONE-STEP PROCESSES ADMITTING SPECIAL
INTERPOLATION MARTINGALE MEASURES 1

Denote by Z = (Zn,Fn)1
n=0 a one-step process, where F0 = {Ω,�}, F1 is generated

by a decomposition of Ω into a countable number of atoms Bi
k (k ∈ N = {1, 2, . . . },

1 ≤ i < mk + 1, 1 ≤ mk ≤ ∞), Z0 = a, Z1(B
i
k) = bk (bk are di�erent real numbers,

bk 6= a ∀k ∈ N). Suppose that infk bk < a < supk bk. Denote by P the set of martingale

measures P on {Ω,F1} such that pik := P (Bi
k) > 0 and bl 6=

∑
J

bkp
i
k∑

J

pik
, ∀l(1 ≤ l < ∞)

and for all subsets J ⊂ {(k, i), 1 ≤ k <∞, 1 ≤ i < mk + 1} with �nite J c. P is called
set of special interpolation martingale measures.
Theorem. If number a is irrational and all numbers bk (k ∈ N) are rational, then

P 6= �.
In [1] the following proposition was proved: if mk = 1 ∀k ∈ N, {bk} is exponentially

increasing positive sequence and b1 < a < b2, then P 6= �. Recently V.V. Shamrayeva
has essentially improved this result in another direction (see her absracts in the pro-
ceedings of this conference). Up to now there were not other results providing non-
emptiness of the set P . Remark that if k ≤ n < ∞, the corresponding facts can be
found in [2-3].
The importance of all these results lies in the possibility to transform (with the help

of measures P ∈ P) arbitrage-free incomplete �nancial (B,S)-markets to arbitrage-free
and complete ones and to construct hedging strategies (see, for example, the absracts
of I.V. Tsvetkova in the proceedings of this conference).

R E F E R E N C E S
1. Pavlov I.V., I.V. Tsvetkova I.V, Shamrayeva V.V. // Some results on martingale measures of static �nancial markets

models relating noncoincidence barycenter condition. Vestn. Rostov Gos. Univ. Putei Soobshcheniya, 2012, Vol. 45, No. 3,
pp. 177�181.

2. Bogacheva M.N., Pavlov I.V. // Haar extensions of arbitrage-free �nancial markets to markets that are complete and
arbitrage-free. Russian Math. Surveys, 2002, Vol. 57, No. 3, pp. 581�583.

3. Pavlov I.V., I.V. Tsvetkova I.V, Shamrayeva V.V. // On the existence of martingale measures satisfying the weakened
condition of noncoincidence of barycenters in the case of countable probability space. Theory Probab. Appl., 2017, Vol. 61,
Issu 1, pp. 167-175.

Ì.Â. Ïëàòîíîâà (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
mariyaplat@rambler.ru

ÂÅÐÎßÒÍÎÑÒÍÀß ÀÏÏÐÎÊÑÈÌÀÖÈß ÐÅØÅÍÈß ÇÀÄÀ×È
ÊÎØÈ ÄËß ÝÂÎËÞÖÈÎÍÍÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÎÏÅÐÀÒÎÐÎÌ

ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ
1This work was supported by the RFBR (project 16-01-00184).
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Õîðîøî èçâåñòíî, ÷òî ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
=

1

2!

∂2u

∂x2
, u(0, x) = ϕ(x)

ìîæíî ïðåäñòàâèòü êàê ìàòåìàòè÷åñêîå îæèäàíèå ôóíêöèîíàëà îò âèíåðîâñêîãî
ïðîöåññà

u(t, x) = Eϕ(x− w(t)), (1)

ãäå w(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ.
Åñëè ðàññìîòðåòü çàäà÷ó Êîøè äëÿ ýâîëþöèîííîãî óðàâíåíèÿ ñ îïåðàòîðîì

äèôôåðåíöèðîâàíèÿ ïîðÿäêà m > 2 âèäà

∂u

∂t
=
cm
m!

∂mu

∂xm
, u(0, x) = ϕ(x), (2)

ãäå

cm =

{
±1, m = 2k + 1,

(−1)k+1, m = 2k,

òî ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè, àíàëîãè÷íîå (1), íî ñ çàìåíîé w(t) íà
íåêîòîðûé äðóãîé ñëó÷àéíûé ïðîöåññ, íåâîçìîæíî, òàê êàê â ýòîì ñëó÷àå ôóíäà-
ìåíòàëüíîå ðåøåíèå óðàâíåíèÿ ∂u

∂t = cm
m!

∂mu
∂xm óæå íå ÿâëÿåòñÿ âåðîÿòíîñòíîé ìåðîé.

Ìû ïîñòðîèì âåðîÿòíîñòíóþ àïïðîêñèìàöèþ â W l+m+1
2 (R), l > 0 äëÿ ðåøå-

íèÿ çàäà÷è Êîøè (2), èñïîëüçóÿ ìåòîäû òåîðèè îáîáùåííûõ ôóíêöèé è òåîðèè
òî÷å÷íûõ ïðîöåññîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ïëàòîíîâà Ì.Â. Âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ ýâîëþöèîííîãî óðàâíåíèÿ ñ îïåðàòîðîì

äèôôåðåíöèðîâàíèÿ âûñîêîãî ïîðÿäêà. Çàïèñêè íàó÷íûõ ñåìèíàðîâ ÏÎÌÈ. 2016. Òîì. 454,
ñòð. 92�106.

D.B. Rokhlin (Southern Federal University, Russia)
rokhlin@math.rsu.ru

ASYMPTOTIC EFFICIENCY OF THE PROPORTIONAL
COMPENSATION SCHEME FOR A LARGE NUMBER OF

PRODUCERS1

We consider a manager, who allocates some �xed total payment amount between N
rational agents in order to maximize the aggregate production. The pro�t of i-th agent
is the di�erence between the compensation (reward) obtained from the manager and
the production cost. We compare (i) the normative compensation scheme, where the
manager enforces the agents to follow an optimal cooperative strategy; (ii) the linear
piece rates compensation scheme, where the manager announces a reward per unit

1The research is supported by the Russian Science Foundation, project No 17-19-01038.
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good; (iii) the proportional compensation scheme, where agent's reward is proportional
to his contribution to the total output. The game, related to (iii) is a special case of
the Cournot oligopoly: [1], and it �ts into the extensively studied theory of contests:
see [2].
Denoting the correspondent total production levels by s∗, ŝ and s respectively, where

the last one is related to the unique Nash equilibrium, we examine the limits of the
prices of anarchy AN = s∗/s, A′N = ŝ/s as N → ∞. These limits are calculated
for the cases of identical convex costs with power asymptotics at the origin, and for
power costs ϕi(x) = cix

α, α > 1 corresponding to the Coob-Douglas and generalized
CES production functions with decreasing returns to scale. Our results show that
asymptotically no performance is lost in terms of A′N , and in terms of AN the loss
does not exceed 31%.
The case of linear cost functions ϕi(x) = cix appears to be more complex from the

asymptotical point of view, although there is known an explicit expression for s in
this case. To obtain a meaningful asymptotic result we assume that ci are independent
identically distributed random variables and ci ≥ c > 0. Under this assumption our
numerical experiments support the following conjecture: limN→∞AN = 1, a.s. Also,
the proportion of active players tends to zero.
The talk is based on the on the joint work [3] with A.B.Usov.
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1. von Mouche P., Quartieri F. (editors) Equilibrium theory for Cournot oligopolies and related games. Springer. 2016.
2. Vojnovi�c M. Contest theory: incentive mechanisms and ranking methods. Cambridge University Press. 2016.
3. Rokhlin D.B., Usov A.B. Asymptotic e�ciency of the proportional compensation scheme for a large number of producers.

Preprint arXiv:1701.06038 [q-�n.EC], 2017, 17 pages.

V.N. Rusev, À.V. Skorikov (Gubkin University, Moscow, Russia)
vnrusev@yandex.ru, skorikov.a@gubkin.ru

THE MEAN RESIDUAL LIFE (MRL) OF THE
WEIBULL-GNEDENKO DISTRIBUTION

Ñðåäíÿÿ îñòàòî÷íàÿ íàðàáîòêà (ñðåäíåå îñòàòî÷íîå âðåìÿ æèçíè - mean residual
life (MRL))

µ(t) = M(T − t |T > t)

ÿâëÿåòñÿ ìåðîé ïðîöåññîâ ñòàðåíèÿ â ïðèëîæåíèÿõ òåîðèè íàäåæíîñòè . Â ðàáîòå
ïðîâîäèòñÿ èññëåäîâàíèå ñðåäíåé îñòàòî÷íîé íàðàáîòêè äëÿ äâóïàðàìåòðè÷åñêîãî
ðàñïðåäåëåíèÿ Âåéáóëëà�Ãíåäåíêî. Íàéäåíû àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ ÷åðåç
íåïîëíûå ãàììà-ôóíêöèè γ (a, x) , Γ (a, x) è ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ Êóì-
ìåðà 1F1 (a; b; x).
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Ïðè èñïîëüçîâàíèè ïðåäñòàâëåíèé ÷åðåç γ (a, x), 1F1 (a; b; x) âû÷èñëåíèÿ , ïðî-
âåäåííûå, êàê ñ ïîìîùüþ ïàêåòà Wolfram Mathematica, òàê è ïàêåòà Maple, ïî-
êàçûâàþò íàëè÷èå îñöèëëÿöèè çíà÷åíèé µ(t) ïðè áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà
β (=8). Ïðåäñòàâëåíèå ÷åðåç Γ (a, x) íå äàåò îñöèëëÿöèþ ïðè âû÷èñëåíèÿõ. Îò-
ìåòèì, ÷òî ïðåäñòàâëåíèå µ(t) ÷åðåç γ (a, x) áûëî èçâåñòíî [1]. Îäíàêî ýôôåêò
îñöèëëÿöèè íå áûë îòìå÷åí.
Òàêæå ïîëó÷åíî ïðåñòàâëåíèå µ(t) â âèäå ðÿäà

µ(t) = T0 ·
N−1∑
k=0

(αt)βk

k!

1− αtk!

Γ
(
k + 1 + 1

β

)
+RN(t)

ñ îöåíêîé ïîãðåøíîñòè RN(t).
Ïîëó÷åíî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå äëÿ µ(t) ïðè t→ +∞, èç êîòîðîãî, â

÷àñòíîñòè, ñëåäóåò

µ(t) ∼ 1

αββ
t1−β, β > 1, (t→ +∞).

Íàéäåíû ôîðìóëû äëÿ äèñïåðñèè îñòàòî÷íîé íàðàáîòêè:

σ2(t) = 2e(αt)
β

· 1

α2β
· Γ
(

2

β
, (αt)β

)
− 2t · µ(t)− µ2(t).
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smorodina@pdmi.ras.ru

ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÛÅ ÇÀÄÀ×È Â ÎÃÐÀÍÈ×ÅÍÍÎÉ ÎÁËÀÑÒÈ:
ÂÅÐÎßÒÍÎÑÒÍÛÅ ÏÐÅÄÑÒÀÂËÅÍÈß ÐÅØÅÍÈÉ È

ÏÐÅÄÅËÜÍÛÅ ÒÅÎÐÅÌÛ

Áóäåò èçëîæåí íîâûé ñïîñîá ïîñòðîåíèÿ âåðîÿòíîñòíîãî ïðåäñòàâëåíèÿ ðåøå-
íèÿ íà÷àëüíî-êðàåâûõ çàäà÷ ñ êðàåâûì óñëîâèåì Íåéìàíà äëÿ ðÿäà ýâîëþöèîí-
íûõ óðàâíåíèé (â ÷àñòíîñòè, äëÿ óðàâíåíèÿ Øð¼äèíãåðà) â îãðàíè÷åííîé îáëàñòè
D íà ïëîñêîñòè ñ ãëàäêîé ãðàíèöåé ∂D, îñíîâàííûé íà ïîñòðîåíèè ñïåöèàëüíîãî
ïðîäîëæåíèÿ íà÷àëüíîé ôóíêöèè ñ îáëàñòè D íà âñþ ïëîñêîñòü. Äàííûé ñïî-
ñîá äàåò íîâûé ïîäõîä ê ïîñòðîåíèþ �îòðàæàþùåãîñÿ îò ãðàíèöû� âèíåðîâñêîãî
ïðîöåññà, âïåðâûå ââåäåííîãî À.Â.Ñêîðîõîäîì [1].
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1. Ñêîðîõîä À.Â. Ñòîõàñòè÷åñêèå óðàâíåíèÿ äëÿ ïðîöåññîâ äèôôóçèè ñ ãðàíèöàìè. Òåîðèÿ âåðîÿòí. è åå ïðèìåí. 1961.

Òîì. 6, �. 3, ñòð. 267�298.
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×ÈÑËÅÍÍÛÅ ÌÅÒÎÄÛ Â ÌÎÄÅËßÕ Ñ ÏÐÈÎÐÈÒÅÒÀÌÈ1

Ðàáîòà âûïîëíåíà â ðàìêàõ íàó÷íîé òåìàòèêè êàôåäðû âûñøåé ìàòåìàòèêè
ÄÃÒÓ. Èññëåäóþòñÿ âîçìîæíîñòè îïòèìèçàöèè êâàçèëèíåéíûõ ìîäåëåé, îïèñû-
âàþùèõ âçàèìîäåéñòâèå ðàçëè÷íûõ êîíêóðèðóþùèõ ñòðóêòóð ñ ó÷åòîì ñëó÷àéíîé
ðàññòàíîâêè ïðèîðèòåòîâ ñòîðîííèì ëèöîì � àðáèòðîì, ïðèíèìàþùèì ðåøåíèÿ
íà îñíîâå ýêñïåðòíûõ ðåêîìåíäàöèé.
Ïîëàãàåì, ÷òî ñèñòåìà ñîñòîèò èç òðåõ ñòðóêòóð, öåëè êîòîðûõ âûðàæàþòñÿ

ïîëîæèòåëüíûìè íåïðåðûâíûìè ôóíêöèÿìè êâàçèëèíåéíîãî òèïà:

Fj(x) =

(
n∑
i=1

aijxi + bj

)
I{ n∑

i=1

aijxi+bj>0

}, j = 1, 2, 3.

Ïóñòü αj = αj(ω) � ïðîèçâîëüíûå íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, îïðåäå-
ëåííûå íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå è ïðèíèìàþùèå çíà÷åíèÿ íà
îòðåçêå [0;1]. Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ öåëåâàÿ ôóíêöèÿ àðáèòðà:

F = E(F α1
1 F α2

2 F α3
3 ) = E(F α1

1 )E(F α2
2 )E(F α3

3 ).

Äàëüíåéøèå âû÷èñëåíèÿ ïðîâîäÿòñÿ â ïðåäïîëîæåíèè, ÷òî âñå αj ðàâíîìåðíî ðàñ-
ïðåäåëåíû. Ââîäÿòñÿ íîâûå ïåðåìåííûå:

t1 =
n∑
i=1

ai1xi; t2 =
n∑
i=1

ai2xi; t3 =
n∑
i=1

ai3xi.

Äëÿ ìîäåëåé ñî ñòàöèàíàðíûìè òî÷êàìè, íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷è-
òàòü, ÷òî t3 = −c1t1 − c2t2 (c1, c2 � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû). Òîãäà
F (t1, t2) = f1(t1)f2(t2)f3(t1, t2), ãäå f1(t1) = t1+b1−1

ln(t1+b1) , f2(t2) = t2+b2−1
ln(t2+b2) , f3(t1, t2) =

−c1t1−c2t2+b3−1
ln(−c1t1−c2t2+b3) .
Îáëàñòü îïðåäåëåíèÿ ôóíêöèè F çàäàåòñÿ ñèñòåìîé íåðàâåíñòâ: t1 + b1 > 0; t2 +

b2 > 0;−c1t1 − c2t2 + b3 > 0. Ýòè íåðàâåíñòâà îïðåäåëÿþò â ïëîñêîñòè t1, t2
òðåóãîëüíóþ îáëàñòü. Â äîêëàäå îïèñûâàåòñÿ ÷èñëåííîå íàõîæäåíèå ìàêñèìóìà
ôóíêöèè F (t1, t2). Íàïðèìåð, ïðè çíà÷åíèÿõ ïàðàìåòðîâ c1 = 1.5, c2 = 2, b1 =
1, b2 = 1, b3 = 3 ìàêñèìóì ôóíêöèè F äîñòèãàåòñÿ ïðè t1 = 0.435, t2 = 0.0184 è
Fmax = 1.902.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).
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ÊÂÀÍÒÈËÜÍÎÅ ÕÅÄÆÈÐÎÂÀÍÈÅ ÑÒÀÒÈ×ÅÑÊÎÃÎ ÐÛÍÊÀ
ÑÎ Ñ×�ÒÍÛÌ ×ÈÑËÎÌ ÑÎÑÒÎßÍÈÉ 1

Ðàññìàòðèâàåòñÿ ñòàòè÷åñêèé (1, Z)-ðûíîê, çàäàííûé íà ôèëüòðîâàííîì ïðî-
ñòðàíñòâå (Ω,F), F = (Fk)1

k=0, F0 = {Ω,Ø}, F1 = σ(B1, B2, . . . ) � σ-àëãåáðà,
ïîðîæä¼ííàÿ ðàçáèåíèåì Ω íà ñ÷¼òíîå ÷èñëî àòîìîâ B1, B2, . . . .
Ïóñòü Z = (Zk,Fk)1

k=0 � F-àäàïòèðîâàííûé ñëó÷àéíûé ïðîöåññ (äèñêîíòèðîâàí-
íàÿ ñòîèìîñòü àêöèè), P(Z,F) � ìíîæåñòâî âåðîÿòíîñòíûõ ìåð P , äëÿ êîòîðûõ
ñëó÷àéíûé ïðîöåññ (Zk,Fk, P )1

k=0 ÿâëÿåòñÿ ìàðòèíãàëîì. Åñëè ðàññìàòðèâàåìûé
(1, Z)-ðûíîê íåïîëîí, òî ïåðåõîä ê ïîëíîìó îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ïîñòðîå-
íèÿ èíòåðïîëÿöèîííûõ ðûíêîâ. Äëÿ ýòîãî ðàññìîòðèì ñïåöèàëüíóþ õààðîâñêóþ
èíòåðïîëèðóþùóþ ôèëüòðàöèþ
H = (Hn)

∞
n=0 (H0 = F0, H1 = σ{Bn1},H2 = σ{Bn1, Bn2}, . . . ,H∞ = σ{Bn1, Bn2, . . . },

H∞ = F1, {ni}∞i=1 � ïðîèçâîëüíàÿ ôèêñèðîâàííàÿ ïåðåñòàíîâêà íàòóðàëüíûõ ÷è-
ñåë). Ïóñòü P ∈ P(Z,F) óäîâëåòâîðÿåò ÎÑÓÕÅ [1]. Ïîñòðîèì ìàðòèíãàëüíóþ
õààðîâñêóþ èíòåðïîëÿöèþ Y = (Yn,Hn, P )∞n=0 ñëó÷àéíîãî ïðîöåññà Z ñëåäóþùèì
îáðàçîì: Yn = EP [Z1 | Hn] . Ïîëó÷åííûé ðûíîê, èíòåðïîëèðóþùèé èñõîäíûé, ÿâ-
ëÿåòñÿ ïîëíûì, ò.å. äëÿ ëþáîãî ôèíàíñîâîãî îáÿçàòåëüñòâà ñóùåñòâóåò ðåïëèöè-
ðóþùèé åãî ñàìîôèíàíñèðóåìûé ïîðòôåëü π = (βn, γn)

∞
n=0 [2]. Ïðè ïðàêòè÷åñêîì

ðàñ÷¼òå êîìïîíåíò ïîðòôåëÿ π ìû áóäåì èñïîëüçîâàòü êâàíòèëüíîå õåäæèðîâà-
íèå. Äëÿ ýòîãî ïî ëþáîìó ñêîëü óãîäíî ìàëîìó ε (òî÷íîñòü âû÷èñëåíèÿ) îïðåäåëÿ-

åòñÿ âû÷èñëèòåëüíûé ãîðèçîíòN :
N∑
i=1

P (Bni) > 1−ε. Â äîêëàäå áóäåò ïðåäñòàâëåí

àëãîðèòì âû÷èñëåíèÿ ãîðèçîíòà N , à òàêæå ïðîãðàììíàÿ ðåàëèçàöèÿ ïîñòðîåíèÿ
ïðîñòåéøåãî õåäæà.
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ÓÐÀÂÍÅÍÈß ÎÖÅÍÈÂÀÍÈß ÈÍÅÐÖÈÀËÜÍÎÉ
ÍÀÂÈÃÀÖÈÎÍÍÎÉ ÑÈÑÒÅÌÛ ÆÅËÅÇÍÎÄÎÐÎÆÍÎÃÎ

ÍÀÂÈÃÀÖÈÎÍÍÎÃÎ ÊÎÌÏËÅÊÑÀ
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).
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Ïðåäëàãàåòñÿ íîâàÿ ìåòîäèêà, îñíîâàííàÿ íà ìåòîäå ìîìåíòîâ, ïîçâîëÿþùàÿ
ñóùåñòâåííî ïîâûñèòü òî÷íîñòü îöåíèâàíèÿ èíåðöèàëüíîé íàâèãàöèîííîé ñèñòå-
ìû æåëåçíîäîðîæíîãî êîìïëåêñà. Ïðèìåíåíèå ìåòîäà ìîìåíòîâ ê îïðåäåëåíèþ
àïîñòåðèîðíîé ïëîòíîñòè âåðîÿòíîñòè âåêòîðà ñîñòîÿíèÿ èíåðöèàëüíîé íàâèãà-
öèîííîé ñèñòåìû æåëåçíîäîðîæíîãî íàâèãàöèîííîãî êîìïëåêñà ïîçâîëÿåò ñâåñòè
ðåøåíèå èñõîäíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-
íûõ Ñòðàòîíîâè÷à ê èíòåãðèðîâàíèþ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé [1]. Íàëè÷èå ñìåøàííûõ ìîìåíòîâ, âîçíèêàþùèõ ïðè ðåøåíèè äàííîé
çàäà÷è, óñòàíàâëèâàåò êîððåëÿöèîííûå ñâÿçè ìåæäó êîîðäèíàòàìè âåêòîðà ñî-
ñòîÿíèÿ èíåðöèàëüíîé íàâèãàöèîííîé ñèñòåìû æåëåçíîäîðîæíîãî íàâèãàöèîííî-
ãî êîìïëåêñà, ÷òî äåëàåò îòëè÷íûì ïðåäñòàâëÿåìóþ ìîäåëü îò óæå èìåþùèõñÿ.
[2,3]. Ïðåäëîæåííûé ïîäõîä ïîçâîëÿåò ñóùåñòâåííî óïðîñòèòü âû÷èñëèòåëüíûå
çàòðàòû.
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ÓÑËÎÂÈÅ ÍÅÑÎÂÏÀÄÅÍÈß ÁÀÐÈÖÅÍÒÐÎÂ ÍÀ Ñ×ÅÒÍÎÌ
ÂÅÐÎßÒÍÎÑÒÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ1

Ðàññìîòðèì ôèëüòðîâàííîå ïðîñòðàíñòâî (Ω,F) ñ ôèëüòðàöèåé F= (F0,F1), ãäå
F0 = {Ω,�}, à F1 = σ{Bi, i ∈ N = {1, 2, . . . } : ∪∞i=1Bi = Ω, Bi ∩ Bj = � (i 6= j)}.
Ðàññìîòðèì ñëó÷àéíûé ïðîöåññ Z = (Zn,Fn)1

n=0, ãäå Z0 := a, Z1|Bi := bi.
×åðåç P(Z,F) îáîçíà÷èì ìíîæåñòâî ìàðòèíãàëüíûõ ìåð (ì.ì.) P ïðîöåññà Z

òàêèõ, ÷òî pi := P (Bi) > 0 (i ∈ N), è áóäåì ãîâîðèòü, ÷òî P ∈ NBC (óäîâëåòâîðÿ-

åò óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ), åñëè àáñîëþòíî ñõîäèòñÿ ðÿä
∞∑
i=1

bipi

è

∀I, J ⊂ N (I ∩ J = �, |I| 6 |J |)
∑
I

bipi∑
I

pi
6=

∑
J

bjpj∑
J

pj
.

Â ñëó÷àå êîíå÷íîé σ-àëãåáðû F1 ìíîæåñòâî NBC èçó÷åíî äîâîëüíî ïîäðîáíî
(ñì., íàïðèìåð, [1-2]). Â ÷àñòíîñòè, â óêàçàííûõ ðàáîòàõ áûëî óñòàíîâëåíî, ÷òî
NBC 6= �, åñëè P(Z,F) 6= � è a 6= bi,∀i. Äî íàñòîÿùåãî âðåìåíè âîïðîñ î

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00184).
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íåïóñòîòåNBC â ñëó÷àå ñ÷åòíîïîðîæäåííîé F1 îñòàâàëñÿ îòêðûòûì. Ñëåäóþùàÿ
òåîðåìà äàåò ÷àñòè÷íûé îòâåò íà äàííûé âîïðîñ.
Òåîðåìà. Ïóñòü b1 < a < b2 < b3 < b4 < b5 < . . ., ïðè÷�åì bi − bi−1 > bi−1,∀i >

2. Òîãäà NBC 6= �.
Çàìåòèì, ÷òî åñëè íåðàâåíñòâî, îïðåäåëÿþùåå NBC, âûïîëíÿåòñÿ ëèøü äëÿ

òàêèõ I è J , äëÿ êîòîðûõ |I| = 1, à N\J êîíå÷íî, òî ïîëó÷àåì îïðåäåëåíèå îñëàá-
ëåííîãî óñëîâèÿ íåñîâïàäåíèÿ áàðèöåíòðîâ è ñîîòâåòñòâóþùåãî ìíîæåñòâà
WNBC. Äîñòàòî÷íûå óñëîâèÿ, îáåñïå÷èâàþùèå íåïóñòîòó WNBC, ïîëó÷åíû â
[2-3].
Ðåçóëüòàòû, àíîíñèðóåìûå â äàííûõ òåçèñàõ, à òàêæå ïîëó÷åííûå ðàíåå â ðàáî-

òàõ [1-3], êàñàåìûå ìíîæåñòâNBC èWNBC, óñïåøíî èñïîëüçóþòñÿ ïðè ðàñ÷åòàõ
öåí ðàçëè÷íûõ ôèíàíñîâûõ îáÿçàòåëüñòâ è ïîñòðîåíèè õåäæèðóþùèõ ïîðòôåëåé.

Ë È Ò Å Ð À Ò Ó Ð À
1. Áîãà÷åâà Ì.Í., Ïàâëîâ È.Â. // Î õààðîâñêèõ ðàñøèðåíèÿõ áåçàðáèòðàæíûõ ôèíàíñîâûõ ðûíêîâ äî áåçàðáèòðàæ-

íûõ è ïîëíûõ. Óñïåõè ìàòåì. íàóê, 2002, ò. 57, âûï. 3, ñ.143-144.
2. Ïàâëîâ È.Â., Öâåòêîâà È.Â., Øàìðàåâà Â.Â. // Íåêîòîðûå ðåçóëüòàòû î ìàðòèíãàëüíûõ ìåðàõ îäíîøàãîâûõ

ìîäåëåé ôèíàíñîâûõ ðûíêîâ, ñâÿçàííûå ñ óñëîâèåì íåñîâïàäåíèÿ áàðèöåíòðîâ. Âåñòíèê ÐÃÓÏÑ, 2012, N 3, ñ.177-181.
3. Ïàâëîâ È.Â., Öâåòêîâà È.Â., Øàìðàåâà Â.Â. // Î ñóùåñòâîâàíèè ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ îñëàá-

ëåííîìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ, â ñëó÷àå ñ÷¼òíîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà. Òåîðèÿ âåðîÿòíîñòåé è å¼
ïðèìåíåíèÿ, 2016, ò.61, âûï.1, ñ.173-181.

E.B. Yarovaya (Moscow, Russia)
yarovaya@mech.math.msu.su

OPERATOR MODELS OF BRANCHING RANDOM WALKS AND
THEIR SPECTRAL ANALYSIS 1

Nowadays it is commonly accepted to describe stochastic processes with generation
and transport of particles, used in statistical physics, chemical kinetics, population
dynamic studies etc., in terms of branching random walks. We consider a continuous-
time symmetric irreducible branching random walk on a multidimensional lattice with a
�nite set of the particle generation centres, i.e. branching sources. Behavior of branching
random walks in many ways determined by properties of a particle motion and a
dimension of the space in which the particles evolve. Despite the probabilistic background
of the problem, the work is essentially deals with functional analytic methods and,
more precisely, with the methods of spectral theory. The main object of study is the
evolutionary operator for the mean number of particles both at an arbitrary point
and on the entire lattice. The existence of positive eigenvalues in the spectrum of
an evolutionary operator results in an exponential growth of the number of particles
in branching random walks, called supercritical in the such case. For supercritical
branching random walks, it is shown that the amount of positive eigenvalues of the

1This work was supported by the Russian Science Foundation (project 14-21-00162).
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evolutionary operator, counting their multiplicity, does not exceed the amount of
branching sources on the lattice, while the maximal of these eigenvalues is always
simple. We demonstrate that the appearance of multiple lower eigenvalues in the
spectrum of the evolutionary operator can be caused by a kind of `symmetry' in the
spatial con�guration of branching sources. We obtain limit theorems for `receding'
sources, i.e. in the case when the pairwise distances between sources tend to in�nity. The
presented results are based on Green's function representation of transition probabilities
of an underlying random walk and cover not only the case of the �nite variance of jumps
but also a less studied case of in�nite variance of jumps.
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Abdulrahman H., Skorokhodov V.A. (Rostov-on-Don, Russia)
abdulrahm.haidar@gmail.com, pdvaskor@yandex.ru

ON ERGODIC BIRESOURCES NETWORKS WITH MAGNETIC
REACHABILITY

Resource network is a graphical model of di�usion proposed earlier in the literature.
Every node of the network stores some amount of ¾resource¿. This resource disseminates
through networks according to the speci�ed rules.
We consider ergodic biresource network G with magnetic reachability, and let G′ �

be an auxiliary network of G.
Set of values {qj,li (t)} i ∈ [1;n]Z , j ∈ [1; k]Z , l ∈ {1, 2} are called network G status

in the moment t. Each value qj,li (t) is called the quantity of resource l in vertex i, which
has level j of magnetism in the moment t.
We de�ne rules of functioning of the biresourse network: for each i ∈ [1;n]Z , j ∈

[1; k]Z , l ∈ {1, 2}

qj,li (t+ 1) = qj,li (t)−
∑

v∈[xji ]
+

F l(v, t) +
∑

v∈[xji ]
−

F l(v, t),

where F l(v, t) is a the resource l �ow value, which passes through the arc v in the
moment t.
Resource allocation methods on the biresources networks with magnetic reachability

are developed in two cases:
� the �rst resource is the main resource at all.
� the �rst resource is the main, but with magnetic properties.
Methods of �nding threshold value of the �rst (the main) resource on the biresources

networks with magnetic reachability are developed in case, where both of resources are
independent distributed for each other.

R E F E R E N C E S
1. Skorokhodov V.A., Chebotareva A. S. The Maximum Flow Problem in a Network with Special Conditions of Flow

Distribution. Journal of Applied and Industrial Mathematics. 2015. Vol. 9, No. 3. pp. 435�446.
2. Erusalimskyi Ya.M., Skorokhodov V.A., Kuzminova M.V., Petrosyan A.G. Graphs with a non-standard reachability.

Problems and applications (Rus.)/ Rostov-on-Don: Southern Federal University, 2009.

Ã.È. Áåëÿâñêèé (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
beliavsky@hotmail.com

ÏÐÎÃÍÎÇ ÑËÓ×ÀÉÍÛÕ ÑÎÁÛÒÈÉ. ÏÐÈÌÅÍÅÍÈÅ ONLINE
LEARNING ÒÅÕÍÎËÎÃÈÈ1

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà N 17-01-00888a
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Íàøå èññëåäîâàíèå ñâÿçàíî ñ ïðîãíîçîì ïîòîêà ñëó÷àéíûõ ñîáûòèé â äèñêðåò-
íîì âðåìåíè. Â îñíîâå ëþáîãî ïðîãíîçà ëåæèò ìàòåìàòè÷åñêàÿ ìîäåëü ïîòîêà.
Ìàòåìàòè÷åñêàÿ ìîäåëü ñîäåðæèò ïàðàìåòðû, íåêîòîðûå èç êîòîðûõ ìû îòíî-
ñèì ê íåîïðåäåëåííûì ïàðàìåòðàì ïî ïðè÷èíå òîãî, ÷òî ñòàòèñòè÷åñêèå ìåòîäû
íå ïîçâîëÿþò íàéòè õîðîøóþ îöåíêó, íàïðèìåð, èç-çà îòñóòñòâèÿ ñòàöèîíàðíîñòè
èëè èç-çà íåäîñòàòî÷íîãî îáúåìà âûáîðêè. Îáîçíà÷èì ÷åðåç M ìíîæåñòâî ìî-
äåëåé, êîòîðûå ìîãóò ó÷àñòâîâàòü â îïèñàíèè ïîòîêà. Ïðåäñêàçàíèå ïîòîêà ñëó-
÷àéíûõ ñîáûòèÿ ýêâèâàëåíòíî ïðåäñêàçàíèþ ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè Y ,
ñîñòîÿùåé èç íóëåé è åäèíèö. Åäèíèöà ñîîòâåòñòâóåò íàñòóïëåíèþ ñëó÷àéíîãî ñî-
áûòèÿ. Ïðåäñêàçàíèå ñëó÷àéíîãî ñîáûòèÿ çàêëþ÷àåòñÿ â âû÷èñëåíèè ïðîãíîçíîé
âåðîÿòíîñòè íàñòóïëåíèÿ ñëó÷àéíîãî ñîáûòèÿ pt = P (Yt = 1/Ft−1). Ìû áóäåì èñ-
ïîëüçîâàòü ñòîõàñòè÷åñêèé áàçèñ 〈Ω, (Ft)t≥0, F, (Pi)i∈M〉, Ω−ìíîæåñòâî áèíàðíûõ
ïîñëåäîâàòåëüíîñòåé, ôèëüòðàöèÿ Ft îáëàäàåò ñòàíäàðòíûì íàáîðîì ñâîéñòâ è
êàæäàÿ èç ìîäåëåé ïîðîæäàåò âåðîÿòíîñòíîþ ìåðó íà ñèãìà àëãåáðå F . Óñëîâ-
íûé çàêîí ðàñïðåäåëåíèÿ Li(yt/Ft−1), ïîðîæäàåìûé ìîäåëüþ i, îïðåäåëÿåòñÿ âå-
ðîÿòíîñòíîé ôóíêöèåé pi(yt/Ft−1) = (qi,t)

yt(1 − qi,t)1−yt, yt ∈ {0, 1}. Ó÷àñòâóþùàÿ
â îïðåäåëåíèè ñëó÷àéíàÿ âåëè÷èíà ïðåäñêàçóåìà: qi,t ∈ Ft−1.
Ìû ðàññìàòðèâàåì çàäà÷ó âû÷èñëåíèÿ ïðîãíîçíîé âåðîÿòíîñòè êàê çàäà÷ó ñî-

ãëàñîâàíèÿ ìíåíèé ýêñïåðòîâ. Äëÿ ñîãëàñîâàíèÿ ìíåíèé ðàçðàáîòàíû ñïåöèàëü-
íûå ìåòîäû, îáúåäèíåííûå îáùèì íàçâàíèåì online learning [1,2]. Îñíîâíàÿ öåëü
çàêëþ÷àåòñÿ â àäàïòàöèè ìåòîäîâ íà ñëó÷àé áåñêîíå÷íîãî ìíîæåñòâà ýêñïåðòîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Lugosi G. Lecture on prediction of individual sequences/ Presented at 2001 a Statistics Odissey center Emil Borel, Institute

Henry Pascal, 92 p.
2. Cesa-Bianchi N., Lugosi G. Prediction, learning and games. Cambrige university press, 2006, 407 p.

Í.Â. Áîåâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
boyev@math.rsu.ru

Ê ÎÏÐÅÄÅËÅÍÈÞ ÍÀËÈ×Èß ×ÀÑÒÈ×ÍÛÕ ÎÒÑËÎÅÍÈÉ
ÑÈÑÒÅÌÛ ÒÂÅÐÄÛÕ ØÀÐÎÂÛÕ ÂÊËÞ×ÅÍÈÉ ÎÒ ÓÏÐÓÃÎÉ

ÌÀÒÐÈÖÛ ÌÅÒÀÌÀÒÅÐÈÀËÀ2

Îáðàçåö èìååò ôîðìó êóáà è èçãîòîâëåí èç ìåòàìàòåðèàëà, ñîñòîÿùåãî èç óïðó-
ãîé ìàòðèöû, ñ òâåðäûìè øàðîâûìè âêëþ÷åíèÿìè îäèíàêîâîãî ðàäèóñà, öåíòðû
êîòîðûõ ðàñïîëîæåíû â óçëàõ òðîÿêîïåðèîäè÷åñêîé ñåòêè ñ îäèíàêîâûì øàãîì
ïî âñåì òðåì íàïðàâëåíèÿì åñòåñòâåííî ñâÿçàííûìè ñ ðåáðàìè è ãðàíÿìè êóáà.
Ïî ïðîåêòó âêëþ÷åíèÿ äîëæíû áûòü æåñòêî ñöåïëåííû ñ óïðóãîé ìàòðèöåé. Îä-
íàêî ïðè èçãîòîâëåíèè ìåòàìàòåðèàëà âîçìîæíî îáðàçîâàëèñü îòñëîåíèÿ øàðî-
âûõ âêëþ÷åíèé îò óïðóãîé ìàòðèöû. Äëÿ êàæäîé èç òðåõ ïàð ïðîòèâîïîëîæíûõ

2Èññëåäîâàíèÿ ïðîâåäåíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà, ãðàíò � 15-19-10008.
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ãðàíåé êóáà ïðîâîäÿòñÿ ñëåäóþùèå ýêñïåðèìåíòû: ñ îäíîé èç ýòèõ ãðàíåé â êóá
ââîäÿòñÿ îäèíàêîâûå èìïóëüñû ñ òîíàëüíûì çàïîëíåíèåì íåñêîëüêèìè ïåðèîäà-
ìè ïëîñêîé âûñîêî÷àñòîòíîé, ìîíîõðîìàòè÷åñêîé ïðîäîëüíîé óïðóãîé âîëíû, à
íà ïðîòèâîïîëîæíîé ãðàíè ïðèíèìàåòñÿ ïðîøåäøàÿ ïðîäîëüíàÿ âîëíà. Ïóñòü èç-
âåñòíû ðåçóëüòàòû ïðàêòè÷åñêèõ èçìåðåíèé ïåðåìåùåíèé â ïðèíÿòûõ, íà ïðîòè-
âîïîëîæíûõ ãðàíÿõ êóáà, èìïóëüñàõ. Ïî ïðèíÿòûì øåñòè èìïóëüñàì íàäî îïðåäå-
ëèòü, âî-ïåðâûõ, íàëè÷èå îòñëîåíèé è, âî-âòîðûõ, èõ ìåñòîïîëîæåíèå â îáðàçöå.
Ðåøåíèå îáðàòíîé çàäà÷è îñíîâàíî íà ðåøåíèè ïðÿìîé çàäà÷è î ïðîõîæäåíèè
ïëîñêîé óïðóãîé ïðîäîëüíîé âîëíû ÷åðåç òðîÿêîïåðèîäè÷åñêóþ ñèñòåìó òâåðäûõ
øàðîâûõ âêëþ÷åíèé, íàõîäÿùèõñÿ â êóáå áåç îòñëîåíèé. Òåîðåòè÷åñêèå ðàñ÷åòû
ïðîâîäÿòñÿ ìåòîäàìè êîðîòêîâîëíîâîé äèôðàêöèè óïðóãèõ âîëí â ëîêàëüíîé ïî-
ñòàíîâêå ñ ó÷åòîì ìíîãîêðàòíûõ ïåðåîòðàæåíèé âîëí íà ñèñòåìå òâåðäûõ øàðî-
âûõ âêëþ÷åíèé. Åñëè îòñëîåíèé â îáðàçöå íåò, òî îòêëîíåíèÿ ðåçóëüòîâ òåîðåòè-
÷åñêèõ ðàñ÷åòîâ è ïðàêòè÷åñêèõ èçìåðåíèé ìèíèìàëüíûå. Â ñëó÷àå ðàñõîæäåíèÿ
ýòèõ ðåçóëüòàòîâ äëÿ îïðåäåëåíèÿ ïðîñòðàíñòâåííîãî ìåñòîïîëîæåíèÿ îòñëîåíèé
ñîâìåñòíî àíàëèçèðóþòñÿ è ñîïîñòàâëÿþòñÿ îáëàñòè ðàñõîæäåíèÿ ðåçóëüòàòîâ íà
êàæäîé èç øåñòè ãðàíåé ïðèåìà èìïóëüñà.

À.Î. Âàòóëüÿí, Ä.Â. Ãóñàêîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
vatulyan@math.rsu.ru, gusakov.dv@yandex.ru

ÈÑÑËÅÄÎÂÀÍÈÅ ÂÎËÍÎÂÛÕ ÏÎËÅÉ Â ÍÅÎÄÍÎÐÎÄÍÛÕ
ÏÎÐÈÑÒÎÓÏÐÓÃÈÕ ÂÎËÍÎÂÎÄÀÕ

Â ðàìêàõ ìîäåëè ïîðèñòîóïðóãîñòè Áèî [1] ðàññìîòðåíà çàäà÷à î âûíóæäåííûõ
êîëåáàíèÿõ íåîäíîðîäíîãî ïî òîëùèíå ïîðèñòîóïðóãîãî ñëîÿ. Ïðåäëîæåí ìåòîä
ïîñòðîåíèÿ âîëíîâûõ ïîëåé â ñëîå ïîä äåéñòâèåì íàãðóçêè äëÿ ïðîèçâîëüíîãî
âèäà ïîïåðå÷íîé íåîäíîðîäíîñòè ìàòåðèàëüíûõ õàðàêòåðèñòèê.
Ðåøåíèå ñòðîèòñÿ ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèå Ôóðüå. Äëÿ ïîëó-

÷åííîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â òðàíñôîð-
ìàíòàõ ïðîàíàëèçèðîâàíû îïåðàòîðíûå ïó÷êè, çàâèñÿùèå îò äâóõ ïàðàìåòðîâ,
èññëåäîâàíà ñòðóêòóðà îñîáîãî ìíîæåñòâà, ñôîðìóëèðîâàíû âñïîìîãàòåëüíûå çà-
äà÷è Êîøè, à îáùåå ðåøåíèå ïîñòðîåíî â âèäå ëèíåéíûõ êîìáèíàöèé ðåøåíèé
âñïîìîãàòåëüíûõ çàäà÷ Êîøè, íàéäåíû ìåðîìîðôíûå ïåðåäàòî÷íûå ôóíêöèè.
Ïåðåìåùåíèÿ âû÷èñëÿþòñÿ ïóòåì îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå. Ïîëó÷åí-

íûå â ðåçóëüòàòå òàêîãî îáðàùåíèÿ èíòåãðàëû ìîãóò áûòü âû÷èñëåíû êàê ïðÿìûì
÷èñëåííûì èíòåãðèðîâàíèåì, òàê è ïðè ïîìîùè òåîðèè âû÷åòîâ. Äëÿ ïðèìåíåíèÿ
òåîðèè âû÷åòîâ íåîáõîäèìî çíàòü ïîëîæåíèå îñîáûõ òî÷åê ïåðåäàòî÷íûõ ôóíê-
öèé, èëè êîìïîíåíò äèñïåðñèîííîãî ìíîæåñòâà. Íàõîæäåíèå òàêèõ òî÷åê îñíîâàíî
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íà ôîðìóëèðîâêå íîâîé ñïåêòðàëüíîé çàäà÷è è åå àíàëèçå.
Ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ âîëíîâûõ ïîëåé, ïîëó÷åííûõ ïðÿìûì ÷èñëåí-

íûì èíòåãðèðîâàíèå è ïðè ïîìîùè òåîðèè âû÷åòîâ, ïîêàçàëî õîðîøåå ñîâïàäåíèå.
Ïðè ýòîì èñïîëüçîâàíèå òåîðèè âû÷åòîâ îêàçàëîñü íà ïîðÿäîê ýôôåêòèâíåå ñ òî÷-
êè çðåíèÿ âðåìåííûõ çàòðàò.

Ë È Ò Å Ð À Ò Ó Ð À
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ÀÂÒÎÌÀÒÈ×ÅÑÊÎÅ ÐÀÑÏÀÐÀËËÅËÈÂÀÍÈÅ ×ÈÑËÅÍÍÛÕ
ÌÅÒÎÄÎÂ ÐÅØÅÍÈß ÇÀÄÀ× ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ìîãóò èìåòü òàêóþ
âû÷èñëèòåëüíóþ ñëîæíîñòü è òàêîé îáúåì äàííûõ, ÷òî ïðîèçâåñòè èõ ðàñ÷åò ïðåä-
ñòàâëÿåòñÿ âîçìîæíûì òîëüêî íà ñóïåðêîìïüþòåðå ñ ñîâðåìåííîé àðõèòåêòóðîé.
Ïîýòîìó â íàñòîÿùåå âðåìÿ ðàñïàðàëëåëèâàíèå ÿâëÿåòñÿ îäíèì èç íàèáîëåå ýô-
ôåêòèâíûõ ñïîñîáîâ ðàñ÷åòà ÷èñëåííûõ ìåòîäîâ.
Íî ïðîãðàììó íåäîñòàòî÷íî ïðîñòî çàïóñòèòü íà ñóïåðêîìïüþòåðå. Äëÿ äîñòè-

æåíèÿ ìàêñèìàëüíîãî óñêîðåíèÿ åå íåîáõîäèìî ðàñïàðàëëåëèòü. Ðàñïàðàëëåëèâà-
íèå ïðîãðàììû äëÿ çàïóñêà íà ñóïåðêîìïüþòåðå � íåïðîñòàÿ çàäà÷à, à ýôôåêòèâ-
íîå ðàñïàðàëëåëèâàíèå � åùå áîëåå íåïðîñòàÿ. Íàïðèìåð, ðàçìåùåíèå äàííûõ ñ
ïåðåêðûòèÿìè ïîçâîëÿåò óñêîðèòü ïàðàëëåëüíûé àëãîðèòì åùå íà 30%, íî êîëè-
÷åñòâî íàïèñàííîãî êîäà ïðè ýòîì óâåëè÷èâàåòñÿ â 1.5 ðàç.
Äëÿ ðåøåíèÿ äàííîé ïðîáëåìû ïðåäëàãàåòñÿ èñïîëüçîâàíèå àâòîìàòè÷åñêîãî

ðàñïàðàëëåëèâàíèÿ. Ïðîãðàììèñò ðàçìå÷àåò ïîñëåäîâàòåëüíûé êîä ñïåöèàëüíû-
ìè ïðàãìàìè, à êîìïèëÿòîð ïðåîáðàçóåò êîä ñ ïðàãìàìè â ïàðàëëåëüíûé.
Àâòîìàòè÷åñêîå ðàñïàðàëëåëèâàíèå ðåàëèçîâàíî â Îïòèìèçèðóþùåé Ðàñïàðàë-

ëåëèâàþùåé Ñèñòåìå è ïîääåðæèâàåò äîïîëíèòåëüíûå îïòèìèçàöèè è íåñòàíäàðò-
íûå ðàçìåùåíèÿ äàííûõ.
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Èññëåäîâàíèÿ âîëíîâûõ ïðîöåññîâ â êðîâåíîñíûõ ñîñóäàõ àêòèâíî ïðîäîëæàþò-
ñÿ, íà÷èíàÿ ñî âòîðîé ïîëîâèíû äåâÿòíàäöàòîãî ñòîëåòèÿ. Âïåðâûå áûëè ðàññ÷è-
òàíû äëèííûå ïðîäîëüíûå âîëíû ïî ëèíåéíîé òåîðèè â öèëèíäðå, îãðàíè÷åííîì
óïðóãîé îáîëî÷êîé. Çàòåì âîçíèê âîïðîñ ðàñ÷åòà ñïèðàëüíûõ äâèæåíèé â ñîñóäàõ.
Îòìåòèì ðàáîòû Óñòèíîâà Þ.À. ïî èññëåäîâàíèþ ñâîéñòâ äëèííûõ ñïèðàëüíûõ
âîëí â êðîâåíîñíûõ ñîñóäàõ. Èçâåñòíî, ÷òî äëèííûå âîëíû ðàñïðîñòðàíÿþòñÿ íà
ôîíå ñòàöèîíàðíîãî ïîòîêà, êîòîðûé ìîæåò ìîäåëèðîâàòüñÿ ëèáî èçâåñòíûì òå-
÷åíèåì Ïóàçåéëÿ, ëèáî ðàâíîìåðíûì ïîòîêîì. Ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ
ïîêàçàëè, ÷òî ñòàöèîíàðíûé ïîòîê èìååò ïîñòîÿííóþ ñêîðîñòü â îêðåñòíîñòè îñè
ñîñóäà è ôîðìèðóåò ïîãðàíè÷íûå âáëèçè ñòåíêè ýòîãî ñîñóäà. Êðîìå äëèííûõ
âîëí â ñîñóäàõ ðàñïðîñòðàíÿþòñÿ äëèííûå è êîðîòêèå ñïèðàëüíûå âîëíû. Îòìå-
òèì, ÷òî äëèííûå ñïèðàëüíûå âîëíû áåãóò â òîíêîì ïîãðàíè÷íîì ñëîå âáëèçè
ñòåíêè ñîñóäà. Êîðîòêèå ñïèðàëüíûå âîëíû çàïîëíÿþò âñå ïîïåðå÷íîå ñå÷åíèå ñî-
ñóäà. Êðîìå ñïèðàëüíûõ âîëí â ñîñóäå èìåþòñÿ êâàçèñòàöèîíàðíûå ñïèðàëüíûå
ìîäû, êîòîðûå â ïåðâîì ïðèáëèæåíèè íå çàâèñÿò âðåìåíè. Îòìåòèì, ÷òî ïåðâàÿ
êâàçèñòàöèîíàðíàÿ ìîäà íå èçìåíÿåò íàïðàâëåíèÿ âðàùåíèÿ æèäêîñòè.
Â äîêëàäå ïîñòðîåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ êâàçèñòàöèîíàðíûõ ìîä íà

îñíîâå íåëèíåéíûõ óðàâíåíèé Íàâüå-Ñòîêñà. Ãëàâíîå ïðèáëèæåíèå óäîâëåòâîðÿåò
êðàåâîé çàäà÷å äëÿ ëèíåàðèçîâàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ, êîýôôèöèåíòû êîòîðîãî, çàâèñÿò îò ïðîäîëüíîé è ðàäèàëüíîé êîì-
ïîíåíò ñêîðîñòè äëèííûõ âîëí. Îòìåòèì òàêæå, ÷òî ýòî óðàâíåíèå ñîäåðæèò äâà
ìàëûõ ïàðàìåòðà, èìåþùèõ ðàçíûé ôèçè÷åñêèé ñìûñë. Â ðàáîòå ýòè ïàðàìåòðû
ñâÿçàíû ëèíåéíîé çàâèñèìîñòüþ. Â íóëåâîì ïðèáëèæåíèè ïîëó÷åíî ñòàöèîíàð-
íîå ðåøåíèå, êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ èç óñëîâèÿ ïåðèîäè÷íîñòè
ïî âðåìåíè ðåøåíèé êðàåâîé çàäà÷è â ïåðâîì ïðèáëèæåíèè. Ðåøåíèå â ãëàâíîì
ïðèáëèæåíèè íàéäåíî ÷èñëåííî. Ïîëó÷åíà îöåíêà âêëàäà â ðåøåíèå îò ôóíêöèé,
îïèñûâàþùèõ ïîãðàíè÷íûå ñëîè. Ïîêàçàíî, ÷òî â ãëàâíîì ïðèáëèæåíèè íóëåâàÿ
êâàçèñòàöèîíàðíàÿ ìîäà íå çàâèñèò îò âðåìåíè è íå èçìåíÿåò íàïðàâëåíèå âðà-
ùåíèÿ æèäêîñòè â ñîñóäå.

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÖÅÏÈ ÏÎÑÒÀÂÎÊ ÒÎÂÀÐÎÂ
Ë.Â. Êàðòàøåâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)

kartasheva@mail.ru

Óïðàâëåíèå öåïÿìè ïîñòàâîê - ýòî èíòåãðàëüíûé ïîäõîä ê áèçíåñó, ðàñêðûâàþ-
ùèé ôóíäàìåíòàëüíûå ïðèíöèïû óïðàâëåíèÿ â ëîãèñòè÷åñêîé öåïè. Öåëü óïðàâ-
ëåíèÿ öåïÿìè ïîñòàâîê ñîñòîèò â ìèíèìèçàöèè îáùèõ ëîãèñòè÷åñêèõ èçäåðæåê
ïðè óäîâëåòâîðåíèè äàííîãî ôèêñèðîâàííîãî ñïðîñà. Ïðè ïîñòðîåíèè ìîäåëè äëÿ
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ðåøåíèÿ êîíêðåòíûõ ïðîáëåì ïëàíèðîâàíèÿ ìîæíî èññëåäîâàòü ëèøü ÷àñòü îá-
ùåé öåïè ïîñòàâîê êîìïàíèè è ñâÿçàííûõ ñ íåé èçäåðæåê. Óïðàâëåí÷åñêèå ðå-
øåíèÿ î öåïè ïîñòàâîê è ñïðîñå òàêæå î÷åíü òåñíî ñâÿçàíû ñ êîðïîðàòèâíûìè
ôèíàíñîâûìè ðåøåíèÿìè, îñîáåííî ïðè ïëàíèðîâàíèè ñòðàòåãèè ôèðìû. Ïîýòî-
ìó êîìïàíèè ðàññìàòðèâàþò îïòèìèçàöèîííûå ìîäåëè äëÿ àíàëèçà ôèíàíñîâûõ
ðåøåíèé. Äàííûå ìîäåëè ìîãóò áûòü ïîëíîñòüþ èíòåãðèðîâàíû â ëîãèñòè÷åñêèå
ìîäåëè. Â ðàáîòå íàéäåíà öåëåâàÿ ôóíêöèÿ çàâèñèìîñòè ïðèáûëè îò ïîñòàâîê.
Ïîêàçàíî, ÷òî ïîñòàâêà òðåòüåãî âèäà òîâàðîâ íå äàåò ïðèáûëè. Ïðåäïðèÿòèå èñ-
ïîëüçóåò ñêëàäñêóþ ôîðìó çàâîçà òîâàðà. Ñ ïîìîùüþ ìåòîäîâ îïòèìèçàöèè ðå-
øàåòñÿ çàäà÷à î ðàçìåùåíèÿ òðåõ âèäîâ óãëÿ ïî òðåì ñêëàäàì ñ ìèíèìàëüíûìè
èçäåðæêàìè. Çàòåì óãîëü íåîáõîäèìî ïîñòàâèòü ñ òðåõ ñêëàäîâ íà çàâîäû â ïÿòü
ðàçíûõ ãîðîäîâ â ðàçíûõ òðåáóåìûõ êîëè÷åñòâàõ. Ðàññ÷èòûâàþòñÿ ìèíèìàëüíûå
ñòîèìîñòè çàòðàò íà ïåðåâîçêè áåç ðàçáèâêè òîâàðîâ íà ãðóïïû è ñ ðàçáèâêîé òî-
âàðîâ íà ãðóïïû. Îêàçàëîñü, ÷òî ñòîèìîñòü ïåðåâîçîê â ïåðâîì ñëó÷àå - 34638,6
ðóáëåé; à âî âòîðîì - 34647,6 Êîìïàíèè, êîíå÷íî, âûãîäíåå ïåðåâîçèòü òîâàð áåç
ðàçáèâêè íà ãðóïïû òîâàðîâ, íî ïðè ýòîì òðåáîâàíèÿ çàêàç÷èêîâ íå âûïîëíÿþòñÿ.
Íåçíà÷èòåëüíàÿ ðàçíèöà (34647,6 -34638,6=9) óáåäèò êîìïàíèþ, ÷òî ñäåëêà âñå �
òàêè âûãîäíà.

Å.À. Ëóêüÿíîâà (ã. Ñèìôåðîïîëü, Ðîññèÿ)
lukyanovaea@mail.ru

ÏÐÈÌÅÍÅÍÈÅ ÊÎÌÏÎÍÅÍÒÍÛÕ ÑÅÒÅÉ ÏÅÒÐÈ Â
ÎÊÐÅÑÒÍÎÑÒÍÎÌ ÌÎÄÅËÈÐÎÂÀÍÈÈ

Â íàñòîÿùåå âðåìÿ êëàññû îêðåñòíîñòíûõ ìîäåëåé [1], ïîëó÷åííûå íà îñíî-
âå ñåòåé Ïåòðè, ýôôåêòèâíî èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìî-
äåëåé äèíàìè÷åñêèõ ïðîèçâîäñòâåííûõ ñèñòåì è ðåøåíèÿ çàäà÷ äîñòèæèìîñòè.
Èñïîëüçîâàíèå ïðè ìîäåëèðîâàíèè ñëîæíûõ ñèñòåì êîìïîíåíòíûõ ñåòåé Ïåòðè
[2] ïîçâîëÿåò ñîõðàíÿòü èñõîäíóþ ìîäóëüíîñòü èññëåäóåìîé ñèñòåìû è ïîëó÷àòü
ðåäóöèðîâàííóþ ìîäåëü ñèñòåìû ñòðóêòóðíî ïîäîáíóþ ñàìîé ñèñòåìå.
Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ñîâìåñòíîãî èñïîëüçîâàíèÿ ñëåäóþùèõ èíñòðó-

ìåíòîâ äëÿ ìîäåëèðîâàíèÿ ñëîæíûõ ïàðàëëåëüíûõ è ðàñïðåäåëåííûõ ñèñòåì: îêðåñò-
íîñòíûõ ñèñòåì [3] è êîìïîíåíòíûõ ñåòåé Ïåòðè, âûÿâëÿþòñÿ ïóòè èñïîëüçîâàíèÿ
ìîäåëèðóþùèõ îñîáåííîñòåé êîìïîíåíòíîé ñåòè Ïåòðè ïðè êëàñòåðèçàöèè îêðåñò-
íîñòíîé ñèñòåìû [4].
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K.A. Nadolin, I. V. Zhilyaev (Rostov-on-Don, Russia)
kanadolin@sfedu.ru

ON THE MODELLING OF A WATERCOURSE BASED ON REDUCED
3D MODEL

Some further results of research [1] are presented. Main goal of the study is to provide
simpli�ed 3D mathematical model for hydrodynamics of shallow open shear �ows and
to testing them. This model can be applied to natural streams like rivers and channels.
The distinctive feature of such watercourses is a considerable di�erence in sizes of their
length, width and depth. For example, the ratio between the characteristic depth and
width for a typical lowland river varies from 1:10 to 1:200.
We consider an open turbulent �ow of incompressible viscous �uid in the section of

river or channel. The river-bed is assumed known and weakly curved. Also the stream
is assumed lengthy and shallow. So, the geometry of the considered part of the stream
can be described by known functions smooth enough. Also the length of this section of
a channel is large with respect to its width, and the width of this section is large with
respect to its depth.
As a result a mathematical model is derived by means of small parameters technique.

Starting from the original 3D Reynolds equations for the incompressible �uid, coupled
with the Boussinesq turbulence hypothesis we come to a recurrent sequence of the
boundary-value problems for quasilinear PDEs. The starting system in this recurrent
sequence is called the reduced 3D mathematical model of watercourse.
The numerical results show that this reduced 3D model adequately describes the

hydrodynamics of natural streams. It provides acceptable accuracy and allows the
improvements by means of applying the recurrent correction procedure.
The reduced 3D model take into account the cross-structure of a stream. This is

a strong particular feature of the proposed model. That allows us to study the �ow
in a channel with varying width and depth more accurate than by utilizing the on-
depth-averaged models. For example, we can catch the phenomenon of occurrence the
opposite �ow in a near-surface region, which may be caused e.g. by means of the wind
action.
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ÏÐÎÄÂÈÍÓÒÛÅ ÍÅÉÐÎÑÅÒÅÂÛÅ ÌÎÄÅËÈ ÄËß ÐÅØÅÍÈß
ÇÀÄÀ× ÐÀÑÏÎÇÍÀÂÀÍÈß ÎÁÐÀÇÎÂ1

Â ïîñëåäíèå ãîäà çíà÷èòåëüíûé ïðîãðåññ â îáëàñòè êîìïüþòåðíîãî çðåíèÿ áûë
äîñòèãíóò ñ ïðèìåíåíèåì íåéðîííûõ ñåòåé. Ñîâðåìåííûå íåéðîñåòåâûå ìîäåëè
äîñòàòî÷íî óñïåøíî áûëè âíåäðåíû â ðàçëè÷íûå ïðèëîæåíèÿ ïîèñêà ïî èçîáðà-
æåíèÿì, îáðàáîòêè ðåíòãåíîâñêèõ ñíèìêîâ è äð. Ìîæíî âûäåëèòü òðè îñíîâíûõ
òèïà çàäà÷, êîòîðûå ðåøàþòñÿ ïðè ðàñïîçíàâàíèè îáðàçîâ: çàäà÷à êëàññèôèêà-
öèè èçîáðàæåíèé (âûõîä ñåòè - íîìåð êëàññà), äåòåêòèðîâàíèå îáúåêòîâ (âûõîä
ñåòè - êîîðäèíàòû îáúåêòà è íîìåð êëàññà, ê êîòîðîìó îí îòíîñèòñÿ), ñåãìåíòàöèÿ
(âûõîä ñåòè - ìàòðèöà ìåòîê ñåãìåíòîâ îáúåêòà). Â òàáëèöå íèæå ïðåäñòàâëåíû
íàèáîëåå èçâåñòíûå íåéðîííûå ñåòè äëÿ ðåøåíèÿ ïîäîáíûõ çàäà÷.

Êëàññèôèêàöèÿ Äåòåêòèðîâàíèå Ñåãìåíòàöèÿ
VGG 16 Faster R-CNN SegNet

Inseption V2, V3 R-FCN U-Net

ResNet-101 SSD PixelNet

Inseption ResNet V4 YOLO FC-DenseNets

Â îñíîâå âñåõ ïðåäñòàâëåííûõ àðõèòåêòóð ëåæàò ñâåðòî÷íûå íåéðîííûå ñåòè.
Ïåðâàÿ ãðóïïà ñåòåé ïîçâîëÿåò ýôôåêòèâíî ïðîèçâîäèòü èçâëå÷åíèå ïðèçíàêîâ è
êëàññèôèöèðîâàòü èçîáðàæåíèÿ. Ñåòè âòîðîé ãðóïïû ÿâëÿþòñÿ ñî÷åòàíèåì äåòåê-
òîðà è ñâåðòî÷íîé ñåòè, ïîýòîìó âîçìîæíî êîìáèíèðîâàíèå ëþáîé ñåòè èç ïåðâîé
ãðóïïû ñ ìåòà-àëãîðèòìîì äåòåêòîðà [1]. Îñîáåííîñòüþ ïîñëåäíåé ãðóïïû ÿâëÿ-
åòñÿ ïðèìåíåíèå ïîëíîñâÿçíûõ ñâåðòî÷íûõ ñåòåé [2].
Ñòîèò òàêæå îòìåòèòü, ÷òî âîçìîæíîñòü ñâåðòî÷íîé íåéðîííîé ñåòè èçâëåêàòü

èíâàðèàíòíûå ïðèçíàêè â èçîáðàæåíèÿõ ïîçâîëÿåò óñïåøíî ïðèìåíÿòü èõ íå òîëü-
êî â çàäà÷àõ êîìïüþòåðíîãî çðåíèÿ, íî è â çàäà÷àõ îáðàáîòêè åñòåñòâåííîãî ÿçûêà,
ïðîãíîçèðîâàíèè âðåìåííûõ ðÿäîâ è äð.

Ë È Ò Å Ð À Ò Ó Ð À
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2. Jonathan Long, Evan Shelhamer, and Trevor Darrell Fully Convolutional Networks for Semantic Segmentation. CVPR,

2015.
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