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CIIEKTPAJIBHBIE 3A/IAYU TEOPUU
JANSDJIEKTPUYECKNX BOJIHOBOJIOB

E.M. Kapuesckuii

AnaHOTa U

IIpeamoskeHbl HOBBIE TTOCTAHOBKY 33129 CIIEKTPAJTbHON TEOPUN UK TPUIECKUX BOTHOBO-
JI0B, Ha OCHOBE KOTOPBIX JIOKA3AHO CYIIECTBOBAHNE COOCTBEHHBIX BOJIH, N3y U€HBI KAYECTBEHHBIE
cBoiicTBa crrekTpa. IlocTpoensl u Teoperudecku 000CHOBAHBI HOBbIE 3(h(DEKTUBHBIE YHUC/IEHHDBIE
METOJIBI PEIIeHNs STUX 331a4.

KuiroueBbie ciioBa: CIIEKTPaJIbHbIE 3a/a91, JAUSJIEKTPUICCKHUE BOTTHOBOAbBI, YUC/I€HHbIE Me-
TOAbI, UHTETrPDaJIbHbIE YPDABHECHUA.

BBenenue

B pabore maercsi 0630p pe3ynbTaToB, TOJYYEHHBIX HA Kadeape MpUKJIATHON Ma-
rematnkyn Ka3aHCKOrO TOCyJapCTBEHHOTO YHUBEPCUTETa B OOJIACTH WCCIEIOBAHUS U
YUCJEHHON pean3alui MaTeMaTUYeCKUX MOJIeseil CIeKTPAJIbHOU TEOPUu JIU3JIEKTPHU-
4ecKuX BOJTHOBOMOB. OCHOBHOE BHUMAHHE YIEJSeTcs 3ajadaM O COOCTBEHHBIX BOJIHAX
BOJIHOBO/IOB, HAXOJANINXCA B OJHOPOJAHONW OKpYZKaIoIeit cpese.

Pa6ora cocrout u3 nsatu pasaenos. [lepBorii pa3aes mOCBSIIEH N3y YeHNI0 KaUeCTBEH-
HBIX CBOMCTB pertennii 00mux 3a/1a9 0 COOCTBEHHBIX BOJTHAX BOJTHOBOIOB C MOCTOSTHHBIM
IoKa3aTesieM IIpeJOMJIeHId IyTeM CBeIeHNA UX METO/IOM IIOTEHIIUAIOB IIPOCTOI0 CJI04 K
HEJTUHEHHBIM CHEKTPAIbHBIM 3a1a49aM 171 (PPearosbMOBBIX IOJIOMOPQHBIX OmMepaTop-
dyukmnit. Bo BropoMm paszmene m3ydaroTcs KadeCTBEHHBIE CBOMCTBA peIIeHHil 00X
3a/1a9 0 COOCTBEHHBIX BOJHAX BOJIHOBOJIOB C MEPEMEHHBIM MTOKA3ATEIEM MPETOMIIEHUS 1
pa3mbIToil Tpanuneii. OHU CBOAATCS METOIOM WHTErPAJIbHBIX YPAaBHEHUI TI0 001aCTH K
HEJTUHEHHBIM CHEKTPAIbHBIM 3a1a49aM 171 (PPearosbMOBBIX IOJIOMOPQHBIX OmMepaTop-
dyuxnuii. Tpernii pa3aesn mOCBAIEH W3y YeHUIO BOIPOCOB CYIIIECTBOBAHUS W KAYE€CTBEH-
HBIX CBOWCTB PeIleHuil 3a/1a49 O MOBEPXHOCTHBIX COOCTBEHHBIX BOJIHAX IyTEM CBE/IEHUs
WX METOJIOM TOYHBIX HEJOKAJBHBIX TPAHNUYHBIX YCJAOBHHA K MapaMeTpUdecKuM 3a/adaM
HA COOCTBEHHBIE 3HAYEHUS JJI OTPAHUIEHHBIX CAMOCOPSIKEHHBIX OTIEPATOPOB C HEJIN-
HEeWHBIM BXOXKJIEHUEM CIMEKTPAJILHBIX MapaMeTpoB. B deTBepToM pazjene m3yvaroTcs
CBO¥CTBa onepaTopa JBYMEpPHOI'O CUHIYJIAPHOIO MHTErPAJIbHOIO YpaBHEHUd, K KOTOPO-
MY CBOJHUTCH 33/1a9a O COOCTBEHHBIX BOJIHAX IUIUHIPUIECKOTO JTUTIEKTPUIECKOTO BOJI-
HOBO/Ta, B TIJIOCKO-CJIONCTON OKpyKaroieil cpeme. IlaToiii pa3men nocesien pa3paborke
7 TEOPEeTUYEeCKOMY HMCCJIeJOBAHUIO YNCIEHHBIX METO/IOB PeIleHns 3a/1av CIeKTPaJIbHO’
TEOPUN NMUJINHIPUIECKNAX JIMIJTEKTPUIECKNX BOJHOBOJIOB.

1. OGO6mme 3amaum 0 cOOCTBEHHBIX BOJIHAX BOJIHOBOJIOB
C TIOCTOSTHHBIM MOKa3aTeJieM NpeJIOMJIeHUS

1.1. CkangpHag 3ajiladya B IIPUOJMKEHNN CJIA00HATPABJIFIONIETO BOJIHO-
Boga. Paccmorpum craJggpHyO 337349y O COOCTBEHHBIX BOJHAX CJIAOOHAMPABIISIONIErO
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Puc. 1. CxemaTndeckoe m300pakeHUe MOTIEPETHOTO CEUEHUs TUITEKTPUIECKOT0 BOJHOBOJA B
OZHOPOHON OKpyzKalolieil cpeae

sosinoBoza [1]. Henynesas dyukuus w € U na3biBaercs cobcrsennoii dbyunkiueil 3aa-
4y, OTBeYaIeil cobcrBeHHOMY 3HaYeHuio [ € A, eciu

Au+xi2u=0, x€Q, (1)
Au+x2u=0, z¢€Q., (2)
out  Ou~
+ - 7
ut =, 5 zel, (3)
u(r,p) = > atHY (xoor) explily), || > Ro. (4)
l=—0o0

3mecs A — mByMepHBIi omepaTop Jlammaca; 2 — ob6macTs Ha mIockocTn RZ, orpamu-
YeHHAs ABAYKIBI HEMPEPBIBHO Aud depeHmpyeMbiM KOHTYPOM ') [enKoM Jieskaras B
kpyre paguyca Ry (cm. puc. 1), Qo = R2\Q; U — mHOXKecTBO (DYHKIHMI, HEMPEPBIBHBIX
i HempepbiBHO muddepentupyeMbix B ) u Qoo , ABAZKIbI HEIPePHIBHO auddepeHin-

pyembix B Q n Qo
X+/OO = \/ kQ’ni/oo - 525

re k? = w?egpuo, w > 0 — 3a7anHas Kpyropas 9acTOTa 3/IeKTPOMATHUTHBLIX KOJIeha-
HU; €0, W 1o — AMIIEKTPUIECKAS U MATHUTHAS TIPOHATIAEMOCTH CBOOOTHOTO TPOCTPAH-
CTBa COOTBETCTBEHHO; M| H Mo, — MOCTOSHHBIE MOKA3ATENN TPEIOMIEHHUs] BOJTHOBOIA
U OKPYZKAOIIEe# Cpesibl COOTBETCTBEHHO, MpudeM Takue, 970 0 < Ny < Ny ; Hl(l)(z) -
dyurnun XaHKess IEPBOrO POJa HOPAAKa [; cUMBOJIOM A 0003HAYEHO IEpecedyeHue
pUMaHOBBIX noBepxHocTeil dbyukumit In x4 (4) n Inxo(8).

Teopema 1 (cm. [1]). Ha nepecevenuu A(()l) enashuiz («Pusuneckuss) Aucmos no-
seprrocmeti Ay u Ao cobemeennvie snavernus sadavwu (1)—(4) mozym npunadaesicams

AUWD MHOHCECTNBY
G={BeR: kno <|B] <kny}.

Beuecrsentbiv 5 € G COOTBETCTBYIOT IOBEPXHOCTHBIE BOJIHBI (U 9KCIOHEHIIUATIBHO
ybbiBaer npu |x| — 00). Teopema 1 0606111aeT XOPOIIO U3BECTHBIE PE3YJILTATHL O JIOKAJIH-
3aIMy CIIEKTPa COOCTBEHHBIX BOJTH CIAOG0HAIPABIIAIONIETrO TU3IEKTPHYECKOTO BOJTHOBOIA
KPYTOBOTO CEUEHUsI, TIOJIyUYCHHBIE HA, OCHOBE 3JIEMEHTAPHOTO aHAJIN3A XapaKTepUCTude-
CKOTO YPaBHEHWsI METO/IA PA3IEJIeHUs TepeMeHHBIX [2].
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B crarre [1] 3amava (1)—(4) cBemena K HeJIWHEHHON cleKTpaibHO 3a1a9e s CH-
CTeMbI CTabOCHHTYISAPHBIX MHTErPATLHBIX yPABHEHWIT 0 KOHTYPYy I Ha OCHOBE mpes-
crapnenus GyHKIuA u B obmactax ) m s B BHAE MOTEHIHAJTIOB TPOCTOTO CJIOS C
HeNpephIBHLIMA 10 [ehaepy MIOTHOCTAMYA U AApaMy B BUIE YIOBIETBOPSIONIAX COOT-
BETCTBYIONIMM <«APIUAJLHBIMY YCAOBUAM U3jTyderus (ycaosusam Buaa (4), cM., Hanpu-
mep, [3]) dyrnamenTanbubix pemennit ypasuennit leapmronbia (1) n (2). Tloctpoennas
CHCTEMA MHTETPATBHBIX YPABHEHMI TPAKTYETCs KAK OMEPATOPHOE YPABHEHNE BUIA

AByw = (I + B(B))w =0 (5)

B GamaxoBoM mpoctparctee W = Ch® x C%*, Oneparop B(f) BHonHe HempepbIBeH
npu sobeix 5 € A [1].

CBenenne CuCTeMBbl MHTErpadbHLIX yPABHEHWI TIepBOTO pOa, BO3HMUKAIOWIEH B pe-
3yJIbTaTe MPUMEHEHUS METO/Ia TIOTEHIUAJIOB TIPOCTOTO CJIOSL U COJEPZKAIIEH HelPEePBHIBHO
obparumele oneparopel L : C%® — C1® puna

27
1
Lp=—— |1
P 27r/n
0

K (DPeAroabpMOBOMY OLEPATOPHOMY ypaBHeHHIO (5) IIPOBEJIEHO HA OCHOBE U3BECTHOM
MPOIEYPHI PEryJIsSpU3annm ¢ uenosib3osannem pesyabraros B.I. Tabaynxaesa [4].

t—T
2

sin

‘p(r)dr, t € [0, 2m], (6)

Teopema 2 (cMm. [1]). Pezyasaprnoe mmoocecmeo onepamop-dpynxyuu A(S), onpe-

deaennoti 6 (5), Henycmo, a umerHo Aél) \ (DUQG) C p(A). Xapaxmepucmuueckoe
mHovicecmeo onepamop-gynryuy A(B) moscem cocmoams AuWL U3 USOAUPOGAHHDLT
mMouex, AGAANOUUTCA TAPAKMEPUCTNUMECKUMY 3HA%eHUAMYU onepamop-Pdynryuu A(3) .
Kasicdoe zapaxmepucmuueckoe anauenue 3 onepamop-dynxyuu A(3) nenpepwieno sa-
sucum om napamempos (w,ny,ns) € Ry 3. Kpome mozo, ¢ uamenenuem napamem-
po6 (w,ny,Ns) € Ry3 zapaxmepucmuueckue snavenus onepamop-gymnxyuu A(3) mo-
2YM NOABAATBCA U UCHEZAMb MOALKO Ha zpanuye N, mo ecmb 6 moukar +kn,, +hkns
U Ha HECKOHEUHOCTNAL.,

Bnecb Ry = {w € R : w > 0}, D — MHOXKeCTBO, COCTOSIIIIEe M3 MHUMOI
OCH W TPHUMBIKAIOMEro K Heil, He nepecekaromerocs ¢ (G mHTEpBana BEIIECTBEHHOMN
ocu {feR: 8] <knoo}.

Teopema 2 06001IaeT XOPOIIO U3BECTHBIE PE3YIBTATHI O 3aBUCUMOCTHU MOCTOSTHHBIX
pacTpoCcTpaHeHnsi COOCTBEHHBIX BOJIH CIAOOHATPABIISIONIETO THIJTEKTPUIECKOTO BOJI-
HOBOJIA KPYTOBOTO CEUYEHMsI OT TIOKa3aTeseil MpeloMIeHnst BOJTHOBOA, OKPYIKAOIeit
CPEIBI M 9ACTOTHI 3JIEKTPOMATHUTHBIX KOJIEOAHUIT, MOMyYeHHBIE B PE3YTbTATE 3JIEMEH-
TAPHOTO AHA/N3a XaPaKTEPUCTHIECKOTO YPABHEHUS METO/IA PA3/IeeHIs TEPEMEHHDIX.

JlokazaTenbCcTBO TeopeMbl 2 OCHOBAHO Ha MpuMeHeHnn TeopeMbl ['oxbepra—Kpeiina
[5] 06 M30AMPOBAHHOCTH XapaKTEPUCTHIECKUX 3HAYeHN (hpearosbMoBoil rosoMopdHOit
oneparop-byukunn A(f) npu Hamwunn B 06JaCTH ee ToJIOMOPMOHOCTH XOTst Obl OIHO
perynspuoii Touku u Teopembl C. CreitnGepra [6] 0 mOBeJeHUM XapaKTEPUCTUYECKUX
3HaUeHni (3 Takoil oneparop-GpyHKIUE B 3aBUCHMOCTH OT M3MEHEHHs BEIIECTBEHHOTO
napaMerpa w B ciaydae, ecau oneparop-dyukius A(S,w) dBiagercsa COBMECTHO Herpe-
pbIBHOI byHKIMEH napamerpoB [§ u w. OrmernM, uro reopema C. Creiinbepra crpasei-
JIMBA JIJIS1 YACTHOTO Cilyuast, Korzaa oneparop-dyukims nmeer sua A(G,w) = I+B(8,w),
rae B(,w) — BIOJIHE HEMPEPHIBHBIN OMepaTop.

B crarbe [1] usyuens cpoiictBa oneparop-dyukiuu A(3) u nokasaHbl yrBepKe-
HHs OTHOCHTEJIBHO CIEKTPAIbHON sxkBHBaneHTHOCTH 3a7a4 (1)—(4) u (5). Bo-nepsbix,
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YCTAHOBJIEHO, 9TO ecau w € W sapasercs coOCTBeHHON (DyHKIMe omeparop-dyHK-
muu A(B), orBevaronieil XxapakTepUCTUIECKOMY 3HAYEHUIO [y € A(()l)\D, 10 QYHKIWA U,
NpPEJICTABICHHAS B BUJIE TIOTEHIIMAJIOB IPOCTOTO CJIOS € MIIOTHOCTSAMHE, OTPEIeIsIeMbIMU
BEKTOPOM W, MPUHAJIEKUT MHOKeCTBY U U sBjgeTcs coOcTBenHoil dhynkumeii 3a1a-
un (1)—(4), orevaoreit cobcTBeHHOMY 3HaueHu0 ). Bo-BTophix, mobas cobcTBeHHas
dynkuusa u € U 3anauu (1)—(4), orsevaroias cobCTBEHHOMY 3HaYeHUIO By € Aél) \ D,
MOYKET OBITh HPEJCTABACHA B BHJE MOTEHIUAIOB IIPOCTOTO CJIOSA ¢ HENPEPLIBHBIMA O
Tenbaepy MIOTHOCTAMHU; IPU 3TOM (DYHKIMA W, BHIYUCICHHAA MO ABHBIM (hopMyaam
[0 3TUM TJIOTHOCTSIM, TpUHAIIERUT W U aBjsiercsa co6CTBeHHON (DyHKINE onepaTop-
dbynxmmn A(5), orBevaroleil XapaKTepUCTHYECKOMY 3HAYEHNIO [ .

1.2. BekTopHadg 3aJa4ya B MOJIHOM 3JeKTPOJUHAMUYECKOUN MOCTaHOBKE.
PaccvoTpum 00111y10 BEKTOPHYTIO 33729y O COOCTBEHHBIX BOJTHAX BOJHOBOJA B TOJHOMN
seKTponHaMuaeckoit moctanoeke |7]. Henyneroit sextop {E,H} € US nasnizaerca
COOCTBEHHBIM BEKTOPOM 33JIa9H, OTBEYAIOIINM COOCTBEHHOMY 3HadeHuto [ € A, ecan

rotg E =iwpoH, rots H = —iweon’E, z € R*\T, (7)
vxEt=vxE", z€l, ()
vxH=vxH™, zel, (9)

E = (A 1 .

[H] P> [Bj] HY (xoor) exp (ili) ,  |2] > Ro. (10)

=—00

31eck cuMBOJIOM rotz 0603HAUEHA BEKTOPHAS OIEPAIrst, KOTOPAs Oy YaeTCs U3 0ObI4-
HOW omepaiuu 1ot 3aMeHOi MPOW3BOAHOI MO X3 yMHOXKeEHWeM Ha i; n — KyCOYHO-
moctosiHHast GYHKINS, paBHast ny B 2 U Noo B Q.

1
Teopema 3 [7]. Muumas u 6ewjecmeenna ocu AUCMA A(() )| a4 uckmonenuem mmo-
oicecmea G, ne codeporcam cobemeennns snavenud sadavwu (7)—(10).

BemecrBenaniv 5 € G COOTBETCTBYIOT MOBEPXHOCTHBIE BOJIHBI. KOMIIJIEKCHBIM 3HA-
1 1
qeHusM (3 € C’é ) OTBEYAIOT KOMILTEKCHDBIE COBCTBEHHbIE BOTHBI. CHMBOIOM C’é ) 060-

3HAYEHA YaCTh JIUCTA Aél) 06e3 MHHUMOIT 1 BermecTBeHHOM oceii. Teopema 3 obobriaer
M3BECTHBIC PE3YILTATHI O JOKAIN3AIAN CMIEKTPa COOCTBEHHBIX BOJIH ITU3JIEKTPHYECKOTO
BOJIHOBOJIA KPYTOBOTO CEYEHWs, MOJYYEHHbIE HA OCHOBE METONA PA3IETICHUS MEPEeMeH-
HBIX B BEKTOPHOM CJTydae.

B crarse [7] 3amaua (7)—(10) cBegena K HeIMHEHHOM CHEKTPAIBHON 3a/1a9€ JJid CH-
CTEMbI CHHTYJISPHBIX WHTErPaTbHBIX ypaBHeHwuii mo Koutypy I'. Ilpm sTom mcmonb3o-
BaHbI BhIpasKeHnsi cobcTBeHHbIx BekTopoB {E, H} 3amaun (7)—(10) uepes moreHImaib-
ubie dbyuxiun Es, Hs, ynosnersopsioniue ypasuenuam (1), (2), u npeacraBienus 3Tux
$yHKIMiT B BRUIE TOTEHINAIOB TPOCTOTO CJIOS C HEMpepbIBHBIMU 10 [eibaepy miIoTHo-
CTAMU U sZpaMu B Bujie pyHIaMeHTalbHbIX petienuil ypasaenuii Lesivmrosbua (1) u (2),
YAOBIETBOPSIONIAX COOTBETCTBYIONIUM <«IIAPIUATBLHBIMY» YCJIOBHAM U3y I€HUSI.

Benencreue Hammums B yCJIOBHSX CONPSIZKEHUS, KOTOPBIM YOBJIETBOPSIOT (DYHK-
mmn E3 m Hy ma xoutype I', KacaTeabHBIX MPOM3BOIHBIX TOCTPOEHHAS CUCTEMA yPaB-
HEHUil COMEPIKUT CHHTYASPHLIH HHTErpasbHbi omepaTop S : C%% — C%® | onpenens-
€Mblii PABEHCTBOM

27 27

1 T—1 )
Sp=5- [ets™ o prydr+ o [pr)ar, te o2 (11)
0 0
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OToT JIUHEHHBI HEMPepBIBHBINA ONepaTop, KaK U3BECTHO, HEMPEPLIBHO obpaTuM (CM.,
nanpumep, [8]). [ocrpoennas cucrema UHTErpAJILHBIX YPABHEHUI TPAKTYETCs KaK Olle-
paTopHOE ypaBHEHHE BHUIA

AByw = (I + B(B)w =0 (12)

B GanaxosoMm ipoctpanctee W = (C%*)* . Yeranosseno [7], uto oneparop B(/3) Bnosme
HEmpepbIBeH mpu 00X J € A.

Teopema 4 [7]. Pezyaapnoe muosicecmeo onepamop-dynryuu A(S), onpedeaennoti
6 (12), nenycmo, a umenno

AP\ (D UGU 05”)  p(A).

Xapaxmepucmuueckoe mmuoscecmeo onepamop-dynkyuu  A(S)  moocem  cocmoamo
AUULL U3 UBOAUPOBAHHBIL MOYEK, ABAAOUULCA TAPAKMEPUCTNUMECKUMU 3HAYEHUA
mu onepamop-gynkyuu A(G). Kaowcdoe rapaxmepucmuueckoe snauenue 3 onepamop-
dynxyuu A(B) menpepusno 3acucum om napamempos (w,n.,ns) € Ry 3. Kpome mo-
20, ¢ usmenenuem napamempos (w,ni,n) € Ry3 zapaxmepucmuneckue snavenus
onepamop-pynryuu A(S) Mo2ym noABAAMBLCA U UCUEZAMb MOALKO Ha eparuye A, mo
ecmb 68 mouwkar tkny, tkn. u na beckonewrocmu.

Teopema 4 06001Ia€T U3BECTHBIE PE3YILTATHI O 3ABUCUMOCTHU TIOCTOSHHBIX PACIIPO-
CTpaHeHus COOCTBEHHBIX BOJIH AUIJIEKTPUICCKOrO BOJIHOBOA KPYTOBOTO CEYEHUs OT T10-
Kazareseil IpeoMIeHUs BOTHOBOIA, OKPYZKAIOIIEH CpeIbl U 4aCTOTHI 3JIeKTPOMAarHHAT-
HBIX KOJIEOAHMIA, IOy 9eHHBIC B PE3y/IbTaTe aHAIN3a XapaKTePHCTHYECKOTO ypaBHEHUA
METO/Ia pa3JesIeHus NePEMEHHBIX B BEKTOPHOM Ciydae. B Xoje I0Ka3aTeabeTBa 3TOM
TeopeMbl B [7] m3ydens! coiicTa oneparop-dyHkimn A(f) m ycTaHOBIEHA CIIEKTPAITh-
Hag 9KBUBAJEHTHOCTD 331249 (12) u (7)—(10).

2. OG6mme 3amaum 0 cOOCTBEHHBIX BOJIHAX
BOJIHOBO/IOB C Pa3MbITO# rpaHuieii

2.1. CkangpHas 3ajJada B NPUGJIM>KEHUN CJIabOHANPABJISAIONIEr0 BOJHO-
Bojta. PaccMoTpuM CKaMApHYIO 3349y B NPUOIMKEHUN CIA00HATIPABIIAIONIETO BOJTHO-
Bona [9]. Henynesas bynkmma u € C?(R?) masviBaercss cobeTBennoit gyHKImedi 3T0it
3a/1a9¥, OTBEYAIOINel coOcTBeHHOMY 3HadeHuto J € A, ecin

[A + (k:2n2 - 52)] u=0, xecR? (13)
u(r,p) = > aHY (xoor) explily), || > Ro. (14)
l=—0o0

Baech n — BemecTBenHas (DYHKIUA, YIOBICTBOPAIONIAA yCIOBHAM:
n = ne = const, x ¢ Q,
ny = maxn(x) > ne > 0;
zeQ

cumBosiom A obo3HaveHa moBepxHOCTh Prumana GyHKmnm In Yoo (5).

Bciomy Bo BTOpOM pazmese mpeanoaaraeTcs, 9T0 BOJTHOBOI MMEET PA3MBITYIO TPAHN-
1y, a umenno, ato n € C?(R?). Do mpeamnonozKenne CymecTBeHHO HCIOMb3yeTes B 1. 2.2
NPH PEIeHnd BEKTOPHOH 3a/1a49u 0 COOCTBeHHBIX BOHAX. Pesynbrarsr n. 2.1 cnpases-
nuBLI 1715 6osee obmero caydas [10]: n € CH(Q), rpanuna I' obmactu  — munmmumesa
kpusasi, Ha ' dyuknus v € U ymosaerBopsier ycaoBusaM comnpsizkenus (3). Omgnaxo
B Ie/IAX eJMHCTBA W3JI0¥KeHus MaTepuana npeanosoxenue n € C2(R?) nenaercsa u B
m. 2.1.
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1 o
Teopema 5 [9]. Ha 2aasnom («pusuueckoms) aucme A(() ) pumanosoti nosepzio-
cmu A cobemeennvie suauenua 3adavu (13), (14) mozym npunadaescams auws mHo-
oicecmsy G.

B crarse [9] 3amaua (13), (14) ceezeHa K HeJWHENRHON CleKTpasibHON 3amade [ist
WHTErpajbHOTO YPABHEHUS MO 00acT () Ha OCHOBE MPeCTaBJIeHUs (DYHKIUU U B BU-
Jie mHTerpaJsa mo obmactu ) ¢ SapoM B Buje QYHIAMEHTATLHOTO PEITeHNs yPABHEHNS
Tenmroabia (2), yAOBIETBOPAIOIIErO «IAPIUAIbHBIMY yCIoBUdAM usiydenus. [locTpo-
eHHOe WHTErpajbHOe YPABHEHHE TPAKTYETCs KaK OMEePATOPHOE yPABHEHUE BUIA

AByo = (I~ B(B)v =0 (15)

B mpoctpancTBe Lo(2). Tlpn mawo6uix 3 € A oneparop B(f) siBasiercst BOJHE Hempe-
phIBHBIM, Ipn 3 € G — caMOCOTIPSI’KEHHBIM 1 TIOJIOYKUTEIHHO ONpeIeeHHBIM [9].

B cratwe [9] nokazano, uto ecmum u € C?(R?) spaserca cobersennoit dynxmmeit
sazauu (13), (14), orBeuaroieit cobcrsennomy 3uadenuio Sy € A, 1o GyHKIms v, BbI-
YHUCJIEHHAs 110 SIBHOW (DOPMYyJie 110 U, NPUHAIEKUT HpocTpancTBy Lo(€)) u aBisercs
cobcrBenHol (yHKImedi oneparop-dyukimn A(f), oreedaromieil XapakTepuCTHYeCKO-
My 3Hauennio [y. C mpyroit croponsl, ecim v € La(Q2) sarasiercss cobcTBeHHON (DYHK-
nueit oneparop-dyuxiuu A(S), orBedaromieil xapakrepucruieckomy 3uadenuto Jy € A,
TO (PYHKIHS U, TOCTPOEHHAS MO ¥ C IOMOIIBIO ONPEJETeHHOrO MHTErPATBHOTO MpeI-
crapyenns, npuraaie;kut npocrpanctey C?(R?) u apngerca cobCTBeHHOMN byHKIHEI
sagaun (13), (14), orBevaionieii COGCTBEHHOMY 3HAYCHUIO [y -

Teopema 6 [9]. Pezyaaproe muoorcecmeo onepamop-gynruyuu A(S), onpedesen-
noti 6 (15), nenycmo, a umerHo Aél) \ G C p(A). Xapaxmepucmuueckoe MHON*CECMBO
onepamop-pynxyuu A(S) Mooicem cocmoams AUWD U3 USOAUPOSAHHBLT MOYUEK, AGNA-
OWUTCA TAPAKMEPUCTNUNECKUMY 3HadeHuAMU onepamop-Pynwyuu A(S). Kascdoe xa-
paxmepucmuueckoe 3uauenue 3 onepamop-pynwyuu A(3) nenpepweno zaeucum om
napamempos (w,ns) € Ry%. Kpome mozo, ¢ usmenenuem (w,n.) € Ri? xzapax-
mepucmuueckue snavenus onepamop-Pynryuyu A(3) mozym noacAAMBCA U UCUEZAMD
MOALKO Ha 2panuye noseprnocmu A, mo ecmv 6 moukar £kne U HA OECKOHEUWHOCTIU.

Teopema 7 [9]. Badaua (13), (14) umeem no xpatinets mepe 0010 NPOCMOE NOAOHCU-
meavhoe cobecmeennoe 3uauenue 3, npunadaedcausee mrosicecmsy G; emy omsevaem
NOAOAHCUMEALHAA COOCTNEEHHAA PYHKUUA.

2.2. BekrTopHasi 3ajaYya B NOJHOM 3JIEKTPOJAUHAMUYECKON MOCTAHOBKE.
Paccvorpum 0011yto BEKTOPHYIO 3a/Jady O COOCTBEHHBIX BOJIHAX BOJTHOBOJA C Pa3-
MBITON rpaHulell B HOJIHON 3sekTpoauHaMudeckoil nocranoske [11]. Henynesoil Bek-
rop {E,H} € [CQ(RQ)}G HA3bIBAETCS COOCTBEHHBIM BEKTOPOM 33/1a9H, OTBEYAIOIINM
cobcrBenHOMY 3Havenuto [ € A, ecin

rotsE =iwpuoH, rtotgH = — iweogn’E, x € R? (16)
E = (A 1 .
=—00

1
Teopema 8 [11]. Muumaa u sewecmeennas ocu aucma Aé ), 30 UCKAMOUEHUEM

mmooicecmea G, ne codepoicam cobcmeennvir snavenud sadaywu (16), (17).

B craree [11] 3amaua (16), (17) cregena K HenmHEHHOI crieKTpanbHO 3amavue [71st
MHTErPaTbHOTO ypaBHEHHUd 10 objactu ) ¢ momornsio mpeamoxkenroro K. Mrommepom
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(C. Miiller) merona cBemenus TpexMepHoii 3a1a4u UM PaKIUN 3TEKTPOMATHUTHBIX BOJTH
HA HEOJHOPOIHOM TeJie C PA3MBITON MPAHUIEH K MHTErPATbHOMY ypaBHeHWI0 Openroib-
Ma BTOPOrO PoJia 1Mo 00JIacTH HEOAHOPOAHOCTH. [L0CTPOEHHOE HHTErpATbHOE yPABHEHIE
TPAKTyeTCsl KaK OMepaTOPHOE YPABHEHUE BUJIA

APF = (I - B(B))F =0 (18)

B mpocrpanctse [Lo(Q)]?. pu moberx 3 € A onepatop B(f3) Bnomme menpepbisen [11].

B cratbe [11] nokazano, uto ecim sextop {E,H} € [C?(R?)|® asaserca cobersen-
HbIM BekTopoM 3anaudu (16), (17), orBeuaronuM cobcrBeHHOMY 3Hadenuto By € A,
10 F = E € [L2(Q)]® ecth cobeTrennbiii BekTop omepatop-bynkmun A(S), orseua-
IOmuil XapakTepucTHaeckomy sHadenuio . Ecim F € [Lo(Q)]? asasercs coberren-
HBIM BEKTOpOM oneparop-dbyrkmun A([), 0TBeIaonmM XapaKTepUCTHICCKOMY 3HAME-
uuio By € A, w310 uncno fy He saBageTcs cOOCTBEHHbIM 3HaYenueM 3a1auu (13), (14), To
sexTop {E, H}, nocrpoennstii mo F ¢ moMOmBI0 ONpeeeHHOr0 HHTErPaTbHOTO TIPeT-
crapnenns, npuaaaexut [C?(R?)]S u apnserca coberBennbiM BekTopom 3amaun (16),
(17), oTBeuaiomum cOOCTBEHHOMY 3HaUEHUIO ).

Teopema 9 [11]. Pezyasaproe muoorcecmso onepamop-pynxuuu A(S), onpedesen-

noti 6 (18), menycmo, a umenno Aél) \ (GUC(()D) C p(A). Xapaxmepucmuueckoe

mHooicecmeo onepamop-dynkyuu A(3) moocem cocmosams AUWD U3 UZOAUPOBAHHBLT
MOYEE, ABAANUWULCA TAPAKMEPUCTNUNECKUMU 3HAYEHUAMY onepamop-pynryuu A(S).
Kaostcdoe zapaxmepucmuuneckoe snauenue 3 onepamop-gpynryuu A(B) nenpepwvisno 3a-
sucum om napamempos (w,no) € Ri2. Kpome mozo, ¢ usmenenuem napamem-
po6 (W,Ns) € Ry2 zapawmepucmuueckue snauenua onepamop-dynxyuu A(S) mo-
2YM NOABAAMBCA U UCUE3AMD MOALKO HA 2PAHUYE NosepTHocmu N, mo ecmv 6 mou-
Kax *tkne U Ha beckoneurocmu.

3. Ba,I[a‘II/I O MOBEPXHOCTHBIX coOCTBEHHBIX BOJIHAX

3.1. CkajspHas 3a7a4a B NPUOGIUKEeHUN cJIaboHANPaBASIOIIEro BOJHO-
Boza. PaccMoTpuM CRaIApHYIO 33/1a9y O MOBEPXHOCTHBIX COOCTBEHHBIX BOJTHAX CIa00-
HAMPABJISIONIEr0 BOJIHOBOIA B BAPWAIMOHHOM TmocTaHOBKe [12]: HafiTn Bce Takme maphbl
aucen ((%,k?) € A, npm KOTOPBIX CymIecTBYIOT Hemynepbie dbynkmma u € Wi (R?),
yaoBeTBoparomye A moboit byrkmmm v € Wi (R?) Toxmectsy

/(Vu Vo + BPuv)dr = k2/n2uvdx. (19)

R2 R2

Buecwr A = {(8%,k?): 3% /n? < k? < B?/n2,, 8% >0}; n — Bemecrrennas bynKkmms,
npunaiexkamas npocrpancty C(§2), rakas, 470 N = ns > 0 B Qoo

minn(z) > Neo, N4 = maxn(x) > Neo.

e zEN
Obnacts {2 sBsIeTCs ONPAHUYEHHOM, He 00I3aTeTHHO CBA3HOM, KAXKIAsl CBA3HAS KOM-
MOHEHTA, €€ TPAHWUILI [ ABJIAETCSA JTUTIIUIEBONW KPUBOI.

B crarne [12] 3a1a4a (19) SKBUBAIEHTHBIM 00PA30M CBEJIEHA K MApaMeTPUYIECKOil 3a-
Jade HA COOCTBEHHBIE 3HAUEHNs B Kpyre (i D {2, KoTopas hOpMyIupyeTcs CJIeIyonmm
obpasowm: Haiita Bee (32, k%) € A, Ipu KOTOPBLIX CYIMECTBYIOT HeHy/eBble DYHKIHT U €
€ W4 (2R), yIOBAETBOPSIONINE YPABHEHHIO

A%, k*)u = k*Bu, (20)
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257 kZ (ﬂz)
201 kZ(ﬁ2>
15} 3/n? ks (52)
10!

B*n?

5_
05 —~n 2 ¥
[3]—0@ B34

Puc. 2. Iuctiepcuonmble KPUBbBIE JIjis TOBEPXHOCTHBIX COOCTBEHHBIX BOJIH CJabOHAIIPaBJISAIO-
MEr0 BOJHOBOJA C MOKA3ATEIEM MPEJTOMJICHUS, M3MEHAOMNAMCS B OTPAHUMEHHON 0bmacTh (Ha
mpuMepe BOJHOBOJA KPYTOBOTO CEYEHUd ¢ KyCOTHO-TTOCTOSHHBIM MOKA3ATEIeM MPEJIOMIICHN )

rie A(B%, k%) u B — orpanudenHbIe MUHEHHbIE CAMOCOTPAYKeHHBIE OTIePATOPHI, TefCTBY-
formue B mpoctpancTse Wi (Qr); kpome Toro, A(3%, k?) — HeoTpuIaTeIbHBIH OEpPaTOD
nnas moberx (3%,k%) € A, a B — BrosHe HempepbIBHbIH TOMOKATEIbHbIH OmepaTop.
Ceenenue 3amaun (19) x 3amade (20) 0CHOBAHO HA MOCTPOEHUM TOUHOTO HEJOKAIHLHOIO
yciaoBust Ha rpanune ['p obmactu dp ¢ UCIONB30BAHWEM YCJIOBHUsSI CONpsizkenus Ha ['p
U SIBHOW (DOPMYJIBI JIJIsi METATAPMOHUYECKOTO MPO/IOJIZKEHNsT HCKOMOTO pererus ¢ ['p
B R2 \ QR.

B cratbe [12] mokazano, uto npu mobom 32 > 0 3amaua (20) umeer no Kpaiineii Mepe
OJIHO peTiente, a 9YMCI0 BCEX ee peleHuii yBeqndnBaeTcss ¢ poctoM (32 W cTpeMuTes
K Geckomeunoctu npu (32 — 0o. Jas KaskI0rO KOHEYHOTO 3HadeHus (32 CyIeCTBYeT
koneunoe uucio pemennit (4%, k7 (52);uw(6%)) sanaun (20). o uncyao onpejensercs
peleHuAMnu ﬂf BCIOMOTATENTHHON JTUHEHHON 3a/7a9d Ha COOCTBEHHDLIE 3HAUEHUS 1T
OrPAHUYEHHBIX CAMOCONPAKEHHBIX OMEePATOPOB (yPABHEHUS OTCEYKN).

B cratwe [12], kpome Toro, nokaszano, uro dbynknmn k? = k7 (%), onpenenennbie

(8?,00), mpm Beex | > 1 ABAAIOTCS JOKAJIBHO JIMMIIAIEBBIME, BO3DACTAIONINMH,
n K2(5%)/% — n7? npn 5 — oc.

[Ipusesnennbie Boime pe3ynbrarbl crarbu [12] 0606MAI0T XOPOIIO U3BECTHBIE CBOIi-
CTBa MOBEPXHOCTHBIX COOCTBEHHBIX BOJIH CJIaO0HATPABISIONIErO MUINHIPHICCKOTO JTH-
9JIEKTPUUYECKOTO BOJIHOBOJA KPYTOBOTO MOTMEPEYHOrO CEYEHUSI ¢ KYCOUHO-MOCTOSTHHBIM
MOKA3aTe/IeM TIPEeJIOMJIeHus (CM. PUC. 2), TMOJYyUEHHBIE HA OCHOBE METOMA DPAa3IeeHus
MepPeMeHHBIX.

3.2. BekrTopHad 3a/7aua B BapHalMOHHOI MOcTaHOBKe. PaccMOTpHM BEKTOD-
HYIO 33/1a9y O TIOBEPXHOCTHBIX COOCTBEHHBIX BOJIHAX B BapHAIMOHHOI mocTaHoBke [13]:
Haiitn Bce Takne ((3,k) € A, IpM KOTOPBIX CYIIECTBYIOT HEHyJeBble BeKTOpbl H €
e [Wi(R?)]3, ynosrersopsuomue mis moboro sexropa H € [W4(R2)]? Toxaecty

1 — —
—rotg H -rotg H + —divgHdivg H' | dz = k* [ H-H du. (21)
n2 n2
(o)
R2 R2

Baecv A = {(B,k): B/ny <k < fB/ns, >0}, cumBosom divg obo3nadeHa BEKTOD-
Hasl OTeparus, KOTOPas MOJIyIaeTcs u3 O0bIYHON omepanun div 3aMeHON TPOU3BOIHON
M0 T3 YMHOXKEHUEeM Ha i[3.

Ha ocHoBe MeTOma TOYHBIX HEJIOKAIBHBIX MPAHUYHBIX yCa0BHUi 3amada (19) sxBu-
BAJICHTHBIM 00PAa30M CBOAWTCS K MapaMeTPUUEecKOil 3ajade Ha COOCTBEHHBIE 3HAUCHUS
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B Kpyre {dp, KoTopast popMynupyercs caenyionmm obpasom [13]: Haiitn Bee (3,0) €
€ R, 2, npu KoTOpBIX cymiecTByioT Hemysesbie Bektopsl H € [W.)(Qr)]?, ynosnersops-
[oIye ypaBHeHUIo

A(B,0)H = —0?BH, (22)

rae o = /3% — k?n2, — nonepednoe BosHOBOEe uncio, A(S,0) m B — orpaHnueHHbIe
JIMHEHHBIe CaMOCOTIPSKEHHbIE OMepaTophl, JAelcTryoomue B mpoctpanctee Wi (Qr)]2,
KpoMe TOro, B — KOMIIAKTHBIH MOMOKUTEIBHBIH OepaTop.

B craree [13] mokasamo, 4ro mpu jmiodoMm [ > 0 3amada (22) nmeer mo Kpaiineit
mepe aea pemenusi: (5,01(08); Hi(8)) n (8,02(6); H2(5)). Uncao Beex permennii yBe-
JINYUBAETCS ¢ pocToM (3 m cTpemurcs K OeckoHedHocTH npu (3 — oo. Jas KaxKmaoro
KOHEYHOTO 3HAYEHNs [3 CyIecTByer KoHedHoe uncio pemennit (3, o;(0); Hi(5)) 3ama-

u (22). DTO YKUCIO OUPEENAeTCst 3HAYCHUAME TOUYEK OTCEYKU (3], KBAIPATHI KOTOPHIX
ABJISTIOTCS PEMEHUsIMA YPABHEHHsI OTCEIKH, TIPEJICTABIAIOMEr0 COO0M TUHEHHY IO 33189y
Ha COOCTBEHHBIE 3HAMEHHS JIJIsI OIPAHMYEHHBIX CAMOCOIPSAYKEHHBIX OMEPATOPOB.

Kpowme toro, B crathe [13] mokasawo, uro dyukimn o = o;(f), onpeneneHnbe
Ha (0, 00), mpu Bcex | > 1 SBASAIOTCS JIOKAJBHO JIUMIIUIEBBIMU, HEYOBIBAIOIIMMH,
u 01(8)/B — /1= (noo/n+)? upu B — oo.

[Ipusesnennbie Boime pe3ynbrarbl crarbu [13] 0606mIAI0T XOPOIIO U3BECTHBIE CBOIi-
CTB& MOBEPXHOCTHBIX COOCTBEHHBIX BOJH MUJIHHIPHYECKOTO JUITEKTPUIECKOTO BOJHO-
BOJIA KPYTOBOTO TIOMEPETHOTO CEYEHUsT ¢ KyCOTHO-TIOCTOSTHHBIM MOKA3ATEIEM MPeIOM-
jienus (CM. puc. 3), NOJy9YeHHbIE B BEKTOPHOM CJIydae Ha OCHOBE METOJa Pa3fie/eHus
MepEeMEeHHBIX.

4. 3a,uaqa 0 cODCTBEHHBIX BOJIHAX nmuJIMHAPpU4YeCKOoro
ANSJIeKTPU4YeCKOro BoJIHOBo/ia B ILJIOCKO-CJIOUCTOM cpenae

PaccmorpuM 3amady 0 COOCTBEHHBIX BOJHAX IIJIAHIPHICCKOIO IUSJIEKTPHYECKOTO
BOJIHOBOJIA B TIIIOCKO-CJIONCTOR cpefe [14]. TIpeamonaraercsi, 9To MoKa3aTes b MPesoMIie-
HUsI 7 SIBJISIETCS MOJIOYKUTEILHON BemecTBeHHol (byHKIMeH, KpOMe TOrO, CYIIECTBYeT
orpaEmdeHHag o6macTb () Takad, 9T0 n(r) = Neo(z2) Tpu T € Qoo = R2\ Q, r7e
dyHKIUA Moo (T2) 3ABUCUT TOJBKO OT KOOPAUHATHL Tg :

ny, € ={x: co<x <oo, x2 >d},
Noo(X2) ={ng, €N ={z: co<z <oo, 0<z2 <d},
ng, x€Qg={x: co<x <oo, x2 <0}
[Ipenmonaraercs, aro 2 C (o, U N ABJAETCT HENMPEPBIBHON (yHKIMEH B 00/1a-

ctu o, pyruMu cloBaMu, MPEINOJAraeTCs, UTO BOJHOBOJ, MMEET DA3MBITYIO I'pa-
rmiy. Hemynesoit sektop {E,H} € U® maspBaercs coGCTBeHHBIM BEKTOPOM 3a1a4H,

(1
OTBEYAIONINM COOCTBEHHOMY 3HAYEHUIO (3 € A(() ), €CJIM BBIIIOJTHEHBI YC/IOBULA:

rotg E = iwpoH, reR*\ (T, UTy), (23)
rotg H = —iweon®E, =z € R*\ (I UTy), (24)
vxEt=uxE", vxH'=vxH | zel,, j=1,2 (25)
31ech /A&gl) = {g € Aél) : ImpB = 0, |B] > kna} — MHOXKeCTBO, TpWHAJJIEKAIIEE

BEIECTBEHHON ocu I1aBHOrO («(U3MIECcKOroy) JIMCTa PUMAHOBON OBEPXHOCTU (DYHK-
uun Iny/k2n3 — 32; ny > nay > ng > ny > 0; yepes I'y u 'y o6o3HAYEHBI TPAHUIIBI
obmactu (ly; U — mMHOXKeCTBO (QyHKIINI, HEMPEPHIBHBIX W HENPEPHIBHO Aud depentm-
pyembix B Qp, Qo u Q3. 1Baskas1 HempepbiHO muddepentmpyeMbix B8 1, Qo u Q3
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B=B-0 =68 P

Puc. 3. Jducnepcuonnble KpUBbIE /IS MOBEPXHOCTHBIX COOCTBEHHBIX BOJIH BOJHOBOA C TIO-
Ka3aTeeM TPEIOMICHNs , M3MEHAIOIUMCA B OTPAHMYIEHHOH 00/1acTh (Ha MpUMeEpe BOJTHOBOIA
KPYTOBOTO CEYEHUS € KyCOTHO-MOCTOAHHBIM TIOKA3ATEIEM TPEIOMICHHS )

9KCIMOHEHITNAIBLHO YOBIBAIOIINX MPH || — 00 10 J11060My HATIPABJIEHNIO, HE TTAPAJIIeTh-
HOMY IpsIMBIM I';j, U OPDAHHYEHHDLIX OPH || — 0O IO HANPABIEHUAM, HapajIeIbHbIM
npameiM ;.

B pabore [14] 3agaua (23)-(25) cBejeHa K HENTHHEHHOH CIEKTPAJBHON 3a/a4e s
JIBYMEPHOTO CHHTYJISIPHOIO MHTErpajibHOTO YPaBHEHUST HA OCHOBE MPEJICTABJIEHHUs COO-
CTBEHHBIX BEKTOPOB B BHJE WHTErDAJIOB TO objact ) ¢ sapaMu, BHIPAsKAOMINMUCS
4epe3 M3BECTHYIO TeH30pHYI0 dyHKnuio I'puHa s HOJIAPU3AIMOHHOIO HOTEHIIHAIIA.
ITocrpoennoe HHTErPATBHOE YPABHEHUE TIPEJCTABIIAECTCH B OLEPATOPHOM BH/IE

AB)F =0 (26)

B mpoctpancTse [La(Q)]3. Ilnga seex 3 € /A\él) sanpo oneparopa A(() cuibHO CUHIYJIAD-
Ho [14].

B pabore [14] nokazano, uro as snoboro [ € /A\él) oneparop A(() dpearonbmos.
JlokazareancTBO OCHOBAHO HA OOIINX Pe3yabTATaX TEOPUU MHOTOMEPHBIX CHHTYJISTPHBIX
UHTErpabHBIX OMepaTopos, nocrpoernoi B paborax C.I. Muxnuna (cMm., nanpumep,
[15)).

B cnyuae, Korga mokasarenb NPEIOMJIEHHS BOJHOBOAA COBHAMAET C ITOKA3ATETEM
NPEJIOMJIEHUST TOTO CJIOsi, B KOTOPOM OH HAXOJUTCs, HATIPABJIAIOIIASA CTPYKTYPa Mpe-
cTaBjsier co0Oii TIaHAPHBIN audIeKTpudecKuii BoaHOBOA. CBONCTBA MOCTOSHHBIX PaC-
NPOCTPAHEHUs] U COOCTBEHHBIX BOJIH TAKOTO BOJHOBOJA XOPOIIO M3y4eHbl (CM., HAPH-
mep, [16]).

5. YucaenHbie MeTOAbl pellreHnund 3aJa4 CHeKTpaJIbHOﬁ Teopun
ANS3JIeKTPpU4YeCKUX BOJIHOBOJI0OB

5.1. Meron ll'astepkuHa perieHus o6MINX 3a/1a9 O COOCTBEHHBIX BOJIHAX.
B stom mynkTe npeayiaraercss u 000CHOBBIBaeTCs MeTos [ajilepkuHa perenns: HeJnHeli-
HBIX CIEKTPAIHHBIX 33124 JIJIsI CUCTEM WHTErpPAIbHBIX YPABHEHMUI, COMEPIKAIINX CHHTY-
JIApHBIE WHTErpasibl ¢ jJorapudmuueckoii ocobennocroio aapa (6) u aapom [manbepra
(11). TIpu wuccienoBaHuy YUCIEHHOO METOJA 3TU CHCTEMbI YIO0OHO TPAKTOBATH Kak
oneparopubie ypasaenns (5) u (12) B runsbeprosbix npoctpancteax Wi x Ly u (L)
COOTBETCTBEHHO. B KauecTBe 6A3MCHBIX UCIOJIb3YIOTCS TPUTOHOMETPUYECKHe (hyHKITHH,
KOTOPBIE SIBJIAIOTCS COOCTBEHHBIMU (DYHKIIUSIMUA, OTBEYAIONIUMU W3BECTHBIM COOCTBEH-
HBIM 3HAYEHUSAM, YKA3aHHBIX CHHTYISPHBIX HHTErPAIbHBIX OMEPATOpOB. B coorBeTCTBUN
¢ merogom lanepkuHa NpubIMKEHHbIE 3HAUEHN (3, MOCTOSHHBIX PACIpPOCTpaHeHusa [
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Puc. 4. IncniepcroHuble KPUBBIE TSI KOMIIJIEKCHBIX M TIOBEPXHOCTHBIX COOCTBEHHBIX BOJIH BOJI-
HOBO/IOB KPYI'OBOI'O U KBaJAPAaTHOI'O MHOIEPEeYHbIX CedeHul

OTIPENIEAIOTCA KAK XapAKTEPUCTUICCKAE 3HAYEHNUS COOTBETCTBYIONINX KOHETHOMEPHBIX
oneparopos A, (0) : H, — H,, rie n — KOIn4ecTBO 6a3uCHBIX (DYHKIWMI.

B crarse [17] obocHoBana cxomumocTh Meroaa lanepkuna perenust 3amaan (5), a B
pabore [18] — 3amauu (12), a umenno: gokazano, uro eciau By € o(A) (cumposom o(A)
0603HAYEHO XAPAKTEePUCTUIECKOE MHOKECTBO olieparopa A), To cyliecrByer Takas 11o-
caepoBaresbHocts (3, € o(Ay,), uro 3, — [Bo. Ecau {8,} — Hekoropas nocienosaresb-
HOCTh TOUeK m3 A rmakasi, uro (3, € 0(A,), Bn — Bo € A mpu n € 0o, 10 Gy € o(A)
npu n € co. Ecoim {8,,} — Hekoropas nocienopareabHocTh Touek n3 A u {z,} — HeKo-
TOpas MOCJeJI0BATE]bHOCTh HOPMUPOBAHHBIX BEKTOPOB ([|@, || = 1) Takux, 4ro umeror
mecto coorHomienus S, € 0(A4y), An(Bn)xn =0, By — o € A, x, — x0 upu n € 00,
10 OBy € 0(A) u A(Bo)xo =0, ||xo]] = 1. UccnenoBanue cxomumocrn meroma [ameprn-
Ha ommpaercs Ha pe3yabrarsl [LM. Baitnnkko, O.0. Kapma 0 mpoeKnmuoHHBIX METOIaX
DEINeHNsT HeJIMHEHHBIX CIeKTPANbHBIX 3a/1a4 115 (bpeIroabMOBBIX ormepaTopos [19].

B paGore [20] mpuBeeHbl pe3yiIbTaThl YHCIEHHBIX SKCITEPUMEHTOB MOMCKA COOCTBEH-
HBIX BEKTOPOB 33jauu (12), OTBeYaomuxX KOMILIEKCHbIM COOCTBEHHBIM 3HAUeHUsAM [3 €
€ C(()l). Jlnst BOTHOBOZA KPYTOBOTO MONEPEYHOTO CEYEHHs] PE3YJIBTATHI COMOCTABIEHBI C
TOYHBIMA PEINEHUSIME, MMOJTyIeHHBIMU METOJOM Pa3/IeJeHus NePEMEHHBIX, U C PE3y/lb-
ratamu paborst T. d6morckoro [21], B KOTOPOIt /17151 perenHns 3a1a4n B MCXOTHON fudh-
depennmanbHoil TOCTAHOBKE MPUMEHSIIICA CIEIMANBHBIA TTPOEKITMOHHO-NTEPAINOHHBII
METOI.

Pesynbraret oraucienuii [20] upencrasienst va puc. 4 ciaesa. Ha stom pucynxke 1o-
CTPOEHBI JUCIEPCUOHHBIE KPUBbIE JI/Isi KOMILTEKCHBIX COOCTBEHHBIX 3HAYECHUI — 3aBUCH-

MOCTH BeIIeCTBeHHOIi 1 MunMoii yactn napamerpa 3 = /(kno) or V = kRy/n% —n2,

npn dukenposarnom 3uadennn (ni —n2)/(2n?)) = 30. 3aecs R — paamyc BOIHOBO-
Ja. HenpepbIBHBIMU JIMHUAMHI U300PazKeHbl TOMHbIC PEIIeHust, MOy YeHHbIE KaK KOPHU
xapakrepucrudeckoro ypapuenus (Bepxuuii rpaduxk — Im 3, uuxnuuii — Re ). Kpy-
JKOYKaMu Ha puc. 4 ciieBa OTMEYeHbI Pe3yJIbTaThl BHIYUCAEHUN 10 MeTony lanmepkuHa,
KOTOpBIE ¢ TpadUIECKO TOYHOCTHIO COBMAHN C pe3yabrataMu padborsr T. AGmsoHCKOTO.
IToMuMO KOMIIJIEKCHBIX CODCTBEHHBIX BOJIH BOJTHOBOA KPYTOBOTO MOTIEPEYHOTO CEUEHUs I,
Jutst ieMorcTparn 3bGeKTHBHOCTH MpejiaraeMoro Merozia B patdore [20] pasbickuBa-
JINCH TAKKe KOMILJIEKCHbBIE COOCTBEHHBIE BOJIHBI JUIJIEKTPUIECKOTO BOJTHOBOIA KBAIPAT-
HOI'O [OIEPEYHOro CeYeHus CO CTOPOHOM, paBHoil 2R (ua puc. 4 cieBa KBajparukamu
OTMEYeHbI 3HAYEeHUST Img n Re 5) [Ipm sTOM Mcmomb30BaTach amMmpPOKCUMATINST KBAJI-
para riazkumu KpusbiMu. B [20] uccienoBasach CKOPOCTb CXOAMMOCTH METOJA DU
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U=1.4162 V=3

25¢

U=1.8482 V=3

Puc. 5. Iucriepcnonnbie KpUBBIE 71T AeBSATH COOCTBEHHBIX BOJIH W JIMHUHM YPOBHS KBAIPATOB
cOOCTBEHHBIX (DYHKIINI BOJIHOBOA, COCTOSIIIETO M3 TPEX CTEPIKHEH KPYTrOBOTO IOIEPEeTHOrO
ceveHud

UCTIO/IF30BAHNN PA3JIMYHBIX KpUBLIX. Ha puc. 4 cnpaBa HEMPEPHIBHBIMU JIMHUSME T10-
CTPOEHbBI JUCTIEPCUOHHBIE KPUBBIE JJIsi TOBEPXHOCTHBIX COOCTBEHHBIX BOJIH BOJHOBOIA
KBA/[PATHOIO MOIEPEYHOr0 cedeHus (CO CTOPOHOIl, paBHOil 2a ), HOJyYEeHHbIE METOIOM
Tanepkuna B crarbe [22]. KBajparukamu Ha 3TOM pucyHke 0603HAYEHBI PE3yJIbTAaThl
bu3nIeCKUX IKCIEPUMEHTOB.

5.2. Meroa KOHEYHBIX 3JIEMEHTOB peIleHusl 3aJa4 O MOBEPXHOCTHBIX
cOOGCTBEeHHBIX BOJIHAX. B crarbe [23] onmcad Mero] KOHEYHBIX 3JIEMEHTOB pelle-
nus 3agaun (20). Vcnosb3oBanbl npocreiiiime npoCcTPaHCTBa JIAIPAHKEBBIX KOHEYHbBIX
9JIEMEHTOB, yI00HbIE /I TPAKTHYIECKOrO HnpuMeHeHus Mmeroqa. IIpesmoxken mpocToit
MeTOJ alMpOKCUMAIINA TOYHOTO HEJIOKAJbHOTO TPAHWUYHOrO yCJOBUS, BBHITTMCAHHOTO B
ABHOM BHUJI€ Ha OCHOBE METOJ/Ia pa3JIe/eHnus TePEMEHHBIX. YCTAHOBJIEHO, UTO CBONCTBA
CIIEKTPa KOHEYHO-3JIEMEHTHON allpOKCUMAIUA B TOYHOCTH COOTBETCTBYIOT CBOMCTBAM
crekTpa ucxomHoi auddepennuanbaoil 3aga4qn. [IpuBegensr pe3yabraTbl 9UCIEHHBIX
9KCIIEPUMEHTOB pPelleHnud pdjia KOHKPETHBIX 3a/1a4 CHEeKTPa/bHONR TeOPpUH JTUIIEeKTPU-
9eCKUX BOJTHOBOJIOB. [losyuenubie pe3yabTaThl COMOCTABIEHBI C M3BECTHBIMIA TOYHBIMHU
PEIEeHuSAMY U PEIeHusIMI, MOJYIeHHBIMU ApyTuMu apTopamu. Mccmemosana ckopocTh
CXOJIMMOCTH METOJIa B 3aBUCHMOCTH OT TOYHOCTH ANTPOKCUMAITNN TPDAHUYHOTO YCJIOBUSA
U MaKCHUMaJbHOI'O pa3Mepa 3JeMeHTOB.
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B kavecTBe mpumepa, TeMOHCTPUPYIOIIErO BOZMOXKHOCTH MeToza [23], mpuseneM pe-
3yJBTATHl PACYETOB JI7Isl HOBOW BOMHOBeayIeit crpykrypbl. Obmacts ) cocrosia w3
TPexX KaCAIOIINUXCs JIPYT APYra KPyroB € IMEHTPAMU B BEPIIUHAX PABHOCTOPOHHETO Tpe-
yroJibHUKa co cropoHamu p. ITokazarens npenomiennst n(z) = ny npn € Q. Paanyc
R oxpyxuoctu ' 6611 BoIOpaHn paBubiM 1.3p. Ha puc. 5 B 1eBOM BepXHEM YTy MTOCTPO-
eHBI JINCIIEPCHOHHBIE KPUBBIE, TIOKa3bIBatoINIme 3aBncnmocts U = pky/ni2 — (8/k)? or
V = pky/n42 —n2,, 175 NEPBBIX MEBATH COOCTBEHHBIX BOJH. JIMCIEPCHOHHBIE KPUBBIE
nna Us m Us, Us n Ug, Ug n Uy coBnanm ¢ rpadpuveckoii TOUHOCTHI0. BeposTHo, co-
OTBETCTBYIOIINE COOCTBEHHBIE 3HAUEHUS [ SBJISIOTCS KpaTHbIMU. Ha puc. 5 mocTpoeHs
TaKyKe JIMHUE YPOBHS KBAJPATOB COOCTBEHHBIX (BYHKINH u? B pacdeTnoit obmactu Qg
s Vo= 3.

Summary

E.M. Karchevskii. Spectral Problems of the Theory of Dielectric Waveguides.

New statements of spectral problems of the theory of dielectric waveguides are proposed.
Existence of the eigenwaves is proved and properties of the spectrum are investigated. New
effective numerical methods for calculation of the eigenwaves are constructed and theoretically
grounded.

Key words: spectral problems, dielectric waveguides, numerical methods, integral
equations.
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