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JlamHast paboTa TIOCBSINEHa NCCIEIOBAHNUIO CBOUCTB M MPUHITAIIOB TTIOCTPOEHUS VIOBJIETBO-
PHUTENbHOHN aNIIPOKCAMAIIAW MHOXKECTBa JOIIYCTUMBIX DEIIeHWN 3339l YCJIOBHOHM ONTHMU3a-
mpu. 3aMeHa B X0/1e PelIeHuns UCXOAHOIO JIO0IyCTUMOTO MHOXKECTBA Ha €10 y/I0BJIETBOPUTEIHHY IO
ANIIPOKCUMAIIAIO MO3BOJIAET MOCTPOUTH KOHEUYHBIE AJITOPUTMBI METOIOB BHYTDEHHEII U BHEII-
HEl TOYKN (MeTo;LOB mrrpadHbIX GYHKIUN WM METOI0B ueHTPOB) C KpUTepueM OCTAHOBKWU,
TapaHTUPYIOIINM BBIIOJHEHNE 33TAHHON TOYHOCTH ITOIy9eHHOro pemierus. /Joka3aHbl He0OX0-
OUMBIE U JOCTATOYHBIE YCIIOBUSL /1 HOCTPOEHUS BHEITHEe U BHYTPEeHHEH yI0BIeTBOPUTEIBHBIX
AMMIPOKCUMAITHH JIOTTyCTUMOTO MHOXKecTBa. ChopMy/mmpoBaH OMH U3 pean3yeMbIX CII0CO00B
3a/laHuA MHOYXKeCTBa, ABJIAIONIerocd yI0BIeTBOPUTE/IHLHON anlIPOKCUMaIell I0IyCTUMOTr0 MHO-
2KEeCTBa, KOTOpPOe MOXKHO HCHOJIb30BATh IIPU MOCTPOEHUU AJITOPUTMOB, TAPAHTUPYIOIMMUX MOJIY-
YeHUEe 3aJaHHOU TOYHOCTHU 33 KOHEYHOE YHCJIO UTEPAITAIi.

KutoueBble ciioBa: (METOIBI IIOC/IEAOBATEIBHON 0(€3yC/IOBHOH MUHHUMU3AUN, METO[
mrpadHbx GyHKIWME, METOI IEHTPOB, PEIIEHRe 331291 ONTAMU3AIAN ¢ 33JaHHON TOIHOCTHIO,
YZAOBJIETBOPUTEIbHAA AIIIPOKCHMANS JOILyCTUMOTO MHOZKECTBA, PEAIn3yeMble KDUTEPUH OCTa-
HOBKH)

BBemenue

IIpakTrdeckoe mpuMeHEeHre METOA0B HEMMPEPHIBHON MUHUMHUIAINHI CBI3aHO HE CTOJb-
KO C MOJIyYEHWEM TOYHOIO PEIeHNs 3302491, CKOJBKO ¢ HAXOXKJIEHWEM MPUOIMKEHHOTO
pereHust ¢ 3a1aHHoi TogHOCTBIO € > 0. [locKosbKY OOJBITHHCTBO H3BECTHBIX METO-
JIOB 0DECITeYNBAET CXOAUMOCTH K TOYHOMY PEIIEHWIO 3339, OCTAHOBKY BBIYHUCJIECHUN
[POM3BOIAT HA OCHOBAHUHU KpuTepues Oau3octu K onTuMyMy. OIHAKO JOBOJIBHO YaCTO
3TU KPUTEPUH OKAZBIBAIOTCH IBPUCTUYECKUMH U UX IIPUMEHEHNE MOYKET IPUBECTH K BbI-
OOpy TOYKH, JAJEKONH OT TOUHOTrO perreHusi. [109TOMY aKTyaJabHON 3a7adeil sIBJIsT€TCS
pa3paboTKa aJrOPUTMOB, KOTOPBIE HMEIOT MPOCThIE KPUTEPUH TTPOBEPKU TOCTUXKEHUS
3aJJaHHON TOYHOCTH, TAPAHTUPOBAHO BBITIOJHSIIONTUECS TOCAE KOHETHOTO YMCJIa UTEPa-
Ui TPUMEHAEMOrO METOA.

OauH U3 HOAXOA0B K pa3paboTKe TaKUX AJrOPUTMOB 3aKJIIOYAJICA B AIIPOKCHMAa-
LUK JOIYyCTHMOIO MHOXKeCTBa, perneruii. OH ObLI IPUMEHEH 110 OTAEIbHOCTH B METOHAAX
rocsIe0BaTeNIbHOM Ge3ycmoBHol MuHuMHU3annu [1-3] — B Meroze mTpadHbIx byHK-
mmit [4,5] u B MeTone 1eHTpoB (mapamerpu3sannu neieBoil dyukummn) [6-8]. JJaHHbrii
TTO/TXO/T, 3aKJIIOYAJICT B 3aMEHEe WCXOTHOTO JOMyCTUMOr0 MHOXKECTBA 33/a9U Ha, €r0 all-
IPOKCUMAIHUIO (BIOXKEHHOE WM OKAMIISIONIee MHOXKECTBO) U B PEIIIEHUU [IOCTPOCHHOMN
TaKUM 00Pa30M BCIIOMOIaTeIbHOM 38,0349l OZHUM U3 YKA3aHHBIX Bbile MeToa0B. Crocob
IOJIyYEHUs AIIPOKCUMAIMN B 9TOM CJIy4ae CHJIbHO 3aBUCEJI OT IPUMEHSAEMOIO METOA
onTUMHU3aAIUHU. BHIIO TOKa3aHo, ITO 38 KOHEYHOE YHCJIO UTEPAINiil TapaHTUPYETC TOJTY-
YeHWe TOYKHW U3 PA3HOCTH UCXOIHOTO JOMYCTHMOTO MHOZKECTBA W €T0 allIPOKCUMAIINH,
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YTO SBJAETCS KPUTEPHEM OCTAHOBKH BBIYUCIEGHUN W rapaHTuell 3aJaHHON TOYHOCTH
MOJTYyYEHHOTO PEIeHMS.

B nammoit pabore nmpomsBoauTcss 0600IEHNE TAHHOTO MOIX00A IYTEeM BBEIEHUS TI0-
HATHUSI €-YIOBJETBOPUTENBHON AMMPOKCHMAITUH JOMTYCTUMOTO MHOXKECTBA, JIJTsl 33/1a91
MaTeMATHIECKOr0 MPOrPAMMUPOBAHUA, Oy IeHNsT HEOOXOIUMBIX U JOCTATOYHBIX YCII0-
BUll 33J]aHUs TAKUX MHOMKECTB 1 (DOPMYITUPOBKHU 0DOOIIEHHON CXeMbl TPUMEHEHUS all-
LUPOKCUMALUA B METOAAX 110C/I€10BATE/IbHON Ge3yCcioBHON MuHuMu3aluu (BHY TpeHHei
U BHEIHEH TOYKHM) ¢ [EJAbIO MOJIYUYEHUs €-PEIIeHUs 331a41 ONTUMUBAIMH 38, KOHEIHOE
YUCJIO MAroB. BBOAHBIE TONOXKEHUS JJIsT CAyYasl MPUMEHEHHs MeTOJd BHEIIHEH TOYKU
[IPU TAKOM TIO/IX0jIe ObLIH paccMOTpeHsI B [9].

Ilpy mocTpoeHMH OPAKTUYECKUX AJTOPUTMOB Ha 0a3e JaHHOW CXeMbl MPEIIo-
JIAraeTCs  WCIOJNb30BATH AIMPHOPHBIE 3HAHUS O IeaeBOH (YHKIUU U QYHKIUAX-
OTPAHUYIECHUAX 33Ja9d ONTUMU3IAIUU — KOHCTAHT JIWMIMUIA, CHIBHOW BBIMYKJIOCTH,
(p, B, A) -aIPOKCUMHEPYEMOCTH WJIA CHJAbHOH KBA3HBBIIYKJIOCTH. TAKHE KOHCTAHTBI
HEPEIKO WCIIOIB3YIOTCs JIJIsT OIEHKH CKOPOCTH CXOAUMOCTH TOrO WJIH WHOTO METOIA
omTuMmuzanun (cM., HampuMmep, B [1-3,10]). TlomyueHHble TakuM 0OPA30M OIEHKH MO-
IYT OBITH TPUMEHEHBI I (DOPMYJUPOBKH KPUTEPHUs OCTAHOBKY BhIYHCIeHHUE. OOBITHO
TaKWe OIMEHKU CYIECTBEHHO 3aBUCAT OT YIPABJISIONINX TAPAMETPOB MPUMEHAEMOTO Me-
TOMA ONITHMU3BAINH, 9TO O3BOJIAET UX MCIOJb30BATH TOJIHKO HEMOCPEICTBEHHO B aJr0-
purMax Ha Haze 3roro Meroja. OrInduTeIbHON OCOBEHHOCTHIO CXEM, IPE/JIArAEeMbIX B
JMaHHOM CTaThe, ABISIETCS YHUBEPCAJbHBINA IS METOAOB MOCIEI0BATEIbHON 6e3yCcIoB-
HOU MUHUMU3AIUH CIOCO0 MPUMEHEHHUsT AMTPUOPHO 33 JAHHBIX KOHCTAHT JJIsT TIOCTPOSHUS
MPAKTUYECKUX AJTOPUTMOB PEINEHUs 33429 YCIOBHOW MUHUMHU3AINN C TapaHTHeR M10-
CTHXKeHUs TPedyeMOro ypoBHS TOYHOCTH.

1. TlocraHoBKa 3amaun

IIycrs pemraeTcs cremyIomast 3a1a9a ONTHMU3AIAN:
min{ f(z),z € D}, (1)

rne D = {z € R, : fi(z) < 0,i = 1,...,m}, uenesasg dbysxuus f u pyHKIUU-
orpanunuenus f;, i = 1,...,m, OUpeIeJeHbl U HENPEPLIBHBI B 7-MEPHOM €BKJIUIOBOM
npoctpancTBe R, u npuHammex)ar Kiaccy (QyHKIWM, KaxKIblil JIOKATbHBIH MUHUMYM
KOTOPBIX ABJIAETCA abCOMIOTHBIM, MHOXKecTBO D perymnsapuo mo Creiirepy, TO eCTb Cy-
HIECTBYeT TO4YKa y € D, 11 KOTOpOil BhIIONHAIOTCA HepaseHerBa f;(y) < 0 aya Beex
i=1,....,m.

IIycrs Tpebyercs naiiTu pemrenue 331a4u 1 ¢ 3amanH0# TOuHOCTHIO € > 0. BBegem
CIeAYIONMe 0D0O3HATEHUS:

f* =min{f(x),z € D},

X ={zxeD: f(x) < f"+¢},

— %
X, ={zeRy:[f(x) - f|<e}

— %
MHoxkecTBO X siBJsieTCs MHOXKeCTBOM e-pernennii 3aqaqu (1), a B MHOXecTBO X,
BXOJSAT M T€ TOYKH, KOTODPbIE HE SABJISIOTCH JOMYCTHUMBIMUA. DTO MHOYKECTBO IPUHS-
TO HA3BIBATH MHOXKECTBOM ¢-ticepnoperienuii 3aga4uu (1). Bynem cumrars nanee, uro
f* > —00, MHHAMYM JOCTHIaeTCsd W MHOXKeCTBO X sBJA€TCA OrpaHWYeHHBIM. By-
JIEM TAKXKe [0JIaraTh, 970 abCOMIOTHBII MUHUMYM HEIeBON (DYHKIUEU JOCTUTACTCH 33
npenesaMu MHOKecTBa D), OTKyJa, B YACTHOCTH, CJIEAYeT, 9TO TOYKA ONTUMyMa Jie-
KuT Ha rpanure MHoxkectBa D. Ciydail npuHa/JIE?KHOCTH ONTHUMYMa BHYTPEHHOCTH



VIOBJIETBOPUTEJ/IBHAS ATITTIPOKCUMAIINA JOIIVCTUMOT'O MHO>KECTBA...3

MHOXKecTBa, D paccMaTpuBascs, HAPUMeD, JJist MeTOa IeHTPoB B [11]; mpu onpeteeH-
HBIX YCJIOBHUSX OH MOXKET ObITh CBEJIEH K 3a/a9€ MUHUMU3AINN CIEIUATIbHBIM 00pa30M
TOCTPOEHHON BCIIOMOTATEIbHON (DYHKIIUH.

— %

Tpebyercs HONYyUNTh TOYKY 2 U3 MHOKecTBa X[, nbo n3 MHOXKecTBa X, .

2. IlondaTtue c-yaoBJIETBOPUTEJBHOI BHYTpPeHHEHN anlpOoKCUMAIIUN
JOILyCTHMOT'0 MHOYXKEeCTBa

Omnpenenenue 1. Buyrpenneii anmpokcuMarueili MHOXKECTBA JOMYCTUMBIX peIlie-

muit D 3agauam (1) mazsosem muOKecTBO (1 Buma {x € R, : wi(z) < 0,i =1,...,r},
JIJIsT KOTOPOTO BRIMONHSAIOTCA yenosusa G # 0 mw G; C D. 3necw ¢, ¢ = 1,...,1 —
HeNpepuIBHbe B R, (yHKIWH, OTIWYHBIE OT f;, ¢ = 1,..., M, KaXXAbli JIOKATHHBIIA

MUHUMYM KOTOPBIX ABJACTCA abCOJIIOTHBIM.

Bamernm nexoaayIo 3agady (1) HA CIEAYIONIYIO BCTOMOTATENBHYO 34189y
min{ f(x),z € G1}, (2)

rae (G — BHyTpeHHsig annpokcumaius muokecrBa D zanauu (1). dna 3amaum (2)
BBEIEM CJEIyIomue 0003HAMEHU [IJid TOYKA MUHUMYMa U MHOXKECTBA TOYEK, KOTOPBIE
Bx0AsT B "os10cKy ", 06pa30BaHHY 0 PA3HOCTHIO HCXOAHOIO MHOXKECTBa, D 1 BHyTpeHHEHR
ammporcumaru Gy :

x*(G1) = argmin{ f(x),x € G1},

Qin(G1) ={z € D: f(z) < f(z"(G1))}-

Ounpegesieane 2. HasoBeM &-yIOBJIEeTBOPHTEILHON BHYTPEHHEH AIIPOKCAMAIHAEH
JIOMYCTUMOTO MHOYKECTBa, 11 3aa4u (1) BHyTpeHHoI0 annpokcuManuio G MHOXKeCTBa
D, nng xoropoit Qin(G1) C X7

Cregytommas TeopemMa OIpenessgeT HeoOXOMUMbIE B JOCTATOYHbIE YCIOBUA JJIs TOTO,
9r06bI MHOXKECTBO (1 ABJAIOCH BHYTPEHHEH €-YI0BJIETBOPUTENIBHON AIPOKCHMAINEET
muoxkecrBa D 3anaqu (1).

Teopema 1. Muoowcecmeo G1 C D asasemes snympenned € -ydosaemeopumervbHot
annpoxcumayuet mmuooicecmea D 3adawu (1) moada u moavko mozda, xKo2da
*
GiNX:#0.

HokaszareabcrBo. Heobxomumocrs. Ilycrs (G gaBiserca BHyTpeHHel &-
YIOBJIETBOPUTENBHOM anmpokcnmanueil maozkectBa D st 3anaqn (1). Cormacuo ompe-
genennto 2 Qin(Gy1) C XZF. s pemenns x*(Gp) BemomorarenbHo# 3amaun (2)
cupaseguBbl BRouenua x*(G1) € G, 2%(G1) € Qin(G1). Orcioga, mocKombKy
Qin(G1) C XZ, crenyer, aro z*(G1) € G1 N X, To ectb G1 N X} # (). Heobxo-
JUMOCTD JTOKA3AHA.

Hocrarounocts. ITycts G — HEKOTOpas BHYTPEHHsIsI AlIPOKCUMAIA MHOXKECTBA,
D wn umeer mecto G1 N X7 # 0. 3adukcupyem npoussonbuo Touky y € Gh N X . Tak
Kak y € G1,10 f(2*(G1)) < f(y), nockonbky =*(G1) — pernenue 3anauu (2). C apyroit
CTOpOHBI, Y € X, 9T0 03HAYAET MPOJIOKERNe mocaenHero nepasencrsa: f(x*(Gh)) <
fly) < f*+e. Takum 00pasom, mys mo6oro & € Q;,(G1) GymeT crpaBesIMBa, IEIOYKA
wepapercts f(x) < f(2*(G1)) < f* +¢€, 10 ectb Qin(G1) C X7 O

Onuriem OOIIYI0 CXEMYy HCIOJIB30BAHUS £-Y/IOBIETBOPUTEIbHON BHYTpPEHHEH ai-
OPOKCUMAIIAU [IPU MOCTPOEHUU KOHEYHBIX aJMOPUTMOB perienus 3afadn (1) ¢ Touno-
cTeio € > 0.
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IMycTh B Ka4ecTBE METOJA PEIICHUs BCIOMOTaTeNbHON 3a1auu (2) BLIOpaH HEKOTO-
PBIil METON BHEINTHENl TOYKW W3 KJIACCA METOIOB TOC/IeI0BATETbHON HE3yC/TOBHOM Mu-
HUMU3anUK (METOL IIEHTPOB, MeTo/ MTPadHbIX QYHKIUI WiIn METO/ HapaMeTPU3AIUU
neseoii byukuuu). C HOMOIIBIO 9TUX METOIOB CTPOUTCS UTEPALMOHHASA MOCJIEI10BA-
TEJIbHOCTh TOYEK, He nprHaiexamux G, Kaxk/1as U3 KOTOPBIX SIBJISETCH TOYKONH ab-
COJTFOTHOTO MUHUMYMa, CIIEIUABHBIM 00Pa30M MOCTPOEHHON CBepTHIBAIOINIEH (hyHKITHH,
zaBucsAieil or nesesoit Gyuknun u GyHKIUii-orpanuyenui 3anaun (2).

Obmiag cxeMa MeToZia BHeIlTHell TOYKM ¢ amOpoKcuMaliueil JOmyCcTHMOTO
MHOXK€eCTBA.

ITycts BRIOpanbr MHOXKECTBO (G — €-yIOBIETBOPUTENBHAST BHYTPEHHSIST AIIITPOKCH-
Marust MHOKeCTBa [, a TakyKe MeTo/1 BHelTHelH Touku A co ceepThiBaromieil ¢pyHKIuel
F(z, f,¥(G1),n), rme ¥(G1) — cnocob yuera B cBeprhiBamomieil GbyHKIMU JIOMYCTH-
MOro MHozecrBa (0ObIYHO 3ajaercd B Buie (DYHKIUHU-CBEPTKU OIDAHUYEHHUIR), 7)
HabOp yIPABISIONIAX TAPAMETPOB METOJIa BHEMIHEH TOYKH. 3aJaauM crnocolb BeIOOpa
YTIPABISIOMINX TTAPAMETPOB B, 3aBUCSIINH OT BHIOPAHHOTO METOa BHEINTHeH Toukn A.
[Monaraem k = 0.

Ecnu nonyuena rouka xx (k > 0), TO MOJyYe€HHE TOUYKYU Tkq1 TPOUIBOIUTCS CJIe-
JYIOITAM 00pa30M.

1. ITo cocoby B ompenensgercs odepeaHoii Hab0p yIPABISIONINX TapAMETPOB N ;

2. Crpourca dyuknus F(x, f,U(G1),nx), cOOTBETCTBYIOMAA METOAY Aj;

3. Boibupaerca xgy1 € Argmin{F(z, f, U(G1),nr),x € Ry };

4. Eciu zp41 € D, 10 Tp41 € XZ. Ocranos. 3azaua (1) peruena;

5. Ilomaraerca k = k + 1. Ilepexon k mary 1.

B kauectse MeToma A Mo¥KeT ObITH BHIOPAH METOM MITPAMHBIX (PYHKIWH, METOI
BHEITHUX NEHTPOB WM METOJ TTapaMeTpu3anuu neaepoil pynakumu. Kaxkaerii n3 yka-
3AHHBIX METOIOB HMEET HECKOJIBKO PA3HBIX CIIOCO0O0B 3aIaHUs CBEPTHIBAIONICH (DyHKIIN
F(z, f,9(G1),n) n dyakmun ¥(G1) m COOTBETCTBYIOIMNX MM MPABUJ BBIOOPA HOBBIX
3HavYeHuil ynpapidiommx napamerpos 1 (cum., nanpumep, B [1-3]). Ilpusenem nasnee
MPUMEPHT HEKOTOPBIX U3 HUX.

Meroa A — meron mrrpadHbIX (DYHKIANA. YIPABIIIONAM TapaMeTPOM JIJIs
Merona trpadubix byHKIu geiagerca mrpaduoit kKoaddbumuent o > 0. Tpagunm-
oHHBIH crocob BbiGopa 3Hadenuil napamerpos (crnocod B obrieil cxembl) mis merona
mrpadHbix GYHKIUI 3aKI09A€TC B CAEAYIOMEM: it1 > o Vk > 0, ap — 00 npu
k — 00. B xagectBe cBepThIBarOUX GyHKINNE MeTOAA MITPAMHBIX (QYHKIHN TPHU CIIOCO-
Ge yuera orpanndenuii (V(G1)) ¥(x) = max{p;(x),7 € 1,...,7} MOXKHO HCIOIB30BATH
(¢=>1):

Fl(x) = f(x) + a(max{0,¥(x)})",

Fy(2) = f(z) + QZ(maX{Q pi(z)})?.

Meroxg, A — mMeroj, mapamerpusanuu HejdeBoi (hyHKIUU. YIIPABIAIONIIA
napaMerp JaHHOrO MeTOJa (3 CBA3aH CO 3HAYEHUSMU IeeBOH (DYHKIMH B TOYKAX I'e-
HEPUPYEMOil TIOCTIeI0BATETbHOCTH. B GONBIINHCTBE METOMOB TAPAMETPU3AINAHN [IETEBOH
dbyukuuu B Kadecrse crocoba dukcaiuu 3roro napamerpa (cmocod B obuieit cxembl)
ucnonb3yerca upaBuino Bgr1 = O + min{F(x, f,V(G1),nx),x € R,} upu By < f*.
JList yCKOpEHUsT MPOIECCa PEIeHnsT MOXKHO MCIOIb30BATE €I1e OUH YIIPABJISIONIIH ma-
pamerp « > 0, amamorugsbiii mrpadHOMY KO3 duinmenTy.
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B Ka4uecTBe MPUMEPOB CBEPTHIBAIOIUX (DYHKIME TTPH CMOCO0E YUIOTa OTpaHUIeHUI
(¥(G1)) ¥(x) = max{p;(z),i €1,...,7}, KOTOPHIC UCIONBLIYIOTCA B METOMIE TTAPAMET-
pu3aIuK 1e/eBoil (PyHKIMU, MOXKHO MPUBECTH cetytomnme (g > 1):

F?(r) = max{0, f(z) — B} + amax({0,¢(x)}),

T
2
F3 () = max{0, f(z) = B} +a Y (max{0, p;(x)})".
i=1
O/iH W3 BAPUAHTOB METO/IA TTAPAMETPUBAIINH TIeJIeBON (DYHKIUY JABHO TPUHSLT COO-
CTBEHHOE HA3BaHME — METOJ [IEHTPOB U MMEET CJEIYIOIIYI0 CBEPTHIBAOIIY IO OYHKIINIO:

30, — -
F2(2) = max{f(z) — 4, atp(x)}.
HokaxkeM masree, 9T0 MpuMeHeHne OOITell MPOIeTyPbl METOIA BHEITHEH TOYKH C ar-
MPOKCUMAIIMeH JOMyCTUMOTO MHOXKECTBA MO3BOJIHUT TIOIYUNUTH 33 KOHEUHOE THCIIO MTe-
pamuit Touky z € X7 .

Teopema 2. Cywecmeyem nwomep K > 0, das komopozo bydym evinosnervs ycao-
eusa waza 4 obuelt cremvt MEMO0G BHEWHET MOYKY ¢ ANNPOKCUMAYUET JONYCMUMO20
muoorcecmea. Ipu smom xxy1 € XI.

HokazareascrBo. llpeanonoxkum, aro s gwbdoro k > 0 ycaoBus mara 4 He
BBITIOTHAIOTCsT. VccmemyeM cBOMCTBA MOCTPOEHOI 110 0bIIIeii cxeme MmocaeI0BaATeTHbHOCTH
touek {xy}. CormacHo M3BECTHBIM CBOMCTBAM METOIOB BHEITHEH TOUKH (CM., HATIPAMED,
B [1,2,11,14] anst pA3IUUHBIX METOOB TTOCJENOBATENLHON GE3yCIOBHON MUHUMU3AIINN)
9Ta MOCJIEIOBATEIHLHOCTE OYI€T YIOBIETBOPATD CASAYIOMIAM YCIOBUSIM:

1. f(zg) < f(z*(G1)) mna seex k = 1,2,..., npuuem f(zr) — f(z*(G1)) npm
k — oo.

2. p(zx,G1) — 0 mpu k — oo, rme p(z,G1) = min{|ly — z||,y € G1} — paccroanune
OT TOYKH = 10 MHOzKecTBa (7.

B cuny ycnosus 2, HempepbIBHOCTH (byHKIUA-orpanuydenuit p;, ¢ = 1,...,r, 3a1a-
qu (2) u ycaosusi Creiirepa g mHoxecTsa D Haitnercs womep K > 0 rtakoii, 4to
T € D, 10 ecTb Oym€T TOJYYIEHO TPOTUBOPEUUE C TEM IIPETOJI0KEHNEM, ITO YCTIOBUS
mara 4 obrreit cxembl He BRIIOMHAOTCA. Ilpu 9T0OM B crity ycsoBus 1 6yzaer cnipaBeainBo
uepaserctso f(xx) < f(2*(G1)), To ectb i € Qin(G1), ITO COrMACHO OMPETENEHUIO
€-yIOBJIETBOPUTEIbHOM BHYTpEHHE!l anIpOKCUMAIHH O3HAYAET, 4TO T € X[ . O

3. IlonaTtue €-yaoBJIETBOPUTEJBbHOI BHEIIHEN anlpOoKCUMAIIUN
JOILyCTUMOTO MHOYXeCTBa

Omnpenenenne 3. Bremmeit anmpokcuMaliieii MHOXKECTBA, JOMYCTUMBIX PEITeHni

D zamauw (1) mazosem mMuHOXKecTBO Go Buma {z € R, : ¢;(x) < 0,i =1,...,r}, naa
KOTOpPOro BeinojHgerca ycaosue D C Go. 3uech @i, @ = 1,...,7 — HenpepbiBHbIE B
R,, byHKIUM, OTAWYHBIE OT f;, ¢ = 1,..., M, KaXKJBIH JTOKATLHBII MUHUMYM KOTODBIX

ABAACTCA aOCOMIOTHBIM.

Buecro ucxonuoii 3aa4u (1) 6yaem pemiars Caeyolly 0 BCIOMOIaTeAbHYIO 33/1a49y

min{ f(z),z € Ga}, (3)

rae Ga — BHelllHsdd annpokcuMalus MHoxkecrBa D 3azaun (1). Beemem caenyromime
0603HaYeHUs [l TOUKW MUHUMYMa BCLOMOIaTesIbHOM 3aja4u (3) U MHOXKECTBa ee &-
pelieHnii.

x*(Ge) = argmin{ f(z),x € G2},
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Qout(G2) ={z € G2 : f(z) < f(27(G2)) + €}

Omnpenenenne 4. Ha3zoBeMm €-ya0BAeTBOPUTEIBLHON BHEITHEH alIIPOKCHMAIHEH T0-
HyCTHMOrO MHOXecTBa i 3aia4u (1) BHewHioo annpokcumaiuio Ga, Jjs KOTOPO

Qout(G2) - Xg* .

Creayromas TeopeMa OIpeenseT HEOOXOANMbIE W JOCTATOYHBIE YCAOBHA IS TO-
ro, 9T00BI MHOKECTBO G2 SABJIANOCH €-Y/0BJIETBOPUTEIBLHON BHEITHEH AIIPOKCHMAIneit
muoxkecTBa D 3amaun (1).

Teopema 3. BrewnaAs GNMPpoKCUMOUUA JONYCMUMO20 mhuoorcecmsa 3aday (1)
Go ={x € R, : ¢i(x) < 0,i =1,...,r} asasemea e-ydosaemeopumervnoli mozda
U moavko mozda, K020a Qout(G2) N XF # (.

HokazareabcrBo. Heobxomumocts. [lycts Gy — €-ynoBieTBOpUTEIHHAS BHEIII-
Heos AlmnpoKcuManus MHoxecTsa D s 3amagu (1). CorsacHo onpenesnenuio 4

*
Qout(G2) C X, . Bozbmem rouxy-onTmmyMm 3azaau (1) z* € Argmin{f(x),z € D}.
Ouepnano, uro z* € X, Jna pemenus x*(G2) BCIOMOraTenbHON 3amadu (3)*cnpa—

BenymBo BRIouenue *(Ga) € Qout(G2), oTkyma cnenyer, uro x*(Gy) € X, , Tak
kak Go — £-yIOBIeTBOPHUTENbHAsA BHEIIHAS almpoxcuManua MHoxkecTsa D. Cormac-
HO IIOCJI€HEMY BKJIIOYEHHUIO CIIpaBeamBo HepaseHeTrBo |f(2*(Gs)) — f(z*)| < e, mm
f(@*) < f(z*(G2)) + €. TMockonbky z* € Go, mocienHee HEPABEHCTBO O3HAYAET, UTO
¥ € Qout(G2). Takum obpazom, % € Qout(G2) N X7 . HeobGxomuMocTh J0Ka3aHA.

Hocrarounocts. IIycrs G2 — HEKOTOpas BHEIIHSAS ANIIPOKCUMAIUSA MHOXKECTBa, D
U Qout(G2) N X # (. O603HAYMM TOUKY, BXOJAILYIO B 3TO Tlepecedenue, yepes T. Tak
Kak T € X7, mmeer mecto mepasencrso f(z*) < f(T), rme o* € Argmin{f(z),z € D}.
IMockombKy, KpoMe Toro, T € Qout(G2), momyunm, 9To

f@®) < f(@) < f(2"(G2)) +e. (4)

Orciona caenyer, 910 T* € Qout(G2).

BadurcupyeM NpoU3BOJIBHO TOUKY Y € Qout(G2). s 910l TOYKM mMeeT MecTo
mepaserctso f(2*(G2)) < f(y) < f(2*(G2)) + €, uro cornacuo (4) nemaer cupaseTn-
BoOil caemytontyio nenouky mepapercrs: f(z*)—e < f(2*(G2)) < f(y) < f(x*(G2))+e <

f(x*) +e, o ectn |f(y) — f(z*)] <e,mm y € X, . B cuiy npon3sBosbHOCTH BBIGO-

— %
pa Toukn Y € Qout(G2), nocnennee BKIOUEHHE 03HAYALT, 9TO0 Qout(G2) C X, |, Te.
COTJIACHO OTpeiesieHnto 4 MHOXKecTBO G ABIAETCS €-yNOBICTBOPUTEILHON BHEIITHE
ammpoKcuMaInyeil MuoxkecTsa D . O

3ameganue 1. 3amernm, 4ro mcxogHOe MHOMkeCTBO D 3anaum (1) aBnsercs e-
VIOBJIETBOPUTEBHOM BHYTPEHHEH anmpokcuManveil st MHOkecTBa, Gy . elicTBuTe b-
HO, TOCKOJBKY Qoyt(G2) mpencrasisier coboil 10 OMPeNe/IeHHI0 MHOXKECTBO £ -PelIeHui
s 3agaun (3), HeoGXOAMMOE M JIOCTATOYHOE YCJIOBUE M3 TEOpeMbl 1 B 3TOM ciydae
dopmymupyerca kak D N Quut(G2) # (. Tlockonmbky G — €-yIOBIETBOPHTEIbHAA
BHEIIHgAs alllPOKCUMalug MHOXKecTBa D, To coryiacHo TeopeMe 3 Qout(G2) N X #£ ().
Orcioma ¢ yaerom XF C D, ouesuano, D N Quut(G2) # 0.

Cdopmymupyem oBIIYIO CXeMY UCIOIB30BAHUS € -yIOBJIETBOPUTEIbHON BHEIITHEHN arl-
IPOKCUMAIMU [IPU [OCTPOEHUN KOHEYHBIX AJIFOPUTMOB perienus 3amadu (1) ¢ Touno-
cTpio € > 0.

IIycrs B KavyecTBe METOJa PELIeHUs BCLOMOIaTesbHON 3a1auu (3) BbIOpaH HEKOTO-
PBIil MeTO BHYTPEHHEH TOYKM U3 KJIACCa METOJO0B MOCIEI0BATEILHON Oe3yCIOBHOM MU~
HUMU3AIUK (METO IEHTPOB, MeToJ GapbepHbiX GyHKIMHA). C IOMOIIBI0 3TUX METOI0B
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CTPOUTCSA MTEPAIMOHHAS IOCIEI0BATENILHOCTL TOUYeK, NpuHamiex)amux Go, Kaxaasa
13 KOTODPBIX $IBJISETCS TOYKOH abCOMIOTHOIO MHHMMYMA CIEIMAJbHBIM 00pa3oM I0-
CTPOEHHOI CBepTHIBAMOIIEH (DYHKINH, 3aBUCAIIEH OT IeAeBOil (DYHKINH U (PYHKITHH-
orpannvennit 3a1a49u (3).

O6ias cxema MeTo/a BHyTPEHHE! TOYKHU ¢ allllpoKCUMAaIueil JOomyCcTuMO-
ro MHOXKECTBa.

IIyctsb BHIGpaHbl MHOXKECTBO Gg — E£-YJIOBJIETBOPUTE/bHAS BHEITHSS AMMTPOKCIMA-
must MHOXKecTBa D, a Takyke BbIOpaH METOJ BHYyTpeHHeH Touku A co cBepThIBaIONIEH
byuxmmeit F(z, f,U(G3),n), tae ¥(G3) — cnocob ydera B cBepThiBaomeil byHKIumM
JIOIyCTMMOI'O MHOXKECTBA, 7] — HabOp yUpPaB/ISIOIIMX [1apaMeTPOB METOLa BHYTpPEHHe
TOYKHU. 303 1UM cocod BHIDOPA YIIPABJISIONINX TTapaMeTpoB B | 3aBucsmuii ot BrIOpaH-
moro merona A. IMonaraem k = 0.

Ecann nonyqena rouka xy (k > 0), TO 1OJIyY€HHE TOYKYU Tk41 HPOM3BOIUTCI CJie-
IYIOIIAM 00Pa30M.

1. ITo ciocoby B ompenensercsa odepeaHoii Habop yIPaBISIONINX TapaAMETPOB 1 ;

2. Crpourca dyukuus F(z, f,U(G2),nx), coorBeTcTByIOmas MeTOAy A;

3. Boibupaerca xgy1 € Argmin{F(z, f, U(G2),nk),x € Ry };

— x
4. Econ xp41 ¢ D, mo zp41 € X, . Ocranos;

5. Ilomaraerca k = k + 1. Ilepexon k mary 1.

ObocHoBanre paboOThl OOIIEH CXeMbI METOIOB BHYTPEHHEH TOUYKHU C AMMTPOKCAMAI-
el MHOXKeCTBa JIONMYCTUMBIX PENIEHUl OCHOBBIBAETCA HA CBONCTBAX, UMEIOIIUX MECTO
JUJIsl BCEX MeTOJIOB BHyTpeHHeH To4uku (cM., Hanpumep, B [1-3,12]). B kauecrse Meroaa
A MoryT 6BITH HCIIOJIB30BAHBI METO/], BHYTPEHHUX IEHTPOB M METOH, 6apbepHbIX (hyHK-
Wi, 71T KazKIOTO U3 KOTOPBIX CYIIECTBYET HECKONBKO BUIOB CBEPTHIBAIOIIEH (DYyHKINN
F(x, f,U(G2),nk) ¢ cOBCTBEHHBIMU CHIOCODAMMU 3aJaHUs YIIPABJSIONIAX IAPAMETPOB 1)
(croco6 B obrmeit cxembr).

Teopema 4. Cywecmayem nomep K > 0, das xomopozo 6ydym evnosnervs Yycao-
sus waza 4 obwets cremv, mMemoda enympenHel MoKy ¢ annpoxcumayuet donycmu-
Mo20 muooicecmea. ITpu smom T 6ydem aeasemea €-ncesdopewenuem 3adauu (1).

HokazarenbcTBo. IIpeamonoKuM, 4TO yTBEP:KICHAE TEOPEMbI HEBEPHO, T.€. IS
Bcex k > 0 ycmoBmd mara 4 He BRIMOAHAIOTCA. Mccmemyem CBOMCTBA IIOCTPOEHOH MO
oBmeli cxeme ToCIea0BaTeNbHOCTH TOUeK { T }. U3BecTrO (CcM., HAanmpumep, B [1-3,12]),
9TO 000N W3 METOIOB BHYTPEHHEH TOYKH TEHEPHUPYeT TOCIEA0BATEILHOCTh TaK, 9TO
flzr) > f(x*(G2)) masBeex k=1,2,..., npudem f(zy) — f(z*(G2)) npu k — oo.

Tak kak abco/OTHBI MUHUMYM [ JOCTHIraercs 3a ImpejejaMud MHOxecrBa D,
f* > f(@*(G2)). B cuny menpepbiBHOCTU (DYHKIMU f W COMIACHO YCJIOBHAM H3Me-
Henns nocnenosarensuoctu { f(zy)} maitmerca momep K > 0 Taxoit, uto f(xg) < f*,
9YTO BO3ZMOKHO TONBKO, €CITA T ¢ D, TO ecTh GyIeT MOMyvIeHo TPOTUBOPEUre CO Ce-
JIAHHBIM BBIIIE MIPEIION0KEHAEM.

ITpu pokazarenbeTBe TEOpeMbl 3 ObLIO MOKA3aHO, 9T0 ¥ € Quut(G2), eciu Go — &-
VAOBJIECTBOPATEIbHAA BHEMIHAA ANIIPOKCUManusa MHOXkecTBa D . OTciona cremyer, 4To
JJTsT HAlIEHHOM TOUKN Tp crpaseanueo HepaseHCTBO f(2)) < f(2*) < f(2*(G2)) + ¢,
re. T € Qout(G2). U3 onpenenenus 4 €-ymoBJeTBOPUTENbHON BHEIIHEH alIpOKCH-

— %

Maliy CJIeJyeT, 4To Toria Tx € X, , TO eCTb sIBJISeTCs €-IICEeB/IOPEeIeHneM 3a/1a491
(1). O
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3ameuanmne 2. B 9acTHBIX Ciyvasx MCHOIL30BAHUS HEKOTOPBIX BUJOB CBEPTHI-
BaoImeil (PyHKIMU W €-yIOBJETBOPUTENBHON ANpPOKCUMAINA MOYKHO MOJYYHTb U €-
pemienre 3a7a4dn (1) Kak IMOCIEIHION TOUKY, IpUHAIexKayio Mmuoxecrsy D [6]. Ha-
IPHMEP, 3TO CIIPABEIJIUEO JIJId CBepThIBaOMIeil (byHKIMH METOAA IEHTPOB, KOTOPAA MO-
JKET UCIIOJIB30BATHCs KAK B METOJIE BHELIHUX, TAK U BHyTpeHHuX uenrpos (o >0, § —
YIPABJIAIONINE TAPAMETDPBI METOIA):

F(z) = max{f(z) — B, aip(x)}.

3ameuanne 3. Vcmoab3oBanne obIeil cXeMbl METOIa BHYTPEHHEH TOUKN € AIIITPOK-
CHUMAITAe TOMyCTUMOr0 MHOYKECTBA B CJIydae, KOra B KAYeCTBe MeToma A NCIOIb3yeTcs
Meroz 6appepHbIX QyHKIUN, nMeeT OTanYne Ha Inare 3 o0mieil CXeMbl, YTO CBA3AHO C
OTCYTCTBUEM HENMPEPBIBHOCTH DapbepHOil (DyHKIMM Ha TrpaHuie MHOKecTBa Go. Tem
HE MEHee, 3TO He HAPYIIAeT OOIHOCTYU PACCYXKAEHUN MPU TOKA3ATE]bCTBE TEOpPeMbl 4.
MomudumupoBaHHLIi Mmar 3 UMeeT BII:

3. Beibupaercsa 41 € Argmin{F(z, f, U(G2),nx),x € Ga}.

Bugsr cBeproBaommx GyHKIMHA, KOTOPHIE MOXKHO HCHOJIB30BATH B JAHHOM CITyHae,
MOXKHO HafiTi B [2,3].

4. 06 oanoMm cmocobe 3amaHUd £-yAOBJIETBOPUTEJIbHONH anIpoKCUMAIIANA
JOILyCTHMOI'0 MHOXKeCTBa

CaMBbIM TTPOCTBIM BUIOM MHOXKECTBA, KOTOPOE MOXKHO UCIIOJIB30BATH B KAYECTBE all-
IPOKCUMALUHU JIOIYCTUMOr0 MHOXKecTBa 3aa4u (1), aBiisgercs

Glp)={zr€R,: filx)+p<0,i=1,...,m}. (5)

Ilpu p > 0 muEOKecTBO G(p) TPHU YCIOBUEM HEMYCTOTHI OYNET BHYTPEHHEH ammpoK-
cumanueil Mmoxecrsa D, a upu p < 0 — BHemHe# annpokcuManueii. O4ueBHIHO, YTO
ciydail p = 0 paccmMarpusaTh He Haso, Tak kKak G(0) = D . Beibop 3HaueHus napamMerpa
ANMPOKCUMAIIAN P JIOJXKEH 00eCIeUNBATH COrTACOBAHHOCTD C XKEJIAEMBIM YPOBHEM TOY-
woctu € > 0. Cremyromast TeopeMa yKa3blBAIOT TaKo# crocob huKcamnn mapamerpa, p.

Teopema 5. Jas mozo wmobo, mnoscecmeo (5) ABAALOCH € - YIOBAEMBOPUMENLHOT
snympennel, annpoxcumayuett muoocecmea D, neobrodumo u docmamouno, wmobul
0 <p< —min{g(z),z € X}, 2de g(x) = max{fi(z),i=1,...,m}.

HokazareabctBo. Heobxomumocts. Ilycts G(p) — €-yIOBIETBOPHTENbHAS
BHYTDEHHsAs allpokcumanusa mHoxkecrsa D. Toraa no reopeme 1 G(p) N XZ # 0.
Badurcupyem TouKky T u3 3roro nepecedenus. Ilockonbky T € G(p), To g(T) +p < 0.
Tak kak T € X7, ro min{g(z),z € X}} < ¢(T). Cnenoparenpro, min{g(x),x €
X} +p<g@)+p<0,mm 0<p< —min{g(z),z € X}}. HeobxomumMocTb T0KA3AHA.

Hocrarounocts. Ilyctb 0 < p < —min{g(x),z € XZ}. Obosnaunm y =
argmin{g(z),z € X?} (370 BO3MOXKHO, HOCKOJIBKY X — 3aMKHyTOe OrDAHUYEHHOE
MHOZKeCTBO). JIas sro#t Touku cupasenmueo ¢(y) +p < g(y) — min{g(z),z € X}} =0.
Taxkum obpazom, y € G(p). Cnenosarenbuo, y € G(p)NXZ, a3uaqur, B cuiy Teopembr 1
G(p) — e-ymoBIeTBOPUTEbHAS BHYTPEHHSAS ANMTIPOKCAMAIIAS MHOKECTBA D . O

Jns npaxTHIeCKOro ompeAeeHHs 3HAYEHH NapaMeTpa P JOJKHA ObITh H3BECTHA
oneHka cBepxy Besmuamabl min{g(z),z € X?}. Takue OueHKH MOXKHO TOJYYIUTH MPH
HAJIO>KCHUH JIOTIOTHATEILHBIX YCIOBHI HA TeNeBy 0 DYHKINIO U (PyHKIUU-OIPAHUICHHAS
samaun (1). lepeamciuM HEKOTOPDIC U3BECTHBIC CIIOCOOBI MOy UeHUsT TAKUX OIEHOK:
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1. Ilycrh neneBast byHKnms f BBINYKIA W yIOBJIETBOpseT YCJIOBHIO Jlummmia c
KoHCTauToi L > 0, DyHKIWMS ¢, 33a10M1ast OrPAHIIEHNSI, SIBJISETCS CUIBHO BBIIYKJION
€ MOCTOSTHHON CHABHON BhimykiocTr 1 > 0, min{g(x),x € X} # min{g(z),z € R, }.
Torma min{g(x),r € X} < —pe?/L?* (cm. [7)).

Orcrona cnenyer, uro G(p) sABIsIETCs1 €-yAOBIETBOPUTENBHON BHYTPEHHEH anmmpok-
cuMarmeil MHOKeCTBa D, eCiii BBIMOJIHSIETCST HEPABEHCTBO

0<p<pue?/L?.

2. Tlycrs meneBag QyHKIMA f BBIIYKIA M yIOBICTBOPAET YCAOBUIO JIMMIHIA C
koHCTaHTOH L > 0, byHKIMA ¢, 33Ja10Mas OrPAHAYECHAA, SBJIAETCA PABHOMEPHO BbI-
nykJsoit ¢ HeyObBaromuM momysneM Beimykmoctu () (0 < t < oo), min{g(z),z €
X2} # min{g(z),z € R,}. Toraa min{g(z),r € X} < —¢(e/L).

CrnenoBarenbro, aTo6er G(p) ABIAIOCH €-YIOBICTBOPUTEILHON BHYTPOHHEH Aar-
mpokcuMareit Muaoxkectsa D, Tpebyercsi, 9TOObI

0<p<t(e/L).

3. Ilycrb meneBast dyukimg f BBINYKIa W yAOBIETBOpsdeT yciaoputo Jlummuia
¢ xoHCcrauToii L > 0, dyHkuua ¢, 3agaiomasa orpanndeHus, apiasgerca (p, 5, \)-
anmporcnvupyemoii (em. [13]), min{g(z),x € X!} # min{g(x),x € R,}. Torma
min{g(z),z € X7} < —F¢/L.

CaenoBaresibuo, urobbl G(p) 4BJSIOCH €-YJIOBJAETBOPUTENBHON BHYTpEHHEN ar-
mpokcuMarmeit Muoxkecrsa D, Tpebyercs, 9TOObI

0<p<fe/L.
ObocHyeM MoJIyueHne TAaKOH OIEHKHU 151 00JIee ODIIEro Cydast.

JIemma 1. ITyems dynrkyus [ asaaemes a6Ho K6a3uebnyriol u ydosaemeopaem
yeaosuto JTunwuya ¢ koncmanmot L > 0, gynrkuus g A8AAEMCH CUADHO KEAZUBSHINYK-
40t ¢ nocmoannot k£ > 0, min{g(x),x € X} # min{g(z),z € R, }. Tozda

Ke?

min{g(z),z € X7} < i (6)

HokaszaresiberBo. 3aduxcupyeM JBe TOYKH U3 MHOXKecTBa X[: 2% =
argmin{f(z),x € D} n y = argmin{g(z),z € X }. Ussecrno (cm. [14]), aTo ans

moGoro x € X crnpasenymso nepasenctso |z — y||? < —(g(x) — g(y)), B ToM uncre u
K

qast o € X, Tak Kak To9Ka MUHUMYMa 3a0a4u (1) Jexur Ha rpanuie MHOXKecTBa D,
to g(z*) = 0. CnenoBarenbHo,

Jo* ~ 9l < ~gly) = — - ming(e), z € X}, @

ITockonbky MuHMMYM (YHKIMH ¢ Ha MHOXKecTBe X[ He COBIQJAET € abCOJIOT-
HBIM MHHUMYMOM 3TOH (DYHKIWU, OH JOCTUTAETCS Ha IPAHUIE MHOXKeCTBa X[, TO €CTh
fly) = f*+¢ (em. [7]). Orcroma n 3 yeaosus Jlunmmua caenyer, aro || —y|| > e/L,
ar0 BMecte ¢ (7) mpuBomHT K Hepasencrsy min{g(x),r € X} < —ke?/4L%. O

TakuMm 00pa30M, IIPH BBIIOJIHEHAR yCaoBuil seMMbl 1 muoxkecrso G(p) Oymer ab-
JISITHCS € -yJOBJIETBOPUTEIBLHON BHY TPEHHEH AIITPOKCUMAIINEH JTOIyCTUMOIO MHOXKECTBA,

D, ecin
0<p< Ke?
P=qre



10 A A AHIOPMAHOBA

Cornacuo 3amedanuto 1 ajas MHOXKeCTBa D ¥ ero £-yIOBJETBOPUTEILHON BHEIII-
et anmpokcumarnuu (G CIpaBeJINBO yTBEp:KIAEHWE O TOM, 4ro D sBjisercs &-
YIOBJETBOPUTEIBHON BHYTpeHHEH ammporcumarmeit miasa G. TlosTromy mist MHOXKECTB
Buza (5) B ciydae MX HCIOJIb30BAHU IJis TIOCTPOEHU E-YIOBI€TBOPUTEIHHON BHEILII-
Hell allllPOKCUMAalUU, UMEIOT MeCTO CJIe/IyIOIIue OLEeHKU:

1. IIycrp neneBas dyukuug f BHIIYKIA W yAOBIETBOPSET YCIOBHIO Jlummmia c
koHcrauToit L > 0, dyskuust g, 33/a10111as1 OrPAHUYEHNS, SBJIA€TCHA CUIBHO BbIILYKJIOHN
€ TOCTOSTHHOUN CHBHOMH BbImykiIocTH 1 > 0, min{g(x),x € X}} # min{g(z),z € R,}.
Torna G(p) aBnsiercsa €-yIOBAETBOPUTENLHON BHEINHEH ANNIPOKCUMAIUEH MHOXKECTBA
D, ecin

—pe?/L* <p<0.

2. Ilycth meneBas GyHKIuS f BBITYKIA W YAOBIETBOPSET YCJIOBHIO JlWmmmrg, ¢
KoHCTaHTOH L > 0, GyHKIMA ¢, 33Ja10Mas OrPAHAYECHAA, SBJIAETCA PABHOMEPHO BbI-
nyKJsoit ¢ HeyObBarommM MomysneM Beimykmoctu () (0 < t < oo), min{g(z),z €
X} # min{g(z),z € R,}. Torna G(p) siBusieTcst £-yIOBIETBOPUTENLHON BHENTHEH
anmporcuManyeil MuoxkecTsa D, ecn

—¥(e/L) <p<0.

3. Mycrs menesast GbyHKIWMs f BBHITYKIa W YIOBIETBOPAET YCJIOBUIO JIUMIUIEA ¢
koucrauToil L > 0, dyukuus g ssagercs (p, 5, A)- anupokcumupyemoii, min{g(x),z €
Xr} # min{g(z),z € R,}. B srom cayuae G(p) aABAAETCS €-yAOBIETBOPHTENBHOMN
BHEITHEH anmpokcuMaliieir MHOKecTBa D, ecin

—pe/L <p<0.

4. llycte dbyuknus [ sBasgeTcs SBHO KBA3WBBINYKJOH M YIOBJIETBOPSET YCIOBHUIO
Jlummuna ¢ koucrauToit L > 0, dyHKIUS ¢ ABIAETCH CHIBHO KBA3UBBIMYKJIOHN C IMO-
crosuuOl Kk > 0, min{g(z),z € X*} # min{g(x),x € R,}. Torna G(p) aBaserca
€ -yIOBJIETBOPUTENHLHONH BHENTHEH ammpokcuMarineir MHOKecTBa D, eciin

Ke?

5. Omnuncanne BBIYUCINTEIbLHBIX IKCIIEpPUMEHTOB

DKCIEPUMEHTAIBHOE UCCIENOBAHNE TIPEIJIOKEHHOTO B CTAThe IOAXO0A MO3BOJISET
ropopuThb 0 ero 3ddexTunBHOCTH. [IPOBEICHHBIE BHIMACIATEILHBIE SKCIIEPUMEHTHI I
METOJIa, IEHTPOB U MeTOAa ITpadHbIX (BYHKIWA IOATBEPKIAOT (HPaKT HOJIyICHHS pe-
MIEHAA € 3aJaHHOH TOYHOCTRIO € > 0 Mo (PYHKIMOHATY, 38 KOHEIHOE YHCIIO MPOLECCOB
MUHUMH3A0AU CBEPTHIBAIOIIUX (DYHKIUIT, HCIIONB3YEMBIX B METONAX IIOC/EI0BATEIbHOM
0e3yCIOBHOM MUHUMU3AINH.

Jig uanocTpanyuu CKa3aHHOTO IPUBEIEM PE3YJIbTaThl PEIleHus] U3BECTHON 3a/a-
qu Pozena-Cy3syku (cm. [1]). Jannas 3agaua uMeer "oBpaxkubiii" xapakrep, MosTOMy
0COGEHHO MATEpeCHa I UCCICHOBAHMM.

3agaua Pozena-Cysyku. Ilycrs © € Ry, x = (£1,&2,&3,&4). Tpebyerca MmunnMu-
3UPOBATH (DYHKITHIO

fl@) =6 +& +26 +& — 56 —5& — 316 + 44
IIpU OIPAHNYEHUAX

@) =G+8+8+E+8a-L+E&—-&—8<0,
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2 2 2 2
fa(z) =& +265 + 635 +260 — &+ & —10 <0,

: 2 2 | 2

f?(x) =20 +&6 +E3+26 -6 —-5<0.
B kawecTBe KOHTDOJNBLHOTO 3HAYCHHS ONTUMYMa NeNeBOH (DYHKINU NPHHAMAEM
f* = —44.866164 (c Tounocteio 1077).

Jajiee NpUBOAATCSA PE3YJILTATHI PEIleHHs 3TOH 3a/a4i C IOMOIILI0 HECKOIbKHUX aJl-

POPUTMOB B MeTOJe HeHTPOB, KOTOPble OTHOCSTCH KaK K MeTO/y BHEIIHUX, TaK ¥ BHYT-

peunux Touek. CBepThIBatoIasi GyHKIN, TIOCTPORHHAS HA k— O MTepanuu MeToma,
uMesa BUM:

Fi(z) = max{f(2) — f(wx), axg(z)}

rne g(z) = max{f;(z),i = 1,...,m}, ap > 0 — amajnor mrpaduoro ko3ddunuen-
ta. JlanHas (HyHKIES MOMKET MCIOMb30BATHCA KAK C TOYKH 3PEHUS METO/A BHEITHHX
Troyek (B caydaax, korma o ¢ D m f(xg) < f*), Tak m ¢ TOUKM 3peHWs METONA
BHYTDEHHUX TOUYEK (B Ciiydae, Koraa ro € D). DKCIepuMeHT MPOBOAUIICA € TOMOIIBIO
"kaaccrmueckux"  peanmzanmii METOA BHYTPEHHWX W BHEITHUX IEHTPOB ¢ 3BPHCTHYE-
CKUMH KpurepusiMu ocTaHoBKY Bbraucaenuii |f(zr41) — f(zi)| < e, [|[rpy1 — il <€, a
TaKKe X MOIU(UKAIIUI HA OCHOBAHUM CXEM, TPEIJIOKEHHBIX B JAHHOM cTaThe. Tak Kak
dyHKIME-Oorpaanyenns 3aaa49u Pozena-Cy3yKu SBIAIOTCS CHIBHO BBIILYKJIBIMHA, TPAME-
HsIEMAasl B 9KCLIEPUMEHTAX AIIPOKCUMALM A0IyCTUMOIO MHOXKeCTBA umedia Buj (5) 1pu
0 < p < pe?/L? (puyrpennss anmpoxcumarms) u —pue?/L? < p < 0 (BHeIHAS anmpoK-
cumaiust ). JIjisl oy 9eHus ONeHKY apaMeTpa CUIbHOM BBITYKJIOCTH (4 UCIIOIb30BAIACH
IPOTEIYPa OIEHKH C MOMOIIBIO COOCTBEHHBIX YHCEN TeCCUAHOB (DYHKINA-OrPAHMIECHIH.
B kagectBe koHCTaHTHI JIUOIMIa KCHIOIB30BAIACH €€ BBIOOPOIHAS OIEHKA.

[Iponeccel MUHMMU3ANMY JBYX CBEPTHIBAIOININX (DYHKIMIA, IIOCTPOCHHBIX JJIs Pelre-
HUS OJHON U TOM K€ 3aa4K, 3aHUMAIOT TPUMEPHO PABHOE BPEMS, [IO3TOMY B KAUECTBE
KPUTEPUs CPABHEHUS AJITOPUTMOB UCIIOJIb3YETCsI He BpeMst paboThl aropuTMa, a MpoBe-
JIEHHOE KOJIMYECTBO MPOIECCOB IOCTPOSHUST M MUHUMU3AIMU CBEPTHIBAIONIEH (DYHKIUN
JIO BBITIOJHEHUST YCJIOBHH KPUTEPHUS OCTAHOBKW BBIYHMCIEHUH W TIOJTYYEHNS PEIIEHUsT 3a-
JTAaHHON TOYHOCTH.

Tabnuna 1 cOmepKUT pe3yabTaThl pemienus 3a1adu Posena-Cy3yKu pasaudHbIMU
asroputMamu. Bee Bbruucienns nposoauiuck npu € = 1073, JIig KaxK10ro agroparma
IPUBOIUTCH MPOBEJIEHHOE KOJUYECTBO UTeparuii (IponeccoB MUHUMU3AIUU CBEPThIBAIO-
mux PYHKIWIL), JOCTUTHY TOE 3HAYEHHE 11e1€BOi (DYHKIIMU U MOIPEITHOCTD TI0JLy Y€HHOIO
PEIEeHns IO CPABHEHMIO ¢ KOHTPOJIBHBIM 3HAYEHHEM.

Tabauna 1. Pe3yabrarhl 3KCIIEpUMEHTOB.

Anropurm KomugectBo | Hocturayroe | IlorpemHocts
urepanuit 3HAYCHUE

Meton BHyTpeHHUX IeH- | 27 -44.806136 0.060028

rpos ( [12])

Meton BHemHUX IeHTpoB | 17 -44.867226 0.001062

([11]

Meron BuHyTpeHHux IieH- | 11 -44.865591 0.000573

TPOB € allllpOKCUManuen
JOITyCTAMOI'O MHOYKECTBA
Meroa BHEITHUX IEHTPOB | 8 -44.866134 0.000030
C alIIpOKCUMAalUMed JI0Iy-
CTAMOTO MHOXKECTBA

Kak BumHO u3 mpuBeaeHHON TAOIUIBI, TPU UCIOJIB30BAHUN "KJIACCHIECKUX' ajro-
PUTMOB C IBPUCTUYECKUMH KPUTEPUSIMHU ITPOIECC BBIYUCIEHUN OCTAHABIUBAJICH, XOTS
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3aJlaHHAs] TOYHOCTH HE ObLIa JOCTUTHYTA. lIpUMEHeHUe Ke aJNOPUTMOB C ANMTPOKCH-
Marnueil JOMyCTHMOTO MHOYXKECTBA MO3BOJMJIO MOJLYYUTH PEIIeHUs] 33 JaHHON TOYHOCTH.
Crenyer OTMETHTb TAKXKe, YTO KOJIMYECTBO BBIIOJHEHHBIX IIPOLECCOB MUHUMH3AIUU
cBepTHIBaOMEl GYHKIME B MOOU(DHKAIMAX C ANMPOKCHMAIMEH MHOXKECTBA MEHBIIE,
yeM IIpH LpUMeHeHur "KjaccuyecKux' MeTO[O0B PELIeHHs 33Ja4d. DTH BbIBOJbL [10/1-
TBEPKIAIOTCA U JIPYTUMU TMTPOBEJEHHBIMH HAMU BBIYHCIUTEIBHBIMU 3KIIEPUMEHTAMMU.

Summary

A.A. Andrianova Application of satisfactory approximation of the admissible set at the
solution of optimization problem.

This work is devoted to research properties and principles of creation the satisfactory
approximation of the admissible solutions set for a problem of conditional optimization.
Replacement of an initial admissible set on its satisfactory approximation allows to construct
final algorithms of an internal and external points methods (methods of penalty functions or
methods of centers) with the criterion of the stop which guarantees performance of required
accuracy of decision. Necessary and sufficient conditions for creation of external and internal
satisfactory approximations of an admissible set are proved. One of realized ways to get
a satisfactory approximation of an admissible set is formulated. This way can be used at
algorithms guaranteeing obtaining of required accuracy for final number of iterations.

Key words: methods of consecutive unconditional minimization, a method of penalty
functions, a method of centers, the solution of optimization problem with the accuracy,
satisfactory approximation of the admissible set, realized criteria of a stop.
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