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SJIEMEHTHI JUHENMHOM AJITEBPHI
MaTtpuusbl

Onpenenenune: Mampuya — >3TO TPAMOYTOJbHAs TalIMLA YHCE,
coJieprKailiasi m CTPOK OJIMHAKOBOW JJIMHBI (WJIM N CTOJOIOB OJIMHAKOBOMU
JUTMHBI). MaTpuIiia 3a1MCchIBaeTCs B BUAE

A &, A - Ay
a'21 a‘22 a'23 a2n

a., a a

m3 " Y'mn

a

ml ~'m2

rJle mcia ay (i =L_m, J :ﬁ) - 9JICMEHTBI MaTPHUIIbI, M - YKCIO CTPOK, N -

YHCJIO CTOJIOIOB.
m, n

OO0o3HaueHHUS: Az(aij )izl,jzl i A

3/1ech UHJIEKC BHU3Y 0003HAYAET pazmep mampuybl MxN.

Omnpenenenue: ODIJIEMEHTHI, CTOSAIIAE HA JHWATOHANW, WAYLIEH U3
BEPXHETO JIEBOTO yTiia, 00pPa3yIoT 21a6HYI0 OUAZOHAIb. DIEMEHTHI, CTOSALINE
Ha AMAaroHajgu, UAYILIEH W3 BEPXHEro MpaBoro yria, o0pasyiT noOouHyI0
ouazonHay.

Omnpenenenue: Eciu 4uciao CTpok U CTOJIOLOB coBMaaaer (M=nN), To
MaTpula Ha3bIBaeTCs Keadpamuoii. Eciiu MaTpuiia COIEPKUT OJHY CTPOKY (
m =1), To oHa npencTaBIseT CO00I 86eKmop-cmpoKy. AHAJIOTUIHO, 6EKMOP-
cmonbey vimeet oauH cronber (N =1),

Omnpenenenue: KBagpatnas marpuna, y KOTOpOM BCE 3JIIEMEHTBI, KPOME
AJIEMEHTOB TJIABHOW JTMArOHaMW, PAaBHBI HYJIO, HA3bIBACTCS OUAZOHANbHOU
mampuyeu.

a, 0 0 O
A |0 3 00
0 0 0
0 0 0 a,

Onpenesnenune: /[maroHaapbHass MaTpula, y KOTOPON KaKAbIM 3JIEMEHT
IJJaBHOM  JWAaroHajdd  paBeH  €IWHUIIEC, HA3bIBACTCA  COUHUUHOIL.
O6o3nauaetcs OykBoii E.



o - O

1 0
Ipumep: E=| 0 0 | - eaMHKMYHAs MaTpUIA TPETHETO MOPSIAKA
0 1

Onpeneaenue: Marpuua, BCE€ 3JIEMEHTbl KOTOPOW pPaBHBI HYIIIO,
Ha3bIBaeTCs Hyaeeoui. O6o3HavaeTcst OykBoi O.

B marpuunom ucuucnenun matpuubl O u E urparot posb uncen O u 1 B
apudMeTHKe.

Onpenesienue: Marpuiia, 1oJiydeHHasi U3 JaHHOW 3aMEHOM KaxJI0u €€
CTPOKHA CTOJOIIOM C TEM IKE HOMEpPOM Ha3bIBACTCSI  MaTpulen
MPAHCROHUPOBAHHOU K OAHHOU.

O603HaucHne: A’

Onpenenenue: Mampuyvt A u B paenvt mescoy coboit, eciii paBHbI

BCE COOTBETCTBYIOLIME d/IeMEHThI Matpull: A= B, ecin g; =Dy, rae i =1,m,

J=1n.
T.e. cpaBHMBaTh Mbl MOXXEM TOJIBKO T€ MATPUILbI, Y KOTOPBIX PABHBI
pa3Mephl.

ij >

.
CBoiicTBO TPAHCIIOHMPOBAHMSA (AT) =A

3ameuanue.

Martpuna — 310 Tabnuila, Hecymas onpeaeneHnyo uHpopmaruio. OHa
HE BBIYUCISICTCS, 3aKOHHBIMH JICHCTBUSMH C MaTPHUIIAMU SIBJISTFOTCS JIUIIb Te,
KOTOpBIE JOMYCTHUMBI MPU pabOTe C 0OBEKTaMH, KOTOPBIC HCCICIYIOTCS C
TIOMOIIIBIO MaTPHII.

Onepanuu HaJg MaTPpULIAMM

[Tyctb 3amanbl aBe MaTpuusl A = (aij ), B,.., = (bij) PaBHBIX Pa3MEPOB,
TOTJIA ISl HUX CIIPABE/IJIUBHI CJICAYIOIIUE ONEpaluu

1) Cymmoii osyx mampuy A, ., B HazpBaercs marpuna C = (Cij)

xn !

TaKas, uToC; = a; +hy;, i=lm,j=1n: A+B=C

ml
1 23) (1 -20) (20 3
45 6) |-

IIpumep:
prmep 2 0 4) |2 5 10



B HA3bIBACTCA MarpuLa

xn ! mxn

2) Pasnocmeio 0eyx mampuy A

Cn =(Cij)TaKa$I, utoC; =a; — by, | =1m,j=14n: A-B=C

1 2 3 1 -2 0 0 4 3
IIpumep: — =
4 5 6 -2 0 4 6 5 2

3) Ilpouszseedenuem mampuyor A, , Ha yucno K Ha3bpIBAETCS MaTpUIA

Cn :(Cij) Takas, 4To C; =kay, i=1m,j=1n: C=KkA

1 2 3 2 4 6
Mpumep: A= k=2, C=kA=
4 5 6 8 10 12

Onpenenenue: Matpuna—A4 = (—l) A Ha3bIBACTCS HPOMUBONOIONCHOU A.

Pa3znocts MaTpuil 4 — B MOXHO ONpenenuTh emle Tak A— B = A+ (—B).

4) IIpousBeieHUE MATPHUIL.

Onepanyss yMHOXKEHMsI JIByX MaTpULl BBOJUTCS TOJIBKO JUIsl CIlydas,
KOI/Ia YHUCJIO CTOJOLOB MEPBOM MaTpPUIbl PaBHO YUCIY CTPOK BTOPOM
MaTpPUILIBL.

Ilpoussedenuem mampuy A wn D =(d;) naspiBaetcs matpuua

C = (Cij) Takas, uto c, =ad, +a.d, +..+a.d ,i=1lm,k=1p,

T.C. JIEMEHT | -0i CTpoKu U K -ro crondia marpuisl nmpousseaeHus C
paBeH CyMME IPOU3BECACHHI DJJICMEHTOB |-0M CTpOKM MaTpuibl A Ha
COOTBETCTBYIOIIUE 3JIEMEHTBI K -ro cToI01a MaTpHIlbl B .

Ipumep:
all a12 a13 bll b12 a11b11 + a1ZbZl + a13b31 a‘11b12 + a12b22 + a13b32
a21 a22 a‘23 ’ b21 b22 = a21b11 + a221021 + a23b31 a21blZ + a‘22bZZ + a23b32
a31 a‘32 a33 b31 b23 a’Slbll + a‘32b21 + a33b31 a‘31b12 + aC’»ZbZZ + a33b32

Wtak, MBI IEPEMHOXKHUIN MATPUIIBI pazMepamMu 3x 3, 3X 2 H MOIYIUIH
MaTpHUILy - MPOU3BEICHHUE pa3MEPOM 3 x 2.

CgBoiicTBa onepanuii CJI105KeHUsI 1 YMHOKEHHUS HA YHCJI0

[Tycts A, B, C - Marpuisl, &, f - yucia, TOTAa CIpaBe/JIUBbI:
1. CpoiictBo nepemecturenbHocTu: A+ B =B+ A;
2. CBOIiCTBO COYETATEILHOCTH: (A+ B) +C=A+ ( B+ C) )

8



3. A+O=A;

4. A-A=0;

5.1-A=A;

6. CBOWCTBO paclpeeIUTEIIbHOCTH: a-(A+B)=aA+aB ;
7. CBoiicTBO pacnpenenutenbHoct :  (a+ f)- A=aA+ [A ;

8. CpoiicTBO couetatenbHOCTH: - (LA) = (af)- A,

9. (A+B) =A" +B'.
CBoiiCTBa YMHOKEHHSI MATPHIL

1. A-B#B- A (mepeMecTUTEILHOIO CBOMCTBA HET)

bonee Toro, ecn matpuna AB cymectByert, To marpunia BA moxer He
CyliecTBOBaTh. [103TOMY NpHUHATO TOBOPUTH «YMHOKMM MaTpuily A crpasa
HaB», Torna momyuum AB. Ilpu ymHoxkeHun matpuinbl A «cieBa Ha B»
umeeM BA. Eciu marpunet A u B kBagpaTHble OJHOrO pasmepa, TO
npousBeaeHus AB u BA Bcerga cymectByror. Matpuist A u B
Ha3bIBAIOTCS nepecmanosounvimu, eciu AB=BA .

2. IIpou3BeeHne KBaJpaTHOM MaTpPHIlbl HA €AUHUYHYIO MATPHUILy TOTO
e TopsiIKa paBHO camoi Martpuie, .. A-E=E-A=A

JlokazaTenbCTBO:
Q; ap 10 _ a11'l+aiz'0 aﬂ'o"'aiz'l _ a, a, Nrak
a, a,/l0 1 a,-1+a,-0 a,-0+a,-l) la, a,) ’

A-E = A Herpyano nokazate, uto E-A=A . U.T.J.
3.(A-B) =A"-B’
4. A-(BC) =(AB)-C
5. AB+C)=AB+AC
6. (A+B)C=AC+BC
/. a(AB)=(axA)B

DJieMeHTapHbIe MPeo0pPa30BaHUs MATPHII
DJieMEeHTapHBIMU MTPE0OPa30BAHUSIMH MATPUIL SIBJISIIOTCS:

l. HepeCTaHOBKa MECTAaMU ABYX IApaJUICIIBHBIX PAA0B MAaTPHUIIbI,
2. YMHOXXeHHE BCeX DIIEMECHTOB MaTpuibl HA YUCJIO0, OTIIMYHOC OT HYJIA,



3. [IpubaBnenre ko BCeM dJIEMEHTaM psijia MaTPUIIbl COOTBETCTBYIOIINX
AJIEMEHTOB MapaIeIbHOTO Psiia, YMHOXKEHHBIX Ha OHO U TO YK€ YUCTIO.

Onpenenenne: /[Be MaTpuIlbl HA3bIBAIOTCS IKEUGATNEHMHBIMU, €CIU
OJlHAa W3 HHUX TOJy4aeTcs W3 JAPYrod C TOMOIIBI0 3JIEMEHTapHBIX
npeoopa3oBaHuM.

O6o3HaueHue: 4 ~ B.

OTO Ba)XXKHOE CBOMCTBO MAaTPHI] MCIOIB3YETCS MPU PEUICHUU CUCTEM
nuHenHbIX anreOpamyeckux ypaBHenuil (CJIAY). PaccmarpuBas marpuily
ko3 duimentoB Hekotopoit CJIAY, oTMeTrnMm, 4YTO €CIM YMHOXHUTb
HEKOTOPYIO CTPOKY Ha KaKOe-TO YHCIO W MPUOABUTH €€ K JIPYrol CTPOKE
MaTPHIBl, TO TMOJYy4YaeM OJKBHUBAJCHTHYIO MAaTpHIly, TO €CTb MaTpHILly
koddurmentoB CJIAY, umeromeld TO e pelIeHHe, 4TO U MPeablayIias.
OTO CBOWCTBO CIIEAYET M3 TOTO, YTO AHAJIOTHYHYIO MPOLEIYPY MOXKHO
IPOU3BOAUTH C CUCTEMaMU JIMHEHHBIX alNreOpanyecKnX ypaBHEHUN.

Onpeneaurenn

Onpenenenune: Kaxaon keadpamnoi mampuye MOXHO NOCTABUTH B
COOTBETCTBUE H4UCA0, HA3BIBAEMOE onpeodeumesem Mampuusvl U
0003HaYaeMoe

Oy Ay Qg - By | 18y By By e Ay

n, n a,, d,, d,, ... d a,. a. a...a
A =detM :det[aij}_ LT 21 722 723 2n| _|[%21 %22 923 on
i=1, j=

anl a‘n2 a‘n3 e a

anl an2 an3 el

nn nn
B omnpenenutene pa3nuuamT 2nasHyr oOuazonany (CleBa HaIpaso,

CBEpXY BHU3) U HOOOUHYI0 OuazoHa/1b (CIIeBa HAIIPABO, CHU3Y BBEPX).
Onpenenurens BBIYUCIACTCS METOIOM Pa3NIOKEHUs MO psAy (CTpoke

WM CTOJIOIlYy) MyTE€M CBEICHHS OMpeAeauTeNsi N-To MOpsAKa K JIMHEWHOU

koMOuHaiuu N omnpenenureneir (N—1)-ro mopsaka. Kaxnablii HOBBIi

OTPEACINUTENb TAKKE CBOJUTCS K BBIUUCICHHUIO ONPEACIIUTENICH MEHBIIEro —
yxke (N—2)-ro — mnopsaka.... WM Tak TOCIEI0BaTEIbHO BBIYHMCICHHUE

OTIPEACIIUTEIS JTFOOOTO TOPSI/IKA CBEACTCS K BBIUUCICHUIO OTpeieuTeNen 2-
ro mopsaKa.
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Omnpenenuresu BTOPOro nNopsiika

Onpenenenne:  Onpedenumenem  (0emepmMuHanmom)  BTOPOTO
HOPS/IKA Ha3bIBACTCS BBIPAKEHUE

a; a,
A= = ay;8y, —ayd,, (1)
dy Ay
COCTaBJICHHOC M3 YHCEI a;, dp,, Ay, d,, - IJIeMeHmo8 OIPEICIIUTEIIA.

DJIEMEHTHI OMPEICIUTEIIS PACTIOJIOKEHBI B CTPOKAX U CTOJI0IaX, KOJTUYECTBO
KOTOPBIX Bcernaa coBmagaer. MHAEKCsl | M | 2JIeMeHTa 8; YKa3bIBalOT Ha

HOJIOKEHHUE DJICMEHTAa B CTPYKTYPE ONPEACTHUTENSA: | - HOMEp CTPOKH, |-

HOMEp CT0JI011a, HA IEPECEYEHUU KOTOPBIX PACIIOIO0XKEH JIeMEHT. [lopsokom
OTIPEICIIUTEISI HA3bIBACTCS COJIEPIKAIIEECs B HEM YHCIIO CTPOK (CTOJIOIIOB).

®opmyna (1) 3amaeT mpaBWIO BBIYUCIICHUS OMNpEAEIuTeass A BTOPOTo
Nopsi/iIKa, & UMEHHO: onpedenumenb 6mopo2o NOPAOKA PAGEeH PA3HOCHU
npou38edeHUll €20 IJ1eEMEHMO8 NePeoil U 6MOpPoll OUAZOHATIEH.

Onpenenurenu MOryT OBbITH JIFOOOTO MOpPS/IKA, TO €CTh COJEpPXkKaTb
moboe uucno cTpok (ctonbioB). Eciu Bce 3ieMEHTHl OmNpeneauTens —
YuCya, TO ONPEENUTENb TAKKE SIBJISICTCS YUCIOM.

Ipumepsl: Beruucauts onpeaenurenn

1 3 8
1) =1.5-2.3=-1 2) =8.5-4.(-3) =52
2 5 4 5

2
|, J=2EH-4(-3=0

Onpenenurenu TpeTbero NOPsiAKa

Onpenenenne: Onpedenumenem  (Oemepmunanmom) TPETHETO
TOPsIJIKAa HA3bIBACTCS BHIPAKECHUE

a4y a, a5
A=lay, a8y ay/=
Ay 8y g (2)

11a22a33 + a123-23ael + a21a32313 - a13a22331 - a12a21aa33 - a23aeza11 :

11



YUucma @; - OSNCMEHTHI ONPEACIUTENs, OHHM PACIONOKEHBI B TPEX

CTPOKax M TpeX CTOJIONaxX ero (psaodwvt onpedenumens). IlepBolii MHACKC |
yKa3bIBaCT HOMEP CTPOKH, a BTOPOH | — HOMEp CTOJIOIA, Ha MMepeceUeHUH

KOTOPBIX CTOHT JJICMEHT & .

Ucnons3dyemoe B (opmysne (2) mpaBuwio BBIYUCICHUS OMNPEACIUTEIS
TPEThEro Tmopsiaka (MpaBWIO TPEYrOJbHHUKA) CXEMaTHYHO  MOYKHO
MIPEACTaBUTH B BHUJIC

Onpenenenune: Munopom M . d1emeHTa a OIIPEIEIUTEIIS

mn

HA3BIBACTCS OINpPESTUTEIb Ha €UHUAITY MEHBIIETO MOpsJiKa, 00pa3oBaHHBIN
U3 HCXOJHOTO OMNPEICIUTEN BBHUYEPKHUBAHMEM CTPOKHM M CTOIOMa, Ha
NepeCceYeHUH KOTOPHIX PACIIOIOKEH IAHHBIN 2JICMCHT.

DJIEeMEHT ONPEACIUTENSI 3aHUMaeT uYemHoe Mecmo, €eCld CyMMma
HOMEPOB €r0 CTPOKH M CTOJIOIlA €CTh YETHOE YHCIIO, U HeuemHoe Mecmo,
€CJIM ATa CyMMa €CTh HEYETHOE YHUCIIO.

Onpenenenue: Aneedopauueckum oonoinenuem (MUHOPOM CO 3HAKOM)
A, DIEMeHTa @  ONpPEIEIUTENs] Ha3blBA€TCS MMHOpP O3TOrO 3JEMEHTa

B3SThIA CO 3HAKOM IIFOC, €CJIIM JJICMCHT 3aHHMMACT 4YCTHOC MCCTO, M CO
3HaKOM MHHYC, €CJIU €I'0 MCCTO HCYCTHOC, T.C

Ann = (_1)m+nM mn
3Haky anreOpandecKuxX JIOMOJHEHWHM JJEMEHTOB OIpeaeauTeNen
TPETHETO MOPSIAKA MOXKHO 3a/1aTh CIEAYIOUIEH TaOINLIEH:
+ - +
- 4+ -
+ - +
TEOPEMA Pa3joxeHusi onpeaeJiuTe/s Mo 3JieMeHTaM HEKOTOPOro
psina: Onpedenumend pagen cymme npou3eeoeHuti 31emMeHmos Kako2o-1uoo
pAada Ha ux aneeopaudeckue 0onoanenuss (MOJ PSIOM MOHHUMAETCS CTPOKA

WJIU CTOJIOET).
T.e. nns onpenenuTeNs TPEThEro MOPsIKa HMEEM:
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a, ad, adj
A= Ay Ay A=

8y 83 ay 3)
=a A +apA, ta A=
=8y Ay +8,A, +8A5 =
=ay A, +anA, +agA, =

Jloka3aTenbCTBO:
HenocpencTBeHHBIM BBIYMCICHUEM JUIS1 PA3JIOAKEHUS IO EPBOM CTPOKE
MOJTyYUM:
a21 a‘23
a31 a33

a22 a23 aZl a22 —
a‘32 a’33 a31 a'32

= 8,8,,853 — Q),83,8,3 — 81,8855 + 8,853,853 + Q38,83 — Q38335 = A
(o ompeeNneHuro).

a11A11 + a12A12 + a13A13 =ay, —a; +a;

Ji1st BTOpOTO CcTOJIONA:
a22 a23

A Ay

9y
A A5

4, a;
a21 a23

A, A, + 8, A, +a3,A, = A, +ay —ay, =.=A

(no onpenenenuro). Y. T. /.

Takum oOpazom, Ha psagy c ¢opmynoil (2) nansg  BBIUKCIEHUSA
ONPEIETUTENSI TPETHErO MOPSIKA MOXKHO I0JIb30BATHCS JAHHOM TEOPEMOM.
IIpu paznoxkeHnu 1o MepBor CTPOKE UMEEM:

d; &, a
a,, Ay dy; Ay a,; 8y
A= Ay 8y Ayu=ap —a, + a5 (4)
a, a, a, Ay, Qg Ay Ay ay 4y

Onpenenurenu  cTapuiMx  MOPAJKOB — TaKKE€  BBIUHCIAKOTCA €
UCII0JIb30BAHUEM TEOPEMBI PA3JIOKECHUS.

MOXHO BBIUHCIATH  ONPEACIMTENL TPETHETO  IMOPSAAKA  TAKKE
IIPUCOEIMHMB K NCXOTHOM MATPHUIIE CHU3Y JIBE €€ NEPBBIX CTPOKHU

8, ap 3y
a21 a22 a23
83 83 Ay |
Ay, dp 3y
a21 a22 a23
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BBIJICJIMTh B HAIIPABJICHUHU TJIABHOW JWArOHAIW TPU JIMHUHU, COCHUHSIONINEC
TPU DJIEMEHTA, NEPEMHOKUTh 3JIEMEHThl KOKIOW U3 JIMHUM U CIIOXKHUTh CO
3HAKOM «+», 3aT€M, aHaJIOTMYHO, B HAIMPABJICHUU NOOOYHOW JAUArOHAIU
MEPEMHOXUTH TIO TPU JIEMEHTA, CTOSIIIUX HA COOTBETCTBYIOIIUX MPSMbBIX U
CJIOKUTH CO 3HAKOM «—.

CaoiicTBa onpeaeuTesiei

CaoiicTBa ompeneaurTesedl HE 3aBUCAT OT HUX IMOpsAIKa, MNPUYEM
CBOMCTBA, CHOPMYJIMPOBAHHBIE JJIsI CTPOK, CHPABEIMBBI U JJISI CTOJIOIOB.
[IpuBenem  6e3  jJOKa3aTelNbCTBA  HECKOJIBKO  OCHOBHBIX  CBOMCTB
ONPEICIIUTEIS.

1. PaBHOMIPaBHOCTH CTPOK U CTOJIOIIOB.

Onpenenurenb HE MEHSIET CBOETO 3HAYEHUSI ITPU 3aMEHE BCEX €r0 CTPOK
COOTBETCTBYIOIIUMU CTOJIOLIAMH, T.€.

ay @ a3 |dy dy Ay
A=lay 8y, ay(=a, a8, a,
Ay 3 8y [Ag Az Gy
2. Ilpn mepecTaHOBKE JBYX MapaJICJIbHBIX PSAJIOB OINPEICIUTENS €ro

a0COJTIOTHAsI BEJIMYMHA COXPAHSCT IPEKHEEe 3HAYCHUE, a 3HAK MEHSACTCS Ha
0OpaTHBIMN.

a; a, a; Q, a; a;
A= Ay Ay Ayl A= Ay, 8y A= —A
dy Az Ay Ay, 3y g

3. OOmmMii MHOXUTENb 3JIEMEHTOB KaKOro-aubo psifa ONpeneauTenis
MO>HO BBIHOCHTB 3a 3HaK OINpPEIECIHTEN, T.€.

kay, ka, kayj &, &, a5
A= Ay Ay Ay =k- Ay Qy dy

a31 a'32 a33 a31 a‘32 a33

4. Ecmu  ompenmenuTelh — WMEET  JABE  OJMHAKOBBIX  WJIH
IPOMOPIMOHAIBHBIX CTPOKH (CTOJI01Ia) OH TaK>Ke PaBEH HYJIIO.
Hoxka3zarensctBo: IlycTh

ka,, ka, ka, ay &, ay
A=la; @, a; :k'ail A,
Ay Ay Ay 8y Ay
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BriHOCA MHOXKUTEINB NIEPBOU CTPOKH, ITOJTYUYUM OIPEACIUTEND C ABYMs
COBNAJAIOIIMMHU CTpoKaMu. [IoMEeHsIB MecTamu 3TU CTPOKH, B CUITYy CBOWMCTBA
2 nomyuum onpenenurens -A. Ho, odeBnaHO, YTO »3Ta omnepauus
OTIpeNICTTUTENh HE H3MEHSET, TodToMy A =—A u, cnenoBarensHo, A =0,

5. Onpenenurenu, y KOTOPBIX PaBHBI HYJIIO BCE 3JEMEHTHI OJIHOU
CTPOKHU WUJIM CTOJIOI1a, pABHBI HYJIIO.

6. Eciii Bce 351IeMEHThI KaKoro-u0o0 psijila yMHOXKUTH Ha J000€ YHUCIIO U
MPOCYMMHUPOBATh MX C COOTBETCTBYIOIIMMHU 3JEMEHTAMHU MapajIeIbHOTO
psaa, TO 3HAYEHUE ONPEIEIIUTEIS] HE U3MEHUTCS.

IIpuMmepsi: Beruncaute onpeaenurenu

6 15
1) =6-5-2.15=0

2 5

1 2 3

4 5 6=159+2.67+4.83-3.5.7-2.4.9-6-8-1=
21 8 9

=45+84+96-105-72-48=225-225=0
Hpyroit cnoco0® (pasjioKEeHHUE IO HJIEMEHTAM TPEThEH CTPOKH) IO

(opmyie (3)
1 2 3
2 3 |13 |1 2
4 5 6=7 -8 +9 = 7(12-15)-8(6—-12) +9(5-8) =
5 6 |4 6 |45
7 89
= 21+48-27=0

Tpernii  cmoco®  BBIYMCIEHUS C  HCIOJIB30BAaHUEM  CBOMCTB
onpenenuteneit: Beruntaem u3 3 cronbua 2-oi cronbden u u3 2-ro cToydna
1-p1it cTONOCI] (3HAUCHHE ONPEICTUTEIIS IPU 3TOM HE MEHSETCSI — CB-BO 0)

1 2 3 1 11
4 5 6|=4 1 1=0 (mo cBoiicTBy 4)
7 8 9 |7 11

2 -7 4 |2 -7 4 |2 -7 4
3)|1 3 1=/0 3 1=[0 3 1 |=
5 -3 2/ |-7 -3 2 43
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PR
2 -7 4 6
2 0 43 -24 2 24
- 0O 0 -24

B npumepe ucnonb3yeTcs METOJ MPUBEACHUS K TPEYroJbHOMY BHUIY,
KOTOPBIA  COCTOUT B TOM, YTOOBI C TIOMOIIbIO  AJIEMEHTapHBIX
npeoOpa3oBaHMil MOJYUYUTh HYJIW MO/ TJIABHOW JuaraHanbio. B aTom ciydae
OTpENICTUTENb PABEH IPOU3BEIICHUIO DSJIEMEHTOB, CTOSIIMX Ha TJIaBHOMN
JAraroHaJu.

CoBpeMEHHbIE KOMIIBIOTEPHBIE CpPEACTBA IO3BOJISIIOT MIHOBEHHO
OCYLIECTBIISATh pa3fluyHble JedcTBUS ¢ Marpuueid. Hampumep, mnaket
nporpamm MAXIMA naer BO3MOXHOCTh BBOAWTH MAaTpUIly, a 3aTeM
BBIUHCIIATH €€ ONPECIUTEb.

Tax xomanma M:matrix([1,2,3],[-1,0,-2],[0,-1,3]); BBOAMT MaTpuIly
pasmepa 3x3, a 3arem koMan1a determinant(M); BerauciseT onpeeuTeh
9TOM MAaTPULIBI.

OoOpaTHas maTpuna

C wWcnonb30BaHUEM OMPEACIUTENSE BBOAUTCS TMOHSATHE OOpaTHOU
MAaTpHIIBI.

Onpenenenue: KpagpaTHas maTpulia Ha3bIBACTCS HEGbIPOIHCOCHHOU,
ecim ee onpeaenutenab A #0

Ecnu kBampatHas matpuna A HEBBIPOXKIEHHAs,, TO MOKHO MOCTPOUTH
JUIS Hee 06paTHYI0 MaTpuiry A .

Onpenenenune: Oopamnoi mampuyeil KBaApaTHOW Matpulbl A

-1 o
Ha3bIBAKOT MAaTpHULIy A , I KOTOPOH BBIIIOJHACTCA COOTHOIICHHC

A-A'=A"A=E.

Ecimn
8; 8, a4
A=la, a, ay|
dy dp 8y

TO oOpaTHasi MaTpHIla BEIYHUCIIETCS 0 (popMmyrie
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. A Ay Ay
A_l:z A, Ay, Ayl
Ay Ay Ay

rae A - onpenenurens MaTpuisl A, Aj — anreOpanvecKue AOMOTHECHUS

AJIEMEHTOB MaTpUIlbl A.
CBoiicTBa 00paTHOM MATPHUIBI:
1. Ilycte ompenmenurens Matpuiel A paBeH det A, ompenenurtensb

1

-1 -1 -1y
matpuibl A~ paBen det(A™), rorma det(A )_—det A

2. (AB)1=B'A T,
3. (A—l)T — (AT)_l.

Jlns moctpoeHus 0OpaTHOM MaTPHIbl ¢ TTOMOIIBIO TMaKeTa IPOorpaMm
MAXIMA Heo0X0oAMMO HCIIONB30BaTh KOMaHAy INVert: mas MaTpuilbl,
BBegeHHOM 1o komanze M:matrix([1,2,3],[-1,0,-2],[0,-1,3]); nHaxomgum
obpatayto 1o komanae invert(M).

Panrom MmaTpuusl

Omnpenenenne: Panzom mampuysbl HA3bIBAIOT MOPSAOK HAUOOJBIIETO
HE PABHOI'O HYJIIO ONPEAETUTENS, COCTABIEHHOTO U3 €€ DJIEMEHTOB.

CBoiicTBa paHra MaTpuibl:

1. ITpu TpaHCHOHMPOBAHUU MATPUIIbI €€ PAHT HE MEHSIETCSI.

2. Ecnii BBIYEPKHYTH W3 MaTpHUIbl HYJIEBOW PAMl, TO PAHT MATPHUIbl HE
W3MEHUTCA.

3. Panr maTpuilbl He U3MEHSIETCS MPU JIEMEHTAPHBIX MPEoOPa30BaAHUIX
MAaTpHIIBI.

JIms BBIYHCIEHHMSI paHra MaTpHUIlbl C TOMOIIBI0 TMakKeTa IporpamMmm
MAXIMA wucnonp3yloT KOMaHay rank: 1Jis MaTpuIlbl, BBEICHHOW IIO
rxomange Ma1:matrix([1,2,3],[-1,0,-2],[0,-1,3],[-1,0,-1]); panr wmarpuis
BerancanM 1o komanae rank(M1); (3).
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CucreMbl JIMHEHHBIX AJIreOpanyecKuX ypaBHeHU I

Omnpenenenue: Cucmemoii JUHECHHBIX Q/12e0pauvecKux ypasHeHuil
(CJIAY), conmepxamedn M ypaBHEHMHM W N HEWU3BECTHBIX, HA3BIBACTCS
CUCTEMa BUJIA:

a11'X1+a12'X2+a13'X3+---+a1n°Xn:bl’
< Ay Xy F 8y Xy F 8y Xy +.at By, - X, =Dy,
Ay Xyt A, X, F A X ..+ A, - X, =0,

rae  uwmcia  a.,i=1..m, j=1..,n Ha3pBatoTcA KO3 PUIMEHTAMU

ij !
CHCTEMBI, yKcia b, — cBOOOJHBIMU YJIEHAMM CHUCTEMBI, a X ;— HCH3BECTHBIC,

KOTOpBIE MMOJIJIEKAT HAXOXKICHHUIO.
Pewums cucmemy ypaBHEHMi 3HAaYUT Haiith 4ucna X;, j=1..,n

TaKue, YTO MPU MOJICTAHOBKE B MCXOJHYI) CHUCTEMY YpPaBHEHHI KaxXJo0€
ypaBHEHHE CUCTEMbI OOpaTUTCA B TOXIECTBO. PelieHne MOXeET ObITh
HEEJIMHCTBEHHBIM.

Onpenenenne: Cucrtema ypaBHEHHIl Ha3bIBAECTCA COEMECHIHOIL, €CIIU
OHAa MMEET XOTs Obl OJHO pPEIIEHUE, U HEeCO8MECMHOM, €CIIU OHA HE UMEET
HU OJTHOTO PEIIEHUS.

Omnpenenenue: CoBMECTHAs CHCTEMA HA3bIBAETCS ONPeEOeeHHOU, ECIN
OHA MMEET €AMHCTBEHHOE PEUICHUE, U HeonpedeeHHOou, eCIu OHa UMEEeT
Ooniee OJHOTO pelleHud. B mocrnenHeMm ciaydae KaxJIo€e €€ pEelIeHHe
HA3bIBACTCS YACMHBIM PEUIEHUEM CUCHIEMDbL.

COBOKYITHOCTh BCEX YaCTHBIX PEIICHUI HA3bIBACTCS OOIINM PEIICHUEM.

Pewiumsv cucmemy — 5TO 3HAUUT BBIICHUTH, COBMECTHA OHA WU
HecoBMecTHA. Eciu cuctema coBMecTHa, HallTH ee o0111ee pelieHue.

Onpenesenue: J[Be cucTemMbl Ha3bIBAOTCA  IKGUBATNEHMHBIMU
(paBHOCHJIBHBIMU), €CJIM OHU UMEIOT OJTHO M TO e 00I1ee peIIeHue.

Omnpenesnenue: Cucrema ypaBHCHUM HA3bIBACTCS OOHOPOOHOU, €CIIH
BCE CBOOO/IHBIC WICHBI PABHBI HYJIIO:

QX+, X+ X et a, X, =0,
Ay - X F Ay, Xy F Ay Xy .y, - X, =0,

n
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Onxnoponnas cucremMa BCErja COBMECTHa, T.K. X =X,=..=X =0

ABJIACTCA PCIICHHUCM CHCTCMBI. 210 PCIICHUC HA3bIBACTCA H)Ji€é6bim WNIIN
mpueuajibHbIM.

Pemenne crucremM JIMHEHHBIX alreOpaMdyecKuX YpaBHEHUU C OOJBIIUM
YUCJIOM HEW3BECTHBIX OCYIIECTBISETCS METOJIaMH, HCIOJIb3YIOUUMHU
MOHATHS ONPENEIIUTEISI 1 MATPULIBI.

Pemenue CJIAY ¢ noMOIIbIO MATPHUIL

CucteMy N ypaBHEHUI OTHOCHUTEIBHO N HEU3BECTHBIX
X 8y X, A X .ty X, =,
Ay X F 8y, Xy F 8 Xy +.a 8y, - X =Dy,

................................. ” (9)

CITERR WD A - WD AN S - W) =Db_,

MOXHO IIPCACTaBUTbL B MATPpHUYHOM BHIC. I[J'ISI 9TOro 3aJauM MaTpuny

kod(pdummeHToB A, BEKTOP-CTOJIOIBI HEW3BECTHBIX X U CBOOOIHBIX
yjieHOB B :

&y Qp By . Gy X by
A _ a21 a22 a23 a2n X — X2 B — b2
anl an2 an3 e ann Xn bn
Torna cucrema ypaBHenu (9) npuHuMaeT BUA:
A-X =B (10)

Pemienne CJIAY ¢ noMomb0 00paTHOM MaTPHIbI

[Ipeanonoxum, yrto wmatpuna A kodpdunmentoB cuctemsl (10)
HeBbipokacHa (det A=0). Jlus pemieHuss MatpuuHoro ypaBHeHus (10)
YMHOXHM €ro clieBa Ha Matpuiry A, o6paTHyIo Kk A':

AT-A-X=A"B.
Vuaureias, uto A - A=E u E- X = X, N0Iy4nM pelieHue
X=A"B (11)
Takum oOpaszoM, pelieHue OmNpeaesiecHHONW (MMEIOIICH eIWHCTBEHHOE

pelIeHrne) CUCTEeMbl YPAaBHEHHMM CBOJMTCS K BBIYMCIICHUIO TPOU3BEIICHUS
00paTHOM MaTPUIBI CUCTEMBI U CTOJI0IIa CBOOOHBIX YJICHOB.
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IIpumep:
2%, +6X,— 71X, =13
Pemmte cucremy § 3X, —4X, +5%; =9
X, 42X, +5X, =37

3anuiiem cucteMy B MmaTpudHoMm Buje A- X =B, rae

2 6 -7 X, 13
A=l3 -4 5 [ X=|x,|B=|9
7 2 5 X, 37

OCHOBHOI OIpENEIUTENb 3TOW CUCTEMBl YPABHEHHI COBNAJAET C
ONPEACIUTENEM MaTpULibl A

2 6 -7
A=|3 -4 5|=2(-30)-6(-20)—7(34) =—178.
7 2 5

IToacuutaem EU'IFG6pElH‘I€CKI/I€ AOITOJHCHHUSA 3JIECMCHTOB OIIPCACIIUTCIIAL

A= —30, A, = 20, A13 =34,
A, =44, A, =59, A, =38,
Ay = 2, Ay = —31, Ay = —26

Tornma
-30 44 2
a1 .
A= 178 20 59 31
34 38 -26
u 1o ¢opmyre (11):
X, -30 44 2 13 -30-13-44.9+2-37
B IV T 310l 9 |=—1|920. .9-31.37 |=
X=X |= 178 20 59 31(-] 9 |= 178 20-13+59-9-31.37 |=
X, 34 38 -26)\37 34-13+38-9-26-37
—712 4
1
=-178 —356 |=| 2 |. OtBet: X, =4, X, =2, X, =1.
-178 1
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Meton Kpamepa pemienust CJIAY

ITocTpouM pemeHne CUCTEMBI ABYX YPaBHEHUN

a X +a,y =h (5)
8y X+ 85y =b,

OTHOCUTENIbHO HEWU3BECTHBIX X, Y METONOM HCKJIIOUEHHUs OJHOM u3
HEU3BEeCTHBIX. I ATOr0 YMHOXHMM IIEPOBOE ypaBHEHUE HA a,,, BTOPOE Ha
(—a,,) ¥ CIOXKHUM:

X(8y180, — 81,85)) + Y (81,85, — 81,8,,) =ba, —b,a;,

[Tocne yero nomyuum: X(a,a,, —a,,8,,) =ba,, —b,a,.

Amnanornyno ais Y: y(a,a,, —a,,a,,) =-ba, +ba;.

Ecim  Belpaxkenne (a,,3,, —a,8,) #0, TO cucrema (5) wumeer
€IMHCTBEHHOE PEIICHUE

— b1a22 _ b2a12 y = b2a11 _ b13-21 (6)
818y, — a8y ’ 18y, — &8y .

Ecim BeIpaxkenue (a,,8,, —a,,a,) =0, cHCTeMa MOXET HE HMETh
penieHuid (ObITh HECOBMECTHOM), WM HMMETh OECUMCICHHOE MHOXECTBO
PELLIECHUN.

[IpuBeAeHHBI TPUEM pEIICHUS 33ala4d MOKHO HUCIOJb30BaTh U MpPH
OOJBIIIEM YHCIIE YPABHEHUI U HEU3BECTHBIX, HO €T0 pean3alisi CTAaHOBUTCS
BeCbMa 3aTPyAHUTENbHOM. [[ns ympomieHus 3TOro mnpouecca BBOIATCS
ONPEICIIUTEIH.

[TonydenHoe Bblle penieHue (6) MOXKHO 3aMucaTh Ye€pe3 ONPEACTUTENH
BTOPOTO MOPSIAKA

| @, oy, la b )

A <=l
8y 8y , 8y

Otu GhopmyIibl Ha3BIBAIOT ghopmynamu Kpamepa.

Ompenenurens A, cTosmmii B 3HaMeHaTene OdTUX  (popmym,
COCTaBJICHHBIA M3 KO3(PPUIIMEHTOB NTPU HEU3BECTHHIX HA3BIBAIOT OCHOBHbBIM
onpeoenumenem CUCHEMbl, TIOCKOJIbKY OT €ro 3HA4Y€HHs 3aBUCHT,
COBMECTHA JIM CUCTEMA YPAaBHECHUM, UMEET JIM OHA €AUHCTBEHHOE PEUICHHUE,
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WIN UX O0eCUUCIEHHOE MHOXECTBO. JleficTBUTENbHO, petieHue (7) moiayyeHo
u3 ¢popmyi (cM. BeIBOJ (6))
X-A=A, y-A=A, (8)

Ucnonszys hopmynsi (7),(8), mOTyUUM CIIETYIOIINE BHIBOIbI:

1) IIpu A=#0 copaBemmuBbl (opmynsl  (7), KOTOpbBIE JdarOT
€AMHCTBEHHOE PEIICHHE 3aa4H.

2) Ilpu A =0 obpatumcs k popmysnam (8), U3 KOTOPHIX SIBCTBYET, YTO

A) ecmn A #0 (mm A #0), To npuxoauM K NPOTUBOPEYHIO B
ypaBHEHUHU [JIsi MEpeMEeHHOW X (Wi Y), a, CJIEAOBaTEIbHO, PEIICHUS
CUCTEMBI HE CYIIIECTBYET.

Hrak, cucrema HecoBmecTHa, eciit A=0,a A_#0 wim A L F 0.

b) ecru A=A =A =0, 10 ypaBnenus (8) oOpamarorcst B TOKIECTBA
npu 00X 3HaYeHUsIX X U Y. To ecTb cuctemMa MMeEeT OeCUHCIIEHHOE

MHOKECTBO PEIICHUM.
Meton Kpamepa a1 cucteM ¢ 00JIbIIMM YMCJI0M HEU3BECTHBIX

Jns cimyyas JIMHEHMHBIX CHCTEM M3 N ypaBHEHUW OTHOCUTEIBHO N
HEU3BECTHBIX

A X +ap X, Fag - X+ ta, X, :bp
Ay Xy F 8y Xy F 8y Xy +.at By, - X, =Dy,

A X +a, X +a X +...+a, X =Db

m?
Gopmynvr Kpamepa taxxe CripaBe/IJIMBbl U UMEIOT B/

Ay Ay A - By

A.
X; :XJ, j=1..,n, A= y; 8pp Ays -+ By, 20

an1 an2 an’o’ ann

rae A - IIaBHBIA ONpPENENUTENb CUCTEMbI N-TO mopsjaka, a A; — TaKKe

ompeaenuTens N-ro mopsaka, OTAMYaromuiica or A j-M crTonbroM: oH

3aMeHeH CTOJIOIOM U3 CBOOOAHBIX WwieHoB b, 1 =1,...,n.
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Meton KpaMepa AJIsl CUCTEM C TPEMA HEM3BECCTHBIMMU

Ilycte N=3 u cucrema ypaBHEHUN UMEET BUT

Ay, X +a,X, + A X = bl a, 4, aj;
8, % +8,X, +8,.X, =0, m A=|a,, a, a8,|#0
Ay X) 85X, + AggXy = bs Ay 43 Ag
Torna peleHne CUCTEMbl UMEET BU/L
A1 AZ AB
=, X, =—= ’ X, =—
WEA T ANT
b a, a; a, b a a, a, b
Al = bz Ay, Ayl Az =|ay bz Ags| As =lay 8y bz
bs Az, g Ay ba Agg dy 4y bs

llpumeuanue.
1) Meton Kpamepa nmpuUMEHMM NIpH PEHICHHUH CUCTEM IPAKTUYCCKU

JIF000T0 nopsiakKa, €CJIM YUCJI0 HCU3BCCTHLIX COBIIAAACT C YMCIOM ypaBHCHI/Iﬁ

Y OCHOBHOM OIIPEEIIUTEIb CUCTEMBI HE PABEH HYJIIO.
2) B cnyuae A =0 meron Kpamepa npuBouT K 60JIBIIOMY KOJIUYECTBY

BBIYUCJICHUN, TO3TOMY Yallle BCETO UCIIOIb3YIOTCS IPYTHE METO/IbI.

Ipumep:
2X, +6X, — 71X, =13

1) Pemmmts cucremy § 3X —4X, +5X, =9
X+ 2X, +5X, =37

Broruuciaum onpcaAcCIINTCIIb CUCTCMBI

2 6 -7
A=|3 -4 5|=2(-30)-6(-20)—7(34) = —178.
7 2 5

OHpeI[eJ'H/ITeJ'H) A oTandeH OT HYJIsA, CJICAOBATCIbHO, CHUCTCMA HMMCCT

OJIHO pCIICHHUE:
A A A

X1:K1’ X, :XZ’ X, =X‘°’,
e
13 6 -7
A =|9 -4 5|=13(-30)-11(44)+37(2) =712,
37 2 5
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2 13 -7
A,=13 9 5|=-13(-20)+9(59) -37(31) =356,
7 37 5
2 6 13
A, =13 -4 9|=13(34)-9(-38) +37(-26) =-178.
7 2 37
[Momyunm: X =ﬂ=4, X, :ﬁzz X, :ﬂzl.
-178 -178 -178
OtBet: X, =4, X, =2, X, =1.
2X, +6X, — 71X, =13
2) Pemuts cucremy § 3X —4X, +5X, =9
OX, + 2X, — 2X; = 22
Beraucium onpenennTens CUCTEMBI
2 6 -7
A=|13 -4 5|=2(-2)-6(-31)-7(26)=0.
5 2 2

[Tonb3ysack 4-bIM U 6-bIM CBOMCTBAMHM onpeaeauTens (cM. cTp 8.9),
BBIUYUCIIUM

13 6 -7 13 6 -7
A=|9 -4 5[=[9 -4 5|=0
2 2 -2 |9 -4 5
2 13 -7| 2 13 -7
A,=[3 9 5|=3 9 5|=0
5 22 -2/ |3 9 5
2 6 13 |2 6 13
A,=|3 -4 9|=[3 -4 9|=0.
5 2 22/ 3 -4 9

OTBeT: cuctema HCONIPCACIICHHA 1 UMECT OeCKOHEUYHOE MHOKECTBO

PELLIECHUMN.
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Meton I'aycca pemenuss CJIAY

Ilycts naHa cucrema M JIMHEWHBIX YPAaBHEHUM ¢ N HEU3BECTHBIMU
ran0g+qu?+QyX(h”+thn=Q,
Ay X+ 8y Xy +8ys Xy +. Ay, - X, =Dy,
By - X, + 8y Xy + 8y Xy +o By, X, =Dy, (12)

.

\aml'xl+am2 Xy tag Xt ta, X, :bm’

Merox l'aycca wimm  METOA  MOCIEIOBATEIIBHOIO  MCKIFOUYEHUS
HEU3BECTHBIX COCTOUT U3 JABYX ATANOB: MPSAMOUN X0 U OOpATHBIN XOJI.

Ha npsimom xoje cucrema npuBOJUTCA K BUAY, TPU KOTOPOM MaTpuIia
CUCTEMBl HWMEET TPEYIroJIbHbIM BHUJ — MOJ TJAaBHOM JUarOHaJIbl0 BCE
a7eMeHThl paBHBl (. DTOro MOXHO JOOUTHCA IyTEM HCIOJIb30BaAHUS
AJIEMEHTAPHBIX MpPeoOpa3oBaHUM: YMHOXXEHHMEM CTPOK Ha YHUCIO W
CJI0KEHHUEM CTPOK.

[Tpennonoxum, uro a, #0 (3TOro Bcerga MOKHO JOOUTHCS, IIOMEHSB
ypaBHEHMsT MecraMu). VICKIIIOYMM TIEpEMEHHYI0 X, U3  OCTaIbHBIX

ypaBHEHUH cUCTEMBI. J[JI 3TOr0 YMHOXUM MEPBOE YpaBHEHUE CUCTEMBI (12)
Ha —a,,/a, ¥ NpHOaBUM KO BTOPOMY, B pe3yJIbTaTe MOJyYHM ypaBHEHHE, B

KOTOPOM KO3(p(uUUMEeHT mpu X, oOpalaercss B HOJb, T.€. IEPEMEHHAs X,

UCKJIIOYAETCSl W3 ATOr0 ypaBHEHHS. AHAJIOTMYHO MOCTYUM C TPEThUM
ypaBHeHueM (12), mpubasisisi K HEMy MEpBOE YpaBHEHHE YMHOXKEHHOE Ha
—a,,/8,, u T.0. IlpeoOpa3zoBaB Bce ypaBHEHUS, NPUXOOUM K CHCTEME,

SKBHUBAJICHTHOM HcxXoaHoM (12):

By X 8, Xy F 8y Xy +. 8y, X, =D,
+ a5, Xy + 85 Xy .+ Ay, - X, =Dy,

] +al, X, +al X, +...+a; X =h, (13)

+a X+ A X+ A X =D,
rae &, (1=23,...,mk=23,...,n) — HoBbIE KO3PPUIINEHTHI.
[lpeanonaras, uro &, #0 M OCTaBssl HEU3MEHHBIMH IIE€pPBBIEC JBa
ypaBHeHHs1 cuctembl (13), mpeoOpasdyeM ee Tak, 4TOObl B OCTaJbHBIX
ypaBHEHUSX KO3 (PULUMEHTs! IPU X, 0OpaTHiIUCh B HYJb. [Iponomkas Takum
00pa3oM HCKIIIOYaTh HEU3BECTHBIC, cucTeMy (13) MOXKHO MIPUBECTH K OJIHOM
U3 CIIEIYIOIINX CUCUTEM:
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Cy X, +Cp X, +Cp Xy oty X, =4,
Cpy Xy +Copq+ X3 +...4+Cy - X, =0,
) Cys " X3 +..+Cyp - X, =0, (14)
Cnn 'Xn zdn’

rae ¢;(i, j =1,2,3,...,n) — HexoTopble kodpPumenTsl, d; — cBOOOIHbBIE

YJICHBI;
Cy X FCpp Xy +C3 Xy +. 4y X, =4,
y (15)
| Cy - X +..+C X, =d,,
rae k <n;
Cl "Xy FCp Xy +Cpp Xyt X, = d,
| 0-x,=d,,
rae k<n.

Cuctema (14) umeer enuHcTBeHHOE penieHre. OHO OTHICKMBAETCS HA
0o0paTHOM XoOJe: HauMHasl C MOCJEIHErO0 YPaBHEHHS W IOCJIEI0BATEIBHO
IO0XO0Js1 JO TEPBOrO, MCIOJb3YEM HX JISI HAXOXKACHUS HEU3BECTHBIX. U3
nocienHero ypasHeHus (14) BelpaxkaeTcs X, 3HaYyeHUE X, , — W3

npeanocienHero u T.4. Onpenenus  X,, X,,...,X,, U3 HEPBOrO ypaBHEHUS

no
HaXomsT X, .

Cucrema (15) wumMeer OecKOHEUYHOE MHOXECTBO pemieHui. U3
MIOCJIETHETO YPABHEHMSI CUCTEMBI MOYKHO BBIPA3UTh OJHO W3 HEU3BECTHBIX
(Hanpumep, X, ) Yepe3 ocTajbHble N—K HEM3BECTHBIX (Xq, Xy preees Xy ),

BXOJAIIMX B D3TO YpPaBHEHHUE, M3 MPEANOCICAHEr0 YPAaBHEHUS MOXKHO
BBIPA3UTh X, ; Y€PE3 DTU HEM3BECTHBIE U T.A. B mosydeHHBIX (Qopmyrnax,
BBIPAXKAOIIUX X, Xpy.ony X, UEPES Xy 1y X, 0100y Xy, HEUBBECTHBIE X, 4, Xy, 0yeeey X,
MOTYT MPUHUMATH JH0ObIC 3HAYCHUSI.

Cucrema (16) HecoBMeCTHA, TaK KaKk HUKAKWE 3HAYEHUS HEU3BECTHBIX
HE MOT'YT YAOBJIETBOPATH MOCIEAHEMY YPABHEHUIO.

Urak, npenmymiectBoM Merona ['aycca siBisiercst T0, YTO OH IPUMEHUM
K JII000H cucTeMe JTMHEHHBIX YPaBHEHUH.
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JIns mpoCTOTHl TPUMEHEHHUsST METOJla TPHUBEJACHHBIC MpPeoOpa3oBaHUS
COBEpPIIAIOT HA/l PACUWIUPEHHOU Mampuyel Ccucmemsl — MaTPUION

COCTaBJEHHOW 13  Kod(puummentoB cucrembr  a;(I=1n; =1m) wu

CBOOOHBIX WIEHOB b (] =1m):

a, a, .. a,|b
a‘21 a22 a2n b2
am1 am2 amn bm

[Ipsimast yepTa OTAEHSAET MATPUILy CHUCTEMBI OT CTOJOIA CBOOOHBIX
YJICHOB.

IIpumepsr:
X, +6X,—7X;=9
1) Pemnte cucremy ¢ 2X, —4X, +5X, =5
3%, +2X, +5%X; =21

CocTaBuM paclIUPEHHYIO MAaTPUILy CUCTEMBI:

1 6 -7|9
2 4 515
3 2 5|21

OcymectBuM mipsiMoit xon Meroaa ['aycca, T.e. mpuBelieM MaTpully K
TPEYroJibHOMY BUY. JIJIs1 9TOr0 CHavama Mmojy4yuM HYyJId B TIEPBOM CTOJIOIE
OJ DJJEMEHTOM a,, =1, cToAmuM Ha IJIaBHOM JuaroHanu. BeiObepem

MHOXUTENb K ISl IepBOM CTPOKHU TaK, YTOOBI MPHU CIOKEHHH CO BTOPOM
CTPOKOM (MO3J€MEHTHO!) NEepBbI AJEMEHT BTOPOM CTPOKM 0OpaTuics B
HOJb: K =—2. [Tomyunm:

1 6 -7/9)k 1 6 =79
2 -4 5|5 |Jd+ ~|0 -16 19{13
3 2 5|21 3 2 5|21

AHAQJIOTUYHO, CYMMHUPYEM DJIEMEHTBI TPETHEH CTPOKH C DIIEMEHTAMHU
HIEPBOI CTPOKH, YMHOKCHHOM Ha K = -3

1 6 -7/9)«k 1 6 -7/9
2 -4 515 ~0 -16 19-13
3 2 5|21)d+ 0 -16 26|-6
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Ocranoch NOJNY4YUTh HYJIb BO BTOPOM CTOJIOIE IO TJIABHOU
JIWAaroHaJbl0: YMHOXXHM BTOPYIO CTpoKy Ha K=-1 u cymmupyem ee
3JIEMEHTHI C COOTBETCTBYIOIIUMU 3JIEMEHTAMU TPEThEN CTPOKHU:

1 6 -7/9 1 6 -7/9
0 -16 19/-13|k ~|0 -16 19}-13
0 -16 26/-6 )4+ (O O 7|7
[Ipsimoit xo1 BeIToIHEH. OQOPMIISIOT €T0 CIEIYIOIUM 00pa3omM
1 6 -7|9 1 6 -7/9 1 6 -7/9
2 -4 5|5|~/0 -16 19-13|~|0 -16 19|-13
3 2 5|21 0 -16 26|-6 o 0 7|7

B pesyapTare 3JIEMEHTaPHBIX npeoOpa3oBaHUi IIOJIy4YyeHa
SKBUBAJICHTHAsA HCXOJHOM CUCTEMA

X, +6X,— 7%, =9
—-16x, +19x, = -13,
X, =17

n3 KOTOpOﬁ JICTKO BBIPAXXArOTCsI HCU3BCCTHLIC B O6paTHOM nopsaKke X,,
X,, 3aTeM X, (0OpaTHbII X0n):
IX;=17 =X =1
—-13-19x, oy =32
-16 2 -16
X, +6X, = 7% =9 =X =9-6X,+7X,=> X =9-12+7=4

16X, +19%, =-13= X, = 2

OtBet: X, =4, X, =2, X, =1.
X, +6X,—7X;=9
2) Pemuts cucremy {4 2X, —4X, +5%X; =5
3x, —14x, +17x, =1
OcymectBuM npsiMoi xo Metojia ['aycca, coOupasi HyJu 1o rJIaBHOM
INaroHajblo.

1 6 -79 1 6 719 1 6 719
2 -4 5p5|~|0 -16 19-13|~|0 -16 19|-13
3 -14 171 0 -32 38|-26 0O 0 0]0

ITocne mepBoro mara OpsIMOro XoJa MOJIYYWJIU, YTO BTOpPAsl U TPEThS
CTpOKa COBHAJAIOT C TOYHOCTHIO JO MHOXMUTEIS M Ha BTOPOM IIare
AJIEMEHTBhl TPEeThed CTPOKH oOpamaroTcss B Hyad. [lomyuaeM TOXIecTBO

28



Ox,=0. CnenoBaTelbHO, X, MOXKET IPUHUMATH JIIOOBIE 3HAYCHHA, a
OCTaJIbHbIC HEU3BECTHBIE BBIPAKAIOTCS 4Yepe3 X,. Cucrema B 3TOM Ciydae

ABJISACTCA HGOHpCI[GJIGHHOI?I 1 UMeeT OCCKOHEYHOE MHOKECTBO pGHICHI/If/'Il

X, =t, X, :%, x1:9—w+7t, teR.
X, +6X, = 7X;=9
3) Pemuts cucremy ¢ 2X —4X,+5%, =5
16X, —19x, =2
CocTaBUM pacIIMPEHHYIO MATPUILY CUCTEMBI:
1 6 79
2 -4 515
0 16 -19)2

OcymectBum mpsiMoi xon Merona ['aycca, T.e. mpuBeneM MaTpully K
TPEYrOJIbHOMY BUAY:
1 6 79 1 6 7|9 1 6 719
2 4 55|~-/0 -16 19 |-13|~|0 -16 19|-13
0 16 -19)2 0 16 -19| 2 0O 0 011
B Tperbein cTpoke momyyunu nporusBopeune Ox, =—11, Tak Kak He
CYLIECTBYET TaKUX 3HA4YeHUU X,. CienoBarenbHO, CUCTEMa HECOBMECTHA.

Pelnienuit Her.
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3JIEMEHTBI BEKTOPHOM AJITEBPBI
BexkTopbl

Onpenenenne: Ckanapnas eenuuuna (ckanap) onpeneisieTcs: OJHUM
napamMeTpoM — BeITMYMHOM, Hanpumep, 3, -5, 3.14 u tak nanee.

B nanpHelimeM ckaisipbl OyeM 0003HauaTh OyKBaMU U Tak Jiajee.

Onpenesenune: Bexmop —  3TO  HaNpaBICHHBIA  OTPE3OK,
XapaKTEepU3yeMbIil JByMs @apamMeTpamMud — JUIMHOM M HaIlpaBJICHUEM.

BeKTOphl 0003HAYAIOT CIIEAYIOIMM 00pasoM: 8, AB .

B nocnenneM citydae roBopAT «BEKTOP C HaYaJIOM B TOUKE A U KOHIIOM
B Touke B». DT0 He o3HauaeT, yTo y BEKTOpa (PUKCHpPOBaHBI HayaldbHas U
KOHEYHass Touyka. TOT e BeKTop (C TOM XK€ JJIMHOM M TeM IXKe
HaIpaBJIEHUEM) MOYKHO MAPAUIEIbHO IEPEHECTH, U TOrJa y HEro OyayT
Ipyrue Hadajo W KOHEI. ['€OMeTpuYecKH KOHEI BEKTOpa TPAJULMOHHO

0003HAYaIOT CTPEIKOM.
a

QY

£Y

-a

Bekrtopsl, nmapanienabHble APYr IPyTy, UMEIONIUE OJIMHAKOBBIE JJIUHBI,
HO POTUBOIIOJI0KHO HaIpaBJICHHBIE, Ha3bIBAIOTCS B3aMMHO
IPOTUBOITOJIOKHBIMU M IIPU 3aIMCHU PA3JINYAIOTCS 3HAKaAMU.

Jist Toro 4toOBbl 3alaTh BEKTOpP B MPOCTPAHCTBE, MPOILIE BCEro
NOMECTHUTh €r0 HAYAJIO B HAYAJIO KOOPAMHAT, TOrAa KOOPAMHATHI KOHEYHOU
TOYKH BEKTOpPA MOJHOCTBIO OMPENENAT BEKTOP. I103TOMY BEKTOPBI MOKHO
3a/1aBaTh C MOMOILBK KOOPAWHAT.

X / N
d=0M =(x,Y,2), eciu 0(0,0,0), M(x,V,2)
30



Takum oOpa3oM, Koopoumamst — 3TO TPOEKIMH BEKTOpa Ha
KOOPJMHATHbBIE OCH.
Ucnonb3yss KOOpAMHATBHI BEKTOpa, JIETKO TOJYYUTh €ro JUIMHY

(paccTostHHE OT KOHIIA 10 Havana): |af= X2 +y? +22.
[IpocreiimyMmu  BEeKTOpaMM B MPOCTPAHCTBE  SIBIISIFOTCS  BEKTOPBI
€IUHUYHOW [IJIMHBI, WMEIOIINE HAIPABICHUS KOOPJAMHATHBIX oceil. OHu

HA3BIBAIOTCA Opmamu W O0003HAYAIOTCA 1, |, K. DTH BEKTOPHI HMMEIOT

caeayromue koopauHatsl: i (1,0,0), j(0,1,0), k(0,0,1).

@)
v

~
S |
<

X

B cayuae Bektopa Ha mmiockoctd XOY  HCHONB3YIOTCS  JIBE
KOOPJIMHATHBIC OCH M KaXKIbI BEKTOp HWMEET JIBE€ KOOpAWHATHL. B 3TOM
ciydyae optamu ABJsiFoTcs Bektopsl i (1,0), j(0,1).

¥
011 .
B X
Kpome Ttoro, umeer cmpicn BBecTH HyJIeBOM BekTop 0 — Bekrtop,

VMMEIOIINN HYJIEBYIO JUIMHY U HE UMEIOIIUN HAPABICHUS.
JIuHeliHbIe Mpeo0pa3oBaHNsi BEKTOPOB

1) VYMHOKeHHE BeKTOpa HAa 4YHCI0. YMHOXKEHHE BEKTOpPAa Ha
TIOJIOKUTENBHOE YKo K >0 O3HauaeT yMHOXKEHME JJIMHBI BEKTOpA HA JTO
YHCIIO TIPY COXPAHEHUH HAIPABJICHHS BEKTOpa. YMHOXEHHME BEKTOpa Ha
OTpULIATENbHOE YnCIo K <0 03Ha4aeT yMHOXKEHHE JJIMHBI BEKTOPA HA YHCIIO
| K | n 3amena nampasiieHus BEKTOpa Ha IPOTHBOIOJIOMKHOE.
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/ ka k<0

ka
k>0

IIpy yMHOXEHUM HA YUCIIO KOOPAMHATHI BEKTOPA YMHOXKAKTCS HA 3TO

yucao: a=(XY,z), k-a=(k-x, k-y, k-2).

2) CuoxeHue BeKTOpoB. Bekrop T=a-+b Moxer ObITh moOJydYeH
OJTHMM M3 CIICAYIOIINX CITIOCOOOB.

A) IlpucraBuMm Hayajo BekTOopa D K KOHIy BEKTOpa a, a 3aTeM
COEIMHUM Hayajlo BEKTOpa & C KOHLOM BekTopa b . [lomyuyeHHbIN BEKTOp,

KOHCI KOTOPOI'0 COBIIAAACT C KOHIOOM BCKTOpPA b " ABJICTCS BCKTOPOM C.
OIICBI/II[HO, 4TO pe3yJabTaT CYMMHPOBAHNA HC 3aBUCHUT OT INCPCCTAHOBKH

cilaraeMeix a u b .

b) [Tomectum Havana BeKTOpoB @ u b B oaHy TOuKy. Ecnu cuntath 3TH

BEKTOPBHI CTOPOHAMHM TapajuiesiorpamMmma, TO Bektop C=a-+b Oynmer
JIMAroHajibl0 TOTO K€ MapajuiesiorpaMma, MpUYeM Haudajlo BEeKTopa OyayT

HAXOJUTHCS B TOYKE, COBIAAAOIIEH ¢ HauaJaMu BEeKTOpoB a u b .

HpI/I CIOXKCHHUU  BCKTOPOB HUX  COOTBCTCTBYIOIIHMC KOOPJAHWHATHI

CKJIaJBIBAIOTCS: CCIIM BEKTOpP @ HMMeeT KoopauHathl (X,Y,,Z), a BekTop b

KoopauHaTtel  (X,,Y,,Z,), TO BeKkTop C=a-+b wuMeer KOOPAHMHATEHI

(X + X5, Y, +Y,,2,+ Z,). HerpynHo nokasats, UCIIONb3Ysl CBONCTBA OJOOHBIX
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TPEYTOJILHUKOB, YTO JIMHEHHBIC TIPeoOpa30oBaHKs BEKTOPOB YIOBJICTBOPSIIOT
CIeTyIoNeMy paBeHCTBY: A-(@+b)=A4-a+1-b.

3) Pa3io:kenne BeKTOpa Mo 0a3uCy B TPEXMEPHOM MPOCTPAHCTBE U
HA IUIOCKOCTH. VCrmonb3yst KOOpAMHATEI BEKTOpPA M OPTHI, JIETKO 3aMETHUTh,
YTO BEKTOp a ¢ KoopauHatamu (X,Y,Z) MpeacTaBisieT cOOOH CIIETYIONIYFO

JIMHENHYI0 KOMOUHAIIUIO BEKTOPOB-OPTOB: a = X-1 +Y- ] +Z-K .

S |
<

Z

S g

Takoe INpCACTAaBIICHUC BCKTOPA HA3BIBACTCA PA3JI0KCHHUCM BCKTOpPa IIO

Oasucy, rae 6asucom ssusercs nabop opros (i, j,k). B ciydae Bekropa Ha
mwiockoctd XOY  6Gasucom siBisiercss Habop (i, ). B coorBercTBHH C

KOJMYECTBOM BEKTOpPOB 0a3uca IIOCKOCTh HA3bIBAETCS JABYMEPHBIM
IPOCTPAHCTBOM, & IPOCTPAHCTBO — TPEXMEPHBIM IIPOCTPAHCTBOM.

CkajsipHoe nmpou3BeeHne BEKTOPOB

Onpenenenne: CKanapuvlm npouzeedenuem JIBYX BEKTOpPOB a u b
ABIISETCSA YUCI0, PABHOE TPOM3BEIEHHUIO JUIMH BEKTOPOB HA KOCHHYC yIJia
Mexy HuMu: (3,0)=a-b=a|-|b]|-cose.

P

—

a
N3 ompenenenus: ckaasspHOro MPOM3BEACHUS clieayeT, uro (@,a)=af.
3aMeTuM, 4YTO B CWJIY B3aWMMHOM MEPHEHIUKYISIPHOCTH CKAISIPHOE
MPOM3BEJACHUE ABYX Pa3HbIX OPTOB PAaBHO HYIIIO, 4 CKAJSIPHBIN KBaJApaT OopTa
paBeH 1.
CkansipHOE TTpOM3BEcHNE 001a1aeT CBOMCTBAMH:
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1) (a,b)=(b,a),

2) ((§1+§2),5)=(§1,6)+(§2,5).

Havimem BbIpaxeHue CKISPHOTO TMPOU3BEACHUS C  IMOMOUIBIO
KoopauHar. IlycTh BeKTOp @ HMMeeT KOOpAMHATHI (X, Y, Z), a BekTop b
KoopauHatel  (X,,Y,,Z,). WX pasnoxeHns no 0a3ucy HMEKOT BUJ
a=x-1+y,-j+2-k wmw b=x-T+Y,-]J+2,-k, cooTBeTCTBEHHO.
[Tpumensis CBOMCTBa CKQJISIPHOTO MPOU3BEACHUS, MOJTYyYUM
@0b)=04T+Y, T+2-K)- 0T +Y,- T+2,-K) =X X+ Y, Y, +2- 7,

Ucnonb3yst ckalisipHOE MNPOU3BEICHUE JABYX BEKTOPOB, JIETKO HAWTH

yroJl MEXAY OJTUMH BEKTOpaMu. B cOOTBETCTBHHM C OIpenerIcHuEM
CKAJISIPHOTO ITPOU3BEACHUS

(ab)

)
RGN IRTIE

CJIE0BATEIILHO,

XXt Yi- Y, +4-4
\/X12 + Y12 + Z12 '\[Xz2 + Y22 + Z22
Ycnosue e3aumnoit nepnenouxkynapnocmu éekmopos a u b:

a-b=0.

(¢ = arccos

BexTopHoe npousBeaeHne BEKTOPOB

Onpenenenue: Bekmopuvim npouséedenuem IByX BEKTOpPOB a4 U b
ABJISIETCS @eKmop T, 001aIatolUi CIETYIOINMU CBOMCTBAMU:

1) ero mivHa paBHA MPOMU3BEACHUIO JJIMH JIByX BEKTOPOB HA CHHYC
MEHBIIETO yIJIa MEKY HUMU,

2) OH MEPHEHANKYJSIPEH TUIOCKOCTH, B KOTOPOM JIeKaT 00a MCXOIHBIX
BEKTOPA, a 3HAYUT, IEPIICHANKYJIAPEH KAKIOMY U3 UCXOAHBIX BEKTOPOB,

3) ero HampaBJeHHEe BHIOPAHO TAK, UTO BEKTOPHI A, b 1 C COCTaBISIOT
npagyto mpouky. To €CTb €ClIi HAIPaBUTh CPEIHUM NaJel MPaBOM PYKHU IO
BEKTOpy @, a4 OOJNBIIOH — MO BEKTOpy D, TO yKas3aTeNbHBIH MpPHUMET
HalpaBJIEeHUE BEKTopa C .
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S

a

OG6o3HauYeHKe BEKTOPHOTO Ipou3BeeHus: € =[a,b] wm €T =axDb.
N3 onpenenenus nmeeMm:
IcHal-|b|-sing, [a,a]=0, [a,b]=-b,a].
Kpome Toro, cripaBeJinBbI CBOWMCTBA!
&a+a, b]= [, b]+ [&, bl u
2) [1-a,b]=A-[a,b].
Herpynno 3ameTuTs, 4TO

[i_, T] = _[Ti I_] - E! [T’ lz] - —[IZ, T] - i_’ [E1 I_] - _[i_’ lz] = J_ .

3anOMHUTh, KAaKOW OPT MOJIy4aeTCs KaK BEKTOPHOE MPOU3BEACHUE IBYX
IPYTUX OPTOB, JIETKO, €CJIU MOJIb30BATHCS CIEAYIOMIEN CXEMOM.

k
Ecnu npu ABMKEHHHM OT MEPBOTO B BEKTOPHOM IMPOU3BEICHUHN BEKTOPA
KO BTOPOMY Mbl JABWXKEMCSI MPOTHB YAaCOBOM CTPEIKH, PE3YIbTATOM
BEKTOPHOTO TPOU3BEIEHUA OyAeT TPETUH BEKTOpP CO 3HAKOM +, €CJIH IO
4acOBOM CTPEJIKE, TO TPETUN BEKTOP CO 3HAKOM —.

[IpencraBnsst BekTopsl & W D ¢ KoopamHaramu, COOTBETCTBEHHO,
(X, Y, Z,) " (X, Y,,2,) B BUJIE pa3IoKeHUs 1o

Gasucy a=x-i +y,-j+z,-k, b=x,-i+y,-J+z,-k u mo0aB3yACH
CBOICTBAMH BEKTOPHOT'O TIPOU3BEIECHHUSL, TOJTYUHM:

[@,b]=(y, 2,2, ¥,) T +(z;- X, =% - 2,) - T+ (X Yo = ¥, - X, ) K .

3alOMHUTL BEKTOPHOE MPOM3BEIECHUE B KOOPAMHATHON (hopMy mpoiie
BCETO C IIPUMEHEHUEM OTIPEIEITUTENIS:

35



[515]:)(1 Y1
X, Y,

B mnpaBoi wactu mOCIE€AHEr0 PAaBEHCTBA HAXOIUTCA OINPEACIUTEID
TPETHETO MOPSIIAKA.

2

HeTpymHO J0KAa3aTh, YTO 3TO MOYJb BEKTOPHOTO Mpon3BeneHus [a,b]

COBMNAJAET C IUIONIA/IbI0 MapajuieJorpaMMa, MOCTPOEHHOIO Ha BEKTOpax d

ub.

N3 onpenenenrs BEKTOPHOTO MPOU3BEACHUS CIEIYET, YTO 8€KMOPHOE

npouseedeHue 08yxX HeHyl1egblx 6ekmopos a u D paeno nyno mozoa u
MOJIbKO M0o20a, K020a 6eKmopvl a u b napannenvhul.

Ipumep:

1) d=(1,293),b=345,ab|="

7 k
2 3|=7(2-5-4-3)-J1-5-3-3) +k(1-4—3-2) = (-2,4,-2)
4 5

CMenianHoe MpousBe/ieHNEe BEKTOPOB

Onpenenenne: Cuewtannsim npouszeedenuem Tpex BeKTopos a, b u
C Ha3bIBaeTCs CKaIIpHOE mpomsBeenue a-b -C = ([a,b],T).

N3 onpeneneHui CKAISIPHOTO M BEKTOPHOI'O IPOU3BEICHUN CIEAYET,
uTO ecnu eéce mpu eekmopa a, b u T, yuacmeywowue 6 cmewmannom
npou3seedeHuu, aexcam 6 00OHOU njiocKkocmu, mo a - b.c=0.

Ecmu koopauHatel BEKTOPOB a, b u ¢ paBHBI, COOTBETCTBCHHO,
(X, Y0, 2) , (X0, ¥y 2,) 1 (X3, Y3, Z5) , TO CMEIIAHHOE TIPOM3BEIICHUE BBIYHCIICTCS

C IOMOIOBIO OIIPCACIUTCIIA TPCTHETO IMOPAAKA:

_ _ X N 4
a-b-c=@b,Cc)=x, y, z,].
XS y3 23
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HerpynHo nokazath, 4TO aOCOJNIOTHAsT BEIWYMHA CMEIIAHHOTO
MPOM3BENICHUSI TpPEX BEKTOPOB paBHA 00bEMy MapajlieNenuIena,
MIOCTPOEHHOT'O HAa 3TUX BEKTOpax.

BekTopbl IPOM3BOJIBLHOM Pa3MEePHOCTH

[lo anamorum ¢ JABYMEPHBIMU W TPEXMEPHBIMU BEKTOPHBIMU
MPOCTPAHCTBAMU  pAacCMATPUBAIOT  BEKTOpPHBIE  MpOCTpaHCTBA X
pa3MEepHOCTU N, A€ N — NPOU3BOJBHOE HATYPAIbHOE YHUCIIO. Takoil BEKTOp
yk&e He u300pazuiip rpadUuecKkd, W MNPEJACTaBIseT OH CcoOoi

YHOPSJOUeHHBI Habop u3 N koopamHatr: X = (X', x%,...,X"). Ilpu 3amucu
MHOTOMEPHOTO BEKTOPA BEPXHIOIO CTPEJIKY HaJl OyKBOIl He H300paKaloT.
Onepanuu ¢ N-MepHLIMA BEKTOPAMM
1) ymHOXenue Ha uncio: - X=(a-X,o-X%,...,a-X"),
2) coxkenne: X+Y =X+ Yy, X2 +y?,.. X" +y")
3) ckansapuoe npoussenenue. (X, y) =X -y + x>y +.. 4+ X" y".
Onpenesienne: IIpocTpaHCTBO BEKTOPOB, B KOTOPOM 3aJaHbl TaKHeE

orcpanrn, Ha3bIBACTCA CBKIUOOBBIM npocmpancmeom. Ananorom JJIMHBI
BCKTOpa X B TaKOM IPOCTPAHCTBEC ABIACTCA HOPMa BCKTOpa, KOTOpasd paBHaA

1%l /O + ()2 4+t (X")2

ba3uc B BEeKTOPHOM MPOCTPaHCTBE

M5 KCIIOJIB30BAIM MOHITHE Oa3HC IIPUMCHUTCIIbHO K ABYMCPHBIM H
TPCXMCPHBIM BCKTOpaM KaK CHCTCMY, COOTBCTCTBCHHO, ABYX HIH TpPCX
B3aMMHO OPTOIOHAJIBbHBLIX BCKTOPOB CI[HHH‘IHOﬁ JJINHBI: i_, T B Ciy4dac

BEKTOPOB Ha IJIOCKOCTU M 1, |, K B Cllydae BEKTOPOB B IPOCTPAHCTBE.

Opnako B kKadecTBe 0a3uca Ha IUIOCKOCTH MOTYT CIIYXKUT JIFOOBIE JBa

HCHYJICBBIX BeKTOpa &, D mmockocTH, He Jexallire Ha OJHOM MpPSMOM, TaKk
KaK Jr000W BekTOp T Ha INIOCKOCTH MOXET OBITh TPEJCTaBIICH B BHUIE
JMHEHHOW KOMOMHAIMK BEKTOpPOB Oasmca: CT=ca-a+ f-b. [elicTBuTenbHO,

CpaBHHBasl KOOPJMHATHI BEKTOPOB B JICBOW M IPaBOM YaCTAX ITOCIICIHETO
paBEHCTBa, MBI CBEIEM 3ajnady omnpeaeneHus kodpdumnueHToB «, f K

PEILICHUIO JIMHEMHOW CHUCTEMBI U3 ABYX YPAaBHCHUM C HEHYJIEBBIM TJIaBHBIM
OIIPEACIUTEIEM.
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B kaudectBe 0Oasuca B TpPEXMEPHOM IMPOCTPAHCTBE MOTYT CIY>KUTb

ar00ble TpH HEHYJIEBBIX Bekropa &, b, T mpocTtpancTBa, He nexamme B
OJTHOI TIIOCKOCTH, TaK KaK JI000# BekTop 0 B MPOCTPAHCTBE MOXKET OBITH
MPEJCTAaBICH B BUJE JIMHEHMHON KOMOMHAIIUU d=a-a+ ﬁ-5+7-6.
Koaddunuents! ¢, £, ¥ MOTYT OBITh OINpeneNeHbl KaK PElIeHUe JTMHEHHON

CHUCTEMBI M3 TPEX YPaBHEHU C HEHYJICBBIM TJIABHBIM OTIPEICIUTEIIEM.

Boobme, 6aszucom ¢ N-meprnom npocmpancmee BEKTOPOB HAZBIBACTCS
TakoW HAOOp M3 N HEHYJEBBIX BEKTOPOB ATOTO MPOCTPAHCTBA, YTO JIFOOOMH
BEKTOp JAaHHOTO MPOCTPAHCTBA MOXKET OBITh TMPEACTABICH KakK JIMHEWHAsI
KOMOMHAIMS BEKTOPOB Oasuca.

HeobxoauMoe 1 10CcTaTOYHOE YCIOBUE TOTO, UTO HA0Op M3 N BEKTOPOB
NPEACTaBISIET Oa3ucC, SBISICTCS OMIUYUE Om HYAa onpedeaumensis u3
Koopounam 6eKmopoe Haodopa. ITO YCIOBUE OOECIECUUBACT JIUHEUHYIO
He3asucumocms BEKTOpOB Habopa. To ecTh HEBO3MOKHOCTh HAWTH TaKylO
JUHEHHYI0 KOMOWHAIMIO BEKTOPOB HabOoOpa, KoTOopas mpuBojauia Obl K
HYJIEBOMY BEKTODY.
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AHAIMTUYECKASA TEOMETPUA HA IINTOCKOCTHA
Touka Ha npAMOI

Touka M Ha npsmoii (1kasie) 3a1aeTcsi OJTHUM YUCIIOM (KOOPAUHATOMN),
YKa3bIBAIOIIMM, Ha CKOJIBKO €IMHHUII JJIMHBI Touka M ynaneHa ot HayaibHOM
toukn O. Ha mikane mommKHO OBITH 3a/laHO TOJIOKUTEIHLHOE HAIMpaBICHHUE
nekenus. Ecnu Touka M ynaneHa B MojoKATeIsHOM HampasiieHnu oT O,
TO KOOpJUHATa Oepercsi €O 3HAKOM «+», €clidM B HalpaBJCHUH,
MPOTUBOIOJIOKHOM  MOJIOKUTEILHOMY HalpaBJICHUI0, TO KOOpJUHATA
oepercst co 3HAKOM «—». [IpuMepoM sIBISeTCS HIKaJa TeMmepaTyp, rie
TEMIIEPATYPHI ONPEACISIIOTCS C ONPEICIICHHBIM 3HAKOM.

Touka HA MJIOCKOCTH

Jns 3amaHusl TOYKM Ha IUIOCKOCTHM TNPUXOAMUTCSA HCIIOJIb30BATH JBE
IIKaJIbl, HA3bIBAEMbIE KOOPAMHATHBIMHU OCSIMU (OCh a0CIIMCC M OCh OPJIMHAT),
nepecekaromumucas B Touke (O, Ha3pIBa€MOM HA4YaJIOM KOOPJWHAT.
TpanuuroHHO M300paXKalOT B3aWMHO TEPHEHAUKYJSIPHBIE OCH KOOPAMHAT
OX u OY, mpuuem och OX uH300pakarOT TrOpuU3OHTAIBHO, a och OY
BepTUKaabHO. OOBIYHO  NOPUHATO  3aJaBaTh  TAKUE  HaAIMpaBJICHUS
MOJIOKUTEIbHBIX ABWKEHUW IO OCSIM, YTO MOJIOKUTEIHLHOE HAIpPABJICHUE

ocu OX mocie mosopora Ha 90° IPOTHB YACOBOI CTPENKU COBIALACT C
MIOJIOKUTEIBHBIM HarpasiieHrueMm ocu OY.

[TpousBoabHas Touka M Ha MJIOCKOCTH 3a1aeTcs koopauHatamu (X, Y)

€€ MPOCKIMM Ha KOOpJAWHATHBIE Ocu. Kaxmas mnpoekius IMojaydaeTcs
npoBefeHUEM uepe3 M mpsiMol, MapaielbHOM OCH, 10 TEepeceueHus C
apyroil ocero. Takas cucremMa KOOpAMHAT Ha3bIBaeTCid AeKapTOBOM (10
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MMEHU 3HAMEHUTOro Maremaruka u guiocoda Pene /lexapra, sxuBmiero B 17
BEKE).

Hpyrum cnocoOoM 3ajilaHdsi TOYKH Ha IUIOCKOCTU SBIISIETCS 3aJlaHUE
TOYKA B MOJSAPHOM cuUCTeMe KoopauHAT. s 3amaHus TaKOM CHUCTEMbI
KOOpJMHAT CIEAYET 3a/JaTh HAINpPAaBJICHHBIM JIyd (Ha3bIBAEMbI MOJSIPHOM
0CbI0), KOTOPBI OOBIYHO H300pa)karOT T'OPU3OHTAIIBHBIM, HalpaBICHHBIM
BrpaBo. llonoxenune Toukn M Ha MJIOCKOCTH 3aJalOT PACCTOSIHUEM 10
Hayasa jy4a (MOJSpPHBIM paguyc TOYKHM I') M YIJIOM, Ha KOTOPBIA Clemyer
MOBEPHYTH JIy4, YTOOBI TOYKA OKA3aJIaCh Ha HEM (TIOJIIPHBINA YTOJ TOYKHU ¢ ).

i

[Tonspubie koopauHatel TOukH M (r,@) wuMEIOT clexyronme
0COOCHHOCTH: TIepBasi KOOpJMHATA HEOTPHIaTeIbHA, a BTOpas KOOpAWHATA
HEOJHO3HAYHA, TaK KaK BMECTO YIrja ¢ MOXHO B3STh yroll ¢+27K mpwu
JIF000M 11e0M K .

CBs3p  MEXIy JCKAPTOBBIMH W TIOJSAPHBIMH  KOOpJIWHATAMHU
OCYIIECTBIISCTCS 10 CISAYIOMUM (opMyIam:

X=Tr-C0SQ,
{ y=r-sing.

Touka B mpocTpaHcTBe

JI71s1 3a1aHust TOYKU B IPOCTPAHCTBE TpEOyeTcs yxe 3 KOOPAUHATHI.

B cnyuae odexapmoeoii cucmemwvt Koopounam Mbl CTpouUM 3 OCHU
KOOpAWHAT, TPAIUMIMOHHO B3aUMHO MeprneHAuKyjspHbie. Kpome Toro,
00b1yHO 3aaat0T koopauHatHbie ocu OX, OY u OZ, cocrapnsionue npaByo
TPOMKY. DTO O3HAYaeT, YTO €CJIH CPEAHUN U OOJBIION MHalblbl MPaBOU
PYKH, HamIpaBUTh, COOTBETCTBEHHO, BAodb ocei OX wm OY B
MOJIOKUTEIBHOM HAMpPaBJICHUU, TO YKa3aTeJbHBIM Malell NpaBoOd pPYyKH
YKaKeT MOJIOKUTEIbpHOE Hanpasierue ocu OZ.
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0 = ¥
A

Koopmunatet Toukn M (X,¥,Z) B TPOCTPAHCTBE OMpPEIACIACTCS

MPOEKIUSIMA TOYKM Ha COOTBETCTBYIOIIUE OCH, IPUYEM MPOCKIIUU
MOJIy4yaroTcss  npoBedeHueM yepe3 M mnockocTed, mapajienbHBIX
KOOPJIMHATHBIM IIOCKOCTSIM, JIO TIEPECEUEHUSI C KOOPIUHATHBIMU OCSIMH.

z,_____qf{//
Cl/ i Y

L 4

X
-

Jpyroi  KOOPAWHATHOM CHUCTEMOW  SIBISACTCA  UUJAUHOpUUECKAS
cucmema Koopounam. Ilpu Takoll cuUCTEeME KOOPAMHAT 3aJaeTCs
KOOpAWHATHAS TJIOCKOCTh U MEPIEHIUKYJIsIpHasl €l KoopJauHaTHasi ochb. Ha
MJIOCKOCTU 3aJal0TCsl MOJISIPHBIE KOOPAMHATHI, MPUYEM Hadajo MOJSIPHOU
ocu Haxoautcsi B Touke O mepeceueHHs 3aJaHHOM KOOPJIWHATHOM OCH C
3aJaHHOM KOOPAMHATHOW IUIOCKOCThIO. IIpoeKkius TOYKM Ha MJIIOCKOCTH
3a/1a€TCsl MOJIAPHBIMU KoopauHaTaMu. [Ipoekiusi Touku Ha 3aaHHYIO0 OCh
OmpeeNsieT TPEeThl0 KoopauHaTy. Takum oOpa3zom, Touka M 3amaercs
koopauHatamu (I, ¢,z). CBSI3b MEXAY MUIMHIPUISCKUMU KOOPJUHATAMU H

ACKApPTOBBIMU KOOPAHMHATAMHM CICAYIOLIAA: allllIMKaTa Z B ACKAPTOBBIX U B
MUIMHAPUYCCKUX KOOpJAUHATax OJHa U Ta XK€, a KOOpAUHATBI I' 1 @ CBA3aHbI

C KoopauHataMHh X M Y TaK XC, KaK CBA3aHbI ACKAPTOBBI M ITOJIAPHBIC

KOOPAHWHATEI Ha INIOCKOCTH.
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Eme onna koopaumHaTHash cucTeMa B MPOCTPAHCTBE — cghepuueckas
cucmema  Koopounam. 3]€Cb TaKXe  3aJal0TCs  IUJIOCKOCTh U
NepreHIUKYIJsIpHas el ock. B Touke ux mepeceuenus craButcs Touka O. U3
toukn O B 3a7aHHON IIJIOCKOCTH MPOBOJMTCS MoJispHas och. Touka M B
IPOCTPAHCTBE 3aJaeTcsi paccrosHueM ¢ 1o Toukum O (BeIOOp pammyca
cdepsl), YIIIOM ¥ , KOTOPBIM OTPE30K, coenuHstomui Touky O ¢ Toukoit M,
00pa3yloT ¢ 3aJJaHHOU OChIO (BBIOOP Mapajliesid), a TaK¥Ke YIJIOM, KOTOPBIM
obpazyet npoekius orpe3ka OM Ha 3a7aHHYI0 MIIOCKOCTH € MOJISIPHON OChIO
(BBIOOp MepuiMaHa).

% T

Cesa3p  Mexay cdepuyeckUMU M JEKAPTOBBIMU  KOOpJAMHATAMHU
OCYLIECTBIISIETCS 1O (hOopMyIIam:
X=r-Ccos¢e-siny,
y=r-sing-siny, ¢@<l0,2x], v <[0,x].
Z=r-Cosy,

Paccrosinue Mexay 1ByMsl TOUKAMHU

PaccrosiHne Mexay TOYKamMu IIpOIIE BCEro M3MEPATH C IIOMOLIBIO
JEKapTOBBIX KOOPJAMHAT B MPSIMOYIOJbHOM cUCTEME Onaromapsi Teopeme
[Tudaropa.

Ecmu toukn M, m M, ¢ xoopauHaTtamu, COOTBETCTBEHHO, X, U X,

pAacIoNOKEeHbI Ha IPSIMOM, TO PACCTOSIHUE MEXKAY HUMH PaBHO | X, —X, |.
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Ecmn Ttouku M; m M, ¢ KoopaMHaTaMH, COOTBETCTBEHHO, (X,Y;) H

(Xz,yz) PaCloOJIOKCHBI Ha INNIOCKOCTHU, TO PACCTOAHHUC MCKIAY HHUMH PABHO

\/(X1 —%)* (Y, Y,)*

Ecmu toukn M; u M, ¢ xoopauHaTaMu, COOTBETCTBEHHO, (X,Y,Z) H

(X,,Y,,Z,) pPAcmoiokeHbl B HPOCTPAHCTBE, TO PACCTOSTHUE MEXKIY HUMU

paBHO (% —%,)2 + (¥, —¥,)? +(z,—2,)? .

Ecmu Toukn M; nu M, ¢ koopauHaTaMu, COOTBETCTBEHHO, (X', X*},...,X")

u (X,,X%,...,X",) pacnojaoxeHsl B N-MEPHOM IIPOCTPAHCTBE, TO PACCTOSTHHUE

n
MEKLy HIMH PaBHO JZ(Xkl —X5,)2.
=

IHpsmasn

Onpeneaenue: IIpocreimen IIOCKOM KPUBOU SBISIETCS NpAMAA —
T€OMETPUYECKOE MECTO TOYEK, COCIUHUB JIIOOBbIE JBE W3 KOTOPBIX, MBI
MOJIY4YUM OTPE30K, IMapaJlIeNIbHbIN 3aJaHHOMY BEKTOPY.

Paccmorpum mpsimyto B mmockoctd XOY. @ukcupoBath MNpAMYIo,
napaUielbHYI0 JAHHOMY BEKTOpY @ ¢ KoopauHartamu (o, f) MBI CMOXKEM,

3aJlaB OJJHy TOYKY C KoopuuHaTamu (X,,Y,), 4epe3 KOTOpYyI mpsMmast

npoxoaut. Beibepem Ha TpsSMON MPOU3BOJIBHYIO TOUKY C KOOpPJAMHATAMHU
(X,y). Torna u3 mogo0ust COOTBETCTBYIOIIMX TPEYTOJILHUKOB HMEEM
-tk o
a B
CootHouienue (1) Ha3bIBAIOT KAHOHUYECKUM YpAGHEHUEM NPAMOI,
OHO SIBJISIETCS OCHOBOM ISl TIOJIYYE€HUS Pa3HbIX BUJIOB YPABHEHUS MPSAMOM
Ha IJIOCKOCTH.
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[IpupaBuuBas 06e yactu (1) nmepeMeHHON t, —oo <t <+00, MBI HOJYYUM
napamempuuecKkoe ypasHeHue npamou.
X=X, +a-t,
{y =Y, + /-1

BBoas yrioBoit kodpduIMEHT MNpsAMOi kzﬁ (TanreHc yrua,
a

00pa3zyeMoro MpsMoil C OJOKUTENIbHBIM HarpaBiieHueM OX ), MBI TTOJTy4YUM
u3 (1) ypasnenue npamoii c yenoewvim korgppuyuenmom:

y= y0+k-(x—xo).
IIpupaBHUBas HYJII0 KOOPAMHATHI HANPABISAIOLIETO BEKTOpa o U [,
HOJIY4YHM HpsIMble, NApaJIeJIbHbIe KOOPAHHATHBIM OCAM: X=X, U Y =Y,.

[IpssmMasi Ha TJIOCKOCTHM MOKET 3aJaBaThbCs HE TOJBKO TOYKOW U
HAMPaBJISIOIIAM BEKTOPOM, HO U JBYMs pa3JIMYHBIMU TOUYKaAMHU.

e )

(x551,)

CocTaBlisis MPONOPLUH CTOPOH MOJOOHBIX TPEYTONBHUKOB, MOIYYHM
X=X _ Y=Y
=X Yo%
co00ii ypasHenue npamoii, npoxodaueit uepe3 06e paziuuHbLe MOUKU.
YacTHBIM CJIy4aeM IIOCIEHET0 YpPAaBHEHMs SBJIAETCS YypaBHEHHE
TIPAMO, TPOXOJAIIEH Yepe3 TOUYKHU, PaclookKeHHbIe Ha OCAX KOOP/MHAT.

COOTHOLICHHUC . DTO JIMHEHHOE COOTHOIIICHHUE NpcaACTaBIIsACT

[Tycts mpsimast mpoxoaut vepe3 Touku (a,0) u (0,b). Jlerko 3ameruth, 4TO

X
€C YPAaBHCHUC IIPUHHUMACT BU/] a-l-%

B OTpe3Kax (UMEI0TCS B BUAY OTPE3KH, OTCEKAaEMbIe Ha OCAX).

=1, Ha3pIBacMOE ypaBHEeHUEM NMPSAMOii

Jwoaa npamasa na naockocmu XOY npedcmaensaemcs TuUHEUHbIM
ypasnenuem euoa
A-x+B-y+C=0.
H naoovopom, nwooe nuneiinoe ypaenenue euoa A-x+B-y+C=0

onucwvieaem npamyro Ha naockocmu XOY.
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B3aumHoe PACHOJOKEHUE IBYX NPSAMbBbIX Ha IIJIOCKOCTHU

Paccmotpum nBe mpsimbie, 3aj1aBaeMbl ypaBHeHUAMU A -X+B,-y+C =0
u A-x+B,-y+C,=0.
Bo3moxHbI

CIIEYIOIIME CJIy4Yyad B3aUMHOIO PAaCHOJIOKEHUS ITHUX
MPSIMBIX:

1) npsimbie cOBNIAAAOT,

2) npsiMble NTapajIeIbHBbI,

3) npsiMble IEPECEKAIOTCS B OJTHOM TOUKE.

HccnegyeM COOTHOIIEHHME MEXAYy KO3(ppuUUMEHTaMH ypaBHEHUU
MPSIMBIX B KaXJOM U3 IEPEUUCICHHBIX CIIy4acB.

B cnydae 1) o0a ypaBHEHUs, OMHUCHIBAIOIIUE OAHY U Ty K€ MPAMYIO,

JOJKHBI COBNAAATh WM OTINYATHCA KOI(P(PUIIMEHTOM, Ha KOTOPBIM MOKHO
COKpPATHUTb.

A <x+ B »y+C,=0

A -x+B,-y+C,=0

To ectb, Kk =—% :—%. Otcrofa OJIy4yuM YCJIOBUE MapaJljIeIbHOCTHU:
1 2
= E *~ & .
BZ CZ

B cnyudae 3) yrnoBble KO3(p(UIMEHTHI TPSMBIX pPa3HbIE, TO €CTb,

LB

B,

P> P>

, U, CJICA0BATCIIbHO, ITPAMBIC IICPCCCKAIOTCA B OI[HOI71 TOYKC.
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A-x+B-y+C =0

A-x+B,-y+C,=0

Touka nepecedyeHus: AByX NPSIMBIX Ha MUIOCKOCTU HAXOJUTCS PEHIEHUEM
CHUCTEMBbI YpaBHEHUH
A-x+B-y+C, =0,
{Az-x+ B,-y+C,=0.
CpaBHUTE pACCMOTPEHHBIE Cllydal CO CIy4YasMU pPa3pelIuMOCTH
CUCTEMBI U3 JBYX YPABHEHUM C IByMSI HEM3BECTHBIMU.

Kpussbie BTOpOro nopsiaka

Onpenesienue: Kpueoii 6mopozo nopsaoka Ha3pIBacTCsl KpUBasi,
OnuchIBaeMasi ypaBHEHHUEM BTOPOM CTENEHU, TO €CTh YPABHEHUEM, B
KOTOpOE MEPEMEHHBIE X U Y BXOJST C CyMMapHOM CTENEHBIO He OoJiee 2:
A-xX>+B-x-y+C-y*+D-x+E-y+F=0.

OOpaTHOE HEBEpHO: HE JIO0OE YypaBHEHHE BTOPOUM CTENEHU 3aJaeT
peaIbHYI0 KPUBYIO.

Tak, ecnu B ypaBHeHUH X 44y’ —2X—4y+3=0 BBIICIUTH MOJIHBIE
KBaJIpaThl, Mbl monyunM ypasHenue (X—1)°+(2y—1)> =—1, koTopomy He
MOKET yIOBICTBOPUTH HUKaKas Touka u3 miaockoctu XOY ¢ koopauHaTaMu
(X y).

CyluecTBYIOT mpu 0CHOBHBIX YPABHEHUS 6MOPOIl CHENneHU , 3aJAI0IINE
(C TOYHOCTBIO JIO CABHMIA M MOBOPOTA KOOPAMHATHBIX OCEHl) mpu ocHoeHble
Kpuebvle 6mopo2o nopaoka: 31AUnNc, 2unepoony u napaooy.

1. Daune

Kanonuueckoe ypaenenue lviunca, 1NpUBCACHHOC K KOOPAHMHATHBIM
0CsiM, UMCCT BHU [

X2 y2
g‘f‘F:l.

Onnuric nepecekaeT ocb OX B Toukax *a, a ock OY B Toukax *b.
HetpyaHo BuaETh, UTO BMECTE CO 3HAUCHHEM X YPABHEHUIO YJIOBJIETBOPSIET
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U —-X, a BMecte ¢ y u -Yy. CremoBaTeiabHO, JJUIMIIC — KpHUBasi,

CUMMCTPHUYIHAA OTHOCHUTCIILHO ocel KOOPpAHWHAT.
¥

NG

3HaueHus @ U b Ha3bIBalOTCS MONYOCAMM 3uidrca. B ciydae, koraa

TOJyOCH PaBHbI, JILIUIIC TIPEBPAILAETCS B OKPYKHOCTh X~ + Y =a’.

¥

%W
N

Kak HM3BECTHO, OKpyscHOCMb — TEOMETPHUYECKOE MECTO TOYEK,
PaBHOYNAJICHHBIX OT TOYKH, HA3bIBAEMOM LIECHTPOM OKPY>KHOCTH.
Onpenesienne: Inaunc — reOMETPUYECKOE MECTO TOYEK, Cymma I+,

paccTosiHU OT KOTOPBIX 10 ABYX Touek F u F,, Ha3bIBaeMbIX (hoKycamu,
€CTh BEJIMYMHA TNOCTOsSIHHAs. DOKYChl JJUIUIICA, YPAaBHEHHUE KOTOPOTO
IPHUBEIEHO BBIIIE, pacionoxensl Ha ocu OX B Toukax tv/a?—b? , ecam a>b,

u Ha ocu QY B Toukax +Vb?—a?, ecmu b>a.
Hapamempuueckoe 3adanue >IIATICA:
{x =a-cost,

<t<
y =b-sint, O<t<2z.

Jnst u300pakeHus smunca ¢ noiayocsimu S5 u 3 ¢ nomouisio MAXIMA

BOCIIOJIb3YCMCA IIAPaMCTPHUYCCKHUM IIPCACTABIICHUCM JJIJIMIICA U KOMaHILOfI
plot2d([parametric,5*cos(t),3*sin(t),[t,0,2*%pi]]).
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2. 'unep0oJia

Omnpenenenue: I'unep0oi0ii Ha3pIBAIOT TEOMETPUUECKOE MECTO TOYEK,
Pa3HOCTh PACCTOSIHUM OT KOTOPBIX JI0 ABYX TOUEK, Ha3bIBa€MbIX (hOKycamu,
€CTh BEJIMYMHA MTOCTOSIHHAS.
Kanonuueckoe ypasnenue runep0o0Jibl, IpUBEICHHOE K KOOPAUHATHBIM
OCSIM, UMEET BU/T
x>y
L
a~ b

eciu Qokycel runepobonsl F u F, pacnonoxensl Ha ocu OX B Toukax

2
2

+va’ +b® . B sTom ciyuae runep6ona nepecekaeT och OX B Toukax *a, a
ock OY He mepecekaer.

y

B ornuume or siumnca, pacroJIOKEHHOTO B KOHEYHOM YacTH
IIJIOCKOCTH, TUTIEpOO0Ia — KpUBasi, BETBH KOTOPOH YXOAAT B 0ECKOHEYHOCTb.
B ToM cmyuae, xorma (poKychl THIIEpOONBI PACIOJIOKEHBI B TOUYKaX
+ya’ +b* uaocu OY, rurnepoosia 3a71aeTcsi KAHOHUYECKUM YPAGHEeHUEM
2 2

X
¥l
oHa niepecekaeT ock OY B Toukax b u He mepecekaet och OX.

by

b #
/_b_—._\
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Hapamempuueckoe 3a0anue runepO0IbI, mepecekarornieir ocb OX:
X ==a-cht,
{ y =b-sht,
Ilapamempuueckoe 3adanue runepOobl, nepecekaromieit ocb OY':
x=a-sht,
{y =tb-cht,

3nech pyuknun Sht m cht — rumepOosMuecKne CHHYC M KOCHHYC,

t € (—o0,+0).

t € (—o0,+0).

COOTBCTCTBCHHO, UMCIOINNC IIPCACTABIICHUC

t -t t | -t
sht=S "% che=2*°
2 2

¥ YI0BIETBOPSIOIIHE cOOTHOIeH o cht —sh’t =1.

Jlist u300pakeHus: mpaBoil BETBU TUMNEPOOJIBI C MOIYOCSIMH 5 U 3 ¢
noMoibto MAXIMA Bocnosib3yeMcsi apaMeTpUUEeCKUM MPEACTABICHUEM
smunca v komanaoit plot2d([parametric,5*cosh(t),3*sinh(t),[t,-2,2]]).

3. Ilapaboaa

[Tapabosoit Ha3bIBA€TCA MHOXKECTBO BCEX TOYEK IJIOCKOCTH, KaK/as U3
KOTOPBIX HAXOAUTCA HAa OJUHAKOBOM PACCTOSIHUM I OT JAaHHOW TO4ku F ,
Ha3bIBaeMOM (POKyCcOM, U OT JAHHOHW MPSMOM, HAa3bIBAEMOU JUPEKTPUCOU U
HE MIPOXOo/AIeH uepe3 GoKyc.

Jupekrpuca

Kanonuveckoe ypaBHeHHMe mapa0doJibl C BEpPIIMHOM B Hayaje
KoopauHAT U ockio cummeTpun OY umeer Bua Yy = A-Xx°. B ciysae A>0
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napa0oja pacroyiokeHa B BEPXHEW MONYIJIOCKOCTH, B ciaydyae A<0 — B
HIDKHEUW MOJIYTLTIOCKOCTH.

X

O
YpaBHenue napabosl ¢ ockio cummerpur OX umeeT By X =B - Y2,
B xadyecTBe mapaMeTpu4ecKoro 3ajaHusi MOKHO B35Th
X=t,
y=A-t?
X=B-t?,
t € (—o00,+00), BO BTOPOM cJIydac.
y=t,
To ecTb poJsib MapaMeTpa UTPAET OJHA U3 JEKAPTOBBIX KOOPJUHAT.
Jina uzobpaxeHus mnapabomsl Y=3x* ¢ nomompio MAXIMA

t € (—00,+00), B IEpBOM CiIy4ae u

BOCITOJIb3YCMCA SABHBIM npeacTaBJICHUCM Hapa6OJ'H)I u KOMaHI[Oﬁ

plot2d(3*x2,[x,-2,2]).

JIio6oe ypaBuenue Buaa A-X°+B-X-y+C-y*+D-x+E-y+F =0,
CCJIM OHO UMECT CMBICJI, IPUBOAUTCA ITyTEM JIMHENMHOUN 3aMEHbI NEPEMCHHBIX
BHUA

X=coSa-X—sina-y+p,
y=sina-X+Ccosa-Y+7,
K YPAaBHEHHIO OJJTHOTO U3 TPEX MEPEUUCICHHBIX TUIIOB OTHOCUTENIBHO X U V.

VYka3aHHas JIMHEMHas 3aMeHa INEPEMCHHBIX O3HAYACT CABUI, PACTAKCHUC U
MMOBOPOT HOBBIX JCKAPTOBLIX KOOPAWHATHBIX OCEUl OTHOCUTEIBLHO CTapbIX.
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AHAIMTUYECKAA 'EOMETPUS B ITPOCTPAHCTBE
IIpsimas B mpocTpaHcTBe

Onpenenenne npsAMOM Kak F€OMETPHUYECKOIO MECTa TAKUX TOYEK, YTO
OTPE30K, COEAMHSIONIMK JIIOObIE JBE€ W3 HHUX, MNapaJUIeIeH 3aJaHHOMY
BEKTOpPY, COXpaHseTcd M I Cclly4as [POCTPAHCTBEHHBIX MPSIMBbIX.
EauHCTBEHHAsl pa3HULIa B TOM, YTO 33JaHHBI BEKTOp @ HMEET YK€ TpHU
xKoopauHathl (&, f,7), 3a1aHHas Touka npsMoil M, uMeeT Tpu KOOpPJHMHATHI

(X1 Yo12,), ¥ TIEpeMeHHas TOUYKa npssMoli M Takke UMeeT TpHU KOOPAMHATHI

(XY,2).

[ToaTOMy, HCTIONB3YS MOJO00HE COOTBETCTBYIOIIMX TPEYTOJIBHUKOB, MBI
BMeCTO cooTHoueHus (1) moinyyum JBONHOE paBEHCTBO
X—ony—yOZZ—ZO (2)
a p /4

[IpupaBHuBas Bce yactu (2) nepemeHHon t, —oo <t < +o00, MBI MOTyYUM

napamempuuecKkoe ypasHeHue npocmpaHCcmeeHHol nPAMOIL .

X=X, +a-t,
y=Y,+ /-t —oo<t<+oo,
Z=17,+y-t,
Bropoit cmoco06 3amaHus NPOCTPAHCTBEHHOW TPSMOM —  Kak

IreoMCTpUICCKOC MCCTO TOUYCK IICPCCCUCHUA ABYX IUIOCKOCTEH — MBI CMOKEM
HCIIOJIB30BAaTh IIOCJIC 3HAKOMCTBA C IINIOCKOCTAMM.

Il1ocKoCTH

Omnpenenenue: IIpocreiimield U3 MNPOCTPAHCTBEHHBIX IOBEPXHOCTEU
ABJISIETCS. NJIOCKOCMb — TE€OMETPUYECKOE MECTO TaKUX TOUYEK, YTO OTPE3OK,

COCIMHSIONMN TI0ObIe JIBE M3 HUX, MEPIEHIUKYJIIPEH JaHHOMY BEKTODY,
HA3bIBAEMOMY HOPMAJb10 K NIOCKOCHU.
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3agamuM II0CKOCTh ¢ jganHou HopMmanbio N (A, B,C) ¢ momoribto

Toukn M, ¢ koopauHatamu (X, Yy, Z,), JIeKalel B 3TOH IOCKOCTH.

il

M//Mu

Ecnu  B3saTh 1pOU3BOJBHYIO, OTIMYHYO oT M,, Touky M c
KoopauHatamu (X,Y,Z) B JaHHOM IJIOCKOCTH, TO COTJIACHO ONPEACICHHUIO
YCIOBUIO B3aUMHON  ICPIEHIUKYJSIPHOCTH JBYX BEKTOPOB HMEEM
M—I\/Io-ﬁ:O. Vcnonb3yss KOOPAMHATHI 3THX BEKTOPOB IIOJIYYHUM YCIIOBUE
B3aMMHOM MEPIIEHIUKYIIPHOCTH B BH]IE

A-(X=%)+B-(y-y,)+C-(z-2,)=0.
[TocrieqHee ypaBHEHHE U €CTh ypAGHeHUE NI0CKOCHU, RPOX00auieil

yepe3 OanHyl0 mouky. B 4YacTHOCTM, YypaBHEHHsA IUIOCKOCTEM,
NapaJuleJIbHBIX KOOPAVHATHBIM ILUIOCKOCTAM, UMEIOT BUA X =X,, Y =Y, WIH
z2=1,.

B cnyuae, xorna kakoi-Tto U3 KO3(Q(GUUHUEHTOB ypaBHEHUS IJIOCKOCTH

OTJIMYEH OT HYJIS, MOKHO BBIPA3UTh COOTBETCTBYIOIIYIO KOOPAMHATY Yepes3
JIBE IpyTHe KOOpaAuHaThl, Hanpumep, npu C =0

A B
Z:ZO_E'(X_XO)_E'(y_yO)'

Takoe ypaBHEHHME MOXKET CUHUTATHCS HAPAMEMPUUECKUM 3A0aAHUEM
naocKocmu, T B KaueCTBE JBYX HE3aBUCUMBIX MapamMeTpPOB BHICTYHAIOT
JIB€ U3 KOOPJMHAT, a TPEThs IMHEWHO BbIpaXKaeTcs yepes3 JiBa napaMmerpa.

[110CKOCTh B MPOCTPAHCTBE MOKET 3a/1aBaThCsl HE TOJIBKO HOPMAJIBIO U
OJIHOM TOYKOH, HO M TpeMs pa3IUYHbBIMU TOYKAMH, C KOOpAMHATaAMHU

(X, Y1, 2), (%, Y,,2,) U (X5, Ys,Z3), 4€pE3 KOTOPHIE OHA TIPOXOMIMT.
( - Yar Zy)

EXJ_:YUZL:I I:XE'}'FE’ZZ:I EXJ'.}:'?:

PaCCManI/IBaSI TpHU BCKTOpA, JICKAIIUC B OILHOﬁ IJIOCKOCTH, IMOJIYYHUM B
COOTBETCTBHUHU CO CBOMCTBOM CMEIIAHHOTO MMpON3BCACHNA COOTHOILICHUC
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(x=x) (y=-y) (z-2)
(Xz _X1) (yz - yl) (Zz - 21) =0.
(X3 - X1) (ys - yl) (23 - 21)

Ecnu pasnoxuth ompeaenuTenh IO BEPXHEW CTPOKE, MOIYyYUM
JHMHEHHYI0 KoMOuHanuio pasHocted (X—X), (Y—VY,) u (Z2—2), 1O ectpb
JUHEHHOE YpaBHEHHE OTHOCUTEIBHO KOOPAMHAT TICPEMEHHOW TOYKHU
TUIOCKOCTH X, Y U Z.

Jobaa nnockocmv 6 npocmpancmee XYZ npedcmasisiemcs
JIUHEUHbIM YPAGHEHUEM 6UOA

A-x+B-y+C.-z+D=0.

N naobopot, moboe nuHeitHOe YypaBHeHne A-X+B-y+C-z+D=0
3aJ1aeT MIO0CKOCTh.

Ynpaosxcnenue. BpiBegure ypaBHEHHE IUIOCKOCTH «B  OTPE3Kax»:
TUTIOCKOCTH, OTCEKAIOMIel Ha KOOPJWHATHBIX OCSIX, COOTBETCTBEHHO, OTPE3KHU
IUIMHOM a,b u C.

B3auMHoe pacnoJjio:KeHue NpsMou U MJIOCKOCTH

PaccmoTrpum miockocte A-X+B-y+C-z2+D =0 u npsamyro

X=X, +a-t,
y=Y,+ 81, —o<t<+o0.
2=27,+y-t.

B03MOXHBI ~ CIICAYIONINE 6APUAHMBL  63AUMHO20 PACHOJIONCEHUS
NPAMOIL U RIIOCKOCHU.

1) npsiMast JIEXKHT B IIIOCKOCTH,

2)upsiMasi lapajuieibHa MIOCKOCTH, TO €CTh HE IepeceKaeT MIOCKOCTb,

3) mepecekaTh IJIOCKOCTh B €IMHCTBCHHOM TOYKE.

1) 2 3)

/

B cnydae 1) HanpaBisoIIui BEKTOP MPSAMOM U HOPMajib K IUIOCKOCTH
B3aMMHO TICPIICHIUKYIISIPHBI, TO ecTh, & - A+ [-B+y-C =0, u cymectByer

53



oO11asi ToYKa y IpsiMO M TUIOCKOCTH (CYIIECTBOBAHUE OJHOM TaKkOW TOUKHU
obecreurBaeT MPUHAIIEKHOCTh BCEX TOUEK MPSIMON JAaHHOU TUIOCKOCTH);

B ciyvae 2) - A+ f-B+y-C =0 u Ha npaMoii CyliecTByeT TOUKa, HE
Jexalasi B Ii0CKOCTH (CYIIECTBOBAHUE TAKOM TOYKM 00ECIEYUBAET TO, YTO
BCE TOYKH MPSAMOM HE MPUHAIICKAT TAHHOM TIJIOCKOCTH);

B cinyvae 3) a- A+ [-B+y-C#0.

Paccrosinue OT TOYKM 10 IJIOCKOCTH

Paccmotpum tutockocth ¢ ypaBHeHueM A-X+B-y+C-z+D=0 u
TOYKY C KOOPAMHATAMH ()~( )7,2). PaccTossHreM OT 3aJaHHOM TOYKH IO
33JJaHHOM TUTOCKOCTH SIBJISCTCS JIMHA TEPICHIUKYISIPHOTO K IUIOCKOCTH
OTpe3Ka ¢ KOHIIOM B 3aJIaHHOH ToYke. TakuMm oOpa3om, CieIyeT MPOBECTH
depes 3aaHHyI0 Touky (X, ¥,Z) mpsMyro, HEpHCHAMKYISPHYIO 3alaHHOM
m1ockocTu. [lapamerprdyeckuMy YpaBHEHUSIMU TaKOW MPSIMOU SIBIISFOTCS
YpaBHCHHSI

X=X+ A-t,

y=y+B-t, —o<t <400

z2=7+C-t.
Haiinem To 3HaueHue mapamerpa {;, Ipu KOTOPOM IpsMasi IepeceKaet

3aIaHHYI0 TUIOCKOCTh. [IpyM 3TOM 3HaueHMM mnapamerpa TOYKa MPSIMOU
CTAHOBHTCS] TOUKOM IMJIOCKOCTH, TO €CTh,

A-(X+A1)+B-(§+B-t,)+C-(Z+C-t,)+D=0.
Beipakas t, u3 mocnegHero ypaBHeHuUs, IOIy9IUM
_A-X+B-y+C-Z7+D

0
A’ +B*+C?
CrnenoBareibHO, OCHOBAaHHMEM MEPICHAUKYIAPA, OIYIIEHHOTO U3

3aJIaHHON TOYKH ()~( )7,2) Ha 3aJJaHHYK IUIOCKOCTb, SIBIISIETCSI TOYKa C
KOOpIUHATAMH ( Xy, Yo, Z, ), THE

A-(A-X+B-§+C-7+D)

X, =X— ,
0 A% + B? +C?

_ B:(A-X+B-§+C-Z+D)
Yo =¥~ A’ +B? +C? ’
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C-(A-X+B-§+C-Z+D)
A? +B? +C? '
Ocranock HaiiTi paccTosHue Mexay Toukamu (X, ¥,2) u (Xq, Yo, Zo):

Z,=7—

] :|A->~<+B-§/+C-Z+ D|.
JAZ B2+ C?
Taxum 06pa30M, I—ITO6]E:I BBIYUCIIMTL PACCTOAHUEC OT TOYKH OO
IIJIIOCKOCTHU, CIICAYCT B34ATb MOIYJIb JIEBOM YacTH YPaBHCHUA IINIOCKOCTH C

3aJaHHBIMU KOOpJMHATaMU TOYKH M PaA3LEIUTh HAa KOPEHb M3 CYMMBI
KBaJpaToB KOA(PPHUIIMEHTOB ypaBHEHUS IJIOCKOCTH MTPHU MEPEMEHHBIX.

B3anmHoe pacnoJioxkeHue IBYX IVIOCKOCTEN

B03MOXHBI CleNyIOLIUE 8apuUanmosl 63aUMHO20 PACHONOHCEHUSA JIBYX
TUIOCKOCTEH, MPECTaBIEHHBIX YPaBHEHUSIMHU

A-x+B-y+C;-z+D,=0u A,-x+B,-y+C,-z+D,=0:

1) MIIOCKOCTH COBIAIAIOT,

2) TIOCKOCTH TapaljielIbHBI,

3) MIIOCKOCTH MEPECEKAIOTCS.

B ciuywgae 1) xosdduimeHtsl B ypaBHEHHSX IUIOCKOCTEH MOTYT
OTJINYATHCA TOJBKO COMHOKUTENIEM, Ha KOTOPBIA MOKHO COKPATUTh. ITO
03HAYaET, YTO JOHKHO BBIMOIHATHCS COOTHOIICHUE

A_B_G_D
AZ BZ C2 D2
B cinywae 2) HOpMasibHBIE BEKTOPHI OO€UX ILJIOCKOCTEM JIOJKHBI
COBIIAJIaTh, WM OBITh MapauICIbHBIMU, HO YPABHEHUS JOJKHBI OCTABAThCS
pa3IMYHBIMM 32 CYET CBOOOJHBIX uieHOB. CregoBaTeNbHO, IOHKHO
BBITTOJIHATHCS COOTHOIIICHHUE
A_B_G_ D
AZ BZ C2 D2
B ciyuyae 3) HOpMasibHBIE BEKTOPHI IIJIOCKOCTEM HE JOJKHBI OBIThH
NapajuleIbHbIMU. JTO 3HA4YUT, 4TO N, x N, = 0.
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I'eomempuueckum mecmom mouex nepeceuenHus 08yxX NJIAOCKOCHEN
Aenaemcen npaman. HanpaBisolyuM BEKTOPOM 3TOM INPSIMOU  SBIISETCS
BEKTOPHOE NPOU3BEACHUE HOPMAJIEU K 3aJaHHBIM IIJIOCKOCTSM.

Vnpaoswcnenue. 3anumure NapaMETPUUECKOE YpPAaBHEHHE MPAMOM,
HOJTy4aeMoi mepecedeHreM miockocte 2X—Y+3Z2=5u Xx—-4y+z=0.

JImg moJiydeHHUsT TOYKM TMIEPECCUCHUS mpex NAOCKOCHIel CIENyeT

PELIUTh CUCTEMY
A-x+B-y+C,-z+D, =0,
A, -x+B,-y+C,-z+D, =0,
A;-x+B;-y+C,-2+ Dy =0.

MsI 3HaeM, 4TO PEUNICHHUE €AUHCTBEHHO, €CJIM TJIaBHBIM ONPENCIUTEIIb
CUCTEMBbI OTIMYEH OT HyJd. CucremMa HE UMEET pPEIICHHH, €CIIM paHru
IJIABHOW M PaCIIUPEHHOW MaTPULl CUCTEMbI PA3JINYHBL.

Ynpaoicnenue. IlpuBenure mnpumepbl TEOMETPUYECKUX KapTUH B
CIIy4asix, Korja TpH IJIOCKOCTH a) MepeceKaroTcs B OJHOW TOYKe, 0) UMEIOT
MHOYKECTBO TOYEK NEpeceyeHus — MPpsSIMYI0, B) HE UMEIOT o01ux Touek. Kak
ATU TPUMEPHI COTJACYIOTCA C TEOPUEHU Pa3pEIIMMOCTH CUCTEM JIMHEHHBIX
YPaBHEHUM C TOUKH 3PEHUS ONPEACIUTENEH ?

IloBepXHOCTH BTOPOI0 MOPSAAKA

Onpenenenne: Ilosepxnocmvio 6mopoz0 noOpadKa  HA3BIBAIOT
reoMCeTpUICCKOC MCECTO TOYCK, KOOPAMUMHATBI KOTOPLIX YAOBJICTBOPAIOT
YPaBHCHUTIO BTOpOﬁ CTCIICHU, TO €CTh YPABHCHHIO, B KOTOPOM KOOPAHWHATLI
X, y U Z BXOJIAT B CYMMapHOﬁ CTENEHU HE BHIIIE 2.

Takoe ypaBHEHHE UMEET BU]I
A-x*+B-x-y+C-y*+D-x-z+E-y-z+F-2°+K-Xx+L-y+M -z+ N =0.

He Bcskoe ypaBHEHHE, TMPEACTABISIIONICE JMHEHHYIO KOMOWHAIUIO
MPOU3BEJACHUN HE O0o0jee JBYX IEPEMEHHBIX, OMNPEACIIeT pPEealbHYIO
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ITOBEPXHOCTh, & CIIy4YacB, KOT/a pealibHasi IIOBEPXHOCTh CYIIECTBYET, OYEHD
MHOT0. MBI paCCMOTPUM HECKOJIBKO THUIIOB IIOBEPXHOCTEW BTOPOTO MOPSIAKA.

1. Huannapuyeckne NOBEPXHOCTH.

YpaBHEHUE BTOPOU CTEIIEHU, HE COAEPIKAILEEe OLHOW M3 NEPEMEHHBIX,
3a/1aeT YUAUHOPUUECKYI0 nosepxHocmy. Hanpumep, ypaBHEeHUE
X2 y2
a® b

3a1a€T CBA3b MCEXKAY KoopauHataMu X H Y, HO HC HAKJIaabIBACT

OTpaHMYCHUN HA KOoOpAuHATYy z. B wuTore momaydaercss MOBEPXHOCTb,
«BBIpACTalolass» M3 COOTBETCTBYIOIIETO JJUIMIICA, PACIOJIOKEHHOTO B
miockoctu XOY. M3 kax101 TOYKH AJUIATICA MIEPTIICHANKYJIISIPHO TIIOCKOCTH
XOY  BeIXOOUT  TIpsiMad, Ha3blBacMas  oopaszywuieil JTTAHHOU
AJTAHIPUYECKON TMOBEPXHOCTU. B COBOKYMHOCTH ATH 0OOpasyroIue
COCTaBJISIIOT HWJIMHIPUYECKYIO TTOBEPXHOCTh, @ CaM AJUIMIIC Ha3bIBaeTCs
Hanpaenawieil YUIUHOPUYECKOU NOGEPXHOCMU.

1

WNRORNW

AHaJIOTHYHBIM CIOCOOOM MMOJYy4YaroTCA MUJIMHAPHUYCCKHUEC ITOBCPXHOCTHU
M3 KpPHUBBIX BTOpPOI0 ImIoOpAAKa, JICKAINKMX B APYTIUX KOOPAHWMHATHBIX
IINTIOCKOCTAX.

JInst  TpeXMEepHOro W300paXeHUs IUIWHJIPUYECKON TMOBEPXHOCTH
KPAacHOTO IIBE€TAa BBICOTOM 6 C AJUIMIICOM, UMEIOIUM TOJIyocu 3 W 2, B
Ka4yC€CTBC HanpaBnmomeﬁ, BOCITIOJIB3YCMCsl KOMaHIaMHU

load(draw);

draw3d(color = red, parametric_surface( 3*cos(t), 2*sin(t), z, t, 0,
2*%0pi, z, -3, 3)).
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2. Konnyeckue mMoBepXHOCTH

Omnpenesenne: Konuueckumu NOGEPXHOCMAMU HAa3bIBAIOT
IIOBEPXHOCTH, IIOCTPOEHHBIE C IIOMOUIBIO 00pa3yuiux, He NapalIeIbHbIX
ApYyT OpYyry, KaKk B HWIMHIPUYECKUX IMOBEPXHOCTAX, a NMPOXOIAIINX 4YEpe3
OJHY U Ty € TOYKY U 4epe3 TOUKU HAIPABIIAIOLICH.

IIpumepoM KOHMYECKON IOBEPXHOCTHU SBIISICTCS KPYrOBOM KOHYC C

HAIPaBJIAIOLIEN — OKPYKHOCTBIO.
Ypagnenue kpyc06020 Kkonmyca C HanpaBIAIOLIEH, JIEXKAIIEH B
MJIOCKOCTH, MapajuienbHo mockocTu XOY, nmeer B

7 =R*- (x> +vy?).

WNPRORNW

Jnss  TpexMepHOro  M300paK€HUsT  KOHMYECKOM  MOBEPXHOCTH
KOPHUYHCBOI'O IBETA UCIIOJIB3YCM KOMAH/IbI

load(draw);

draw3d(color=brown,parametric_surface(3*z*cos(t),3*z*sin(t),z,t,0,
2*%pi,z,-3,3)).

3. IloBepxHOCTH BpalleHHs

Paccmotpum B mmockoctu XOY suurc, 3aiaHHbIA ypaBHEHUEM

XZ 2

—2 + y—2 == 1
a“~ b

Haunem BpalaTh 3Ty KPUBYKO OTHOCHUTECIIBHO OCH OX. KpI/IBaH OIIUIIIET
HOBerHOCTB, Ha3BIBaeMYIO 3J1Jlun00u00M epauienun n I/IMeIOH_IYIO

ypaBHEHHUE:
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3 15 1
[Ipu Bpamennn Bokpyr ocu OX BeIpakeHHE y2 B YPaBHEHUHU DIUIAIICA

3aMeHseTcs Ha BhIpaskeHue Y~ + Z°. AHAJOrMYHO IIPYU BPAILEHUH BOKPYT OCHU

OY wmbI IMOJIYYHM SJIIHUIICONU A BPpalllCHUA C YPABHCHUCM
X + y’ + z =1
a> b® a®
I TpeXMEpHOTo M300paKEHHUS DJUIUIICOMJIA BpaIllCHUST BOKPYT OCH
OX rosry0oro 1BeTa UCIOIb3yeM KOMAaH IblI
load(draw);
draw3d(color = blue, parametric_surface(3*cos(t)*sin(s), 2*sin(t)*si
n(s), 2*cos(s),t,0,2*%pi, s,0,%pi)).

DTO NOBEPXHOCTh BPAIEHUS 3JUIHUICA C TOTYOCAMH 3 U 2.

Paccmorpum B miockoctu XOY  rumep0boily, ONKHCHIBAEMYIO
ypaBHEHHEM

2 2
LA S
a“~ b
i

\ -a a / b
bynem Bpamarte 3Ty KpuBylo BOkpyr ocu OX. Msl nomydnm
MOBEPXHOCTh, 3aJ]aBAEMYI0 ypaBHEHHUEM



Y Ha3bIBAEMYIO 08YHOI0CHIHBIM 2UNEPDOOIOUOOM EPAULCHUSL.

Jlns  TpexMepHOro M300pa)KeHHWs JBYIIOJOCTHOTO TurepOoaouaa
BparieHust BOKpyr ocu OX 3eI€HOTOo IIBETa UCIIOIb3YeM KOMAaH IblI

load(draw);

draw3d(color = green, parametric_surface(cosh(u),sinh(u)*cos(v),si
nh(u)*sin(v),u,0,2,v,0,2*%pi), parametric_surface(-cosh(u),sinh(u)*cos(
v),sinh(u)*sin(v),u,0,2,v,0,2*%pi)).

DTO MOBEPXHOCTH BpAILIEHUS IUmep6osl X2 —y? =1,

bynem Bpamatre Ty ke rumnep6osry Bokpyr ocu OY. Mbl momyuum

IHOBCPXHOCTD, 3a1dBACMYI0 YPABHCHHUCM
2 2 2

A |

JUist  TpeXMEepHOro UM300pakeHHs] OJHOMOJOCTHOrO Trunepoosonaa
BpaieHus BOKpyr ocu OY TeMHO-3€JI€HOTr0 1BETa UCIOJIb3yeM KOMaH/IbI
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load(draw);
draw3d(color = dark_green, parametric_surface(3*cosh(t)*cos(s),2*

sinh(t),3*cosh(t)*sin(s),t,-1,1,s,0,2*%pi)).
2 2
ITO MOBEPXHOCTH BPALICHUS TUIIEPO0JIbI X——yZ =1.

9

Ilapabonouoom épaujenus Ha3bIBACTCS OBEPXHOCTh BUIA
z=A-(x*+Y?).
DTa MOBEPXHOCTH MOTYYaETCs BpaIllleHUEM Jiexkamel B miiockoctu XOZ
napaboisl Z = A- X* BOKpYT CBOEii OCH.

ORNWAOION®O

s TpexmepHoro m3o0pakeHus mapadojionia BpalleHUs Z:X2+y2
ucnoiszyem komanasl plot3d([r*cos(t),r*sin(t),r*2],[r,0,2],[t,0,2*%pi]).

4, HOBerHOCTI/I C IANNIUMIITHYIECCKUMU CCYCHUAMU

Od4eBUIHO, UYTO CEUEHUS TIOBEPXHOCTEH  BpalleHUS IIJIOCKOCTSIMH,
NEPICHANKYISIPHBIMA OCSIM BpAaIlleHUs, SABJSIOTCS OKPYXKHOCTAMU. B Tom
ciiydae, KOrjJa CEUYCHHSMHU SIBJISIOTCS JJUTUIICH], MBI UMEEM ITOBEPXHOCTH
OoJiee 0011eTO BUA, JJI1 KOTOPHIX, IOMUMO KaHOHUYECKUX MPEICTaBICHUH,
IpUBEJIEM IMapaMETPUUYSCKHE 3aJlaHdsl TTOBEPXHOCTEH. 3aMETHM, 4YTO B
OTJINYHE OT KPHUBBIX Ha TUIOCKOCTH MTOBEPXHOCTH B MPOCTPAHCTBE 3aTAI0OTCSI
IIPY TIOMOIITH ABYX ITapaMeTPOB.

Inauncoud 3a0a€TCsi KAHOHUYECKUM YPABHEHHUEM:
X2 y2 22
—2 + —2 + —2 - 1 .
a~ b° c

[Tapamerpuueckoe 3a1anue:
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X=a-cosu-sinv,
y=Db-sinu-sinv, u €[0,2x],v [0, 7].
Z=C-COSV,

Jleynonocmmuutii cunepoonoud 3a1aeTcsi KAHOHUYECKUM YPABHEHHUEM:
2 2 2

X° Yy oz
T e L
a- b c
[TapameTpuueckoe 3aaHue:
X==a-chu,

y =b-shu-cosv, u e (-ow,+0), ve[0,27].
z=c-shu-sinyv,

Oonononocmubwlit 2unepoo10ud 3a1a€TCsI KAHOHUYECKUM YPABHEHUEM:
X2 y2 22

Y E g
a? b? c?

ITapamerpuueckoe 3a1anue:
X=a-chu-cosv,
y=b-shu, ue(-w,+x),Vvel0,2r].
z=c-chu-sinv,

Inaunmuyeckuil napadoaouod 3aJaeTcsi KAHOHNYECKUM YPaBHEHHUEM:
2 2

X
Z::—TE+“X?.
a~ b
[Tapamerpuyeckoe 3aaHue JUOO C UCIOJIb30BAHUEM MEPEMEHHBIX X U
Yy B KauecTBE MapaMeTpoB, TUOO

X=a-r-cost,
y=Db-r-sint, r €[0,+x), t €[0,2x].
z=r?,

T'unepbonuueckuii napaoonoud (cedno) 3anaeTcsi KaHOHUYECKUM
ypaBHEHUEM:

2 2
Xy
Z::__E___T?'
a- b
[Tapamerpruueckoe 3ajaHue C UCIOJB30BAHUEM IEPEMEHHBIX X U Y B
Ka4eCTBE IMapaMeTpOB.
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XN2-y"2

JIs TpexMepHOro M300pakeHHs Mapaboiouaa BpalleHus Z =X’ — Y

ucnosb3yeM komauael plot3d(x~2-y™2,[x,-2,2],[y,-2,2]) .

Vnpaosicnenuss. CaMOCTOSTEIILHO TOCTPOWTE TPUMEPHI MOBEPXHOCTEH
BTOPOTO TOpS/IKA C DJIUIMITHYECKUMH  CCUCHHSIMH B TPEXMEPHOM
M300pakKeHuH.
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QJIEMEHTbBI TEOPUU MHOKECTB

[lousiTue MHOMCECMEA WU COBOKYRHOCHMU TIPUHAIJICKUT K YUCTY
MPOCTEUIIUX MaTEeMaTHUYEeCKUX MOHATUH. OHO HE HMEeT TOYHOIO
onpenenenus. Jroboe MHOXKECTBO 33JaeTCsi CBOMMH  3JIEMEHTaMHU.
[Ipumepamu SIBASIFOTCS MHOKECTBO KHHUI' B OMOJIMOTEKE WM MHOXECTBO
CTYJICHTOB, TMPUCYTCTBYIOIIMX Ha 3aHATUA. OOBIYHO  MHOXECTBO
0003HAYalOT 3arjaBHbIMM JIATUHCKUMU OykBamu (A), a ero >3JeMEHTHI
CTPOYHBIMHM JaTUHCKUMU OykBamu (). To, 4TO 3JIEMEHT MNPUHAIICKUT
MHOXECTBY, 0003HaualoT Tak: deA. Ecnu a He nmpuHaminexut A, TO 3TOT
dakT 00603HayaroT Tak: agA.

UtoObl 3a1aTh MHOKECTBO, CJIEIYET WM MEPEYUCIUTh €r0 DJIEMEHTHI,
WM yKa3aTh XapaKTEPUCTHUUYECKOE CBOMCTBO €r0 AJIEMEHTOB, TO €CTh TAKOE
CBOMCTBO, KOTOPBIM 00JIaJJal0T BCE DJIEMEHTHI MHOKECTBA U TOJIBKO OHU. MBI
YK€ 3HAKOMBI CO CJIECAYIOUIMMH MPUMEPAMU MOJMHOKECTB BEIIECTBEHHBIX
quced.

IIpumepsr:

1. MHuoxectBo HarypanpHbIX yucen: N ={1, 2, 3,....n, n+1,...}. U3
3alUCU CJIEAYyeT, 4YTO BCE HaTypaJibHbIE€ YKCJIA, HA4YWHAs C JIBOMKH,
MOJTYy4YarOTCsl MPUOABICHUEM €IUHUIIBI K TIPEBIAYIIEMY YUCITY.

2. MuoxectBo nensix yucen: 7 ={0,1 ,-1,2,-2,...,n,-n,...}.

3. MHOecTBO paliMOHaNbHBIX uncen: Q 2{5 IpeZ,geN}.

4. MHOXECTBO BCEX JIEUCTBUTEIIbHBIX (BEIIECTBEHHBIX) yncen R.

W3BecTHOI erie IPEeBHUM TpeKaM SBIISIETCS HHTEPIPETAIUS MHOKECTBA
R B Buic OCCKOHEYHOH mpsIMOM, Ha KOTOpyro HaHeceHa Todka (O),
SBJISIIONIASsICSL HayajioM OTCYeTa KaK B TIOJIOXKUTEIbHOM, TaK U B
OTpUIIATEILHOM HampaBjieHUsX. JledcTBUTENbHBIE YHCIa — 3TO TOYKHU
IPSAMOM C PacCTOSHUSAMH OT TOYKH OTCYETa, PAaBHBIMH BEIIMYMHAM YHUCEIN.
Takoli wHTepnperamueil Mbl aKTHBHO ITOJIB3YEMCS CO IIIKOJIBI, Ha3bIBas
MOJIOKUTENIBHON O0€CKOHEYHOCTHIO (+00) YCIIOBHBIN Mpeen Mpu yaaICHUU
TOYKM TI0 TMPSIMOM BIPaBO M OTPHUIATEILHOM OECKOHEUYHOCThIO (—00)
YCIIOBHBIW TIPEACII P yAaJICHUN TOYKH IO MPSMOU BIICBO.
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Hpyroil Moenbi0 MHOKECTBA R SIBISETCA OKPYKHOCTh. XapaKTEPHOU
OCOOCHHOCTBIO TAaKOW HWHTEPIpPETAMU SIBISETCS TO, YTO aHAJIOrOM
OCCKOHEUHOCTH SIBJISIETCS OJIHA U3 TOYEK OKpYX)HOCTU. [lokaxkem, 4TO
MEXAY TOYKaMU OECKOHEYHON MNpsAMOA U KOHEYHOM OKpPYXKHOCTH
CYIIECTBYET B3aMMHOOJHO3HAYHOE COOTBETCTBUE, MO3BOJISIONICE 3aMEHSThH
OJIHY MOJIEJIb Ha IPYTYIO.

[IpencraBuM OKpPYKHOCTb, Kacarollyrocsi MPSMOM B TOUKY A, KOTOPYIO
Mbl HazoBeM TnomocoM. Jpyrum momrocom (B) HazoBeM  TOuky,
JTMaMeTpalIbHO MPOTUBOMNOI0XHYI0 A. IIpoBoas u3 B nyuu, nepecekaromiue
OKPY>XHOCTh M JAHHYIO MpPSAMYI, Mbl TOJYYHM B3aWUMHOOJIHO3HAYHOE
COOTBETCTBHE TOUYEK OKpYXHocTH u npsmou. I[lomoc A  Oyayr
COOTBETCTBOBaTh camomy cebe. Ilomoc B Oynmer cooTBeTCcTBOBATH
oeckoHeyHocT. IIpum STOM mMOHATHS W —00 OyAyT O3HA4YaTh TOJIBKO
HanpaBJICHUE JIBM)KCHUS K OJHOM M TOW ke Touke B, cooTBeTCTBYyIOIIECH
OCCKOHEUHO yAaJICHHON TOYKE.

4 A
5. MuoxectBo kKoMIuieKcHbIX uncen C = {Z =X+ iy|X, ye R} ,roe | -

9HCII0, YIOBIETBOPSIOIIEE CBOMCTBY i° =—1.

Yucno | Ha3bIBAIOT MHUMOU eOunuyeii. OUEBUIHO, YTO TAKOTO YHUCIIA
HE CYILIECTBYET Ha JCUCTBUTENBHOU mpsiMou. [loaToMy miist mHTEpIpeTanun
KOMIUJIEKCHBIX YMCEJ MCIOJB3YIOT TOYKHU MJIOCKOCTH, HA KOTOPOM BBEICHBI
IBE KOOpJAuHaTHbIe och. OHA COBMAAAET C JACHMCTBUTEIBHON MPSIMOM, U HA
HEe MPOCHHUPYIOT JCHCTBUTEIBHYIO YacTh KOMILIEKCHOTO uncia (X). dpyras
— MHHUMasg OCb — TMEPHEHIUKYISpHA ACHCTBUTEIBHOW OCH, M Ha HEe
HPOCIHUPYIOT KOADGUITUESHT TTpH | (MHUMYIO 4acTh YHCIIA).

Y

65



MHOXXECTBO OE€HCTBUTEIBHBIX 4Hcell R sBIseTCS ITOAMHOXXECTBOM
mHoxectBa C (B ciywae, korma Y =0). HeoOX0auMOCTh B KOMITJICKCHBIX

YUCIIaxX BO3HUKACT YK€ TOrJa, KOrJa Mbl pElIaeM KBaJApaTHOE YPaBHEHUE U
CTaJIKUBAEMCS CO CIy4aeM OTPUIATENIbHOTO JIUCKpuMuHaHTa. Hampumep,

2
pemasi ypaBHenne 1°—2t+5=0 ¢ oTpunaTenbHBIM TUCKPUMHUHAHTOM.
Ipumensist popMyiTy ISl TONYyYCHHS KOPHEH 3TOTO YPaBHEHUS, MBI TOIYIAM

t,, =1++—4. OGosuauas, cmemys Oiimepy, V-1=1I, umeem t,=1+2i. B

KOMILIEKCHOM INIOCKOCTHU JBA 3TUX KOMIIJICKCHBIX YUCJIa BBITJLIAT TaK.

1+21

JIBa MHOKECTBa paBHBI TOT/Ia U TOJBKO TOT/a, KOTJA COCTOSAT U3 OJHUX
U TeX JXKe 2IeMeHTOB. Ecnmu Bce anmemMeHTH MHOXKecTBa A comepkarcs B
MHOXecTBe B, TO roBopsT, yT0 A SBJISIETCS MOAMHOKECTBOM MHOXeCTBa B
u ob6osnauaror AcB. Tlostomy A=B o3nagaer, uto AcCB u
onHoBpemenno B c A.

Ouesugno, uto NCZcQcRcC.

AKCHOMATHKA MHOKECTBA Al CTBUTEJIBHBIX Ynucesa R

1. AKCHOMBI CJIOKEHUS.

1) VX, y €R cnpaBemuBo X+ Y =Y+ X.

2) VX, ¥,z €R crnpaseqmuBo (X+VY)+z2=X+(y+2).

3) J0eR (HedTpanbHBIA 3JEMEHT CIIOKEHHS) Takod, 4to VXeR
cpaBeniuBo X+0=X.

4) Vx € R3(—x) € R rtaxkoii, uto Xx+(—x)=0.

2. AKCHOMBbI YMHOKEHHUS.

1) VX, ¥ € R cnpaBemmuBo X-y=Y-X.

2) VX, ¥,z€R crnpasegmuso (X-Y)-z=X-(y-2).

3) 1R (HeWTpanbHBIN 3JIEMEHT YMHOJXKEHHs) Tako, 4yTto VX e R

crpaBeuBo X-1=X.

4) VXER\{O}HEE R Takoii, uTo X-lzl.
X X
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3. AKCHOMA CJIOKEeHHUS] U YMHOKEHMUSI.

1) VX,y,z <R crpaBemmuBo (X+Y)-z=(X-2)+(y-2).

4. AKCMOMBI IOPAJIKA.

1) Vxe R cnpaBemanBo X< X.

2) VX, yeRrTakux, dYro X#Y, CHOpaBeIIUBO OJHO W3 JBYX
COOTHOIIEHUM: X <Y mim Y < X.

3) Ecinu BBITONHSIFOTCS. OJTHOBPEMEHHO COOTHOMICHHS X <Y 1 Y < Z, TO

CIIPaBEIMBO COOTHOIIEHUE X< Z.
4) Eciu BBITOJHAIOTCS OAHOBPEMEHHO COOTHOIICHHS X < Yu Y < X, TO

X=Y.
5. AKcHOMBI MOPSAJIKA, CBSI3AHHBIE C ONEePAIASIMH.
1) Ecmu X<y, 10 1iia VZ € R cripaBeyiuBo X+Z<Yy+Z.

2) Ecnu BeImosHAIOTCS 0HOBpeMeHHO cooTHolneHns 0<x u 0<y, To
0<x-y.
6. AkcnomMa HenpepbIBHOCTH.

[Iycte X1 Y — moamHOXXecTBa MHOXecTBa R, mpudem st VX e X u
st Vy eY cnpaBemnmuBo X<Y. Torma 3z R Takoe, uto X<Z u Z<Y

st VXe X mana VyeY.,

Bce nepeuncieHHble aKCMOMBbI  00ECHEYMBAIOT TE€  CBOMCTBa
BEIIIECTBEHHBIX YUCEJ, KOTOPHIMU MbI TPUBBIYHO TOJIH3yEMCS.

[TocnenHsis akcuoMa KaXETCsl JUIIHEN B mepeuHe akcuoMm. OHako
MMEHHO 3Ta MOCJEIHSS aKCHOMa MO3BOJISET BBECTH UPPALMOHAIBHBIC YUCTIa
B MHOECTBO JCHCTBHUTEIBHBIX YHUCEN. JIeMCTBUTEIBLHO, MEPBBIE IISITh
aKCHOM CITPaBEUIMBBI M JUISI MHOYKECTBA pallMOHAIBHBIX yrcell Q, TO ecTb,

P

qucel, NpeaACTaBUMbIX B BHJIC OTHOIICHUSA a , TI€ P— 1Oejoe 4ucio, a q —

HaTypaibHOEe yuciao. OJHAKO €lle JPEBHUE TPEKH 3HAIM, HANPUMEp, YTO
YUCIIO0, KBAApaT KOTOPOrO paBeH 2, HE SBISAETCS PallMOHAIbHBIM.
CyuiecTBOBaHUE HMPpAlMOHAIBHBIX YHCENI BO MHOXecTBe R mokazpiBaercs
MMEHHO NPUMEHEHHEM aKCUOMBI HEMTPEPHIBHOCTH.
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MATEMATHUYECKWU AHAJIN3
DYHKUUH AeHCTBUTEIBHOI0 EPEMEHHOTI 0

UucnoBble BEIMUUHBI MOTYT OBITh HEPEMEHHBIMU U HOCHOAHHBIMU, TO
€CTh MEHSIOIIUMUCS WM HE MEHSIOIHUMUCS B MPOLECCE HCCIEIOBAHUS.
[lepemeHHBbIE BENMYMHBI MOTYT OBITh HE3ABUCUMBIMU W 3AGUCUMBIMU —
MEHSIIOIIUMUCS B 3aBUCUMOCTH OT KaKUX-TO JIPYTHX BEJIUYMH.

OTH TIOHATHUS TaKXE€ YCIOBHbL. EciM paccMOTpeTh ypaBHEHHUE
OKPY)KHOCTU X°+ Y> =9, B HEM yJacTBYeT JBe IIepeMEHHbIC BEINUHHBI X U
y. OpgHOM H3 HUX MOXHO TMpHUAaBaThb B HEKOTOPOW 00JacTH JrOObIE
3HA4YEHUs, PYyTasi HAXOAUTCS U3 IPUBEICHHOTO ypaBHeHUs. Cie0BaTebHO,
OJHYy M3 HHUX MOXHO CUHMTaTh HE3aBUCUMOW, JPYIyH0 — 3aBUCHUMOMU
nepeMeHHOU. [Ipu 3TOM HEe3aBHCUMOM TIEPEMEHHOM MOXKET CUMTAThCS JII00as
U3 HUX, TOTa BTOpasi Oy1eT 3aBUCUMOM.

Onpenenenne: @yukyua — 5TO 3aKOH, MO KOTOPOMY KaXKIOMY
AJIEMEHTY HEKOTOPOro MHOXecCTBa (00JacThb OMNpeNesieHus])) CTaBUTCS B
COOTBETCTBUE AJIEMEHT JIPYyTOro MHOKECTBA (001aCTh 3HAUEHUN ).

Cnoco0b1 3aaHust QYHKIMH OJTHOM NepeMeHHOM

BepHeMmcs k HE3aBUCHUMBIM M 3aBUCHUMBIM NepeMeHHbIM. He3aBucumyto
MIEPEMEHHYIO YACTO HA3bIBAIOT AP2yMeHmMOM, 3aBUCUMYIO — hyHKUUEll.

Onpenesenue: Ecnu KaxIOMy BJIEMEHTY HEKOTOPOTO MHOXECTBA
X < R craBuTCs B COOTBETCTBHUE 3JEMEHT MHOXKeCTBa Y C R, TOBOPSAT, 4TO
Ha MHOXkecTBe X 3anaHa @ymukyus y = f (x), 3mecs f ompenemser 3akom, ¢

IMOMOIBIO KOTOPOT'O OCYHICCTBIIACTCA 9TO COOTBECTCTBHUC.

IMpumepsi:

1. TTokasarensHast pyHkus y =2", X € R.

2. Jlorapupmuueckas pynkuus Yy =log, x, x > 0.
3. Crenennas ¢pynkuus Yy =X, X<R.

ODYHKIIUS MOXXET OBITh 3a/laHa B BUJIE TAOMWIBI Wiu rpaduka, JTUOO
dbopmyIoi (aHATUTHIECKOE 3aaHNe).
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AHanmuTHYeCKH (PYHKIHMIO MOXHO 3a7aTh B SIBHOM BuAE Y= f(X)

(n6n0e 3a0anue gynkyuu), xorna uz Gopmyiisl CIeAyeT, YTO ICPEeMEHHAs Y

3aBUCUT OT X, TO €CTb sIBJIsieTCs yHKIMEH aprymeHTa X.

MosxHo 3az1aTh ee neaeno F(x,y)=0, koraa mobas U3 HEPEMEHHBIX
MOXET CUMTAThbCS HE3aBHCUMOW, TOrjAa Jpyras IepeMEHHas SBISIETCS
¢ynxuueii. IIpumep HesBHoro 3amanus (yHkuumu X +Yy> =9. HerpynHo
3aMETUTh, 4YTO 3Ta Qopmyaa 3anaeT (AKTUUYECKH [JBE HENPEPHIBHBIE

dyuximu Y =+9-X, xe[-3,3],

N

-3 3

2 o
u Yy=—9-x°, xe[-3,3]. Tpadux mneppoii (QyHKIMH NpeaCcTABISIET
BEPXHIOK MOIYOKPYKHOCT, TpadUK BTOPOM — HUKHIOIO €€ 4acTh. Eciu He
TpeOOBaTh HENPEPHIBHOCTH, TO M3 COOTHOIIEHHS X +Y°=9 MOXKHO

HOJYYUTh OSCUMCIICHHOE MHOYKECTBO (PYHKIIMH, 3aJaHHbIX Ha oTpe3ke [-3,3].

Y S P
R
KpoMme Toro, BO3MOXKHO napamenmpuyeckoe 3adanue QynKyuu
x=p(t)
y=y(t)

KOTJa BBOAUTCS ONOIHUTENbHBIN napametp t e[t,, T]. IIpumepom siBnsercs
HapaMeTpI/IquKOC ypaBHeHI/Ie TOfI KC, UTO U BBIIIC OKpY)KHOCTI/I
X =3cost

3sint .t €[0,2r), B HessBHOM BHIE 3amUcaHHOE Kak X~ +Yy° =9,
y = 3sin

Omnpenesienue: MHo0kecTBO X HAa3bIBACTCSA oonacmoio
Cyuecmeosanus YyHKyuu, i o0JacThIO €€ ONPEACIICHHUS.
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Onpenenenne. MHoxecTBO Y Ha3bIBaE€TCS 001aCMbl0 3HAUEHUIL

¢ynkyuu.
Omnpenenenue: Jlto0oe cBA3HOE MOJAMHOKECTBO R (TO €cTh Takoe, 4To

OT OJHOM IPOU3BOJIBHOM €r0 TOYKU MOYKHO JOMTHU 10 BTOPOU IIPOU3BOJIBHOMN
€ro TOYKH, OCTaBasChb BHYTPHU MOJMHOKECTBA) UMCIOBOM OCH Ha3bIBAECTCS
RPOMEHCYMKOM.

Onpenenenne: OTKPBITHINA MPOMEKYTOK, HE BKIIOYAIONINN TPAHUYHBIX
TOUEK, Ha3bIBACTCS WHMepsanrom W obosHadaercs (a,b) mm a<x<b.

Omnpenenenue: 3aMKHYTBIM IPOMEXKYTOK, COAECPKAMNN BCE BHYTPEHHUE U
TPaHWYHBIE TOYKW, HA3BIBACTCS OmMPE3KOM W 0003HAYACTCS [a,b] Wi
as<x<h.

CymecTByIoT Takxke nonyunmepseanw: [a,b)u (a,b]. B mepsom

CJly4yae B TOJIyMHTEPBAJ BXOJUT TOJBKO JieBasi TpaHUYHAs TOYKA, BO BTOPOM
— TOJIBKO TpaBasl.

IIpumepsr:

1. V ¢pyHkmuu Yy =Sin X o01acTh CyIIecTBOBAHUS BCS YHCIOBAs OCh TO
ecTh —o0 < X < 0, o0acTh 3Hadenni [-1,1].

2. Y pyHKIEM Y = \/; 00J1acTh CyIICCTBOBAHUS [0 , 00) WIM , 00JaCThb
3HadeHuit Takxke [0, ).

3.V ¢yskuun y =1log, X 00sacTh CyIIECTBOBaHMS (O ,0), 001acTh

3HAYCHUH (—o0 , ).

DYHKIIUM MOXKHO 3aj7aBaTh HE TOJIbKO Ha MOJAMHOXECTBaxX R, HO u Ha

nogMHOXkecTBax R’ (pyHKmus aBYX mepeMeHHbIX), R° (pyHKums Tpex
MEPEMEHHBIX) U T.1.

(I)yHKIII/II/I HA MHO?KECTBC HATYPAJIbHBIX YHUCECJ B KOMﬁHHﬂTOpI’IKe

B mkonpHOM Kypce u3ydaeTcs MHOTO (YHKIMH, 3aJaBaeMbIX Ha
BEILIECTBEHHOW OCHU WJIM €€ MoJAMHOkecTBaX. [[oIMHOXKECTBA 3TU SIBISIOTCS
OTpe3KaMu, UHTEpBaJIaMH, NMOJyuHTEepBalaMu. B HacTosieM naparpade Mbl
onpeaeauM Te (GYHKIMHA, KOTOPbIE MOXKHO pacCMaTpuBaTh TOJBKO Ha
MHOXecTBe N, M HalJileM UX NPWIOKEHUS B KOMOUHAmMoOpuxe — pasnene
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MaTeMaTHKH, MOCBSIIEHHOM pEUICHUIO 3a/Jad BbIOOpa U pacHoOIOKEHUS
AJIEMEHTOB KOHEYHBIX MHOXKECTB.

OcHOBOM AJ14 BCeX TaKUX (PYHKUUNA MOXKHO CUUTATh haKkmopua.

Nl=1x2x3x..xN

1. [TornpoOyeM pemnTh Takyro 3aJady: CKOJBKUMH CIIOCOOaMU MOKHO
paccaauTh Ha N NMPOHYMEPOBAHHBIX CTYyNbsAX N rocrer? Ha mepBeiil cTyn
MOHO MMOCaaUTh J000T0 M3 N rocreil. BeiOpaB oqHOro U3 HUX, HA BTOPOU
CTYJI MOXKHO YCaJUTh yX€ OJHOTO U3 ocTaBmmxcs (N — 1) mpeTeHeHTOB.
BbiOpaB 1 3TOr0, Ha TPETHI CTYJ BBIOMpAaeM OJHOTO U3 (N — 2) rocTei u T.4..
Ha nocnegnuii ctyn npeTeHAeHT Oy1eT TOJbKO oauH. TakuM oOpa3om, eciau
JIBUTATHCS OT KOHIIA MPOIIecca, MbI MOJyIuM 1x 2x3x...x N =n! BapuaHTOB.

B3aumHO o0aHO3HauHOE OTOOpaXEHHE KOHEYHOrO YIOPSJOUYEHHOTO
MHO’KECTBAa Ha ce0sl Ha3bIBACTCS MOOCHMAHOBKOU SJIEMEHTOB MHOKECTBA.
Kaxnas nocienoBaTenbHOCTh JIEMEHTOB KOHEYHOTO MHOXKECTBA C y4ETOM
NOpsiIKa Ha3bIBACTCS HEPECMAHOGKOU dTUX DJIEMEHTOB U 00o3HaudaeTcs P, .

HepeCTaHOBKI/I HEC MCHJAIOT 3JICMCHTOB MHOKCCTBA WK UX KOJINMYECCTBA, OHHU
MCHAIOT IOPAAOK 3JICMCHTOB. Takum O6p330M, YHUCJIO0 BCCBO3MOXHBIX

IIEPECTAHOBOK B MHOXKECTBE U3 N d1eMeHToB P =nl.

2.IlpencraBum Temephb, 4TO, KaKk B MpEeAbIAyIICH 3amade, y Hac N
POHYMEPOBAHHBIX CTYJIbEB, HO MBI PACCA)KUBAEM HA HUX M NPETEHIEHTOB,
npuyeM M > Nn. KoHeyHo, BceX ycaauTb Mbl HE CMOXKEM, HO XOTHUM
BBISICHUTB, CKOJIBKO MMEETCSI BAPUAHTOB paccakuBaHUs. Paccyxnas Tak ke,
KaK B NpEeAplAylIed 3ajaye, BHAMM, 4YTO Ha |- cTyn uMeercs M
NpeTeHICHTOB, Ha BTopor (M — 1), Ha tpetmit (M — 2),...., Ha N-i CTy’
ocraercst (M —n + 1) nperennent. Mtak, 4ucio BapuaHTOB
(m—n+1)x(m—n+2)><...><(m—1)><m=(m%!n)!.

JIroOo¥i yropsiioueHHbIN HA0Op N pa3IMYHBIX 3JIEMEHTOB MHOXKECTBA,
COCTOSIIIETO M3 M BJIEMEHTOB, HAa3bIBACTCS pazmeuieHuem u3 M no N, Yucio

TakuX pasmenieHuii ooozHayaercs A ". Takum oOpazom,
m!

n—
An'= (m—n)!”
3. PaccMoTpuM Temeps HECKOJIBKO APYTYIO 3a/1ady, TJI€ MBI «pa3aacm»
HE CUASYME MECTa Ha MPOHYMEPOBAHHBIX CTYJbSIX (KaK M3BECTHO, YEJIOBEK
HE MOKET CHJIETh OJITHOBPEMEHHO 00Jiee, UeM Ha OJIHOM CTYyJIE), a, HallpuMep,
N papUTETHBIX KHUT TPYIIE CTPACTHBIX OMOIMODHUIOB, COCTOAIIEH M3 M
yenoBeK. CKOJIBKO BapWaHTOB pa3fadud N KHUT M mnpereHaeHtam? Ha
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IICPBYIO KHUTY Yy HaAcC M OPETCHACHTOB, HA BTOPYIO — TOKE€ M MPETCHACHTOB,

u Tak fanee. CiemoBarenbHO, MBI MMeeM M" BapHaHTOB pacrpeieleHus
KHUT MEKy MPETCHICHTaMH.

JIroOo¥i ynopsioueHHbId HAa0Op N 3JEMEHTOB MHOKECTBA, COCTOSILETO
13 M 3JIEMEHTOB, HA3BIBACTCS paA3MeU{eHUeM ¢ nogmopeHuem w3 M 1o N u

paBeH m".

4. BepHeMcs KO BTOPOM 3ajaye, I€ Mbl pacCaKMBAJIA M YEJIOBEK Ha N
CTYJIbSIX, TOJIBKO TE€HEPb Y HAC CTYJIbsl HE MPOHYMEPOBAaHbI, HE OTIMYAIOTCS
ApYT OT JIpyTa, U Hac HE MHTEPECYET, I'/I€ KTO CUAUT, a UHTEPECYET, CUAUT
YEJIOBEK MJIM CTOUT. 3HAYUT, YHCIIO BAPUAHTOB PACCAXKUBAHMS COBHALAET C
YUCJIOM BapuMaHTOB oOTOOpa ©3 M TOCTEd TPYyNIbl CYACTIMBYMKOB,
COCTOSILIEN U3 N YEJIOBEK, KOTOPBIE CMOI'YT CECTh Ha CTYJbs. Pemienue 3toin
3a/layd MOXKHO CBsi3aTh C pemieHueMm 3anauu 2. [lpeacraBum, 4TO MBI
peuruin Obl 3a71a4y 2 TaKUM 00pa3oM: OTOMpaid Obl TPYyMNIbI IO N YETOBEK, a
3aTeM Jenand Obl BHYTPU TPYINIbl OTOOPAHHBIX ISl CHIECHHS N YEJIOBEK
BCEBO3MOKHbBIE MTEPECTAHOBKH, YTOOBI yUE€CTh BCE BapUAHThl pacCaKUBaHUs
Ha MPOHYMEPOBAHHBIX CTYJIbsIX. MBI JOJKHBI ObLIM OBl MOJYYUTH TOT XKe

pesynbrat: A ". CiemoBaresbHO, KOJMYECTBO BapUAHTOB BBHIOOpA TPYIII 110

N YCJIOBCK M3 IM Y€JIOBEK PABHO Ann’ ACJICHHOC Ha 4YHUCJIO IICPCCTAHOBOK B

rpyIine u3 N 4eloBeK, To ecTh Ha NI,
JIro60e MoAMHOKECTBO U3 N AJIIEMEHTOB MHOKECTBA, COCTOSIILIEr0 U3 M
3JIEMEHTOB, Ha3bIBaeTCI couemanuem u3 M no N, U YUCIO COYETAHWH

obo3navaercs C_". B COOTBETCTBUM C pPacCyXICHUSIMH HpPH PELICHUH

_AY

3agaun, C " = W C," =
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IHociie10BaTeILHOCTH

Omnpenenenue: DyHKIMSA OJHOTO TIEPEMEHHOrO, 3aJlaHHas Ha
MHOkecTBe N, Ha3bIBaeTCs HocliedosamenbHOCmblo. 3HaueHue (QYHKIUU
npu N=1, Ha3pIBACTCS MEPBBIM WICHOM IIOCJIE0BATEIBHOCTH ( X, ), 3HAYCHUE
Ipu N=2 — BTOPHIM WICHOM MOCIEA0BATEIbHOCTH ( X,), .. ..

[TocnenoBaTebHOCTH OBIBAIOT YUCIOBBIMHU, €CJIM BCE €€ DJIEMEHTHhI —
yucia U QyHKIMOHAJIBHBIMU, KOT/Ia €€ 3JIEMEHThI — PYyHKIINH.

IIpumepsi:
111 1 1
1.1,=,2,=,=,....,=,.. — YNCIOBAs NIOCIEA0BATENLHOCTb.
4 9 16 25 n
2. X, X2, X3, X" npu X e[1,5] —  (yHKUMOHANBHAS
MOCJIE0BATEILHOCTb.

IIpeaes 4YUCI0BOH MOCJIEI0BATEIbHOCTH

Onpeneaenue: Yucno a  Ha3bIBaCTCs  Hpeodenom  Hucio6ou
nocnedosamensnocmu X, (a=Ilimx.), ecmu wig Ve >0 IN=N(g)eN

n—o0

Takoe, 4ro mnpu VN>N(g) copaBemmBO HEpaBeHCTBO: |X —ale.

[TIpon3BONBHOCTS TIOJOKHUTEIBHOTO YHCIA & OOCCIEeYMBACT BO3MOKHOCTH
IUI 4JIEHOB IIOCJIEOBATENBHOCTH X, € OONBIIMMHU HOMEpaMH N HOJOWTH

CKOJIb YTOAHO OJIM3KO K Ipeneny a.

[TocnenoBarenbHOCTh, HUMEKONIAS KOHEYHBI npedesl, HA3bIBACTCS
cxooauenca nocne006amenbHOCmyio. B MIPOTUBHOM ciydae
MOCJIEA0BATENbHOCTh HA3bIBAIOT PACXOASIIEHCS.

IMpumepsr:

.1
1. Moxkazats lim= =0.

n—w [

1 1 y
Benmunna lF -0 7 MOXeT OBITh ceTaHa CKOJIb YTOJHO MaJoW NpH

.1
J0CTATOYHO 6OHBH_H/IX 3HAUYCHHUIX IN. CHeI[OBaTeHBHO, Ilm 5 = O .
n—w N

2. Jlokasatb lim- =1,

noo N+1
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n
n

1
——1 — —— MOXCT 6BITB cacliIaHa CKOJIb YI'OIHO MEIJ'IOfI
+1 | n+1 a YroA

Bennunna |

. n
MIPU JJOCTATOYHO OOIbIINX 3HaueHusix N. CieaoBaTeabHO, IImm =1.
N—o0

3. TlocienoBarenprocts 1,8,27,.....n° ... BO3pacTaer ¢ pocTtoMm N,

CTPCMSICh K oeckoneunoctu. Koneunoro npeacia sTa MmocjacaoBaTCIbHOCTb
HE UMCCT. FOBOpHT, 4TO TaKasd MoCJICAO0BATCIIbBHOCTL PACXOANUTCA.

1
4. TTocnenoBarensHocts 1, -1,1, —1,...,(—1)n+ ,... HE UMEET Mpejena, u

3HA4YUT, paCXOJHUTCA.

2 3

cxXoAdieiics, ee mpenen HaspiBaercs yuciom Henepa m o0o3HauaeTcs
OykBoii €, mpuiem € = 2,7182818...

2 3 n
5. IlocnenoBaTeabHOCTH 2,(§) ,(ﬂ) ,...,(1+%) ... SIBIISIETCS

Takum obpazom, lim (14— %) =e.

n—o0

Omnpeneaenue: IlocaenoBarenbHOCTH X neN, Ha3biBaeTcH

n?

OeckoHeuHo Manoil, ecliyu ee TpelneNl paBeH Hymo, T.e i Ve >0
AN =N(e) e N Takoe, uro mpu VnNn>N(g) crnpaBeuIMBO HEPaBEHCTRBO:

| X, < ¢&.

Omnpeneaenue: Pacxondmasca MOCIE€IOBAaTEIbHOCTh X neN,

n’?

Ha3bIBaeTcsi Oeckoneuno Oonvwoun, ecm i VM >0 IN=NM)eN
Takoe, uyto mnpu VN>N(M) cmopaBemmBo HepaBeHCTBO: |X. [> M.

[Tpon3BOIBLHOCTH yucia M IO3BOJISIET 3HAYECHUSIM YJICHOB
MIOCJICIOBATEILHOCTH C  OOJIBIIMMH HOMEpPaMH OBITh CKOJIb  YTOJTHO
OOJIBIIIUMH 110 a0COJOTHOM BEJIUYHHE.

[TocnenoBatensHOCTh X, N € N, sBisieTcs OECKOHEYHO Majloi TorAa U

1
TOJIBKO TOrJaa, Korga IOCJIICA0BAaTCIbHOCTD yn :X_ SIBIISICTCI OCCKOHEYHO
n

OOJIBIIIOHN.
Onpenesienue: Iloonocneoosamenvnocmuiro JTAHHOU
OC/EI0BATENBHOCTH X, , N € N, HasbIBaeTCs MOCIENOBATENBHOCTD X, , [/IE
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N,k € N, — Bo3pacratomas ¢ pocToM K mocien0BaTeIbHOCTh HaTypalbHBIX

YHUCCII.

Ymeepoicoenue. Ecin cymectsyer limx, =a, o limx, =a mus moboit

|
n—o0 k—o0

nozmoceaoBarenbHocTu X, K € N.

[locnennee CBOWCTBO W CBOMCTBO OECKOHEUHO MAJIbIX M OECKOHEUHO
OONIBIIMX  BEJIWYMH  MCIOJB3YIOTCS  IIPU  BBIUKUCICHUH  TPENICIIOB
MIOCJIEIOBATEILHOCTEMN.

IIpumepsr:
T 1\n
1. Halitn IIm(1—|—3—n) :

n—o0
Bocnonb3yeMcsi  CBOMCTBOM  MOANOCIIENOBATENBHOCTA  CXOISIIEUCS
ocCJCA0BATCIbHOCTH:

1
3

1
- 1 n__; 1 3n é_
im+30) —!E!l[(l*—sn) } =e

3
2. Haiitu Iimw
noo 3n° 412

Brmocs HaI/I6OJ'H>IHYIO CTCIICHb H3 4YHCIUTCIA KW 3HaAMCHATCIIA,
COKpaIas u MojJb3ysACh TEM, YTO OTpHUIATEIbHAsI CTETIEHh N — OECKOHEYHO
Majiasl BCJIMYHMHa ITPpHU CTPEMIICHUHU N K 6eCKOHeqHOCTI/I, MMOJy4YuM

lim 5n°+3n-1 _ lim n°G+3n°-n") _ - (G+3n?-n") _5

oo 30412 e n@3412n7°) e (3+12n7°%) 3

Ilpenen pynkuuu. CBoiicTBa npeaesion

[locnenoBarenbHOCTh — YAcCTHBIM ciaydaid (YHKUMH JE€HCTBUTEIBHOIO
NEPEMEHHOTO, TaK Kak »d3TO0 (QYHKIHUS HATypaJbHOTO apryMeHTa.
EnuHCTBEHHAass BO3MOXXHOCTH [T  HATypallbHBIX dYHCET K YEeMY-TO
CTPEMHUTBCS — 3TO YXOJIUTh B OCCKOHEYHOCTh. B ciydae, korma (QyHKIUS
f(X) samama Ha uHTepBame BEIIECTBEHHOI OCH, €€ apryMEHT MOXET
HEOTPAHUYEHHO TPHUOIMKATHECA K JIIOOOW OMpENeNeHHONW TOYKE HSTOTO
WHTEpBaja, MPUYEM KakK CJIeBa OT 3TOW TOYKH WJIM CIpaBa OT ITOM TOYKH,
TaK U TEPEXOJid C OJHOW CTOPOHBI OT TOYKH Ha JIPYTyI0 CTOPOHY OT Hee.
Kpome Toro, gaxke eciiu apryMeHT GyHKIIMH IEHUCTBUTEIHLHOTO IEPEMEHHOTO
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YXOIHUT B +00, IPH 3TOM JIBHKCHHH OH MOXKET IIPUHUMATh JIO0BIE 3HA4YCHUA,
a HC TOJIbKO HAaTypaJIbHLIC.

Onpepnenenne 1: Yncno b Hassisaercs npedenom pynxyuu f (X) npu

X—>a, ecnu A JI000H IMOCIENOBATEIbHOCTH 3HAYEHUI aprymeHra X, ,
CTpemsIlIehcs K a, COOTBETCTByMOIAasgs e€il  (yHKIHOHAJIbHASA
nocnenosarensHocTh f (X, ) cxonures k b.

[IpuBeneHHOE ompeneneHue npeaena (yHKIUU B TOYKE, CBSI3aHHOE C
pPacCMOTPEHUEM YHUCIIOBBIX IOCIEAOBATEIBHOCTEH, HEYJOOHO TEM, YTO
pealbHO HEBO3MOXXHO H3YYHUTh BCE YHUCJIOBBIE IOCIEAOBATEIBHOCTH,
cxopsamuecs K uyuciy a. IloaToMy ans ucciaenoBaHus CyLIECTBOBAHMS
npezesia noJib3ylTCs BTOPBIM ONPEEICHUEM, pABHOCUIIBHBIM IIEPBOMY.

Onpenenenne 2: Yucno b HaswiBaercs npedenom ynkuyuu f (X) npu
Xx—a,ecmn Ve>0368(e)>0:Vx,|x-al 5(5),(“ (x)—b‘<5).

CrnoBecHast (hopMyJIHpOBKa MpPHBEICHHOW (pa3bl TakoBa: 4ucio b
Ha3bIBACTCS TpenesioM (QyHKIUU f(x) npu X—a, ecid s Jr00ro

MOJIOKUTENBHOTO € CYIIECTBYET TAaKOE MOJNOXKUTENbHOE O (), 4TO s
ar000ro X, IS KOTOPOIO BBIIMOJIHAETCS HEPaBEHCTBO |X—a|<5(8),

BBINOJIHAETCS HEPABEHCTBO ‘ f(x)- b‘ <g.

Hpumep:
[Toxaxxem, 4TO Iing COSX =1 B COOTBETCTBUHU CO BTOPBIM OIPEACIICHHEM
X—>
npenaena.
. 2 X
PaccmotpuMm |CcOSX—1|= 23|n2§. CpaBHUM IUIONIAM CEKTOpa pajauyca

1 pacTBOpa X M BIHCAHHOTO B HETO PABHOOEIPEHHOTO TPEYTOJIbHUKA C TOU
K€ BEPIINHOMW, MPEICTABICHHBIX HA PUCYHKE.

In X
[Tnomans TPCYrojJbHHUKa paBHAa ST, miomaiab CCEKTOpa paBHaA %

TPGYPOJIBHI/IK BIIMCAH B CCKTOP, 3HAYUT IJIOIIaAb TPCYTrOJbHHMKAa MCHLIIC
wiomana  cexkropa. CienoBaTelbHO,
sinx< X mia mooboro X>0. Orcrona

A IIpyu II0JOXKHUTCIIBHBIX 3HAYCHHUAX X
UMeeM HEpaBEHCTBO:
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XZ
|cosx -1k =-.
2
[Ipyn oTpuuaTenbHBIX 3HAYEHHUSAX X, OYEBUIHO, CIPABEIAJIMBO TO XKE

HEPABEHCTBO B CHJIy YETHOCTH COSX u X°. ITycTh Temeph X CTpeMHTCS K
HYJIIO, TO €CTh MOXET NPUHHMAaTh CKOJIb YTOJHO Mallble MO a0CONIOTHOM

BenuunHe 3HadeHus. Jas moboro ¢ >0 maiimem oO(g) =+/2¢ . OueBuaHoO,
4ro eciu | X< o(€), To |cosx -1k . CnenoBarensho, limcosx =1.

x—0
Onpenenenne 2a; Uucio D naswisaercs npedenom ¢ynxyuu f(x)
TIPU X —> 00, €CIIH
Ve >03M(e) > 0:Vx| x> M,(|f (x)-b|<&).
Onpegenenne: Uuciao  Ha3hIBACTCA JIE6BIM RpPeOeiomM (HyHKyuu
f (Xx) npu X — @ (pezenoM cieBa), eciu
Ve>036(e)>0:Vx, 0<a—x<d5(e), (\f (x)-b|<e&).

OGosnauenne lim f(x)=b.

x—a-0
Onpenenenne. Yucno b HaswBacTcs npaevim npedenom (ynkuyuu
f (x) opu X — a (mpexenom crpasa), eciu

Ve>035(e)>0:vx, 0<x-a<d(e), (|f(x)-b|<s).

O6o3nauenne lim f (x) =b.
x—a—0
Dynkyus umeem npeoen 6 mouke, eciu Jeeolil U NPAGbLil NPedesibl 6

IMOU MouUKe COBNAOarom.

Ipumep: y:Z%H) Beruncuts |lim Z%H).

X—1-0

ITockonbky x<1, IIOKa3areib CTEIIEHU OTPULIATEIbHBIN,
CJIeIOBATEIILHO,
: 1) 1
lim Z%X )= lim ——=0.
x—1-0 X=>1-0 ——
9 (x1)

Teneps mokasaresib CTENCHH MOJIOKUTENbHBIN 1 ipu X —> 1 cTpeMuTcs
K +00, SICHO, YTO JIEBBIH mpeaen ucxoaHoi GyHkiuu npu X — 1 paBen nyiio.
B T0 ke Bpems npaBbii peaen
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TaK KaK IIOKa3aTeJib CTCIICHU IOJIOKHUTCICH U CTPEMUTCA K +00.

OueBugHo, lim Z%H) HE CyIIEeCTBYET, TaK KakK IMpH IMOAXOAe K
x—1

IpPEIEIIbHOMY 3HAYEHHUIO apryMEHTa CJIEBA M CIIpaBa II0JIy4yaeM pa3HbIE
3HAYEHHUSI, OJTHO U3 KOTOPHIX — OECKOHEYHOCTD.

beckoHeuHo MaJibie U 0€CKOHEYHO 00/b1IMEe PYHKIMH

Onpenenenne: DyHkuus a(x) Ha3bIBACTCSl OECKOHEeUHO Manoil

gynxyueii (6eCKOHETHO MaJION) TIPH X —> X,, ecimu lim a(x) =0.

X—>Xp
Omnpenenenue: PyHKIUA A(X) HAa3bIBACTCSI OECKOHEYHO 001buiol

gynxyueii (6eCKOHETHO OONBIIOH) PU X —> X, , ecrmm lim A(X) = 0.

X—=>Xp

[Ipu BBeneHHbIX O0O3HAYEHUAX (DYHKIUS ﬁ opu - X — X,

1
OeCKOHEUHO MaJiasd, a W - 0ecKOHEUHO OoJIbIIas.
o

Onpenenenne: Oynkumu o (X) 1 S(X) HasbBAIOTCH HecKOHeUHO
Manvimu 00H020 NOPAOKA MAIOCHU TIPU X —> Xg» €CIIH:

Iimsz,anqu 04K koo

X—Xg ﬂ(X)
Onpenenenne: Oyukumn o (X) u B(X) Ha3BIBAIOTCS IKGUBALIEHMHBIMU

0ecKOHeuUHO Manbimu npu X — X,, €CJIN.

a(X)
!Lnxl ,B(x)_l'

Omnpenenenne: OyHKUH ¢r(X) HAa3bIBACTCS OecKOHeuno manoi bonee

6bICOKO020 nopﬂOKa maaocmu, YEM ﬂ(X) , IpA X — X, , €CJIN.

a)

lim

X—>Xg ﬂ(x)

N3BecTHBI clieytolye ¢BOMCTBA OECKOHEYHO MAJIbIX
1) CymMMa KOHEUHOT0 YHCJia OECKOHEYHO MaJIbIX — OECKOHEYHO MaJiasl.
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2) IlpousBenaeHue OECKOHEYHO MaJlOM M KOHEYHOM BEJIMYMHBI —
BEJIMYMHA OECKOHEYHO MaJjasi.
3) [IpousBeneHre OECKOHEUHO MAJIbIX — OECKOHEYHO MaJasl.

CaoiicTBa npenesoB pyHKIn

1) [Ipenen mocTosHHOM paBeH CaMOM MMOCTOSHHOM.
(OTO CBOMCTBO cieayeT U3 ONpeCIICHUS MPe/Ieia)
2) [TocTOSIHHYI0 MOKHO BBIHOCUTD 32 3HAK Tpe/ena.
lim Kf (X): Kb=K lim f (X)
X—Xg X—Xq
3) [Tpenen cymMMbl IBYX (YHKIMH paBeH CyMMe TPEIEIOB ATHUX

(GyHKIIMIA, €CTTH OHH CYIIECTBYIOT.

lim (f (x)+g(x))=lim f(x)+lim g(x) .

X—Xg X—Xg X—Xg

4) [Ipenen mpousBeneHus 1ByX (GyHKIUNU paBEH MPOU3BEICHUIO MX
IIPEEIIOB, €CIM OHU CYIIECTBYIOT.

lim (f(x)-g(x))=lim f(x)-lim g(x).

X—>Xg X—>Xo X—Xg
5) [lpenen otHomenuss nByx ¢yukuud f(X) u g(X) pasen
OTHOIICHHIO TPEJIENIOB KaKA0H (QYHKIMH, eclid 00a Tpeiena CyIecTBYIOT U

lLrpO g(x)=0.
i f)fim F(x)
X=X g(X) ~ lim (X)

X—Xg

6) Ecmu f(x)<g(x), o lim f(x)<lim g(x).

X—>¥%g X—>Xg
7)  Eemn h(x)<f(x)<g(x) u limh(x)=limg(x)=b, o
X—¥%g X—¥%g

lim f (X) =b. (Teopema o 1ByX nonuueickux).

X—=>Xg

IMepBbIil 3aMeyaTeIbHBIH Mpe/IeI

Iepevim 3ameuamenvHpim npedenom Ha3bIBAIOT IPEIE:
lim sinx _ 1
X

x—0
JIokaxxeM ero CrpaBeyInBOCTD:
[Tpexxae Bcero, 3aMETHM, YTO BCJICJACTBHE HEUETHOCTH (YHKITHH SIiN X
OTHOILIEHUE
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¥>O mpu |x| — 0.

JlocTaToyHO MPEaIoNoKUTh, 4TO X mpuommkaercs k 0, ocTaBasich
MOJIOKUTEIbHBIM. B MpOTHMBHOM cilyyae Mbl CMEHHMM 3HaK X, 4YTO HE
NMOBIMSET Ha pe3ynbrar. llpuBegem reomeTpuyeckoe A0Ka3aTelbCTBO.
Paccmotpum cekTop kpyra paaumyca 1 ¢ yrioMm npu BEpUIMHE, pAaBHBIM X.
BM — nyra rpaHu4yHOI OKpy)HOCTH cekTopa, A — ero BepmrHa, AB = AM =
1. BD — orpesok kacarenbHoi k gyre BM B Touke B. BC — nepnenaukyisp,
ONyIIEHHBIN U3 Touku B Ha oTpe3oxk AM.

A - H D

OueBnaHO, YTO cpaBHUBas Iomaau TpeyroiapHuka ABM, cekrtopa
ABM u tpeyronbHuka ABD, mnoayd4uM COOTBETCTBYIOIIME COOTHOILIECHHS
MEXy TUIOIIAISIMU ATUX (HUryp:

SAABM < SceKmABM < SAABD '
[Tockonbpky

1. 1 1
SAABM - §Sm X, SceKmABM = 2 X, SAABD - itg X,

TO CIIPAaBCJIMBO HCPABCHCTBO
sinx< X<tgx.

Ecin Mbl noACcJInM BCC YaCTHU 3TOro HEPABCHCTBA Ha SinX, TO B CHIY
IPCAIIOJIOXKCHUA O 3HAKC X 3HaKu HCPaBCHCTBA HC U3MCHATCA. HO3TOMy:

1<X<1

sinX COSX
Tenepp ycTpeMuM X K HYJIIO M IPUMEHUM TEOPEMY O JIBYX MOJIMIEHCKUX,
OTKYyJa:

im->_ =1,
x=>0SIn X
Ocranoch NPUMEHHTH CBOMCTBO 5) MpeeioB IS IOJydeHHUs Ipenaea
y . sinX
obparnoii Benuunuer: lim—— =1,
x=0 X
Ynpaoscnenus.
. tgx
1. Jokaxwure, uro lim X _q,

x—0

80



arctgx _

2. JlokaxwuTte, uro lim 1.

x—0
Bropoii 3aMeuaTe/IbHBIN NpeaesI U ero CJaeACTBUS

CnpaBennuBbl  cienyromue  (GOpMyIbl,  Ha3bIBa€MbIE  BTOPBIM
3aMevaTeNbHbIM IIPENETIOM:

Iim(1+lj =e, Iim(1+a)5=e, e~271...
X

X—>00 a—0

PaBHOCHIIBHOCTB 3TUX (GOPMYJI CIIETyET U3 CBSI3U MEPEMEHHBIX: O = X

Mpsb1 nonyuyanu yuciao Henepa € u3 nojgo6Ho# dopmyiibl, Te Obula
MIOCJIeIOBATEILHOCTh, @ HE (PYHKIWA. 3aMeTHM, YTO 3/1eChb B IEPBOH W3
PUBEACHHBIX (HOPMYJT epeMeHHass X MOXKET CTPEMHUThCS KakK K +00, TaKk U
K —00, a TaK)K€ MOXKET MPOCTO PACTH MO aOCOIIOTHOMN BEJIMYUHE, MEHSS 3HAK
IPOU3BOJIBHO.

CaencrBus 2-ro 3amMe4yaTe/IbHOTO Mpe/esia

1. Eciiu Mb1 popMansHO mposiorapuMupyeM BTOPYIO U3 MPUBEIECHHBIX
dbopmy, TOTydHM:

lim N+ _q
t—0 t

2. [pyrum crnenctBueM  SBISETCS  TpeAeN, IMOJIydyaeMbld U3

npeasiayniero 3ameHon Z = In(L+t):

e’ -1

lim =1.

z—0
3. JlpyruMm CIEICTBMEM SBISETCS Ipenel, II0Ayd4aeMblii U3
npeapiaymero 3amenoi (1+ X)* =e?:
. (1+x)7 -1
im&EX =1,
x—0

Jok-Bo: Cnemaem 3ameny (1+X)* =e€’. Ilpu Takoii 3amene X—>0

TOrja U ToJbKO Toraa, korga Z —> 0. Iomyunm:

a z z
||mw:||me/—1:||me 1.|im2//—a.a:a_
x—0 X 150 @Y% —1 >0 Z -0 %% 1

.T./.

Ynpaosicnenusa. B cneayromux npumMepax CBECTH BBIUYHUCICHUE MPEIEIIOB
K T[EpBOMY 3aMEUaTelIbHOMY TMpEeJely WIM CIEACTBUSIM U3 BTOPOIO
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3aMCHaTCIIbHOIO IIpeaciia, YMHOXKas1 W ACIA Ha COOTBCTCTBYROIIHC
BBIPAKCHUA.

2
1. Haiitu Iimln(lz;x).
x—0 ezx _1

.4/ %) -1
2. Hatitu lim (L+x7) .

x>0 §in? X

HenpepbiBHOCTH GyHKIUMT

Omnpenenenue 1: @ynxkyus f(X) HenpepvlieHa 6 mouke A, €CIu

Tpeziell 5ToH (PYHKIMU NpY X —> 8 paBeH 3HAUYEHUIO GYHKIHMHU B IpeeIbHON
Touke, To ecth lim f (x)=f(a).

X—a
[Ipumensst BTopoe omnpeeneHue npeaena GyHKIMN B TOUKE, MOTyYUM
Onpenenenne 2. @yukyusa f (X) HenpepvliéHa 6 MmoyKe a, €CIH

Vg>OEI5(g)>O:VX,|x—a|<5(g),(‘f (x)- f(a)‘<g).

Onpenenenne 3: Oyuxyus Y = f (X) HenpepbléHa 6 mouke A, eciu

AlirTE) Ay =0, tme AX-—mpupameHnue aprymeHTa ¢QyHKnuu (X=a+AX), a

Ay=f(a+Ax)-f(a) — mnpupamenne QYHKIHH, COOTBETCTBYIOIICE
OPUPALIEHUIO €€ apryMeHTa AX .

JokazarenbcTBO: V3 mepBOro onpeienaeHus HenpepbIBHOM QPyHKINN

lim Ay = lim (f (a+Ax)— f (a))=lim f (a+Ax)—lim f (a)=

AX—0 Ax—0 AXx—0 AX—0

=f(a)-f(a)=0.

31ech NEepBhI U3 IPE/EIOB BEYUCIAETCS ¢ HOMOLIBIO onpeeieHus 1,
BTOPO# — KaK Ipeje]l MOCTOSHHOM, mocKkonbKy f(a) He 3aBHCHT OT AX.

q.T.1.

Onpenenenne 4: Oynxyus | (X) HenpepvleHa 6 mouke A, €Clu:
lim f(x)=lim f(x)="f(a)

x—a—-0 x—a+0

Onpenenenne 5. @yuxyus f(X) nenpepviena 6 nexomopoii

06Jmcmu, CCJIM OHA HCIIPCPBIBHA BO BCCX TOYKAX 9TOM 00JIACTH.

Bce cmenenHnbie, nokKasameJibHble, JlozapudmulteCKue,
mpuzonomempuieckue u 06pamnble mpuzonomempuiecKkue d)yma(uu
HenpepovleHbL 6 ooracmsax cyuiecmeosaru.
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CaoiicTBa HenpepbIBHbIX PYHKUIMI

U3 cBoiicTB mipenena GyHKIUU B TOYKE CIEIYIOT CIEIYIOIIUE CBOMCTBA:

1) CymMa HenpephIBHBIX (YHKIIMN €CTh HEMTPEephIBHAS (DYHKITHUS.

2) llpouwsBeneHne  HEMPEPHIBHBIX  (QYHKIMA  €CTh  (YHKIIHS
HEeIpepbIBHAS.

3) YactHoe HeNpephIBHBIX (YHKIMA — (QYHKIUS HEMPEephIBHAS, €CIIH
3HaMEHAaTeJ b B MPEICIbHON TOUKE HE paBEH HYJIIO.

4) CBOHCTBO HEMPEPBHIBHOCTH CYMEPIIO3UIINU (HYyHKITHI:

[Mycte ¢ynkums Yy = f(X) HempepbiBHA B TOUke A, MyCTh (DYHKIUSA
z=g(y) nenpepniBHa B Touke b= f(a). Torma pynkmus z=h(x) = g(f(x))
HEIIpEephIBHA B TOYKE A .

JlokazaTenbCTBO:
Ouesunno, uro Az =h(a+Ax)—h(a) =g(f(@a+Ax))—g(f (@) =
=g(f@+ f(a+Ax) - 1(a)-9g(f(a))=g(b+Ay)-g(0).
Tak kak cormacHo ompezeneHuto 3 HempepsiBHOCTH Ay —0 mpu
AX—>0 u Az - 0 pu Ay — 0, momyunm: Az — 0 mpu AX — 0.U.T.A.

Hpumep:

OyHKIUA Z = sin(xz) HEMPEPBIBHA BO BCEX TOUKAX YMCIOBOM OCH, TaK

kak QyHKUUs Y =X HempepbiBHA HAa R, a GpyHkuus Z =SiNYy HempepbiBHA

Ha MHOX>XECTBE HEOTPULATEIIbHBIX YUCEIL.
Touku pa3pbiBa pyHKIUH

Omnpenenenue: Toukout pazpviea (yHKyuu HA3BIBACTCS BHYTPEHHSA
TOYKa 00JIacTh 3amaHusl (PYHKIMU, B KOTOPOH HApYIIAETCS HEMPEPHIBHOCTH
byHKINN.

Ecnu B Touke paspeiBa QyHKIIUSI, K TOMY e, HE CYIIECTBYET, €€ 4acTo
HAa3bIBAIOT 0CO00I MOYKOU.

X o o
Hampumep, ¢yHkuMs Y =—— CyIlIeCTByeT Ha BCEil 4YMCIOBOH OCH,

X+1
KpoMe TOukH X =—1. JTa Touyka — 0cobas, ¥ B Heil (PyHKIUS TEPIUT Pa3phIB.
Onpenenenne. Toukoii paspviea nepeozo pooa HA3LIBAETCA TOUKA
paspeiBa  Qynkumu Y= f(x), B xoropoii lim f(x) u lim f(x)

x—a-0 x—a+0
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NPUHUMAIOT KOHEYHbIC, HO HE PaBHbIC 3HAYEHUS, TO €CTh (DYHKIUS TEPIUT
KOHEYHBIN Pa3phIB.

Onpenesienue: Pa3HOCTB MEK LY STHMH 3HAYCHUAMU
h=lim f(x)- lim f(x) HasbiBatOT ckaukom yHKyuu B TOUKE paspbiBa
x—a+0 x—a-0

TIEPBOTO POJIA.

-1, x<O0
1, x>0

OueBuaHO, Ii[)n0 y=-1, lim y=1. ®yHkuus uMeeT pa3pbiB MEPBOTO
X—0—

Xx—0+0

Ipumep: OyHkumsa SgN X =

poaa B Touke X =0, ckauok h=2.

Onpenenenune: Toukout paspviea 6mopozo pooa HA3BIBACTCS TOYKa
paspbiBa QyHkimu Y = f(X), B KOTOpoil pa3pbiB OCCKOHEYHBIM, €CIIN JICBBIH,

npaBblii UK 00a TIpeziesa B TOUKe O€CKOHEYHHBI.

IMpumep:
OyHKIMS y:(X—Z)_1 UMeeT pa3pblB BTOPOTO pojga B TOYKe X =2

y > -0, Yy —> 400,

x—2-0 X—2+0

Omnpenesienue: Pa3zpeis HA3bIBACTCA  YCHIPAHUMBIM, eciiu
lim f(x)= lim f(X) uoTH npexens KOHEUHBL, HO QYHKIHS B TOUKE & HE

x—a-0 x—a+0

3ajJaHa.

Ipumep:

sin X
OyHKIUS sz HE MOXKeT ObITh 3amaHa npu X =0 (menenwe Ha

HOJIb), OJTHAKO W JICBBIM W TpaBbI €€ Mpeeibl paBHbI 1, 4TO ClEayeT U3
HepBOFO 3aMcHaTCIIBHOT'O npezleﬂa.
YcTpaHuTh ATOT HETIOCTATOK MOKHO BBEACHUEM APYrol PyHKIHUU
sin X
== x=0
f(x)=1 X .
1, x=0
Ota QyHKIMS COBMAJAET C 3aJIaHHOM BO BCEX TOukax, kpome 0, HO OHA
CYLIECTBYET U HENPEPhIBHA HA BCEH YMCIIOBOW OCH, YTO CIEAYyET U3 CBOMCTB

HENpEePbIBHON (PYHKIUU.
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Heonpeneaennocru

YTouHuM TpoOJEMBbl, C KOTOPHIMH MbI MOXKEM CTOJKHYTHCS MPHU
BBIYUCIICHUH TipeenoB. B Toukax, rae dyHKIus f(X) OIpElICJIEHA U

HETpephIBHA, COOTBETCTBYIOIIMI IMPEAEST MOXHO IOJYYHTh, BHIUYHCIUB €€
3HaueHue. OcoObl MOAXO0JA K BBIYHMCICHHUIO Mpejena HeoOXOoauM, Korja
npoctasi ~ IMOACTaHOBKA  MPEACNBHOTO  3HAUEHUsS  NPHUBOJUT K
HeoTmpeaeIeHHOCTH, BH/IA:

0 o oo
0’ o X% 17,

Hama 3jajgadya — n30aBUTHCSA OT HCOIIPCACICHHOCTH, CBCIAA 3a/[dHHOC
BBIPOKECHHE K TAKOMY, TJIe MO’KHO IMMPUMEHHUTH CBOHMCTBA OECKOHEYHO MaJIbIX

BEJIMYMH, 3aMeUaTeIbHbIC MPEJIEIbl WU UX CICICTBUS.
IIpaBuia BoIYUCIEHNS TIPeiesa

Yro6sr Beraucuts lim f (X), Heobxoxumo crexyrolee.

X—a
1. [TorrpoGoBaTh MOACTaBUTH B (DYHKIIUIO, CTOSIIYIO IOJ] 3HAKOM
npeaena, X=a. Ecau GyHKIMS B 3TON TOYKE HEMPEPhIBHA, B COOTBETCTBUU

popmysoit lim f (x)= f (a) npenex pasen uncay f(a).

2. Ecnu Touka @ He BXOJIUT B 00acTh ompeaesieHus: (yHKIUU, TO
KOHEUHBINA MpeJies MOXKET HE CYIIECTBOBATh, U €CJIU a0COJIIOTHAS BEJIUYMHA
(GYHKIIUM HEOTPAHWYEHHO YBEIMYUBACTCS MPU CTPEMIICHUU TMEPEMEHHOUN K
a , TO IPEIEIIOM SIBIIAETCSI OECKOHEUYHOCTb.

3. Ecnu B pe3yabTare MMOJICTAHOBKH OJIyYaeTcs
HEOIPEIEIIEHHOCTD, TO €CTh BRIPAKEHUE BHIA
0 o

615100_0010'0011001
CﬂeﬂyeT paCKpBITB 3Ty HeOHpeI[eJ]eHHOCTI), ClcJiaB COKpaHleHI/ISI, NJIIN
HpHBeCTI/I HOquaeMoe BI)Ipa)KeHI/Ie K 3aMeaneHBHOMy HpeI[eJIy nin €ro

CIIEICTBHIO.

IMpumepsr:
X EX=2 0l _ (X—l)(X—i—Z)_. ( +2)_§
1. lem x2+2x—3_{0}_lxl—r>r1] (X—l)(X—i—S)_IXIEH (X+3)_4
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: 4> (0] .. 4x® | X X )
2 UEJl—cost_{ﬁ}_lx'm zsinzx_lxlﬂg(z'sinx'sinx)_z

o0
HGOHpG,HCJ'IGHHOCTI) 5 ITIOKa3bIBaA€T, YTO B YHUCIINTCIIC WU 3HAMCHATCJIC

NPUCYTCTBYIOT OeckoHeuHO Ooibmmue (QyHKIuu. UYToOB H30aBUTHCS OT
HEOIPEACIIEHHOCTH CJICyeT BBIHECTH CaMyl0 OOJBIINYI0 BEIHYMHY B
YHUCIIUTENEC U 3HAMEHATEJIE 32 CKOOKH, IMTPOU3BECTH COKpAIIEHUE, ITOCIIEC YT
eIIe pa3 MPUMEHHUTh MYHKT | MpaBwIL.

IIpumepsi:

o0

1. lim=—— =
x>0 X' —=X"4+2

(1+§+12—13j
= lim X X /-1

N (1_1+23j
X X

2
Cokpamienue Ha X° 3aKOHHO, MOCKOJIBKY X # 00, a TOJIBKO CTPEMUTCS K
00, TO €CTh MPUHUMAET CKOJIb YTOJHO OOJbIINe M0 abCONMIOTHOW BETUUHHE,

(1,3, 1 1
X2 +3x°+x-1 {oo}_“mx(lJrXer2 x3j:

HO KOHCYHBIC, 3HAUYCHMUA.

2(n_ 1,1 1.1
2X2—X+l_{oo}:|imx(2 X+X2):Iim(2 x+x2):

2. lim—Z————=-=
x—o X*— X"+ 2

o0
Heonpenenennoctu oo —oo, 0-00 mpuUBOASTCS BHAYaAjIC K BHIY 0 umm —, a

3aTCM PACKPBIBAIOTCA OAHHMM M3 IICPCUNCIICHHBIX BBIIIC CIT0CO00B.

IIpumepnr:

(1 6 ) o X+3-6 (0]
L le—r>r3](x—3_x2—9)_{oo_oo}_lxlm X?—9 _{0}_
o (x-3) . 1 1
I x=3)(x+3) "% (x+3) 6



_ X _ )01 LSRNt _
2. lim x ctgx ={0- o0} = “m__{o}_“m(sinxj limcosx =1

X—0 X—3 tg X—3 X—3

Heonpenenennocts Buma 1° packpbiBaeTcsl MPUBEACHUEM KO BTOPOMY
3aMe4YaTeIbHOMY IIpEaey.

IIpumepsi:

1 X—>o0 SInX
= Iim[l —Zj —elze
X—>0 X

2. Iim(cosx)x _I|m[1+(cosx 1)]

x—0

.o X
-2sin?Z

1 M 1
{Ilm[1+(cosx 1)]cosx—1} =e?

x—0
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IMpousBoanas. And¢epenuunan pyHkuuu

[TycTh 3amaHHass KpUBas SBISCTCS TPAPUKOM HEMPEPBIBHOW (YHKIIMU
y=f(X), Xe[a,b], nu Tpebyercs mpoBecTn kacaTenpbHYIO K 3TOH KPHBOIl B
Touke Ce(a,b). 3ameTnm, YTO KacamenvHas — 3TO NMPsSIMasi, OTYUAFOIIASICS
B TIpejiesic U3 Xop, npoxoasamux depes Touku (C, f(C)) u (C+Ax, f(C+ AX)),
korma AX —0. VYpaBHeHue XOpapl — MPsSMON, MPOXOAAIIEH uepe3 IBe
3aJlaHHBIC Pa3IIMYHBIC TOUYKH, — UMEET BUI:

X—C _ y—f(c) f(C+Ax)—

(c+Ax)—c f(c+Ax)—f(c) AX

Hlenas mpenenpHBIt mepexon npu AX — 0, moayduMm npeaeabHOe

3HAUEHHE YTI0BOTO KodhdUIMEeHTa XOpJ — YIJI0BOM KOd(ppuIimeHt
KacaTeJIbHOM:

© (x—c).

wm Y= f(C)+

i FC+A)—f(Q)

k - Ax—0 AX

Ha pucynke kacareibHas HpeicTaBlieHa MyHKTHpoMm. Mrtak, K =tga,

rie «Q— yroja, oOpa30BaHHBIM KacaTeIbHOM C  TOJIOKUTEIbHBIM
HampaBieHueM ocu OX .

a C cthy b

OueBHAHO, YTO CYIIECTBYIOT HENPEPHIBHBIE KPUBBIE, B HEKOTOPBIX
TOYKaX KOTOPBIX IPOBECTHU KACATEIbHYIO HEBO3MOXKHO.

N

Bo3Hukaer Bompoc: Kakoe YCIOBHE HYKHO HaJOXHUTh Ha (DYHKIHUIO

f(X) B okpecTHOCTH TOYKH C, YTOOBI B COOTBETCTBYIOIICH TOYKE MOXKHO

OBLIIO MPOBECTU KacaTeNIbHYIO K Ipa@uKy 3TOU QPyHKIUH.
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Omnpenenenue 1. Oynkiusa y = f (X) Ha3bIBACTCA Oughghepenuupyemoit
B TOUKE X,, eciu ee npupamenne Af = f (X, +Ax)— f(X,) npexcraBumo B

Buse Af = AAX+ [, mpuuem A — koHcTaHTa, [f=0(AX)— OeCKOHEYHO MaJiasi
(QyHKIUs, 60JIee BEICOKOTO MOPSIKA MAJIOCTH, 4eM AX, To ecTh |lim B 0.
M0 AX
YcranoBuM 3HaueHue A, 1718 4ero BEIYHCIIHM:

A [ B
fim 4 = tim | A+ |~ A,

Hasosem umcno A npouseoonoi gynxkyuu y=f(x) B T0OUKE X, H

o6o3naunm ee f'(X,), B pesysbTaTe moiyuaeM ONpEAEICHHE MPOM3BOIHOMN

f’(xo):AIiEn)oﬁ—]; u, kpome Toro, Af = f'(x,) AX+ 0(AX) .

Kak OBUIO CKAa3aHO BBIIIE, BTOPOE CIAraeMO€ B BBIPAKCHHH
npupanieHus QyHKIUKA — BEJIMYMHA 00Jiee BEICOKOTO MOPSIKA MalIOCTH, YEM
BelMYMHA AX, a, CIeJ0oBaTeNbHO, M deM BemuunmHa f'(X,)AX. Jpyrumu

CIIOBAMH, Nep60e ClazaemMoe 6 GblPAXCeHUU NPUPAUieHUs QOYHKUUU
npedcmaensiem 0CHOGHYI0 wacmb npupawienus @ynkyuu. HaspBaoT ero
ougppepenyuanom gynkyuu y = f (x) B Touke X, 1 0603HaYAIOT
!
df (x,) = '(%,) Ax.

B nensx eauHo0Opasusi W IS TOrO, 4TOObI MOAYEPKHYTh, U4TO AX —
OECKOHEYHO Majasi BeJM4MHa, IPUpaIleHne apryMeHTa AX B 3Toi (opmyie
o0o3nauvaroT dX. Torma

df = f'(x)dx,
OTKyJ1a cJIelyeT BTOpoe 0003HauEHHEe TPOU3BOIHOM

, df
CBs3p Mexay mnpupamieHueM GyHKIUH W ee  auddepeHmmanom
n300pakeHa Ha pucyHke 1.
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Va

F(Xg)+af(x,)

F(Xg)+f(x,)ax

f(xo)

Puc. 1

3ameuanue. I'eomempuueckum cmoviciom npoussoonoi  f'(x,)
SIBJISICTCSI TAaHTE€HC yTIjla HakKJIOHA KacareiabHOH K KpuBoi Y= f(X) B Touke
X=X,. IlooTomMy ypasnenue xacamenvnoii x xpusoii Y= f(X) B Touke
(%o T(X,)) mMeeT BUI y— f (%) = f'(X,)(X—X,).

Dusuueckum cmvlciom npou3eodnoit f'(X,) sBIsETCI CKOPOCTh B
MOMEHT X=X, KOI/Jla 3aBUCUMOCTb JJIMHBI IIyTH Y OT CKOPOCTH X 3aJaeTcs
dynkiueit y = f(X).

Teopema: Jludpdepenunupyemas B Touke X, (PyHKIUS HENpEepbIBHA B

9TOM TOUYKE.
JloKa3aTeIbCTBO: lim Ay = lim Af (x;) = lim ( f'(x,) Ax+0(AX) ) =0.

AX—0 AX—0 AX—0

CrnenoBarenbHO, QyHKIMS HENIPEPBIBHA B TOUKE X, IO OMPEACICHUIO 3.

Ecnu u3 ycnoBus HeNMpepbIBHOCTH (PYHKIIUU CIIEITYET, YTO MPUPAIICHHE
byakuun Ay OeckoHeyHo Mamas mpu AX—>0, TO U3 ycroBus

mudpepeHIpyeMOCTH ToIydaeTcsi, 4To Ay — OECKOHEYHO Maliasg OJHOTO

NOPSAKA MAJIOCTH C AX.
Bpiuncinenne  mpou3BOAHOM — HA3bIBAIOT  OJupghepenuyuposarnuem

¢yukyuu.
IpaBuaa nu¢ppepeHuupoBanus

1) TlpowsBomHas cyMMbI (DYHKIIMIA €CTh CyMMa IMPOU3BOIAHBIX 3THUX

byHKmii: (U +V), =u'(x)+V'(x).

90



JloKa3aTeNbCTBO:
Iycts @(Xx)=u(x)+Vv(x), Torma

A(D(x):u(x+Ax)+v(x+Ax)—(M+v(x)):Au+Av.

OuemHo, (U +V), =d'(x)= Iim&(x)z IimM

A0 AX Ax—0 AX

. AU . Av .
= Jim A lim A =1 (x)+ v (x). 4T

2) (uv)lzu’v+u V.

u) uv-uv
) (3) -

CaoiicTBa 2) 1 3) 10Ka3bIBAIOTCS aHAJIOTHYHO CBOMCTBY 1).

4) Iycte pynxmus Y = f(X) nuddepennupyema B Touke X,, f(X,)=1Y,.
[ycte ¢ynkius z=g(y) auddepennupyema B Touke Y,. Torama cioxHas
¢y z=g(f (X)) =Dd(X) muddepenunpyema B TOUKe X,, HpPUUEM
D'(%0) = 9'(Yo) - T'(%) = 9'(T (%)) - T'(%o) -

JIeCTBUTEIILHO,
o'(x) = 1im 22~ 1im 29 _jim A9 im AL _ gy )- £1(x,).
AX—0 AX  Ax—0 Ay AX  Ay-0 Ay Ax—0 AX

IIpousBoanas oOpaTHoil GyHKIUM

Haust Gyskius y=f(x) u obparmas et dymxmms x=g(y), T.e.
x=g(f(x)). Ecim f(x) muddepenunpyema B Touke X, u f'(X,)=0
;rorna g(y) nuddepenuupyema B Touke Y, = f(X,), npu sTom:

0'(Yp) = e =
) a0,
JlokazaTenbCTBO:
HeiictBurensho, eciim AX — 0, o Ay — 0. Teneps
: Ay 1 1 1 1 1
f'(x,)=lim—==Ilim = = =—— = — :
00 = A ax =W A = ) A A G0 969

Ay  m>0 Ay ay-0 Ay

CnenoatenbHo, g'(Y,) = q.T.J.

1
F(g(yo))
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Ha ocHOBaHMM pacCMOTPEHHBIX CBOMCTB TMpeAesnoB (QYyHKUUA U
MPOU3BOAHBIX (PYHKIIMM B TOUKE TOCTPOEHA cleAyromas Tabiauiia
MIPOU3BOIHBIX JIEMEHTAPHBIX (DYHKIIUMA

Tabdaunma npou3BOAHBIX

1.(C)' =0, eciiu C — mocrosHHAS

2. (x“) =a X"

3. (sin x)' = COS X

4, (cosx)' =-sinx

5 (199) :coizx

6. (ctox) __sinlzx

7. (arctgx)' :1+lx2

8. (arcctgx)' :_1+1x2

9. (arcsinx) = 1:(2
10. (arccosx)':— 1:(2

11. (ax)' =a“Ina
' 1
12. (109, %) =573

JlokaskeM HEKOTOpbIE U3 3TUX (OPMYIT:
1. Ecmn y=C, 10 Ay =0, u nepBas popmyia goka3aHa.
2. Ilyctp y=X“*, TOrIa

¢ 1+g -1 1+g -1
Ay (X+Ax)" —x . X e X
AX AX AX AX o

X
[Tepexons x mpenmeny npu AX—>0 u ucmons3ys 3-€ ClenCcTBUE W3
BTOPOTO 3aMeYaTeIFHOTO TIpeiesia, TOJyIrM BTOpYI0 GopMyy.
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3. Ilycth Y =Sin X, Toraa
i sinx— AX g AX
Ay =sin(x+Ax) smx_2cos(x+ 5 )sm >

Hcnonb3ys nepBeid 3aMeYaTeNbHbIN IPEAEI, TOTyYUM
, Zcos(x+AX)sinAX

. e AY 2 2
(sinx) = lim 2= = lim Ax

_ AX sinAzX
= lim cos(x+—j =COSX.

AXx—0 2 AX

4. Ilycts Yy = 10X, TOrIa
' i ' COS X COS X —SIn X(—sin X
(th) :(S”']Xj _ X( ) 1
COS X

5. Ilyers y =log, X, Torna

Ay = log, (x+Ax)—log, x = Ioga(X+XAX) = Ioga(1+ %) .

cos? X ~ cos®x

Teneps npuMeHsisi MepBOE CIEACTBUE U3 BTOPOTO 3aMEYATEILHOIO
npenaesna, HoJlyqYum

, log 1+& In 1+&
(log, x) = lim &Y = fim —~ X J_jim X J_
a MAx—0 AX  Ax>0 AX a0 Ina-Ax
AX
_ In(1+xj 1
= m AX . x-Ina’
AX—0 Ina'T'X

6. ITycte y=a*, torma, x=1log, y, x'(y)= ﬁ, 3HAYHT

!

y'(x)=(a) =ﬁ=ylna=axlna.

7. Hycts Yy =arcsinx=> x=siny,x'(y)=cosy = \/l—sinz y =+1-%2.

y'(x) = (arcsin x), = x'%y) = \/1ix2 _

IMpumepsi:
1. y =sin®(5x+2)
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y' =3sin®(5x+2)cos(5x+2) 5=15sin* (5x +2)cos(5x +2),

In( thx)

2. y=4

y 4In tg2x) In 2 _ In(tg2x) 2In4
tg2x cos® 2x sin 2x cos 2x

3. y:arcsin[ X J
Vx® -1
2
VX -1- S
o 2x3-2-3x°

y = 2x3-1 _ _
\/_ X x* -1 203 — DX —1-x°

YtoObl BBIUMCIUTH Mpou3BOAHYIO GyHKIMU f(X) ¢ npumeHneHuem
MAXIMA, ucniosns3yrot komanay diff(f(x),x).

Vnpaocnenue.  BpyuHyl0  BBIUMCIUTE  MPOU3BOJAHYIO  (YHKIHU

3
1-3x + \/§arctg % U IIPOBEPHTE PE3yJIbTaT HA KOMIBIOTEPE,

\/1+\/_+ x V3

yuuteiBags To, uro B MAXIMA In 3amuceiBaercs kak log, a arctg

3arrchiBacTCd Kak atan.

IIpousBoaHasi mapaMeTpU4eCKHU 321aHHON PyHKIMH

[lycTh GyHKIMS 3ajaHa TApaMETPUUECKU

x=oll) telt,t],

y=y(t)
npuuem o6e Gynxuun @(t) n y(t) tuddepentmpyemsr B Touke t,e(t,t,),
P'(t,) =0, o(t,) =X, ¥ (t,)=Y,. Beraucinm % B TOYKE X,:
X

Ay Ay
yu)an_mAtﬂmN v (&)
0 AX—0 AX AX—0 M I|m AX (0'(t0) .
At a0 At
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Utak, y'(X) = y_(t)
x'(t)
IIpumep:
x=2(t—sint)
y =2(1—cost)
Beraucium : x'(t) =2(1—cost), y'(t) =2sint. Torxaa o dpopmyie:

vy dy _y'() _ sint
y') = dx  x'(t) 1-cost’

JAuddepeHuupoBanue HeAIBHO 3aAaHHBIX PYyHKIUMT

Ecnu gynkuus 3agana HesiBHO, niepes] nuddepeHiupoBaHueM ClIeayeT
OTPENICTTUTLCSA, KaKyl IIepEMEHHYI0 CYHTaTh aprymMeHToM. IlycTh

X’ +y>=9. CuuraeM X HE3aBUCHMOM MepeMeHHOH, Y — yHKimer. MoxkKHO

W3 ypaBHeHHs ompenemuts Yy =—9— X mm y=+9-x> u mocie 3TOro
B34Th MPON3BOAHYI0. HO mepexos K sIBHO 33AaHHON (PyHKIIMU BO3MOXKEH HE
Beerga. IlpoamddepenmupyeM o0e uacTH ypaBHeHHsS X°+Y2=9 1o
NepeMEHHONW X, HCIOJIb3Yys TPU ITOM TpaBwio auddepeHIpoBaHsI

CIOKHBIX (DYHKIIMH (X2 + yZ) = (9)’X = 2X+2y y'=0, oTkyaa cieayer

X . . .
y' =—=. Tenepb MOKHO HaliTH POM3BOHYIO B JIFO00N KOHKPETHOW TOUKE.

y

«Jlorapupmuueckoe» tudpdepeHunpoBanue

3necb umeercs BBUAy AuddepeHInpoBaHUE C TIPEABAPUTEIHHBIM
norapupmupoBanreM QyHKuu. Ilycte y=X%. Ilpu BbeYHCIEHHH

MPOU3BOIHOM HET BO3MOXKHOCTH HCIOJIH30BaTh TAOIHUILy MPOU3BOIHBIX, TaK
KaKk 23Ta (QYHKIUS HE SBISETCS HHU CTENEHHOW, HHU TOKa3aTeIbHOM.
[Iponorapudmupyem o0e 4acTu ypaBHECHHUS:

Iny:In(xtgx) =Iny=tgxInx.

B pesynbTaTe OT SBHOTO 3amanus PYHKIIUU MEPENUIA K HESBHOMY, TIPH
sToM (pyHKIHS cTana Oosee ynoOHo# s nudepeHupoBanms. Y YUThIBas,
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yto Y — ¢yHkuus ot X, guddepeHuupys o00€ YacTU COOTHOIIECHUS
(Iny)=(tgxInx), momyamm:

1., Inx | tgx
—y = + 2=
yy cos’x X
, ( Inx  tgx In x tgx) tox
B pe3ynbTare = +— = ——+— Xg.
pesy y (coszx ij (coszx X

Teopemsl 0 nu(pepeHunpyeMbIX PyHKIUAX

Teopema Posurs: ITycts dynkuus y=f(x) mubdepenimpyema Ha
untepsane (a,b), mpuuem f(a)= f(b), Torma Haiinercst xors Obl oxHa

Touka C BHYTPH MHTEPBaJa, B KOTOPOIl MPoHu3BoHAs (PYHKIMH 00panaercs
B Hyub, TO ecTh f'(C)=0, ce(a,b).

Teopema nmaercss 0e3 [0OKa3aTeNbCTBA, IPHUBEICHA TIeOMETpUUECKas
WJUTFOCTPALIUS TEOPEMBI.

y=f(x)

A

Teopema Komm: Ecm dynkmmn  y=f(x) u  y=g(x)

[
L

) a c b X

muddepenuupyemsr Ha unTepane (a,b) u g(a)=g(b), To cymecryer
Takas Touka C €(a,b), uro

f(b)-f(a)_f'(c)

g(b)-g(a) 9@

JlokazaTenbcTBO: PaccMOTpuM BCioMoraTeNnbHyI0 (QyHKIUIO
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o(x)= £ ()~ A[9(0-0(a)]

Ona muddepennupyema, Tak kak kpome pyakiuii y = f (X) uy=g (X) B HEe
BXOIAT TONBKO IOCTOsHHBIE, mnpuueM, ®(a)=d(b)=f(a), 1o ects

YIOBJIETBOPSIET BCEM YCIOBUAM TeopeMbl Poutst. Toraa

CD'(C) = f'(C)— f (b)_ f (a) g'(c) =0, Teopema J0Ka3aHa.

g(b)-g(a)
BaxnpiM yacTHbIM ciiydaeM Teopembl Komm mpu (X) =X SBIAETCH
Teopema koHeuHbIX mnpupamenuii Jlarpamwxa: Ecimu ¢yakmus y = f (X)
muddepeHnmpyemMa Ha UHTEpBae (a, b) , TO CYLLIECTBYET TaKasi TOYKa C € (a, b) ,

JJIsA KOTOpOP'I CIpaBEIJINBO.

f(b)— f (a)= f'(c)(b-a).

Y4

M 2 —
o Y1)
»

9.0

}f(a) |
0 a cx b X

A&

Ipoussoanbie u Tu(pPpepeHnaIbl BHICIIUX NOPAAKOB

Onpenenenne: Bropoit npomssommoit ¢dyukuun y=f(x) (wm

HpOI/ISBOJIHOﬁ BTOpPOTO nopsuma) Ha3bIBACTCs IMPOMU3BOJIHAA C€C HCpBOﬁ
'

nponsogHoit Y =(y') .
Ecnu ¢Qusnueckuii cMmbicn MNepBOM MPOM3BOJHON — €CTh CKOPOCTH

W3MEHeHusT (PYHKIMKA, TO BTOpas NPOU3BOAHAS OMpPEAETsieT CKOPOCTh
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U3MEHEHHUS CKOPOCTM HW3MEHEHHs (PYHKIHMH, TO €CTh YCKOpEHHE.
IIpou3BoaHbIE 00JIEE BHICOKUX MOPSIKOB ONPEACIISIOTCS aHATOTUYHO:

/
ym :(y”) e y(n) — (y(n—l))/
IIpumepsr:
1.Ecm y=x>,10 Yy =5x*, y"'=20x°, y”"=60x",....
2.EBcmu y=sinX, o Yy =cosx, y' =—sinx, y"=—cosx, y" =sinx,...,

y® =sin(x + % n).

AHanoruyHo onpenenstorcs nudpepeHunanbl BICIIUX TOPSIKOB.

Jugpppepenyuan emopozo nopadoka — »>10 auddepeHuran ot
g depennmaia nepBoro NoOpsIKa.

[Tockoawky df (X) = f(X)'dx, To

d?f (x) = d(df (x)) = (df (x))"dx = (f '(x)dx)"dx.

Tak kak dX — OECKOHEYHO Mayoe MpHUpalleHue, He 3aBUCSIIIEE OT X,
POM3BOJIHAS OT UX CUMTAETCs KaK OT MOCTOSTHHOU. ClieoBaTesbHO,

d2f (x) = (f '(x)"dx? = £ "(x) dx?, d3F(x) = "), ...,
d"f (x) = FO(x) dx".

YtoObl BHIYHMCIUTL N-10 npou3BoaHyto (yukinuu f(X) ¢ mpumeHnennem
MAXIMA, ucnonb3yror komanay diff(f(x),x,n). Hanpumep, npumeHenune
xomanabl diff(27x,X,3) 1aer Tperbio mpou3BoaHYyI0 GyHKIUM 2%,

Vnpaosicnenue. Berauciute Ha xommbiotepe (x2€2X)®), yuurbiBas, uto
ypcno Henepa € BBoauTCs B Buze Yoe.

®opmy.a Teisopa

[Ipeanonoxum, uto ¢pyaknus Yy = f (X) UMEET MPOU3BOJHYIO MEPBOTO

nopsinka B Touke a. M3 ompenenenus auddepenunpyeMoctd GyHKIUU B
Touke @ umeeM f(a+Ax)—f(a)=f'(a)Ax+f, rne f— Geckoneuno manas

QyHKIUs OoJiee BBICOKOTO mopsiaka, yeM AX mpu AX—>0 (L =0(AX)).
[ToaToMy 115t TOUEK X, OJM3KUX K TOUKE A cIipaBeinBa hopmyiia

f(x) = f(a)+ f'(a)(x—a),
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obecnieunBarolias mnepBoe mnpudaMakeHnue ¢GyHKIUA. ITa  popmyla
MO3BOJISIET MOJIy4aTh OYE€Hb I'pyOble MPUOIMKEHHBIE 3HaUYCHHUSI (QYHKIUN B
TOYKaxX, TaK KaK €€ MOXXHO TpakToBaTh Kak 3ameHy (ynkuun f(X)
MHOTOYWICHOM IEPBOM CTEMEHU B OKPECTHOCTH TOW TOYKH @, Ie 3HAYCHUE
GyHKIMM U €€ MPOU3BOAHOM Jierko HailTu. OueBHIIHO, yTO (opmyla 3Ta
IpUMEHHUMA B OYEHb MaJIOi OKPECTHOCTH TOYKH 4 .

45416 1=2.41- L ~2. 141071y |83
Mpumep: 415 =416-1=2-4/1 16~2[1+41 18 =35
31ech Mbl HMCHOJIB30BaIM (POpMYJy TMEpPBOrO MPUONMKEHHUS NIpU

1 x 1 RN -
f(x)=v1l+x, a=0, x:—E. [Mosromy f(a)=1 f(a):z-l4 u

1
(x—a)= 16"

Bo3HukaroT Bompocsl: 1) Henb3d JIM UCMOJIB30BaTh MHOTOWIEHBI OoJiee
BBICOKMX CTENeHEel it 0ojiee TOYHOro NpuOImkeHus (QyHKUIUHU? 2) Kak
OLICHUTh OLIHUOKY MPUOIMKEHUS ?

®opmyna Telsopa 1aeT OTBETHI HA 3TU BOIPOCHI.

Ipennonoxum, uro dyukuus y= f(X) uMeer Bce MPOM3BOIHBIC 10

N+1 nopsiaka B HEKOTOPOM MPOMEKYTKE, COAEpKalleM TOYKy a. B Takom
ClIy4ae JUIs BCEX 3HAUYCHUM X W3 3TOr0 NPOMEXKYTKA CIpaBEIuBa hopmyna
Teunopa:

™ (4 n
ARG nE )(x=a)" +r(x),

f D@+ Oo(x —a))
(n+D!

Takum o0pazom, QyHKIUS TPUOIMKAETCI MHOTOYJICHOM, W OIIHOKa

(V)
1" (a)

T (x—a)4+---+

(x—a)™ u 6e(0,)).

r7ie OCTaTO4YHbIN uiieH r(X) =

BBIUMCIICHUM, OOYCIOBJICHHAs] 3aMEHON 3HayeHUs (YHKIMH 3HAYCHHEM
MHOI'O4YJ€Ha, paBHAa OCTAaTOYHOMY uJjieHYy. [lockoiibKy TOYHOE 3HayeHue
0 (0 mHe Moxer ObITh HAWACHO, 3HAYCHUS (YHKIHMHA BBIYHCISIFOTCS
NpUOJIMKEHHO, U OCTATOYHBIN YJIEH CIY>KUT HE JJIA MOJICYEeTa, a JJIsl OLEHKU
omnOku. [Tocneansiss hopmyna siBasiercs 006001meHnEeM (HOPMYJITbI KOHEUHBIX
npupaiieHui Jlarpanxa.
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Crnenyromuii mpuMep JEMOHCTPUPYET, Kak MHpuOimxkaeTcs (QyHKIUS
f(X)=e-sinx (romybas nuHHs) MHOrowieHamu 1o (opmyne Teiaopa

(kpacHass IMHHS) B IpaBoi dYacTh oOkpectHoctd Toukd a=0 mpu
YBEJIMYECHUHU CTEIIEHEW MHOTOWICHOB OT IIEPBOM J10 OJIMHHAAIATOM.

1.5 [ 15 F

ir 1F
05 [ / 05 [

-0.5 [ -0.5

15[ 15[

0.5 [ 0.5 [

05 [ 05

dopmyny Telnopa MOxKHO 3anucath depe3 AuddepeHnnans:

f(x)=f(a)+ 1@, CTQ@, dT@) ,

+%@+---+%@+Q(X).

JI mpUIIOKEHUM K BBIYMCIICHUIO TMPEAETIOB UCHOJIB3YIOT JIOKAIbHYIO
¢dopmyny Teiinropa, nMEIOLYIO BU

f(x)= f(a)+¥(x—a)+%(x—af+%({a)(x—a)3+
f(IV)(a)
41

Takoe npcaACTaBJIICHHUC OCTaTO4YHOTI'O HJICHA ITOKa3bIBACT, qTo
OCTaTOYHBIA YJIEH €CTh OeCKOHEeUYHO Mayasg O0oyiee BBICOKOTIO Inopsaaxka

+

(x—a)4+---+%(x—a)"+o((x—a)").

MAJIOCTH, 4eM (X — a)n .
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JloxanbHas dopmyna Teinopa sBisiercst 00001eHreM GOpPMYJIbl CBSI3H
npupainieHust pyHkIuu u quddepennmana GyHKIIMU B TOUKE.

B uacthnoct, ipu a=0 ¢opmyna Teiopa Ha3biBacTCs opmynoii
Makxnopena:.

(= 1(0)+ 1 PO 0o, 12O

X"+ 1 (X).

IIpuMepsl pa3iioKeHu 3JIeMeHTAPHbIX QYHKIUA 110 (popmyJie
MakJiopena

1. f(X)=e*. Herpyauo 3ameTuTh, 4TO I00ass MPOM3BOAHAS OTOM

HKIIUM paBHA CaMOU HKIIMH, a fM(0)=e°=1. B cooTBeTcTBUH C
y p y

dbopmyioit MakiiopeHa

2 3 n
x 4. X X X X
e =Lyt oyttt (%)

2. f(x)=sinx. Tak kak f(n)(X)ZSin(X-l-ﬂTn), OJyYHUM, YTO

KO3(QQUIMEHTH TpPU YETHBIX CTENEHAX B HyJ€ paBHbBl HYJIO, a
KO3(PUIIMEHTHI PY HEYETHBIX CTeNeHsX Jauoo +1, mubo -1. B pesynbrare

| 1 3,15 (_ )M 2n-1
SiNX=73X—37;X + £ X +---+mx +1,(x).

3. f(x)=cosx Tak kax f®(x)= COS(X+”Tn), paccykas TaK e Kak

B CIydae MPeablIyIIEro pa3ioKeHus, HalIeM

Ll 1o 1 (-1)"
COS X =1—77 X" + 75X = 55X +~-+(2n)!x +1,(x).

4. Tlonyuyum paznoxenue 1o dopmyne MakimopeHa (QyHKIUH

)" (n-1)!

a+x"

f ™ (0) = (-1)"*(n—1)!, mo3TOMY TIONYYHM PaA3ITOKEHUE
N (~)™X"

InL+ Xx) = X=F g ==t r ().

210 Pa3I0KCHHUC MOKET IIPHUMCHATHCA TOJIBKO IJIA 3HAUYCHUMN X, s

(0'=1), wumeem

f(x)=In@+x). Tlockomexy f™(x)= (=

KoTophIX| X < 1.
5. f(x)=@1+x) a¢N. Tuddepennupys, Haiinem
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(@+%%)" = al@-D@-2..(a-n+HL+x*",

nostomy T (0) = (o =D (a —2)...(c¢ — N +1), u uMeeM pasaoxeHue

-1 —NWNa—-2)....(ax—n+1

al@=1) .., ale=D@=2).(a=n+1) .
21 n!

DTO pa3JI0KEHUE MOXKET MPUMEHATHCS TOJBKO Uil 3HAYEHUU X, IJIsS

KOTOPBIX| X |< 1.

L+x)* =1+ ax+ +r.(X).

IpuoxkeHust NPOU3BOJTHOM U Mpeaesaa
DopMyJia KOHEYHBIX NPUPAICHUH

[Mycte  ¢ynkmus  f(X) HempeppiBHa Ha ortpe3ke [a,b] wu
nuddepennupyema B Kaxkmaod Touke uHTepBaia (a,b). Torma waiigercs
touka Ce(ab) Takas, uro f({O)-f(@=1'(c)-(b—a). Dra dopmyna
HCIIONBb3YeTCS Ul OLICHKH  TpupalieHus (QyHKIHH Ha  OTpE3Ke:

| f(b)-f(a) < m[aé f'(c)|b—a].

IIpasuio Jlonurans

.0
(IpaBuIo pacKpLITHS HEONPEAETEHHOCTEH - 1 —).

0
[Mycts dpynkuuu f(X), g(X) auddepeHupyemMbl B OKPECTHOCTH TOYKH
& ¥ IpH BBIUKCIICHUH TIpe/eria

. f(x
lim ( )

X—a g(X)

. 0 o0

AMEET MECTO OJHA W3 HEOIPEIECICHHOCTEU 0 1501041 o TOraa e€ciu
CYILIECTBYET IPEIET

. f'(x

lim ,( )

Xx—a g (X)

,TO CITPABCIJINBO npaeujio Jlonumans.

fim ) i £X).
xa g(X)  xa g'(X)

IIpumepnr:
. x*=3x+2 (0] ..2x-3 1
D = =oM% —7 x>
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Panpmmie 5T0 TmpuMep pemrajics ¢ MOMOIIBI0  TOXKJIECTBEHHOTO
npeoOpa3oBaHus

|imwz|im (X—2)(X—l) —lim (X_l) _
o2 x4 o2 (x=2)(x+2) x5z (X

2
2) |im$"j2:{f}: im 2X=3 ={f}= lim2 -1

X—»00 X —

Panbiie 3TOT mpuMep pemaics CpaBHEHHEM CTETICHEH NEPEeMEHHOTO B
YHUCIIUTENE U B 3HAMEHATeIIe, KOT/1a Mbl BRBIHOCHIJIH HAHOOJBINYIO CTEIIEHb U3
YHUCIIUTENS] K 3HAMEHATEJIsI, COOTBETCTBEHHO.

UtoObl MONYYUTH Mpenael !(I_rg f(xX) c¢ momompio MAXIMA,

noJib3yrores koman ot limit(f(x),x,a).
Teopema o Bo3pactanuu (yObiBaHNH) QYHKIIUU HA HHTEPBaJie

Teopema (HeoO0xomumoe yciaoBue Bo3pactanus (yObIBaHUA)
¢yHknmuu Ha wuHTepBate). Ecmm dyHkimus y= f(x), MMeEroLIast
npou3BoAHyl0 Ha wuHTepBaie (a,b), Bospacraer (yObiBaeT) Ha 3TOM
UHTEpBaje, TO €€ NPOU3BOAHAS  YJOBJETBOPSET, COOTBETCTBEHHO,
nepaserctBy f'(x)>0 (f'(x)<0) Ha 3TOM OTpe3Ke.

JlokazatenbCcTBO cheayeT u3 GOpMyIIbl ISl TPOU3BOTHOM

£(x)) = lim f (X, +AX) — f(xo),

AX—0 AX

r7Ie 3HAKA YUCIHTENS W 3HAMEHaTeNsl ApoOW B MPaBOW YacTH PaBEHCTBA
COBIAJIaIOT (IIPOTUBOIOJIOXKHBI), a TMpU TMPEICIbHOM TNEPEXOo/e 3HAK
HEpPABEHCTBA CTAHOBUTCSI HECTPOTHM.

Teopema (/locTaTouHoe YyciaoBue Bo3pacTaHusi (yObIBaHMS)
¢ynkuun Ha wuHTepBage). Ecim (ynkums y= f(x) HETpepbIBHA Ha

orpeske [a, b] 1 mudbdepennupyema na unrepsane (a, b), npraem f'(x)>0
(f'(x)<0) mist a<x<b, To sra dynkius Bospacraer (yObIBAaCT) Ha STOM

OTpEe3Ke.

Vnpaowcnenue. Haiitn ywyacTku Bo3pacTaHus M YObIBaHUA (PYHKUIUU

f(X)=(x+D(x—-2)°.
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JKCTPEMYyMBI

Onpenenenne: Oynxims y = f (X) B TOuke X, UMECT MAKCUMYM, €CITH

L BCEX X U3 HEKOTOPOro MHTEpBalla, COJAEPXKALIero TOUYKYy X,

BBIIIONHsIETCs HepaBeHeTBO f (X)< f(x) mpu X # X, .
Onpenenenne: Oyukuus y = f (X) B Touke X, UMECT MUHUMYM, CIH

L BCEX X U3 HEKOTOPOTrO HHTEpBala, COIECPXKAILErO TOYKY X,,

BBITIOJIHSIETCS] HEpaBEHCTBO f (X) > f(X,) mpu X # X,.

Hy Ha

Omnpenenenue: Touky MakCUMyMa U MUHUMYyMa (PYHKIIMU Ha3bIBAKOTCS
moyKkamu IKCmpemymd.

Teopema (Heo0xommmoe ycJoBHE CYHIECTBOBAHHMS JIKCTPeMyMa):
HeoOxoaumbiM ycroBueM s3kcTpeMyMa auddepeHuupyemMoir B Touke C
dynxuun seasercs f'(c)=0.

JlokazaTenbCTBO:
ITycTh TOuka C — TOYKAa MAaKCUMYyMa, TOT1a

f(c+Ax)— f(c) f(c+Ax)— f(c)
Ax Ax >0 mpu Ax<O0.

ITockonbKy IIpU BBIYMCIECHUM IPOU3BOJHOM IIpENENbl ClIeBa U CIIpaBa

<0 mpu AX>0 mu

JIOJDKHBI coBragare, o f'(c)=0. 4.T.[L.
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Omnpenenenue: Toyku, B KOTOPHIX MTPOU3BOIHASI (PYHKIIMKM OOpaIiaeTcs
B HOJIb, Ha3bIBAIOTCS KPUMUYECKUMU MOUKAMU.

Kputndeckne Toukn (PyHKIMM HE 00S3aTEIBHO SBISIIOTCS TOYKAMHU
AKCTpEMyMa.

Hampumep, ecnu f (X) =x*, 1o f (X) =3x°=0 npu x=0, HO TOUKa
X =0 He ABJIIETCSA TOUYKON IKCTPEMyMa, YTO BUIHO M3 PUCYHKA.

20
15
10

Teopema 1 (JocTaTo4yHoe ycj0oBHE CYLIECTBOBAHUA MAKCUMYMa H
MuHEMyMa (pynkmuu):Ecin npousBoaHas GyHKIUU HpU TEpexoje depes
TOYKYy C MEHSET 3HaK C «+» Ha «—», 3TO TOouyka Makcumyma. Ecim 3Hak
MIPOU3BOJHON MEHSETCS C «—» Ha «+», UMEEM TOUKY MUHHUMYyMa.

JlokazatenbCcTBO CleAyeT M3 TeopeMbl O Bo3pacTaHuu (yOBIBAHHM)

byHKINN.

Teopema 2 ([JdocTaTo4yHoe ycj0BHE CYLIECTBOBAHUA MAKCUMYMa M
munumyma Qynkuun): ITycts f'(x,)=0, torma mpum X=X, QyHKIHs

nMeeT MakcumyM, ecin T "(X,) <0 n murEMym, ecmn f*(X,)>0.

I[OKaSaTeJIBCTBOZ
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W3 ¢opmynsr Telinopa B OKpECTHOCTM TOYKH DJKCTpEMyMa X,, B
KOTOPOMW YJIEP>KAHO TPU MEPBBIX YWICHA, UMEEM

Ay = f(x)= (%)= f’(xo)(x—xo)+% f”(xo)(x—xo)z+o((x—xo)2).

Iockomsky f'(X,)=0, d9ro cmemyer wu3 yCIOBHS TEOpEMBI, a

OCTAaTOYHBIA YJIEH [ TI0 OMNPEAECICHUIO MEHbIIEC MNPEAbIAYIIETO YIEHA
dbopmyIbl, 3HAK MOpHpalIeHUuss (QYHKIIUH HE3aBUCUMO OT TOT0, TOYKa X
HAaXOOUTCS JIeBE€E, WM IIpaBee X,, OIPEHEIICTC 3HAKOM BTOPOH

npoussonHoi.  Korma f"(%)>0, mnomydaem f(x)—f(x)>0,
CIIC[IOBATENBHO, X, — TOYka MHHHMyMa GyHkimn, ecmn f”(X,) <0, 3HauuT

f(x)—f(x)<0,To0 ectb X, — TOUKa MAKCHMyMa (yHKIHH.

IIpumepsr:
1l s
1. y=7%X-X.

Haiinem  kputumyeckue  Toukd  3ToM  ¢QyHkumu. Tak  Kak
Y =x>-3x*=x*(x—3), TO  KPUTHYECKUMHM  TOUKAMH  SBJIAIOTCS
X, =0, X,=3. IlpuMeHHM IEpBYIO TEOpPEMY O IOCTATOYHOM YCIIOBHUH.
Ouesnnno, uro y'(x)<0 mpu X<0 u mpu 0<X<3, cmenosarensHo, B
touke 0 skctpemyma HeT. Y'(X) >0 mpm X >3, ciemoBaTenbHO, B TOYKE 3

MUHUMYM (PYHKITUH.

2
2. y=CO0S"X.
HaiinemM KpuTHYeCKHE TOYKH 3ToM (yHKIMH. Tak kak Y =-—Sin2X, To
. k
KPUTUYECKUMHU TOYKaMH OSTOM (YHKUMM SBJISIOTCA TOYKH X, = -

[IpuMeHUM BTOpPYIO TEOpPEMY O AOCTATOYHOM YCIOBUU. (OYEBUJIHO, UYTO

7K .
y"(X,) =—2coszk , MOOTOMY X, = —— SBJISICTCS TOYKOH JIOKAJIbHOI'O MaKCUMYyMa

2

npy K YeTHOM M TOUYKOM JIOKaJILHOrO MUHUMYMA IIpH K HeueTHOM.
Hauboabuiee 1 HAUMEHbIEe 3HAYEHUSA PYHKIIMU HA OTPe3Ke

Cnenyer oOTaMyaTh MHUHUMYMBI W MakCUMyMbl  (YHKUOUNA  OT
HanOOJBIIET0 U HAMMEHBIIETO €€ 3HAUCHUHN Ha 3aJJaHHOM oTpe3ke. DyHKIus
MOKET HE€ UMETh 3KCTPEMYMOB HA HEKOTOPOM OTpPE3KE, 4 HaNMEHbIIEE U
HanOoJIbllIee 3HAYECHMS HAa 3TOM OTPE3KE OHA UMEET BCETa.
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Y1o0OBI OIIPCACIINTD HauOOJIbIIIee U HaMEHBIIIEe 3HAUYECHHUS (I)YHKI_[I/II/I Ha
3alTaHHOM OTpPC3KC, HCO6XOI[I/IMO noacCYruTaTb 3HAYCHUA (1)YHKHI/II/I B TOYUKax
9KCTPEMyMa, BXOIAIIUX B UCCIICAYCMYIO O6J'IaCTB, a TaKiKC B I'PAHNYHBIX €C
TOYKax U BBI6paTB Cp€an HUX HAMMCHBIICC U HauOOoJIbIIIEe 3HAYCHMS.

IIpumep: Onpenenuts HanbOobIIee U HAUMEHBIIIEE 3HAUCHUS (PYHKITHH
y =x°—3x*+1 Ha orpeske [1, 4].

1) HaxomuM KpHUTHYECKHE TOYKH: paccMOTpuMm ypaBHenume Y =0,
MPUBOJAIIEE K YPAaBHEHUIO 3X(X - 2) =0. [lomyuaem aBE KpUTHYECKUE
TOYKH, 0JHa 13 KOTOPHIX (X =0) He BXOAUT B HCCIEAYEMYIO 00JIaCTh.

2) JlobGaBisseM K OCTaBIIEHCS KPUTHYECKON TOYKe X =2 TIpaHUYHBIE
TOYKHU — UIMEeM Habop Touek X, =1, X, =2, X, =4.

3) OnpenenseM B 3TUX TOYKax 3HadueHWsd QpyHknmum y, =-1,.y,=-3,

y,=17.

Takum oOpa3om, HauMEHbIIEe B 33JaHHON 00J1aCTH 3HAYEHUE PYHKIIUU
(—3) peamusyercs mpu X =2, Haubombiree (17) mpu X =3,

3aaya 0 HAXO0XKICHUU HAUOOJIBIIETr0 W HAWMEHBIIET0 3HAYECHUU
(yHKLIMM OJHOrO BELIECTBEHHOTO IMEPEMEHHOI0 Ha OTPE3KE C Pa3BUTHEM
KOMITBIOTEPHBIX TEXHOJIOTMI TepecTaeT ObITh OYeHb akTyalibHOU. C
nomoipto nporpaMmm MAXIMA Mbl MOXEM JEerko NOCTPOUTh rpaduk
uccienyeMoi (yHKIIMU U HallTU Ha HEM BCE MHTEpECYIoLMe Hac TOUKU. s

TOTr0, YTOOBI MOCTPOUTH Tpaduk GpyHkuMH Y = X —3x° +1 Ha otpeske [1,4],

cienyer  BBectd  koMmanay  plot2d(x"3-3*x72+1,[x,1,4]) u  Haxarth
Shift+Enter. Mb1 monyunm rpaduk

18

16 [

14 [

12

10 [

X3-3*"2+1

1 1.5 2 2.5 3 35 4

X

U3 KOTOPOro BUJIHO, YTO HAWMEHbIIIEE 3HAUYCHHUE HA OTpe3ke (PyHKIus
npuHuMaeT B Touke 2. Hanbomnbiiee — B Touke 4.
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BLIIIyKJIOCTL U BOTHYTOCTb KpHBOﬁ

Omnpenenenue: KpuBas Ha3bIBacTCAd 6@bINYKAOW B TOYKE, €CIU B
HEKOTOPOM OKPECTHOCTU JAHHOM TOYKHM TIpaduK KacaTelbHOM K KpPHBOU B
ATOU TOUYKE HAXOAMTCS BBILIE rpaduka camoil PyHKIUU.

Omnpenenenue: KpuBas Ha3bIBACTCA 602HYMOU B TOYKE, €CIU B
HEKOTOPOM OKPECTHOCTU JAHHOM TOYKHM TIpaduK KacaTelbHOM K KpHBOU B
ATOM TOUKE HaXOAMUTCS HIKeE rpauka camoil PyHKIHUH.

Teopema: Ecam nns kpuBoii, 3amaBaemoit ypaBHenmem Y= f(X),

cpaBemmuBo  f"(x,) <0 (f"(x,)>0), To KpuBasg B TOYKE X, BBITyKIa

(BOTHYTA).

Jloka3aTenbCTBO:

YpaBHEHHE KacaTelbHOM K KPUBOM B TOYKE MMEET BUJ
Y = (X)) + f'(X,)(X—X,). Paccmorpum mpencraBieHue 3agaHHON (QyHKLIHAU
B OKPECTHOCTH TOYKH Xy 1o dbopmyie Tetinopa:

F(%)= £+ FOK =)+ 06X~ %) +0((X %)),

B oKkpecTHOCTH TOYKH X, (TO €CTh HPHU MaJbIX MO MOJIYJI0 3HAYCHHUIX
(Xx—X,) 3Hak pasHoctn Y —f(X) mnporuomonoxen 3Haky f"(X;).
CnenoBatenbho, ecin  f"(X,)<0 3mak Y —f(X) monoxurenen, u
KacarespHast Beile KpuBoit, ecnmm f"(x,) >0 3nak Y — f(X) orpuuareneH, u

KacaTelibHasi HUKE KPUBOM.
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B ciydae ecnu nmpu nepexone ¢ OJHON CTOPOHBI OT TOYKH X, HA APYTYIO
cropony 3Hak pasHoctH Y — f(X) MeHsieT 3HaK, Takas TOYKa Ha3bIBACTCS

moukoil nepezuda. B ciyyae HEMPEPHIBHOCTUA BTOPOU MPOU3BOJIHOM B TOUKE
neperuda oHa oOpaiaeTcsi B HOJIb B 3TOU TOUKE.

ACHMIITOTHI KPUBOM

Omnpenenenne: IIpsavas Ha3bIBaeTCA acumMnmomoiu Kpueoiul, €Ciu
paccTositHue O OT IepeMeHHOM Touku M KpuBOM 10 3TOM MpAMOW Mpu
yAaJIeHUH TOYKU M B OECKOHEYHOCTh CTPEMHUTCS K HYJIIO.

Ha nByx cienyromux pUCYHKax acCUMIITOThI OKpAILIEHbl B KPacHBIH
LBET

2.5[]84?1, 7.26514

20 1 ]

u]
o]
2.18916, 21.0611
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AcCHUMITOTHI OBIBAIOT 6€PMUKATIbHBIMU, OHU TIOKA3bIBAIOT MOBEICHHE
(GYyHKIMHM B OKPECTHOCTH OCOOOM TOUYKH, Korja Y —> 100, U HAKIOHHBIMU,
JAIOLIMMU MPECTaBIECHUE O MOBEACHUN QYHKIIMU MPU X —> 100,

Ecim X, — ocobasg Todka, TO X=X, — YpaBHCHHE BEpPTHUKAIbHOMN

ACHUMIITOTHI.

Teopema: Kpupast y = f (X) uMeeT HAKJIOHHYIO aCUMIITOTY HPH X —> o0

, ypaBHEHHE KOoTOpoit Y =KX+b, eciu cyIecTByIOT Ipeaeib:

Iimw:knlim[f(x)—kx]:b.

x> X X—>00

JlokazaTesbCTBO. U3 OIPEACIICHUS ACUMIITOTBI clenyer
f (x)—(kx+b)=a(x), rae a(x)— GeckoHedHO Malasi IpH X —> %0, TO €CTh

lim a(X)=0. Ocraercs onpenenuTbs NapaMeTpbl YPaBHEHUS ACHUMITOTHI.

X—00

JI71 5TOTO BBIYHUCIUM

|imm=|im{k+§+%x)}=k, lim[ f (x)—ke] = lim[ b+ (x)] =b.

x—0 X X—>0 X—>00 X—>00

Hrak, ecnu 00a mpezena CyImecTBYIOT U KOHCYHBI, TapaMeTPhl TPSIMO
K u b onpenenensi, mpudyem TOYKM TOM MPSAMOH OECKOHEYHO COMIKAIOTCS
C TOYKaMu KpuBOou nipu X — oo, Y. T /1.

2

Ipumep: Haittun acumntoTsl QyHKINU Y =

X—=1
OueBunHo, X =1 — ypaBHEHHE BEPTUKAIIBHON acUMITOTHI. Onipeaenum
2
: X : X : 1
k =lim —— = lim —— = lim———— =1,
X—»00 (X—l)X X—>00 (X—l) X—>00 (1_1j
X
2 2 2
b:|im{X——x}zlimwzlimLGmLﬂ.
X—00 (X—l)

o (X=1)  xow (X=1)  xow (1_)1()

Wrak, HaKJIOHHAs aCUMIITOTa UMEET ypaBHeHHE Y = X+1.
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: %)
. 1.27262,°45.0798

3axa4u 0 HAX0KACHUU HANOOIBIINX M HAMMEHbIINX 3HAYCHUMN
(pyHKIUH OAHOI'O IIEPEeMEeHHOI0

3agaua 1. Bnanener rpy30Boro cy/iHa JOJKEH MEPEBE3TH I'PY3 MO PEKE
U3 OJIHOTO MopTa B Apyro. Pacxojipl 3TOro Biajesblla CKIaAbIBAIOTCS U3
pacxoJIoB Ha COJIep)KaHUE SKUMaka W W3 3arparT Ha ToruimBo. Criemxyer
BBISICHUTB, KaKyl0 CKOPOCTb IBIMDKCHHS CyJHA CJIEAyeT BBIOpaTh, YTOOBI
mIaBaHue ObII0 HanOoJee PKOHOMUYHBIM, TaK KaK YBEIIMYCHHE CKOPOCTH
BelleT K OOJbIIMM TpaTaM Ha TOIUIMBO (pacxoJbl Ha  TOILUIMBO
MPONOPIIMOHAIBHEI KyOy CKOpPOCTH), a YMEHBIIIEHHE CKOPOCTU, a 3HAYUT,
yBEJIMYECHUE BPEMEHHM IyTH TMPHUBEACT K OOJBIIMM TpaTaM Ha MUTaHUE
KOMaH/Ibl.

Pemenne. O6G0O3HAUMM CyTOUHBIE pacxXoisl Ha TommmBo K-V°, a
CYyTOYHBIE pacxojbl Ha MUTaHUE KOMaHAel a. Ilycte S — paccrosiHue,
. S

KOTOpO€ JOJDKHa mpoltu Oapxka. Torma BpemMss B TyTH PaBHO v

CHeI[OBaTeHBHO, HYTeBBIe paCXOL[LI COCTAaBJIAIOT.
F(V) =(k-v3+a)-§.

HaM HyXHO HaWTH Takoe IIOJIOXKUTEIBHOE 3HA4YeHHE V,, KOTOPOE

oOecrieunT MHUHHMYM BBeleHHOW ¢yHkmmu. HMcmons3ys Teopemy o
HEOOXOMMOM YCIIOBUU HKCTpEMyMa, NPUPABHSIEM HYIIO MPOU3BOIHYIO

BBefeHHON ¢yHkimn: (2K -V — \%)S =0. IlonmyyuMm TOUYKY 3KCTpeMyma
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V,=3%a/(2k). To, 4To MBI ITOMYYMIN MHHUMYM, a HE MaKCHMYM, CIIEIyeT
u3 noseacHus pynkuuu F(V) npu 3HaueHUsX nmepemeHHol V , Oym3kux K 0
U Kk OeckoHeuHoctH: (yukims F(V) mpu Takux 3HAUCHHSIX MMEPEeMEHHON

CTpEeMHUTCSI K  MOJOXUTENbHOM  OeckoHeuHocTH.  ClenoBaTelnbHO,
€AMHCTBEHHBI OKCTPEMyM JTOM (YHKIMH MOXKET OBITh  TOJBKO
MUHUMYMOM. TakuM 00pa3zoM, ONTUMaIbHAsI CKOPOCTh JABMKEHUSI OapkKH IO

peke V, =3a/(2k) .

3amaua 2. Y cruecaps ecTb kKecTsaHOM Auck. Kakoil cextop ciemyer
BBIPE3aTh U3 3TOTO JWCKA, YTOOBI U3 OCTABIICHCS YaCTH JUCKA MOYKHO OBLIO
CBEpHYTb BOPOHKY HanOOJIBIICH BMECTUMOCTH?

Pemenue. O4eBUIHO, UTO CEKTOP OMPEACISAETCS YIJIOM IMPU BEPIIUHE.
O6o3Haunm 3TOT yroj « . M3BecTHO, 4TO 00BEM KOHyca (BOPOHKH), B
COOTBETCTBUU C BBEICHHBIMU 0003HAYCHUSIMHU, OTIPEACIIACTCS POPMYIIONA:

% =%7rr2\/R2 —r*.

BeIlpazum 4epe3 « paauyc OCHOBaHMS KOHyca [, cpaBHMB IIIOIIAIb
OCTaBIIEICS YacTH JUCKAa M IUIOH[aJAb OOKOBOM TOBEPXHOCTH KOHYCA.
ITiomanp ocrasiIeics 4acTy AUCKA paBHA

2T -«
R2ZE 2
2
[Tnoraas OOKOBOM MOBEPXHOCTH KOoHyca paBHa 77 Rr. Torma
R22A=C _ o _Rp-a
2 27
CJ‘IeJIOBaTeJ'IBHO,

V(a) = a7 R(Zﬂ a) (27z a)
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BcenenctBue rpoMo3AKOCTH MOJYYEHHOTO BBIPKEHUSI MEPEUJIEM K HOBOM
MIEPEMEHHOMN

t=

Z2 = V() =gaRTVI-E, 0st<l

2

Hailinem kputhueckyro TOuky 3Toi pyHkuuu Ha otpeske [0,1], uMeHHO oHa
ABJISIETCS TOYKOM MakKCMMyMa, TaK KaK Ha KOHUAX OTpe3Ka (QyHKUus
oOpaniaercst B HyJb. KpUTHUeCKON TOUKOM SIBIISIETCS

2

CrnenoBaTenbHO, yroJl IPU BEPIIMHE CEKTOPA, KOTOPBIA HYKHO BbIPE3aTh:

o, =2rl1- \/%) :

3aavu 11 CAaMOCTOSITEJILHOTO pelleHus

1. Certkoli nnmuHoM 120 M HYKHO OTOPOAUTH MPHUJIETAIOIIYIO K
JIOMY MPSMOYTOJIBHYIO TJIOMIAKY HanOOIbIIIEH IITOIIA/IH.
2. N3 kBaagparHoro nmWcra KapTOHa CO CTOPOHOW @

BBIPE3AIOTCSl TI0 YIJIaM OJMHAKOBBIC KBAJApaThl, M W3 OCTaBIICHUCS
JacTH CKJIEUBAeTCS MPSAMOYyTOjibHas KopoOka. KakoBa momkHa OBITH
CTOpPOHAa BBIPE3aEMOro KBajpaTa, 4YTOObI 00bEM KOpOOKH ObLI
HauOOoIbIITUM?

3. OnpenenuTh pa3Mepbl OTKPBHITOr0 OacceiHa ¢ KBaJIpaTHbIM

nHOM o0BeMoM 324° Tak, 4ToOBI Ha OOJIMIIOBKY €r0 CTEeH W JIHA
MOTIJIO HAUMEHBIIIee KOJTUISCTBO MaTepHaIa.

4, [Tpn KaKuX JIMHENHBIX pasMmepax 3aKpbITas
UIMHAPUYECKass OaHKa MTaHHOHW BMecTuMocTH V  OymeT HMETh
HAWMEHBIITYIO MMOJTHYIO TTOBEPXHOCTH?

S. U3 kpyrinoro 6pesna auamerpa 0 BhiTechiBaeTcst Oanka ¢
MPSIMOYTOJIFHBIM TTOTIEPEYHBIM CEYCHHUEM, OCHOBAHHUE KOTOPOTO PaBHO
b, Beicora h. Ilpu kakux pasmepax Oajka OyJeT UMETh HAUOOJIBIIYO

2
IPOYHOCTb, €CJIM TIPOYHOCTH €€ IPONOPIIMOHAIBHA D -h*?
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6. 3aBoa A OTCTOWT OT *eJEe3HOM JTIOpPOTH, UIYIIEeH ¢ ora Ha
CeBep W TMpoXxojdiiei yepe3 ropoa B, cuutas mo kparyaiiiiemy
paccTosiHuIo, Ha @ KM. [loJ KakuM yTriioM K JKeJIe3HOM 1opore cieayer
MOCTPOUTH TOABE3THON IMyTh OT 3aBOjAA, YTOOBI TPAHCIIOPTHUPOBKA
rpy3oB u3 A B B Obuia Hanbonee 3KOHOMUYHOM, €CIM CTOMMOCTb
MpOBO3a TOHHBI Tpy3a Ha paccTossHMe | KM COCTaBIsieT IO
MOABE3THOMY IIyTH P pyoO., a 1o xene3nou gopore  pyd. (p>q) u

ropox B pacmonoxen na b km cesepnee 3apoga A?

7. K kanany mmpuHbl @ NOAXOAWUT MO MOPSIMBIM YIJIOM
KaHal [MHUPUHBI D. BpeBHa KakoW HaWOONBIIEH UIMHBI MOYKHO
CIUIABIIATH MO 3TOU CHCTEME KaHAJIOB?

8. [Ipu kakux pazMepax OTKpbITas UUIUHAPUYECKAs BaHHA C
MTOJTYKPYTJIBIM TONEPEYHBIM CEUYEHUEM, MOBEPXHOCTh KOTOPOW paBHA
S, mMeeT HaKOOJIBIITYI0O BMECTUMOCTD?

oy —

B npennokeHHbIX JIE  CAMOCTOSATENBHOIO pEelIeHusl 3ajadax
NPUCYTCTBYIOT MmapaMeTpbl. B ToM ciyuae, korna uccienyemast pyHKuus
HE COJIEPKUT MapaMeTpoB, JIETKO HaWTU HauOOJIbIINE UM HAUMEHbILINE
3HAYEHHUsI C TOMOILbIO Tpaduka. B HacTosiee Bpems B CBSI3U C HATUYUEM
AKETOB KOMIIBIOTEPHBIX MPOrpaMM HET HEOOXOJIUMOCTH CTPOUTH
rpaduku BpyuHyro. Tak, naket nporpamm MAXIMA MrauoBeHHo pucyer
rpaduKd SBHO 3aJaHHBIX (QYHKIHKA C TOMOIIBIO KomaHiel plot2d.
Hanpumep, npu pemeHun 3amaur 1 cienoBajio HaWTH HauOOJIbIIEe
snauenne Qynkmun - S(h)=(120-2-h)-h. Tlockomsky 0<h <60,

noctpouMm Tpadpuk Qyskmun  S(h) mHa otpeske [0,60] ¢ momomsio
xomanae! plot2d((120-2*h)*h,[h,0,60]). Mer onyunm rpaduk Buga
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B coorBeTcTBHM ¢ 3THM TpaMKOM MaKCHMAaIbHOE 3HAYCHHME ()YHKIIMH
nocturaercs mpu h=30.

IIpuiio:keHne MPOU3BOAHBIX IJIA NMPUOJINKEHHOTO PelleHus]
YPaBHEHHMH

l. Jna omnpenencHuss y4YacTKOB HAXOXACHUS KOPHEW MHOTOYJICHA
ClIeqyeT HAWTU YYaCTKH MOHOTOHHOCTM MHOrouwieHa. Eciu Ha KOHIax
OTpPE3Ka MOHOTOHHOCTA MHOTOYJICH MMEET Pa3Hble 110 3HAKYy 3HAYCHUS, TO
Ha 3TOM OTPE3KE HAXOJUTCS €IUHCTBEHHBIA KOPEHb.

Hpumep: Haittu oTtpesku, rae HaXOQATCS Pa3IMYHbIE KOPHU YPaBHEHUS
X*—6x° +9x—3=0.

Haiing mnpowmssognyo ¢ymkmun  f(X) = x> —6x°+9x—3, momydnm
Y4acTKU MOHOTOHHOCTH 3TOU GyHKIMH. JlelicTBUTENBHO,
f'(x) =3x*—12x+9=3(x-1)(x—3). OueBuano, uyro ¢yskmmsa f(X)
Bo3pacraeT mpu X € (3,+0) u mpu X e (—0,1). Ha yuactke (L3) dyHkims
f(X) yowBaer. Umeem f(1)=1, f(3)=-3, f(X) o -, f(X) > +oo.

X—>+00

CrenoBaTennbHO, OJUH KOPEHb HAaXOAUTCS Ha ydacTtke (—o0,1), BTOpO# — Ha

yuactke (1,3), a TpeTmii — Ha yuactke (3,+00).

2. OmnpenenuB y4acTOK, Ha KOTOPOM HAaxXOJWTCS KOPEHb MHOTOWICHA,
MOKHO  JUIS ~ HAXOKJAEHUS  NPHOIMKEHHOTO  3HAYCHHS  KOPHS
BOCIIOJIB30BAThCS Memooom umepayuii. ]Il TPUMEHCHHS 3TOTO METO/a
ypaBuenue f(X)=0 samensror Ha ypaBHeHuwe X-+Cf(X)=X u mombuparor
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KOHCTAaHTy C Tak, 9To0bl GyHKIHsS @(X) =X+ Cf(X) Ha BEIOpaHHOM ydyacTke
obnanana ceoiictBoM | ¢'(X) < q <1. B coorBeTcTBHH ¢ (hOPMYIIOH KOHEUHBIX
NpUpAIEHUI OTCI0Aa CIenyeT, uTo | (X)) —o(X,) [ X, — X, | a1 1r060# napsl
3HAQUEHMH X, M X, C JAaHHOTO ydacTka. TakuMm oOpa3oM, HaxoxIeHHE
pemenuns ypaBueruss f(X)=0 MbI cBenmu k pemeHuio ypaBHeHust @(X)=X.
Bo3zeMeM 3a HyneBoe MNPUONMKEHHE PpEHICHHA JH000€ 4YHUCIO X, W3
BbIOpaHHOTO oTpe3ka. CiaenyrommM NpuodImKkeHneM 0yaer X, = ¢(X,) . 3atem
X, = @(X),.... IlomyuyeHHyI0 mOCIENOBAaTENLHOCTh 3HAUYEHUIN HA3bIBAIOT
uTepanusiaMu. B cooTBeTCTBHH ¢ ycioBHeM Ha (QyHKnuioo @(X) wTepanuu

OyIlyT, HE BBIXOJIS 3a MpPEAeIbl Y4acTKa, MOCTENEHHO MPUOIMKAThCSA APYT K
npyry. Ilpenen Takol mocienoBaTEIbHOCTH UTEpauuid (a) CyIIECTBYET H
YIOBJIETBOPSIET COOTHOIIEHHIO () =a.

Ilpumep: HaiineM npuONIMKEHHOE 3HAYEHUE KOPHSA YpaBHEHUS
x> —6x° +9x —3=0, naxomsmerocs Ha untepsane (1,3).

ChHauana mnonbepem  koHctanty C  Tak, 4roObl  QyHKUUA
o(X) = X +¢(x> —6x° +9x —3) obmanana ceoiicteoM | ¢'(X) [< (<1 Ha orpeske
[l+&£,3—¢], rne & — mnonoxurenpbHas Majas BeIUYHMHA. IIOCKOJIBKY
—3<(x*-6x°+9x—3) <0 na untepnane (1,3), To 32 C MoxkHO B3sTh 1/4.
Hrak,

x> 3x* 13 3

PN=F -+ T* 71

Bo3bMeM 3a HauanbHOE npudImkeHue X, =2. Teneps

7

X, = (%) = g

Cnenyromast uTepaus:
431

X, =§0(X1)=2—56

KoMIiptoTep HaXOAMT KOPEHb Ha YKA3aHHOM €MY OTPE3KE 3HAUMTEIbHO
oeictpee. Jocrarouno B MAXIMA wnHaOpats komanay find_root(x/3-
6*x"\2+9*x-3,X,1,3) , ¥ MTHOBEHHO T0JydnM OTBeT 1.65270364466614.
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HeonpeneneHHbI HHTErPaJI
IlepBooOpa3Hasi, MHOKECTBO NMEPBOOOPA3HBIX

Onpenenenne: Ilepeooopasnoii pynxyuu f(X) HaszpiBaeTcs GyHKINA
F (x), npoussoxnnas koropoii paua f (x), r.e. F'(x)=f(x).

ITocKOIBKY (F (x) +C)' = f (x), rae C — mocrostHHas1, MEPBOOOPA3HBIX
Gyukuun T (X) OecUYMCIEHHOE MHOXKECTRO.

Jlroobie 1Be mepBooGpasnbie gynkuuu f(X) moryr orimuarbes
TOILKO Ha mnocrosiHHyl. Jpyrumu cnosamu, ecau F'(X)=f(X) u
¥'(x)=f(x), 0 F(x)—¥(x)=C =Const.

Onpenesenne: MHOXECTBO BCEX MNEPBOOOPa3HbIX OJHOW (PYHKUIUU

Ha3bIBACTCS  HEONPEOCeHHbIM  UHMEeZPAIoM  IMoil  (yHKuuu W
0003HaYaeTcH:

I f(x)dx,
npuuem T(X) HaseiBaercs nodvinmezpanvnoii  ynxuyuen, f(X)dx -
HOOBIHMEZPATIbHBIM GbIPANCCHUEM.

OuesuaHo, uto ecau F'(X) = f(X), To j f (X)dX:jF'(X)dX: F(X)+C, rue

C - IIPpOMU3BOJIbHAA IIOCTOsAHHAA HHTCTPHUPOBAHHA, TO CCTb IIOCTOsAHHAsA
MOZKCT IIPUHUMATDb JIFOOBIE 3HAYEHHUS.

CroiicTBa HeonpeneneHHoro unrerpaJja (HH)

D (]t (x)dx)’ — ()
Jloka3aTeabCTBO: (I f (x)dx)' =(F(x) +C), =F'(x)= f(x).

2) d(j f (x)dx): f (X)dx

JloKa3aTeNnbCTBO: M3 ompenenchns auddepenimana QyHKUMH 1 TEPBOTO
cnoiicrna HU mveen d ([ £ (x)dx) = ([ £ (x)dx) de = f (ode. 0T1,
3) [dF()=F(x)+C
Jlokasarenserso: [dF(x) = [ F'(x)dx = [ f(x)dx=F()+C 4.T.1.
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Ilpumeuanue.
Bce mocnepyromue 10Ka3aTelbcTBA IMPOBOJMATCS € TOYHOCTBIO 1O
MOCTOSIHHOU I/IHTerHpOBaHHH YTO CJIEAYET U3 ONPENEIICHUS NHTETpaa.

4) Imf dX m I dX ecnu M — MmocTasiHHAS.
JlokazarenbcTBo: [TockobKy J. x)dx =F(x)+C, mpuaem F'(x)=f(X), a
(mF(x)) =mF'(x) =mf (X),

mF(X) — nepBooGpasnast moasiHTerpasHoi Gyakmuun Mf (X), a 3HaunT
Jmf (x)dx=m(F()+C),

HO F(X)+C = J. f dx , CIICIOBATEINBHO,
jmf X)dx = mj x)dx. 4.T.JI.
5) J[f(x) (x)]dx = J. dx+J.g

Hoxa3zarensctBo: Ilycts

[f()dx=F()+G n  [g(x)dx=G(X)+C,, e F'()=7F(x),
G'(X) =g(x) . ITockonbky

(F(0)+G(x) =F'(x)+G'(x)=f (x)+g(x),
F(x)+G(x) sBmsercs  mepoobpasuoit  ¢ymkimun  f(x)+g(X),

CJIEOBATEIIHHO,

I[f(x)+g(x)]dx=F(x)+G( )+C,+C, I dx+Ig x)dx. 4.T.JI.

Cneocmeus.
1)] =—F(ax)+C a = const

HoxkazarensctBO: JuddepeHupyeM 00e 4acTu JOKa3bIBAEMOTO PABEHCTBA

(] f (ax)x) = f (ax),

1 _1dF@dt _1dFQ B
(EF(aXHCjX_a it a s a ¢/ =S (@)

MIPOM3BOJIHBIE JIEBOM U ITPABOM 4aCTEW PaBEHCTBA COBNAJAIOT,
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CJIeI0BaTeNbHO, CaMH (PYHKIIMHU OTIMYatoTCs Ha noctosHuyto. Y. T. /.

Z)Jf(x+b)dx:F(x+b)+C,b:const
JlokazatenscTBo: M3 jf(t)dtzF(t)—l—C npu t=Xx+b wummeem dt=dx,
OTKyzLaI/IMeeMJf(x+b)dX:F(X+b)+C.

3) If(ax+b)dx=F(ax+b)+C

Jloka3aTeabCTBO CIEAYET U3 MEPBOTO U BTOPOTO CIIC/ICTBUM.
Tabauna uHTErpaJIoB

[IpuBeneM TabMMIly HEOMPEACICHHBIX HMHTETPAJIOB C MPOBEPKON TOTO,
YTO JICMCTBUTEIIBHO MPOU3BOAHAA OT IIPAaBOM YaCTH COBIAAAET C
MOJBIHTErPAIbHON (DYHKITHEH.

n+1

X n+1 '
1. _[x”dx: +C, (n=-1) X n
’ +C | =X
n+1 (n+1 ]
2. [Z Zinjxj+C (Inj+C) =2
J X
3. [a'dx=-2_+C a* )
4. [sinxdx=-cosx+C (-cosx+C)'=sinx
5. [cosxdx=sinx+C (sinx)'=cosx
6. =tgx+C tgx+C)'=
J cos® x J (t9 ) cos® X
o dx '
7. | ——=—ctgx+C. (—ctgx+C)'=—
7 sin” X sin” X
=arcsinx+C = (arcsinx+C)': 1 -
8. " J1-x° 1-X
= —arccos x + C.
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dx : 1
o T - arctgx+C = (arctgx+C):1+X2.
= —arcctg x + C.

10_J' dX2:E|n1+_X+C 1+, o) 2
1-x* 2 |1-X T 1_ 2
dx '

11. I—:In‘x+\/x2+k‘+C (In‘x+\/x2+k‘+C) __1
Ik Ny

[Ipu unTerpupoBanuu (yHKIMA MbI OyJeM MOPOBEPSATH PE3yJbTaT C
noMonipl0 makera wmaremarndeckux nporpamm  MAXIMA.  UYto6w

COCUHTATH C MIOMOIIHI0 KOMITBIOTEPA I f (X)dx, MBI JOKHBI BBECTH Ha SKpaH

3amanue B Buje integrate(f(x),xX) u Haxkath ogHOBpeMeHHO KiaaBuiu Shift u
Enter. KommbioTep coIepXHT BCE H3BECTHBIE (OPMYJIBI M IIPHEMBI
UHTCTPUPOBAHUS, B TOM YHCie, TaOMUIy HMHTerpajioB. OTBET KOMIIBIOTEP
BBIJIACT B CICAYIOIICH TMOCie 3aJaHus CTPOKe, HO 0e3 MPOM3BOJILHOM
nocrosuHot C. Creayer IMOMHUTB, 4YTO HEKOTOpPHIE MaTeMaTHUYCCKHE
(YHKIIMM HMMEIOT OTJIMYHOE OT INPUBBIYHOIO BBIpaKEHHUE, Hampumep, tg
3aMeHeH Ha tan, ctg — nHa cot, arctg — na atan. ®yukums In umeer
npeacrasiacHue 10g, a morapudmMpl 0 OCHOBAHUSAM, OTJIWYHBIM OT YHCIIA €,
HE pacCMaTpHUBAIOTCS, JUOO JOJKHBI OBITH NPHUBEICHBI K OCHOBAaHHIO €.
3aMeuaTeNbHBIC YMCIIa, TaKWe KaK TO e €, 3allMChIBAIOTCSA CO 3HAYKOM %
nepen HUMU. To ecTh, € 3anuckiBaeTcs Kak %o0e, 7 — kak %opi. Bee pyHkmum
3aMHACHIBAIOTCS C MAJICHBKON OYKBBI U TIGPEMEHHBIC B (DYHKITUSX BBOJISATCS B
ckoOkax. Hampumep, SINX 3ammmrercs kak SiN(X). 3HaK yMHOKEHUS
BBOAMUTCS 3HAKOM *. CTereHb BBOJUTCS TIPH ITOMOIIY 3Ha4YKa /.

IIpueMbl HHTErpUPOBAHUS

1. To:xknecTBeHHBbIE npeoodpasoBaHus MOJABIHTEIPAJILHOIO
BbIPAsKEHHUS U CBEJACHUE K TA0JUYHBIM HHTEIPAJIaM.
N3 cBoiicTBa MPOU3BOIHOU

[k- f(x)+|-g(x)]':k- f'x)+1-9'(x)

CICAYCT aHAJIOTUYIHOC CBOMCTBO JJs1 HCONIPCACIICHHBIX MHTCTPAJIOB

J[k- F09+1-g0)]dx =k [ f(x)dx+1- [ g(x)dx.
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IIpumepsi:

1. BBIYUCIUTD IXX_32dX.

I[GJ'IH IMOWICHHO YHUCIIUTCIIb HA 3HAMCHATCIIb, IIPEACTABIISSA HHTCIPpAI OT
Pa3sHOCTH B BHAC PA3HOCTU HHTCTPAJIOB KW  BBIHOCA MOCTOSIHHBIN
COMHOZKHUTCIIb 3a 3HAK HHTCIpalid, IIOJIYYHMM B COOTBCTCTBHH C Ta6JIHH€I>'I

-1 )
I X;gzdx = I(x*2 —2x3)dx :I X2dx — 2j X 3dx :)i_l_ zi_2+c i

[TpoBepuM pemieHue. 3anuimeM Ha dKpaHe 3aaanue integrate((x-
2)/x"3,X) n HaxkmeM kiaBuiu Shift+Enter.

dx
sin®x-cos?® x

2. Beruuciaure j

2 . 2
Bocnonb3yemcs ToxxkaectBom 1=C€0S X +Sin X. Torga moayyum

I dx B 1 dx — CoS” X +Sin°x dx — [ 9X dx
sin®x-cos® X J sin®x-cos? x sin’x - cos? X sin®x  J cos? x
= —Ctgx + tgx + C.

2. 3aMeHa mepeMeHHOM B MHTerpaJie.

HauOonbiiee 4MCIO M3BECTHBIX  HMHTErPAjiOB  BBIYUCISIOTCS €
UCIIOJIb30BaHuEM 3Toro npuema. CyThb €ro B ciaeayromeM. Bmecto npexxHen
NEPEMEHHON HMHTETPUPOBAHUS BBOJUTCS HOBAasl MEpEMEHHas TakK, 4YTOObI
BHOBbB MOJYYUBUINIICS UHTErpajl cTtaj 0oJiee MPOCThIM, WM OoJiee yA0OHBIM
IS UHTETPUPOBAHUS.

Eenn F(x)+C = [ £ (x)dx, 10 | f(p(t) - ¢'(t)dt = F(p(t)) +C.

Jloka3aTenbCTBO:

(F(X)+C)'=f(x).

CrnenoBaTenbHO, COTJIACHO MpaBwiry AuG(PEpeHIUPOBAHUS CIIOKHOU
byHKINH:

(F(e() +C)'=F (D)) - 0'(t) = T (1)) - 0'()) . LT

Dopmyny unmezpupoeanus 3amMeHoll nepemMeHHoll MOXHO 3arucaTh B
BUJIE

Xx=o() .
J f(x)dx={ = o) dt}: J f o) o't
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ITocne HaxO0XIEeHUST UHTETpalla MPABOU YaCTU 3TOr0 PABEHCTBA CIIEAYET
MEPEUTH OT HOBOW IMEPEMEHHOM WHTETpUpOBaHUS 1 Ha3zaag K CTapou
MEPEMEHHON X .

[Ipy noaxonmsuien 3aMeHEe NEPEMEHHOM MBI CBOJIUM  3aJaHHBIN
MHTErpaJl K TAOJUYHOMY.

IIpumepsi:
1. Haiitu jes"‘ *cos x dx.

3nece t=sinX, cosxdx =dt. CiuenoBaTenpbHO, B COOTBETCTBUU C TEM,

sin x

410 jetdt:et+C,nmeeM Ie cosxdx =e™ +C.,

2. Haiitu [ tgx dx.

CnenaeMm 3ameny t =cosx, dt=-—sinxdx. Toraa

[tgrab= [ Mg - [SINXAX__[O_ 0y cosx|+C
J COSX COS X t

* 2
3. Haiitu | e * xdX.

CnenaeM 3ameHy —X° =t . Torga —2xdx = dt n

je‘xzxdx:—ljetdt :—let +C :—Ee‘xz +C.
2 2 2
4. Haiitu J > x )

X +2x+17

Briaenum mosiHbI KBaApaT B 3HAMEHATEJE:

I dx :J. dx

X*+2x+17 Y (x+1)*+16

Brinecem 16 u3 3HameHartes:
1 dx

B 2
1+(x+1j
4

X+1 .

Cnenaem 3ameny e =t. Tenepp ™Mbl MOJYYUIU TaOIUYHBIN
UHTErpa:
e dt 1
— =—arctgt+C.
4 j 1+ 4009
B pesynbrare numeem J‘L _1 arctg(x—+1) +C.
X°+2x+17 4 4
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3. MuTerpupoBaHue no 4acTam

WHTEerpupoBaHKe IO  4acTAM  OOBIYHO  HCIIONB3YETCS,  €CIH
HOJBIHTErpaIbHas (DYHKIUS MPEACTABIACT IPOU3BEAeHNE (DYHKIMIA pa3sHBIX
THIIOB — CTEIEHHas W I0Ka3aTellbHas, CTEIEHHAs M TPUTOHOMETPHUYECKas,
oOpaTHasi TPUTOHOMETpPHUYECKast (PYHKIUS W CTEICHHAs, MMOKa3aTeabHas H
TPUTOHOMETPUYECKAS H T.JI.

IMycte U=U(X), V=V(X) — OGyHKINH, HMEIOIINE HEMPEPHIBHBIC
nmpou3BoAHbIE. Torma

j u(x) - v'(x)dx = u(x) - v(x) — j v(X)-u'(x)dx+C
(mmn [U()AV(x) = U(V(X) [ vO)du(x)).

JlokazaTenbCTBO:
CropaBe1JIMBbI COOTHOILICHUS:

j UX)-v(x))'dx =u(X)-v(X) +C u
09 -v09)"d = [u) - v' () o+ () - v(x) dx.

CpaBHuBas MpaBble YacTH, MOJYYUM MPUBEIACHHYIO BbILIIE (QOpPMYIY.
q.T. /.

[Ipy npumeHeHUU NOpPOUEAYpPbl HHTETPUPOBAHUS IO YACTSAM BaXKEH
BbIOOp (pyHKIMH U.

VYkaxkeM npUOpUTETHI BBIOOpA 3TON (HYHKIIHH.

1) B mepByro ouepenb B KadecTBe BbIOMpaercsa oAHa M3 (YHKIHIMA
Inx, arccosx, arcsinx, arcctgx, arctgXx.

2) Ilpu oTCYyTCTBUU ATHX (PYHKIUH B MOJBIHTETPATLHOM BBIPAKCHHUU B
KayecTBe U MOXeT ObITh BbIOpaHa HAxXOJSALIAsCS B YUCIHUTENE CTENEHHas
(PYHKIUS C LETBIM MOJO0KUTEIbHBIM MTOKA3aTEIEM CTETICHH.

Jpyrux nOpuOpUTETOB MpHU BbIOOpE 3TOM (YHKIMU HET, 3ananve U B
ATOM CJIy4ae OCYIECTBIsAETCS NEpeOOPOM BO3ZMOKHBIX BAPUAHTOB.

IMpumepsi:
1. Haiitu Iexx dx.

O6o3naunm X =U(X), V(X) =e". Torma Vv(X)=¢e", U'(X)=1. Ilpumenss
(OpMyITy HHTETPHPOBAHUS 110 YACTSIM, TIOTYIUM
Iexxdx: X-e" —Iexdx:ex(x—1)+C.
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2. Haiiru [ (Inx)°dx

B stom mpumepe Mbl MPUMEHUM METOJ HHTETPUPOBAHUSA I10 YaCTAM
JIBaXbl:

u:(lnx)z,u':ZInx-%,

[ (inx)dx = =x-(Inx)*-2[In xédx:

V=1lv=X

1
u=Inxu ==
X

= x-(Inx)* = 2[ In xdx = =x-(|nx)2—2(x|nx—j§dx)=

V=1lv=x
=X-(InxX)? = 2xInx+ 2x + C.

3. Haiitu J' e coshxdx

u=cosbx, du=-bsinbxdx

Ieax coshxdx =
dv=e¥dx, v=e*/a

}:leaX cosbx+9IeaXsin bxdx =
a a

U=Sian, du =bcosbxdx 1 b .- b2 ax
=5e cosbx+¥e smbx—;_"e cos bxdx

dv=e¥dx, v=e*/a
ITociie TOBTOPHOTO MHTErPUPOBAHUSA II0 YaCTSIM B PELIEHUH BO3HUK

UCKOMBIH uHTErpan | = Ieax cosbxdx . 3nadenue | Temeps MOKHO BBIPA3HTh
M3 TOX/ECTBA
1 ax b aX ~j 2
| ==e¥ coshx+—=e”sinbx—=1 .
a a a

[Tomyuum

2 2
a“+b 1 b .
I — |==e”coshx+—e*sinbx.
a a a

Takum 00pazom,
ae®™ cosbx + be® sinbx

I:_[e cosbxdx = S +C
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HexoTopble KiIacchl HHTErpUPYeMbIX (DyHKIMH

Hanee OyayT pacCMOTpEHbI METOAbl MHTETPUPOBAHUS HEKOTOPBIX KIIACCOB
¢ynkumii. B mepByro ouepeab paccMOTPUM HMHTErpaigbl OT JpOOHO-
panMoHaNbHBIX QYHKIMKA. BaxKHOCTh 3TOro Kilacca MHTETpajoB CIEAYET W3
TOTO, YTO HAWOOJIbLIEE YHUCIO HMHTErpajioB JPYTrUX KIACCOB CBOISATCS
MMEHHO K 3TUM UHTErpajaM.

NuTerpupoBanue NpocTedimx Jpo0OHO-PAHOHAIbHBIX (DYHKIIAM
PaccmoTrpum 3 mpocreiiimme 1poOHO-parimoHanbHble GyHKIMA. VHTETpassl

OT HUX BBIYHUCIISIOTCS CIEAYIOIUM 00pa3oM
¢ dx

1. =In|x—a|+C.
Jx—a
e dx 1
2. = +C
Y (x-a)" @L-m)(x—a)™*
2 .(|\2|x+ N)dx’ 02 _4q <0
7 (x*+ px+q)

npu p? —4qg > 0 3TOT HHTErpasl MOXKHO CBECTH K 00Jiee TPOCTOMY BHI
p p p y y

[Ipocteitimme apobu 3 Tuma mpeoOpa3yrTCs OJWHAKOBO IO CIEAYIOMIEH
cxeme:
1) Bsigensercs mNOJHBIA KBajpaT B 3HAMCHATEIC IOABIHTCTPAIBLHOM

2 2
2_ . (P) _49-p
a“=q (2) =—5 =20

2) JlenmaeTcsi 3amMcHa IEPEMEHHOM {t =X+ p/2dt= dx} U HUHTETpaj

rae

pasouBaercss Ha JBa. Torga wHTErpay 3 THUINA CBOJUTCA K CIEIYIOIIUM
MPOCTBHIM MHTErpaiaMm:

(Mx+N)dx ¢M(t—p/2)+N M 2 ( _I\/Ip) dt
I<X2+pX+Q)_J t* +a’ dt_2-"t2+a2dtJr N=% -[t2+a2_
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M ety [ N-Me L gergl oM pY 8
=3 In(t*+a )+(N 5 jaarctga+C_ 5 In((x+2) +a’ |+

P
X+
Mp ( 2) _
+(N 2jaarctg 3 +C =

_Mp

M 2
=7In(x +px+q)+( 5 jaarctg +C

2X+ P
2a

4X+3
X> +4X+5
[ockombky P —4q=16—20=—4 <0, gaHHBI HHTErPAT ABISETCS HHTETPATIOM

dx.

IIpumep: Boranciaurs j.

TPCTHCTO THUIIA. Pemaem €TI0, UCITIOJIb3Y: BBIIICIIPUBCACHHYIO IIPOLHCAYPY

I 4% +3 f 4% +3 t=x+2 Im 8+34 _
X +4x+5 (X +2)? +1 dt =dx t*+1
t +1 dt
=7 -5]

_Itz t2+1 2+1
=2In|t* +1‘—5arctgx+C=2In‘x +4x+5|-5arctg(x+2) + C

HNuTerpupoBanue Apo0OHO-PaLMOHAIBHBIX PYHKIMH

Omnpeneaenue: /[poono-payuonanvnoii hynkyueii Ha3bIBACTCS BEIPAKECHHUE
BUJA

P(¥) _a+ax+ax +..+ax"

Q.(¥) b, +bx+bx*+..+b x"

rae P.(x), Q. (X) - MHorousens! creneseii N 1 M COOTBETCTBEHHO.

R(x) =

Onpenenenue: J[poOb Ha3bIBAECTCS MPABUAbHOU, €CIIA CTapuiasi CTENEHb
MHOTOYJICHA, HaxXOJSUIErOCsl B YHCIHTENE, MEHBIIE CTApIIEH CTENEHU
MHOTOWIEHa B 3HAMEHarele, TO ecTb N <M, B MPOTUBHOM cllydyae ApPoOb
HEIMPaBUIbHAS.

[Ipy BBIUKMCIEHUM MHTETPAJOB OT JAPOOHO-PAlMOHAIBHBIX (PYHKUIUN
HE0OXOAMMO PYKOBOACTBOBATHCS CIEAYIOIUIMMU MTpaBUIaMU:

1) YcraHoBuTh, SIBISETCS JIM MOJBIHTErpajibHast (YHKLMS MPAaBUIbHON WU
HenpaBUWIbHON npoOkto. Eciu ApoOb HenpaBuiibHAs, TPEACTABUTD €€ B BUC
CYMMBI LI€JION YacTH U MPaBWIbHON JpOoOH.
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2) BpisicHUTb, SIBISIETCSI JIM NpaBUIIbHAsA poOb MPOCTEUILNEH, €ClU 11a, TO
MPUCTYIUTH K €€ HHTETPUPOBAHUIO.

3) Ecnu npoOb He sBIsE€TCS MPOCTEHMIIEH, MPEACTaBUTh €€ B BUAE CYMMBI
MPOCTEHIINX APOOEH U MOCIie TOT0 MPUCTYNUTh K HHTETPUPOBAHUIO.
Teopema: IIpaBunbHas HecokpaTuMas IpOOHO pallMOHAIbHAS (PYHKLIHS

Pn(X)
(x—a)s(x2 + px+q)

MOJKET OBITh IIPE/ICTABIICHA B BUAE CYMMBI POCTEHIITNX IPOOCIA:

-, (Mm<s+2k)

SP”(X) e = A -+ A — + Ass_z+...+—'Ag +
(x-a) (x*+px+q) (x-a) (x-a)" (x-a) (x-2)
M, X+ N, M,x+N, M_X+ N, M, x+N,

) K ) k1 ) k2 Tt 75

(x*+px+q)  (X+px+q) (X°+px+q) (x*+ px+q)
1) ITocne mpencraBieHus] TPaBUIBLHON APOOHO-pAlMOHATBHON (YHKIIMH B
BUJIE CYMMBbI MPOCTEHIIUX IpoOEi MPUBOAMM MPaBYI 4acTh (GOPMYJbI K
o0111eMy 3HaAMEHATEeN0, CJe/As 3a TeM, YTOObl OOIIMIl 3HaMEHATEIh CYMMBbI
npoOei coBnajiai co 3HaMEHaTEeIeM pasjiaraeMou 1poou.
2) Tak kak 3HaMeHaTenu JpoOed B JIEBOM M MPaBOM YACTSIX PaBEHCTBA
COBIIAJIAlOT, MPUPABHAEM UX YHUCIHUTENH, B PE3YyJIbTATE MOJIy4aeM PaBEHCTBO
MHOT'OYJICHOB, PACIIOJIOKEHHBIX B JIEBOM U MPaBOM YacTsIX (HOPMYJIbI.
3) U3 ycioBusi, 4TO MHOTOYIEHBI PaBHBI TOJILKO TOTJIa, KOTJa COBMAAaroT
KOd(PGUIIMEHTHI NpH OJWHAKOBBIX CTEMEHSAX IEPEMEHHOM, TMoJlydyaeM
CUCTEMY YpaBHEHUN OTHOCHUTEIBHO KO3(P(UIIMEHTOB PaA3JIOKEHUS, TPUIEM
JI0OKa3aHO, YTO OHA UMEET €AUHCTBEHHOE PEIICHUE.
4) Tlocne onpeaeneHus U3 MOTYUYEHHON CUCTEMbl 3HAUCHUH KOA()PUITUEHTOB
Pa3NOKEHUSI UHTETPUPYEM ITPOCTEHIINE TPOOH.

Hpumep:

3X+2
Ia—a@+3””

[ToapiHTHITpaNibHAST GYHKILIMS SBISETCA MPABUILHOM HECOKPATUMOU APOOBIO.

Paznoxuwm ee Ha mpocrenmme z[po61/1
3X+2 _ A + B N D
x=2)(x+3)* (xX=2) (x+3) (x+3)*°

[Tocne mpuBeneHUs MpaBOM 4YacTU PaBEHCTBA K OOLIEMY 3HAMEHATEINIO

HNMCECM
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X+2  _ Ax+3’+B(xX—2)(x+3)+D(x-2)

(x-2)(x+3)* (X—2)(x+3)°
[IpupaBHHBaeM yHuCIUTENN APOOEH
3X+2=A(X+3)°+B(X—2)(x+3)+ D(x—2), (*)

oTKyza caenyer. 3x+2 = A(X* +6x+9) + B(X* +x—6)+ D(x—-2).

Tpebyem paBeHcTBa KOA(D(PUIMEHTOB MPU  OJUHAKOBBIX  CTEIEHSIX
MHOTOYJIEHOB, B pe3yJbTaTe MNPHUXOAUM K CHUCTEME TpEX YpaBHEHUU
OTHOCHUTENBHO KOA()(PUIIMEHTOB Pa3I0KEHUS

NG A+B=0
X| 6A+B+D=3
1|19A-6B-2D =2

Wrak, monydeHa cucrema Tpex ypaBHeHuil otHocutensHo A, B, D.
W3BecTHO, 4TO ee pelieHne eqUHCTBEHHO. Pemenne MoeT ObITh TOTy4eHO
pPa3HBIMU CITIOCOOAMHU.

[IpeacraBnsier ocoObld  HMHTEpec JO00aBIEHHWE K  AITOM  cucreme
JOTOJHUTENbHBIX, «IMIIHUX)» YPaBHEHWUH, YNPOILAIOMIUX IOIy4YEHHE
pemieHus. PaccyknalT mpu 3TOM clieayromuM oopa3zoM. ToxaectBo (*)
IpeaIoyiaraeT, 4TO PaBEHCTBO CIPABEIJIMBO TMpHU JIIOOBIX 3HAYEHUSX
NEepeMEHHONM X, CJeloBaTelbHO, €ro MOXKHO HCIIOJNIb30BaTh MW MpHU
KOHKPETHBIX 3HaUCHUSX nepeMeHHoi. [Iycts X =2, Torna

8=25A+B-0+D-0=> A=
N3 niepBBIX IByX YpaBHEHHUN CUCTEMBI IOJYUYUM
_ __8
A+B=0 = B= >
8 48 35 7
6A+B+D=3 = D= 3+25 E=PE-E
Tperbe ypaBHEHUE UCIIOJIB3YEM IS TPOBEPKU MOJYUEHHBIX 3HAUEHUN
72 .70,48_50_,
25 25 25 25 7
3X+2
Teneps j(x 2)(x+3) 25.[(x 2) 25!(x+3) 5-[(x+3)
7 _ 8 [x-2
In|x 2| In|x+3| 3)+C N33 5(x+3) +C
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NuTerpupoBanne TPUTOHOMETPUYECKUX (PYHKIIUIA

1. UnTerpansl oT ApoOHO-pallMOHANBHBIX (DYHKIIMI, apryMEHTaMH KOTOPBIX
SBIISIIOTCSI TPUTOHOMETpUYECKre GyHKIUU COSX | Sin X

I R(cos x,sin x)dx
3aMEHOH MEepEMEHHOUN CBOJATCS K MHTErpajam j R(t)dt, rne R — npo6Ho-

palnroHanbHas (YHKIIMS HOBOTO apryMmeHTa .
Pemienne »ToM 3amaduM  OCYIIECTBISIETCA C IIOMOIIBIK) YHHUBEPCAIBHOMN
IIOJICTAHOBKU

t=tg§.

[Toxaxkxem, 4Yto ¢yHKOHMM COSX, SINX wu dX oKka3pBalOTCI JPOOHO
palMoOHaNbHBIMU (PYHKIHUSAMHU HOBOU MepeMeHHOM 1

219
sinx=23in50055=2tg500325= 2_- 2t2,
22 2 2 1+2tgz§ 1+t
2
2 X - 2 X 2 X
COS X = coszg sng cosi el )Z(zl 9 )2(_1_tz
cosZ§+sin2§ 1+tg2§ 1+t

dx =d(2arctgt) = T

Hrak,
2 2
[ R(cos x,sin x)dx = IR( -, Zj > dt = [R(t)dt.
1+t° 1+t° )1+t

Takum oOpa3om, 3ajaya NOPUBEICHUS pPacCMaTPUBAEMOTO HHTErpajia K
WHTETpAly TPEeAbIAYyIIero Kinacca pemeHa. OIHaKo, Kak MOKa3bIBAET OIIBIT,
9Ta 3aMCHa MNPUBOJWT K CJIOKHBIM HMHTCIpaiaM OT I[pO6HO-paHHOHaJIBHBIX
(yHKUMMA, BBIYUCICHHUE KOTOPBIX BEChbMa 3aTPyJHUTENIBHO, €CIId BOOOIIE
BO3MOXXHO. B HCKOTOPBIX ClIydasaxX C IIOMOIIBKO JPYyTIUuXx IIOACTAHOBOK
yAaeTCs MOJYy4YUTh 0ojiee MPOCThIe APOOHO pallOHAJbHbIC (PYHKIMH. DTH
IHOACTAHOBKH, HA3bIBAIOT MHOI'ZIA CIICHIHMAJIbHBIMH, TadK KaK IIPUMMCHHMbI OHH

JIMIb TPU BBINOJHEHUH HEKOTOPBIX YCIOBHM.
1) 3ameHa t =Sin X mpuMeHWMa, €CJIM MOABIHTErpaIbHAsS (QYHKIUS HEYCTHA
OTHOCUTEIBHO COS X'

R(—cos x,sin X) = —R(Ccos X,Sin x)
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2) 3ameHa t =COSX mpuMeHHMa, €CJIM TOJbIHTErpabHAs (YHKITHS HEUCTHA
OTHOCHUTEIBHO SiN X :

R(cos x,—sin xX) =—R(cos x,sin X)
3) 3amena t=1gX mnpumeHuma, €clid MOABIHTErpajbHass (YHKIHS YETHA

OTHOCUTEIBHO COSX M Sin X OJHOBPEMCHHO:

R(—cos x,—sin x) = R(cos x,sin X)
Takum oOpa3oM, MpPUBEICHHE pacCMATPUBAEMOI0 Kjacca HWHTErpajioB K
IpeabIayIeMy KJaccy BO3MOXHO AByMsi criocoOamu. JInGo mpumeHeHuem
YHUBEPCAIBHOM MOJICTAHOBKH, MPUBOJSIIECH MOYTH BCETJa K MHTETpaiaM OT
CIIOKHBIX JIPOOHO palMOHAJIBHBIX (YHKIMH, JTUOO HMCIOJIb30BAHUEM, €CIIH
9TO BO3MOYKHO, HanOoJIiee MOAXOAAIIEH CIIEIHaIbHOM IT0ICTAHOBKH.
OnbeIT MOKa3bIBAET, YTO MPUMEHEHUWE YHUBEPCAIBHOM IMOJCTAHOBKHU
1eaecoo0pa3Ho, Korjaa He paboTaeT HU OJIHA U3 CHEIUANIBHBIX MMOJICTAHOBOK.
Ecnu  nomycTUMBl HECKOJIBKO CHEIMAJIbHBIX IOJICTAHOBOK, JKEJIaTEeJIbHO
OCYILIECTBUTh KaXAYH M3 HUX, YTOOBI BBIOpaTh Ty, KOTOpas MPUBOJUT K
UHTErpaty OT CaMOM MPOCTOM APOOHO pallMOHaIbHON (DYHKIIUH.

IHpumepsi:

1. j tg® xdx

HetrpyaHo mpoBepuTh, 4TO MOXHO pPEaiu30BaTh BCE MPUBEICHHBIC BHIIIEC
NoACTaHOBKUM. B camoM jene, mnoapHTErpajibHasi (GYHKIUMA HEYETHA
OTHOCHUTENIbHO COSX, HEUueTHa OTHOCHUTEIBHO SINX, Tak XK€ OHA YeTHa
OTHOCHUTEIILHO OJHOBpPEMEHHO COSX W SINX. VYHHBepcalbHas XKe
NOACTAaHOBKA OCYIIECTBMMA B JTHUX MWHTErpajgax Bceraa. Peamusyem
MOOYEPEIHO BCE MOJICTAHOBKH, HAUMHAS C YHUBEPCATLHOM.

5
_rsin®x (1+t2j 2dt t°dt B
1)jtgsxdx_jﬁd j R _64j(1—t2)5(1+t2)_
1+t?
t°dt

—64(

(1-t) (1+t) (1+1°)
B pesynbTaTe mnosiydeH HMHTErpaid OT APOOHO-pallMOHATBHON (YHKINH,
,Z[pO6B IIpaBUJIbHAs1, HCCOKpAaTUMasl. Ee MoxHO NpeaACTaBUTL B BUAC CYMMBI

ONMHHAALIATH TpocTedmux Apoded. OTHOCUTENbHO KOA(DPUIIMEHTOB
pa3NoKeHus noJiyyaeTcsi cucteMa 12 anreOpanyeckux ypaBHEHUH.
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2) _[tg xdx = _[S'n X i —_[(S::)r; ))((cosxdx j%cosxdx=

_Jt=sinx o t°dt — t°dt
dt = cos xdx (1—t2)3 (t-1)°(t+2)*

[TonpraTerpanpHast (GyHKIUS MOXET OBITh TPEJCTaBICHA B BHJIE CYMMBI
IIECTH MPOCTEUIHNX APOOEH, Ji1 OThICKAaHUS KOA(PHUIIMEHTOB Pa3IOKEHUS
TpeOyeTcs peluTh CcucTeMy 6 anreOpandyecKux ypaBHEHUM. 3amaua
3HAYMTEIHHO TPOIIIE IO CPaBHEHHIO ¢ 1).

t=1tgX
3) |tg® xdx =
) [tg dy -t

1+t
Wrak, He0OXOAUMO BBIYHCINTH HHTErpall OT HENPaBUIBHON IPOOHO
panroHaIbHON (PYHKIIMHU, YTO 3HAYMTEILHO IIPOIIE BHIYKUCICHUS HHTErpajia
2), Tem Oogee 1).

2
4) jtg xdx = Ism Xdx = jsm X sin xdx = j (1 co:zx) sin xdx =

°d
B jf+ tt2

cos® X cos® X cos® X

_ [t=cosx B (1—t) (12 1y, 1 1 _

S I e e UL
L 1 —In|cos x|+C

 4cos*x  cos®x
Takum oOpa3zoM, MOCIEIHUI BapUAHT 3aMEHBI IEPEMEHHOM OKa3aJiCs CaMbIM
YAAQ4HbIM, C TOMOIIBIO 3TOM NOACTAHOBKM HHTErpan BbIUKMCIEH. B xome
pelIeHusT  MOATBEPAWIOCHh, UYTO  YHHBEpPCAJIbHAs  NOACTaHOBKA B
PACCMOTPEHHOM TMpUMEpPE MPUBOJUT K 3HAYMUTEIHHO O0Jiee TPYAOSMKUM
BBIYUCIICHUSIM.

dx
3sinX+cosx+2
B 9TOM cnyqae HpI/IMeHI/IMa JINIIb YHI/IBepcaJ'IBHaSI 3dMCHaA.

X 2
t=tg= dx= dt
dx B 92 +1? _.[ 1 2dt _
3siNX+COSX+2 | . ot 1-t2[ I 6t 1-t 1+t2
= =— + +2
SN =TT 1+12 1+t* 1+t°

|z=6
246

+C =

| 2dt | 20t Jz=t+3 e dz__ 2
t"+6t+3 J(t+3)°—6 |dz=dt 2° -6 2[
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t+3\/_ 1|tg+3‘/_

t+3+\/_ 6 95 X1+3+46

:\/_|

2. aTerpansl BUIa J‘sinm xcos" xdXx.

OTH UHTETrpaibl SBISIOTCS YACTHBIM CITydyaeM WHTErpaja IR(COS X,sin x)dx,

CJIeIOBATEIbHO, K HUM NIPUMEHUMA Teopus npenbiayiiero naparpada. Ee u
CIEAYET WCIOJb30BaTh, KOTJAa OJWH M3 TOKA3aTeJeld CTEIECHEW HEYETEH.
Ecotu M — HeweTtHo, TO paenaercs 3aMeHa {=COSX, ecim HedyeTHO I,
peanmzyercs 3ameHa t =sin X. IHTepeceH ciydaid, korma M U N — 4eTHBIC.

Teopust mpemyiaraer B 3ToM ciiydae 3ameHy U=1gX, oaHako ymoOHee

MOHU3UTH OOIIYIO CTETICHB TOIBIHTErPATbLHON (DYHKIIMH C TIOMOIITHIO0 OTHOM
u3 Gpopmyi

sinxcosx=1sin2x, sinzx:w, coszx=m.
2 2 2
Hpumep:
_[sinzxcoszxdx:ljsinZZde:lj 1- cos4x)dx—1x—ism4x+c
4 8 8 32

3. Minrerpansi Bujta [ sinaxcoshxdx, [sinaxsinbxdx, |cosaxcoshbxdx.

OHu pemaroTcs ¢ MOMOIIbI GopMy

sinaxcosbxdx:l sin a+b X dx+ sin a—b X)dx | =
)x)

_ cos((a+b)x) cos((a b)x)
B 2[ a+b a-b JC’

Isinaxsinbxdx=%Ucos((a—b)x dx—jcos a+b)x)dx}:
:%[sin((a—b)x) sm((a+b)x)} ‘C

a-b a+b

J'cosaxcosbxdx:l[fcos a—b)x dx+Icos a+b)x)dx]:
[sm((a b)x) sm((a+b)x)}
2

a-b a+b
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NuTerpupoBanne UppauMoHaIbHBIX BbIPaKeHUH

DTOT KJIacC MHTETPAJIOB SBIACTCS Haubosee CIIOXKHBIM, TaK KaK BKJIIOYAET B
ce0s1 MHOKECTBO TMOJKJIACCOB HWHTETPAJOB, B KaXIOM H3 KOTOPHIX CBOU
NpUueMbl BBIYHACIEHUN. bonee Toro, Kaxymascs OYEBUIAHOM 3aMeHa
MEPEMEHHON 4Yallle BCEro HE MPUBOAUT K MOJOXKHUTEIBHOMY pPE3yJbTaTy.
OcHoBHasi ujes, peaquzyemas B 3TOM KJAcCe€ UHTErpajioB, U30aBJICHUE OT
PaIUKAJIOB B MOJIBIHTETPAIbBHOM BBIPAKCHUU.

1. WuTerpansl Buaa IR(X,T/ax+b,Q/aX+b,{’/aX+b,3/aX+b)dX, rne R —

npoOHo-panuoHanbHass ¢yHKIMA. B 3TomM ciydae paboTtaer 3ameHa
ax+b= ZS, rae S — HauMeHbllee o01Iee KpatHoe yucea M, N, p, g, T. €. S

— HauMEHBbIIIee U3 YHCel, AeIIINUXCs Halejgo Ha m, N, p, .

Hpumep:

,[ dx x=2° ZJ' 62°dz J‘ 2%z 6J'(Z —8+8)dz
x—=2¥x | dx =62%z 2°-27°

za[j(z2+2z+4)dz+8j%}=2z3+6z2+24z+48|n|z—2|+c:

=2\/§+6§/§+24\6/§+48In‘€’/§—2‘+c.

2. HTerpaiiel Buja IR(X, Jai-x? )dX .

JIns 3THX WHTErpajoB MMEKOTCA 3aMEHBI IEPEMEHHBIX, HAMNPIMYIO
OpUBOJASAIIME HMX K KIaccy ApOOHO-pallMOHaNbHBIX (QYHKUUNA. OpgHAKo
IIPEANIOYTUTENBHEE B ITOM CIIydae 3aMEHa, IIEPEBOMSINAsI MHTETpal B KJIacce
TPUTOHOMETPUUECKUX (HYHKIIMIA:

x=asint, va’—x? =+/a’—a’sin’t =acost
dx = acostdt

Torma IR(X, Ja‘- xz)dx =jR(asint,acost)acostdt.

[IpeoOpa3zoBaHue TMOJYYEHHOTO B pe3yJbTaTe€ 3aMEHbl IEPEMEHHOU
UMHTErpaja MOpPOUCXOJUT IO TMpaBuiaM, YCTAHOBJIEHHBIM B KJacce
TPUTOHOMETPUIECCKUX (DyHKITH.

Hpumep:
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I x:Zsint,\/4—x2=\/4(1—sin2t)=2c:ost _
\/4 X2 dx =acostdt

1 23|nt 2cost
_I Zcost

dt =_[(1—23int)dt=t+2cost+C =

2
:arcsin5+2\/1—sin2(arcsin§)+C :arcsin5+2 1—(5) +C=

2 2 2 2
=arcsin%+\/4—x2 +C.

3. MnTerpaisl Bua IR(X, JaZ+ x? )dx.

[logpiHTerpanbHas  (QyHKOUS  OPUBOAUTCS K  JpOOHO-palMOHAIBHOU
OTHOCHUTEJILHO CUHYCa U KOCUHYca (PYHKIIMH 3aMEHOMN

L8 ax=—2_dt
cos’t cost cos”t

x=atgt, a’+x? =\/a2+a2 tg’t =a

OTKYyJZa CIIEayeT
IR(X JaZ+x )dx .[R(atgt costjcos n

JUis  mpeoOpa3oBaHUM IOJYYEHHOIO MHTErpaia MCIOIb3yeEM TEOPHIO,
OTHOCSIIYIOCS] K MHTErpajiaM OT TPUTOHOMETPUUECKUX (PYHKIIUM.

dt = jR cost,sint)dt.

Ipumep:
(2+5x) 259 g, {x 3igt, 91 v = 3 3d£ }:J~2+15tgt 32 dt —
/ 9+x COSt ~ cos’t 27  cos‘t
3
cos’t
=—f 2cost+153int)dt=gsint—§cost+C:
9 9 3

2. X) 5 X
=gsin (arctg §j -3 cos(arctg §j +C
Ecnu yuects hopmyiibr

COS X = /C0S* X =;, sin X = tg X cos X = tg X+/cos* X :tg—x’
J1+19° X J1+tg?x

1 13

X
cos(arctg —) = = = ,
3
\/1+ tg* (arctg g) \/1+ (X)Z o+

3
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tg (arctg X) X
sin(arctg%jz 3 = 3 == X =
\/1+ tg® (arctg g) \/1+ ()3() Vo+x

OueBugHoO,

(2+5x)d 2x 5
\/9+X 37 994 o+ x?

+C.

4. UHTerpaisl BUaa .[R(X, Jxt—a? )dX .

[logpiHTerpanbHas  (QyHKOUS  OPUBOAUTCA K  JIPOOHO-palMOHAIBHOU
OTHOCHUTEJIBHO CUHYCA U KOCHHyca (GyHKIHMH 3aMEHOMN

/7 cos cost _ acost at
- 2 )
smt sin t sin? smt sin“t
Otkyna cnenyer

IR(X Jx*-a )dx —jR( costjacostdt fR(cost sint)dt

sint’ " sint ) sin’t

HpnMep
1 [yz_q_cost dx = cost

I“X — dx { }
sint’ sint’ ~sin’t

cost cost cos’t
~——-sint dt=—|——=—dt=—|| —
jsmt ( |n2t) -[smzt -[(smzt

.1 .1 :
= ctgarcsm§+arcsm§+c =X —1+arcsm%

)dt=ctgt+t+C=

+C

371ech YUYUTHIBAIUCH (POPMYJIBI:

ctgarcsin= = 1 —1=+/x"-1.
X | 2( | 1)
sin”| arcsin;

1
ctg’t = —
g sin’t
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