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Abstract—We consider an infinite planar four-phase heterogeneous medium with three con-
centric circles as a boundary between isotropic medium’s components of distinct resistivi-
ties/conductivities. It is supposed that the velocity field in this structure is generated by a finite set of
arbitrary multipoles. We distinguish two cases when multipoles are inside of medium’s components
or at the interface. An exact analytical solution of the corresponding R-linear conjugation boundary
value problem is derived for both cases. Examples of flow nets (isobars and streamlines) are
presented.
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1. INTRODUCTION

One of the most common heterogeneous structures encountered in nature are circular and annulus-
shaped structures. Because of their simplicity, these structures are studied in many applications ([1, 79,
15]). Such media are the most easiest for investigations in both analytical and numerical ways and also
they are a good starting point to apply different methods and algorithms.

A remarkable fact of the theory of function of complex variables is that every analytical (holomorphic)
function in its analyticity domain can be interpreted as a complex potential of some steady two-
dimensional flow [5].

[t is well known that for the case of one circular inclusion the corresponding complex potential of
a flow generated by a single dipole at infinity is, up to a multiplicative constant, Zhukovsky’s function
(the Miln-Thomson theorem [6], p. 153). For this structure a more general problem of determination
of a complex potential for a flow generated by a set of arbitrary multipoles can be solved. In the
monography [11], pp. 90—97 the solution is given in terms of Cauchy type integrals. The generalization
of Miln-Thomson theorem was obtained in the monograph [14], pp. 26—34. Also a solution for a three-
phase structure with two concentric circles as an interface was given there. The solution method, used
in this monograph , can be applied for investigation of multiphase circular structures.

[t is well known that for an arbitrary heterogeneous medium corresponding R-linear conjugation
boundary-value problem ([3], p. 53) can not be solved analytically. Only for some specific structures it
is possible to do. For example, the problem of the perturbation of a given complex potential by inserting
distinct inclusions into an isotropic medium was solved for circular [12], elliptical [17], parabolic [13],
hyperbolic [10], circular and elliptical annuli inclusions [16] and [4]. Much more progress can be made if
all inclusions are perfectly resisting [2].

The objective of the present work is to determine a complex potential generated by a set of arbitrary
multipoles in a four-phase structure consisting of two adjoined concentric annuli, theirs interior and
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216 KAZARIN, OBNOSOV

exterior. From mathematical point of view, we have to solve a boundary-value problem of R-linear
conjugation in the class of piece-wise meromorphic functions with principal parts fixed in advance. We
divide our solution into two parts. At first we consider the case when there are no multipoles at the
structures interface and boundary singularities are admitted in the second part.

Let us turn to a strict statement of the problem.

2. STATEMENT OF THE PROBLEM

We consider a four—phase continuous isotropic linear medium consisting of the exterior of the circle
S1 ={z:|z] > ri}, the circle Sy = {z : |z| < r3} and two annuli So = {z :re < |2| <71}, S3={z:
rg < |z] < ra}.

It is required to define a stationary power field v(z,y) = (vy,vy) = vi(z,y), (z,y) € Sk, k = 1,4,
such that

divvgy =0, curlvy =0 (1)

in all uniform components Sg. It is supposed that the principal part f(z) of the corresponding complex
potential

w(z) = (p(z,9), ¥(2,9), o=V =va =V = vy,
has a finite set of singular points T'=T7 U Ty U T3 U Ty, T}, C Sk.

Along the interface lines I, = {t : |t| = r} usual boundary conditions hold: continuity of the stream
functions and linear proportionality of the potential functions, i.e.

Vk(t) = Yes1 (), preon(t) = prrrorra(t), k=1.3, (2)
where constant coefficient py, characterizes physical properties of the phase Sk.

Henceforth, the plane (z,y) is understood as a plane of the complex variable z = = + iy. A vector-
function v(z,y) is interpreted as an anti-holomorphic, due to the conditions (1), complex-valued
function v(z) = v,(2) + ivy(z), which is complex conjugated with the derivative of the complex potential
function w'(2) = v(z) = vz(2) — ivy(2).

As is well known ([3], p. 53), the real boundary conditions (2) are equivalent to complex ones, which
in our case take the form:

v1(t) = Ajva(t) + Birit2ua(t), tely = {t:|t|=mr},
va(t) = Agug(t) + Bordt2us(t), te€ly={t:|t| =m}, (3)
vg(t) = A3’U4(t) + Bg"f’%t_2v4(t), tels = {t : |t| = 7’3}.

The coefficients Ay, By, are determined via the formulae:

A = (pr + pr+1)/20k, B = (pk — prt1)/ 20k, k =1,2,3.

We introduce also the notations

% = 7pk — Pkl Ak = ! Bk = Ak k= 172737

A — — 9 ) )
T A ot e 1+ Ay 1+ Ay

which will be used below.

Thus, it is required to find a piecewise meromorphic solution v(z) of the boundary value problem (3).
The principal part F'(z) = f/(z) of v(2) is a fixed rational function with a finite number of poles. We start
with the case when poles of F'(z) do not belong to the interface components lines .
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AN R-LINEAR CONJUGATION PROBLEM 217

3. SOLUTION OF THE BOUNDARY VALUE PROBLEM (3)
IN THE CASE OF INNER MULTIPOLES
Piecewise meromorphic solution v(z) of the problem (3) with a given principal part F'(2) = f’(2) can
be written as:

v(z) = vg(2) = Fi(2) + Vi(2), 2€ 8, p=14, (4)
where Fj(z) is the sum of all simple fractions, the summands of rational function F'(z), with their poles in

the domain Sy, and Vj(z) is an unknown holomorphic in Sy function. For a function Fi(z) is admissible
a polynomial term and holomorphic summand V; (z) vanishes at infinity.

Let S,j and S,  are the interior and the exterior of the circle I, respectively. Due to the Laurent theorem
analytic functions in the annuli So, S5 can be represented as a sum:

Vi(z) = V,j(z) + V. (2), Vj (00)=0, (5)

where V.7 (2) and V,; (2) are holomorphic functions in the domains S} | and S, correspondingly.
Let us introduce now the following functions:

qﬁz{4ﬂ@+AﬁM@+%TM+Bﬁ%”%Wﬁ%zeSL

Fi(2) = AV, (2) = Birfz 2 [Ba(27) + Vy (21)], 2 € 8),

o, — ) Vo (2) + Ao[F3(2) + Vi (2)] + Barz*Vi' (23), z €5y,
Fy(2) + Vy' (2) = AoV5' (2) — Bar32?[F3(23) + Vy (23)], 2z €85,

By — —V5 (2) + AsFy(z) + Bgrgz_2V4(z§), z €S53,
F3(Z) + ‘/3+(Z) - A3‘/4(Z) - B37ﬂ?2,z_2m’ S S{jv

where z} = r?/z is the point symmetrical with 2 about the circle Ij.

Each function ®4(z) (k =T1,3) is holomorphic in the domains S;"/{0} and S, and due to the
corresponding boundary condition (3) continuous across the line ;. At the origin this function has a
simple pole and it vanishes at infinity as V, (co) = Fj(o0) = 0. By the generalized Liouville theorem
O (2) = Ck/z, where Cy, is a constant to be determined. Thus, we get the following system for definition
of unknown functions Vi (2), V5&(2), Vit (2), Va(z):

—Vi(2) + A1[Fa(2) + Vs (2)] + Biriz 2V, (27) = Cy /2, z €857,
Fi(2) — A\VyH(2) — Birdz 2[R (25) + Vy (20)] = C /2, z€ ST,
—Vy (2) + Ao[Fy(2) + Vi (2)] + Bardz V5" (23) = G/, z€8;, 6)
Falz) + Vi () — AVt (2) — Burde 2(F5() + Vi (53)] = Ca/2 = € S5,
—Vy3 (2) + AsFy(2) + Bsriz=2Vy(z5) = C3/z, z € 83,
F3(2) + V3t (2) — A3Vi(z) — Bar3z2Fy(2%) = Cs/z, z€ 87,

We rewrite the last equality of the system (6) as follows

1
Fy(2) + Vi (2) = AsVa(2) = - (BorfFa(s) /2 +Cs) . € i

All summands on the left hand-side of the last equality are holomorphic everywhere in the circle S5 and,
in particular, at the point z = 0, consequently at the origin should vanish coefficient at the factor 1/z on
the right-hand side. It is not difficult to prove that the last demand takes place if

C3 = =By lim r3Fy(23)/2 = Baaa, a4 = reseoFy(2). (7)
ZzZ—

Indeed, every vanishing at infinity rational function P(z), and Fy(z) in particular, can be represented
as a finite sum of summands of view Py (2) = c/(z — 20)*. Obviously that lim, o r227 1P, (r2/z) =
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218 KAZARIN, OBNOSOV

{1,k =1;0,k > 1}, and ¢; = res,, P(z). Wherefrom follows our assertion due to the Cauchy’s theorem
about the total sum of residues.

Next, we find Cy from the fourth equation (6)

Cy = —resy (Bgrgz_z [Wz;)—i- Vg,_(z’g)]) By (ag — hm r2z vy (z2))

where ag = ress F3(z). The last limit equals —C3 — C3/As, as from the fifth equation (6) follows
reseo Vs (2) = C3 + C3/A3. So,

Cy =By (63 +63+03/A3). (8)
Analogously, from the second and the third equations (6) we find
01 = Bl (52 +ﬁ2 + CQ/AQ) , Qg = FESOOFQ(Z). (9)

We start to solve the system (6) by excluding Vy(z) from its two last equations
Vi (2) = (1= Ag)Fa(2) + Aardz2[Fa(z5) + VT ()] — (Cs + 83 C3) /=
Substitution of this result into the third equation (6) gives
Vo (2) = AaF3(2) + Aa(1 — A3)Fu(2) + Bar32"2V (23)
+ AoAgr2z2 | Fy(28) + M} — [A9(C5 + A3CTh) + Cy) /2.

From now on, for the sake of brevity, we denote §; = Ajr?, ;5 = AiAj(rj/ri)?, and 25 = (5 /ri)?z, i.e.

z; is the successive symmetry 2 about I; and ;. Excluding V5 (2) from the second equation (6) and
using (7)—(9) we get

v =0 A ey DO G- 2pn) )

513 + 512 + (1 —Ag) as
— *)— ——V. * a —A .
1+A2V3 (213) 1+ A, 3 (212) + 114, a4+1+A 1az | /2

Finally, substitution of the last three representations and (7)—(9) into the fourth equation (6) leads to the
following functional equation about V' (2)

V3" (2) = (K2 + K13 + Ka3) V3 (2) + Fo(2), (10)
where the operator Kj; is defined as K;;V (z) = 52-]-V(z;}), and
Fo(z) = (14 A1) (1 + A2)Fi(2) + (1 + A2)Fa(z) — d13F3(213) — d23F53(223)
— [+ A8 B + 0B + R + (- As) (0 FGD +&Fi()| 22 (1)
— [A1(1+ Ag)az + (A1 + Ag) (@3 + (1 — Az)a)] /z = G1(2) — Ga(2)/2° — co/ 2.

The function (11) is holomorphic in the circle Sy, as G2(z)/2? has a simple pole at z = 0 and
co = Al(l + Ag)a_g + (Al + Ag) (CL_?, + (1 - Ag)a_4) = —I‘GSQ[GQ(Z)/Zz].
Exactlier, according to the assumptions of this section F'(z) is holomorphic at the interface, hence Fy(z)
is holomorphic into the closed circle S5 .

Let the equation (10) is solvable and V3" (2) is its solution holomorphic in the circle S, then each
function K;; V5" (2) is holomorphic in the circle of radius ro(r; /7;)? > 79 if i < j. It means that the right-
hand side of the equality (10) is holomorphic into the closed circle § Hence the same is true for a
required solution V3" (2).
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AN R-LINEAR CONJUGATION PROBLEM 219

So, all terms of the equation (10) are holomorphic in the closed circle § and they can be represented
there as a converging absolutely and uniformly Taylor series:

o o e Q)
Fy7'(0
Vit(z) = chzl, KijVih(z2) = Zéij(rj/m)zlclzl, Fy(z) = Z Ol'( )zl.
1=0 1=0 1=0 ’

We find all unknown coefficients ¢; by equating coefficients at the same powers z on the left- and right-
hand sides of the equation (10). Thus, we get

o FP(0) /112
Vi'(s) = ; 1+ 812(ra/11)2 + 013(r3/r1) 2 + da3(r3/10) 2L (12)

It is clear that the denominator of ¢; tends to one when I tends to infinity as |6;;| < 1 and 7;/r; < 1 if

i < j. Hence the series (12) converges absolutely and uniformly in g

Now we can find consequentially the required solution of the problem (3) from the system (6) and in
accordance with the definitions (4), (5).

v4(2) = Fy(2) + (1 + As)(F3(2) + V5" (2)) — 532_2F4(z§) —C3(1+ As)/z,
B Cs + Agﬁg

v3(2) = F3(2) + V5" (2) + (1 — A3) Fy(z) + %[F?,(Z?)?) + V5 (23)] -

1)2(2) = (1 + Al)Fl(Z) + FQ(Z) + AQFg(Z) + Ag(l — Ag)F4(Z) — A2(513F3(Zik3)

- % (53F3(Z§) — 61 F3(27) — (1 + A2)d1 Fa(2}) — (1 — A3)51F4(zi“))

A
55 (8V5 (28 + V5T (25) ) — Az (31aV5" (315) + G1aV5' (1))

+ (Ag((Al — A3)C3 + (A1A3 —1)C3) + A1Cy — Cy — (1 + Al)C’l) /z,
vi(2) = Fi(2) + (1 — A1) [Fa(z) + Ao F3(2) + Aa(1 — Ag) Fu(2)]
+ w (6 [ B + Vi (23)| + 02V (25) ) + 612 i)
— (A2(1 — A)(C5 + A3Cs) 4+ (1 — Ay)Ca 4+ A1 Cr + C) /2,

where the parameters C}, are defined in (7) through (9).

In conclusion of this section we consider the most important, in view of possible applications, case
when F'(z) has only simple poles with real residues. It means that we are looking for a complex potential
generated by finite set of sinks and sources. Sufficiently to consider the case when each of four summands
F(2) has no more than one, may be none, pole, i.e.

Fk(z) :ck/(z—zk), Zk ESk, cr € R, k:1,—4.

If, in particular, there is no sink, no source at infinity then ay + a2 + a3 + a4 = 0, where ap = —¢;, =
reSeo Fi(2).
Omitting laborious algebra based on (11), (12),(7), (8), (9) and last four presentations for vx(z), we
summarise the final results
Cl(l—i-Al)(l +A2) 62(1 +A2) 03A1A3 03A2A3
Fy(z) = P + — B 0 R R
1 z— 29 z—zgri/rs  z— z3ri/rs
CQAl(l + Ag) CgAl C3A2 " C4A1(1 — Ag) " C4A2(1 — Ag)
z—12/Zo z—1?/Z3  z—13)7Z3 z—r}/Z4 z—13/Z4
(&1 4 (1 — Al)CQ 4 A2(1 — A1)03 4 A2(1 — Ag)(l — A1)64
z— 2 Z— 29 Z— 23 z— 2
Ag(l — Al) Ag(l - Al)Agcg A101
e Sl VA Y V+ * ) V+ *
- 22 V3 (25) + 62V57(23) | + oy e
+ (A1(er +e2) + (1 — Aa(1 — Ar)(1 — Ag))(es + ca)) /2,

vi(z) =
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220 KAZARIN, OBNOSOV

Fig. 1. p1 =1, p2 = 0.2, p3 = 5, pa = 0.5 at the leit; p1 = 1, p2 = 20, p3 = 0.1, pa = 10 at the right.

(1 + Al)cl + C9 + AgCg + Ag(l — A3)64 AgAlAgcg

va(z) =

z— 21 z—29 Z—23 z— 24 _Z—(Tl/’l"g)ng
AgCg Alcg (1 + AQ)AlcQ (1 — Ag)A164
— Ay 2 /> 2 /o 2 /= 2 /o (13)
z—r3/738  z—1ri/Z z—11/7Z2 z—1{/Z1

A
+ 2—22 (53‘/},+(Z§) + 52V3.+(Z§)) — Ay 013V (213) + 012V5" (212)) + A2(Ag + Asz)(cs + 1) /2,

1-A A
I ( s)ea Ages

5 -
vs(z) = + V3 () + V5 (25) + Asles + )2,

Z— 23 Z— 24 z—r%/%
Cy4 (1 + Ag)Cg Ascy
= 1+ A3Vt (2).
v4(z) z—z4+ o +z—r§/z_4+( + A3)V5"(2)

Here V5" (2) is given by equation (12) with Fp(z) defined in (13).

Example 1. Let r; = 6, ro = 4, r3 = 2. In Fig. | the streamlines and equipotential lines (dashed)
are plotted for two different complex potentials fi(z) = 2In(z — 5) — 21In(z 4+ 2 — 2i) (left panel) and

fa(2) = —0,5272 (right panel).

4. SOLUTION OF THE PROBLEM (3) WITH SINGULARITIES AT THE INTERFACE

Let all poles of F(z) are at the interface components I, k = 1,2, 3. For the sake of simplicity we
consider the case of no more than one singular point at each component I i.e.,

F(z) = ZZ Lk = Fo1(2) + Foz(2) + Fos(2),

j=1 k=1 (z=7)

We use here the same representation (4) for a required solution with principal parts Fy(z) defined as
follows:

S S
Fi(z)=> o B = > Cm:

— )k — Ok
o \# 1) — (2 73)
nj—1 b]—]. ) b]
Fj(z) = 2 k= F; Fj | =2,3. 14
@ k=1 (Z_Tj—l)k+lcz::l(z—7j)k (@) + Fplz), j=2 (%)

In contrast with above considered case of internal singularities, here we have to define not only

unknown holomorphic in S and continuous in Sy functions Vi(z), but also all coefficients of rational
functions (14).
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AN R-LINEAR CONJUGATION PROBLEM 221

In accordance with conservation law should be Fy(z) + Fa1(2) = 2Fo1(2), Faa(z) + F31(2) =
2Fy2(2), F3a(2) + Fy(z) = 2Fp3(z), wherefrom we get the following set of relations

Vo+bl =26 k=Tn;, j=123. (15)

For to get additional relations connecting unknown coefficients we, in analogy with (3), introduce here
three functions

o {—Vl(z) + A1[Foa(2) + Vi (2)] + Bz 2V5 (25), ze Sy,

Fi(z) = AiVy' (2) = AiFo(2) — Burje ?[Fa(21) + Vo ()], 2 € S,

o, — ) V2 (2) + Ao[Fia(2) + Vi (2)] + Bara V5 (25), z€ 8y,
Fo(2) + Vo' (2) = AoF31(2) — AV3' (2) — Bar3z2[Fy(23) + Va (23)], 2 € S5,

. — ) V5 (2) + Bar3z?Va(z), z€ 8y,
Fy(2) + V3 (2) — AsFy(2) — A3Va(z) — Bsr3z72Fy(z%), z€ S5.

It is clear, that each function ®(z) is holomorphic in the domains S, , S \ {0} and continuous
across [, everywhere for exception possibly the point 7. Hence, ®x(z) is holomorphic in C \ {0, 7%} due
to the theorem of analytical continuation via continuity. But, evidently, limit value ®, (¢) is continuous
everywhere on [, including 74, hence the same should be true for @ (¢). The last demand holds if
functions

\Ill(z) = Fl(Z) — Angl(Z) — Bl"l’%Z_QFm(ZT),
Wy(2) = Fag(2) — AoFs1(2) — Bariz 2 Fs(25), (16)
\Ifg(z) = Fgg(z) — A3F4(Z) — BgT%Z_2F4(Z§)

are holomorphic at the points 7y, 7, and 73 respectively. Let us consider the last summands of
functions (16). Omitting for the sake of simplicity almost all indexes, we derive

bjzI~ (z — 10 + 10)7 2
F(r2/z) =r? r?
/) Z — 2Tqg)! Z 7'0 z— 7o)
bi b 2 ) b 76C (D701C5 s _1 . "L bCI
z z—To JE;ZZ; 7‘0 )2 2770 jz_;z_m]zz—;( o)
Equating to zero all coefficients of functions (16) at all powers of z — 73, we get
Ui(z) = —Bybs /2, k=1,2,3, (17)
and
ny - )
by — Aty + B T Y CITM () T =0, j=Tn, 1=1,23. (18)

=]
Relations (15), (18) give the system for determination of all unknown coefficients bllj,
the given coefficients bé», 1 =1,2,3. After simple algebra we get the following recursion formula for

béj through

determination of blzj:

(2 + Al)bé Alle_l(—?[)l_jb_; Al —|— B[ -1 j—2 ?
) + 5 + Z Cz 2 7. Zz 1

i=j+1

/-

(19)

(-)YAB, —2 bz
e Z 2 5

i=7+1

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.36 No.2 2015



222 KAZARIN, OBNOSOV
I j = ny then from (19) we find b,
bho, = [ (2+ A0, + A (=7) T, | /2.

Then, using (19), we will sequentially find bzm_l, bém_Q, -, bhy, 1 =1,2,3. From the first equation (15)
we get b ; = 2b —bh;, 1=1,2,3, j =T, n;.

Thus, each function ®; (k = 1,3), as well as in previous section, is holomorphic in the domains
S,j/{O} and S, and due to the corresponding boundary condition (3) continuous everywhere, including
the point z = 7, across the line [j.. At origin these functions have simple poles and they vanish at infinity.

By the generalized Liouville theorem ®(z) = C}/z, where C1, Co, C3 are constants to be determined.
From (14), (16), (17) follows

;

—Vi(z) + A1 [Faa(2) + Vi (2)] + Bir2z 2V,  (28) = C1 /2, z €57,

—A1Vy (2) = Burta [P () + Vy (37)] = (C1 + Bib,) /2, = € 87,

—Vy (2) + Ag[F3a(2) + V5 (2)] + Bgrgz_2m =Cy/z, z€8,,

Py (2) + Vo' (2) — A2V3' (2) — Bardz2[Faa(23) + V5 (23)] (20)
= (Cy4 Bob2))/z, z€SF,

~ Vi (2) + Bar3z2Vy(2%) = C3/2, 2€ Sy,

Fy1(2) + ViT(2) — AsVa(z) = (Cs + Bsb3,)/z, z € Si.

Similar to the case of inner multipoles we find here
C3 = —B3b}, Cy=—By(b3, + b}, — Cs), (21)
C = —B1(g +b_%1 + Az@ — Oy — A3C3).
Solution of the system (20) leads again to the functional equation (10) about V5" (z) with Fy(z) =
G1(2) — 272Go(2) + co/z, where
Gi(2) = (1 + A2)Fi(2) — d13F51(213) — 023F31(223),
Ga(2) = (1 + A2)01Foa(2]) + 01 F32(27) + 02F32(25), (22)
co = (A1 + A2)Ts — AgbZ, + (1 + Ag) (A@ —Cy— (14 A0, — Alg) .

The function Fy(z) with components (22), parameters (21), and coefficients of the functions (14)

defined in (19), (15) is holomorphic into the closed circle S5. As well as earlier, we get V5 (2) as
the absolutely and uniformly convergent series (12). Then from the system (20) one can find all other
components of functions Vi (z). Finally, we get the required solution of the stated problem in accordance
with (4), (5):

va(2) = Fu(2) + (14 A3)(F1(2) + V5 (2)),
vs(2) = Pa1(2) + Faa(2) + V' (2) + 0322 [Faa (25) + V' (25)] — C/,
vo(2) = Fa1(2) + Faa(z) — 612 2 Fag(2}) + A Fa(2)
+ Aa272 (83T () + Vi ()] + 0:V5 (53) — 01 F(27))
— Ag (013[F31(213) + V5" (273)] — 012V5 (215))
+ (AQ(A@, —C3) + ATy — Oy — (1+ A1) (Cy + 31@) /2,
v1(2) = F1(2) + (1 — A1) (Faz(2) + A2 F32(2))
+ Ap(1— Ay)z? (é@ + 83[F31(23) + M])
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AN R-LINEAR CONJUGATION PROBLEM 223

Flg 2. p1 = 1, p2 = 0.1, pP3 = 10, p4 = 1000 at the left; pP1 = 1, P2 = 5, pP3 = 0.1, P4 = 10 at the I'ight.

— (1 = A1) (A2C5 + Co) + Ay (Tt + Bibyy) + Cy) /2.

The case of arbitrary number of multipoles at the interface can be easily gotten as a corresponding sum
of the above derived solutions.

Example 2. Examples of the corresponding flow nets for complex potentials f1(z) = (2 +1i)In(z —
6) —In(z —4i) (r1 =6,ro =4, r3 =2)and fa(z) =0.1Iln(z — 6i) — 2/(z +1i),(r1 =6,r2 =3, r3 =1)
are presented in Fig. 2.

5. CONCLUSION

As a continuation of investigation of two-phase [12] and three-phase ([14], p. 92) concentric circular
structures we have given a constructive explicit solution of the corresponding four-phase problem. It
was shown that the same basic idea as in the above cited papers is also working here. Namely, we have
considered a given boundary condition as a law of analytical continuation. It has allowed to reduce the
initial boundary value problem to an equivalent functional equation. Solvability of the last equation was
established by the method of undefined coefficients.

We hope that the present structure should be of value for several reasons: first, it provides a non-
trivial solution allowing to give an exact picture of the flow nets, that may be useful for solution of a
corresponding heterogeneous media problems. Second, it increases the number of not many examples
of exactly solvable problems of R-linear conjugation. Finally, the ideas used here one can apply to solve
a general n-phase concentric circular problem.
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