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CLASSICAL OPERATORS IN WEIGHTED SPACES OF
HOLOMORPHIC FUNCTIONS

Weighted spaces of holomorphic functions and operators in them have several impor-
tant applications in functional and complex analysis, convolution and partial di�erential
equations, Fourier analysis and other directions. In recent years many authors are
interested in the di�erentiation and integration operators in such spaces (see, e.g.,
[1]-[3]).
We show that the results of [1] concerning the boundednbess of di�erentiation and

integration operators in weighted spaces given by radial weights in the unit disk D
or the complex plane C might fail without some natural additional conditions. Under
these conditions we give, in terms on weights, a complete answer for the boundedness
of di�erentiation and integration operators.
It should be noted that our approach is essentially di�erent from the previous one.

It can be applied for weights and domains of general types.
The research of A. V. Abanin was supported by RFBR, Project 15- 01-0140415 a.
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ÈÍÒÅÃÐÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ Ñ ÎÄÍÎÐÎÄÍÛÌÈ ßÄÐÀÌÈ,
ÂÎÇÌÓÙÅÍÍÛÅ ÎÄÍÎÑÒÎÐÎÍÍÈÌÈ
ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÛÌÈ ÑÄÂÈÃÀÌÈ

Ïóñòü Bn = {x ∈ Rn : |x| 6 1}. Ðàññìîòðèì â ïðîñòðàíñòâå Lp(Bn), 1 6 p <∞,
îïåðàòîð

(Kϕ)(x) =

∫
Bn

k(x, y)ϕ(y) dy, x ∈ Bn,

ãäå ôóíêöèÿ k(x, y) îïðåäåëåíà íà Rn × Rn è óäîâëåòâîðÿåò óñëîâèÿì:

1◦ k(αx, αy) = α−nk(x, y), ∀α > 0;
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2◦ k(ω(x), ω(y)) = k(x, y), ∀ω ∈ SO(n);

3◦ k(e1, y)|y|−n/p ∈ L1(Rn), ãäå e1 = (1, 0, . . . , 0).

Îïðåäåëèì îïåðàòîð îäíîñòîðîííåãî ìóëüòèïëèêàòèâíîãî ñäâèãà Uδ ôîðìóëîé

(Uδϕ)(x) =

{
δ−n/pϕ(x/δ), |x| < δ,

0, |x| > δ,

åñëè 0 < δ < 1, è ôîðìóëîé (Uδϕ)(x) = δ−n/pϕ(x/δ), åñëè δ > 1.
Îñíîâíûì îáúåêòîì íàøåãî èññëåäîâàíèÿ ÿâëÿåòñÿ îïåðàòîð

A =
∞∑
j=1

ajUδj +K,

ãäå aj ∈ C. Äëÿ îïåðàòîðà A ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îáðà-
òèìîñòè.
Äàëåå, îïðåäåëèì â Lp(Bn) ïðîåêòîð Pτ , 0 < τ < 1, ôîðìóëîé

(Pτϕ)(x) =

{
ϕ(x), τ < |x| < 1,

0, |x| < τ.

Áóäåì ãîâîðèòü, ÷òî ê îïåðàòîðó A ïðèìåíèì ïðîåêöèîííûé ìåòîä ïî ñèñòåìå
ïðîåêòîðîâ Pτ ïðè τ → 0 (è îáîçíà÷àòü A ∈ Π{Pτ}), åñëè îïåðàòîð A îáðàòèì,
ñóùåñòâóåò òàêîå τ0 ∈ (0, 1), ÷òî ïðè 0 < τ < τ0 îïåðàòîðû PτAPτ îáðàòèìû
â ïðîñòðàíñòâå PτLp(Bn), è îïåðàòîðû (PτAPτ)

−1Pτ ñèëüíî ñõîäÿòñÿ ê A−1 ïðè
τ → 0.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû A ∈ Π{Pτ}, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

îïåðàòîð A áûë îáðàòèì â ïðîñòðàíñòâå Lp(Bn).

S. Akturk (Fatih University, Turkey)
semathakturk@hotmail.com

POSITIVITY OF ONE-DIMENSIONAL DIFFERENTIAL AND
DIFFERENCE OPERATORS IN THE HALF-LINE AND THEIR

APPLICATIONS

The present study is joint with A. Ashyralyev (Fatih university).
The present study, the positivity of one-dimensional di�erential and di�erence opera-

tors in the half-line are considered. The structure of fractional spaces generated by
di�erential and di�erence operators in the half-line is investigated. The equivalence of
the norms of these fractional spaces and Holder spaces is established.
In applications, theorems on the well-posedness of the boundary value problems for

elliptic equations in a Holder space are established. Moreover, stability, almost coercive
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stability, and coercive stability estimates for the solution of di�erence schemes for the
approximate solution of these problems are presented.

À.Á. Àíòîíåâè÷ (Áåëîðóññêèé ãîñóíèâåðñèòåò, Áåëàðóñü è
Óíèâåðñèòåò â Áåëîñòîêå, Ïîëüøà) ,

Å. Â. Ïàíòëååâà (Áðåñòñêèé ãîñóíèâåðñèòåò, Áåëàðóñü )
antonevich@bsu.by

Î ÊÎÐÐÅÊÒÍÛÕ ÇÀÄÀ×ÀÕ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÍÀ ÏÎËÓÏÐßÌÎÉ

Â ðàáîòå ðàññìàòðèâàþòñÿ ëèíåéíûå äèôôåðåíöèàëüíî-îïåðàòîðíûå óðàâíåíèÿ
âèäà

Lu(t) ≡ du(t)

dt
+ A(t)u(t) = f(t),

ãäå u åñòü ôóíêöèÿ ñî çíà÷åíèÿìè â çàäàííîì áàíàõîâîì ïðîñòðàíñòâå Y , A(t) �
îãðàíè÷åííàÿ ïî íîðìå ñèëüíî íåïðåðûâíàÿ ôóíêöèÿ ïåðåìåííîé t ñî çíà÷åíèÿìè
â ïðîñòðàíñòâå LB(Y ) ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â Y . Ðàññìàòðèâàþò-
ñÿ ðåøåíèÿ, ïðèíàäëåæàùèå çàäàííîìó áàíàõîâó ïðîñòðàíñòâó F, ñîñòîÿùåì èç
ôóíêöèé ñî çíà÷åíèÿìè â Y . Òèïè÷íûì ïðèìåðîì ÿâëÿåòñÿ ñëó÷àé, êîãäà F åñòü
ïðîñòðàíñòâî Cb(R+, Y ) îãðàíè÷åííûõ íåïðåðûâíûõ ôóíêöèé ñî çíà÷åíèÿìè â Y ,
ñíàáæåííîå sup- íîðìîé.
Îäèí èç îñíîâíûõ âîïðîñîâ, ðàññìàòðèâàåìûõ â òåîðèè äèôôåðåíöèàëüíûõ

óðàâíåíèé, çàêëþ÷àåòñÿ â îïèñàíèè êîððåêòíûõ çàäà÷ äëÿ äàííîãî óðàâíåíèÿ,
ò.å. çàäàíèè òàêèõ äîïîëíèòåëüíûõ óñëîâèé íà ôóíêöèþ u , ïðè âûïîëíåíèè êî-
òîðûõ ðåøåíèå ñóùåñòâóåò, åäèíñòâåííî è íåïðåðûâíî çàâèñèò îò ïðàâîé ÷àñòè.
Çàäà÷à Êîøè ñ íóëåâûì íà÷àëüíûì óñëîâèåì â îáùåì ñëó÷àå íåêîððåêòíà. Â

ñâÿçè ñ ýòèì ïîäðîáíî èññëåäîâàëèñü ìîäèôèêàöèè çàäà÷è Êîøè: âìåñòî óñëîâèÿ
u(0) = 0 ðàññìàòðèâàåòñÿ áîëåå ñëàáîå óñëîâèå u(0) ∈ E, ãäå E åñòü çàäàííîå
çàìêíóòîå âåêòîðíîå ïîäïðîñòðàíñòâî â Y (ñì. [1]). Ìîäèôèöèðîâàííàÿ çàäà÷è
Êîøè êîððåêòíà, åñëè äëÿ óðàâíåíèÿ èìååò ìåñòî äèôôåðåíöèàëüíàÿ äèõîòîìèÿ.
Â ðàáîòå ïîêàçàíî, ÷òî ñóùåñòâîâàíèå äèõîòîìèè íå ÿâëÿåòñÿ íåîáõîäèìûì

óñëîâèåì äëÿ ñóùåñòâîâàíèÿ êîððåêòíûõ çàäà÷ äðóãèõ âèäîâ. Ââåäåíî áîëåå ñëà-
áîå, ÷åì äèõîòîìèÿ, ñâîéñòâî, íàçâàííîå íå÷åòêîé äèõîòîìèåé, êîòîðîå îáåñïå-
÷èâàåò ñóùåñòâîâàíèå êîððåêòíûõ êðàåâûõ çàäà÷.

Ë È Ò Å Ð À Ò Ó Ð À

1. Áàñêàêîâ À. Ã. Èññëåäîâàíèå ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäàìè ñïåêòðàëüíîé òåîðèè ðàçíîñòíûõ

îïåðàòîðîâ è ëèíåéíûõ îòíîøåíèé. ÓÌÍ. 2013. Ò.68. �1. Ñ. 77�128.
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Ý.Ô. Àõìåðîâà (ÁàøÃÓ, Ðîññèÿ)
eakhmerova@yandex.ru

Î ÔÎÐÌÓËÅ ÐÅÃÓËßÐÈÇÎÂÀÍÍÎÃÎ ÑËÅÄÀ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ Â ×ÀÑÒÍÛÕ

ÏÐÎÈÇÂÎÄÍÛÕ

Ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé îïåðàòîð H0 â ãèëüáåðòîâîì ïðîñòðàíñòâå
H ñ äèñêðåòíûì ñïåêòðîì {λk}∞k=1 (λ1 < λ2 < . . .) è ñîîòâåòñòâóþùèìè ñîáñòâåí-
íûìè ïðîåêòîðàìè Pk, ïðè÷åì inf

k≥1
(λk+1 − λk) > 0.

Ïóñòü R0(λ) ðåçîëüâåíòà îïåðàòîðà H0, à âîçìóùåíèå V òàêîâî, ÷òî îïåðàòîð
V R0(λ) êîìïàêòåí ∀λ /∈ σ

(
H0
)
è ‖V R0(λ)‖ < 1. Òîãäà, ñîãëàñíî ðàññóæäåíèÿì

ðàáîòû [1], ñïåêòð îïåðàòîðà H = H0 + V îïðåäåëÿåòñÿ èç óðàâíåíèÿ

λ = λn + PnV Pn − PnV Rn(λ)V Pn, (1)

ãäå Rn(λ) =
∞∑
k=0

(−1)k
[
R0
n(λ)V

]k
R0
n(λ), R0

n(λ) = R0(λ)− Pn(λn − λ)−1.

Èç óðàâíåíèÿ (1) ëåãêî ñëåäóåò ïðåäñòàâëåíèå

νnλn + spPnV Pn − γ(n)
νn

=

vn∑
k=1

µ
(n)
k , (2)

ãäå µ
(n)
k � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà H, ëåæàùèå â îêðåñòíîñòè λn

spPnV Pn =
νn∑
k=1

(
V ϕ

(n)
k , ϕ

(n)
k

)
, ϕ

(n)
k � ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå ñîá-

ñòâåííîìó ÷èñëó λn êðàòíîñòè νn, γ
(n)
νn =

n∑
k=1

(
V Rn(µ

(n)
k )V ϕ

(n)
k , ϕ

(n)
k

)
.

Åñëè âîçìóùåíèå V òàêîâî, ÷òî ïîñëåäîâàòåëüíîñòü
m∑
n=1

γ
(n)
νn → 0 ïðè m → ∞,

òî èç ôîðìóëû (2) íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü ôîðìóëû ðåãóëÿðè-
çîâàííîãî ñëåäà îïåðàòîðà H

∞∑
n=1

(
n∑
k=1

µ
(n)
k − νnλn −

νn∑
k=1

(
V ϕ

(n)
k , ϕ

(n)
k

))
= 0.

Ë È Ò Å Ð À Ò Ó Ð À

1. Àõìåðîâà Ý.Ô. Ìóðòàçèí Õ.Õ. Ñïåêòðàëüíàÿ àñèìïòîòèêà äëÿ íåãëàäêèõ âîçìóùåíèé äèôôåðåíöèàëüíûõ îïå-

ðàòîðîâ è ôîðìóëû ñëåäîâ. Äîêë. ÐÀÍ. 2003.T. 388, � 6. Ñ. 731-733.

È.Â. Áàðàí (Òàâðè÷åñêàÿ àêàäåìèÿ ÊÔÓ èìåíè Â.È. Âåðíàäñêîãî,
Ðîññèÿ)
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matemain@email.ru
ÑÈÌÌÅÒÐÈ×ÅÑÊÈÅ ÑÓÁÄÈÔÔÅÐÅÍÖÈÀËÛ ÔÐÅØÅ È ÈÕ

ÏÐÈËÎÆÅÍÈß

Â äîêëàäå ðàññìîòðåíî îáîáùåíèå íà ñèììåòðè÷åñêèé ñëó÷àé ââåäåííîãî È.Â.
Îðëîâûì ïîíÿòèÿ êîìïàêòíîãî ñóáäèôôåðåíöèàëà (K�ñóáäèôôåðåíöèàëà), ïó-
òåì çàìåíû â îñíîâíîé êîíñòðóêöèè îáû÷íîãî ðàçíîñòíîãî îòíîøåíèÿ ñèììåòðè-
÷åñêèì ðàçíîñòíûì îòíîøåíèåì.
Ïîñòðîåíà ðàçâèòàÿ òåîðèÿ ñèììåòðè÷åñêèõ äèôôåðåíöèàëîâ Ôðåøå è ñèììåò-

ðè÷åñêèõ K�ñóáäèôôåðåíöèàëîâ Ôðåøå ïåðâîãî è âûñøèõ ïîðÿäêîâ äëÿ ñëó÷àåâ
ñêàëÿðíîãî è âåêòîðíîãî àðãóìåíòîâ. Íàéäåíû ïðîñòûå äîñòàòî÷íûå óñëîâèÿ ñèì-
ìåòðè÷åñêîé K�ñóáäèôôåðåíöèðóåìîñòè. Ðàññìîòðåíû íåêîòîðûå ïðèëîæåíèÿ ê
ðÿäàì Ôóðüå è âàðèàöèîííûì ôóíêöèîíàëàì.
Ïðè äîïîëíèòåëüíîì óñëîâèè àáñîëþòíîé íåïðåðûâíîñòè óäàëîñü ïîëó÷èòü òåî-

ðåìó î ñðåäíåì äëÿ ñèììåòðè÷åñêîãî ñëó÷àÿ. Ýòî ïîçâîëèëî ðàñïðîñòðàíèòü íà
äàííûé ñëó÷àé è àñèìïòîòè÷åñêóþ ôîðìó ïîëíîé ôîðìóëû Òåéëîðà, ñ íåñêîëüêî
îñëàáëåííîé îöåíêîé. Â ðàáîòå ýòè ðåçóëüòàòû îáîáùàþòñÿ êàê íà ñëó÷àé ñèëü-
íûõ ñèììåòðè÷åñêèõ äèôôåðåíöèàëîâ, òàê è íà ñëó÷àé ñèëüíûõ ñèììåòðè÷åñêèõ
K�ñóáäèôôåðåíöèàëîâ.
Ïîëó÷åíî òî÷íîå îïèñàíèå âûñøèõ ñèììåòðè÷åñêèõ K�ñóáäèôôåðåíöèàëîâ îò

ôóíêöèîíàëîâ. Âàæíûì ìîìåíòîì ÿâëÿåòñÿ ââåäåíèå ïîíÿòèÿ ñèììåòðè÷åñêîé
ñóáãëàäêîñòè. Ýòî ïîíÿòèå ïîçâîëÿåò â ïðèëîæåíèÿõ ñâîäèòü ñèòóàöèþ ê íèæíèì
è âåðõíèì ñèììåòðè÷åñêèì ïðîèçâîäíûì, ÷òî è ïðîäåìîíñòðèðîâàíî íà ïðèìåðå
âàðèàöèîííûõ ôóíêöèîíàëîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1.ÎðëîâÈ.Â. Ââåäåíèå â ñóáëèíåéíûé àíàëèç. Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. 2014. Ò. 53.

Ñ. 64�132.
2. ÁàðàíÈ.Â. Òåîðåìà î ñðåäíåì è ôîðìóëà Òåéëîðà äëÿ ñèììåòðè÷åñêèõ ïðîèçâîäíûõ è ñèììåòðè÷åñêèõ K�ñóáäèô-

ôåðåíöèàëîâ. Ó÷åíûå çàïèñêè Òàâð. íàö. óí-òà èì. Â.È.Âåðíàäñêîãî. 2014. Ò. 27(66), �1. Ñ. 3�20.

3. ÎðëîâÈ.Â., Áàðàí È.Â. Ââåäåíèå â ñóáëèíåéíûé àíàëèç � 2. Ñèììåòðè÷åñêèé âàðèàíò. Ñîâðåìåííàÿ ìàòåìàòèêà.

Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. 2015 (â ïå÷àòè).

Ý. Ã Áàõòèãàðååâà(ÐÓÄÍ, Ðîññèÿ)
salykai@yandex.ru

ÌÈÍÈÌÀËÜÍÎÅ ÏÅÐÅÑÒÀÍÎÂÎ×ÍÎ-ÈÍÂÀÐÈÀÍÒÍÎÅ
ÏÐÎÑÒÐÀÍÑÒÂÎ, ÑÎÄÅÐÆÀÙÅÅ ÊÎÍÓÑ ÄÂÎßÊÎ

ÌÎÍÎÒÎÍÍÛÕ ÔÓÍÊÖÈÉ

Ïóñòü T0 ∈ (0,∞], M -ìíîæåñòâî âåùåñòâåííîçíà÷íûõ èçìåðèìûõ ôóíêöèé,
M+ = {f ∈M : f ≥ 0} , f ∗- óáûâàþùàÿ ïåðåñòàíîâêà ôóíêöèè.
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Òåîðåìà 1. Ïóñòü ρ : M+ → [0,∞]-ïåðåñòàíîâî÷íî-èíâàðèàíòíàÿ êâàçèíîð-
ìà:

f, g ∈M+(0, T0); f ∗ ≤ g∗ ⇒ ρ(f) ≤ ρ(g);

Y = Y (0, T0) = {f ∈M : ‖f‖Y = ρ(|f |) <∞}−
ïîðîæäåííîå åþ ïåðåñòàíîâî÷íî-èíâàðèàíòíîå ïðîñòðàíñòâî (ñì. [1]).

Ïóñòü K0 = {h ∈ Y : 0 ≤ h(t) ↓; th(t) ↑} , ρK0
(h) := ρ(h).

Ââåäåì îïåðàòîð A0 : M →M+ (íîðìà ïî τ):

(A0f)(t) =

∥∥∥∥τf ∗(τ)

t+ τ

∥∥∥∥
L∞(0,T0)

, t ∈ (0, T0).

Òîãäà, îòîáðàæåíèå
ρ0(f) := ρ(A0f), f ∈M+,

åñòü ïåðåñòàíîâî÷íî-èíâàðèàíòíàÿ êâàçèíîðìà, à ïîðîæäåííîå åþ ïðîñòðàí-
ñòâî

X0 =
{
f ∈M : ‖f‖X0

= ρ0(|f |) <∞
}

åñòü ìèíèìàëüíîå ïåðåñòàíîâî÷íî- èíâàðèàíòíîå ïðîñòðàíñòâî, ñîäåðæàùåå
êîíóñ K0 (ñì. [2]).
ÁËÀÃÎÄÀÐÍÎÑÒÈ: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî

Ôîíäà(ïðîåêò � 14-11-00443).
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ÎÏÒÈÌÀËÜÍÎÅ ÈÄÅÀËÜÍÎÅ ÏÐÎÑÒÐÀÍÑÒÂÎ,
ÑÎÄÅÐÆÀÙÅÅ ÇÀÄÀÍÍÛÉ ÊÎÍÓÑ, ÑÎÃËÀÑÎÂÀÍÍÛÉ Ñ

ÎÒÍÎØÅÍÈÅÌ ÏÎÐßÄÊÀ

Òåîðåìà 1. 1. Ïóñòü (A, µ) - ïðîñòðàíñòâî ñ íåîòðèöàòåëüíîé σ - êîíå÷íîé
ìåðîé µ, M = M(A, µ) -ìíîæåñòâî âåùåñòâåííîçíà÷íûõ èçìåðèìûõ ôóíêöèé,
M+ = {f ∈M : f ≥ 0} , ρ-èäåàëüíàÿ êâàçèíîðìà (êðàòêî: ÈÊÍ); Y = Y (A, µ)
åñòü ïîðîæäåííîå åþ èäåàëüíîå ïðîñòðàíñòâî (êðàòêî: ÈÏ, ñì. [1]). Ïóñòü â
M+ ââåäåíî îòíîøåíèå ïîðÿäêà, ïðè÷åì ρ ñîãëàñîâàíà ñ íèì, ò.å. âûïîëíåíî
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óñëîâèå: f ≺ g ⇒ ρ(f) ≤ ρ(g), f, g ∈M+.
Ïóñòü A0 : M 7−→M+- îïåðàòîð ñî ñëåäóþùèìè ñâîéñòâàìè:

(A1). ∃c0 ∈ R+ : |f | ≺ c0A0f, ∀f ∈M.

(A2). A0(αf) = αA0(f), α ≥ 0,∀f ∈M,

∃C1 ∈ [1,∞] : A0(f + g) ≺ C1[A0(f) + A0(g)],∀f, g ∈M ;

(A3). |f | ≺ |g| ⇒ A0(f) ≺ A0(g).

(A4). 0 ≤ fn ↑ f µ-ï.â.⇒ A0fn ↑ A0f µ-ï.â.

Òîãäà, îòîáðàæåíèå ρ0(f) := ρ(A0f), f ∈ M+, åñòü ÈÊÍ, à ïîðîæäåííîå åþ
ïðîñòðàíñòâî X0 = X0(A, µ) =

{
f ∈M : ‖f‖X0

= ρ0(|f |) <∞
}
åñòü ÈÏ, ïðè-

÷åì êâàçèíîðìà ρ0 ñîãëàñîâàíà ñ îòíîøåíèåì ïîðÿäêà è ñïðàâåäëèâî âëîæåíèå
X0 ⊂ Y.
2. Ïóñòü åùå K0 -êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé èç Y , ñíàáæåííûé ôóíê-
öèîíàëîì ρK0

= ρ, è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ êîíóñà K0 ñ îïåðàòîðîì
A0:

(A5). ∃c̃0 ∈ R+ : h ∈ K0 ⇒ ρ(A0h) ≤ c̃0ρ(h); (A6). A0(X0) ⊂ K0.

Òîãäà X0 åñòü ìèíèìàëüíîå ÈÏ ñ êâàçèíîðìîé, ñîãëàñîâàííîé ñ îòíîøåíèåì
ïîðÿäêà, êîòîðîå ñîäåðæèò K0.

ÁËÀÃÎÄÀÐÍÎÑÒÈ: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî
Ôîíäà(ïðîåêò � 14-11-00443).
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1. Êðåéí Ñ. Ã., Ïåòóíèí Þ.È., Ñåìåíîâ Å.Ì. Èíòåðïîëÿöèÿ ëèíåéíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1978.
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÌÀÒÐÈ×ÍÎÃÎ ÎÏÅÐÀÒÎÐÀ
ØÒÓÐÌÀ-ËÈÓÂÈËËß ÍÀ ÏÎËÓÎÑÈ ÏÎ ÌÀÒÐÈÖÅ ÂÅÉËß

Èññëåäóåòñÿ îáðàòíàÿ çàäà÷à äëÿ ìàòðè÷íîãî óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ íà
ïîëóîñè:

−Y ′′ +Q(x)Y = λy, x > 0, (1)

U(Y ) := Y ′(0)− hY (0) = 0,

ãäå Y = [yk(x)]mk=1 � âåêòîð-ôóíêöèÿ, λ � ñïåêòðàëüíûé ïàðàìåòð, Q(x) =
[Qjk(x)]mj,k=1 � êîìïëåêñíîçíà÷íàÿ ìàòðè÷íàÿ ôóíêöèÿ, Qjk ∈ L(0,∞), h =
[hjk]

m
j,k=1 � m×m ìàòðèöà.
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Îáîçíà÷èì ρ =
√
λ, Im ρ ≥ 0. Ïóñòü Φ(x, λ) � ìàòðè÷íîå ðåøåíèå óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì U(Φ) = Im, Φ(x, λ) = O(exp(iρx)), x → ∞,
ρ ∈ {ρ : Im ρ ≥ 0, ρ 6= 0}, ãäå Im � åäèíè÷íàÿ ìàòðèöà. Ìàòðè÷íàÿ ôóíêöèÿ
M(λ) := Φ(0, λ) íàçûâàåòñÿ ìàòðèöåé Âåéëÿ.
Èçó÷àåìàÿ îáðàòíàÿ çàäà÷à ñîñòîèò â âîññòàíîâëåíèè ïîòåíöèàëà Q è êîýô-

ôèöèåíòà h ïî çàäàííîì ìàòðèöå Âåéëÿ M(λ). Îòìåòèì, ÷òî ýòà çàäà÷à îòëè÷à-
åòñÿ îò îáðàòíîé çàäà÷è ðàññåÿíèÿ (ñì. [1]). Ðåøåíèå îáðàòíîé çàäà÷è ïî ìàòðèöå
Âåéëÿ áûëî ïîëó÷åíî â ðàáîòå [2] ìåòîäîì ñïåêòðàëüíûõ îòîáðàæåíèé. Îïèðàÿñü
íà ýòî êîíñòðóêòèâíîå ðåøåíèå, ìû ïîëó÷èëè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ðàçðåøèìîñòè îáðàòíîé çàäà÷è (ñì. [3]). Îòäåëüíî èññëåäîâàí ñàìîñîïðÿæåííûé
ñëó÷àé è äàíà õàðàêòåðèçàöèÿ ñïåêòðàëüíûõ äàííûõ â ýòîì ñëó÷àå.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ïðîåêò

1.1436.2014Ê) è ÐÔÔÈ (ïðîåêòû 13-01-00134, 14-01-31042 è 15-01-04864).
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ÀËÃÎÐÈÒÌ ÔÀÊÒÎÐÈÇÀÖÈÈ ÑÈÌÂÎËÀ ÑÈÍÃÓËßÐÍÎÃÎ
ÈÍÒÅÃÐÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ ÍÀ ÑÎÑÒÀÂÍÎÌ ÊÎÍÒÓÐÅ

Ñîñòàâíîé êîíòóð Γ =
n⋃
j=1

Γj ÿâëÿåòñÿ îáúåäèíåíèåì n ïðîñòûõ çàìêíóòûõ ãëàä-

êèõ íåïåðåñåêàþùèõñÿ îðèåíòèðîâàííûõ êðèâûõ Γj.
Íà ýòîì êîíòóðå â ïðîñòðàíñòâå Lp(Γ) èçó÷àåòñÿ îïåðàòîð êðàåâîé çàäà÷è Ðè-

ìàíà

R(a) = P+
Γ + aP−Γ , ãäå P

±
Γ =

1

2
(I ± SΓ),

ñ ñèìâîëîì a(z) = (a1(z1), a2(z2), ..., an(zn)), ãäå aj(zj) ïðèíàäëåæèò ðàñïàäàþùåé-
ñÿ ïîäàëãåáðå àëãåáðû íåïðåðûâíûõ ôóíêöèé íà êîíòóðå Γj, j ∈ 1, n.
Îáùàÿ òåîðèÿ îáðàòèìîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî îïåðàòîðà (ÑÈÎ) R(a)

ïîñòðîåíà â [1]. Â ðàáîòàõ [2] è [3] ïðèâåäåíà êîíñòðóêòèâíàÿ òåîðèÿ îáðàòèìîñòè
ÑÈÎ ÷àñòíîãî âèäà, îïèðàþùàÿñÿ íà èíâîëþòèâíîñòü îïåðàòîðà SΓ.
Áóäåì ãîâîðèòü ([3]), ÷òî êîíòóð Γ íàçûâàåòñÿ ¾äîïóñòèìîé êîíôèãóðàöèåé

êðèâûõ¿, åñëè îí ðàçáèâàåò êîìïëåêñíóþ ïëîñêîñòü íà äâå îáëàñòè D+ è D−,
ãäå îáëàñòü D− ðàñïîëîæåíà ñïðàâà îò Γ è ñîäåðæèò ∞, à îáëàñòü D+ = C \D−
ðàñïîëîæåíà ñëåâà îò Γ.
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Â íàñòîÿùåì äîêëàäå ïðåäëàãàåòñÿ îáùèé àëãîðèòì ôàêòîðèçàöèè ñèìâîëà
ÑÈÎ íà êîíòóðå Γ è ïðèâîäèòñÿ ñîäåðæàòåëüíûé ïðèìåð.
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Á. Ã.Âàêóëîâ (Ðîñòîâ-íà-Äîíó)
bvak1961@bk.ru

ÎÏÅÐÀÒÎÐÛ ÒÈÏÀ ÏÎÒÅÍÖÈÀËÀ Ñ ÊÂÀÇÈÐÀÄÈÀËÜÍÛÌÈ
ÕÀÐÀÊÒÅÐÈÑÒÈÊÀÌÈ ÏÎ Rn Â ÎÁÎÁÙ�ÍÍÛÕ

ÏÐÎÑÒÐÀÍÑÒÂÀÕ Ã�ËÜÄÅÐÀ Ñ ÂÅÑÀÌÈ ÈÇ ÊËÀÑÑÎÂ ÒÈÏÀ
ÇÈÃÌÓÍÄÀ�ÁÀÐÈ�ÑÒÅ×ÊÈÍÀ Â ÝËËÈÏÒÈ×ÅÑÊÎÌ ÑËÓ×ÀÅ

Äëÿ îïåðàòîðîâ òèïà ïîòåíöèàëà êîìïëåêñíîãî ïîðÿäêà ñ êâàçèðàäèàëüíûìè
õàðàêòåðèñòèêàìè ïî Rn â ýëëèïòè÷åñêîì ñëó÷àå

Kα
g f =

1

γn(α)

∫
Rn

g(ξ, η)f(ξ)dξ

|ξ − η|n−α
, η ∈ Rn, 0 < <α < n,

g(ξ, η) = g

(
|ξ − η|√

1 + |ξ|2
√

1 + |η|2

)
ïîëó÷åíû ñëåäóþùèå èçîìîðôèçìû
I. Îïåðàòîð Kα

g èçîìîðôíî îòîáðàæàåò ïðîñòðàíñòâî Hω
0 (Rn, ρ1) íà ïðîñòðàí-

ñòâî Hωα
0 (Rn, ρ2), ãäå ρ1(ξ) = φ

(
|ξ|√
1+|ξ|2

)
, ρ2(ξ) = φ

(
|ξ|√
1+|ξ|2

)
(1 + |ξ|2)−α, à

ïðîñòðàíñòâî Hω
∞(Rn, ρ3) íà ïðîñòðàíñòâî H

ωα
∞ (Rn, ρ4), ãäå ρ3(ξ) = φ

(
1√

1+|ξ|2

)
,

ρ4(ξ) = φ

(
1√

1+|ξ|2

)
(1 + |ξ|2)−α, ãäå ωα(t) = t<αω(t).

II. ÎïåðàòîðKα
g èçîìîðôíî îòîáðàæàåò ïðîñòðàíñòâîH

ω
0,∞(Rn, ρ5) íà ïðîñòðàí-

ñòâî Hωα
0,∞(Rn, ρ6), ãäå ρ5(ξ) = φ1

(
1√

1+|ξ|2

)
φ2

(
|ξ|√
1+|ξ|2

)
,

ρ6(ξ) = φ1

(
1√

1+|ξ|2

)
φ2

(
|ξ|√
1+|ξ|2

)
(1 + |ξ|2)−α.
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Çäåñü âåñîâûå ôóíêöèè φ, φ1, φ2 è õàðàêòåðèñòèêè îáîáù¼ííûõ ïðîñòðàíñòâ
Ã¼ëüäåðà ω óäîâëåòâîðÿþò íåêîòîðûì óñëîâèÿì òèïà Çèãìóíäà�Áàðè�Ñòå÷êèíà,
åñòåñòâåííûì îáðàçîì îáîáùàþùèì óñëîâèÿ íà ïîêàçàòåëè ñòåïåííûõ âåñîâ, ïðè-
âÿçàííûõ ê íóëþ è áåñêîíå÷íîñòè, êîòîðûå áûëè ïîëó÷åíû àâòîðîì ðàíåå â [1].
Óñëîâèå ýëëèïòè÷íîñòè ïðåäïîëàãàåò îòëè÷íîñòü îò íóëÿ ñèìâîëîâ-ìîìåíòîâ, ïî-
ñòðîåííûõ ïî õàðàêòåðèñòèêàì ïîòåíöèàëîâ. Äîêàçàòåëüñòâî ýòèõ èçîìîðôèçìîâ
îñíîâàíî íà èçîìîðôèçìàõ, ïîëó÷åííûõ äëÿ ñôåðè÷åñêèõ àíàëîãîâ ðàññìàòðèâà-
åìûõ ïîòåíöèàëîâ â ýëëèïòè÷åñêîì ñëó÷àå.
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ÊÎÌÏËÅÊÑÍÛÅ ÑÒÅÏÅÍÈ ÎÄÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ, ÑÂßÇÀÍÍÎÃÎ C ÎÏÅÐÀÒÎÐÎÌ ØÐÅÄÈÍÃÅÐÀ.

Èññëåäóþòñÿ êîìïëåêñíûå ñòåïåíè äèôôåðåíöèàëüíîãî îïåðàòîðà ñ êîìïëåêñ-
íûìè êîýôôèöèåíòàìè â ãëàâíîé ÷àñòè:

Sλ = m2I + ib
∂

∂xn+1
+

n∑
k=1

(1− iλk)
∂2

∂x2
k

, m > 0 (1)

â Rn+1, ãäå m > 0, b > 0 λ = (λ1, . . . , λn), λk > 0, 1 ≤ k ≤ n.
Êîìïëåêñíûå ñòåïåíè îïåðàòîðà (1) ñ îòðèöàòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè

íà ôóíêöèÿõ ϕ(x) ∈ Φ(Rn+1), ãäå Φ(Rn+1) - ïðîñòðàíñòâî Ëèçîðêèíà, îïðåäåëÿ-
þòñÿ â îáðàçàõ Ôóðüå ðàâåíñòâîì

̂
(S
−α/2
λ

ϕ)(ξ) =

(
m2 + bξn+1 − |ξ′|2 + i

n∑
k=1

λkξ
2
k

)−α/2
ϕ̂(x). (2)

Çäåñü ξ = (ξ′, ξn + 1), ξ′ = (ξ1, . . . , ξn) ∈ Rn, Reα > 0.
Ïîëó÷åíû èíòåãðàëüíûå ïðåäñòàâëåíèÿ êîìïëåêñíûõ ñòåïåíåé (2) â âèäå èí-

òåãðàëîâ òèïà ïîòåíöèàëà ñ íåñòàíäàðòíîé ìåòðèêîé. Ñîîòâåòñòâóþùèå äðîáíûå
ïîòåíöèàëû èìåþò âèä:

(Hα
λ
ϕ)(x) =

∫
Rn+1

hα
λ
(y)ϕ(x− y)dy, x ∈ Rn+1,

ãäå

hα
λ
(y) = dn,α(λ)(yn+1)

α−n−1
2

+ exp

{
i
m2

b
yn+1 −

n∑
k=1

b(λk − i)y2
k

4(1 + λ2
k)yn+1

}
,
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dn,α(λ) =
b(n−α)/2exp(−α−n4 πi)

(4π)n/2Γ(α2 )
n∏
k=1

√
1− iλk

.

Ïîêàçàíà îãðàíè÷åííîñòü îïåðàòîðà Hα
λ
èç Lp â Lq ïðè 0 < Reα < n + 2,

1 ≤ p < n+2
Reα , q = (n+2)p

n+2−pReα .
Â ðàìêàõ ìåòîäà ÀÎÎ ïîñòðîåíî îáðàùåíèå ïîòåíöèàëîâ Hλϕ, ϕ ∈ Lp, è äàíî

îïèñàíèå îáðàçà Hλ(Lp) â òåðìèíàõ îáðàùàþùèõ êîíñòðóêöèé.
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(ÞÔÓ, ÞÌÈ ÂÍÖ ÐÀÍ è ÐÑÎ-À, Ðîññèÿ)
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ÎÁÐÀÙÅÍÈÅ È ÎÏÈÑÀÍÈÅ ÎÁÐÀÇÎÂ ÍÅÊÎÒÎÐÛÕ

ÎÏÅÐÀÒÎÐÎÂ ÑÂÅÐÒÊÈ Ñ ÎÑÖÈËËÈÐÓÞÙÈÌÈ ßÄÐÀÌÈ È
ÑÈÌÂÎËÀÌÈ

Èçó÷àþòñÿ îïåðàòîðû ñâåðòêè âèäà

(Kα,βϕ)(x) =

∫
Rn

kα,β(t)ϕ(x− t)dt (1)

ñ ÿäðàìè

kα,β(t) =

{
θ(|t|)ω(t′)(1− |t|2 + i0)β−1, 1− δ 6 |t| 6 1 + δ, 0 < β < 1;

θ1(|t|)ω1(t
′)ei|t||t|α−n, |t| > N, 0 < Reα < n.

Çäåñü δ ∈ (0; 1), N > 1 + δ. Ôóíêöèÿ θ(r) ïðåäïîëàãàåòñÿ áåñêîíå÷íî äèôôåðåí-
öèðóåìîé â R1

+, θ(1) 6= 0. Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ôóíêöèÿ θ1(r) ïðèíàäëåæèò
êëàññó Cm,γ(Ṙ1

+) ã�åëüäåðîâñêèõ ôóíêöèé (ñì. [2], ñ. 261); ω(t′) è ω1(t
′) � îäíîðîä-

íûå íóëåâîé ñòåïåíè ôóíêöèè, áåñêîíå÷íî äèôôåðåíöèðóåìûå â Rn \ {0}.
Ñ ïîìîùüþ ìåòîäà àïïðîêñèìàòèâíûõ îáðàòíûõ îïåðàòîðîâ (ìåòîä ÀÎÎ) (ñì.

[1]), ñòðîèòñÿ îáðàùåíèå îïåðàòîðîâ (1) ñ ïëîòíîñòÿìè èç ïðîñòðàíñòâà Lp â íåýë-

ëèïòè÷åñêîì ñëó÷àå, êîãäà mes{ξ : k̂α,β(ξ) = 0} = 0. Çäåñü k̂α,β(ξ) � ñèìâîë îïå-
ðàòîðà (1). Îáðàùåíèå ïîòåíöèàëà Kα,βϕ, ϕ ∈ Lp, ñòðîèòñÿ â ñëåäóþùåì âèäå:

Hα,βf =
(Lp,µ)

lim
ε→0

(L2)

lim
δ→0

hα,βε,δ ∗ f, µ < −
(n− 1)p

2
,
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ãäå

hα,βε,δ (t) = F−1

(
k̂α,β(ξ)(|ξ|2 − 1)`e−ε|ξ|

2

(|k̂α,β(ξ)|2 + iδ)(|ξ|2 + (ε+ i)2)`

)
(t).

Â ðàìêàõ ìåòîäà ÀÎÎ îïèñàí îáðàç Kα,β(Lp) îïåðàòîðà K
α,β, â íåýëëèïòè÷å-

ñêîì ñëó÷àå, â òåðìèíàõ îïåðàòîðà Hα,β.
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ÈÍÒÅÐÏÎËßÖÈÎÍÍÛÅ ÑÂÎÉÑÒÂÀ ÑÅÌÅÉÑÒÂÀ ÒÐÎÅÊ
ÊÎÍÓÑÎÂ Â ÂÅÑÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ ×ÈÑËÎÂÛÕ

ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ, ÑÕÎÄßÙÈÕÑß Ê ÍÓËÞ, È ÈÕ
ÏÐÈÌÅÍÅÍÈÅ Ê ÍÅÊÎÒÎÐÛÌ ÂÎÏÐÎÑÀÌ ÒÅÎÐÈÈ ÁÀÇÈÑÎÂ

Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÔÐÅØÅ

Êëàññè÷åñêàÿ òåîðèÿ èíòåðïîëÿöèè ëèíåéíûõ îïåðàòîðîâ, äåéñòâóþùèõ â áàíà-
õîâûõ ïàðàõ, äîïóñêàåò îáîáùåíèå íà ñëó÷àé îïåðàòîðîâ, îãðàíè÷åííûõ íà ïàðàõ
êîíóñîâ. Â ýòîé ñâÿçè öåëåñîîáðàçíûì îêàçûâàåòñÿ ââåäåíèå ïîíÿòèÿ èíòåðïî-
ëÿöèîííûõ òðîåê êîíóñîâ, âëîæåííûõ â áàíàõîâû ïðîñòðàíñòâà, ïî àíàëîãèè ñ
èíòåðïîëÿöèîííûìè òðîéêàìè áàíàõîâûõ ïðîñòðàíñòâ. Ïðè ýòîì äëÿ ïîñòðîåíèÿ
èíòåðïîëÿöèîííûõ òðîåê êîíóñîâ (Q0, Q1, Q) óäîáíî ïîëüçîâàòüñÿ ñòàíäàðòíîé
êîíñòðóêöèåé, îñíîâàííîé íà èñïîëüçîâàíèè K�ôóíêöèîíàëà Ïåòðå. Äàííûé ïîä-
õîä ïîçâîëÿåò ñôîðìóëèðîâàòü äîñòàòî÷íîå óñëîâèå èíòåðïîëÿöèîííîñòè òðîéêè
êîíóñîâ è ïîñòðîèòü ðÿä ïðèìåðîâ, à òàêæå ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà. Ïóñòü Ei = c0(ai), Fi = c0(bi)(i = 0, 1) è E = c0(a), F = c0(b),

ïðè÷åì E1 ⊂ E ⊂ E0, F1 ⊂ F ⊂ F0, è áàíàõîâà òðîéêà (E0, E1, E) îáëàäàåò
èíòåðïîëÿöèîííûì ñâîéñòâîì ïî îòíîøåíèþ ê áàíàõîâîé òðîéêå (F0, F1, F ).
Ïóñòü A � ìíîæåñòâî êîíóñîâ â ω+ òàêîå, ÷òî êàæäûé êîíóñ Q ∈ A ÿâëÿåòñÿ
íèæíåé ïîëóðåøåòêîé â ω, ìíîæåñòâî Q∩E+

1 îáðàçóåò òîòàëüíûé êîíóñ â ω
è Q ∩ E++

1 6= {∅}. Òîãäà ñåìåéñòâî òðîåê êîíóñîâ

M = {(E+
0 , Q ∩ E+

1 , Q ∩ E+) : Q ∈ A}

îáëàäàåò ðàâíîìåðíûì èíòåðïîëÿöèîííûì ñâîéñòâîì ïî îòíîøåíèþ ê áàíàõî-
âîé òðîéêå (F0, F1, F ).
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Äàííûé ðåçóëüòàò íàõîäèò ïðèìåíåíèè ïðè èññëåäîâàíèè âîïðîñà î ñóùåñòâîâà-
íèè áàçèñà â äîïîëíÿåìîì ïîäïðîñòðàíñòâå ÿäåðíîãî ïðîñòðàíñòâà Ê¼òå èç êëàñ-
ñîâ Äðàãèëåâà (d1) è (d2).
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ÓÐÀÂÍÅÍÈÅ Â ÊÎÍÅ×ÍÛÕ ÐÀÇÍÎÑÒßÕ ÍÀ ÎÑÈ È ÏÎËÓÎÑÈ
Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÔÓÍÊÖÈÉ, ÑÓÌÌÈÐÓÅÌÛÕ Ñ

ÏÎÊÀÇÀÒÅËÜÍÛÌÈ ÂÅÑÀÌÈ

Ðàññìàòðèâàþòñÿ îïåðàòîðû C(A), W (A), W̆ (A) :

C(A) =
+∞∑

k=−∞

ξkV
k
h ,

W (A) = P+C(A)P+, W̆ (A) = P−C(A)P−,

â ïðîñòðàíñòâàõ ôóíêöèé {a, b}p, P±{a, b}p, 1 ≤ p ≤ ∞, ñóììèðóåìûõ íà R â
ñòåïåíè p ñ ïîêàçàòåëüíûìè âåñàìè. Ïðè÷¼ì a, b ∈ R, ξk ∈ C, îïåðàòîðû ñäâèãà(
V ±1
h f

)
(x) = f(x∓h), h > 0, P± - ïðîåêòîðû íà ïîëîæèòåëüíóþ è îòðèöàòåëüíóþ

ïîëóîñè ñîîòâåòñòâåííî.
Ñèìâîëîì äàííûõ îïåðàòîðîâ ÿâëÿåòñÿ ôóíêöèÿ

A(z) =
+∞∑

k=−∞

ξke
izhk,

îïðåäåë¼ííàÿ íà ìíîæåñòâå Πâ,̂b =
{
z ∈ C : Im z ∈

[
â; b̂
]}

, ãäå â = min(a, b),

b̂ = max(a, b), àíàëèòè÷åñêàÿ â Πâ,̂b è îáëàäàþùàÿ íåïðåðûâíûìè ïðåäåëüíûìè
çíà÷åíèÿìè íà ∂Πâ,̂b, à òàêæå åå îãðàíè÷åíèÿ íà ïðÿìûå R + ia è R + ib. Äàííàÿ
ôóíêöèÿ èìååò ïî÷òè ïåðèîäè÷åñêèé ðàçðûâ íà áåñêîíå÷íîñòè è áåñêîíå÷íûé èí-
äåêñ, à îïåðàòîðû îáëàäàþò áåñêîíå÷íîìåðíûìè äåôåêòíûìè ïîäïðîñòðàíñòâàìè.
Äëÿ âñåõ îïåðàòîðîâ ïðèâåäåíû óñëîâèÿ îäíîñòîðîííåé îáðàòèìîñòè â ñîîòâåò-

ñòâóþùèõ ïðîñòðàíñòâàõ {a, b}p, P±{a, b}p, ïîñòðîåíà òåîðèÿ, âêëþ÷àþùàÿ êîí-
ñòðóêöèè îáðàòíûõ îïåðàòîðîâ ñîîòâåòñòâóþùèõ òèïîâ è îïèñàíèå äåôåêòíûõ
ïîäïðîñòðàíñòâ.
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POISSON AND FOURIER TRANSFORMS FOR TENSOR PRODUCTS
FOR REPRESENTATIONS OF SL(2,R)

Any irreducible �nite-dimensional representation Tk of the group G = SL(2,R) with
the highest weight k ∈ (1/2)N acts on the space Vk of polynomials ϕ(x) in x of degree
6 2k (so that dimVk = 2k + 1) by

(Tk(g)ϕ) (x) = ϕ

(
αx+ γ

βx+ δ

)
(βx+ δ)2k, g =

(
α β
γ δ

)
, αδ − βγ = 1.

The tensor product Tl ⊗ Tm decomposes into the direct multiplicity free sum of Tk
where k ∈ {|r|, |r|+ 1, . . . , l+m− 1, l+m}, r = m− l, it is a classical result. We
write explicitly intertwining operators Mk : Vk → Vl ⊗ Vm and Fk : Vl ⊗ Vm → Vk, we
call them Poisson and Fourier transforms, respectively. We use the following notation
for "generalized powers": a[s] = a (a + 1) . . . (a + s − 1), here a is a number or an
operator, s ∈ {0, 1, 2, . . .}. Denote j = l +m− k.
Let ϕ be a polynomial in Vk. Then

(Mk ϕ) (x, y) = (y − x)j
{

(y − x)
d

dx
+ k − r + 1

}[k+r]

ϕ(x) .

Let f(x, y) be a polynomial in Vl ⊗ Vm. Then

(Fkf) (t) = ck

j∑
α=0

(−1)j−α
(

2l − j + α

α

)(
2m− α
j − α

)
∂jf

∂xj−α ∂yα
(t, t) .

where c−1
k = (k − r + 1)[k+r] (2k + 2)[j]. We normalize Fk such that FkMk = id.

We essentially use that Tl⊗Tm is equivalent to a representation of G in functions on
the hyperboloid G/H of one sheet in R3 induced by a character diag {λ−1, λ} 7→ λ−2r

of the diagonal subgroup H.
Supported by the Russian Foundation for Basic Research (RFBR): grant 13-01-

00952-a, and Russian Science Support Foundation.
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ÎÁ ÎÏÅÐÀÒÎÐÀÕ, ÑÈËÜÍÎ ÓÏËÎÒÍßÞÙÈÕ ÍÀ ÑÔÅÐÀÕ È
ØÀÐÀÕ

Ïóñòü E - áàíàõîâî ïðîñòðàíñòâî, Bρ = {u ∈ E : ‖u‖ 6 ρ}, Sρ = {u ∈ E : ‖u‖ =
ρ}, à R+ - ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë.
Ïóñòü ψ - ìåðà íåêîìïàêòíîñòè, ýêâèâàëåíòíàÿ ìåðå íåêîìïàêòíîñòè Õàóñäîð-

ôà.

Òåîðåìà 1. Ïóñòü äëÿ îïåðàòîðà f : E → E â òî÷êå u1 ñóùåñòâóåò íåïðå-
ðûâíàÿ ïðîèçâîäíàÿ Ôðåøå f ′(u1). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(λ1). f
′(u1) - âïîëíå íåïðåðûâíûé îïåðàòîð.

(λ2). ∃λ : R+ → R+, lim
r→0

λ(r) = 0 : ψ(f(u1 + Bρ)) 6 λ(r)ψ(Bρ) äëÿ íåêîòîðîãî

r1 > 0 è âñåõ 0 < ρ 6 r 6 r1.
(λ3). ∃λ : R+ → R+, lim

r→0
λ(r) = 0 : ψ(f(u1 + Sρ)) 6 λ(r)ψ(Sρ) äëÿ íåêîòîðîãî

r1 > 0 è âñåõ 0 < ρ 6 r 6 r1.
Àíàëîãè÷íî, ïóñòü äëÿ îïåðàòîðà f : E → E ñóùåñòâóåò íåïðåðûâíàÿ àñèìï-

òîòè÷åñêàÿ ïðîèçâîäíàÿ f ′(∞). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
(λ̃1). f

′(∞) - âïîëíå íåïðåðûâíûé îïåðàòîð.
(λ̃2). ∃R1 > 0,∃λ̃ : R+ → R+, lim

r→∞
λ̃(r) = 0 : ψ(f(Bρ\Br)) 6 λ̃(r)ψ(Bρ) ∀ ρ >

r > R1.
(λ̃3). ∃R1 > 0,∃λ̃ : R+ → R+, lim

r→∞
λ̃(r) = 0 : ψ(f(Sρ)) 6 λ̃(r)ψ(Sρ) ∀ ρ > r > R1.

Êëàññû îïåðàòîðîâ (λ2) è (λ3), âîîáùå ãîâîðÿ íåëèíåéíûõ, âêëþ÷àþò îïåðàòî-
ðû, îïðåäåëåííûå â [1].
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Î ÃÅÎÌÅÒÐÈÈ ÏÐÅÄÅËÜÍÎÃÎ ÑÏÅÊÒÐÀ

Âàæíîé ÿâëÿåòñÿ çàäà÷à íàõîæäåíèÿ ïðåäåëüíîãî ñïåêòðà äëÿ ðàçëè÷íûõ êëàñ-
ñîâ ò¼ïëèöåâûõ ìàòðèö ([2], ñì. òàêæå [1]). Ìû ïîëó÷àåì ôîðìóëû äëÿ ÷èñëà
êîìïîíåíò ñâÿçíîñòè äîïîëíåíèÿ ïðåäåëüíîãî ñïåêòðà ëåíòî÷íîé ò�eïëèöåâîé ìàò-
ðèöû â òåðìèíàõ ÷èñëà öåëûõ òî÷åê âíóòðè âûïóêëîãî ìíîãîãðàííèêà. Ïóñòü
V ⊂ Cn � àëãåáðàè÷åñêîå ìíîãîîáðàçèå. Íàïîìíèì, ÷òî C∗ = C\0 ýòî ãðóïïà
íåíóëåâûõ êîìïëåêñíûõ ÷èñåë îòíîñèòåëüíî ãðóïïîâîé îïåðàöèè � óìíîæåíèÿ
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êîìïëåêñíûõ ÷èñåë. Ïóñòü îòîáðàæåíèå Log : Cr → Rn îïðåäåëÿåòñÿ ôîðìóëîé
Log(z1, . . . , zn) = (log(|z1|), . . . , log(|zn|)).
Àì�eáà ([3]) àëãåáðàè÷åñêîãî ìíîãîîáðàçèÿ V ýòî A = Log(V ) ⊂ Rn.
Ïóñòü a(z) =

∑
ak1,k2

zk1
1 z

k2
2 � ëîðàíîâñêèé ïîëèíîì îò äâóõ ïåðåìåí-

íûõ. Ðàññìîòðèì íà ïëîñêîñòè ìíîæåñòâî òî÷åê ñ öåëûìè êîîðäèíàòàìè
Lat(a(z)) = {(k1, k2) : ak1,k2

6= 0} � ÿâëÿþùèìèñÿ ñòåïåíÿìè ìîíîìîâ, âõîäÿùèõ â
çàäàííûé ïîëèíîì a(z) ñ íåíóëåâûìè êîýôôèöèåíòàìè. Áóäåì îáîçíà÷àòü ÷åðåç
Con(a(z)) = {λ1x1 + . . .+λkxk : 0 ≤ λi ≤ 1, xi ∈ Lat(a(z))} � âûïóêëóþ îáîëî÷êó
òî÷åê Lat(a(z)), ∆(a(z)) := Lat(a(z))

⋂
Z2. Ïóñòü a(z) =

∑r
k=−h z

k � ëîðàíîâ-
ñêèé ïîëèíîì, ÿâëÿþùèéñÿ ñèìâîëîì ïîñëåäîâàòåëüíîñòè ò�eïëèöåâûõ ìàòðèö
ðàñòóùèõ ðàçìåðîâ, σL(a(z)) � ïðåäåëüíûé ñïåêòð ýòîé ïîñëåäîâàòåëüíîñòè
ò�eïëèöåâûõ ìàòðèö, b(z, λ) = a(z)−λ. Îáîçíà÷èì ÷åðåç Comp(a(z)) � ÷èñëî êîì-
ïîíåíò ñâÿçíîñòè äîïîëíåíèÿ ïðåäåëüíîãî ñïåêòðà: Comp(a(z)) := [C\σl(a(z))].
Áóäåì îáîçíà÷àòü ÷åðåç |X| � ìîùíîñòü ìíîæåñòâà X. Îñíîâíîé ðåçóëüòàò
çàìåòêè ñëåäóþùàÿ

Òåîðåìà. Èìåþò ìåñòî ñëåäóþùèå îöåíêè:
1. Comp(a(z)) ≤ |∆(b(z, λ))|.
2. Ïóñòü h = r = 1. Â ýòîì ñëó÷àå ÷èñëî êîìïîíåíò ñâÿçíîñòè Comp(a(z))
ðàâíî ÷èñëó öåëî÷èñëåííûõ òî÷åê ëåæàùèõ â ïåðåñå÷åíèè |∆(b(z, λ))| è ëó÷à
z = λ

2 , òî åñòü âñåãäà ðàâíî 1.
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1. Bottcher A.Ñ, Grudsky S.M. Spectral properties of banded Toeplitz matrices. SIAM, 2005, 411.
2. Schmidt P., Spitzer F. The Teoplitz matrices of an arbitrary Laurent polynomial. - Math. Scand. � 1960. � V. 8. � P. 15

� 38.

3.Mikhalkin G. Amoebas of algebraic varieties. - math. arXiv: 0108225V1. � 2001.

Î.À. Èâàíîâà (ÞÔÓ, Ðîññèÿ), Ñ.Í. Ìåëèõîâ (ÞÔÓ, ÞÌÈ, Ðîññèÿ)
neo−ivolga@mail.ru, melih@math.rsu.ru
ÎÁ ÎÏÅÐÀÒÎÐÅ ÒÈÏÀ ÏÎÌÌÜÅ

Â äîêëàäå ïîéäåò ðå÷ü îá îïåðàòîðå òèïà Ïîììüå D0,g0
, îïðåäåëÿåìîì ñëåäóþ-

ùèì îáðàçîì:

D0,g0
(f)(t) :=

{
f(t)−g0(t)f(0)

t , t 6= 0,

f ′(0)− g′0(0)f(0), t = 0.

Çäåñü ôóíêöèÿ f ïðèíàäëåæèò íåêîòîðîìó ëîêàëüíî âûïóêëîìó ïðîñòðàíñòâó E
ôóíêöèé, àíàëèòè÷åñêèõ â îáëàñòè Ω ⊆ C, íåïðåðûâíî âëîæåííîìó â ïðîñòðàí-
ñòâî Ôðåøå A(Ω) âñåõ àíàëèòè÷åñêèõ â Ω ôóíêöèé. Ôóíêöèÿ g0 ∈ E òàêîâà, ÷òî
g0(0) = 1. Îïåðàòîð D0,g0

ëèíåéíî è íåïðåðûâíî îòîáðàæàåò E â ñåáÿ.
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Îïèñàíû êîììóòàíòû îïåðàòîðàD0,g0
è èññëåäîâàíû åãî öèêëè÷åñêèå ýëåìåíòû,

ò.å. ôóíêöèè f ∈ E, äëÿ êîòîðûõ ìíîæåñòâî {Dn
0,g0

(f)}∞n=0 ïîëíî â E. Ïîëó÷åí-
íûå îáùèå ðåçóëüòàòû ïðèìåíåíû ê êîíêðåòíûì ïðîñòðàíñòâàì E. Â ÷àñòíîñòè,
äîêàçàíà
Òåîðåìà. Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü â C. Ñëåäóþùèå óòâåðæäåíèÿ

ðàâíîñèëüíû:

(i) f ∈ A(Ω) íå ÿâëÿåòñÿ öèêëè÷åñêèì ýëåìåíòîì D0,g0
.

(ii) Ôóíêöèè f è g0 èìåþò îáùèå íóëè â Ω èëè ñóùåñòâóåò ðàöèîíàëüíàÿ ôóíê-
öèÿ R òàêàÿ, ÷òî f = Rg0.

Ïðåäûäóùàÿ òåîðåìà áûëà äîêàçàíà ðàíåå Þ.Ñ. Ëèí÷óêîì ïðè ïðåäïîëîæå-
íèè, ÷òî ôóíêöèÿ g0 íå îáðàùàåòñÿ â 0 â Ω.

À.È. Èíîçåìöåâ, À.Ñ. Êàëèòâèí (ËÃÏÓ, Ðîññèÿ)
kalitvinas@mail.ru, inozemcev.a.i@gmail.com

Î ÍÅÏÐÅÐÛÂÍÎÑÒÈ ÏÎ ÍÎÐÌÅ ÎÏÅÐÀÒÎÐ-ÔÓÍÊÖÈÉ Ñ
ÌÍÎÃÎÌÅÐÍÛÌÈ ×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ Â Lp(D)

(1 < p <∞)

Ðàáîòà ñîäåðæèò äîñòàòî÷íûå óñëîâèÿ ðàâíîìåðíîé íåïðåðûâíîñòè îïåðàòîð-
ôóíêöèè ñ ìíîãîìåðíûìè ÷àñòíûìè èíòåãðàëàìè

K(ϕ)x(t) =
∑
α

∫
Dα

kα(ϕ, t, Sα)x(sα) dSα

â ïðîñòðàíñòâå Kr(Lp) (1 < p < ∞) ðåãóëÿðíûõ â Lp îïåðàòîðîâ ñ ÷àñòíûìè
èíòåãðàëàìè [1], ãäå α = (α1, . . . , αn) � ìóëüòèèíäåêñ, αj ∈ {0, 1} ïðè j = 1, n,

t ∈ Rn, Sα ⊂ {τ1, . . . , τn}, dSα ⊂ {dτ1, . . . , dτn}, Dα =
n∏
j=1

[aj, bj]
αj , kα � èçìåðèìûå

ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèè.
Îïåðàòîð-ôóíêöèÿ K(ϕ) ñî çíà÷åíèÿìè â ïðîñòðàíñòâå Kn(X) îïåðàòîðîâ ñ

ìíîãîìåðíûìè ÷àñòíûìè èíòåãðàëàìè, äåéñòâóþùèõ â X = Lp(D) (1 < p < ∞),
íàçûâàåòñÿ ðàâíîìåðíî íåïðåðûâíîé èëè íåïðåðûâíîé ïî íîðìå, åñëè

lim
ϕ→ϕ0

‖K(ϕ)−K(ϕ0)‖L(X) = 0.

Ïóñòü Xα = L1(Dα), Lp = Lp(D) (1 < p <∞), à Lp[Xα] � ïðîñòðàíñòâà ñî ñìå-
øàííîé íîðìîé, ñîñòîÿùèå èç èçìåðèìûõ ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèé
xα(t, Sα), äëÿ êîòîðûõ êîíå÷íû íîðìû ‖‖xα(t, ·)‖Xα

‖Lp. Ñëåäóþùàÿ òåîðåìà ñî-
äåðæèò óñëîâèÿ íåïðåðûâíîñòè ïî íîðìå îïåðàòîð-ôóíêöèè K(ϕ) ñî çíà÷åíèÿìè
â Kr(Lp).
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Òåîðåìà. Ïóñòü 1 < p <∞ è p−1 + q−1 = 1. Åñëè:
1. ôóíêöèÿ ϕ → k(0,0,...,0)(ϕ, t) íåïðåðûâíà êàê âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè

â L∞(D);
2. ôóíêöèè ϕ → kα(ϕ, t, Sα) íåïðåðûâíà êàê âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè

â îäíîì èç ïðîñòðàíñòâ ñî ñìåøàííîé íîðìîé L∞[Lp[Lq]] èëè L∞[Lq[Lp]], ãäå
íîðìà â Lp(Dα), Lq(Dα), L∞(Dᾱ) âû÷èñëÿåòñÿ ïî tα, Sα, tᾱ, ñîîòâåòñòâåííî,
ᾱ = (ᾱ1, . . . , ᾱn) (ᾱj = 1− αj);
3. ôóíêöèÿ ϕ→ k(1,1,...,1)(ϕ, t, τ) íåïðåðûâíà êàê âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè

â Lp[Lq] èëè Lq[Lp], ãäå íîðìà â Lp(D) (Lq(D)) âû÷èñëÿåòñÿ ïî ïåðåìåííûì t (τ),
òî îïåðàòîð-ôóíêöèÿ K(ϕ) íåïðåðûâíà ïî íîðìå ïðîñòðàíñòâà Kr(Lp).
Ðàáîòà ïîääåðæàíà Ìèíîáðíàóêè Ðîññèè (ïðîåêò � 2014/351. ÍÈÐ � 1815.)

Ë È Ò Å Ð À Ò Ó Ð À

1. Êàëèòâèí À.Ñ., Èíîçåìöåâ À.È. Îïåðàòîð-ôóíêöèè ñ ìíîãîìåðíûìè ÷àñòíûìè èíòåãðàëàìè // Íàó÷íûå âåäîìîñòè

ÁåëÃÓ. Ìàòåìàòèêà. Ôèçèêà. � 2014. �25(196). Âûï. 37. � Ñ. 19-29.

Õ.Ê. Èøêèí (Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ishkin62@mail.ru

ÎÏÅÐÀÒÎÐ ØÒÓÐÌÀ � ËÈÓÂÈËËß ÍÀ ÐÈÌÀÍÎÂÎÉ
ÏÎÂÅÐÕÍÎÑÒÈ

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó

−v′′ = µρ(x)v, 0 < x < 1, (1)

v(0) = v(1) = 0, (2)

ãäå (êîìïëåêñíîçíà÷íàÿ) ôóíêöèÿ ρ(x) íåïðåðûâíà è íå èìååò íóëåé íà [0; 1], ÷òî
îáåñïå÷èâàåò äèñêðåòíîñòü ñïåêòðà. Ïóñòü {µk}∞1 � ñîáñòâåííûå ÷èñëà çàäà÷è
(1) � (2), ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ìîäóëåé, ñ ó÷åòîì êðàòíîñòè.
Åñëè arg ρ(x) ≡ α = const, òî ñîáñòâåííûå ÷èñëà µk ëåæàò íà îäíîì ëó÷å, è ïðè
äîïîëíèòåëüíîì óñëîâèè ãëàäêîñòè ρ (ñêàæåì, ρ′ ∈ AC[0, 1])

µk ∼

(
πk∫ 1

0

√
ρdx

)2

, k →∞. (3)

Èçâåñòíî [1], ÷òî ôîðìóëà (3) ñîõðàíÿåò ñèëó è â ñëó÷àå arg ρ(x) 6= const , åñ-
ëè ôóíêöèÿ ρ äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå â íåêîòîðóþ îêðåñòíîñòü G
îòðåçêà [0, 1], óäîâëåòâîðÿþùóþ óñëîâèÿì: L1) ρ(z) 6= 0 ∀ z ∈ G; L2) òî÷êè 0 è
1 ìîæíî ñîåäèíèòü íåêîòîðîé êðèâîé l, öåëèêîì ëåæàùåé â G è òàêîé, ÷òî ïðè
äâèæåíèè òî÷êè z îò 0 ê 1 âäîëü l àðãóìåíò ôóíêöèè

∫ z
0

√
ρ(t)dt ïîñòîÿíåí.
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Òåîðåìà 1. Ïóñòü ñóùåñòâóåò íåêîòîðàÿ îêðåñòíîñòü G îòðåçêà [0, 1], óäî-
âëåòâîðÿþùàÿ óñëîâèÿì: 1) ôóíêöèÿ ρ(z) àíàëèòè÷íà â G ñ êîíå÷íûì ÷èñëîì
òî÷åê âåòâëåíèÿ z1, . . . , zn, âáëèçè êîòîðûõ èìååò ðàçëîæåíèå

ρ(z) =
∞∑
r=0

ck,r(z − zk)
−4mk+r

2mk+1 , mk ∈ N, ck,2j−1 = 0, j = 1,mk + 1;

2) íà ñâîåé ðèìàíîâîé ïîâåðõíîñòè S ôóíêöèÿ ρ(z) íå èìååò íóëåé è â S ñóùå-
ñòâóåò êðèâàÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ L2). Òîãäà äëÿ ñïåêòðà çàäà÷è (1) �
(2) ñïðàâåäëèâà ôîðìóëà (3).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò � 15-01-01095 è Ìèíèñòåðñòâîì

îáðàçîâàíèÿ è íàóêè ÐÔ (ãðàíò � 01201456408).
Ë È Ò Å Ð À Ò Ó Ð À

1. Langer R. E. The boundary problem of an ordinary linear di�erential system in the complex domain. Trans. Amer. Math.

Soc. 1939. V.46. 151�190.

Ñ.È. Êàä÷åíêî (Ìàãíèòîãîðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé
óíèâåðñèòåò èì. Ã. È. Íîñîâà, Ðîññèÿ)

kadchenko@masu.ru
ÀËÃÎÐÈÒÌÛ ÐÅØÅÍÈß ÎÁÐÀÒÍÛÕ ÇÀÄÀ×, ÏÎÐÎÆÄÅÍÍÛÕ
ÂÎÇÌÓÙÅÍÍÛÌÈ ÑÀÌÎÑÎÏÐßÆÅÍÍÛÌÈ ÎÏÅÐÀÒÎÐÀÌÈ

ÌÅÒÎÄÎÌ ÐÅÃÓËßÐÈÇÎÂÀÍÍÛÕ ÑËÅÄÎÂ

Â ðàáîòàõ [1], [2] áûë ðàçðàáîòàí ÷èñëåííûé ìåòîä âû÷èñëåíèÿ ñîáñòâåííûõ
çíà÷åíèé ïîëóîãðàíè÷åííûõ ñíèçó äèñêðåòíûõ îïåðàòîðîâ, êîòîðûé, áûë íàçâàí
ìåòîäîì ðåãóëÿðèçîâàííûõ ñëåäîâ (ÐÑ). Íà îñíîâå ïîñòðîåííîé òåîðèè ñîçäàí ÷èñ-
ëåííûé ìåòîä, ïîçâîëÿþùèé ñ âûñîêîé âû÷èñëèòåëüíîé ýôôåêòèâíîñòüþ íàõî-
äèòü ÷èñëåííûå ðåøåíèÿ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷, ïîðîæäåííûõ âîçìóùåí-
íûìè ñàìîñîïðÿæåííûìè îïåðàòîðàìè çàäàííûìè â ñåïàðàáåëüíîì ãèëüáåðòîâîì
ïðîñòðàíñòâå. Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó(

T + P
)
u = µu,

ãäå T - äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, P - îãðàíè÷åííûé îïå-
ðàòîð, çàäàííûå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Äîïóñòèì, ÷òî
èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ {λn}∞n=1 è îðòîíîðìèðîâàííûå ñîáñòâåííûå ôóíê-
öèè {vn}∞n=1 îïåðàòîðà T , êîòîðûå çàíóìåðîâàíû â ïîðÿäêå âîçðàñòàíèÿ ñîáñòâåí-
íûõ çíà÷åíèé λn ïî âåëè÷èíå ñ ó÷åòîì êðàòíîñòè. Îáîçíà÷èì ÷åðåç νn êðàòíîñòü
ñîáñòâåííîãî çíà÷åíèÿ λn, à êîëè÷åñòâî âñåõ íåðàâíûõ äðóã äðóãó ñîáñòâåííûõ
çíà÷åíèé λn, êîòîðûå ëåæàò âíóòðè îêðóæíîñòè Tn0

ðàäèóñà ρn0
= 0, 5|λn0+1 +λn0

|
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ñ öåíòðîì â íà÷àëå êîîðäèíàò êîìïëåêñíîé ïëîñêîñòè, ÷åðåç n0. Òîãäà êîëè÷åñòâî

ñîáñòâåííûõ ÷èñåë îïåðàòîðà T ëåæàùèõ â êðóãå Tn0
ðàâíî m0 =

n0∑
n=1

νn. Ïóñòü

{µn}∞n=1 - ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà T + P , çàíóìåðîâàííûå â ïîðÿäêå âîç-
ðàñòàíèÿ èõ äåéñòâèòåëüíûõ ÷àñòåé ñ ó÷åòîì àëãåáðàè÷åñêîé êðàòíîñòè. Äîïó-
ñòèì, ÷òî äëÿ âñåõ n ∈ N âûïîëíÿþòñÿ íåðàâåíñòâà qn = 2‖P‖

|λn+νn−λn|
< 1. Èçâåñòíî,

÷òî â ýòîì ñëó÷àå êîíòóð Tn0
ñîäåðæèò îäèíàêîâîå êîëè÷åñòâî ñîáñòâåííûõ çíà-

÷åíèé îïåðàòîðîâ T è T + P .
Â ýòîì ñëó÷àå ñîáñòâåííûå çíà÷åíèÿ {µn}m0

n=1 îïåðàòîðà T +P âû÷èñëÿþòñÿ ïî
ôîðìóëàì:

µn = λn + (Pvn, vn) + δn, n = 1,m0,

ãäå |δn| ≤ (2n− 1)ρn
q2

1− q
, q = max

n∈N
qn.

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå ôðåäãîëüìà ïåðâîãî ðîäà

Ap ≡
b∫

a

K(x, s)p(s)ds = f(x), c ≤ x ≤ d, (1)

ãäå ôóíêöèè f(x) è K(x, s) òàêèå, ÷òî

f(xn) = µn − λn − δn, K(xn, s) = v2
n(s), c ≤ xn ≤ d, n = 1,m0.

Ïóñòü ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (1) K(x, s) íåïðåðûâíî è çàìêíóòî â êâàä-
ðàòå Π = [a, b]× [c, d], à ôóíêöèè p(s) ∈ W 1

2 [a, b] è f(x) ∈ L2[c, d].
Çàäà÷à ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà (1) ÿâëÿ-

åòñÿ íåêîððåêòíî ïîñòàâëåííîé. Åå ïðèáëèæåííîå ðåøåíèå ìîæåò áûòü íàéäåíî
ñ ïîìîùüþ ìåòîäà ðåãóëÿðèçàöèè Í. À. Òèõîíîâà. ×èñëåííîå ðåøåíèå óðàâíå-
íèÿ (1) áóäåò îïðåäåëÿòü çíà÷åíèÿ ôóíêöèè p(s) â óçëîâûõ òî÷êàõ si, i = 1, I,
a = s1 < s2 < ... < sI = b. ×èñëî óçëîâûõ òî÷åê I ìîæíî âûáðàòü äîñòàòî÷íî
áîëüøèì, ÷òîáû ïîëó÷èòü õîðîøóþ òî÷íîñòü ïðè èíòåðïîëÿöèè ôóíêöèè p(s).
Ìåòîä áûë ïðîâåðåí íà îáðàòíûõ çàäà÷àõ äëÿ îïåðàòîðîâ òèïà Øòóðìà-

Ëèóâèëëÿ. Ðåçóëüòàòû ìíîãî÷èñëåííûõ ðàñ÷åòîâ ïîêàçàëè åãî âûñîêóþ âû÷èñ-
ëèòåëüíóþ ýôôåêòèâíîñòü.

Ë È Ò Å Ð À Ò Ó Ð À
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Â. À. Ñàäîâíè÷èé // ÄÀÍ Ðîññèè. 2001. Ò. 380, � 2. Ñ.160�163.

2. Êàä÷åíêî, Ñ.È. ×èñëåííûé ìåòîä íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé äèñêðåòíûõ ïîëóîãðàíè÷åííûõ ñíèçó

îïåðàòîðîâ / Ñ. È. Êàä÷åíêî, Ë. Ñ. Ðÿçàíîâà // Âåñòè. Þæ-Óðàë. ãîñ. óí-òà. Ñåðèÿ �Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è

ïðîãðàììèðîâàíèå�. 2011. � 17 (234), âûï. 8. Ñ. 46�51.
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A METHOD OF FACTORIZATION OF MATRIX FUNCTIONS

Let G be an n × n matrix function de�ned on a closed curve Γ. A family of
Teoplitz operators with symbols t−jG, t ∈ Z is considered and using the structural
properties of that operators the concept of partial indices n-tuple of G consisting of
the {−∞,Z,+∞} is introduced. In the case when all partial indices are from Z, matrix
function G admits G−

∧
G−1

+ in which G+ and G− are boundary values on Γ of a matrix
functions analytic and invertible in the interior D+ (resp., exterior D−) of Γ under some
additional conditions on their growth when approaching the boundary. Note that Λ(t)
is diagonal, with the diagonal entries of the form (t − z0)

kj , where z0 is an arbitrary
�xed point of D+, and kj is partial indices of G.
If G admits the standard factorization, then above-mentional representation, is the

factorization of G.
Proposed construction allows to build explicit factorization for some classes of matrix

functions. Some applications in theory of integral equations are discussed.

Â.Ì. Êàïëèöêèé (ÞÔÓ, Ðîññèÿ)
kaplitsky@donpac.ru

ÎÁ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÉ ÝÐÃÎÄÈ×ÍÎÑÒÈ ÑÅÌÅÉÑÒÂÀ
ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ È ÌÀÒÅÌÀÒÈ×ÅÑÊÎÌ

ÎÏÈÑÀÍÈÈ ÏÐÎÖÅÑÑÀ ÓÑÒÀÍÎÂËÅÍÈß
ÒÅÐÌÎÄÈÍÀÌÈ×ÅÑÊÎÃÎ ÐÀÂÍÎÂÅÑÈß

Îäíèì èç îñíîâíûõ ïîñòóëàòîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè ÿâëÿåò-
ñÿ ñëåäóþùåå äîïóùåíèå: åñëè ðàññìàòðèâàåìàÿ äèíàìè÷åñêàÿ ñèñòåìà ÿâëÿåòñÿ
ìàêðîñêîïè÷åñêîé ñèñòåìîé, èçîëèðîâàííîé îò âíåøíèõ âëèÿíèé è çàêëþ÷åííîé
â íåêîòîðîì êîíå÷íîì ìàêðîñêîïè÷åñêîì îáúåìå V , òî íàáëþäàåìûå çíà÷åíèÿ
ìàêðîñêîïè÷åñêèõ äèíàìè÷åñêèõ âåëè÷èí ñòðåìÿòñÿ ïðè t → ∞ ê ïîñòîÿííûì
çíà÷åíèÿì, ïðåäñòàâëÿåìûì ñðåäíèìè ýòèõ âåëè÷èí, âçÿòûìè ïî ðàâíîâåñíîìó
ðàñïðåäåëåíèþ Ãèááñà (ñì.[1]). Òðåáóåìîå ñâîéñòâî ñðåäíèõ çíà÷åíèé äèíàìè÷å-
ñêèõ âåëè÷èí ñòðîãî äîêàçàòü íå óäàëîñü äàæå äëÿ ñèñòåì ñ ìîäåëüíûì êëàññè÷å-
ñêèì ãàìèëüòîíèàíîì ñèñòåìû ÷àñòèö ñ öåíòðàëüíûì âçàèìîäåéñòâèåì. Èñêëþ÷å-
íèå ñîñòàâëÿåò ñëó÷àé ñèñòåìû íåâçàèìîäåéñòâóþùèõ îñöèëëÿòîðîâ ñëàáî âçàè-
ìîäåéñòâóþùèõ ñ òåðìîñòàòîì, ðàññìîòðåííûé Í.Í.Áîãîëþáîâûì. Êàê èçâåñòíî,
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ïîïûòêè îáîñíîâàíèÿ ïðèâåäåííîãî âûøå ïîñòóëàòà ïðèâåëè ê ïîíÿòèþ ýðãîäè÷-
íîñòè äèíàìè÷åñêîé ñèñòåìû è ê àíàëèçó ñâîéñòâà ïåðåìåùèâàíèÿ. Â ñòàòèñòè-
÷åñêîé ìåõàíèêå, êàê ïðàâèëî, èçó÷àþòñÿ îáüåìíûå ñâîéñòâà ìàêðîñêîïè÷åñêèõ
ñèñòåì, à ïîýòîìó âî âñåõ ñîòíîøåíèÿõ ñîâåðøàþò ïðåäåëüíûé ïåðåõîä, ñ÷èòàÿ,
÷òî ïðè N → ∞ ãðàíè÷íàÿ ïîâåðõíîñòü áåñêîíå÷íî ðàñøèðÿåòñÿ (V → ∞), à
ïëîòíîñòü ÷èñëà ÷àñòèö íà åäèíèöó îáüåìà îñòàåòñÿ ïîñòîÿííîé: NV = n. Â ñâÿçè
ñ ýòèì â [1] (ñì. òàêæå [2]) îòìå÷àåòñÿ, ÷òî äëÿ îáîñíîâàíèÿ ñòàòèñòè÷åñêîé ìå-
õàíèêè ñîâåðøåííî íåîáÿçàòåëüíî íàëè÷èå ñâîéñòâà ïåðåìåøèâàíèÿ ïðè ëþáûõ
êîíå÷íûõ N, V . Â ðàáîòå áóäåò äàíî îïðåäåëåíèå áîëåå ñëàáîãî ñâîéñòâà áîëüøèõ
ñèñòåì, êîòîðîå óäîáíî ðàññìàòðèâàòü êàê íåêîòîðóþ àñèìòîòè÷åñêóþ ýðãîäè÷-
íîñòü ñåìåéñòâà äèíàìè÷åñêèõ ñèñòåì ïðè N →∞ è áóäåò ïîêàçàíî êàê ýòî áîëåå
ñëàáîå ñâîéñòâî ñâÿçàíî ñî ñòðåìëåíèåì ê ðàâíîâåñèþ ðåøåíèé óðàâíåíèé äëÿ ïðå-
äåëüíûõ s- ÷àñòè÷íûõ ôóíêöèé ðàñïðåäåëåíèÿ (óðàâíåíèé ÁÁÃÊÈ) ïðè t→∞.

Ë È Ò Å Ð À Ò Ó Ð À
1. Áîãîëþáîâ Í.Í. Èçáðàííûå óíèâåðñèòåòñêèå ëåêöèè. Ì.: Èçäàòåëüñòâî Ìîñê.óí-òà, 2009.

2.Ìàðòûíîâ Ã.À. Êëàññè÷åñêàÿ ñòàòèñòè÷åñêàÿ ìåõàíèêà. Òåîðèÿ æèäêîñòåé. ÎÎÎ Èçäàòåëüñêèé Äîì "Èíòåëëåêò".

2011.
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ÈÇÎÌÎÐÔÍÀß ÊËÀÑÑÈÔÈÊÀÖÈß ÏÐÎÑÒÐÀÍÑÒÂ ÃËÀÄÊÈÕ
ÔÓÍÊÖÈÉ È ÒÅÎÐÅÌÛ ÂËÎÆÅÍÈß ÄËß ÂÅÊÒÎÐÍÛÕ

ÏÎËÅÉ

Ïóñòü {T1, . . . , Tl} � íàáîð äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè íà òîðå Tn. Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî X ôóíêöèé f íà
òîðå, äëÿ êîòîðûõ âñå ôóíêöèè Tjf , j = 1, . . . , l, íåïðåðûâíû. Áóäåì èíòåðåñî-
âàòüñÿ âîïðîñîì î òîì, ìîæíî ëè âëîæèòü X â íåêîòîðîå ïðîñòðàíñòâî C(K) â
êà÷åñòâå äîïîëíÿåìîãî ïîäïðîñòðàíñòâà. Îñíîâíîé ðåçóëüòàò ñîñòîèò â ñëåäóþ-
ùåì. Çàôèêñèðóåì íåêèé �øàáëîí ñìåøàííîé îäíîðîäíîñòè� è âûäåëèì ñòàðøèå
îäíîðîäíûå ÷àñòè (îòíîñèòåëüíî âûáðàííîãî øàáëîíà) {τ1, . . . , τl} èç èñõîäíîãî
íàáîðà îïåðàòîðîâ {T1, . . . , Tl}. Ïóñòü N � ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà,
ïîðîæäåííîãî íàáîðîì {τ1, . . . , τl}. Åñëè N > 2, òî X íå èçîìîðôíî íèêàêîìó
äîïîëíÿåìîìó ïîäïðîñòðàíñòâó ïðîñòðàíñòâà C(K).
Äîêàçàòåëüñòâî îñíîâàíî íà íîâîé òåîðåìå âëîæåíèÿ (òèïà Ñîáîëåâñêîé) äëÿ

âåêòîðíûõ ïîëåé. Åå ÷àñòíûå ñëó÷àè èìåþò êëàññè÷åñêèé âèä íåðàâåíñòâ äëÿ ïðî-
èçâîäíûõ ðàçëè÷íûõ ïîðÿäêîâ, îäíàêî îáùèé ñëó÷àé ôîðìóëèðóåòñÿ â íåñêîëüêî
èíûõ òåðìèíàõ.
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Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå àâòîðà ñ Ä. Â. Ìàêñèìîâûì è Ä. Ì. Ñòî-
ëÿðîâûì.
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Î ÏÀÐÀÊÎÌÏÀÊÒÍÎÑÒÈ ÁÅÑÊÎÍÅ×ÍÎÌÅÐÍÛÕ
ÌÍÎÃÎÎÁÐÀÇÈÉ

Â äîêëàäå èçëàãàåòñÿ êðèòåðèé ïàðàêîìïàêòíîñòè áåñêîíå÷íîìåðíîãî õàóñäîð-
ôîâà ìíîãîîáðàçèÿ M ñî ñ÷¼òíîé áàçîé, ìîäåëèðóåìîãî â ëèíåéíîì òîïîëîãè-
÷åñêîì ïðîñòðàíñòâå L. Óñòàíîâëåíî, ÷òî äëÿ ïàðàêîìïàêòíîñòè íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû ïðîñòðàíñòâî ìîäåëåé L áûëî ðåãóëÿðíî. Äîêàçûâàåòñÿ äîñòà-
òî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ãëàäêîãî ðàçáèåíèÿ åäèíèöû íà ãëàäêîì áàíàõîâîì
õàóñäîðôîâîì ìíîãîîáðàçèè ñî ñ÷¼òíîé áàçîé. Äåìîíñòðèðóåòñÿ, ÷òî ýòî óñëîâèå
âûïîëíåíî íå âñåãäà.

Òåîðåìà 1.ÌíîãîîáðàçèåM ïàðàêîìïàêòíî òîãäà è òîëüêî òîãäà, êîãäà ïðî-
ñòðàíñòâî ìîäåëåé L ðåãóëÿðíî (òî åñòü, ÿâëÿåòñÿ T3� ïðîñòðàíñòâîì).

Òåîðåìà 2. Ïóñòü M � äèôôåðåíöèðóåìîå ìíîãîîáðàçèå êëàññà Cn, n = 1, 2,
...,∞, ìîäåëèðóåìîå â áàíàõîâîì ïðîñòðàíñòâå B ñ íîðìîé ‖.‖. Åñëè ñóùåñòâóåò
ñòðîãî ìîíîòîííàÿ áèåêòèâíàÿ âåùåñòâåííàÿ ôóíêöèÿ f : [0,+∞) → [0,+∞)
òàêàÿ, ÷òî ñóïåðïîçèöèÿ f ◦ ‖.‖ åñòü âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ êëàññà Cn

íà B, òî íà M ñóùåñòâóåò ðàçáèåíèå åäèíèöû êëàññà Cn.
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ÏÐÈÁËÈÆ�ÍÍÎÅ ÐÅØÅÍÈÅ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ
ÌÍÎÃÎÌÅÐÍÛÌÈ ÎÏÅÐÀÒÎÐÀÌÈ ÑÂ�ÐÒÊÈ ÍÀ

ÌÍÎÃÎÃÐÀÍÍÈÊÀÕ

Â ðàáîòå ïðåäëàãàåòñÿ ïðèáëèæ¼ííûé ìåòîä ðåøåíèÿ ìíîãîìåðíûõ óðàâíåíèé
òèïà èíòåãðàëüíîé ñâ¼ðòêè íà ìíîãîãðàííèêàõ â Rm. Èçëàãàåìûé ïîäõîä îñíîâàí
íà èäåÿõ ïðîåêöèîííûõ ìåòîäîâ, íî â îòëè÷èè îò íèõ, çäåñü äëÿ ïðèáëèæåííîãî
ðåøåíèÿ óðàâíåíèÿ íà êîíå÷íîì ìíîæåñòâå òðåáóåòñÿ ðåøåíèå íåêîòîðûõ óðàâ-
íåíèé íà áåñêîíå÷íûõ ìíîæåñòâàõ. Ñîãëàñíî äàííîìó ìåòîäó, èñõîäíûé ìíîãî-
ãðàííèê äåëèòñÿ íà íåñêîëüêî ÷àñòåé, äëÿ êàæäîé èç êîòîðûõ ðåøåíèå èùåòñÿ
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îòäåëüíî. Äëÿ öåíòðàëüíîé ÷àñòè ïðè ýòîì èñïîëüçóåòñÿ ðåøåíèå óðàâíåíèÿ ñ
ìíîãîìåðíûì îïåðàòîðîì ñâ¼ðòêè ïî âñåìó ïðîñòðàíñòâó èëè îïåðàòîðîì ñâ¼ðò-
êè íà òîðå, à äëÿ ÷àñòåé, ïðèëåãàþùèõ ê ó÷àñòêàì ãðàíèöû ðàçìåðíîñòè (m− 1),
èñïîëüçóþòñÿ ðåøåíèÿ óðàâíåíèé ñâ¼ðòêè ïî ïîëóïðîñòðàíñòâàì. Äëÿ îñòàëüíûõ
÷àñòåé èñõîäíîãî ìíîãîãðàííèêà ïðèáëèæ¼ííîå ðåøåíèå ìîæåò áûòü îïðåäåëå-
íî ëèáî èç óðàâíåíèé ñ îïåðàòîðàìè ñâ¼ðòêè ïî íåêîòîðûì äðóãèì áåñêîíå÷íûì
ìíîæåñòâàì (åñëè ñîîòâåòñòâóþùèå îïåðàòîðû óäàñòñÿ ýôôåêòèâíî îáðàòèòü), ëè-
áî ñ ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé, àíàëîãè÷íûõ ïåðâîíà÷àëüíîìó, íî
íà çíà÷èòåëüíî ìåíüøèõ ìíîãîãðàííèêàõ. Îñîáóþ öåííîñòü, ïî ìíåíèþ àâòîðîâ,
ïðåäñòàâëÿþò ñîáîé îöåíêè âîçíèêàþùåé ïîãðåøíîñòè.
Ïîëó÷åííûé ðåçóëüòàò ïðåäñòàâëÿåò ñîáîé àíàëîã ðåçóëüòàòà, èçëîæåííîãî àâ-

òîðàìè äîêëàäà â ñòàòüå [1], ãäå ðàññìàòðèâàåòñÿ ñëó÷àé äèñêðåòíûõ ñâ¼ðòîê.
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ÏÐÎÅÊÖÈÎÍÍÛÌÈ ËÎÊÀËÜÍÎ ÎÏÒÈÌÀËÜÍÛÌÈ
ÌÅÒÎÄÀÌÈ ÓÏÐÀÂËÅÍÈß

Óñëîâèÿ ñæàòèÿ äàíû äëÿ îïåðàòîðà ñèñòåìû ñ ëèíåéíûì îáúåêòîì è ëîêàëüíî
îïòèìàëüíûìè óïðàâëåíèÿìè (ËÎÓ) ïðè ñìåøàííûõ îãðàíè÷åíèÿõ.
Òåîðåìà. Ïóñòü: 1. Ðàçíîñòíûé îïåðàòîð ñèñòåìû ËÎÓ èìååò âèä

xk+1 = G (xk,mk, pk) = Hxk + Fuuk,∗ (xk) + Fmmk =

= Hxk + FuΓT
[
PAHxk + (1− 2θk∗) |σ | 1/2P̃ 0C

]
+ Fmmk, xk0 = x0, (1)

ãäå ïðîåêöèîííûé îïåðàòîð ËÎÓ ñ ðåãóëÿðèçàöèåé èìååò âèä

θk∗ = p (θk0) = (|θk0| − |θk0 − 1|+ 1)
/

2 ∈ [0, 1] , θk0 =
(
1− σ̃−1

k

) /
2, σ̃k = |αk/ρ|1/2 ,

|σ̃|1/2 = α k (xk) ρ
−1, α (xk) =

√
r2 − ϕ

(
‖PA b 1

k ‖
2
)
, b 1

k = Hx k,

ρ = C T P̃ 0C 6= 0, ϕ (q) = 0, 5
( ∣∣ q − ε2

∣∣− ∣∣ q − r2
1

∣∣+ ε2 + r2
1

)
, q ∈ R1, (2)

à âîçìóùåíèÿ óäîâëåòâîðÿþò óñëîâèþ m k = m k+l, l = 1, 2, ... .
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2. Ñîñòîÿíèÿ îáúåêòà â (1) óïðàâëÿåìû è ëîêàëüíî äîñòèæèìû ïðè ñìåøàí-
íûõ îãðàíè÷åíèÿõ íà óïðàâëåíèÿ è êîîðäèíàòû, ó÷òåííûõ â (2):

α = r2−ϕ
(∥∥PA b 1

k

∥∥ 2
)
≥ 0, P T

A PA =
(
AAT

)−1
, ‖xk ‖ ≤ r 1 = r ( ‖PA‖ · ‖H ‖ )−1 .

3. Ñîâïàäàþò îáëàñòè îïðåäåëåíèÿ íåëèíåéíîé ÷àñòè îïåðàòîðà ËÎÓ è ñîâ-
ìåñòíîñòè ðåãóëÿðèçîâàííûõ îãðàíè÷åíèé çàäà÷ îïòèìèçàöèè

α k = r2 − ϕ
(
bTk
(
AAT

)−1
b1
k

)
= r2 −

∥∥PA b1
k

∥∥ 2 ≥ 0, k = 1, 2, ... .

4. Ñåìåéñòâî (1) àïïðîêñèìèðîâàíî ëèíåéíûìè îïåðàòîðàìè Ôðåøå xk+1 =
Fk (xk, p) , xk0

= x0 ∈ T,èìååò ìåñòî óòâåðæäåíèÿ òåîðåìû Áàíàõà-
Øòåéíãàóñà ‖Fk ‖ ≤ M, k = 1, 2, ... . Òîãäà óñëîâèÿ ñæàòèÿ äëÿ (1) èìåþò
âèä

α = ‖H‖+‖Fu ‖·‖Γ‖·‖T ‖
〈
‖PA‖ · ‖H ‖+ 2LpLϕr 1 ρ

−1 ‖PA‖ 2 · ‖H ‖ 2
∥∥∥P̃ 0C

∥∥∥〉 < 1.

Å.Â. Êîìàð÷óê, Ñ.Í. Ìåëèõîâ (ÞÔÓ, ÞÌÈ, Ðîñòîâ-íà-Äîíó,
Âëàäèêàâêàç)

mexanic.87@mail.ru, melih@math.rsu.ru
ÊÂÀÇÈÀÍÀËÈÒÈ×ÅÑÊÈÅ ÔÓÍÊÖÈÎÍÀËÛ ÒÈÏÀ ÐÓÌÜÅ È

ÏÐÎÅÊÒÈÂÍÛÅ ÎÏÈÑÀÍÈß

Ïóñòü Ω � âûïóêëîå ïîäìíîæåñòâî RN , îáëàäàþùåå ôóíäàìåíòàëüíîé ïîñëåäî-
âàòåëüíîñòüþ (âûïóêëûõ) êîìïàêòîâKn, n ∈ N; Hn� îïîðíàÿ ôóíêöèÿKn, n ∈ N;
ω � êâàçèàíàëèòè÷åñêàÿ âåñîâàÿ ôóíêöèÿ, êàê â [1].
Ïîëîæèì wnk(z) := exp

(
−Hn(Imz)− 1

kω(z)
)
, z ∈ CN , n, k ∈ N. Ââåäåì

âåñîâûå ïðîñòðàíñòâà öåëûõ ôóíêöèé

Hnk(CN) := {f ∈ H(CN)| ‖f‖nk := sup
z∈CN

|f(z)|wnk(z) < +∞},

n, k ∈ N;WH(CN) := indnprojkHnk(CN).

Ñèëüíîå ñîïðÿæåííîå ê íåêîòîðîìó ïðîñòðàíñòâó óëüòðàäèôôåðåíöèðóåìûõ
ôóíêöèé òèïà Ðóìüå, îïðåäåëÿåìîìó ω, òîïîëîãè÷åñêè èçîìîðôíî (ïîñðåäñòâîì
ïðåîáðàçîâàíèÿ Ôóðüå-Ëàïëàñà) ïðîñòðàíñòâó WH(CN). Ñåìåéñòâî âåñîâ W ñî-
ñòîèò èç âñåõ ïîëóíåïðåðûâíûõ ñâåðõó ôóíêöèé w : CN → [0,+∞) òàêèõ, ÷òî
äëÿ ëþáîãî n ñóùåñòâóþò αn > 0 è k = k(n), äëÿ êîòîðûõ w ≤ αnwnk íà CN .
Ïðîåêòèâíàÿ îáîëî÷êà èíäóêòèâíîãî ïðåäåëà WH(CN) îïðåäåëÿåòñÿ ñëåäóþùèì
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îáðàçîì:

HW (CN) := {f ∈ H(CN)| ‖f‖w := sup
z∈CN

|f(z)|w(z) < +∞

äëÿ ëþáîãî w ∈ W}.

Òîïîëîãèÿ HW (CN) çàäàåòñÿ ñåìåéñòâîì ïðåäíîðì ‖ · ‖w, w ∈ W . Ïðîñòðàíñòâî
WH(CN) íåïðåðûâíî âëîæåíî â HW (CN).
Òåîðåìà. (i) Åñëè Ω îòëè÷íî îò êîìïàêòà, òî èíäóêòèâíàÿ òîïîëîãèÿ â

ïðîñòðàíñòâå WH(CN) ñòðîãî ñèëüíåå ïðîåêòèâíîé òîïîëîãèè â íåì, èíäóöè-
ðîâàííîé èç HW (CN).
(ii) Ïðîñòðàíñòâà WH(CN) è HW (CN) ñîâïàäàþò àëãåáðàè÷åñêè.
Ðàíåå óòâåðæäåíèå (i) òåîðåìû àâòîðàìè áûëî äîêàçàíî äëÿ íåêâàçèàíàëèòè-

÷åñêîé ôóíêöèè ω.
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ÍÅÏÐÅÐÛÂÍÛÅ ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈß ÒÈÏÀ ÀÁÅËß Â
ÁÀÍÀÕÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ïóñòü E1, E2 � âåùåñòâåííûå áàíàõîâû ïðîñòðàíñòâà, u = u(t), f = f(t) �
íåèçâåñòíàÿ è çàäàííàÿ ôóíêöèè äåéñòâèòåëüíîãî àðãóìåíòà t ñî çíà÷åíèÿìè â
E1 è E2 ñîîòâåòñòâåííî. Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

Bu(t)− 1

Γ(α)

t∫
0

(t− s)α−1Au(s)ds = f(t), t ≥ 0, (1)

ãäå B, A � çàìêíóòûå ëèíåéíûå îïåðàòîðû èç E1 â E2, ïðè÷åì D(B) ⊆ D(A),
Γ(α) � ãàììà-ôóíêöèÿ Ýéëåðà, 0 < α < 1. Â íàñòîÿùåå âðåìÿ àâòîðàìè èçó-
÷åí ñëó÷àé íåïðåðûâíî îáðàòèìîãî îïåðàòîðà B. Â êà÷åñòâå îñíîâíîãî ðåçóëüòàòà
äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü ëèíåéíûé îïåðàòîð B íåïðåðûâíî îáðàòèì, ôóíêöèÿ f(t) ∈
C([0; +∞) ; E2), òîãäà óðàâíåíèå (1) èìååò åäèíñòâåííîå íåïðåðûâíîå ðåøåíèå
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âèäà

u(t) = f(t) +
+∞∑
k=1

1

Γ(kα)

t∫
0

(t− s)kα−1(AB−1)kf(s)ds.

Óòâåðæäåíèå ñîãëàñóåòñÿ ñ èçâåñòíîé òåîðåìîé [1] äëÿ èíòåãðàëüíîãî óðàâíåíèÿ
Àáåëÿ âòîðîãî ðîäà. Ðàññìîòðåíà ðåàëèçàöèÿ óðàâíåíèÿ (1) � êðàåâàÿ çàäà÷à äëÿ
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, âîçíèêàþùàÿ â
ôèçèêå ïëàçìû [2].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 14-01-31175
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ÎÁ ÈÍÂÀÐÈÀÍÒÍÎÑÒÈ ÑÏÅÊÒÐÎÂ

ÏÑÅÂÄÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Â äîêëàäå ðàññìàòðèâàþòñÿ ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû èç êëàññà
Ë.Õ�åðìàíäåðà Ψm

1,δ, δ < 1, â ïðîñòðàíñòâàõ Çèãìóíäà-Ã�åëüäåðà íà Rn, îáñóæäàþò-
ñÿ ðåçóëüòàòû ïðîöèòèðîâàííûõ â ñïèñêå ëèòåðàòóðû ñòàòåé. Ïðèâîäÿòñÿ óòâåð-
æäåíèÿ î ñîâïàäåíèè (êàê ìíîæåñòâ) ñïåêòðîâ è ñóùåñòâåííûõ ñïåêòðîâ îãðà-
íè÷åííûõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâàõ
Ñîáîëåâà è Çèãìóíäà-Ã�åëüäåðà.
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DOMINATION PROBLEM IN BANACH LATTICES

The aim of this work is to survey some aspects of the domination problem in
Banach lattices. Given two linear operators S and T between Banach lattice with
0 ≤ T ≤ S, the domination problem asks whether or not T inherits some property of



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 42

its dominant S? The domination problem has been the focus of attention for about
40 years. Various solutions were found for di�erent classes of linear operators under
appropriate restrictions on underlying Banach lattices. For the main results we refer
to the survey papers [1, 2]. A general approach to the problem is outlined in [3]. We
formulate a version of the domination problem for a new class of linear operators and
believe that it can be treated by the above mentioned general approach.
Let X be a Banach lattice and P(X) stands for the Boolean algebra of all band

projections in X, see [1]. A bounded operator T in X is said to be of Simonenko
type, if the operator πT (IX − π) is compact for every band projection π ∈ P(X)
(compare with the notion of a local type operator in [4]). Now, an interesting problem
is to determine necessary and su�cient conditions under which an operator T is of
Simonenko type provided that so is some of its dominants.
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INVOLUTIONS AND COMPLEX STRUCTURES
ON REAL VECTOR LATTICES

A linear operator T on a vector lattice E is called involutory or an involution if
T ◦T = IE (or, equivalently, T−1 = T ) and is called a complex structure if T ◦T = −IE
(or, equivalently, T−1 = −T ). The operator P − P⊥, where P is a projection operator
on E and P⊥ = IE−P , is an involution. The involution P −P⊥ with band projections
P is referred to as trivial . The main result of this note tells us that in a real non locally
one-dimensional universally complete vector lattice the are band preserving complex
structures and nontrivial band preserving involutions. The unexplained terms can be
found in [1, 2].
Theorem. Let E be a universally complete real vector lattice which is not locally

one-dimensional. Then the following assertions hold:
(1) For every �nite collection {x1, . . . , xn} ⊂ E there exists a band preserving

involution T on E such that T (xi) = xi for all i = 1, . . . , n.
(2) There exists a band preserving complex structure on E.
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Corollary. Let E be a universally complete vector lattice. Then the following are
equivalent:

(1) E is locally one-dimensional.
(2) There is no nontrivial band preserving involution on E.
(3) There is no band preserving complex structure on E.
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ON THEOREMS OF F. AND M. RIESZ

We discuss various analogs of the famous theorem due to F. and M. Riesz on the
absolute continuity of the measure whose negative Fourier coe�cients are all zeros.
A simpler and more direct proof of one of such analogs is obtained. In the same
spirit a di�erent proof is found for another theorem of F. and M. Riesz on absolute
continuity. These results are closely related to one theorem of Hardy and Littlewood
on the absolute convergence of the Fourier series of a function of bounded variation
whose conjugate is also of bounded variation and its extensions to the non-periodic
case. Certain multidimensional results are discussed as well.
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ÀÑÈÌÏÒÎÒÈÊÀ ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈß
ÂÎËÜÒÅÐÐÀ-ÃÀÌÌÅÐØÒÅÉÍÀ

Èçó÷àåòñÿ àñèìïòîòèêà ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ âèäà

x(t) =

t∫
0

K(t− s)[x(s) + ϕ(s, x(s))] ds+ f(t). (1)

Àñèìïòîòèêà ðåøåíèé òàêèõ óðàâíåíèé ðàññìàòðèâàëàñü, â îñíîâíîì, äëÿ ñâî-
áîäíûõ ÷ëåíîâ èç Am[0, ∞), ãäå Am[0, ∞) - ìíîæåñòâî íåïðåðûâíûõ íà [0, ∞)
ôóíêöèé, äîïóñêàþùèõ ðàçëîæåíèå

z(t) =
m∑
k=0

zk
(t+ 1)k

+
o(1)

(t+ 1)m
, t→∞.
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Îäíàêî, òàêèå ñâîáîäíûå ÷ëåíû îãðàíè÷åíû. Ïðè èçó÷åíèè àñèìïòîòèêè, â êà-
÷åñòâå ñâîáîäíûõ ÷ëåíîâ ÷àñòî ôèãðèðóåò ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Òàêèå ðåøåíèÿ, êàê ïðàâèëî, èìåþò ýêñïîíåíöèàëüíûé ðîñò, ïîýòîìó èí-
òåðåñíî ðàññìîòðåòü èíòåãðàëüíûå óðàâíåíèÿ ñî ñâîáîäíûì ÷ëåíîì âèäà f =
s∑
l=1

eµltψl(t), ãäå µl = αl + iβl, αl, βl ∈ R, ψl ∈ Am.

Ïîëîæèì ϕ(t, x) = p(t)q(x), ïðè÷åì p(t) ∈ BC, à q(x) =
n∑
j=1

Cjx
rj(t), ãäå

rj = uj + ivj, uj, vj ∈ R.

Ïîëó÷åíà àñèìïòîòèêà ðåøåíèÿ óðàâíåíèÿ (1) äëÿ ñëó÷àåâ óñòîé÷èâîãî è
íåóñòîé÷èâîãî ÿäðà.
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Î ÏÐÈÌÅÍÅÍÈÈ ËÎÊÀËÜÍÎÃÎ ÌÅÒÎÄÀ
ÑÈÌÎÍÅÍÊÎ-ÊÎÇÀÊÀ Â ÒÅÎÐÈÈ ÏÐÎÅÊÖÈÎÍÍÛÕ

ÌÅÒÎÄÎÂ ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈÉ ÑÂ�ÐÒÊÈ Ñ
ÎÏÅÐÀÒÎÐÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

×åðåç Vp(= Vp(Rk)), ãäå p > 1, k > 2 îáîçíà÷èì çàìêíóòóþ ïîäàëãåáðó
L(Lp(Rk)), ïîðîæä¼ííóþ îïåðàòîðàìè ñâ¼ðòêè:

(Caf)(x) =

∫
Rk

a(x− y)f(y)dy, a ∈ L1(Rk).

Ïóñòü X � õàóñäîðôîâ êîìïàêò ñ ìåðîé, Kp � èäåàë êîìïàêòíûõ îïåðàòîðîâ â

L(Lp(X)), VKpp = Vp ⊗ Kp, M � çàìêíóòîå îãðàíè÷åííîå ìíîæåñòâî â Rk, óäî-
âëåòâîðÿþùåå îïðåäåë¼ííûì óñëîâèÿì ãëàäêîñòè, Kx � êîíóñ ñ âåðøèíîé â x.
Ïóñòü Qm � ïðîåêòîð íà ïåðâûå m ýëåìåíòîâ áàçèñà â Lp(X), PM � ïðîåêòîð íà
ìíîæåñòâî M .

Òåîðåìà. Ïóñòü A ∈ (VKpp )+. Äëÿ òîãî, ÷òîáû îïåðàòîðû (PmM ⊗
Qm)A(PmM ⊗ Qm) : (PmM ⊗ Qm)Lp(Rk × X) → (PmM ⊗ Qm)Lp(Rk × X) áûëè
îáðàòèìû äëÿ âñåõ m, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà m0, è âûïîëíÿëîñü óñëîâèå

sup
m>m0

‖((PmM ⊗Qm)A(PmM ⊗Qm))−1‖ <∞,
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íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ âñåõ x(∈ ∂M) áûëè îáðàòèìû îïåðàòîðû
(PKx

⊗ I)A(PKx
⊗ I) : (PKx

⊗ I)Lp(Rk × X)→ (PKx
⊗ I)Lp(Rk × X).

Ýòà òåîðåìà äîêàçàíà äëÿ ìàòðè÷íîãî ñëó÷àÿ À. Â. Êîçàêîì íà îñíîâå ìîäèôè-
êàöèè ëîêàëüíîãî ìåòîäà Ñèìîíåíêî (ñì. [1]). Äîêàçàòåëüñòâî îáùåãî îïåðàòîð-
íîãî ñëó÷àÿ ïîòðåáîâàëî ïîñòðîåíèÿ íîâîé ëîêàëüíîé ñòðóêòóðû è èññëåäîâàíèÿ
å¼ ñâîéñòâ. Ðàíåå â [2] ïîëó÷åíû òîëüêî äîñòàòî÷íûå óñëîâèÿ ïðèìåíèìîñòè ïðî-
åêöèîííîãî ìåòîäà äëÿ îïåðàòîðà ñâ¼ðòêè ñ êîìïàêòíûìè êîýôôèöèåíòàìè.
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EIGENVALUES OF TOEPLITZ-LIKE MATRICES:
FROM ASYMPTOTIC DISTRIBUTION TO UNIFORM

APPROXIMATION

Given an essentially bounded real-valued function a : [0, 2π] → R, we denote by an
(n ∈ Z) the Fourier coe�cients of a and consider the sequence of Toeplitz matrices

Tn(a) = [aj−k]
n
j,k=1. G. Szeg�o proved in 1915 that the eigenvalues λ

(n)
1 , . . . , λ

(n)
n of Tn(a)

are asymptotically distributed as the values of the generating symbol, i.e.

lim
n→∞

1

n

n∑
j=1

ϕ(λ
(n)
j ) =

1

2π

∫ 2π

0

ϕ(a(x)) dx

for every function ϕ continuous on R. This theorem has many modi�cations and
generalizations (see, for example, [1, 2, 3]). It is known that this limit theorem can
be stated in terms of the weak convergence of distributions. Passing from cumulative
distribution functions to the quantile functions we observed that under some natural
conditions the convergence is uniform. Recall that the cumulative distribution function
and the quantile function associated to the function a are de�ned by

Fa(v) =
1

2π
µ{x : a(x) ≤ v}, Qa(v) = inf{p ∈ (0, 1] : Fa(v) ≥ p}.

Supposing that the essential range of a is a bounded connected subset of R we proved
that

lim
n→∞

max
1≤j≤n

|λ(n)
j −Qa(j/n)| = 0.
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Similar results are true for the singular values and for various generalizations of Toeplitz
matrices.
The results of this talk are joint with J. M. Bogoya, A. Böttcher, and S. Grudsky.

The research and the participation in the Conference have been supported by IPN-SIP
project 20150422.

R E F E R E N C E S
1. Böttcher A., Silbermann B. Introduction to Large Truncated Toeplitz Matrices. Springer.
2. Serra-Capizzano S., Sesana D., Strouse E. The eigenvalue distribution of products of Toeplitz matrices � Clustering and

attraction. Linear Algebra Appl. 2010. V. 432. No. 10. P. 2658�2678.

3. Trench W.F. An elementary view of Weyl's theory of equal distribution. Amer. Math. Monthly. 2012. V. 119. No. 10.

P. 852�861.

M.M. Malamud (Institute of Applied Mathematics and Mechanics,
Donetsk)

malamud3m@yahoo.com
SCHOENBERG MATRICES AND RIESZ SEQUENCES OF

TRANSLATES

We will discuss boundedness and strong positive de�niteness of in�nite Schoenberg
matrices. The latter are de�ned by means of a radial positive de�nite function f and
a countable set of distinct points X = {xk} on Eucledian space Rn.
Using a Grammization procedure the abstract results are applied to the following

situation. Starting with a radial positive de�nite function f and a sequence X ⊂ Rn

we de�ne a sequence of translates {f(x − xk)}∞1 . We indicate certain necessary and
su�cient conditions for this sequence to form a Riesz sequence, i.e. a Riesz basis in its
linear span. For instance, for certain functions a sequence of translates {f(x − xk)}∞1
form a Riesz sequence if and only if the set X is separated, i.e. the in�mum of pairwise
distances is positive.

L. S. Maergoiz (Siberian Federal University, Krasnoyarsk, Russia)
bear.lion@mail.ru

EXTENSIONS OF THE CLASS OF ENTIRE FUNCTIONS OF
SEVERAL VARIABLES

The object of the study is the class of holomorphic functions in a multidimensional
toric space. We distinguish the subclass of the functions equivalent to entire functions
in the following sense: g belongs to the subclass whenever there exists a monomial
holomorphic mapping F such that f = g ◦ F is an entire function. We give a full
description of the functions of the subclass under consideration in terms of the
geometric properties of the supports of the series they expand in. For the appearing
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extensions of the class of entire functions of several variables, we develop an approach
to constructing a growth theory for these classes. Applying the method, we �nd a
multidimensional analog to the expansion of a holomorphic function in a Laurent
series.
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Î ÒÅÎÐÅÌÀÕ ÒÈÏÀ ÔÓÃËÈÄÀ-ÏÀÒÍÝÌÀ Â ∗-ÀËÃÅÁÐÀÕ

Èíâîëþòèâíàÿ àëãåáðà (A, ∗) íàçûâàåòñÿ (FP )-àëãåáðîé [1], åñëè èç ðàâåíñòâà
xa1 = a2x, ãäå ai � íîðìàëüíûå ýëåìåíòû, ñëåäóåò, ÷òî xa∗1 = a∗2x. Åñëè äàííàÿ
èìïëèêàöèÿ âåðíà ïðè a1 = a2, òî (A, ∗) íàçûâàåòñÿ (F )-àëãåáðîé. Íàêîíåö, åñëè
èìïëèêàöèÿ âåðíà ïðè (a1 = a2 è) íîðìàëüíîì x, òî (A, ∗) íàçûâàåòñÿ (CF )-
àëãåáðîé. Ýòè ñâîéñòâà èãðàþò âàæíóþ ðîëü â òåîðèè îïåðàòîðíûõ àëãåáð.
Èçâåñòíàÿ òåîðåìà Ôóãëèäà-Ïàòíýìà [2,3] óòâåðæäàåò, ÷òî àëãåáðà B(H) âñåõ

îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâåH ÿâëÿåòñÿ (FP )-àëãåáðîé îòíîñèòåëüíî
ñòàíäàðòíîé èíâîëþöèè ∗. Ïóñòü J ∈ B(H) � îïåðàòîð èíâîëþöèè (J = J∗ = J−1)
ñ ñèãíàòóðîé (n, k) (0 ≤ k ≤ n ≤ ∞). Äëÿ ëþáîãî T ∈ B(H) ïîëîæèì T ? = JT ∗J
è îáîçíà÷èì ïîëó÷àþùóþñÿ òàêèì îáðàçîì ∗-àëãåáðó (B(H), ?) ÷åðåç Bn,k. Ëþáàÿ
èíâîëþöèÿ â B(H) îïðåäåëÿåò àëãåáðó, ∗-ýêâèâàëåíòíóþ îäíîé èç àëãåáð Bn,k,
ïîýòîìó ñëåäóþùàÿ òåîðåìà äàåò îïèñàíèå ôóãëèäîâûõ ñâîéñòâ àëãåáðû B(H)
îòíîñèòåëüíî âñåõ èíâîëþöèé.
Òåîðåìà 1. Àëãåáðà Bn,k îáëàäàåò ñâîéñòâîì (a) (FP ) � êîãäà k = 0, (b) (F )

� êîãäà ëèáî k = 0, ëèáî n ≤ 1, (c) (CF ) � êîãäà ëèáî n ≤ 2, k ≤ 1, ëèáî k = 0.
Ð.Ñ. Èñìàãèëîâ [4], èññëåäóÿ ïðåäñòàâëåíèÿ áåñêîíå÷íîìåðíûõ ãðóïï, ââåë â

ðàññìîòðåíèå àëãåáðû Íàéìàðêà. Ýòîò êëàññ ∗-àëãåáð ñîåäèíÿåò íåêîòîðûå ñâîé-
ñòâà Ñ*-àëãåáð è ëåâûõ ãèëüáåðòîâûõ àëãåáð.
Òåîðåìà 2. Ëþáàÿ àëãåáðà Íàéìàðêà ÿâëÿåòñÿ (CF )-àëãåáðîé.
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Î ÏÑÅÂÄÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÀÕ Ñ
"EXOTIC"ÑÈÌÂÎËÀÌÈ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ÃÅËÜÄÅÐÀ-ÇÈÃÌÓÍÄÀ Ñ ÏÅÐÅÌÅÍÍÛÌ ÏÎÊÀÇÀÒÅËÅÌ
ÃËÀÄÊÎÑÒÈ

Ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà Ãåëüäåðà-Çèãìóíäà Λs(·)(Rn) ñ ïîêàçàòåëåì
ãëàäêîñòè, çàâèñÿùèì îò òî÷êè ïðîñòðàíñòâà Rn. Ïîêàçàòåëü s(x) � íåïðåðû-
âàÿ âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ïðè ëþáîì x ∈ Rn óñëî-
âèþ ∞ < s− ≤ s(x) ≤ s+ < ∞, è ñóùåñòâóåò S1 > 0 òàêîå, ÷òî íåðàâåíñòâî
|s(x+ y)− s(x)| ≤ S1

| log2 |y||
ñïðàâåäëèâî äëÿ ëþáûõ x ∈ Rn è 0 < |y| < 1.

Îïðåäåëåíèå ([3]). Áóäåì ãîâîðèòü, ÷òî îáîáùåííàÿ ôóíêöèÿ f ∈ S ′(Rn)
ïðèíàäëåæèò ïðîñòðàíñòâó Çèãìóíäà-Ãåëüäåðà Λs(·)(Rn) ñ ïåðåìåííûì ïîêàçà-
òåëåì ãëàäêîñòè s, åñëè

‖f‖Λs(·)(Rn) = sup
j∈Z+

‖2js(x)λj(D)f(x)‖L∞(Rnx) <∞,

ãäå ôóíêöèè λj(ξ) îáðàçóþò ñòàíäàðòíîå ðàçáèåíèå åäèíèöû Ëèòòëâóäà�Ïýëè
íà Rn ([1]).
Òåîðåìà.Äëÿ ëþáîãî ε > 0 ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì a ∈

Smρ,δ, m ∈ R, 0 < ρ ≤ 1, 0 ≤ δ < 1 íåïðåðûâåí èç Λs(·)(Rn) â Λs(·)−m−(1−ρ)(n+ε)(Rn).
Ñóùåñòâóþò íåçàâèñÿùèå îò a ïîëîæèòåëüíîå ÷èñëî C è íåîòðèöàòåëüíûå
öåëûå ÷èñëà N1, N2 òàêèå, ÷òî äëÿ îïåðàòîðíîé íîðìû ñïðàâåäëèâà îöåíêà

‖a(x,D)‖ ≤ C max
|β|≤N1,|α|≤N2

sup
x, ξ∈Rn

|∂βx∂αξ a(x, ξ)|(1 + |ξ|)ρ|α|−δ|β|−m.
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Ïóñòü Γ = {ξ ∈ C : |ξ| = 1}. Îáîçíà÷èì ÷åðåç C∞ (Cn, Γ) ñ÷åòíî-
íîðìèðîâàííîå ïðîñòðàíñòâî ãëàäêèõ íà îêðóæíîñòè Γ ôóíêöèé ñî çíà-
÷åíèÿìè â Cn ñî ñòàíäàðòíûìè îïåðàöèÿìè è òîïîëîãèåé. Ïîëîæèì
C∞+ (Cn, Γ) = P+ (C∞ (Cn, Γ)), ãäå P+ = 1

2 (I + SΓ).
Ðàññìîòðèì îïåðàòîð Òåïëèöà Ta : C∞+ (Cn, Γ) → C∞+ (Cn, Γ), (Taφ) (ξ) =

P+a (ξ)φ (ξ) , ξ ∈ Γ, ãäå ñèìâîë îïåðàòîðà - a (ξ) åñòü ãëàäêàÿ ìàòðèöà-ôóíêöèÿ.
Èçâåñòåí êðèòåðèé íåòåðîâîñòè: îïåðàòîð Ta íåòåðîâ â ïðîñòðàíñòâå C

∞
+ (Cn,Γ)

òîãäà è òîëüêî òîãäà, êîãäà åãî ñèìâîë òàêîâ, ÷òî ôóíêöèÿ det a (ξ) èìååò íà Γ íå
áîëåå, ÷åì êîíå÷íîå ÷èñëî íóëåé êîíå÷íûõ ïîðÿäêîâ
Àëãåáðà ãëàäêèõ ìàòðèö-ôóíêöèé C∞ (Cn×n, Γ), ýëåìåíòîì êîòîðîé èçíà÷àëü-

íî ÿâëÿåòñÿ ñèìâîë îïåðàòîðà Ta, ÿâëÿåòñÿ â íåêîòîðîì ñìûñëå óçêîé. Ïîÿñíèì
ýòî ïðèìåðîì. Ïðè n = 1 îïåðàòîð Òåïëèöà ñ ñèìâîëîì a (ξ) = 1 − ξ−1 îáðà-

òèì è ïðè ýòîì
(

(T1−ξ−1)−1 φ
)

(ξ) = P+
(
1− ξ−1

)−1
φ (ξ). Î÷åâèäíî, (T1−ξ−1)−1

ìîæíî ðàññìàòðèâàòü êàê îïåðàòîð Òåïëèöà, íî
(
1− ξ−1

)−1
/∈ C∞ (C,Γ). Ïîýòî-

ìó äëÿ ïîñòðîåíèÿ àëãåáðû ñèìâîëîâ íóæíî ðàñøèðèòü àëãåáðó C∞ (Cn×n, Γ),
âêëþ÷èâ â íåå âñå ýëåìåíòû âèäà a−1 (ξ), ãäå a (ξ) ∈ C∞ (Cn×n, Γ) è èìååò íà
Γ íå áîëåå, ÷åì êîíå÷íîå ÷èñëî íóëåé êîíå÷íûõ ïîðÿäêîâ. Ðàçóìíîìó îïðåäåëå-
íèþ ïîíÿòèÿ ñèìâîëà îïåðàòîðà Òåïëèöà è ïîñâÿùåíà ýòà ðàáîòà. Äåëî â òîì,
÷òî îïèñàííîå âûøå ðàñøèðåíèå ïîíÿòèÿ ñèìâîëà óæå íåëüçÿ ïîíèìàòü êàê ïî-
òî÷å÷íî îïðåäåëåííóþ ôóíêöèþ. Â ñàìîì äåëå, ïðîäîëæàÿ ðàññóæäàòü î ïðèâå-
äåííîì âûøå ïðèìåðå, çàìåòèì, ÷òî ïî÷òè äëÿ âñåõ ξ ∈ Γ èìååò ìåñòî ðàâåíñòâî
b (ξ) =

(
1− ξ−1

)−1
= ξ (ξ − 1)−1 = c (ξ). Â òî æå âðåìÿ îïåðàòîð Tb − Tc íå òîëü-

êî íå ÿâëÿåòñÿ êîìïàêòíûì, íî è âîîáùå íåîãðàíè÷åí â ïðîñòðàíñòâå C∞+ (C, Γ).
Ïðîöåäóðà ïîñòðîåíèÿ àëãåáðû ñèìâîëîâ ïðèâåäåíà â êíèãå [1].
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AROUND A QUESTION OF A. HINRICHS AND A. PIETSCH ON
OPERATORS WITH S-NUCLEAR ADJOINTS

We discuss the problems around a question, posed by A. Hinrichs and A. Pietsch [1]:
Suppose T is an operator acting between Banach spaces X and Y, and let s ∈ (0, 1).
Is it true that if T ∗ is s-nuclear then T is s-nuclear too?
As is well known, for s = 1, a negative answer was obtained already by T. Figiel and

W.B. Johnson in 1973. The following result (which is sharp in the scale of s-nuclear
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operators in the sense of Theorem 2 below) gives one of the possible positive answers
in this direction. To formulate the theorem, we need a de�nition: Let 0 < q ≤ ∞ and
1/s = 1/q + 1. We say that X has the approximation property of order s, if for every
(xn) ∈ lq(X) (where lq(X) means c0(X) for q =∞) and for every ε > 0 there exists a
�nite rank operator R in X such that supn ||Rxn − xn|| ≤ ε.
Theorem 1. If s ∈ [2/3, 1] and T is a linear operator with s-nuclear adjoint from

a Banach space X to a Banach space Y and if one of the spaces X∗ or Y ∗∗∗ has the
approximation property of order s, then the operator T is nuclear.
The examples in the following result show that the condition "X∗ or Y ∗∗∗ has the

approximation property of order s"is essential.
Theorem 2. For each s ∈ (2/3, 1] there exist a Banach space Zs and a non-nuclear

operator Ts : Z∗∗s → Zs so that Z∗∗s has the metric approximation property, Z∗∗∗s has
the APr for every r ∈ (0, s) and T ∗s is s-nuclear.
Remark. The space Z∗∗∗1 is isomorphic to a space of type Z∗1 ⊕ E, where E is an

asymptotically Hilbertian space. This gives us one more example of an asymptotically
Hilbertian space which fails the approximation property.
Acknowledgements: The research was supported by the Grant Agency of RFBR

(grant No. 15-01-05796).
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ÄÎÌÈÍÀÍÒÍÛÅ ÎÖÅÍÊÈ ÐÎÑÒÀ ÈÍÒÅÃÐÀÍÒÀ È
ÃËÀÄÊÎÑÒÜ ÂÀÐÈÀÖÈÎÍÍÛÕ ÔÓÍÊÖÈÎÍÀËÎÂ Â

ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÎÁÎËÅÂÀ

Äëÿ âàðèàöèîííûõ ôóíêöèîíàëîâ â ïðîñòðàíñòâàõ ÑîáîëåâàW 1,p[a; b] (1 ≤ p <
∞) ââîäèòñÿ ïîñëåäîâàòåëüíîñòü òàê íàçûâàåìûõ äîìèíàíòíûõ "îöåíîê ðîñòà"
îñòàòî÷íîãî ÷ëåíà ôîðìóëû Òåéëîðà ïåðâîãî ïîðÿäêà äëÿ ãðàäèåíòà (n − 1)-
ãî ïîðÿäêà èíòåãðàíòà (n ∈ N), êàæäàÿ èç êîòîðûõ ãàðàíòèðóåò ñîîòâåòñòâóþ-
ùóþ ãëàäêîñòü âàðèàöèîííîãî ôóíêöèîíàëà â äîñòàòî÷íî ãëàäêèõ òî÷êàõ ñîîò-
âåòñòâóþùåãî ïðîñòðàíñòâà Ñîáîëåâà. ×àñòíûìè ñëó÷àÿìè äîìèíàíòíûõ îöåíîê
ðîñòà ÿâëÿþòñÿ èçó÷åííûå ðàíåå K-ïñåâäîïîëèíîìèàëüíûå ïðåäñòàâëåíèÿ èíòå-
ãðàíòà. Îòìåòèì, îäíàêî, ÷òî â îòëè÷èå îò ïñåâäîïîëèíîìèàëüíîãî ñëó÷àÿ (p ∈ N),
íàø ïîäõîä ïîçâîëÿåò ðàññìàòðèâàòü âàðèàöèîííûå çàäà÷è íà ïîëíîé ñîáîëåâñêîé
øêàëå (1 ≤ p <∞).
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íàä ìíîãîìåðíîé îáëàñòüþ. Äîïîâiäi ÍÀÍÓ. 2014. � 4. C. 19�24.
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ÎÁ ÎÁÐÀÒÈÌÎÑÒÈ ÎÏÅÐÀÒÎÐÀ ÑÂÅÐÒÊÈ Ñ ßÄÐÎÌ
ÐÀÄÈÀËÜÍÎÃÎ ÒÈÏÀ ÍÀ ÃÐÓÏÏÅ ÃÅÉÇÅÍÁÅÐÃÀ

Â [1] ïîëó÷åíî óñëîâèå îãðàíè÷åííîñòè îïåðàòîðà ñâåðòêè ñ ÿäðîì ðàäèàëüíîãî
òèïà íà ãðóïïå Ãåéçåíáåðãà. Â íàñòîÿùåé ðàáîòå íàéäåíû óñëîâèÿ îáðàòèìîñòè
òàêèõ îïåðàòîðîâ â òåðìèíàõ ïîñòðîåííîãî ñèìâîëà. Ðàññìîòðåí ìåòîä Ôóðüå äëÿ
ðåøåíèÿ ñîîòâåòñòâóþùåãî ñâåðòî÷íîãî óðàâíåíèÿ. Ðàáîòà âûïîëíåíà ïîä ðóêî-
âîäñòâîì Â.Ì.Äåóíäÿêà.
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ÎÖÅÍÊÀ ÑÏÅÊÒÐÀËÜÍÎÃÎ ÐÀÄÈÓÑÀ ÔÓÍÊÖÈÎÍÀËÜÍÛÕ
ÎÏÅÐÀÒÎÐÎÂ

Ïóñòü C0 îçíà÷àåò ïðîñòðàíñòâî âåêòîð- ôóíêöèé ϕ = (ϕ1, . . . , ϕl), íåïðåðûâ-
íûõ è îãðàíè÷åííûõ íà èíòåðâàëå (0, 1) äåéñòâèòåëüíîé îñè. Ðàññìîòðèì â ýòîì
ïðîñòðàíñòâå ôóíêöèîíàëüíûå îïåðàòîðû

A =
m∑
1

aiT (αi), (1)

ïîðîæäåííûå îïåðàòîðàìè óìíîæåíèÿ ai íà l × l− ìàòðèöû - ôóíêöèè a(t) ∈
C[0, 1] è îïåðàòîðàìè ñäâèãà T (αi)ϕ = ϕ ◦ αi. Ïîä ñäâèãîì α íèæå ïîíèìàåòñÿ
äèôôåîìîðôèçì îòðåçêà [0, 1] íà ñåáÿ, îñòàâëÿþùèé åãî êîíöû íåïîäâèæíûìè è
íå èìåþùèõ äðóãèõ íåïîäâèæíûõ òî÷åê. Êðîìå òîãî, â åãî îïðåäåëåíèå âêëþ÷à-
åòñÿ òðåáîâàíèå α′(k) 6= 1, k = 0, 1.
Â ïðåäïîëîæåíèè, ÷òî â (1) âñå ñäâèãè îäíîãî òèïà (ò.å ðàçíîñòè αi(t)− t îäíîãî

çíàêà), â ðàáîòå ïîëó÷åíà îöåíêà ñïåêòðàëüíîãî ðàäèóñà

sprA ≤
m∑
i=1

max(|ai(0)|Cl×l, |ai(1)|Cl×l), (2)
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ãäå íîðìà ìàòðèö x ∈ Cl×l îïðåäåëÿåòñÿ ðàâåíñòâîì

|x|Cl×l = max
i

∑
j

|xij|.

Â ïðåäïîëîæåíèè, ÷òî äëÿ íåêîòîðîãî ε > 0 ôóíêöèè

|α′i(t)− α′i(0)|+ |α′i(1− t)− α′i(1)| = O(tε)

ïðè t → 0, àíàëîãè÷íûé ðåçóëüòàò ñïðàâåäëèâ è ëåáåãîâîì ïðîñòðàíñòâå Lp0, êî-
òîðîå îïðåäåëÿåòñÿ íîðìîé

|ϕ| =
(∫ 1

0

|ϕ(t)|p[t(1− t)]−1dt

)1/p

, 1 ≤ p <∞.

Êðîìå òîãî, åñëè äîïîëíèòåëüíî ai ∈ Cµ[0, 1], 0 < µ < 1,òî îöåíêà (2) èìååò
ìåñòî è â ãåëüäåðîâîì ïðîñòðàíñòâå Cµ

0 , îïðåäåëÿåìîì íîðìîé

|ϕ| = sup
0<t<1

|ϕ(t)|+ sup
0<tj<1

[t1(1− t1)]µ
|ϕ(t1)− ϕ(t2)|
|t1 − t2|µ

.

Â ñêàëÿðíîì ñëó÷àå l = 1 äëÿ äâóõ ñäâèãîâ (m = 2) ýòà îöåíêà áûëà óñòàíîâëåíà
â [1].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìåæäóíàðîäíîãî ïðîåêòà

(0113ÐÊ01031) Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí
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òè÷åñêîé ôèçèêè. Òðóäû ñåìèíàðà, ïîñâÿùåííûå 60-ëåòèþ ïðîô. Â.Í.Âðàãîâà, Ïîä ðåä. À.È.Êîæàíîâà.- Íîâîñèáèðñê:

Èçä-âî Èí-òà ìàòåìàòèêè, 2005.-297 Ñ.

Ë.Â. Ñòåôàíåíêî (ÞÔÓ, Ðîññèÿ)
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ÎÁ ÓÐÀÂÍÅÍÈßÕ ÑÂÅÐÒÊÈ ÍÀ ÍÅÂÛÏÓÊËÛÕ
ÌÍÎÆÅÑÒÂÀÕ

Ïóñòü G - îáëàñòü â C; A(G) - ïðîñòðàíñòâî Ôðåøå âñåõ ôóíêöèé, àíàëèòè-

÷åñêèõ â G. Äëÿ öåëîé ôóíêöèè a(z) =
∞∑
n=0

anz
n, z ∈ C, íóëåâîãî òèïà ïðè ïî-

ðÿäêå 1 äèôôåðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà a(D)(f) =
∞∑
n=0

anf
(n)

ëèíåéíî è íåïðåðûâíî îòîáðàæàåò A(G) â A(G). Â ïîñëåäíèå 30 ëåò ïîÿâèëîñü
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çíà÷èòåëüíîå ÷èñëî ðàáîò, â êîòîðûõ ðåøàëàñü ïðîáëåìà ñóùåñòâîâàíèÿ ëèíåéíî-
ãî íåïðåðûâíîãî ïðàâîãî îáðàòíîãî (ËÍÏÎ) ê îïåðàòîðó a(D) : A(G) → A(G).
Îíà ïîëíîñòüþ ðåøåíà äëÿ âûïóêëûõ îáëàñòåé G. Äëÿ íåâûïóêëûõ îáëàñòåé G
ñîîòâåòñòâóþùèõ ðåçóëüòàòîâ ïîëó÷åíî çíà÷èòåëüíî ìåíüøå (ñì.[1]).
Â íàñòîÿùåì äîêëàäå èäåò ðå÷ü î äîñòàòî÷íûõ óñëîâèÿõ, ïðè êîòîðûõ îïåðàòîð

a(D) : A(G) → A(G) èìååò ËÍÏÎ. Ýòè óñëîâèÿ ôîðìóëèðóþòñÿ â òåðìèíàõ,
ñâÿçûâàþùèõ ïîâåäåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè a, åå íóëåé è ãåîìåòðèè
îáëàñòè G.
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ÀÍÒÈÊÎÌÏÀÊÒÛ È ÈÕ ÏÐÈËÎÆÅÍÈß Ê ÀÍÀËÎÃÀÌ
ÒÅÎÐÅÌÛ ËÅÁÅÃÀ Î ÄÈÔÔÅÐÅÍÖÈÐÓÅÌÎÑÒÈ ÈÍÒÅÃÐÀËÀ

ÏÅÒÒÈÑÀ

Ðàññìîòðåíà ïðîáëåìà íåäèôôåðåíöèðóåìîñòè íåîïðåäåë¼ííîãî èíòåãðàëà Ïåò-
òèñà ïî âåðõíåìó ïðåäåëó â áàíàõîâûõ ïðîñòðàíñòâàõ (èçâåñòíî, ÷òî â ëþáîì
áàíàõîâîì ïðîñòðàíñòâå ìîæíî ïîñòðîèòü ïðèìåð íèãäå íå äèôôåðåíöèðóåìîãî
èíòåãðàëà Ïåòòèñà). Íàø ïîäõîä îñíîâàí íà ïîíÿòèè àíòèêîìïàêòíîãî ìíîæå-
ñòâà (èëè àíòèêîìïàêòà), ïðåäëîæåííîãî ðàíåå â [1]. Çàìêíóòîå àáñîëþòíî âû-
ïóêëîå ïîäìíîæåñòâî C ⊂ E áàíàõîâîãî ïðîñòðàíñòâà E åñòü àíòèêîìïàêò, åñëè
ïðîñòðàíñòâî E èíúåêòâíî è êîìïàêòíî âëîæåíî â äðóãîå áàíàõîâî ïðîñòðàíñòâî
EC = (span C, ‖ · ‖C = pC(·)) (pC � ôóíêöèîíàë Ìèíêîâñêîãî ìíîæåñòâà C). Äî-
êàçàíî, ÷òî áàíàõîâî ïðîñòðàíñòâî èìååò àíòèêîìïàêò òîãäà è òîëüêî òîãäà, êîãäà
îíî èìååò ñ÷¼òíîå òîòàëüíîå ìíîæåñòâî ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ. Â
êëàññå òàêèõ ïðîñòðàíñòâ ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî, èìåþùåå àíòèêîìïàêò. Åñ-

ëè îòîáðàæåíèå f : I = [a; b] → E âåùåñòâåííîãî îòðåçêà èíòåãðèðóåìî ïî
Ïåòòèñó, òî ñóùåñòâóåò àíòèêîìïàêò C òàêîé, ÷òî f èíòåãðèðóåìî â EC

ïî Áîõíåðó.
Èç òåîðåìû 1 âûòåêàåò óæå ñîáñòâåííî àíàëîã òåîðåìû Ëåáåãà.
Ñëåäñòâèå 1. Åñëè K ∈ E � ôèêñèðîâàííàÿ ïîñòîÿííàÿ, òî äëÿ âñÿêîãî

èíòåãðèðóåìîãî ïî Ïåòòèñó f : [a; b] → E ñóùåñòâóåò òàêîé àíòèêîìïàêò
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C ⊂ E, ÷òî îòîáðàæåíèå

F (x) = K + (P )

x∫
a

f(t)dt (a 6 x 6 b)

ïî÷òè âñþäó äèôôåðåíöèðóåìî â ïðîñòðàíñòâå EC è âåðíî ðàâåíñòâî F ′EC(x0) =
f(x0) äëÿ ïî÷òè âñåõ x0 ∈ [a; b].
Ïîëó÷åíû àíàëîãè÷íûå ðåçóëüòàòû ïðè îãðàíè÷åíèÿõ íà èíòåãðèðóåìûå îòîá-

ðàæåíèÿ âìåñòî îãðàíè÷åíèé íà êëàññ ïðîñòðàíñòâ.
Èññëåäîâàíèÿ àâòîðà âûïîëíåíû ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé

Ôåäåðàöèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷¼íûõ � êàíäè-
äàòîâ íàóê, êîä ÌÊ-2915.2015.1.
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÏÎÄÏÐÎÑÒÐÀÍÑÒÂÀ ÎÏÅÐÀÒÎÐÎÂ

ÎÃÐÀÍÈ×ÅÍÍÎÃÎ ÐÎÑÒÀ ÍÀ ÂÅÙÅÑÒÂÅÍÍÛÕ ÁÀÍÀÕÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ.

Ìû ¾îâåùåñòâëÿåì¿ îäèí ìåòîä ñïåêòðàëüíûõ ïîäïðîñòðàíñòâ. Ñ ïîìîùüþ ýòî-
ãî ìåòîäà ìû ïîëó÷àåì âîçìîæíîñòü äîêàçûâàòü äëÿ âåùåñòâåííûõ áàíàõîâûõ
ïðîñòðàíñòâ ðÿä ðåçóëüòàòîâ, êîòîðûå áûëè èçâåñòíû ðàíåå äëÿ êîìïëåêñíûõ ïðî-
ñòðàíñòâ. Â êà÷åñòâå ïðèìåðà ïðèâåäåì òåîðåìó (Âåðìåð (1952)� äëÿ êîìïëåêñ-
íîãî ñëó÷àÿ, Ãîäåìàí (1947) � äëÿ êîìïëåêñíûõ èçîìåòðèé).
Òåîðåìà. Ïóñòü X � âåùåñòâåííîå áàíàõîâî ïðîñòðàíñòâî, dimX > 2, T :

X → X � îáðàòèìûé ëèíåéíûé îïåðàòîð. Åñëè ‖T n‖ =
n→±∞

O(|n|k), k < ∞, òî
îïåðàòîð T èìååò èíâàðèàíòíîå ïîäïðîñòðàíñòâî.
Ðàáîòà ïîääåðæàíà ïðîãðàììîé âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-

2263.2014.1) è ãðàíòîì ÐÔÔÈ 15-01-05929-à.
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ÍÅÐÀÂÅÍÑÒÂÀ ÒÈÏÀ ÄÆÅÊÑÎÍÀ-ÑÒÅ×ÊÈÍÀ Â

ÏÐÎÑÒÐÀÍÑÒÂÅ L2(R)

Ïóñòü N -ìíîæåñòâî íàòóðàëüíûõ ÷èñåë; Z+ = N ∪ {0}; R+ -ìíîæåñòâî âñåõ
ïîëîæèòåëüíûõ ÷èñåë âåùåñòâåííîé îñè; Lp(R) (1 ≤ p ≤ ∞, R := (−∞,+∞))
-ïðîñòðàíñòâî èçìåðèìûõ è ñóììèðóåìûõ â p-é ñòåïåíè íà âñåé îñè R ôóíê-
öèé f ñ êîíå÷íîé íîðìîé. ×åðåç L

(r)
p (R) ( r ∈ Z+) îáîçíà÷èì ìíîæåñòâî ôóíê-

öèé f ∈ L(r)
p (R), ó êîòîðûõ ïðîèçâîäíûå (r−1)-ãî ïîðÿäêà f (r−1) ëîêàëüíî àáñî-

ëþòíî íåïðåðûâíû, à ïðîèçâîäíûå r-ãî ïîðÿäêà f (r) ïðèíàäëåæàò ïðîñòðàíñòâó
Lp(R). Ñèìâîëîì Bσ,p (0 < σ < ∞), áóäåì îáîçíà÷àòü ñóæåíèå íà R ìíîæåñòâà
âñåõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà σ, ïðèíàäëåæàùèõ ïðîñòðàíñòâó Lp(R).
Âåëè÷èíó Aσ(f)p := inf

{
‖f − gσ‖p : gσ ∈ Bσ,p

}
íàçûâàåì íàèëó÷øèì ïðèáëè-

æåíèåì ôóíêöèè f ∈ Lp(R) ýëåìåíòàìè ïîäïðîñòðàíñòâà Bσ,p (σ ∈ R+). Ïóñòü
Ωm(f ; t)p = sup

{
‖∆m

h (f ; ·)‖Lp(R) : h ∈ (0, t]
}
ñïåöèàëüíûé ìîäóëü íåïðåðûâíîñòè

m−ãî ïîðÿäêà, îïðåäåëÿåìîé ÷åðåç ôóíêöèè Ñòåêëîâà, ââåäåííûé â [1]. Òîãäà
èìååò ìåñòî ñëåäóþùàÿ îáùàÿ
Òåîðåìà. Ïóñòü m ∈ N, r ∈ Z+, σ ∈ R+, 0 < p ≤ 2 è ψ � íåêîòîðàÿ íåîò-

ðèöàòåëüíàÿ èçìåðèìàÿ ñóììèðóåìàÿ è íåóáûâàþùàÿ íà îòðåçêå [0, t] ôóíêöèÿ,
òîæäåñòâåííî íå ðàâíàÿ íóëþ. Òîãäà ïðè ëþáîì 0 < t ≤ 3π/(4σ) ñïðàâåäëèâî
ðàâåíñòâî

sup
f∈L(r)

2 (R)

Aσ(f)2 ·

 t∫
0

Ωp
m(f (r); τ)2 ψ(τ)dτ

−1/p
 =

= σ−r

 t∫
0

(
1− sinστ

στ

)mp
ψ(τ)dτ

−1/p

.

Èñïîëüçóÿ ïîëó÷åííûé ðåçóëüòàò, íàéäåíû òî÷íûå çíà÷åíèÿ ðàçëè÷íûõ ñðåäíèõ
ν-ïîïåðå÷íèêîâ êëàññîâ ôóíêöèé, îïðåäåëÿåìûõ ìîäóëåì íåïðåðûâíîñòè Ωm.
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1. Àáèëîâ Â.À., Àáèëîâà Ô.Â. Ìàòåì. çàìåòêè, 2004, ò.76, �6, C. 803-811.

Ñ.Ì. Óìàðõàäæèåâ
(Àêàäåìèÿ íàóê ×å÷åíñêîé Ðåñïóáëèêè, Ðîññèÿ)



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 56

umsalaudin@gmail.com
ÊÐÈÒÅÐÈÉ ÎÃÐÀÍÈ×ÅÍÍÎÑÒÈ ÏÎÒÅÍÖÈÀËÀ ÐÈÑÑÀ Â

ÃÐÀÍÄ-ÏÐÎÑÒÐÀÍÑÒÂÀÕ ËÅÁÅÃÀ

×åðåç L
p), θ
a (Ω) îáîçíà÷àþòñÿ ãðàíä-ïðîñòðàíñòâà Ëåáåãà, ââåäåííûå è èçó÷åí-

íûå â ðàáîòàõ [1, 2] íà ìíîæåñòâå Ω ⊆ Rn :

Lp), θa (Ω) :=

{
f : sup

0<ε<p−1
ε

θ
p−ε‖f‖Lp−ε(Ω,aε) <∞

}
, p > 1, θ > 0,

ãäå a � íåêîòîðàÿ âåñîâàÿ ôóíêöèÿ. Ïîêàçàíî, ÷òî L
p), θ
a (Ω) ÿâëÿåòñÿ ðàñøèðåíèåì

êëàññè÷åñêîãî ïðîñòðàíñòâà Ëåáåãà Lp(Ω) òîãäà è òîëüêî òîãäà, êîãäà a ∈ Lp(Ω).
Äîêàçàíà
Òåîðåìà. Ïóñòü 0 < α < n, 1 < p < n

α,
1
q = 1

p −
α
n , θ > 0 è a � âåñ èç Lp(Rn).

Ïîòåíöèàë Ðèññà

Iαf =

∫
Rn

ϕ(t)

|x− t|n−α
dt, 0 < α < n,

îãðàíè÷åí èç L
p), θ
a (Rn) â L

q), qpθ

a
p
q

(Rn) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò

÷èñëî δ ∈ (0, pq′ ) òàêîå, ÷òî

aδ ∈ Ap−δ
p (1+ q

p′ )
.
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1. Óìàðõàäæèåâ Ñ.Ì. Îáîáùåíèå ïîíÿòèÿ ãðàíä-ïðîñòðàíñòâà Ëåáåãà. Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2014. � 4.

Ñ. 42�51.

2. Samko S.G. and Umarkhadzhiev S.M. On Iwaniec-Sbordone spaces on sets which may have in�nite measure. Azerb. J.

Math., 2011. T. 1, � 1. C. 67�84.

Ç.Þ. Ôàçóëëèí (Áàøãîñóíèâåðñèòåò, Ðîññèÿ)
fazullinzu@mail.ru

ÔÎÐÌÓËÀ ÐÅÃÓËßÐÈÇÎÂÀÍÍÎÃÎ ÑËÅÄÀ ÄËß
ÂÎÇÌÓÙÅÍÈÉ ÈÇ ÊËÀÑÑÀ ØÀÒÅÍÀ-ÔÎÍ ÍÅÉÌÀÍÀ

ÄÈÑÊÐÅÒÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Ïóñòü L0 = L∗0 � ïîëóîãðàíè÷åííûé ñíèçó äèñêðåòíûé îïåðàòîð â ñåïàðàáåëü-
íîì ãèëüáåðòîâîì ïðîñòðàíñòâå H, V = V ∗ ∈ σp, p ∈ N, {λk}∞k=1, {µk}∞k=1 � ñîá-
ñòâåííûå ÷èñëà îïåðàòîðîâ L0 è L = L0 + V, ñîîòâåòñòâåííî, ïðîíóìåðîâàííûå â
ïîðÿäêå ðîñòà è ñ ó÷åòîì àëãåáðàè÷åñêîé êðàòíîñòè. Ñïðàâåäëèâà
Òåîðåìà. Ïóñòü ñóùåñòâóþò δ > 0 è ïîäïîñëåäîâàòåëüíîñòü {nm}∞m=1 ⊂ N,

òàêèå, ÷òî λnm+1 − λnm ≥ δ è V ∈ σp, p = 2, 3, . . . Òîãäà èìååò ìåñòî ôîðìóëà
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ðåãóëÿðèçîâàííîãî ñëåäà

lim
m→∞

nm∑
k=1

(
µk − λk −

p−1∑
l=1

α
(m)
l

)
= 0, (1)

α
(m)
l = (2πi)−1(−1)ltr

∫
Γm

z(R0(z)V )lR0(z)d z, R0(z) = (L0 − z)−1,

Γm = {z : |z| = (λnm+1 + λnm)/2}.
Îòìåòèì, ÷òî Â.Â. Äóáðîâñêèé [1] äîêàçàë ñïðàâåäëèâîñòü ðàâåíñòâà (1) äëÿ

V ∈ σ2 ïðè óñëîâèè N(λ) :=
∑
λk<λ

1 = O(λ), λ → ∞. Äàëåå, Â.À. Ñàäîâíè÷èé è

Â.Å. Ïîäîëüñêèé [2] ïîêàçàëè, ÷òî äëÿ V ∈ σp, p = 2, 3, . . . , ýòà ôîðìóëà âåðíà
ïðè óñëîâèè, ÷òî λnm+1 − λnm →∞, m→∞, Õ.Õ. Ìóðòàçèí è Ç.Þ. Ôàçóëëèí [3]
äîêàçàëè ñôîðìóëèðîâàííóþ âûøå òåîðåìó äëÿ ñëó÷àÿ p = 2.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà �01201456408 Ìèíîáðíàóêè ÐÔ.
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tsygankova_a_v@mail.ru
ÌÍÎÃÎÌÅÐÍÛÅ ÂÀÐÈÀÖÈÎÍÍÛÅ ÔÓÍÊÖÈÎÍÀËÛ Ñ

ÑÓÁÃËÀÄÊÈÌ ÈÍÒÅÃÐÀÍÒÎÌ

Âàðèàöèîííûå çàäà÷è ñ íåãëàäêèì èíòåãðàíòîì ñîñòàâëÿþò âàæíóþ ÷àñòü ñî-
âðåìåííîãî âàðèàöèîííîãî èñ÷èñëåíèÿ.
Òàê, íàïðèìåð, ââåäåíèå ìîäóëÿ ïîä çíàê êëàññè÷åñêîãî âàðèàöèîííîãî ôóíêöè-

îíàëà óæå ïðèâîäèò ê ýêñòðåìàëüíîé çàäà÷å, êîòîðàÿ íå ïîääàåòñÿ èññëåäîâàíèþ
êëàññè÷åñêèìè ìåòîäàìè, ââèäó íàðóøåíèÿ ãëàäêîñòè èíòåãðàíòà.
Â ïîäîáíûõ ñèòóàöèÿõ îáû÷íî ïðèìåíÿþòñÿ ìåòîäû íåãëàäêîãî àíàëèçà, èñ-

ïîëüçóþùèå ðàçëè÷íûå òèïû ñóáäèôôåðåíöèàëîâ, êàæäûé èç êîòîðûõ èìååò ñâîè
ïðåèìóùåñòâà è ñâîþ ðàçóìíóþ îáëàñòü ïðèìåíèìîñòè.
Äàííàÿ ðàáîòà ïîñâÿùåíà äåòàëüíîìó ðàññìîòðåíèþ ïðèëîæåíèÿ K-ñóáäèô-

ôåðåíöèàëüíîãî èñ÷èñëåíèÿ ê èññëåäîâàíèþ ýêñòðåìàëüíûõ âàðèàöèîííûõ
çàäà÷ ñ íåãëàäêèì (à èìåííî ñóáãëàäêèì) èíòåãðàíòîì (ìíîãîìåðíûé ñëó÷àé).
Ðàáîòà ñîäåðæèò âàðèàöèîííûå ïðèëîæåíèÿ òåîðèè K-ñóáäèôôåðåíöèàëîâ
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ïåðâîãî ïîðÿäêà ê ýêñòðåìàëüíûì çàäà÷àì ñ ñóáãëàäêèì èíòåãðàíòîì. Ïîëó÷åíà
îöåíêà ïåðâîé âàðèàöèè K-ñóáäèôôåðåíöèàëà äëÿ âàðèàöèîííîãî ôóíêöèîíàëà
ñ íåãëàäêèì (K-ñóáäèôôåðåíöèðóåìûì) èíòåãðàíòîì. Ðàññìîòðåíû ÷àñòíûå
ñëó÷àè, â òîì ÷èñëå ñëó÷àé êîìïîçèöèè íåãëàäêîé è ãëàäêîé ôóíêöèé. Ïîëó÷åí
êîìïàêòíûé âûïóêëûé àíàëîã âàðèàöèîííîãî óðàâíåíèÿ Ýéëåðà�Îñòðîãðàäñêîãî.
Ðàçðàáîòàííàÿ ìåòîäèêà ïîçâîëÿåò íàéòè â ïðèìåðàõ ãëàäêóþ ñóáýêñòðåìàëü,
êîòîðàÿ íå ïîääàåòñÿ îïðåäåëåíèþ êëàññè÷åñêèìè ìåòîäàìè, ââèäó íåãëàäêîñòè
èíòåãðàíòà. Íà áàçå òåîðèè K-ñóáäèôôåðåíöèàëîâ âûñøèõ ïîðÿäêîâ, ïîëó÷åíà
îöåíêà âòîðîé âàðèàöèè K-ñóáäèôôåðåíöèàëà âàðèàöèîííîãî ôóíêöèîíàëà.
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POLYNOMIAL QUANTIZATION ON PSEUDO-ORTHOGONAL
GRASSMANN MANIFOLDS

The pseudo-orthogonal group G = SO0(p, q) acts linearly on Rn, n = p + q,
preserving the bilinear form [x, y] =

∑
λixiyi, where λi = −1 for i = 1, . . . , p, λi = 1

for i = p + 1, . . . , n. Let C denote the cone [x, x] = 0, x 6= 0, in Rn. Let us denote by
C̃ the manifold of rulings R∗x of C.
We consider a homogeneous space M of G consisting of 2-planes in Rn intersecting

C (a pseudo-orthogonal Grassmann manifold). The M is a para-Hermitian symmetric
space of rank two. So that there are two Laplace operators ∆2 and ∆4 on M (of
orders 2 and 4). M can be also realized as a manifold in C̃ × C̃. Let Env(g) denote
the universal enveloping algebra of g. The representation Tσ,ε, σ ∈ C, ε = 0, 1, of G
acts by translations in homogeneous functions ϕ(x) on C: ϕ(tx) = tσ, εϕ(x), we use
the notation tσ,ε = |t|σ sgnεt. We construct polynomial quantization on M , see [1] for
quantization on para-Hermitian spaces. Now for an initial operator algebra we take
Tσ,ε(Env(g)). Then symbols (co- and contravariant) turn out to be polynomials on M .
Here is the de�nition of the covariant symbol F (x, y) of an operator D = Tσ, ε(X),
X ∈ Env(g), it is: F (x, y) = [x, y]−σ,ε (D ⊗ 1)[x, y]σ,ε.
The passage from the contravariant symbol of an operator to its covariant symbol

is an integral operator B, calling the Berezin transform. Our main formula expresses
B in terms of ∆2 and ∆4. Namely, let l, c be variables, m = (n − 4)/2, denote A =
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l(l+n−3)+m2, B = c(c+1)−m, put λ = 2 (A+B −m(m− 1)), µ = 16
(
AB +m3

)
.

Introduce a function

Ψ(λ, µ) =
Γ(σ + 1)Γ(σ + n− 2)

Γ(σ + 1− l)Γ(σ + n− 2 + l)
×

× Γ(σ +m+ 1)Γ(σ + n− 2−m)

Γ(σ +m+ 1− c)Γ(σ + n− 2−m+ c)
.

then B = Ψ(∆2,∆4). It gives a full asymptotic decomposition and the correspondence
principle.
Supported by the Russian Foundation for Basic Research (RFBR): grant 13-01-

00952-a, and Russian Science Support Foundation.
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ÄÂÓÌÅÐÍÛÅ ÄÐÎÁÍÛÅ ÈÍÒÅÃÐÀËÛ Â ÊËÀÑÑÀÕ ÃÅËÜÄÅÐÀ
ÍÀ ÏÐßÌÎÓÃÎËÜÍÈÊÅ

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ äðîáíûõ ïðîèçâîäíûõ â êëàññàõ Ãåëüäåðà
â äâóìåðíîì ñëó÷àå. Â îñíîâå ýòèõ èññëåäîâàíèé ïîëîæåíû ðåçóëüòàòû äëÿ îäíî-
ìåðíîãî ñëó÷àÿ, íàèáîëåå ïîäðîáíî èçëîæåííûå â êíèãàõ [1,2]. Êëàññû Ãåëüäåðà
ââîäÿòñÿ ïî àíàëîãèè ñ îäíîìåðíûì ñëó÷àåì è, ïî ñóòè, îçíà÷àåò ðàâíîìåðíóþ
ãåëüäåðîâîñòü. Îáîáùàÿ îäíîìåðíûé ñëó÷àé, ââîäèì â ðàññìîòðåíèå äðîáíûå èí-
òåãðàëû íà ïðÿìîóãîëüíèêå. Òàêîå îïðåäåëåíèå ïîçâîëÿåò ãîâîðèòü î ñîõðàíåíèè
îñíîâíûõ ñâîéñòâ äðîáíûõ èíòåãðàëîâ, íàïðèìåð, ïîëóãðóïïîâîãî ñâîéñòâà. Äðîá-
íûå ïðîèçâîäíûå òàêæå ââîäÿòñÿ ïî àíàëîãèè ñ îäíîìåðíûì ñëó÷àåì. Îïðåäåëåí-
íûå òàêèì îáðàçîì ïðîèçâîäíûå îáðàùàþò äðîáíûå èíòåãðàëû ñîîòâåòñòâóþùèõ
ïîðÿäêîâ íà ãåëüäåðîâñêèõ ôóíêöèÿõ. Êðîìå òîãî, ñïðàâåäëèâû ïðåäñòàâëåíèÿ,
ÿâëÿþùèåñÿ àíàëîãàìè õîðîøî èçâåñòíîãî â îäíîìåðíîì ñëó÷àå ïðåäñòàâëåíèÿ â
ôîðìå Ìàðøî. Îñíîâíûìè ðåçóëüòàòàìè ÿâëÿþòñÿ òåîðåìû î äåéñòâèè äðîáíûõ
ïðîèçâîäíûõ â êëàññàõ Ãåëüäåðà, à òàêæå íåêîòîðûõ ìîäèôèöèðîâàííûõ ãåëüäå-
ðîâñêèõ êëàññàõ íà ïðÿìîóãîëüíèêå.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ñàìêî Ñ. Ã. Ãèïåðñèíãóëÿðíûå èíòåãðàëû è èõ ïðèëîæåíèÿ. � Ðîñòîâ í/Ä : èçä-âî Ðîñò. óí-òà. 1984. 280ñ.

2. Ñàìêî Ñ. Ã., Êèëáàñ À.À., Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è íåêîòîðûå èõ ïðèëîæåíèÿ.

� Ìèíñê: Íàóêà è òåõíèêà. 1987. 688ñ.
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À.Á. Øèøêèí, Ò.À. Âîëêîâàÿ (ÊóáÃÓ, Ðîññèÿ)
shishkin-home@mail.ru

ÑÈÑÒÅÌÛ ÎÄÍÎÐÎÄÍÛÕ ÓÐÀÂÍÅÍÈÉ ÑÈÌÌÅÒÐÈ×ÍÎÉ
ÑÂÅÐÒÊÈ

Ïóñòü π(ζ) � öåëàÿ ôóíêöèÿ ìèíèìàëüíîãî òèïà. Öåëàÿ ôóíêöèÿ ψ(ζ) íàçûâà-
åòñÿ öåëîé ñèììåòðè÷íîé ôóíêöèåé, åñëè îíà ïðåäñòàâëÿåòñÿ â âèäå êîìïîçèöèè
ϕ(π(ζ)), ãäå ϕ(ξ) � íåêîòîðàÿ öåëàÿ ôóíêöèÿ. Îáîçíà÷èì C[ξ] � êîëüöî ìíîãî-
÷ëåíîâ îò ξ, C[π(ζ)] � êîëüöî ìíîãî÷ëåíîâ îò π(ζ), O(C) � ïðîñòðàíñòâî öåëûõ
ôóíêöèé (ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè), Oπ(C) � ïðîñòðàíñòâî öåëûõ
ñèììåòðè÷íûõ ôóíêöèé. Òîïîëîãèÿ â ïðîñòðàíñòâå Oπ(C) èíäóöèðóåòñÿ èç ïðî-
ñòðàíñòâà O(C). Ëèíåéíîå íåïðåðûâíîå îòîáðàæåíèå sym : O(C) → Oπ(C) íàçî-
âåì îïåðàòîðîì ñèììåòðèçàöèè, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ: sym 1 = 1;
sym C[ξ] = C[π(ζ)]; äëÿ ëþáûõ ε > 0 è ε0 ∈ (0, ε) íàéäóòñÿ òàêèå N ∈ N è R > 0,
÷òî äëÿ âñåõ n ≥ N âíå êðóãà |ζ| < R âûïîëíÿåòñÿ íåðàâåíñòâî

|(sym ξn) (ζ)| ≤
(
n

ε0

)n
eε|ζ|−n.

Äëÿ êàæäîé öåëîé ôóíêöèè π(ζ) ìèíèìàëüíîãî òèïà ñóùåñòâóåò áåñêîíå÷íîå ìíî-
æåñòâî îïåðàòîðîâ ñèììåòðèçàöèè.
Ïðåäïîëîæèì, ÷òî Ω, G � âûïóêëûå îáëàñòè, G ⊂ Ω, ψ(D) : O(Ω) → O(G)

� ëèíåéíûé íåïðåðûâíûé äèôôåðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà.
Îïåðàòîð (symψ) (D) : O(Ω) → O(G) íàçûâàåì ñèììåòðèçàöèåé äèôôåðåíöè-
àëüíîãî îïåðàòîðà ψ(D) è îáîçíà÷àåì ñèìâîëîì symψ(D). Åñëè ψ(ζ) := ehζ , òî
ïðè äîñòàòî÷íî ìàëîì |h| ñîîòâåòñòâóþùèé äèôôåðåíöèàëüíûé îïåðàòîð ψ(D)
ôóíêöèè f ∈ O(Ω) ñòàâèò â ñîîòâåòñòâèå åå ñäâèã f(z + h) ∈ O(G) íà øàã h.
Ñèììåòðèçàöèþ ýòîãî îïåðàòîðà íàçûâàåì ñèììåòðè÷íûì ñäâèãîì íà øàã h è
îáîçíà÷àåì ñèìâîëîì sym f(z + h).
Âûáåðåì ïðîèçâîëüíûì îáðàçîì íåïðåðûâíûé íà ïðîñòðàíñòâå O(G) ôóíêöè-

îíàë S è ðàññìîòðèì îäíîðîäíîå óðàâíåíèå ñèììåòðè÷íîé ñâåðòêè

〈S, sym f(z + h)〉 = 0, f ∈ O(Ω).

Ïðîñòðàíñòâî ðåøåíèé ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ çàìêíóòûì ïîäïðîñòðàíñòâîì â
ïðîñòðàíñòâå O(Ω) èíâàðèàíòíûì îòíîñèòåëüíî îïåðàòîðà π(D). Äîêàçàíî, ÷òî
îíî äîïóñêàåò ñïåêòðàëüíûé ñèíòåç. Ïîëó÷åíû íåêîòîðûå äîñòàòî÷íûå óñëîâèÿ,
ïðè êîòîðûõ ïðîñòðàíñòâî ðåøåíèé êîíå÷íîé ñèñòåìû òàêèõ óðàâíåíèé òîæå äî-
ïóñêàåò ñïåêòðàëüíûé ñèíòåç. Ýòè ðåçóëüòàòû îáîáùàþò øèðîêî èçâåñòíûå òåî-
ðåìû, ïîëó÷åííûå ðàíåå â ñèòóàöèè π(ζ) � ìíîãî÷ëåí.
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A.A. Shkalikov (Lomonosov Moscow State University, Russia)
NEW TYPE RESULTS ON PERTURBATIONS OF SELF-ADJOINT

AND NORMAL OPERATORS

In the �rst part of the talk we shall deal with perturbations of a self-adjoint or
normal operator T with discrete spectrum. There are results which allow to compare the
eigenvalue counting functions n(r, T ) and n(r, T +B), provided that the perturbation
B is relatively compact or p-subordinated to T , i.e.

‖Bx‖ 6 const‖Tx‖p ‖x‖1−p, for x ∈ D(T ) (1)

with some p < 1. There are results (obtained by M.Keldysh, F.Brauder, S.Agmon,
V.Lidskii, I.Gohberg and M.Krein, A.Markus and V.Matsaev, V.Kaznelson, M.Agrano-
vich and others) which allow to state that the eigen and associated vectors of the
perturbed operator T+B form a basis for Abel summubility method or an uncoditional
basis, provided that some relations between p and the order of growth of n(r, T ) hold.
We shall present similar results provided that the condition (1) is replaced by a weaker
assumption

‖Bϕk‖ 6 const|µk|p,
where {ϕk}∞k=1 is an orthonormal system of the eigenvectors corresponding to the
eigenvalues {µk}∞k=1. The novelty will be demonstrated by concrete examples.
In the second part we will discuss perturbations of a self-adjoint operator T whose

spectrum consists of in�nitely many components {σk}∞k=1 separated by gaps:
dist(σk, σk+1) > const.

Ì.À. Øóáàðèí (ÞÔÓ, Ðîññèÿ)
mas102@mail.ru

ÎÁÎÁÙ�ÍÍÛÅ ÀÁÑÒÐÀÊÒÍÛÅ ÏÐÎÑÒÐÀÍÑÒÂÀ ËÎÐÅÍÖÀ È
ÌÀÐÖÈÍÊÂÈ×À

Ôóíêöèþ Φ : R+ × R+ → R+ íàçûâàþò õàðàêòåðèñòè÷åñêîé ôóíêöèåé (òî÷íåå,
õàðàêòåðèñòè÷åñêîé ôóíêöèåé èíòåðïîëÿöèîííîãî ôóíêòîðà), åñëè Φ 6≡ 0 è

I. Φ � îäíîðîäíàÿ ôóíêöèÿ, ò.å. Φ(tx, ty) = tΦ(x, y) äëÿ ïðîèçâîëüíûõ ïîëîæè-
òåëüíûõ ÷èñåë x, y, t;

II. Φ � íåóáûâàþùàÿ ôóíêöèÿ ïî êàæäîé ïåðåìåííîé.

Ïóñòü Φ � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ è X = [X0, X1] � èíòåðïîëÿöèîííàÿ
ïàðà áàíàõîâûõ ïðîñòðàíñòâ, 1 6 p < +∞.
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ÏðîñòðàíñòâîMΦ,p(X) = MΦ,p(X0, X1) ñîñòîèò èç âñåõ x ∈ X0+X1, äëÿ êîòîðûõ
êîíå÷íà íîðìà ‖ · ‖MΦ,p,

‖x‖MΦ,p :=



{
+∞∫
0

[
K(1, t, x,X0, X1)

Φ∗(1, t)

]p
Φ′t(1, t)

Φ(1, t)
dt

}1/p

, 1 6 p <∞

sup
t0>0,t1>0

[
K(t0, t1, x,X0, X1)

Φ∗(t0, t1)

]
, p =∞

.

Ïðîñòðàíñòâî ΛΦ,p(X) = ΛΦ,p(X0, X1) ñîñòîèò èç òåõ x ∈ X0 +X1, äëÿ êîòîðûõ
êîíå÷íà íîðìà ‖ · ‖Λ

Φ,p,

‖ · ‖Λ
Φ,p := inf

(
+∞∑

k=−∞

Φp(‖xk‖0, ‖xk‖1)

)1/p

,

ãäå òî÷íàÿ íèæíÿÿ ãðàíü áåð�åòñÿ ïî ìíîæåñòâó ðàçëîæåíèé

x =
+∞∑

k=−∞

xk, xk ∈ X0 ∩X1.

Â äîêëàäå ïðåäïîëàãàåòñÿ ñäåëàòü îáçîð ñâîéñòâ ïðîñòðàíñòâ ΛΦ,p(X) è
MΦ,p(X).
Íàïðèìåð, ïðè âûïîëíåíèè äîïîëíèòåëüíûõ óñëîâèé, èìååò ìåñòî ñîîòíîøåíèå

äâîéñòâåííîñòè: Λ′Ψ(X0, X1) = MΨ∗(X
′
0, X

′
1).

Ì.Ó. ßõøèáîåâ (Ñàìàðêàíäñêèé ôèëèàë ÒÓÈÒ, Óçáåêèñòàí)
yahshiboev@rambler.ru

ÒÅÎÐÅÌÛ ÎÏÈÑÀÍÈß ÄÐÎÁÍÛÕ ÈÍÒÅÃÐÀËÎÂ ÀÄÀÌÀÐÀ -
×ÆÅÍß

Îïðåäëåíèå. Äëÿ ôóíêöèè ϕ(x), çàäàííîé íà ïîëóîñè x ∈ R1
+ èíòåãðàë

(Iαc ϕ) (x) =
1

Γ(α)


x∫
c

ϕ(t)

(ln x
t )

1−α
dt
t , x > c, α > 0,

c∫
x

ϕ(t)

(ln t
x)

1−α
dt
t , x < c, α > 0,

íàçûâàåòñÿ èíòåãðàëîì äðîáíîãî ïîðÿäêà α ïî Àäàìàðó-×æåíÿ.
Îïðåäåëåíèå. Êîíñòðóêöèþ

Dα
c f =

1

χ(α, e)

+∞∫
0

(
∆̃e
tfc+

)
(x) +

(
∆̃e
t−1fc−

)
(x)

|ln t|1+α

dt

t
,
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ñ íîðìèðîâî÷íûì ìíîæèòåëåì χ(α, e) =
+∞∫
0

t−1−α (1− e−t)e dt (ñì. [1], ñ. 102), íà-

çîâåì äðîáíîé ïðîèçâîäíîé Ìàðøî-Àäàìàð-×æåíÿ.
Â ðàáîòå [2] ðàññìàòðèâàåòñÿ ðàçëè÷íûå ñïîñîáû óðåçàíèÿ êîíñòðóêöèé Ìàðøî-

Àäàìàðà-×æåíÿ äëÿ äðîáíîãî äèôôåðåíöèðîâàíèÿ Dα
c f . Ýòè ðàçëè÷íûå âàðèàí-

òû óðåçàíèÿ â äàííîé ðàáîòå ïðèìåíÿþòñÿ äëÿ îïèñàíèÿ äðîáíîãî èíòåãðàëà (1)
îò ôóíêöèé èç Llocp

(
R1

+,
dx
x

)
.

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ôóíêöèÿ f(x) áûëà ïðåäñòàâëåíà â âèäå f =
Iαc ϕ, ϕ ∈ Llocp

(
R1

+,
dx
x

)
, ãäå α > 0, c ∈ R1

+, 1 ≤ p < +∞ íåîáõîäèìî è äîñòà-

òî÷íî, ÷òîáû f(x) ∈ Llocp
(
R1

+,
dx
x

)
è â Llocp

(
R1

+,
dx
x

)
ñóùåñòâîâàë

lim
ρ→1

ϕρ(x),

ãäå

ϕρ(x) =
(
Dα
c,ρf
)

(x) =
1

χ(α, e)

 f(x)

α
(

ln 1
ρ

)α+

+
e∑

k=1

(−1)n
(
e

k

)
kα


|ln x

c |∫
k ln 1

ρ

f
(
x·e−tsign(ln xc )

)
t1+α dt

∣∣ln x
c

∣∣ > k ln 1
ρ ,

0,
∣∣ln x

c

∣∣ < k ln 1
ρ .


Ë È Ò Å Ð À Ò Ó Ð À
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Ñåêöèÿ II

Òåîðèÿ ôóíêöèé
Ðóêîâîäèòåëü ñåêöèè:

Â.Ñ. Ïèëèäè
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Í.Ô. Àáóçÿðîâà (Áàøãîñóíèâåðñèòåò, Ðîññèÿ)
abnatf@gmail.com

Î ÃËÀÂÍÛÕ ÏÎÄÌÎÄÓËßÕ, ÏÎÐÎÆÄÀÅÌÛÕ
ÍÅÎÁÐÀÒÈÌÛÌÈ ÔÓÍÊÖÈßÌÈ

Ïóñòü [a1; b1] b [a2; b2] b . . . � ïîñëåäîâàòåëüíîñòü îòðåçêîâ, èñ÷åðïûâàþùàÿ
êîíå÷íûé èëè áåñêîíå÷íûé èíòåðâàë (a; b) ⊂ R. Îáîçíà÷èì ÷åðåç P(a; b) èíäóê-
òèâíûé ïðåäåë ïîñëåäîâàòåëüíîñòè áàíàõîâûõ ïðîñòðàíñòâ {Pk}, êàæäîå èç êîòî-
ðûõ ñîñòîèò èç âñåõ öåëûõ ôóíêöèé ϕ ñ êîíå÷íîé íîðìîé

‖ϕ‖k = sup
z∈C

|ϕ(z)|
(1 + |z|)k exp(bky+ − aky−)

, y± = max{0,±y}, z = x+ iy.

Ïðîñòðàíñòâî P(a; b) � òîïîëîãè÷åñêèé ìîäóëü íàä êîëüöîì ìíîãî÷ëåíîâ C[z]).
Ðàññìîòðèì ãëàâíûå ïîäìîäóëè Jϕ � çàìûêàíèÿ â P(a; b) ìíîæåcòâ âèäà {pϕ : p ∈
C[z]}, ϕ ∈ P(a; b). Äëÿ çàìêíóòîãî ïîäìîäóëÿ J ⊂ P(a; b) ïîëîæèì cJ = inf

ψ∈J
cψ,

dJ = sup
ψ∈J

dψ, ãäå i [cψ; dψ] � èíäèêàòîðíàÿ äèàãðàììà ôóíêöèè ψ. Ìíîæåñòâî

[cJ ; dJ ] � èíäèêàòîðíûé îòðåçîê ïîäìîäóëÿ J . Äèâèçîð nψ ôóíêöèè ψ ∈ P(a; b):

nψ(λ) =

{
0, åñëè ψ(λ) 6= 0,

m, λ � íóëü ψ êðàòíîñòè m.

Äèâèçîð ïîäìîäóëÿ J ⊂ P(a; b) îïðåäåëÿåòñÿ êàê nJ (λ) = min
ψ∈J

nψ(λ), λ ∈ C. Ïîä-

ìîäóëü J ñëàáî ëîêàëèçóåì, åñëè îí ñîäåðæèò âñå ôóíêöèè ψ ∈ P(a; b), óäîâëåòâî-
ðÿþùèå óñëîâèÿì: 1) nψ(z) ≥ nJ (z), z ∈ C; 2) èíäèêàòîðíàÿ äèàãðàììà ôóíêöèè
ψ ñîäåðæèòñÿ â ìíîæåñòâå i[cJ ; dJ ]. Äëÿ ôóíêöèè ϕ ∈ P(a; b) îáîçíà÷èì ÷åðåç
J (ϕ) ñëàáî ëîêàëèçóåìûé ïîäìîäóëü ñ äèâèçîðîì, ðàâíûì nϕ è èíäèêàòîðíûì
îòðåçêîì, ðàâíûì [cϕ; dϕ]. Ëåãêî ïðîâåðèòü, ÷òî Jϕ ⊂ J (ϕ). Ðàâåíñòâî Jϕ = J (ϕ)
ýêâèâàëåíòíî ñëàáîé ëîêàëèçóåìîñòè ãëàâíîãî ïîäìîäóëÿ Jϕ è, êàê ïîêàçûâàåò
ïðèìåð, ïîñòðîåííûé â ðàáîòå [1], íå âñåãäà ñïðàâåäëèâî. Äîñòàòî÷íîå óñëîâèå ñëà-
áîé ëîêàëèçóåìîñòè ïîäìîäóëÿ Jϕ ñîñòîèò â òðåáîâàíèè îáðàòèìîñòè ôóíêöèè ϕ
îçíà÷àþùåé, ÷òî åñëè ãëàâíûé èäåàë Iϕ, ïîðîæäåííûé ýòîé ôóíêöèåé â àëãåáðå
P(−∞;∞), çàìêíóò. Â ýòîì ñëó÷àå J (ϕ) = Jϕ = {pϕ : p ∈ C[z]}. Îêàçûâàåòñÿ,
÷òî îáðàòèìîñòü ïîðîæäàþùåé ôóíêöèè íå ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì äëÿ
âûïîëíåíèÿ ýòèõ ñîîòíîøåíèé. Ïóñòü (a; b) ⊃ [−π; π] Ïîëîæèì ϕ(z) = s(z)

s1(z) +
πzs(z)
s0(z) ,

ãäå s(z) = sinπz
πz , s1(z) = s(

√
z) = sinπ

√
z

π
√
z
, s0(z) =

∞∏
k=1

(
1 + z

22k

)
.

Òåîðåìà. Ôóíêöèÿ ϕ ñîäåðæèòñÿ â P(a; b) è íå îáðàòèìà. Ïðè ýòîì J (ϕ) =
Jϕ = {pϕ : p ∈ C[z]}.
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ÃÐÀÍÈ×ÍÀß ÇÀÄÀ×À ÐÈÌÀÍÀ Â ÂÅÑÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ïóñòü ρ(t) = |t − t1|α1|t − t2|α2 . . . |t − tm|αm, tk ∈ T , k = 1, . . . ,m, ãäå
T = {z; |z| = 1} åäèíè÷íàÿ îêðóæíîñòü è αk, k = 1, . . . ,m äåéñòâèòåëüíûå ÷èñëà.
Îáîçíà÷èì

ρr(t) = ρ∗(t)|rδ1t− t1|n1|rδ2t− t2|n2 . . . |rδmt− tm|nm,
ãäå

δk =

{
1, αk ≤ −1,
0, αk > −1,

nk =

{
[αk] + 1, [αk] 6= αk,

αk, [αk] = αk,

a ôóíêöèÿ ρ∗ îïðåäåëÿåòñÿ ïî ôîðìóëå

ρ∗ (t) = |t− t1|λ1 |t− t2|λ2 · · · |t− tm|λm ,

äëÿ λk = αk − nk. ßñíî ÷òî λk ∈ (−1, 0] è ρ∗(t) ∈ L1(T ).
Ðàññìîòðèì çàäà÷ó Ðèìàíà â ñëåäóþùåé ïîñòàíîâêå:
Çàäà÷à À. Ïóñòü f ïðîèçâîëüíàÿ èçìåðèìàÿ íà T ôóíêöèÿ èç êëàññà L1(ρ).

Îïðåäåëèòü àíàëèòè÷åñêóþ â D+ ∪D−, ãäå D+ = {z; |z| > 1}, D− = {z; |z| < 1}
ôóíêöèþ Φ(z), Φ(−∞) = 0 òàê, ÷òîáû èìåëî ìåñòî ãðàíè÷íîå óñëîâèå

lim
r→1−0

||Φ+(rt)− a(t)Φ−
(
r−1t

)
− f(t)||L1(ρr) = 0,

ãäå a(t), a(t) 6= 0 ïðîèçâîëüíàÿ ôóíêöèÿ èç êëàññà Cδ(T ), δ > 0, Φ± ñóæåíèÿ
ôóíêöèè Φ íà D± ñîîòâåòñòâåííî.
Àíàëîãè÷íàÿ çàäà÷à, êîãäà ρ(t) ≡ 1, èññëåäîâàíà â ðàáîòå [1].
Îáîçíà÷èì κ = inda(t), t ∈ T . Äîêàçûâàåòñÿ, ÷òî çàäà÷à À ðàçðåøèìà äëÿ

ëþáîé ôóíêöèè f , åñëè
m∑
k=1

nk + κ ≥ 0. Ïðè
m∑
k=1

nk + κ < 0 ïîëó÷åíû íåîáõîäèìûå

è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ýòîé çàäà÷è. Ðåøåíèÿ ïîëó÷åíû â ÿâíîì
âèäå.
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SHARP MARKOV-TYPE INEQUALITIES FOR RATIONAL
FUNCTIONS ON SEVERAL INTERVALS

(joint with A. Lukashov (Fatih university,Turkey & Saratov State university, Russia))
We consider sharp Rusak- and Markov-type inequalities for rational functions on

several intervals when the system of intervals is a �rational function inverse image� of
an interval and those functions are large in gaps.
Let < (ξ1, . . . , ξ2n) be the set of all � rational functions �of the form

r(x) =
b0x

n + b1x
n−1 + . . .+ bn√
ρν(x)

,

b0, . . . , bn ∈ C and ρν(x) =
2n∏
j=1

(x− ξj) is a real polynomial of degree ν which is

positive on E =
l⋃

j=1

[a2j−1, a2j] , −1 = a1 < a2 < . . . < a2l = 1. (ξj might be equal to

∞, then (x− ξj) should be omitted)
Consider also the set <∗ (ξ1, . . . , ξ2n) which consists of those functions

r ∈ < (ξ1, . . . , ξ2n) ,

which satisfy |r(x)| > ‖r‖C(E) for all x ∈ [−1, 1]\E.

Theorem 1. Suppose that
2n∑
j=1

ωk(ξj) = 2qk, qk ∈ N, k = 1, . . . , l, and ξj ∈ R, |ξj| >

1, j = 1, . . . , 2n. Then for any r ∈ <∗ (ξ1, . . . , ξ2n), ‖r‖C(E) = 1 the inequality

‖r′‖C(E) ≤ ‖m
′
n‖C(E) (1)

is valid, where

mn(x) = cos (γn (x)) , γn (x) =
π

2

x∫
a1

2n∑
j=1

$E (x, ξj) dx,

$E (z, x) = ∂
∂xω (z, E ∪ [a1, x] ,C\E) ;ωk(ξj) = ω(ξj, [a2k−1, a2k] ,C\E),

ω (z,G,C\E) is the harmonic measure of a set G ⊂ E at a point z ∈ C\E.
For r(x) ≡ εmn(x), |ε| = 1, equality in (1) is attained.
Research supported by RFBR-TUBITAK (14-01-91370/113F369).
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POLYNOMIAL APPROXIMATION IN BERGMAN SPACES

The purpose of this work is to obtain Jackson and converse inequalities of polynomial
approximation in Bergman spaces. Some known results, given for moduli of continuity,
are extended to the moduli of smoothness. We proved some simultaneous approximation
theorems and obtained the Nikolskii-Stechkin inequality for polynomials in these
spaces.
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ÈÍÒÅÃÐÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÑÂÎÉÑÒÂÀ ÏÐÎÑÒÐÀÍÑÒÂ
ÁÅÐÃÌÀÍÀ È ÕÀÐÄÈ

Îáîçíà÷åíèÿ è îïðåäåëåíèÿ.
∆ = {z ∈ C : |z| < 1}; T = {t = eiθ, 0 ≤ θ ≤ 2π}; A - ôóíêöèè, àíàëèòè÷å-

ñêèå â ∆; Ap(Hp), 0 < p < ∞, - ïðîñòðàíñòâî Áåðãìàíà (Õàðäè); f ∈ A, f(z) =
∞∑
k=0

fkz
k, fk - òåéëîðîâû êîýôôèöèåíòû; Dα,βf(z) =

∞∑
k=0

Γ(2+α+β+k)
Γ(2+β+k) fkz

k - ïðîèçâîä-

íàÿ ïîðÿäêà α > −2 ñ ïîïðàâêîé β > −2, α + β > −2, îò f(z); D−1
α,β - îïåðàòîð,

îáðàòíûé îïåðàòîðó Dα,β â A, Nαf(z) =
∞∑
k=0

fkz
k

(k+1)α .

Â [1] äàíî îïèñàíèå íåêîòîðûõ ñâîéñòâ èíòåãðàëîâ è ïðîèçâîäíûõ ïî Íüþòîíó �
Ëåéáíèöó ôóíêöèé èç Ap(Hp). Ïðîäîëæåíèåì ïîäîáíûõ èññëåäîâàíèé ÿâëÿþòñÿ,
[2]
Òåîðåìà 1. Îïåðàòîð Dα,β = Sα,βDα,0 = Pα,βNα, ãäå îïåðàòîðû Sα,β è Pα,β

ãîìåîìîðôíû íà Ap, 0 < p <∞ .
Òåîðåìà 2. Óñëîâèå f ∈ Ap, 0 < p < ∞, ðàâíîñèëüíî (1 − |z|2)αDα,βf ∈

Lp(∆), αp > −1 .
Òåîðåìà 3. Åñëè f ∈ Ap, 0 < p < 1, òî D−1

1/p,β ∈ Hp. Ýòà òåîðåìà íåîáðàòèìà
.

Òåîðåìà 4. Åñëè f ∈ Hp.0 < p < ∞, è èíòåãðàë
1∫

0

‖f(eiθ)−f(reiθ)‖pHpdr
1−r ñõîäèòñÿ,

òî Dα,0f ∈ Aq, ãäå 0 < α ≤ 1/p, q = 2p/(1 + αp).
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Ñâîéñòâà èíòåãðàëîâ è ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà íàõîäÿò ýôôåêòèâíîå
ïðèìåíåíèå â ðåøåíèè ðÿäà ýêñòðåìàëüíûõ çàäà÷ â ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ
ôóíêöèé (ñì., íàïðèìåð, [2]).

Ë È Ò Å Ð À Ò Ó Ð À
1. Ðÿáûõ Â. Ã. Î íåêîòîðûõ ñâîéñòâàõ àíàëèòè÷åñêèõ ôóíêöèé êëàññà H ′

p. ÄÀÍ ÑÑÑÐ. 1964. Ò. 158. N. 3.

2. Áóð÷àåâ Õ.Õ., Ðÿáûõ Â. Ã., Ðÿáûõ Ã.Þ. Èíòåãðîäèôôåðåíöèàëüíûå îïåðàòîðû â ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ

ôóíêöèé è íåêîòîðûå èõ ïðèëîæåíèÿ. Ðîñòîâ�íà�Äîíó. ÈÖ ÄÃÒÓ. 2014.

Õ.Õ. Áóð÷àåâ (×å÷åíñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)
bekhan.burchaev@gmail.com

Â. Ã. Ðÿáûõ (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
ryabich@aaanet.ru

Ã.Þ. Ðÿáûõ (Äîíñêîé ãîñòåõóíèâåðñèòåò, Ðîññèÿ)
ryabich@aaanet.ru

ÎÁ ÎÄÍÎÉ ÝÊÑÒÐÅÌÀËÜÍÎÉ ÇÀÄÀ×Å Â ÏÐÎÑÒÐÀÍÑÒÂÅ Hp

Îáîçíà÷åíèÿ.
D(D(R)) = {z ∈ C: |z| < 1} ({z ∈ C, |z| < R}, R > 1); T = {t = eiθ, 0 ≤

θ ≤ 2π}; A(A(R)) � ôóíêöèè, àíàëèòè÷åñêèå â D(D(R)); ïðîñòðàíñòâî Õàð-
äè Hp � ïîäïðîñòðàíñòâî Lp(T ), 0 < p < ∞, ïîðîæäåííîå ìíîãî÷ëåíàìè ïî
íåîòðèûàòåëüíûì ñòåïåíÿì eiθ; lg(a) = 1

2π

∫
T

a(t)ḡ(t) dθ, a ∈ Hp, g ∈ A � ëèíåé-

íûé ôóíêöèîíàë íàä Hp; f(z), z ∈ D, � ýêñòðåìàëüíàÿ ôóíêöèÿ (ý.ô.) ëèíåéíîãî
ôóíêöèîíàëà l íàä Hp, 0 < p <∞, åñëè f ∈ Hp, ‖f‖ = 1 è l(f) = ‖l‖.
Â ðàáîòå [1] ([2]) äàíî îïèñàíèå êà÷åñòâåííûõ ñâîéñòâ ý.ô. è ýëåìåíòà íàè-

ëó÷øåãî ïðèáëèæåíèÿ (ý.í.ï.) χ ∈ H0
q = {χ ∈ Hq, χ(0) = 0}, p = 1(1 ≤ p <

∞), 1/q + 1/p = 1, â ñîîòíîøåíèè äâîéñòâåííîñòè

|f(t)|p/f(t) = ḡ(t)/‖l‖ − χ(t)/‖l‖,

êîãäà g(t) óäîâëåòâîðÿåò óñëîâèþ Äèíè (Ëèïøèöà èëè Çèãìóíäà; g ∈ Hq′, q < q′).
Òàì æå óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó ëèïøèåâîñòüþ g è àíàëîãè÷íûìè ñâîéñòâà-
ìè äëÿ f . Â [4] äëÿ 1 ≤ p ≤ 2 äîêàçàíî: åñëè g àíàëèòè÷íà âD(R), òî f àíàëèòè÷íà
â D(R).
Ïðîäîëæåíèåì óêàçàííûõ âûøå èññëåäîâàíèé ÿâëÿþòñÿ
Òåîðåìà 1. Åñëè 0 < p <∞, g ∈ A(R), òî ý.ô. f ∈ A(R).
Òåîðåìà 2. Åñëè 2 ≤ p <∞, g ∈ A(R), òî ý.í.ï. χ ∈ A(R).
Òåîðåìà 3. Åñëè 1 ≤ p < 2, g ∈ A(R), òî ý.í.ï. χ(z), z ∈ D, àíàëèòè÷åñêè

ïðîäîëæèì íà D = {z ∈ C : |z| ≤ 1}.
Òåîðåìû 1�3 äîêàçûâàþòñÿ ìåòîäîì ïîãðóæåíèÿ Hp â áîëåå øèðîêîå ïðîñòðàí-

ñòâî. Ýòîò ìåòîä íàõîäèò ýôôåêòèâíîå ïðèìåíåíèå è â èññëåäîâàíèè ïîäîáíûõ
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ýêñòðåìàëüíûõ çàäà÷ â ïðîñòðàíñòâàõ ôóíêöèé, áëèçêèõ ê Hp (ñì., íàïðèìåð,
[3]).
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-00331).
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ÎÏÅÐÀÒÎÐÎÂ

Íàìè ðåøàåòñÿ çàäà÷à òåîðèè n-êðàòíîãî ðàçëîæåíèÿ (n ïðîèçâîëüíûõ ôóíê-
öèé) ïî êîðíåâûì ôóíêöèÿì êðàåâîé çàäà÷è ñ n-êðàòíûì êîðíåì îñíîâíîãî õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (φ− 1)n = 0.(

d

dx
− λ
)n

y (x) = 0, 0 < x < 1 (1)

Us (y) ≡ ds−1y

dxs−1

∣∣∣∣
x=0

= 0, s = 1, n− 1,

Un (y) ≡ dn−1y

dxn−1

∣∣∣∣
x=1

− λn−1d
n−1y

dxn−1

∣∣∣∣
x=0

= 0 (2)

ãäå λ-êîìïëåêñíûé ïàðàìåòð.
Òåîðåìà 1. Ïóñòü f0, f1, . . . fn−2, fn−1- ôóíêöèè, èìåþùèå n íåïðåðûâíûõ ïðî-

èçâîäíûõ, íà (0,1). Ñ÷èòàåì, ÷òî f
(k)
i (x)

∣∣∣∣
x=0,1

= 0, k = 0, n− 1. Ñïðàâåäëèâà

ôîðìóëà n- êðàòíîãî ðàçëîæåíèÿ â ðÿäû Ôóðüå ïî êîðíåâûì ýëåìåíòàì çàäà÷è
(1) -(2).
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DUNKL ANALYSIS AND FUNDAMENTAL SETS
OF FUNCTIONS ON THE UNIT SPHERE
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We study some aspects of fundamental sets (�FS� for short) of functions on the unit
sphere in the weighted Lp-spaces, where 1 ≤ p <∞.
To formulate our results, we use the notation from the paper [1].
For g ∈ L1,λκ+1/2[−1, 1], G ⊂ L1,λκ+1/2[−1, 1], f ∈ L1,κ(Sd−1), and F ⊂ L1,κ(Sd−1),

we need introduce the following notation:

Mκ(g)
def
=
{
y 7→ Vκ

[
g(〈x, ·〉)

]
(y) : x ∈ Sd−1

}
, f ?κ G

def
=
{
f ?κ g : g ∈ G

}
,

F ?κ g
def
= {f ?κ g : f ∈ F}, Mκ

τ (F)
def
=
{
Mκ

τ f : f ∈ F
}
, τ ∈ [−1, 1],

Λn,κ(g)
def
=

1∫
−1

g(t)Cλκ
n (t) dmλκ+1/2(t), n ∈ N0.

Theorem 1. Let g ∈ Lp,λκ+1/2[−1, 1].Mκ(g) is a FS in Lp,κ(Sd−1) i� Λn,κ(g) 6= 0,
n ∈ N0.

Theorem 2. Suppose that p, q, r ∈ [1,∞) and p−1 = q−1 + r−1 − 1. Let F ⊂
Lq,κ(Sd−1) and g ∈ Lr,λκ+1/2[−1, 1].
(i) If F ?κ g is a FS in Lp,κ(Sd−1), then Λn,κ(g) 6= 0, n ∈ N0.
(ii) Let Λn,λκ+1/2(g) 6= 0, n ∈ N0. If F is a FS in Lq,κ(Sd−1), then F ?κ g is a FS in
Lp,κ(Sd−1).

Theorem 3. Let F ⊂ Lp,κ(Sd−1), τ ∈ [−1, 1].
(i) If Mκ

τ (F) is a FS in Lp,κ(Sd−1), then Cλκ
n (τ) 6= 0, n ∈ N0.

(ii) Let Cλκ
n (τ) 6= 0, n ∈ N0. If F is a FS in Lp,κ(Sd−1), then Mκ

τ (F) is a FS in
Lp,κ(Sd−1).

Theorem 4. Let G ⊂ L1,λκ+1/2[−1, 1], f ∈ Lp,κ(Sd−1). If f ?κ G is a FS in
Lp,κ(Sd−1), then

{
Mκ

τ f : τ ∈ [−1, 1]
}
is a FS in Lp,κ(Sd−1).

Theorem 5. Let g ∈ Lp,λκ+1/2[−1, 1], Gξ
κ(x) = Vκ

[
g(〈ξ, ·〉)

]
(x) for ξ, x ∈ Sd−1.

(i) Let τ ∈ [−1, 1].
{
Mκ

τ

[
Gξ
κ

]
: ξ ∈ Sd−1

}
is a FS in Lp,κ(Sd−1) i� Cλκ

n (τ) 6= 0 and
Λn,κ(g) 6= 0 for all n ∈ N0.
(ii) Let τ ∈ (−1, 1).

{
Gξ
κ±Mκ

τ

[
Gξ
κ

]
: ξ ∈ Sd−1

}
is a FS in Lp,κ(Sd−1) i� Λn,κ(g) 6= 0,

n ∈ N0.
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ÑÏÅÊÒÐÀËÜÍÛÉ ÀÍÀËÈÇ ÍÀ ÃÐÓÏÏÅ ÊÎÍÔÎÐÌÍÛÕ
ÀÂÒÎÌÎÐÔÈÇÌÎÂ ÅÄÈÍÈ×ÍÎÃÎ ÊÐÓÃÀ

ÏóñòüG � ãðóïïà êîíôîðìíûõ àâòîìîðôèçìîâ åäèíè÷íîãî êðóãà â êîìïëåêñíîé
ïëîñêîñòè, K ⊂ G � ãðóïïà ïîâîðîòîâ.

Òåîðåìà 1. Ïóñòü U � íåíóëåâîå ïîäïðîñòðàíñòâî â C(G), èíâàðèàíòíîå
îòíîñèòåëüíî âñåõ ïðàâûõ ñäâèãîâ èç G è âñåõ ñîïðÿæåíèé èç ïîäãðóïïû K.
Òîãäà U ñîäåðæèò ñîáñòâåííóþ ôóíêöèþ f îïåðàòîðà Ëàïëàñà íà ãðóïïå G, èí-
âàðèàíòíóþ îòíîñèòåëüíî K. Ïðè ýòîì ïîäïðîñòðàíñòâî â C(G), ïîðîæäåí-
íîå óêàçàííûìè ñäâèãàìè ôóíêöèè f ÿâëÿåòñÿ ìèíèìàëüíûì, ò.å. íå ñîäåðæèò
ñîáñòâåííûõ ïîäïðîñòðàíñòâ, èíâàðèàíòíûõ îòíîñèòåëüíî óêàçàííûõ ñäâèãîâ
è ñîïðÿæåíèé.
Îòìåòèì, ÷òî òåîðåìà 1 ñòàíåò íåâåðíîé, åñëè ðàññìàòðèâàòü ïîäïðîñòðàíñòâî

U , èíâàðèàíòíîå òîëüêî îòíîñèòåëüíî ïðàâûõ ñäâèãîâ.
Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ðàçâèòèè ìåòîäîâ, ïðåäëîæåííûõ àâ-

òîðàìè â [1]. Íåêîòîðûå ðåçóëüòàòû, ñâÿçàííûå ñî ñïåêòðàëüíûì àíàëèçîì äëÿ
ïîäïðîñòðàíñòâ â C(G), èíâàðèàíòíûõ îòíîñèòåëüíî äâóñòîðîííèõ ñäâèãîâ, ñî-
äåðæàòñÿ â [2].
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ÂÅÊÒÎÐÍÛÅ ÏÎËß Ñ ÍÓËÅÂÛÌ ÏÎÒÎÊÎÌ ×ÅÐÅÇ ÑÔÅÐÛ
ÔÈÊÑÈÐÎÂÀÍÍÎÃÎ ÐÀÄÈÓÑÀ

Ïóñòü 0 < r < R 6 ∞, Vr(BR) � ìíîæåñòâî íåïðåðûâíûõ âåêòîðíûõ ïîëåé
A : BR → Rn, èìåþùèõ íóëåâîé ïîòîê ÷åðåç âñå ñôåðû ðàäèóñà r, ëåæàùèå â BR.
(Ñèìâîë BR îáîçíà÷àåò îòêðûòûé øàð èç Rn ðàäèóñà R ñ öåíòîì â íóëå.) Ïóñòü
Sn−1 � åäèíè÷íàÿ ñôåðà èç Rn ñ öåíòîì â íóëå, Hk � ïðîñòðàíñòâî ñôåðè÷åñêèõ

ãàðìîíèê ñòåïåíè k íà Sn−1. Ïóñòü dk � ðàçìåðíîñòü Hk,
{
Y

(k)
l

}dk
l=1

� ôèêñèðî-
âàííûé îðòîíîðìèðîâàííûé áàçèñ â Hk. Äëÿ òî÷êè x ∈ Rn ïîëîæèì ρ = |x|, à
åñëè x 6= 0, òî σ = x/|x|. Âñÿêîé ôóíêöèè f ∈ L1,loc(BR) ñîîòâåòñòâóåò ðÿä Ôóðüå

f(x) =
∞∑
k=0

dk∑
l=1

fk,l(ρ)Y
(k)
l (σ), ρ ∈ (0, R), ãäå fk,l(ρ) =

∫
Sn−1

f(ρσ)Y
(k)
l (σ)dσ.
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Îáîçíà÷èì ÷åðåç 1F2(a1; b1, b2; t) ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ ñ èíäåêñàìè
(1,2). Ïóñòü òàêæå {νm}∞m=1 � ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæèòåëüíûõ íóëåé
ôóíêöèè Áåññåëÿ Jn/2, çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ.

Òåîðåìà 1. Ïóñòü A : BR → Rn � âåêòîðíîå ïîëå êëàññà C∞. Òîãäà A ïðè-
íàäëåæèò Vr(BR) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = As(x) +B(x)x, x ∈ BR,

ãäå As � ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞, B � ñêàëÿðíîå ïîëå, êîýôôè-
öèåíòû Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞∑
m=1

γm,k,lρ
k

1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ
2r

)2
)
,

â êîòîðûõ êîíñòàíòû γm,k,l óáûâàþò áûñòðåå ëþáîé ñòåïåíè νm ïðè m→∞.
Îòìåòèì, ÷òî òåîðåìà 1 ÿâëÿåòñÿ ðàçâèòèåì ðåçóëüòàòîâ Â.Â. Âîë÷êîâà îá îïè-

ñàíèè ôóíêöèé ñ íóëåâûìè èíòåãðàëàìè ïî ñôåðàì ôèêñèðîâàííîãî ðàäèóñà (ñì.
[1]), à òàêæå óñèëèâàåò îäèí èç ðåçóëüòàòîâ Ä. Ñìèòà [2].
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ÝÊÑÒÐÅÌÀËÜÍÀß ÇÀÄÀ×À ÁÎÌÀÍÀ
ÄËß ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÄÀÍÊËß

Ïóñòü Fk(f)(y) =
∫
Rd f(x)ek(x, y) dµk(x) � ïðåîáðàçîâàíèå Äàíêëÿ ôóíêöèè

f ∈ L1(Rd, dµk), ãäå dµk(x) = ckvk(x) dx è âåñ vk(x) =
∏

α∈R+

|(α, x)|2k(α), R+ �

ïîëîæèòåëüíàÿ ïîäñèñòåìà ñèñòåìû êîðíåé R ⊂ Rd (ïðèìåíÿþòñÿ ñòàíäàðòíûå
îáîçíà÷åíèÿ èç ãàðìîíè÷åñêîãî àíàëèçà Äàíêëÿ [1]). Ïðè k ≡ 0 èìååì ñëó÷àé
ïðåîáðàçîâàíèÿ Ôóðüå.
Ýêñòðåìàëüíàÿ çàäà÷à Áîìàíà çàêëþ÷àåòñÿ â íàõîæäåíèè âåëè÷èíû

Bk(V ) = inf

∫
Rd
|x|2f(x) dµk(x),

ãäå V ⊂ Rd � âûïóêëîå öåíòðàëüíî-ñèììåòðè÷íîå êîìïàêòíîå òåëî ñ öåíòðîì
â íóëå, èíâàðèàíòíîå îòíîñèòåëüíî ãðóïïû îòðàæåíèé ñèñòåìû êîðíåé R, è íèæ-
íÿÿ ãðàíü áåðåòñÿ ïî íåîòðèöàòåëüíûì íåïðåðûâíûì ôóíêöèÿì f , äëÿ êîòîðûõ
|x|2f ∈ L1(Rd, dµk), suppFk(f) ⊂ V , Fk(f)(0) = 1.
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Òåîðåìà 1. Åñëè λk = d/2 − 1 +
∑

α∈R+
k(α), òî â ñëó÷àå åâêëèäîâà øàðà Bd

èìååì Bk(B
d) = 4q2

λk
, ãäå qλ � ïåðâûé ïîëîæèòåëüíûé íóëü ôóíêöèè Áåññåëÿ

Jλ(t).
Ýòà òåîðåìà îáîáùàåò ðåçóëüòàòû äëÿ ñëó÷àÿ ïðåîáðàçîâàíèÿ Ôóðüå, ïîëó÷åí-

íûå H. Bohman (d = 1) è W. Ehm, T. Gneiting, D. Richards (d ≥ 2) (ñì. [2], ãäå
çàäà÷à Áîìàíà ðåøåíà äëÿ ïðåîáðàçîâàíèÿ Ãàíêåëÿ). Ýêñòðåìàëüíóþ ôóíêöèþ
ìû çäåñü íå ïðèâîäèì.
Â ñëó÷àå ñèñòåìû êîðíåé R = {±ei}di=1 (ei � åäèíè÷íûå îðòû), âåñà vk(x) =

d∏
j=1

|xj|2λj+1 çàäà÷à Áîìàíà ðåøåíà è äëÿ ïàðàëëåëåïèïåäà V .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 13-01-00045), Ìèíèñòåðñòâà
îáðàçîâàíèÿ è íàóêè ÐÔ (ãîñçàäàíèÿ �5414ÃÇ, �1.1333.2014Ê) è Ôîíäà Äìèòðèÿ
Çèìèíà ¾Äèíàñòèÿ¿.
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ÈÍÒÅÃÐÀË ÑÒÈËÒÜÅÑÀ ÍÀ ÊËÀÑÑÀÕ ×ÀÍÒÓÐÈÈ. ÎÁÙÈÉ
ÑËÓ×ÀÉ

Ïóñòü v(k) > 0, v(k) ↑ ∞, v(k)/k ↓ 0 (k ∈ N, k → ∞). Ôóíêöèè f(x), x ∈
[0, 1], äëÿ êîòîðûõ îãðàíè÷åíà ñêîðîñòü ðîñòà ìîäóëÿ âàðèàöèè V (f, n) = O(v(n)).
îáðàçóþò êëàññ ×àíòóðèè Cv. Â [1] íàéäåíî äîñòàòî÷íîå óñëîâèå íà êëàññû Cv1 è
Cv2, ïðè êîòîðîì äëÿ ëþáûõ ôóíêöèé f ∈ Cv1 g ∈ Cv2, íå èìåþùèõ îáùèõ òî÷åê
ðàçðûâà, ñóùåñòâóåò èíòåãðàë Ñòèëòüåñà S(f, g) =

∫ 1

0 f(x) dg(x), è óñòàíîâëåíî,
÷òî ýòî óñëîâèå òî÷íîå â ñëó÷àå 0 < α ≤ ln vi(n)/ lnn ≤ β < 1, i = 1, 2. Ïîñëåäíåå
îãðàíè÷åíèå ìîæíî ñíÿòü, åñëè ïðè ôîðìóëèðîâêå óñëîâèÿ èñïîëüçîâàòü (v1, v2)-
ëàêóíàðíóþ â ñìûñëå Ê.È. Îñêîëêîâà ïîñëåäîâàòåëüíîñòü: n1 = 1, à ïðè k ∈ N
ïîëàãàåì

n2k = min{n ≥ n2k−1 : min
(
v2(n+1)
v2(n2k−1) ;

v1(n2k−1)(n+1)
n2k−1v1(n+1)

)
≥ 2},

n2k+1 = min{n ≥ n2k : min
(
v1(n+1)
v1(n2k) ; v2(n2k)(n+1)

n2kv2(n+1)

)
≥ 2}.

Òåîðåìà. Èíòåãðàë Ñòèëòüåñà S(f, g) ñóùåñòâóåò äëÿ ëþáûõ ôóíêöèé f ∈
Cv1, g ∈ Cv2, íå èìåþùèõ îáùèõ òî÷åê ðàçðûâà, â òîì è òîëüêî òîì ñëó÷àå,
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êîãäà âûïîëíåíî óñëîâèå:
∞∑
k=1

v1(nk)v2(nk)

nk
<∞.

.
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ÏÎËÎÆÈÒÅËÜÍÀß ÎÏÐÅÄÅË�ÍÍÎÑÒÜ ÎÄÍÎÃÎ ÑÅÌÅÉÑÒÂÀ
ÔÓÍÊÖÈÉ

Ôóíêöèÿ f : Rn → C íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííîé íà Rn (f ∈
Φ(Rn)), åñëè íåðàâåíñòâî

m∑
k,j=1

ckc̄jf(xk−xj) ≥ 0 âûïîëíÿåòñÿ äëÿ ëþáîé êîíå÷íîé

ñèñòåìû êîìïëåêñíûõ ÷èñåë c1, c2, ..., cm è òî÷åê x1, ..., xm èç Rn.
Ïóñòü ρ � íîðìà íà Rn, à Φ(Rn, ρ) êëàññ íåïðåðûâíûõ ôóíêöèé f : [0,+∞)→ R

òàêèõ, ÷òî f ◦ ρ ∈ Φ(Rn).
Â 1990-1991 ãã àâòîðîì áûëî äîêàçàíî, ÷òî åñëè z ∈ C, à ρ(x) = ‖x‖1 èëè

ρ(x) = ‖x‖2, òî Re e−zt ∈ Φ (Rn, ρ) ⇐⇒ | arg z| ≤ π
2n . Â ñëó÷àå åâêëèäîâîé íîðìû

ρ(x) = ‖x‖2 ýòà çàäà÷à áûëà ïîñòàâëåíà â 1989 ãîäó Ëåîíåíêî è ßäðåíêî.
Ðàññìîòðèì áîëåå îáùóþ çàäà÷ó. Ïóñòü çàäàíû äâà êîìïëåêñíûõ ÷èñëà w =

C + iD è z = α+ iβ, ãäå α, β, C,D ∈ R. Ïðè êàêèõ óñëîâèÿõ íà w, z ∈ C ôóíêöèÿ

fw,z(t) := Re
(
we−zt

)
= e−αt(C cos βt+D sin βt), t ≥ 0,

ïðèíàäëåæèò êëàññó Φ (Rn, ρ)? ßãëîì À. Ì. â 1952 ã. ïîêàçàë, ÷òî óñëîâèå
βD = Cα, α > 0 ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ïîëîæèòåëüíîé îïðåäåë¼ííîñòè íà R
ôóíêöèè e−α|x|(C cos βx+D sin β|x|).
Â òåîðåìàõ 1, 2, 3 ïîëó÷åíû îáùèå íåîáõîäèìûå óñëîâèÿ, à â íåêîòîðûõ ñëó÷àÿõ

è êðèòåðèé.
Òåîðåìà 1. 1) Åñëè fw,z ∈ Φ (Rn, ρ), òî Rew ≥ 0.

2) Åñëè Rew = 0, òî fw,z ∈ Φ (Rn, ρ) ⇐⇒ fw,z ≡ 0.
3) Åñëè Re z < 0, òî fw,z ∈ Φ (Rn, ρ) ⇐⇒ fw,z ≡ 0.
4) Åñëè Re z > 0 è fw,z ∈ Φ (Rn, ρ), òî Rew ≥ 0, Re (wz) ≥ 0 è Re (wzk) ≥ 0,
k = 1, . . . , n.
5) fw,z ∈ Φ (R, ρ) ⇐⇒ Rew ≥ 0, Re (wz) ≥ 0, Re (wz) ≥ 0 ⇐⇒ C ≥ 0,
|βD| ≤ αC.
6) Åñëè Re z = 0 è n ≥ 2, òî fw,z ∈ Φ (Rn, ρ) ⇐⇒ Rew ≥ 0, Re (wz) ≥ 0 è
Re (wzk) ≥ 0, k = 1, 2 ⇐⇒ fw,z ≡ C ≥ 0.
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Òåîðåìà 2. Ïóñòü ρ(x) = ‖x‖2. Òîãäà fw,z ∈ Φ (Rn, ρ) ⇐⇒ Rew ≥ 0,
Re (wz) ≥ 0 è Re (wzk) ≥ 0, k = 1, . . . , n.

Òåîðåìà 3. Ïóñòü ρ(x) = ‖x‖1. Òîãäà fw,z ∈ Φ (Rn, ρ) ⇐⇒ Rew ≥ 0,
Re (wzk) ≥ 0 è Re (wzk) ≥ 0, k = 1, . . . , n ⇐⇒ C ≥ 0 è |DIm zk| ≤ CRe zk,
k = 1, . . . , n.
Åñëè w � âåùåñòâåííîå ïîëîæèòåëüíîå ÷èñëî, òî îáà óñëîâèÿ èç òåîðåì 2, 3

ýêâèâàëåíòíû óñëîâèþ | arg z| ≤ π
2n .

À.Þ. Èâàíîâ (ÄîíÍÓ, ã. Äîíåöê, Óêðàèíà)
sejang@ua.fm

Î êëàññå ìíîæåñòâ Áîðñóêà

Â 1933ã. ïîëüñêèé ìàòåìàòèê Ê.Áîðñóê âûäâèíóë ãèïîòåçó, êîòîðàÿ âïîñëåä-
ñòâèè ñòàëà îäíîé èç öåíòðàëüíûõ ïðîáëåì êîìáèíàòîðíîé ãåîìåòðèè.
Ãèïîòåçà Ê. Áîðñóêà Âñÿêîå îãðàíè÷åííîå ìíîæåñòâî F ⊂ Rn ìîæíî ðàç-

áèòü íà n+ 1 ÷àñòü ñòðîãî ìåíüøåãî äèàìåòðà.
Ýòîé ïðîáëåìîé çàíèìàëèñü òàêèå ìàòåìàòèêè êàê Â.Ã.Áîëòÿíñêèé, Á.Ãðþí-

áàóì, À.Õåïïåø, Ã.Ýãëñòîí, Ë. Äàíöåð, Â. Êëè è ìíîãèå äðóãèå. Îäíàêî äàííàÿ
ãèïîòåçà áûëà ïîäòâåðæäåíà òîëüêî â R2 è â R3. Â 1993ã. Ä.Êàííîì è Ã.Êàëàè ïî-
ñòðîåí êîíòðïðèìåð îïðîâåðãàþùèé äàííóþ ãèïîòåçó ïðè áîëüøèõ ðàçìåðíîñòÿõ.
À â ðàáîòàõ À. Áîíäàðåíêî ïðè ïîìîùè ëèíåéíî-àëãåáðàè÷åñêîãî ìåòîäà ïîêàçàíî,
÷òî ãèïîòåçà íåâåðíà óæå ïðè n ≥ 64. Òàêèì îáðàçîì, âåñòè ðå÷ü î äîêàçàòåëüñòâå
ãèïîòåçû Áîðñóêà â Rn äëÿ ïðîèçâîëüíûõ ìíîæåñòâ íå èìååò ñìûñëà. Ââèäó ýòîãî
íà ïåðâûé ïëàí âûõîäèò âîïðîñ îïèñàíèÿ êëàññà ìíîæåñòâ äëÿ êîòîðûõ ãèïîòåçà
Ê. Áîðñóêà ñïðàâåäëèâà.
Íàìè ïîëó÷åíû íîâûå äîñòàòî÷íûå óñëîâèÿ íà ìíîæåñòâî èç Rn ïîçâîëÿþùèå

óòâåðæäàòü, ÷òî äàííîå ìíîæåñòâî ìîæíî ðàçáèòü íà n+1 ÷àñòü ñòðîãî ìåíüøåãî
äèàìåòðà.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîíàäîáÿòñÿ íåêîòîðûå ïîñòðîåíèÿ. Îïðå-

äåëèì ôóíêöèþ χ : G→ Z+ ∪ {∞}, ãäå Z+ � ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ
÷èñåë, G � ìíîæåñòâî ïîñòîÿííîé øèðèíû, ñëåäóþùèì îáðàçîì. Äëÿ x ∈ G ïî-
ëîæèì χ(x) ðàâíîé êîëè÷åñòâó äèàìåòðîâ ìíîæåñòâà G, ïðîõîäÿùèõ ÷åðåç òî÷êó
x. Åñëè ìíîæåñòâî òàêèõ äèàìåòðîâ áåñêîíå÷íî, áóäåì îáîçíà÷àòü χ(x) =∞.
Îáîçíà÷èì ìíîæåñòâî òî÷åê íåðåãóëÿðíîñòè ãðàíèöû ìíîæåñòâà G ÷åðåç

EP (G) ("essential points"), òîãäà EP (G) = {x|x ∈ ∂G : χ(x) =∞}. Ââåäåì òàêæå
ìíîæåñòâî Θ = {θ|ς(θ) ∈ EP (G)}.
Ïîñòðîèì ñôåðè÷åñêîå îòîáðàæåíèå òèïà Ãàóññà ς : Sn−1 → ∂G,ãäå Sn−1 - ñôåðà

â Rn ðàäèóñà 1, G - ìíîæåñòâî ïîñòîÿííîé øèðèíû, ñëåäóþùèì îáðàçîì. Äëÿ



¾Ñîäåðæàíèå¿

Òåîðèÿ ôóíêöèé 77

θ ∈ Sn−1 ïîëîæèì ς(θ) = x, ãäå x, y ∈ ∂G, |x− y| = diamG è x− y = θdiamG, ò.å.
x, y - äèàìåòðàëüíûå òî÷êè G â íàïðàâëåíèè θ.

Òåîðåìà 1. Ïóñòü G ⊂ Rn � ìíîæåñòâî ïîñòîÿííîé øèðèíû. Òîãäà, åñëè
ñóùåñòâóåò ïîäïðîñòðàíñòâî U ðàçìåðíîñòè n− 1 òàêîå, ÷òî Θ

⋂
U = Ø, òî

ìíîæåñòâî G ìîæíî ðàçáèòü íà n+ 1 ÷àñòü ìåíüøåãî äèàìåòðà.

Ï.À. Èâàíîâ (ÞÔÓ, Ðîññèÿ)
pavel−rsm@list.ru

ÎÁ ÎÏÅÐÀÒÎÐÅ ÈÍÒÅÐÏÎËßÖÈÈ ÄËß ÂÛÏÓÊËÛÕ
ÌÍÎÆÅÑÒÂ

Â òåîðèè öåëûõ ôóíêöèé, ðÿäîâ ýêñïîíåíò, îïåðàòîðîâ ñâåðòêè â ïðîñòðàíñòâàõ
àíàëèòè÷åñêèõ ôóíêöèé âàæíóþ ðîëü èãðàåò èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàí-
æà. Â íàñòîÿùåì äîêëàäå èäåò ðå÷ü î íåêîòîðîì åå îáîáùåíèè, ôîðìóëèðóåìîì â
òåðìèíàõ ëèíåéíûõ îïåðàòîðîâ. Ïóñòü G � âûïóêëàÿ (íå îáÿçàòåëüíî îãðàíè÷åí-
íàÿ) îáëàñòü â C; A(G) � ïðîñòðàíñòâî Ôðåøå âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â G;
P � âåñîâîå (LB)-ïðîñòðàíñòâî öåëûõ (â C) ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà,
òîïîëîãè÷åñêè èçîìîðôíîå (ïîñðåäñòâîì ïðåîáðàçîâàíèÿ Ëàïëàñà) ñèëüíîìó ñî-
ïðÿæåííîìó ê A(G). Äëÿ ïîñëåäîâàòåëüíîñòè λj ∈ C, j ∈ N, |λj| → ∞, îïðåäåëèì
àññîöèèðîâàííîå (LB)-ïðîñòðàíñòâî K∞ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé, çàäàâà-
åìîå âåñàìè, îïðåäåëÿþùèìè P , è ââåäåì îïåðàòîð ñóæåíèÿ R(f) := (f(λj))j∈N,
ëèíåéíî è íåïðåðûâíî îòîáðàæàþùèé P â K∞.
Îïðåäåëåíèå. Ïóñòü E � ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî, â êîòîðîå

íåïðåðûâíî âëîæåíî P . Îïåðàòîðîì èíòåðïîëÿöèè èç K∞ â E íàçûâàåòñÿ ëè-
íåéíûé íåïðåðûâíûé îïåðàòîð L : K∞ → E òàêîé, ÷òî LR = idP .
Â òåðìèíàõ îïåðàòîðà èíòåðïîëÿöèè ïîëó÷åíû óñëîâèÿ òîãî, ÷òî: 1) ñèñòåìà

ýêñïîíåíò {exp(λjz)}j∈N ÿâëÿåòñÿ àáñîëþòíî ïðåäñòàâëÿþùåé ñèñòåìîé â A(G);
2) ñîîòâåòñòâóþùèé îïåðàòîð ïðåäñòàâëåíèÿ ôóíêöèé èç A(G) ðÿäàìè ýêñïîíåíò
âèäà

∑
j∈N

cj exp(λjz) èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé îáðàòíûé.

Ðåçóëüòàòû ïîäîáíîãî ðîäà äëÿ îãðàíè÷åííûõ âûïóêëûõ îáëàñòåé G àíîíñèðî-
âàíû â [1].

Ë È Ò Å Ð À Ò Ó Ð À

1.Ìåëèõîâ Ñ.Í. Îá îïåðàòîðå èíòåðïîëÿöèè // Ìåæäóíàðîäíàÿ øêîëà-ñåìèíàð ïî ãåîìåòðèè è àíàëèçó, ïîñâÿùåííàÿ

90-ëåòèþ Í.Â.Åôèìîâà. 5-11 ñåíòÿáðÿ 2000 ã. Òåçèñû äîêëàäîâ. Ðîñòîâ-íà-Äîíó, 2000. Ñ.137-139.

Ý.Í. Êàðàáàøåâà, Ï.Ë. Øàáàëèí (ÊÃÀÑÓ, Ðîññèÿ)
enkarabasheva@bk.ru pavel.shabalin@mail.ru
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ÎÒÎÁÐÀÆÅÍÈß ÍÀ ÏÎËÈÃÎÍÀËÜÍÛÅ ÎÁËÀÑÒÈ ÑÎ
Ñ×ÅÒÍÛÌ ÌÍÎÆÅÑÒÂÎÌ ÂÅÐØÈÍ. ÂÎÏÐÎÑÛ

ÎÄÍÎËÈÑÒÍÎÑÒÈ.

Â íàøåé ðàáîòå ðàññìàòðèâàåòñÿ îáîáùåíèå îäíîé îáðàòíîé çàäà÷è Ì.À. Ëàâ-
ðåíòüåâà ([1], c.175�181, c.226) î ïîñòðîåíèè êîíôîðìíîãî îòîáðàæåíèÿ âåðõíåé
ïîëóïëîñêîñòè ñ çàäàííûìè ïðîîáðàçàìè âåðøèí íà ìíîãîóãîëüíèê ñ çàäàííûìè
óãëàìè ïðè íåèçâåñòíûõ âåðøèíàõ íà ñëó÷àé ñ÷åòíîãî ìíîæåñòâà óãëîâ è áåñ-
êîíå÷íîãî âðàùåíèÿ êàñàòåëüíîé ïðè îáõîäå ãðàíèöû îáëàñòè. Èòàê, çàäàíû äâå
ìîíîòîííûå ïîñëåäîâàòåëüíîñòè òî÷åê âåùåñòâåííîé îñè tk, lim

k→∞
tk = +∞, t−k,

lim
k→∞

t−k = −∞, ñîîòâåòñòâóþùèå ïðè óêàçàííîì îòîáðàæåíèè íåèçâåñòíûì âåð-

øèíàì Ak, A−k ïîëèãîíàëüíîé îáëàñòè è çàäàíû âíóòðåííèå óãëû αkπ, 0 < αk < 1,
α−kπ, 1 < α−k < 2, ïðè âåðøèíàõ ïîëèãîíàëüíîé îáëàñòè. Âíóòðåííèé óãîë ïðè
âåðøèíå A0 ðàâåí (η2

0 − η1
0)π. Ââåäåì κk = 1 − αk, κ−k = α−k − 1 è ñ÷èòàþùèå

ôóíêöèè

n∗−(ξ) =
k∑
j=1

κ−j, −t−k < ξ < −t−k−1, n∗+(ξ) =
k∑
j=1

κj, tk < ξ < tk+1.

Ïîòðåáóåì âûïîëíåíèÿ óñëîâèé

n∗+(ξ) = ∆+ lnκ+ ξ + o(lnκ+ ξ), n∗−(ξ) = ∆− lnκ− ξ + o(lnκ− ξ), ξ → +∞,

ñ íåêîòîðûìè ïîñòîÿííûìè ∆+ > 0, ∆− > 0, 1 ≤ κ+ ≤ 3, 1 ≤ κ− ≤ 3. Äëÿ
èñêîìîãî êîíôîðìíîãî îòîáðàæåíèÿ z(ζ) âûâîäèòñÿ ôîðìóëà, îáîáùàþùàÿ íà
äàííûé ñëó÷àé èçâåñòíûé èíòåãðàë Øâàðöà � Êðèñòîôôåëÿ

z(ζ) = a0

ζ∫
0

eiη
1
0π

ζ1−(η2
0−η1

0)

∏∞
k=1

(
1− ζ

t−k

)κ−k
∏∞

k=1

(
1− ζ

tk

)κk dζ,

è äîêàçûâàåòñÿ ñóùåñòâîâàíèå îäíîëèñòíûõ îòîáðàæåíèé ñðåäè ïîñòðîåííûõ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ôîíäà ÐÔÔÈ (ïðîåêò 14-01-

00351-à).
Ë È Ò Å Ð À Ò Ó Ð À
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Á.À. Êàö è Ä.Á. Êàö (Êàçàíñêèé Ôåäåðàëüíûé Óíèâåðñèòåò, Ðîññèÿ)
katsboris877@gmail.com

ÎÁ ÈÍÒÅÃÐÈÐÎÂÀÍÈÈ ÏÎ ÍÅÑÏÐßÌËßÅÌÛÌ ÊÐÈÂÛÌ
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Ïóñòü Γ åñòü ïðîñòàÿ (âîçìîæíî, çàìêíóòàÿ) êðèâàÿ íà êîìïëåêñíîé ïëîñêîñòè
C, à f(t) � çàäàííàÿ íà ýòîé êðèâîé ôóíêöèÿ. Åñëè êðèâàÿ Γ ñïðÿìëÿåìà, òî
êîíòóðíûé èíòåãðàë

∫
Γ

f(t)dt ïîðîæäàåò îáîáùåííóþ ôóíêöèþ

IΓ,f : ω ∈ C∞0 (C) 7→
∫
Γ

f(t)ω(t)dt.

Ïóñòü òåïåðü êðèâàÿ Γ íåñïðÿìëÿåìà, è ïîòîìó èíòåãðàë ïî íåé íåîïðåäåëåí. Ðàñ-
ñìîòðèì êàêîå-ëèáî ïðîäîëæåíèå F (z) ôóíêöèè f(t) íà âñþ êîìïëåêñíóþ ïëîñ-
êîñòü è êàêóþ-ëèáî ïîñëåäîâàòåëüíîñòü ñïðÿìëÿåìûõ êðèâûõ Γ1,Γ2,Γ3, . . . , ñõî-
äÿùóþñÿ â åñòåñòâåííîì ñìûñëå ê íåñïðÿìëÿåìîé êðèâîé Γ. Åñëè ñóùåñòâóåò ïðå-
äåë ïîñëåäîâàòåëüíîñòè îáîáùåííûõ ôóíêöèé

lim
n→∞
IΓn,F ≡ IΓ,f ,

òî åãî ìîæíî ñ÷èòàòü èíòåãðèðîâàíèåì ïî íåñïðÿìëÿåìîé êðèâîé Γ.
Â äîêëàäå óñòàíàâëèâàþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ ýòîãî ïðåäåëà è åãî íåçà-

âèñèìîñòè îò âûáîðà ïðîäîëæåíèÿ F è àïïðîêèìèðóþùåé ïîñëåäîâàòåëüíîñòè
ñïðÿìëÿåìûõ êðèâûõ {Γn}. Ýòè óñëîâèÿ óëó÷øàþò ðåçóëüòàòû ðàáîòû [1] â òåðìè-
íàõ ïîêàçàòåëåé Ìàðöèíêåâè÷à, ââåäåííûõ â ðàáîòå [2]. Èññëåäóåòñÿ òàêæå ñâåðò-
êà IΓ,f ñ ôóíêöèåé (πiz)−1, êîòîðóþ ìîæíî ðàññìàòðèâàòü êàê èíòåãðàë òèïà
Êîøè ïî íåñïðÿìëÿåìîé êðèâîé, è åå ïðèëîæåíèÿ â êðàåâûõ çàäà÷àõ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Abreu-Blaya R., Bory-Reyes J. and Kats B.A. Integration over non-recti�able curves and Riemann boundary value

problems. J. of Math. Anal. and Appl. 2011, V. 380, � 1, P. 177�187.

2. Êàö Ä.Á. Ïîêàçàòåëè Ìàðöèíêåâè÷à è èõ ïðèëîæåíèÿ â êðàåâûõ çàäà÷àõ. Èçâ. âóçîâ, Ìàòåì. 2014, � 3, Ñ. 68�71.

Ñ.Í. Êèÿñîâ (Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò,
Ðîññèÿ)

Sergey Kijasov@kpfu.ru
ÌÅÒÎÄ ÂÛÄÅËÅÍÈß ÊËÀÑÑÎÂ ÇÀÄÀ× ËÈÍÅÉÍÎÃÎ

ÑÎÏÐßÆÅÍÈß ÄËß ÒÐÅÕÌÅÐÍÎÃÎ ÂÅÊÒÎÐÀ,
ÐÀÇÐÅØÈÌÛÕ Â ÇÀÌÊÍÓÒÎÉ ÔÎÐÌÅ

Ïóñòü Γ � ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð, ðàçáèâàþùèé ïëîñêîñòü êîì-
ïëåêñíîãî ïåðåìåííîãî íà äâå îáëàñòè D+ è D− (0 ∈ D+, ∞ ∈ D−),
G(t) = ||gij(t)||, i, j = 1, 2, 3, detG(t) 6= 0 � H- íåïðåðûâíàÿ íà Γ ìàòðèöà-
ôóíêöèÿ òðåòüåãî ïîðÿäêà. Îäíîðîäíàÿ çàäà÷à ëèíåéíîãî ñîïðÿæåíèÿ äëÿ òðåõ-
ìåðíîãî âåêòîðà ñîñòîèò â îòûñêàíèè êóñî÷íî-ãîëîìîðôíîé ôóíêöèè w(z) =(
w1(z), w2(z), w3(z)

)
c H- íåïðåðûâíûìè íà Γ ïðåäåëüíûìè çíà÷åíèÿìè w±(t),
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ñâÿçàííûìè óñëîâèåì
w+(t) = G(t)w−(t) (2)

Çàäà÷å ëèíåéíîãî ñîïðÿæåíèÿ ñòàâèòñÿ â ñîîòâåòñòâèå ñèñòåìà äâóõ çàäà÷ äðîáíî-
ëèíåéíîãî ñîïðÿæåíèÿ

Φ+ =
g21 + g22Φ

− + g23Ψ
−

g11 + g12Φ− + g13Ψ−
, Ψ+ =

g31 + g32Φ
− + g33Ψ

−

g11 + g12Φ− + g13Ψ−
. (3)

Îïðåäåëåíèå 1. Êóñî÷íî-ìåðîìîðôíîå ðåøåíèå w(z) çàäà÷è (1) áóäåì íàçû-

âàòü ðåøåíèåì ñ òðîéêîé (λ1(t), λ2(t), λ3(t)), åñëè íà Γ w1+(t)/w1−(t) = λ1(t),
w2+(t)/w2−(t) = λ2(t), w

3+(t)/w3−(t) = λ3(t) (ìû ïîëàãàåì, ÷òî êîìïîíåíòà òðîé-
êè λk ðàâíà íóëþ, íåîãðàíè÷åíà èëè ÿâëÿåòñÿ íåîïðåäåëåííîé, åñëè ñîîòâåòñòâåí-
íî wk+(t) ≡ 0, wk−(t) ≡ 0, wk±(t) ≡ 0; k = 1, 2, 3, t ∈ Γ).
Îïðåäåëåíèå 2. Êóñî÷íî-ìåðîìîðôíîå ðåøåíèå (Φ(z),Ψ(z)) çàäà÷è (2) áóäåì

íàçûâàòü ðåøåíèåì ñ òðîéêîé (λ1(t), λ2(t), λ3(t)), åñëè íà Γ
g11(t) + g12(t)Φ

−(t) + g13Ψ
−(t) = λ1(t), g22(t) + g21(t)1/Φ

−(t) + g23(t)Ψ
−(t)/Φ−(t) =

λ2(t), g33(t) + g31(t)1/Ψ
−(t) + g32(t)Φ

−(t)/Ψ−(t) = λ3(t).
Ïîêàçàíî, ÷òî ïðè íàëè÷èè äâóõ êóñî÷íî-ìåðîìîðôíûõ ðåøåíèé çàäà÷è (1) èëè

çàäà÷è (2) ñ ðàçëè÷íûìè òðîéêàìè, âñå êóñî÷íî-ãîëîìîðôíûå ðåøåíèÿ çàäà÷è (1)
ìîãóò áûòü çàïèñàíû â çàìêíóòîé ôîðìå. Êëàññû òàêèõ çàäà÷, â ÷àñòíîñòè, âû-
äåëÿþòñÿ àïðèîðíûì òðåáîâàíèåì ñóùåñòâîâàíèÿ ðåøåíèÿ, äëÿ êîòîðîãî îäíà èç
êîìïîíåíò òðîéêè ðàöèîíàëüíàÿ ôóíêöèÿ ëèáî ôóíêöèÿ ìåðîìîðôíî ïðîäîëæè-
ìàÿ â îáëàñòü D+ èëè D−.

Ñ.Á. Êëèìåíòîâ (ÞÔÓ, ÞÌÈ ÂÍÖ ÐÀÍ, Ðîññèÿ)
sklimentov@hotmail.com

ÅÙÅ ÎÄÈÍ ÂÀÐÈÀÍÒ ÒÅÎÐÅÌÛ ÊÅËËÎÃÀ

Åñëè â êîìïëåêñíîé z-ïëîñêîñòè ïðîñòàÿ çàìêíóòàÿ êðèâàÿ L åñòü ðåãóëÿðíûé
ãîìåîìîðôíûé îáðàç îêðóæíîñòè Γt : L = {z : z = z(t) ≡ z(s) = x(s) + iy(s)}, t =
eis, z′(s) 6= 0, z(t) ∈ Ck

α(Γt), k ≥ 1, òî áóäåì ãîâîðèòü, ÷òî êðèâàÿ L ïðèíàäëåæèò
êëàññó Ck

α è ïèñàòü L ∈ Ck
α.

Îáîçíà÷èì W
k− 1

p
p (Γ) ìíîæåñòâî ãðàíè÷íûõ çíà÷åíèé (ñëåäîâ)

ôóíêöèé èç êëàññà W k
p (D). Åñëè ïðîñòàÿ çàìêíóòàÿ êðèâàÿ L åñòü ðåãóëÿð-

íûé ãîìåîìîðôíûé îáðàç îêðóæíîñòè Γt, ïîëó÷àåìûé êàê ãðàíè÷íûå çíà÷åíèÿ
ôóíêöèè êëàññà W k

p (D), k ≥ 2, p > 2, òî áóäåì ãîâîðèòü, ÷òî êðèâàÿ L

ïðèíàäëåæèò êëàññó W
k− 1

p
p è ïèñàòü L ∈ W k− 1

p
p .
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Ïóñòü îáëàñòü G îãðàíè÷åíà êðèâîé L ∈ Ck
α (W

k− 1
p

p ), òîãäà áóäåì ïèñàòü G ∈
Ck
α (W

k− 1
p

p ), è ãîâîðèòü, ÷òî îáëàñòü G ïðèíàäëåæèò ñîîòâåòñòâóþùåìó êëàññó.
Â êîìïëåêñíûõ ïëîñêîñòÿõ ïåðåìåííîé z è ïåðåìåííîé w ðàññìîòðèì äâå îãðà-

íè÷åííûå çàìêíóòûå îäíîñâÿçíûå îáëàñòè Dz è Gw ñ ãðàíèöàìè Γ è L ñîîòâåò-

ñòâåííî, êëàññà Ck+1
α , k = 0, 1, 2, . . ., 0 < α < 1, ëèáî êëàññàW

k+1− 1
p

p , k = 1, 2, . . .,
p > 2. Äàëåå îáîçíà÷àåì Dz = Dz ∪ Γ, Gw = Gw ∪L. Õîðîøî èçâåñòíî ñëåäóþùåå
óòâåðæäåíèå (òåîðåìà Êåëëîãà).
Òåîðåìà 1. Åñëè Φ = Φ(z) � îäíîëèñòíîå êîíôîðìíîå îòîáðàæåíèå îáëàñòè

Dz ∈ Ck+1
α íà îáëàñòü Gw ∈ Ck+1

α , òî Φ(z) ïðîäîëæàåòñÿ äî ãîìåîìîðôèçìà Dz

íà Gw, ïðè÷¼ì Φ(z) ∈ Ck+1
α (Dz), à îáðàòíîå îòîáðàæåíèå ïðèíàäëåæèò êëàññó

Ck+1
α (Gw).
Îñíîâíàÿ öåëü ïðåäëàãàåìîé ðàáîòû � äîêàçàòåëüñòâî ñëåäóþùåãî àíàëîãà òåî-

ðåìû 1.
Òåîðåìà 2. Åñëè Φ = Φ(z) � îäíîëèñòíîå êîíôîðìíîå îòîáðàæåíèå îáëàñòè

Dz ∈ W
k+1− 1

p
p , k ≥ 1, p > 2, íà îáëàñòü Gw ∈ W

k+1− 1
p

p , òî Φ(z) ïðîäîëæàåòñÿ
äî ãîìåîìîðôèçìà Dz íà Gw, ïðè÷¼ì Φ(z) ∈ W k+1

p (Dz), à îáðàòíîå îòîáðàæåíèå

ïðèíàäëåæèò êëàññó W k+1
p (Gw).

Î.Â. Êîòîâà (Äîíåöê, Óêðàèíà)
butkot83@mail.ru

Î ÏÐÈÁËÈÆÅÍÈÈ ÔÓÍÊÖÈÉ ÍÀ ÏÐßÌÎÉ ÖÅËÛÌÈ
ÔÓÍÊÖÈßÌÈ

ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÃÎ ÒÈÏÀ

Ïóñòü Wp,σ(R) � ìíîæåñòâî öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà íå âûøå
σ, ñóæåíèå êîòîðûõ íà R ïðèíàäëåæèò Lp(R), à

∆1
hf(x) = f(x)− f(x+ h), ωr(f, h)p = sup

0<δ≤h

∥∥∆r
δf(·)

∥∥
p
.

Â [1] íåêîòîðûå òåîðåìû èç [2] îáîáùåíû íà ëþáûå ôóíêöèè èç Lp(R), p ≥ 1,
íà åâêëèäîâîì ïðîñòðàíñòâå. Â ÷àñòíîñòè, ïðèâåäåíà

Òåîðåìà 1. Ïóñòü Gσ � ëèíåéíûé íåïðåðûâíûé îïåðàòîð Lp(R)→ Wp,σ(R) (p ≥
1). Äëÿ òîãî ÷òîáû ïðè íåêîòîðîì r ∈ N äëÿ âñåõ f ∈ Lp(R) è σ > 0 âûïîëíÿëîñü

‖f − Gσ(f)‖p ≤ c1(r)ωr

(
f ; 1

σ

)
p
íåîáõîäèìî è äîñòàòî÷íî: sup

σ
‖Gσ‖Lp→Lp < ∞,

‖g −Gσ(g)‖p ≤ c2(r)
σr

∥∥g(r)
∥∥
p
äëÿ ëþáîé ôóíêöèè g ∈ Wp,σ(R).

Èìååòñÿ ïîäîáíàÿ òåîðåìà îá îöåíêàõ ïðèáëèæåíèÿ ñíèçó.

Ïðèìåð. Ïðè p ∈ [1, 2] Sσ(f ;x) = 1
2π

σ∫
−σ
f̂(y)eixydy, Gσ(f) = Sσ(f)−β∆r

α
σ
Sσ(f),
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òîãäà ïðè α ∈ (0, 2π), β 6= 0 äëÿ âñåõ g ∈ Wp,σ, σ > 0, ‖g −Gσ(g)‖p � 1
σr

∥∥g(r)
∥∥
p
.

Ïðè p ∈ (1, 2], α ∈ (0, 2π), β 6= 0 äëÿ âñåõ f ∈ Lp(R) è σ > 0

‖f −Gσ(f)‖p � ωr

(
f ; ασ

)
p
.

Åñëè æå p = 1, òî îöåíêà ïðèáëèæåíèÿ ñâåðõó, êàê â òåîðåìå 1, èìååò ìåñòî
òîëüêî â ñëó÷àå eirα = (−1)r, β = (1− eiα)−r.
Êðîìå òîãî, â ïåðèîäè÷åñêîì ñëó÷àå íàéäåí òî÷íûé ïîðÿäîê ïðèáëèæåíèÿ ïî-

ëèíîìàìè Áåðíøòåéíà�Ñòå÷êèíà â [3,4], à â êðàòíîì ñëó÷àå � ñðåäíèìè Ìàðöèí-
êåâè÷à�Ðèññà.
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À.Í. Ìàðêîâñêèé (Êóáàíñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)
mark@kubsu.ru

ÄÈÑÊÐÅÒÍÎÅ ÐÀÂÍÎÂÅÑÈÅ È ÊÐÈÒÅÐÈÉ ÐÅÃÓËßÐÍÎÑÒÈ
ÏËÎÑÊÎÃÎ ÊÎÌÏÀÊÒÀ

Ðàññìàòðèâàåòñÿ çàäà÷à ýêñòðåìàëüíîãî ðàñïðåäåëåíèÿ òî÷å÷íûõ çàðÿäîâ íà
ïëîñêîì êîìïàêòå; âàðüèðóþòñÿ çàðÿäû è èõ èíòåíñèâíîñòè. Ðàñïðåäåëåíèÿì ñî-
îòâåòñòâóþò êîìïëåêñíûå ïðîèçâåäåíèÿ ñ íåàëãåáðàè÷åñêèìè îñîáåííîñòÿìè. Äî-
êàçûâàåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè òàêèõ ïðîèçâåäåíèé è
óñòàíàâëèâàåòñÿ ñâÿçü ñ ðàâíîâåñíîé ìåðîé, å¼ íîñèòåëåì è åìêîñòüþ êîìïàêòà, à
òàêæå ñ ôóíêöèåé Ãðèíà îáëàñòè ñîäåðæàùåé áåñêîíå÷íî óäàë¼ííóþ òî÷êó. Ïðè-
âîäèòñÿ äîñòàòî÷íîå óñëîâèå ðåãóëÿðíîñòè êîìïàêòà â òåðìèíàõ ðàññìàòðèâàåìîé
çàäà÷è.
Ðàññìîòðèì ôîðìàëüíûå êîìïëåêñíûå ïðîèçâåäåíèÿ

πn(z) :=
n∏
j=1

(z − zj)aj , (1)

ãäå zj � ðàçëè÷íûå òî÷êè íà C, à aj � äåéñòâèòåëüíûå ïîëîæèòåëüíûå ÷èñëà,
òàêèå ÷òî a1 + ...+ an = 1. Â ïðîèçâåäåíèÿõ áóäåì èìåòü ââèäó ãëàâíûå çíà÷åíèÿ
ìíîãîçíà÷íûõ ôóíêöèé.
Âàðèàöèîííàÿ çàäà÷à [1]. Ïóñòü çàäàí êîìïàêò K ñî ñâÿçíîé ãðàíèöåé ∂K.

Îáîçíà÷èì M1(K) � ìíîæåñòâî âñåâîçìîæíûõ ïðîèçâåäåíèé (1) ñ íóëÿìè íà K.
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Ââåäåì â M1(K) ðàâíîìåðíóþ íîðìó ‖π(z)‖K := maxz∈K |π(z)| è ðàññìîòðèì çà-
äà÷ó îòûñêàíèÿ â M1(K) ôóíêöèè, íàèìåíåå óêëîíÿþùåéñÿ îò íóëÿ íà K; çàäà÷à
àíàëîãè÷íà èçâåñòíîé çàäà÷å ×åáûøåâà [2] ñ òåì îòëè÷èåì, ÷òî ðåøåíèå èùåòñÿ â
áîëåå ¾øèðîêîì¿ êëàññå. Îáîçíà÷èì zr(π) � êîëè÷åñòâî íóëåé π.
Çàäà÷à Vn(K). Íàéòè

µn(K) = inf
{
‖π(z)‖K : π ∈M1(K), zr(π) 6 n

}
,

è ôóíêöèè íà êîòîðûõ ýòîò in�mum äîñòèãàåòñÿ.
Òåîðåìà 1. Ïóñòü K ⊂ C � êîìïàêò ñî ñâÿçíîé ãðàíèöåé, òîãäà äëÿ êàæäîãî

n ∈ N, ðåøåíèå çàäà÷è Vn(K) ñóùåñòâóåò è åäèíñòâåííî, åñëè µn(K) 6= 0.
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Ï.À. Ìàøàðîâ (Äîíåöêèé íàöèîíàëüíûé óíèâåðñèòåò, Äîíåöê,
Óêðàèíà)

pavelmasharov@gmail.com
ÐÀÄÈÓÑ ÏÎÌÏÅÉÞ ÄËß ÍÅÎÄÍÎÑÂßÇÍÎÃÎ ÌÍÎÆÅÑÒÂÀ

Ïóñòü Rn � âåùåñòâåííîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n > 2 ñ åâêëèäî-
âîé íîðìîé | · |, M(n) � ãðóïïà äâèæåíèé Rn, Mot(A,B) = {λ ∈M(n) : λA ⊂ B},
BR = {x ∈ Rn : |x| < R}. Êîìïàêòíîå ìíîæåñòâî A ⊂ Rn íàçûâàåòñÿ ìíîæåñòâîì
Ïîìïåéþ â B (áóäåì îáîçíà÷àòü ýòî A ∈ P(B)), åñëè âñÿêàÿ ëîêàëüíî ñóììèðó-
åìàÿ ôóíêöèÿ f : B → C, äëÿ êîòîðîé

∫
λA

f(x) dx = 0 äëÿ ëþáîãî λ ∈ Mot(A,B),

ðàâíà íóëþ ïî÷òè âñþäó â B. Êëàññè÷åñêàÿ ïðîáëåìà Ïîìïåéþ îá îïèñàíèè êëàñ-
ñà P(Rn) èçó÷àëàñü âî ìíîãèõ ðàáîòàõ, ñì. îáçîð [1] ñ îáøèðíîé áèáëèîãðàôèåé.
Èç ðåçóëüòàòà Âèëüÿìñà ([2]) ñëåäóåò, ÷òî åñëè ãðàíèöà ìíîæåñòâà A ëèïøèöåâà,
ãîìåîìîðôíà ñôåðå, íî íå âåùåñòâåííî àíàëèòè÷åñêàÿ, òî A ∈ P(Rn).
Åñëè æå íåêîòîðîå ìíîæåñòâî A ∈ P(Rn), òî âîçíèêàåò âîïðîñ, áóäåò ëè A ∈

P(BR) ïðè äîñòàòî÷íî áîëüøîì R? Â.Â. Âîë÷êîâ äîêàçàë, ÷òî ýòî òàê. Â ñâÿçè ñ
ýòèì â [3] ïîñòàâëåíà

Ïðîáëåìà. Äëÿ äàííîãî A íàéòè R(A) = inf{R > 0: A ∈ P(BR)}.
Ðÿä ðåçóëüòàòîâ, ñîäåðæàùèõ îöåíêè ñâåðõó äëÿ âåëè÷èíû R(A), ïîëó÷åíû

Ê.À. Áåðåíñòåéíîì è Ð. Ãýåì, ñì. [4]. Â [3], [5] ñîäåðæèòñÿ äîñòàòî÷íî ïîëíàÿ
èñòîðèÿ äàííîãî âîïðîñà è áëèçêèõ ê íåìó.
Ðàññìîòðèì Ka = {(x, y) ∈ R2 : |x| 6 a, |y| 6 a}, Ka,1 = K1 \Ka. Îñíîâíûì

ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1. Äëÿ êàæäîãî a ∈ (1/2; 1) R
(
Ka,1

)
=
√
a2 + 2a+ 2.
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5. Èâàíèñåíêî Í.Ñ., Ìàøàðîâ Ï.À. Ëîêàëüíûé âàðèàíò ïðîáëåìû Ïîìïåéþ äëÿ íåâûïóêëîãî ÷åòûðåõóãîëüíèêà.

Òðóäû ÈÏÌÌ ÍÀÍ Óêðàèíû. 2012. Ò. 25. Ñ. 15�22.

Î.À. Î÷àêîâñêàÿ (Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè,
Äîíåöê, Óêðàèíà)

valeriyvolchkov@gmail.com
ÔÓÍÊÖÈÈ Ñ ÍÓËÅÂÛÌÈ ØÀÐÎÂÛÌÈ ÑÐÅÄÍÈÌÈ

Ïóñòü G � ïîëóïðîñòðàíñòâî â Rn. Äëÿ r > 0 îáîçíà÷èì ÷åðåç Vr(G) ìíîæåñòâî
âñåõ ëîêàëüíî ñóììèðóåìûõ â G ôóíêöèé, èìåþùèõ íóëåâûå èíòåãðàëû ïî âñåì
çàìêíóòûì øàðàì ðàäèóñà r, ñîäåðæàùèìñÿ â G.

Òåîðåìà 1. Ïóñòü f ∈ Vr(G) è ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {Mq}∞q=0

ïîëîæèòåëüíûõ ÷èñåë òàêàÿ, ÷òî
∞∑
k=1

(
inf
q>k
M 1/q

q

)−1

= +∞

è äëÿ ïî÷òè âñåõ (ïî ìåðå Ëåáåãà) x ∈ G è âñåõ q ∈ Z+ âûïîëíåíî íåðàâåíñòâî

|f(x)| 6 Mq

1 + |x|q
.

Òîãäà f = 0.
Îòìåòèì, ÷òî óñëîâèå íà {Mq}∞q=0 â òåîðåìå 1 îñëàáèòü íåëüçÿ. Ñôîðìóëèðî-

âàííûé ðåçóëüòàò ÿâëÿåòñÿ àíàëîãîì èçâåñòíîé òåîðåìû Êàðëåìàíà äëÿ êëàññà
Vr(G).

J. S. Pashkova (Crimea Federal University, Russia)
pashkova.kromsh@gmail.com

O. S. Starkova (Crimea Federal University, Russia)
kisel.kromsh@gmail.com

COMPARISON OF ORLICZ-LORENTZ SPACES

The rearrangement invariant spaces ΛΦ,W , can be de�ned by

ΛΦ,W := {f ∈ L0 : IΦ,W (f/a) <∞ for some a > 0} ,
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with the norm
‖f‖ΛΦ,W

:= inf {a > 0: IΦ,W (f/a) ≤ 1} ,
where

IΦ,W (f) :=

∞∫
0

Φ(f ∗(x)) dW (x) , f ∈ L0.

The functions Φ and W is Orlicz and Lorentz functions consequently.
Theorem 1. Let Φ1 and Φ2 are Orlicz functions, W is Lorentz functions, the

functions ϕΛΦ1,W
and ϕΛΦ2,W

are fundamental functions of corresponding Orlicz-Lorentz
spaces ΛΦ1,W and ΛΦ2,W . Then the following conditions are equivalent:
(1). Φ1 � Φ2;
(2). ΛΦ1,W ⊆ ΛΦ2,W ;
(3). ‖ · ‖ΛΦ2,W

≤ c‖ · ‖ΛΦ1,W
for some c > 0;

(4). ϕΛΦ2,W
≤ cϕΛΦ1,W

for some c > 0;
(5). Φ2(x) ≤ Φ1(cx) for some c > 0 and for all x > 0.
Theorem 2. Let W1 and W2 are Lorentz functions and Φ is Orlicz function.
(1). If W2(x) ≤ cW1(x) for all x ≥ 0 and some c > 0, then ΛΦ,W1

⊆ ΛΦ,W2
;

(2). If the space ΛΦ,W1
is normally embedded in the space ΛΦ,W2

with embedded
constant c ≤ 1, òî W2(x) ≤ cW1(x) for all x ≥ 0.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÓÐÀÂÍÅÍÈß ÊÎØÈ-ÐÈÌÀÍÀ Â
ÏÐÎÅÊÒÈÂÍÛÕ ÂÅÑÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Â ðàáîòå ðàññìàòðèâàþòñÿ ïðîåêòèâíûå âåñîâûå ïðîñòðàíñòâà L∞Φ (C) è HΦ(C)
ñîîòâåòñòâåííî èçìåðèìûõ è öåëûõ ôóíêöèé f ñ ñèñòåìîé ðàâíîìåðíûõ âåñîâûõ
îöåíîê |f(z)| ≤ Cn,f e

ϕn(z), z ∈ C, n ∈ N. Èññëåäóåòñÿ âàæíûé ñ òî÷êè çðåíèÿ
ïðèëîæåíèé ñëó÷àé âåñîâîé ïîñëåäîâàòåëüíîñòè Φ = (ϕn)

∞
n=1, ñîñòîÿùåé èç ðàäè-

àëüíûõ è íåðàäèàëüíîé êîìïîíåíò ϕn(z) = un(|z|)+v(z), z ∈ C, n ∈ N. Ïðåäïîëà-
ãàåòñÿ, ÷òî U = (un)

∞
n=1 � íåâîçðàñòàþùàÿ ïî n ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ

íåóáûâàþùèõ ôóíêöèé un : [0,∞)→ R, ïðè÷åì 1) ôóíêöèè un(e
x), n ∈ N, âûïóê-

ëû íà [0,∞); 2) ñåìåéñòâî U ðàâíîìåðíî ρ-óñòîé÷èâî íà [0,∞); 3) ∀n ∈ N ∃Dn > 0:
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un+1(t) + ln 1+t2

ρ(t) ≤ un(t) +Dn, t ≥ 0. Äàëåå, ïóñòü v : C→ R � ïðîèçâîëüíàÿ ñóá-

ãàðìîíè÷åñêàÿ ρ-óñòîé÷èâàÿ ôóíêöèÿ â C. Çäåñü ρ = ρ(t) � ðåãóëÿðíàÿ ôóíêöèÿ
ðàññòîÿíèÿ. Îïðåäåëåíèÿ ðåãóëÿðíîé ôóíêöèè ðàññòîÿíèÿ, ρ-óñòîé÷èâîñòè, à òàê-
æå èñïîëüçóåìîå íèæå ïîíÿòèå ñëàáî ïðèâåäåííîãî ïðîåêòèâíîãî ïðåäåëà ìîæíî
íàéòè â [1].

Òåîðåìà 1. Ïðè ïåðå÷èñëåííûõ óñëîâèÿõ íà âåñîâóþ ïîñëåäîâàòåëüíîñòü Φ
ñïðàâåäëèâû óòâåðæäåíèÿ:
1) óðàâíåíèå Êîøè-Ðèìàíà ∂f

∂z = g ðàçðåøèìî â L∞Φ (C) ïðè ëþáîé ïðàâîé ÷àñòè
g ∈ L∞Φ (C);
2) ïðîåêòèâíûé ïðåäåë HΦ(C) ÿâëÿåòñÿ ñëàáî ïðèâåäåííûì.
Äîêàçàòåëüñòâî îñíîâàíî íà ïðèìåíåíèè àáñòðàêòíîãî êðèòåðèÿ èç [2] (ñì. òàê-

æå [3]).
Òåîðåìà 1 èìååò ïðèëîæåíèÿ ê îïèñàíèþ ìóëüòèïëèêàòîðîâ è ïîðîæäàþùèõ

ïðîåêòèâíûõ è èíäóêòèâíî-ïðîåêòèâíûõ âåñîâûõ ïðîñòðàíñòâ öåëûõ ôóíêöèé è
ê îïåðàòîðàì ñâåðòêè â ïðîñòðàíñòâàõ óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé Ðóìüå.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 14-01-31083).
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Î ÑÂÎÉÑÒÂÀÕ ÎÁÎÁÙÅÍÍÎÃÎ ÑÄÂÈÃÀ Â ÊËÀÑÑÅ
ËÎÊÀËÜÍÎ ÈÍÒÅÃÐÈÐÓÅÌÛÕ Ñ ÂÅÑÎÌ ÔÓÍÊÖÈÉ

Ïóñòü γ>0 è (T yf)(x) = C(γ)
∫ π

0 f(
√
x2+y2−2xy cosα) dα � îáîáùåííûé ñäâèã

f , ââåäåííûé À. Âàéíøòåéíîì è Æ.Äåëüñàðòîì, îïèñàííûé Á.Ì.Ëåâèòàíîì â ðà-
áîòå [1]. Íåêîòîðûå åãî ñâîéñòâà ïðèâåäåíû â [2]. Â ÷àñòíîñòè:
1)äëÿ ëþáûõ ëîêàëüíî èíòåãðèðóåìûõ ïî (−a, a) ñ âåñîì xγ ÷åòíûõ ôóíêöèé f

è g èìååò ìåñòî ðàâåíñòâî
a∫
0

(T yf)(x) g(x)|x|γ dx =
a+y∫
y

f(x) (T yg)(x)|x|γ dx, γ>0 .

2) ëåâàÿ ñâåðòêà ñ j-áåññåëåâûì ìíîãî÷ëåíîì (ìîæåò ïðåäñòàâëÿòü ñîáîé êî-
íå÷íûé îòðåçîê ðÿäà Äèíè, Ôóðüå-Áåññåëÿ èëè Øëåìèëüõà), áóäåò ñíîâà j-áåññå-
ëåâûé ìíîãî÷ëåí òîãî æå ïîðÿäêà è âèäà.
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Îïðåäåëåíèå. Ïóñòü q≥1, γ>0. Ìíîæåñòâî ÷åòíûõ ëîêàëüíî èíòåãðèðóå-
ìûõ ñ âåñîì xγ ôóíêöèé ñ êîíå÷íîé íîðìîé

‖f‖Sγl,q =
γ + 1

l2(p+1)

sup
x

l∫
0

T y|f(x)|q yγ dy

1/q

áóäåì îáîçíà÷àòü Sγl,q.
Ïðèâåäåííûå ñâîéñòâà, íàðÿäó ñî ñâîéñòâàìè îáîáùåííîãî ñäâèãà, îòêðûòûõ

Á.Ì. Ëåâèòàíîì, èñïîëçîâàëèñü äëÿ äîêàçàòåëüñòâà ñëåäóþùåãî óòâåðæäåíèÿ.
Òåîðåìà 1. Íîðìû ïðîñòðàíñòâà Spl,q, îòâå÷àþùèå ðàçíûì l, ýêâèâàëåíòíû

C1 ‖f‖Spl1,q ≤ ‖f‖S
p
l2,q
≤ C2 ‖f‖Spl1,q .
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Ð.Ì. Òðèãóá (Óêðàèíà,Èçðàèëü)
Î ÌÅÒÎÄÀÕ ÑÓÌÌÈÐÎÂÀÍÈß ÐßÄÎÂ È ÈÍÒÅÃÐÀËÎÂ ÔÓÐÜÅ

1. Ðàçíûå ìåòîäû ñóììèðîâàíèÿ è àáñîëþòíàÿ ñõîäèìîñòü èíòåãðàëîâ Ôóðüå.
Ñðàâíåíèå ñêîðîñòè ñõîäèìîñòè [1-3].
2. Òî÷íûé ïîðÿäîê ïðèáëèæåíèÿ (strong converse inequalities). Â ÷àñòíîñòè, äëÿ

êëàññè÷åñêèõ ìåòîäîâ Ãàóññà-Âåéåðøòðàññà, Áîõíåðà-Ðèññà, Ìàðöèíêåâè÷à-Ðèññà
è íåêëàññè÷åñêîãî ìåòîäà Áåðíøòåéíà-Ñòå÷êèíà [4].
3. Îáùèå äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè â òî÷êàõ, â êîòîðûõ ñóùåñòâóåò ïðî-

èçâîäíàÿ íåîïðåäåë¼ííîãî èíòåãðàëà îò ôóíêöèè (ïî÷òè âñþäó) [5].
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Îïåðàòîð êëàññè÷åñêèõ ñèíê-àïïðîêñèìàöèé ñòàâèò â ñîîòâåòñòâèå îïðåäåëåí-
íîé íà îòðåçêå [0, π] ôóíêöèè f , èíòåðïîëèðóþùóþ åå â óçëàõ xk,n = kπ/n öåëóþ
ôóíêöèþ

Ln(f, x) =
n∑
k=0

sin (nx− kπ)

nx− kπ
f
(kπ
n

)
=

n∑
k=0

(−1)k sinnx

nx− kπ
f
(kπ
n

)
Òåîðåìà 1. Ïóñòü ôóíêöèÿ f ∈ C[0, π]. Èç ñîîòíîøåíèÿ

lim
n→∞

max
0≤p≤n

∣∣[n−1
2 ]∑

m=0

‘
f(x2m+1,n)− f(x2m,n)

p− 2m

∣∣ = 0,

ãäqå øòðèõ ó ñóììû îçíà÷àåò îòñóòñòâèå ñëàãàåìîãî ñî çíàìåíàòåëåì, ðàâíûì
íóëþ, ñëåäóåò

lim
n→∞

Ln(f, x) = f(x) (1)

ðàâíîìåðíî âíóòðè èíòåðâàëà (0, π).
Åñëè, êðîìå òîãî, f(0) = f(π) = 0, òî ñõîäèìîñòü â (1) ðàâíîìåðíàÿ íà îòðåçêå

[0, π].
¾Ðàáîòà ïîäãîòîâëåíà â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáð-

íàóêè Ðîññèè (ïðîåêò � 1.1520.2014/K)¿.

À.Ô. ×óâåíêîâ (Ðîñòîâñêèé ãîñóäàðñòâåííûé ýêîíîìè÷åñêèé
óíèâåðñèòåò (ÐÈÍÕ), Ðîññèÿ)

chuvenkovaf@mail.ru
ÇÀÌÅÒÊÀ Î ÂÅÑÎÂÛÕ ÃÐÀÍÄ-ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÎÐËÈ×À

Ðàññìàòðèâàåòñÿ êëàññ èçìåðèìûõ ôóíêöèé f(x) íà ïðîèçâîëüíîì îòêðûòîì
ìíîæåñòâå Ω ⊂ Rn ñ íåîòðèöàòåëüíûì âåñîì ω(x)

KM(Ω, ω) =

{
f : ρ(f,M, ω) =

∫
Ω

M(|f(x)|)ω(x) dx <∞
}

è ïðîñòðàíñòâî Îðëè÷à LM(Ω, ω) ñ íîðìîé Êîëìîãîðîâà�Ëþêñåìáóðãà, ïîðîæäà-
åìûå ôóíêöèåé Þíãà M(u).
Îáîçíà÷èì ÷åðåç p = min{p0, p∞}, 1 < p 6∞, ãäå

p0 = lim
u→0

ϕM(u), p∞ = lim
u→∞

ϕM(u), ϕM(u) =
uM ′(u)

M(u)
.

Îïðåäåëÿåì âåñîâîå ãðàíä-ïðîñòðàíñòâî Îðëè÷à LaM)(Ω, ω) ñ äîïîëíèòåëüíûì ïî-
ëîæèòåëüíûì âåñîì a(x) ∈ KM(Ω, ω) ñëåäóþùèì îáðàçîì:

LaM)(Ω, ω) =

{
f : ρa(f,M, ω) ≡
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≡ sup
0<δ<1−1/p

[
ρ
(
f,M 1−δ, (pδ)1/pM δ(a)ω

)] 1
1−δ

<∞
}
.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò êëàññó Îðëè÷à
KM(Ω, ω), 1 < p 6 ∞, a � ïîëîæèòåëüíûé íåïðåðûâíûé íà Ω âåñ. ×òî-
áû áûëà ñïðàâåäëèâà îöåíêà ρa(f,M, ω) 6 cp,aρ(f,M, ω) ñ òî÷íîé êîíñòàíòîé
cp,a, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû a ∈ KM(Ω, ω). Ïðè p =∞ è ρ(a,M, ω) 6 1
èìååì cp,a = 1.
Äëÿ âåñîâûõ ãðàíä-ïðîñòðàíñòâ Îðëè÷à ñïðàâåäëèâà òåîðåìà âëîæåíèÿ äëÿ

ðàçíûõ âåñîâ.
Òåîðåìà 2. Ïóñòü 1 < p <∞. Åñëè

C = esssup
x∈Ω

[
M(b(x))

M(a(x))

]p−1

<∞,

òî ñïðàâåäëèâî âëîæåíèå LaM)(Ω, ω) ⊂ LbM)(Ω, ω) è îöåíêà
ρb(f,M, ω) 6 cρa(f,M, ω).
Â ñëó÷àå M(u) = up, p > 1, ïîëó÷àåì èçâåñòíûå óòâåðæäåíèÿ äëÿ ãðàíä-

ïðîñòðàíñòâ Ëåáåãà.
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Abdourahman,E. Djeutcha ,A. P. Yatchet (Department of mathematics,
Higher Teacher's Training College, Maroua)

abdoulshehou@yahoo.fr; djeutchaeric@yahoo.fr; yatchet2003@yahoo.fr
ON AN N-ORDER LINEAR SINGULAR DIFFERENTIAL EQUATION

IN THE SPACE OF GENERALIZED FUNCTION K' OVER K.

This work is dedicated to the investigation of the solvability of a linear di�erential
equations of the n-order with singularities and Dirac delta function (or it derivatives of
some order) in the right hand side. Namely we consider the equation of the following
kind

axpy(n) + bxqy(n−1) = δ(s)(x) , a, b ∈ R, p, q ∈ N, s ∈ N ∪ {0} , n ≥ 1 (1)

Equation (1) is studied in the space of generalized functions K'. The main particularity
of such equation is the fact that the homogeneous equation (1) beside classical solutions
may also admit centered at the point zero solutions and more their number when
q = p− 1 could be higher than the number min (q, p− 1)− 1.

S.M. Aizikovich, S. S. Volkov, A. S. Vasiliev (Don State Technical
University, Russia)

saizikovich@gmail.com
BILATERAL ASYMPTOTIC SOLUTION OF A CONTACT PROBLEM
ON INDENTATION OF A PARABOLIC PUNCH INTO AN ELASTIC
STRIP LYING ON AN ELASTIC HOMOGENEOUS HALF-PLANE

We extend application of bilateral asymptotic method of solution of a class of
dual integral equations (IEs). This class of equations arises in contact problems for
inhomogeneous by depth elastic half-space and half-plane. Basis of the method is
that transform of kernel of IE for arbitrary elastic modulus inhomogeneity in a strip
is construted numerically and then approximated by expressions of a special kind.
Substituting this approximation to the initial dual integral equation and using opera-
tional calculus, an analytical solution of the equation can be derived. It is proven that
the constructed solution is asymptotically exact both for large and small values of
characteristic geometric parameter (which is ratio of the strip thickness to a half of the
contact area radius) [1].
For the �rst time, this method is used to construct the solution of a contact problem

on the indentation of a parabolic punch into a inhomogeneous elastic strip lying on a
homogeneous elastic half-plane. Numerical examples are given for a rigid and for a soft
strip, where rigidity/softness refer to signi�cant di�erence between elastic modulus
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of the strip and the half-plane on their interface. In particular, solution has been
constructed for a case of 100x di�erence.
This research was supported by RFBR grants 13-08-01435-a, 14-07-00705-a, 15-

07-05820-a. Aizikovich S.M. acknowledges support of the Ministry of Education and
Sciences of Russia in the framework of the Government Assignment. Volkov S. S. was
supported by the scholarship of the President of Russia no. SP-3708.2015.1.
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ÌÅÒÎÄ ÔÓÍÊÖÈÎÍÀËÎÂ ËßÏÓÍÎÂÀ Â ÇÀÄÀ×Å ÎÁ
ÓÑÒÎÉ×ÈÂÎÑÒÈ ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ

Èññëåäóåòñÿ çàäà÷à î ïðèìåíåíèè ôóíêöèîíàëà Ëÿïóíîâà â çàäà÷å î ïðåäåëü-
íîì ïîâåäåíèè ðåøåíèé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ áåñêî-
íå÷íûì è íåîãðàíè÷åííûì çàïàçäûâàíèåì.
Ïóñòü B åñòü ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé ϕ : (−∞, 0]→ Rn ñ ñèñòåìîé

ïîëóíîðì ‖ϕ‖n = sup(|ϕ(s)|,−h ≤ s ≤ 0) è ñîîòâåòñòâóþùåé ìåòðèêîé. Ðàññìàò-
ðèâàåòñÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

ẋ(t) = f(t, xt) (1)

ãäå f : R+ × B → Rn åñòü íåïðåðûâíîå îòîáðàæåíèå, òàêîå, ÷òî äëÿ êàæäîãî
ϕ ∈ B ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå (1) x = x(t, α, ϕ) ñ íà÷àëüíîé òî÷êîé
(α, ϕ) ∈ R+ ×B, xα(α, ϕ) = ϕ.

Îïðåäåëÿþòñÿ óñëîâèÿ, ïðè êîòîðûõ ñåìåéñòâî ñäâèãîâ ïðàâîé ÷àñòè (1) {fτ =
f(t+τ, ϕ)} ïðåäêîìïàêòíî â íåêîòîðîì ïðîñòðàíñòâå ôóíêöèé F : R×B → Rn. Ñî-
îòâåòñòâåííî, äëÿ óðàâíåíèÿ (1) ââîäÿòñÿ ïðåäåëüíûå óðàâíåíèÿ. Âûâîäèòñÿ îïðå-
äåëÿåìîå ïðåäåëüíûìè óðàâíåíèÿìè ñâîéñòâî êâàçèèíâàðèàíòíîñòè ïîëîæèòåëü-
íîãî ïðåäåëüíîãî ìíîæåñòâà îãðàíè÷åííîãî ðåøåíèÿ (1). Ïðåäñòàâëåíû ðåçóëü-
òàòû ïî èññëåäîâàíèþ ïðåäåëüíîãî ïîâåäåíèÿ ðåøåíèé, àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè è íåóñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ (1) ïðè ñóùåñòâîâàíèè ôóíêöèîíàëà
Ëÿïóíîâà V = V (t, ϕ) ñ ïðîèçâîäíîé V̇ +(t, ϕ). Ïîëó÷åííûå ðåçóëüòàòû ðàçâèâàþò
è äîïîëíÿþò ðåçóëüòàòû ðàáîò [1�3].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-08482).
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ÑÏÅÊÒÐÀËÜÍÛÅ ÑÂÎÉÑÒÂÀ ÎÄÍÎÉ ÄÂÓÌÅÐÍÎÉ ÊÐÀÅÂÎÉ
ÇÀÄÀ×È Ñ ÏÎÂÅÐÕÍÎÑÒÍÎÉ ÄÈÑÑÈÏÀÖÈÅÉ ÝÍÅÐÃÈÈ

Â ïðîèçâîëüíîé îáëàñòè Ω ⊂ Rm ñ ëèïøèöåâîé ãðàíèöåé ∂Ω = Γ ∪ S ðàññìàò-
ðèâàåòñÿ ñïåêòðàëüíàÿ êðàåâàÿ çàäà÷à

∆u− λ2u = 0 (â Ω),
∂u

∂n
− αλu = 0 (íà Γ), u = 0 (íà S). (1)

×èñëî α > 0 ìîäåëèðóåò èíòåíñèâíîñòü ïîâåðõíîñòíîé äèññèïàöèè ýíåðãèè äè-
íàìè÷åñêîé ñèñòåìû. Íå ñëîæíî äîêàçàòü, ÷òî ïðè α = 0 (à òàêæå ïðè α = ∞)
ñïåêòð çàäà÷è äèñêðåòåí è ðàñïîëîæåí íà ìíèìîé îñè. Åñëè æå α > 0, òî ñïåêòð
ìèãðèðóåò â ïðàâóþ êîìïëåêñíóþ ïîëóïëîñêîñòü ñèììåòðè÷íî âåùåñòâåííîé îñè.
Ñ ïîìîùüþ èññëåäîâàíèÿ ñîîòâåòñòâóþùåãî îïåðàòîðíîãî ïó÷êà íà îñíîâå îäíîãî
ðåçóëüòàòà Ò.ß. Àçèçîâà â [1] óñòàíîâëåíà äèñêðåòíîñòü ñïåêòðà (âñå ñîáñòâåííûå
çíà÷åíèÿ êîíå÷íîêðàòíûå, èçîëèðîâàííûå ñ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé íà
áåñêîíå÷íîñòè) â îáëàñòÿõ ðàçìåðíîñòè m ≥ 2. Åñëè m = 1, òî äèñêðåòíîñòü
ñïåêòðà èìååò ìåñòî äëÿ âñåõ α 6= 1. Íàïðèìåð, åñëè Ω = [0; 1], òî ñîáñòâåííûå
çíà÷åíèÿ ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ cthλ = α, íå èìåþùåãî êîíå÷íûõ ðåøåíèé
ïðè α = 1 (îíè ëåæàò íà ïðÿìîé Reλ = 1

2 ln 1+α
|1−α|).

Â ñëó÷àå ïðÿìîóãîëüíîé äâóìåðíîé îáëàñòè Ω := {(x, y) : 0 < x < π, 0 < y <

1} ⊂ R2 ñ Γ := {(x, 1) : 0 < x < π} è S := ∂Ω\Γ ñîáñòâåííûå çíà÷åíèÿ íàõîäÿòñÿ
êàê ðåøåíèÿ ñåðèè õàðàêòåðèñòè÷åñêèõ óðàâíåíèé cth

√
λ2 + n2 = αλ√

λ2+n2
, n =

0, 1, 2, . . . . Äîêàçàíî, ÷òî ïðè êàæäîì ôèêñèðîâàííîì n è α 6= 1 èìååòñÿ âåòâü
ñîáñòâåííûõ çíà÷åíèé λnk, àñèìïòîòè÷åñêè áëèçêàÿ ê êîðíÿì óðàâíåíèÿ cthλ =
α. Åñëè α = 1, òî ïðè êàæäîì n > 0 èìååòñÿ âåòâü àñèìïòîòè÷åñêè áëèçêàÿ ê
íåêîòîðîé ýêñïîíåíöèàëüíîé ôóíêöèè Imλ = ±anbReλ

n , an, bn > 0. Ýòîò ñëó÷àé
ñîîòâåòñòâóåò çàäà÷å Ðåäæå áåç ïîòåíöèàëà, ñì., íàïðèìåð, [2].
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ÄÅÔÅÊÒÍÛÅ ×ÈÑËÀ ÇÀÄÀ×È ÄÈÐÈÕËÅ ÄËß ÎÄÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

Ïóñòü G - åäèíè÷íûé êðóã êîìïëåêñíîé ïëîñêîñòè ñ ãðàíèöåé Γ. Â ðàáîòå â
îáëàñòè G ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Äèðèõëå
Çàäà÷à D. Îïðåäåëèòü ðåøåíèå óðàâíåíèÿ(

∂

∂y
− λ1

∂

∂x

)n(
∂

∂y
− λ2

∂

∂x

)n
u = 0,

èç êëàññà Cn(G)
⋂
C(n−1,α)(G

⋃
Γ), óäîâëåòâîðÿþùåå íà Γ óñëîâèÿì Äèðèõëå

∂ku

∂rk

∣∣∣∣
Γ

= fk(x, y),

k = 0, 1, . . . , n− 1, (x, y) ∈ Γ.
Çäåñü λj 6= i (j = 0, 1) òàêèå êîìïëåêñíûå ÷èñëà, ÷òî =λ1 > 0 > =λ2 (ïðàâèëüíî

ýëëèïòè÷åñêîå óðàâíåíèå), fk (k = 0, . . . , n−1) çàäàííûå íà Γ ôóíêöèè, òàêèå, ÷òî
fk ∈ C(n−1−k,α)(Γ), ∂

∂r ïðîèçâîäíàÿ ïî íàïðàâëåíèþ ðàäèóñ-âåêòîðà êîìïëåêñíîãî
÷èñëà (z = reiϕ). Äîêàçàíî ñëåäóþùåå ïðåäëîæåíèå.
Òåîðåìà. Ïóñòü µ = i−λ1

i+λ1
, ν = i+λ2

i−λ2
, z = µν. Òîãäà çàäà÷à D îäíîçíà÷íî ðàçðå-

øèìà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ

det Ωk ≡ det(Skn(1)− Skn(z)) 6= 0, k = n+ 1, n+ 2, . . . ,

ãäå ìàòðèöà Sn(z) ïîðÿäêà n îïðåäåëÿåòñÿ ïî ôîðìóëå

Sn(z) =


0 1 0 . . . 0
0 0 1 . . . 0
0 0 0 . . . 0
. . . . . . . . . . . . . . .
a0(z) a1(z) a2(z) . . . an−1(z)


ãäå ak(z) = (−1)n−k+1Cn−k

n zn−k. Åñëè ýòî óñëîâèå íàðóøàåòñÿ ïðè íåêîòîðîì k,
òî ñîîòâåòñòâóþùàÿ îäíîðîäíàÿ çàäà÷à èìååò íåíóëåâîå ðåøåíèå, à äëÿ ðàçðåøè-
ìîñòè íåîäíîðîäíîé çàäà÷è íåîáõîäèìî îäíî ëèíåéíî íåçàâèñèìîå óñëîâèå. Òà-
êèì îáðàçîì, äåôåêòíûå ÷èñëà çàäà÷è ðàâíû êîëè÷åñòâó íîìåðîâ ïðè êîòîðûõ
det Ωk = 0.



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 95

Ðàññìîòðåíû òàêæå ñëó÷àè íåïðàâèëüíî ýëëèïòè÷åñêîãî è íåýëëèïòè÷åñêîãî
óðàâíåíèÿ.

Ï.Â. Áàáè÷, Â.Á Ëåâåíøòàì (ÞÔÓ, ÞÌÈ ÂÍÖ ÐÀÍ è ÐÑÎ-À ,
Ðîññèÿ)
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

Ñ ÂÛÑÎÊÎ×ÀÑÒÎÒÍÛÌ ÈÑÒÎ×ÍÈÊÎÌ

Â äîêëàäå ðàññìàòðèâàåòñÿ ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè â ïðÿìîóãîëüíèêå ñ áûñòðî îñöèëëèðóþùèì ïî âðåìåíè èñòî÷íèêîì
âèäà f(x)r(t, ωt), ω � 1. Íàìè ðåøåíû äâå çàäà÷è � ïðÿìàÿ è îáðàòíàÿ. Ïðÿ-
ìàÿ ñîñòîèò â ïîñòðîåíèè è îáîñíîâàíèè àñèìïòîòèêè ðåøåíèÿ uω(x, t) çàäà÷è
ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ î ôóíêöèÿõ f(x) è r(t, τ). Îáðàòíàÿ çàäà÷à
çàêëþ÷àåòñÿ â íàõîæäåíèè ôóíêöèè r(t, τ), êîãäà èçâåñòíû ôóíêöèÿ f(x) è çíà-
÷åíèÿ äâó÷ëåíîé àñèìïòîòèêè ïðè ω → ∞ ðåøåíèÿ uω(x, t) â òî÷êå x0 ∈ (0, π),
â êîòîðîé f(x) 6= 0. Îòìåòèì, ÷òî àíàëîãè÷íàÿ îáðàòíàÿ çàäà÷à, íî áåç âûñîêî-
÷àñòîòíîãî ïàðàìåòðà è ñîâåðøåííî â èíîì êîíòåêñòå ðàññìàòðèâàëàñü â ðàáîòå
[1].
Èíòåðåñ àâòîðîâ ê äàííîé çàäà÷å ñâÿçàí ñ òåì îáñòîÿòåëüñòâîì, ÷òî çäåñü ïî

äâóì ïåðâûì ÷ëåíàì àñèìïòîòèêè ôóíêöèè uω(x, t) îäíîçíà÷íî âîññòàíàâëèâà-
åòñÿ âñÿ ôóíêöèÿ r(t, τ), ò.å. âåñü èñòî÷íèê. Ðåçóëüòàò äàííîé ðàáîòû íåòðóäíî
ïåðåíåñòè íà ìíîãîìåðíûé ñëó÷àé (x ïðèíàäëåæèò îãðàíè÷åííîé îáëàñòè â Rn).
Ìû ðàññìàòðèâàåì çäåñü ñëó÷àé n = 1 ðàäè ïðîñòîòû è íàãëÿäíîñòè.
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ñòàðøåé ïðîèçâîäíîé. ÆÂÌèÌÔ, 2013. Ò. 53, � 5. C. 744-752.

Æ.À. Áàëêèçîâ (ÔÃÁÍÓ ÈÏÌÀ, Ðîññèÿ, ã. Íàëü÷èê)
Giraslan@yandex.ru

ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÂÛÐÎÆÄÀÞÙÅÃÎÑß ÂÍÓÒÐÈ
ÎÁËÀÑÒÈ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Íà åâêëèäîâîé ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ x è y ðàññìîòðèì óðàâíåíèå

0 =

{
(−y)m uxx − uyy + a (−y)(m−2)/2 ux, y < 0,

ynuxx − uyy + b y(n−2)/2 ux, y > 0,
(1)

ãäå a, b, m, n = const, m > 0, n > 0.
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×åðåç Ω1 îáîçíà÷èì îáëàñòü, îãðàíè÷åííóþ õàðàêòåðèñòèêàìè AC1 è C1B
óðàâíåíèÿ (1) ïðè y < 0, âûõîäÿùèìè èç òî÷åê A = (0, 0), B = (r, 0) è ïåðåñå-
êàþùèåñÿ â òî÷êå C1 = (r/2, y1), à ÷åðåç Ω2 � îáëàñòü, îãðàíè÷åííóþ õàðàêòå-
ðèñòèêàìè AC2 è C2B óðàâíåíèÿ (1) ïðè y > 0, âûõîäÿùèìè èç òî÷åê A è B,
ïåðåñåêàþùèåñÿ â òî÷êå C2 = (r/2, y2); y1 < 0, y2 > 0; Ω = Ω1 ∪ Ω2 ∪ J , ãäå
J = {(x, 0) : 0 < x < r} � èíòåðâàë AB ïðÿìîé y = 0.

Ðåãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u = u(x, y)
èç êëàññà C(Ω)∩C1(Ω)∩C2(Ω1∪Ω2), ïðè÷åì ux, uy ∈ L(J), ïîäñòàíîâêà êîòîðîé
îáðàùàåò óðàâíåíèå (1) â òîæäåñòâî.
Â ðàáîòå èññëåäîâàíà
Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùåå óñëîâèÿì

u(x, y) = ψi(x) ∀ (x, y) ∈ ACi, i = 1, 2, (2)

ãäå ψ1(x), ψ2(x) çàäàííûå ôóíêöèè èç êëàññà C1[0, r/2], ïðè÷åì ψ1(0) = ψ2(0).
Äîêàçàíà

Òåîðåìà 1. Ïóñòü |a| ≤ m
2 è |b| ≤ n

2 , ïðè÷åì (2a+m)2 + (2b+ n)2 6= 0. Òîãäà
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è 1.

Î.È. Áæåóìèõîâà, Â.Í. Ëåñåâ (Êàáàðäèíî-Áàëêàðñêèé
ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

di�@kbsu.ru
Î ÊËÀÑÑÈ×ÅÑÊÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÓÐÀÂÍÅÍÈß

ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ Ñ
ÈÍÂÎËÞÒÈÂÍÛÌ ÎÒÊËÎÍÅÍÈÅÌ ÀÐÃÓÌÅÍÒÀ

Ïðîöåññ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ïðè ðåøåíèè íàó÷íûõ è èíæå-
íåðíûõ çàäà÷ ÷àñòî ïðèâîäèò ê íåîáõîäèìîñòè èñïîëüçîâàíèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì (íàïðèìåð, [1]-[4]).
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà êëàññè÷åñêîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ âòî-

ðîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ ñ èíâîëþòèâíûì îòêëîíåíèåì àðãóìåíòà â
ïðÿìîóãîëüíîé îáëàñòè.
Ïóñòü Ω = {(x, t) : −x0 < x < x0, 0 < t < t0} � îäíîñâÿçíàÿ îáëàñòü åâêëèäîâîé

ïëîñêîñòè R2 òî÷åê (x, t).
Â îáëàñòè Ω ðàññìîòðèì óðàâíåíèå

Lu ≡ uxx(x, t) + utt(x, t) + u(−x, t) = 0, (3)

Äëÿ óðàâíåíèÿ (3) â îáëàñòè Ω èññëåäîâàíà ñëåäóþùàÿ
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Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u (x, t) óðàâíåíèÿ (3) èç êëàññà
C1
(
Ω̄
)⋂

C4,2
x,t (Ω), óäîâëåòâîðÿþùåå óñëîâèÿì

ux (−x0, t) = ϕ1 (t) , ux (x0, t) = ϕ2 (t) ,

ut (x, 0) = ϕ3 (x) , ut (x, t0) = ϕ4 (x) ,
(4)

ãäå ϕi
(
i = 1, 4

)
� çàäàííûå, äîñòàòî÷íî ãëàäêèå ôóíêöèè.

Ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðå-
øåíèÿ çàäà÷è (3), (4), ÿâíûé âèä êîòîðîãî íàéäåí â âèäå ðàâíîìåðíî ñõîäÿùèõñÿ
òðèãîíîìåòðè÷åñêèõ ðÿäîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ïðàñîëîâ À.Â. Äèíàìè÷åñêèå ìîäåëè ñ çàïàçäûâàíèåì è èõ ïðèëîæåíèÿ â ýêîíîìèêå è èíæåíåðèè. Ëàíü. 2010.
2. Huang G., Takeuchi Y., Ma W. Lyapunov functionals for delay di�erential equations model of viral infection. SIAM

Journal on Applied Mathematics. 2010. Vol. 70, no. 7. P. 2693�2708.
3. Obaid M.A. Global analysis of a virus infection model with multitarget cells and distributed intracellular delays. Life Sci

J. 2012. Vol. 9, no 4. P. 1500�1508.

4. Smith H. An Introduction to Delay Di�erential Equations with Applications to the Life Sciences. Springer. 2011.

À.Â. Áðàòèùåâ (ÄÃÒÓ, Ðîññèÿ)
avbratishchev@spark-mail.ru

ÓÑËÎÂÈÅ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÍÓËÜÌÅÐÍÎÃÎ ÌÍÎÃÎÎÁÐÀÇÈß
ÏÐÈ ÑÈÍÅÐÃÅÒÈ×ÅÑÊÎÌ ÓÏÐÀÂËÅÍÈÈ

Ïóñòü ñèñòåìà óïðàâëåíèÿ îïèñûâàåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ âèäà
x′1 = f1(x1, x2)

x′2 = f2(x1, x2) + ax3

x′3 = f3(x1, x2, x3) + u.

Òàêîé ÿâëÿåòñÿ, íàïðèìåð, ñèñòåìà Ðîññëåðà. Ñîãëàñíî ìåòîäó àíàëèòè÷åñêîãî
êîíñòðóèðîâàíèÿ íåëèíåéíûõ ðåãóëÿòîðîâ [1] ñèíòåç ñêàëÿðíîãî óïðàâëåíèÿ ïî
ñòÿãèâàíèþ òðàåêòîðèé ñèñòåìû â òî÷êó (0-ìåðíîå ìíîãîîáðàçèå) îñóùåñòâëÿåòñÿ
ïîñëåäîâàòåëüíûì ââåäåíèåì 2-ìåðíîãî èíâàðèàíòíîãî ïðèòÿãèâàþùåãî ìíîãîîá-
ðàçèÿ ψ1(x1, x2, x3) = a1x1 + a2x2 + x3 + ϕ1(x1, x2) = 0 è 1-ìåðíîãî èíâàðèàíòíîãî
ïðèòÿãèâàþùåãî ìíîãîîáðàçèÿ ψ2(x1, x2) = βx1 + x2 + ϕ2(x1) = 0 ñ óñëîâèåì
Tiψ

′
tt + ψi ≡ 0, i = 1, 2. Òî÷êà ñòÿãèâàíèÿ (x0

1, x
0
2, x

0
3) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû

óðàâíåíèé 
f1(x1, x2) = 0

βx1 + x2 + ϕ(x1) = 0

α1x1 + α2x2 + x3 + ϕ1(x1, x2) = 0.



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 98

Òîãäà óñëîâèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ýòîé òî÷êè èìååò âèä
1

T
+ a

(
α2 +

∂ϕ1

∂x2
(x0

1, x
0
2)

)
f1(x1, x2) > 0

− ∂f1

∂x1
(x0

1, x
0
2) + a

(
β +

dϕ2

dx1
(x0

1)

)
∂f2

∂x2
(x0

1, x
0
2) > 0.

Åñëè õîòÿ áû îäèí èç çíàêîâ íåðàâåíñòâà ïðîòèâîïîëîæíûé, òî (x0
1, x

0
2, x

0
3) íå

ÿâëÿåòñÿ òî÷êîé ïðèòÿæåíèÿ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Êîëåñíèêîâ À.À. Ñèíåðãåòè÷åñêèå ìåòîäû óïðàâëåíèÿ ñëîæíûìè ñèñòåìàìè. Òåîðèÿ ñèñòåìíîãî ñèíòåçà. Ì.: Êî-

ìÊíèãà, 2006, 240 ñ.

À.Î. Âàòóëüÿí, À.Â. Ìîðãóíîâà, Â.Î. Þðîâ (Þæíûé ôåäåðàëüíûé
óíèâåðñèòåò, Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

Ðîññèÿ)
vatulyan@math.rsu.ru, annmorgan2077@gmail.com,

vitja.jurov@yandex.ru
ÈÑÑËÅÄÎÂÀÍÈÅ ÑÏÅÊÒÐÀËÜÍÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ
ÍÅÎÄÍÎÐÎÄÍÛÕ ÖÈËÈÍÄÐÈ×ÅÑÊÈÕ ÂÎËÍÎÂÎÄÎÂ

Ñ åäèíûõ ïîçèöèé èññëåäîâàíû ñïåêòðàëüíûå çàäà÷è äëÿ îïåðàòîðà òåîðèè
óïðóãîñòè ñ ïåðåìåííûìè êîýôôèöèåíòàìè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäè-
íàò. Ê òàêèì çàäà÷àì ñâîäÿòñÿ ïðîáëåìû ðàñïðîñòðàíåíèÿ íîðìàëüíûõ âîëí â
öèëèíäðè÷åñêèõ âîëíîâîäàõ, â êîòîðûõ óïðóãèå õàðàêòåðèñòèêè (èçîòðîïíûé è
òðàíñâåðñàëüíî-èçîòðîïíûé ñëó÷àé) çàâèñÿò îò ðàäèàëüíîé êîîðäèíàòû èëè ïðè
íàëè÷èè íåîäíîðîäíîãî ïîëÿ ïðåäâàðèòåëüíûõ íàïðÿæåíèé.
Ðàññìàòðèâàåìûå çàäà÷è ñâåäåíû ê èññëåäîâàíèþ îïåðàòîðíîãî ñïåêòðàëüíî-

ãî ïó÷êà ñ äâóìÿ ñïåêòðàëüíûìè ïàðàìåòðàìè, ïîðîæäåííîãî êàíîíè÷åñêîé ñè-
ñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè. Îòûñêèâàþòñÿ íåòðèâèàëüíûå ðåøåíèÿ ýòîé ñèñòåìû, âîçíèêàþùèå
ïðè íåêîòîðûõ ñî÷åòàíèÿõ ñïåêòðàëüíûõ ïàðàìåòðîâ, îáðàçóþùèõ äèñïåðñèîííîå
ìíîæåñòâî.
Íà îñíîâå ÷èñëåííîãî è àñèìïòîòè÷åñêîãî àíàëèçà îñóùåñòâëåíî èçó÷åíèå

ñòðóêòóðû äèñïåðñèîííîãî ìíîæåñòâà. Ïîêàçàíî, ÷òî ïðè ëþáûõ çàêîíàõ íåîä-
íîðîäíîñòè åãî âåùåñòâåííàÿ êîìïîíåíòà îáðàçîâàíà ãëàäêèìè êðèâûìè, ñîñòî-
ÿùèìè èç ñòåðæíåâîé ìîäû (â äëèííîâîëíîâîì ïðèáëèæåíèè) è äâóõ ñåìåéñòâ
äèñïåðñèîííûõ êðèâûõ, îòëè÷àþùèõñÿ êèíåìàòèêîé ðàñïðîñòðàíåíèÿ âîëí. Íà
îñíîâå àñèìïòîòè÷åñêîãî àíàëèçà ïðè ïðîèçâîëüíîì çàêîíå íåîäíîðîäíîñòè ïî-
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ñòðîåíî ðåøåíèå äëÿ ñòåðæíåâîé ìîäû. Ïîëó÷åíû ôîðìóëû, îòðàæàþùèå èçìå-
íåíèå äèñïåðñèîííîé êàðòèíû â îêðåñòíîñòè ðåçîíàíñîâ ïåðâîãî è âòîðîãî òèïà.
Íà îñíîâå ìåòîäà ïðèñòðåëêè ïîñòðîåíû äèñïåðñèîííûå êðèâûå äëÿ ðàçëè÷-

íûõ çàêîíîâ íåîäíîðîäíîñòè è ðàçëè÷íûõ òèïîâ ïðåäâàðèòåëüíîãî íàïðÿæåííîãî
ñîñòîÿíèÿ (ðàñòÿæåíèå, ðàçäóâàíèå, äèñòîðñèÿ).
Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ çàêîíîâ íåîä-

íîðîäíîñòåé è ðàçëè÷íûõ ÷àñòîòíûõ äèàïàçîíîâ, ïîçâîëèâøàÿ îïðåäåëèòü ó÷àñò-
êè àíîìàëüíîé äèñïåðñèè, óñòàíîâèòü ñòåïåíü âëèÿíèÿ ïðåäâàðèòåëüíûõ íàïðÿ-
æåíèé íà ñòðóêòóðó êîìïîíåíò äèñïåðñèîííîãî ìíîæåñòâà è èçìåíåíèå ñêîðîñòåé
ðàñïðîñòðàíÿþùèõñÿ ìîä.

Ñ.Ñ. Âèõàðåâ (Âîëãîãðàäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
vhr1987@mail.ru

ÒÅÎÐÅÌÀ ÒÈÏÀ ËÈÓÂÈËËß ÄËß ÑÒÀÖÈÎÍÀÐÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÃÈÍÇÁÓÐÃÀ-ËÀÍÄÀÓ ÍÀ ÊÂÀÇÈÌÎÄÅËÜÍÛÕ

ÐÈÌÀÍÎÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ.

Ðàáîòà ïîñâÿùåíà âîïðîñàì ñóùåñòâîâàíèÿ ïîëîæèòåëüíûõ ðåøåíèé óðàâíåíèÿ
Ãèíçáóðãà-Ëàíäàó íà êâàçèìîäåëüíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ. Îïèøåì èõ ïî-
äðîáíåå.
Ïóñòü ðèìàíîâî ìíîãîîáðàçèå M èçîìåòðè÷íî ïðÿìîìó ïðîèçâåäåíèþ R+ ×

S1 × S2 × ... × Sk (ãäå R+ = (0,+∞), à Si, i = 1, ..., k � êîìïàêòíûå ðèìàíîâû
ìíîãîîáðàçèÿ áåç êðàÿ) ñ ìåòðèêîé ds2 = dr2 + g2

1(r)dθ2
1 + g2

2(r)dθ2
2 + ...+ g2

k(r)dθ
2
k.

Çäåñü dθ2
i � ñòàíäàðòíàÿ ðèìàíîâà ìåòðèêà íà Si, i = 1, ..., k.

Ðàññìîòðèì íà M ñòàöèîíàðíûé ñëó÷àé èçâåñòíîãî óðàâíåíèÿ Ãèíçáóðãà-
Ëàíäàó

−∆u = c(x)f(u), (1)

ãäå f(0) = f(a) = 0 äëÿ íåêîòîðîãî a > 0, f(u) > 0 íà (0, a) è f(u) <
0 íà (a,+∞), c(x) � ïîëîæèòåëüíàÿ ôóíêöèÿ. Ïóñòü 0 < c1 < c(x) < c2 <∞, f(s)
� ëèïøèöåâà íà [0, a]. Îáîçíà÷èì G(r) = gn1

1 (r) · gn2
2 (r) · ... · gnkk (r), ãäå ni = dimSi,

ïðåäïîëîæèì òàêæå, ÷òî G(r) � íåóáûâàþùàÿ ãëàäêàÿ ôóíêöèÿ. Òîãäà âåðíî ñëå-
äóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ.
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1. Ñóùåñòâóåò êîíñòàíòà q > 1, äëÿ êîòîðîé âûïîëíåíî

lim sup
ρ→∞

ρ
2
q−1


2ρ∫
ρ/4

G(r)dr

ρ∫
ρ/2

G(r)dr


1
q−1

∞∫
2ρ

ds

G(s)
= +∞.

2. Ñóùåñòâóþò êîíñòàíòû δ(q) > 0 è σ(q, δ) > 0 ïðè êîòîðûõ äëÿ âñåõ s ∈ (0, δ)
âûïîëíåíî f(s) > σsq.
Òîãäà ëþáîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ 0 6 u 6 a,

ÿâëÿåòñÿ òîæäåñòâåííîé êîíñòàíòîé.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò � 15-41-

02479-ð_ïîâîëæüå_à).

À.Ì. Ãà÷àåâ (×ÃÓ, Ðîññèÿ)
gachaev_chr@mail.ru

ÇÀÄÀ×À ÊÎØÈ Â ÂÈÄÎÈÇÌÅÍÅÍÍÎÉ (ËÎÊÀËÜÍÎÉ)
ÏÎÑÒÀÍÎÂÊÅ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Ðàññìàòðèâàåòñÿ óðàâíåíèå

D(σ2)u(x)− [λ+ q(x)]u(x) = 0, (1)

ãäå λ � ñïåêòðàëüíûé ïàðàìåòð, q(x) ∈ C[0, 1] è

D(σ2)u(x) =
1

Γ(1− γ2)

x∫
0

ϕ(t) dt

(x− t)γ2

� îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà
σ2 ñ íà÷àëîì â òî÷êå 0, L[0, 1] � ïðîñòðàíñòâî àáñîëþòíî ñóììèðóåìûõ ôóíêöèé,
γ = {γ0, γ1, γ2} � òî÷êà èç òðåõìåðíîãî åâêëèäîâà ïðîñòðàíñòâà ñ êîîðäèíàòàìè
γi ∈ (0; 1], i = 0, 1, 2;

σj =
k∑
i=0

γi − 1, µj = σj + 1, j = 0, 1, 2; ρ = δ−1
2 > 0,

Γ(z) � ãàììà-ôóíêöèÿ Ýéëåðà.
Çàäà÷ó Êîøè â ëîêàëüíîé ïîñòàíîâêå äëÿ óðàâíåíèÿ (1) ìîæíî ñôîðìóëèðîâàòü

ñëåäóþùèì îáðàçîì.
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Çàäà÷à 1. Íàéòè u(x) óðàâíåíèÿ (1) èç êëàññà C[0, 1] ∩ L[0, 1], óäîâëåòâîðÿ-
þùåå âèäîèçìåíåííîìó íà÷àëüíîìó óñëîâèþ Êîøè

lim
x→0

x1−γ0u(x) = δ0, lim
x→0

x−γ1[x1−γ0u(x)− δ] = δ1, (2)

ãäå γ0 > 1− γ2, à δ0 è δ1 � çàäàííûå ÷èñëà.
Ðåøåíèå ýòîé çàäà÷è èùåòñÿ â êëàññå Cδ[0, 1] ôóíêöèé, ïðåäñòàâèìûõ â âèäå

u(x)x−δ, ãäå u(x) ∈ C(0, 1], δ = const < 1.
Äîêàçàíà
Òåîðåìà.Ïóñòü q(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà. Òîãäà â êëàññå Cδ[0, 1]

çàäà÷à 1 èìååò, è ïðèòîì åäèíñòâåííîå, ðåøåíèå u = u(x).
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ÊÎÍÂÅÊÖÈÈ

Ðàññìàòðèâàþòñÿ áèôóðêàöèè ðîæäåíèÿ ðàâíîâåñèé è öèêëîâ â äèíàìè÷åñêèõ
ñèñòåìàõ ñ ãðóïïîé ñèììåòðèè O(2) × O(2). Äëÿ èññëåäîâàíèÿ ñòàöèîíàðíûõ è
ïåðèîäè÷åñêèõ ðåøåíèé, âîçíèêàþùèõ ïðè ïîòåðå óñòîé÷èâîñòè îñíîâíîãî ñòàöè-
îíàðíîãî ðåøåíèÿ, ïðèìåíÿåòñÿ ìåòîä Ëÿïóíîâà-Øìèäòà è ìåòîä öåíòðàëüíîãî
ìíîãîîáðàçèÿ.
Ïðîâåäåíî èññëåäîâàíèå ñèñòåì óðàâíåíèé ðàçâåòâëåíèÿ è àìïëèòóäíûõ ñèñòåì.

Â ñëó÷àå âåòâëåíèÿ ñòàöèîíàðíûõ ðåøåíèé óäàåòñÿ ïîëíîñòüþ èññëåäîâàòü ñèñòå-
ìó óðàâíåíèé ðàçâåòâëåíèÿ è àìïëèòóäíóþ ñèñòåìó, à ïðè èçó÷åíèè âåòâëåíèÿ
ïåðèîäè÷åñêèõ ðåøåíèé îíè èññëåäîâàíû òîëüêî íà èíâàðèàíòíûõ ïîäïðîñòðàí-
ñòâàõ. Ïîêàçàíî, ÷òî â óñëîâèÿõ îáùåãî ïîëîæåíèÿ ïðè ïîòåðå óñòîé÷èâîñòè îñ-
íîâíîãî ñòàöèîíàðíîãî ðåøåíèÿ âîçìîæíî âîçíèêíîâåíèå äâóõ òèïîâ âòîðè÷íûõ
ñòàöèîíàðíûõ ðåøåíèé è ïåðèîäè÷åñêèõ ðåøåíèé òèïà áåãóùèõ âîëí, êîñûõ áåãó-
ùèõ âîëí è èõ íåëèíåéíûõ ñìåñåé. Ïîëó÷åíû ÿâíûå âûðàæåíèÿ äëÿ àñèìïòîòèê
âîçíèêàþùèõ ñòàöèîíàðíûõ è ïåðèîäè÷åñêèõ ðåøåíèé è äëÿ âåëè÷èí, îïðåäåëÿ-
þùèõ õàðàêòåð èõ âåòâëåíèÿ è óñòîé÷èâîñòü.
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Ïðèâîäèòñÿ ïðèìåíåíèå òåîðèè ê çàäà÷å î âîçíèêíîâåíèè âòîðè÷íûõ ñòàöèî-
íàðíûõ è ïåðèîäè÷åñêèõ ðåæèìîâ êîíâåêöèè â ãîðèçîíòàëüíîì ñëîå æèäêîñòè
ñ ïðèìåñüþ. Ïîêàçàíî, ÷òî âîçìîæíû: ìÿãêîå âîçíèêíîâåíèå âòîðè÷íûõ ðåæè-
ìîâ, à òàêæå æåñòêàÿ ïîòåðÿ óñòîé÷èâîñòè, âûçâàííàÿ òåì, ÷òî îñíîâíîå ðåøåíèå
ñëèâàåòñÿ ñ âîçíèêøèì ïðè äîêðèòè÷åñêîì çíà÷åíèè ïàðàìåòðà íåóñòîé÷èâûì ðå-
æèìîì. Äëÿ âòîðè÷íûõ ðåæèìîâ íàéäåíû äâà ÷ëåíà ðÿäà ïî ñòåïåíÿì ïàðàìåòðà
íàäêðèòè÷íîñòè. Òàêæå ïðèâîäèòñÿ ïðèìåíåíèå òåîðèè ê çàäà÷å î âîçíèêíîâåíèè
êîíâåêòèâíûõ àâòîêîëåáàòåëüíûõ òå÷åíèé áèíàðíîé ñìåñè â âåðòèêàëüíîì ñëîå
ìåæäó òâ¼ðäûìè èçîòåðìè÷åñêèìè ãðàíèöàìè ñ ó÷åòîì ýôôåêòà òåðìîäèôôóçèè.
Ïðîâåäåí ÷èñëåííûé àíàëèç õàðàêòåðà âåòâëåíèÿ âîçíèêàþùèõ àâòîêîëåáàòåëü-
íûõ ðåæèìîâ. Äëÿ ýòîãî áûëè ðàññ÷èòàíû êîýôôèöèåíòû óðàâíåíèé ðàçâåòâëå-
íèÿ è íåêîòîðûå ñîîòíîøåíèÿ ìåæäó íèìè ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ.

Ò.Ô. Äîëãèõ, Ì.Þ. Æóêîâ, Å.Â. Øèðÿåâà (Ðîñòîâ-íà-Äîíó, ÞÔÓ)
doltaf12@gmail.com, zhuk@math.rsu.ru, shir@sfedu.ru

ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎ-ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÅØÅÍÈß
ÓÐÀÂÍÅÍÈÉ ÏÅÐÅÍÎÑÀ ÌÀÑÑÛ

Óðàâíåíèÿ ïåðåíîñà ïîä äåéñòâèåì ýëåêòðè÷åñêîãî ïîëÿ E äëÿ âåùåñòâ c êîí-
öåíòðàöèÿìè uk(x, t) è ïîäâèæíîñòÿìè µk = const èìåþò âèä [1]: ukt+(µkukE)x = 0,
k = 1, 2, E = (1 + u1 + u2)−1. Â íåêîòîðîé îáëàñòè çíà÷åíèé ïàðàìåòðîâ µk òèï
ýòèõ êâàçèëèíåéíûõ óðàâíåíèé� ýëëèïòè÷åñêèé. Äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ íà-
÷àëüíîãî ïðîñòðàíñòâåííî-ïåðèîäè÷åñêîãî ðàñïðåäåëåíèÿ êîíöåíòðàöèé ïðèìåíåí
ìåòîä ãîäîãðàôà â ôîðìå çàêîíîâ ñîõðàíåíèÿ [2]. Óðàâíåíèÿ ïðèâîäÿòñÿ ê êîì-
ïëåêñíûì èíâàðèàíòàì Ðèìàíà K = p+ iq: |K|2KKt + Kx = 0 è, çàòåì, ìåòîäîì
ãîäîãðàôà � ê ëèíåéíîìó ýëëèïòè÷åñêîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ âòî-
ðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè, äëÿ êîòîðîãî ñòðîèòñÿ ôóíêöèÿ
Ðèìàíà�Ãðèíà [3]. Ðåøåíèå çàäà÷è ñ íà÷àëüíûìè äàííûìè çàïèñûâàåòñÿ àíàëè-
òè÷åñêè â íåÿâíîé ôîðìå: t = t(p, q), x = x(p, q).
Äëÿ èññëåäîâàíèÿ çàäà÷è ðàçðàáîòàí ýôôåêòèâíûé ìåòîä, ïîçâîëÿþùèé ñòðî-

èòü ðåøåíèÿ íà èçîõðîíàõ t(p, q) = const ïðè ïîìîùè èíòåãðèðîâàíèÿ íåêî-
òîðîé çàäà÷è Êîøè äëÿ ñèñòåìû ÎÄÓ. ×èñëåííîå ðåøåíèå çàäà÷è Êîøè ïîç-
âîëèëî, â ÷àñòíîñòè, ïðîñëåäèòü âîçíèêíîâåíèå èç íà÷àëüíûõ ïðîñòðàíñòâåííî-
ïåðèîäè÷åñêèõ äàííûõ ñîëèòîíîîáðàçíîãî ðåøåíèÿ äëÿ q(x, t) è êèíêîîáðàçíîãî
ðåøåíèÿ äëÿ p(x, t). Çàìåòèì, ÷òî â ýëëèïòè÷åñêîì ñëó÷àå çàäà÷à îïèñûâàåò íåêî-
òîðóþ íåóñòîé÷èâóþ êâàçèãàçîâóþ ñðåäó [4] è ðåøåíèÿ, êàê ïðàâèëî, íåóñòîé÷è-
âûå, íàïðèìåð, ìîãóò îáðàùàòüñÿ â áåñêîíå÷íîñòü íà êîíå÷íîì èíòåðâàëå âðåìåíè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè òåõ. çàäàíèÿ
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213.01-11/2014-1 Ìèí. Îáð. Íàóêè ÐÔ, Þæíûé ôåäåðàëüíûé óíèâåðñèòåò.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ. Ìàññîïåðåíîñ ýëåêòðè÷åñêèì ïîëåì. Ðîñòîâ-íà-Äîíó: Èçä. ÐÃÓ, 2005.
2. Senashov S. I., Yakhno A. Conservation laws, hodograph transformation and boundary value problems of plane plasticity

// SIGMA. 2012. Vol. 8. 16 p.
3. Copson E.T. On the Riemann-Green Function // Arch. Ration. Mech. Anal. 1958. Vol. 1. P. 324�348.

4. Æäàíîâ Ñ.Ê., Òðóáíèêîâ Á.À. Êâàçèãàçîâûå íåóñòîé÷èâûå ñðåäû. Ì.: Íàóêà, 1991.

Â.À. Åðåìååâ (Ìàãäåáóðã, Ãåðìàíèÿ), À.Â. Íàñåäêèí
(Ðîñòîâ-íà-Äîíó)

eremeyev.victor@gmail.com, nasedkin@math.sfedu.ru
Î ÍÅÊÎÒÎÐÛÕ ÏÎÄÕÎÄÀÕ Ê ÌÎÄÅËÈÐÎÂÀÍÈÞ

ÏÎÂÅÐÕÍÎÑÒÍÛÕ ÝÔÔÅÊÒÎÂ Â ÏÜÅÇÎÝËÅÊÒÐÈ×ÅÑÊÈÕ
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Â ðàáîòå ðàññìîòðåíû ðàçëè÷íûå ïîäõîäû ê ìîäåëèðîâàíèþ ïîâåðõíîñòíûõ
ýôôåêòîâ â íàíîðàçìåðíûõ ïüåçîýëåêòðè÷åñêèõ (ýëåêòðîóïðóãèõ) òåëàõ â ðàì-
êàõ òåîðèè ñïëîøíîé ñðåäû. Êàê èçâåñòíî, ó÷åò ïîâåðõíîñòíûõ ýôôåêòîâ ïîç-
âîëÿåò îïèñûâàòü íàáëþäàåìûå ýôôåêòû èçìåíåíèÿ æåñòêîñòè ïðè óìåíüøåíèè
ðàçìåðîâ äëÿ íàíîìàòåðèàëîâ. Àíàëîãè÷íî óïðóãèì íàíîðàçìåðíûì òåëàì çäåñü
ïðè àíàëèçå ïüåçîýëåêòðè÷åñêèõ ñðåä âîçìîæíû ðàçëè÷íûå ìîäèôèêàöèè ñòàí-
äàðòíûõ ìîäåëåé òåîðèè ïüåçîýëåêòðè÷åñòâà. Òàê, â [1, 2] ðàññìàòðèâàëèñü íåñâÿ-
çàííûå â áàçîâûõ îïðåäåëÿþùèõ ñîîòíîøåíèÿõ ìîäåëè ïîâåðõíîñòíûõ óïðóãèõ
ìåìáðàí è äèýëåêòðè÷åñêèõ ïëåíîê. Â ïðîäîëæåíèå ýòèõ èññëåäîâàíèé äëÿ ó÷åòà
ïîâåðõíîñòíûõ ýôôåêòîâ â íàñòîÿùåé ðàáîòå ðàññìîòðåíû ìîäåëè ñ äîáàâëåíèåì
ïüåçîýëåêòðè÷åñêèõ ïëåíîê ñ ïîëíîé ñâÿçàííîñòüþ ýëåêòðîìåõàíè÷åñêèõ ïîëåé è
ìîäåëè äîáàâëåíèÿ òîíêèõ ïðèïîâåðõíîñòíûõ ïüåçîýëåêòðè÷åñêèõ ñëîåâ ñ ìîäó-
ëÿìè, îòëè÷íûìè îò îáúåìíûõ.
Äëÿ âñåõ ïîäõîäîâ àíàëèçèðóþòñÿ ïîñòàíîâêè êðàåâûõ è íà÷àëüíî-êðàåâûõ çà-

äà÷, âêëþ÷àÿ ãðàíè÷íûå óñëîâèÿ ýëåêòðè÷åñêîãî òèïà äëÿ ýëåêòðîäèðîâàííûõ
ïîâåðõíîñòåé. Îáñóæäàþòñÿ òàêæå îáîáùåííûå èëè ñëàáûå ôîðìóëèðîâêè çàäà÷
ñ èçìåíåíèåì ñâîéñòâ ôóíêöèîíàëà ýíåðãèè ïðè ó÷åòå ïüåçîýëåêòðè÷åñêèõ ïîâåðõ-
íîñòíûõ ýôôåêòîâ. Äëÿ ïîèñêà ïðèáëèæåííûõ ðåøåíèé â çàäà÷àõ ïüåçîýëåêòðè-
÷åñòâà ñ ïîâåðõíîñòíûìè ýôôåêòàìè äëÿ íåêàíîíè÷åñêèõ îáëàñòåé ðàññìîòðåíû
èõ êîíå÷íî-ýëåìåíòíûå àïïðîêñèìàöèè.
Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 13-01-

00943).
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MG-DEFORMATIONS OF A SURFACE WITH GIVEN VARIATION
OF THE SECOND INVARIANT OF THE THIRD TENSOR ALONG A

BOUNDARY

We research the in�nitesimal MG-deformations, that give variation of Gaussian
curvature as the function σ ∈ D1,p, p > 2, on a surface and keep a spherical image
of the surface. These deformations were introduced by the author [1].
Let S is a simple connected surface with Gaussian curvatureK ≥ k0 > 0, k0 = const.

The position vector of the surface S is ~r = ~r(u, v) ∈ D3,p, p > 2, (u, v) ∈ Ω, Ω is a �at
simple connected region. The boundary ∂S is in class C1

µ, 0 < µ < 1, and the boundary

∂S has not umbilical points, also we assume ∂K
∂u

∂H
∂v −

∂K
∂v

∂H
∂u 6= 0 on the surface S (H

is a mean curvature of the surface).
Let ϕij is any symmetric tensor on the surface S. Surface S has �rst tensor γij, then

2Hϕ = γαβϕαβ is invariant of coordinates transformation. The invariant Hϕ called the
second invariant of tensor ϕij.
Let νij is the third tensor of the surface S (the �rst tensor of it's spherical image),

then νij = 2Hπij −Kγij, (i, j = 1, 2), where πij− the second tensor of the surface S.
From last formulas we get

2Hν = γαβναβ = (2Hπαβ −Kγαβ)γαβ = 4H2 − 2K.

Thus, we have Hν = 2H2 −K [2, p. 203-206].
Let mark a point Q on the boundary ∂S. On ∂Ω corresponding point for Q is Q̂.

Draw line p on surface S from point Q in main direction. An image of line p in region
Ω we denote as p̂.
Then we draw two tangent line at point Q̂ to the line p̂ and to the boundary ∂Ω. We

denote an angle from tangent line to ∂Ω up to tangent line to p̂, counting anticlockwise,
as θ.

A residue of the surface S concerning main directions is a number VMD(S) =
1

π
∆∂Ωθ,

where ∆∂Ωθ is an increament of the angle θ, when we go in direction, that returned
the region Ω on the left.
We claim that some point M0 of the surface moves to de�ned vector ~C. This

constraint we call the point condition. The result of our work:
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Theorem. Let S is subjected to the in�nitesimal MG-deformation with point
condition, the invariant Hν has a given variation along the boundary ∂S, the variation
is equal to ψ ∈ C1

ρ , 0 < ρ < 1. Then:
1) if VMD(S) > −2,
- with σ ≡ 0 and ψ ≡ 0 there exist the unique in�nitesimal MG-deformation of the

surface S;
- with σ 6≡ 0 or ψ 6≡ 0 there exist the unique in�nitesimal MG-deformation of the

surface S if and only if functions σ and ψ satisfy (2VMD(S)+3) solvability conditions;
2) if VMD(S) ≤ −2,
- with σ ≡ 0 and ψ ≡ 0 there exist (−2VMD(S)−3) linearly independent

in�nitesimal MG-deformations of the surface S;
- with σ 6≡ 0 or ψ 6≡ 0 the in�nitesimal MG-deformations of the surface S exist and

depend on (−2VMD(S)−3) arbitrary real constants.
R E F E R E N C E S
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ÎÁ ÈÍÒÅÃÐÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÍÛÕ
ÓÐÀÂÍÅÍÈßÕ ÏÅÐÂÎÃÎ È ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Â äîêëàäå ïðåäñòàâëåíû òåîðåìû îá îäíîçíà÷íîé ñèëüíîé ðàçðåøèìîñòè äëÿ
ïîëíûõ ýâîëþöèîííûõ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî
ïîðÿäêà.
Äîêàçàíî, ÷òî â áàíàõîâîì ïðîñòðàíñòâå E çàäà÷à Êîøè

dz(t)

dt
= A(t)z(t) +

∫ t

0

G(t, s)z(s) ds+ f(t), z(0) = z0

îäíîçíà÷íî ðàçðåøèìà, åñëè ñåìåéñòâî A(t) ñòàáèëüíî íà [0, T ] è èìååò ïîñòî-
ÿííóþ îáëàñòü îïðåäåëåíèÿ D, ïëîòíóþ â E, ÿäðî G(t, s) ïîä÷èíåíî ãëàâíîìó
îïåðàòîðó, z0 ∈ D, f(t) ∈ C1([0, T ];E).
Ñ èñïîëüçîâàíèåì äîêàçàííîé òåîðåìû èññëåäîâàíà çàäà÷à Êîøè äëÿ ïîëíîãî

èíòåãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

d2u

dt2
= A(t)

du

dt
+B(t)u+

∫ t

0

G(t, s)u(s) ds+ f(t), u(0) = u0, u′(0) = u1

â áàíàõîâîì èëè ãèëüáåðòîâîì ïðîñòðàíñòâå â ñëåäóþùèõ ñëó÷àÿõ:
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1) B(t) = B2
0(t) +Q0(t), D(B0(t)) = D ⊂ D(A(t)), D ⊂ D(Q0(t));

2) D(A(t)) = D ⊂ D(B(t));
3) A(t) = A, B(t) = B2

0 , D(A) ⊂ D(B0).
Ïðè ýòîì ÿäðî G(t, s) èíòåãðàëüíîãî ñëàãàåìîãî âñåãäà ïîä÷èíåíî òåì èëè èíûì
îáðàçîì ãëàâíîìó îïåðàòîðó óðàâíåíèÿ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (êîä ïðîåêòà 14-21-00066),

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
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ÍÀÃÐÓÆÅÍÍÎÅ ÑÈÍÃÓËßÐÍÎÅ ÈÍÒÅÃÐÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ
Ñ ÔÓÍÊÖÈÎÍÀËÜÍÛÌ ÓÑËÎÂÈÅÌ

Äàåòñÿ óðàâíåíèå

y(x) =
n∑
j=1

aj(x)y(xj) +

∫ x

a

K(x, s, y(s)) ds, (1)

ñ÷èòàåòñÿ, ÷òî ôóíêöèè aj(x), j = 1, 2, . . . ,m íåïðåðûâíû íà [a, b], xj ∈ [a, b].
Ôóíêöèÿ K(x, s, y(s)) íåïðåðûâíà ïî x è y, ãäå |y| 6 d, a ïî S èìååò ñèíãóëÿð-

íîñòü â òî÷êå x = b è òàêîâà, ÷òî

|K(x, s, y(s))| < ϕ(x)ψ(x)ψ(s). (2)

Â îáëàñòè D : {|y| 6 d, x, s ∈ [a, b]}, ïðè ýòîì ϕ(x) íåïðåðûâíà íà ñåãìåíòå
[a; b], ψ(s) íåïðåðûâíà íà èíòåðâàëå [a; b), îäíàêî ôóíêöèÿ

λ(x) = ϕ(x)

∫ x

a

ψ(s) ds

íåïðåðûâíà íà [a; b] è
lim
x→b

λ(x) = 0. (3)

Òîãäà

lim
x→b

∫ x

a

K(x, s, y(s)) ds = 0 (4)

è èç (1) èìååì ôóíêöèîíàëüíîå óñëîâèå

y(b) =
m∑
j=1

aj(b)y(xj), (5)
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åñëè y(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1).
Ïîñëåäîâàòåëüíî ïîëîæèì x = x1, x2, . . . , xm â (1) è ïîëó÷èì ñèñòåìó àëãåáðà-

è÷åñêèõ óðàâíåíèé

y(xk)−
m∑
j=1

aj(xk)y(xj) =

∫ xk

a

K(xk, s, y(s)) ds, k = 1, 2, . . . ,m (6)

ñ îïðåäåëèòåëåì D, êîòîðûé ñ÷èòàåòñÿ îòëè÷íûì îò íóëÿ.
Åñëè D 6= 0, òî èç (6) íàõîäèì

y(xj) =
1

D

m∑
k=1

Akj

∫ xk

a

K(xk, s, y(s)) ds, j = 1, 2, . . . ,m (7)

è (1) ïðåîáðàçóåòñÿ â èíòåãðàëüíîå óðàâíåíèå

y(x) =
m∑
j=1

m∑
k=1

D−1Akj

∫ xk

a

aj(x)K(xk, s, y(s)) ds+

∫ x

a

K(x, s, y(s)) ds (8)

ñ òî÷êîé ñèíãóëÿðíîñòè x = b, ãäå Akj � àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ
îïðåäåëèòåëÿ D.
Èç (8) ïîëó÷àþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè çàäà÷è (1), (5)

ìåòîäàìè ðàáîòû [1].
Óðàâíåíèÿ âèäà (1) âñòðå÷àþòñÿ ïðè èçó÷åíèè ñèíãóëÿðíûõ êðàåâûõ çàäà÷ äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé [1].
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ËÈÍÅÉÍÎÉ
ÝÂÎËÞÖÈÎÍÍÎÉ ÂÛÑÎÊÎ×ÀÑÒÎÒÍÎÉ ÇÀÄÀ×È Ñ

ÎÏÅÐÀÒÎÐÎÌ ÑÒÎÊÑÀ Â ÃËÀÂÍÎÉ ×ÀÑÒÈ È
ÂÛÐÎÆÄÅÍÈÅÌ

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â R3 ñî ñêîëü óãîäíî ãëàäêîé ãðàíèöåé ∂Ω,
m ∈ N , ω � 1. Â öèëèíäðå Q = Ω×R ðàññìîòðèì çàäà÷ó î 2π

ω -ïåðèîäè÷åñêèõ ïî
âðåìåíè t ðåøåíèÿõ ñèñòåìû óðàâíåíèé

∂u

∂t
+∇p = ∆u+B0(x)u+

1

ω
C0(x)u+

∑
1≤|k|≤m

(Mk(x)u+ dk(x)) eikωt + d0(x), (1)
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div u = 0, (2)

u|∂Ω = 0. (3)

Çäåñü x = (x1, x2, x3) ∈ Ω, t ∈ R, B0(x), C0(x), Mk(x) è d0(x), dk(x) � èçâåñòíûå
áåñêîíå÷íî ãëàäêèå ìàòðèöû-ôóíêöèè è âåêòîð-ôóíêöèè ñîîòâåòñòâåííî, ïðè÷åì
B0(x), C0(x) è d0(x) � âåùåñòâåííûå, à Mk(x), dk(x) êîìïëåêñíî ñîïðÿæåíû ñ
M−k(x), d−k(x).
Ñèìâîëîì Π îáîçíà÷èì èçâåñòíûé îðòîãîíàëüíûé ïðîåêòîð â L2(Ω) íà S2(Ω)

(ñì. [1, 2]). Ââåäåì â S2(Ω) îïåðàòîð A = Π∆ + ΠB0(x) ñ îáëàñòüþ îïðåäå-
ëåíèÿ D(A) =

{
u ∈ S2(Ω) ∩W 2

2 (Ω), u|∂Ω = 0
}
è âûðàæåíèå B = ΠC0(x) +∑

1≤|k|≤m

ΠMk(x)ΠM−k(x)
ik . Ïðåäïîëîæèì, ÷òî λ = 0 � ïðîñòîå ñîáñòâåííîå çíà÷åíèå

îïåðàòîðà A è ñîîòâåòñòâóþùèé åìó ñîáñòâåííûé âåêòîð a0(x) íå èìååò ïðèñî-
åäèíåííûõ âåêòîðîâ îòíîñèòåëüíî ïàðû A, B [3].
Äëÿ çàäà÷è (1)-(3) áûëè óñòàíîâëåíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü 2π

ω -ïåðèî-
äè÷åñêîãî ðåøåíèÿ ïðè äîñòàòî÷íî áîëüøèõ ω, ýòî ðåøåíèå ÿâëÿåòñÿ âåùåñòâåí-
íûì è áåñêîíå÷íî äèôôåðåíöèðóåìûì. Ïîñòðîåíèå åãî ïîëíîé àñèìïòîòèêè ñâî-
äèòñÿ ê ðåøåíèþ êîíå÷íîãî ÷èñëà îäíîçíà÷íî ðàçðåøèìûõ çàäà÷ áîëåå ïðîñòîãî
âèäà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Þäîâè÷ Â.È. Ìåòîä ëèíåàðèçàöèè â ãèäðîäèíàìè÷åñêîé òåîðèè óñòîé÷èâîñòè. Èçä-âî ÐÃÓ. 1984.
2. Ëàäûæåíñêàÿ Î.À. Ìàòåìàòè÷åñêèå âîïðîñû äèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè. Ì.: Íàóêà. 1970.

3. Âèøèê Ì.È., Ëþñòåðíèê Ë.À. Ðåøåíèå íåêîòîðûõ çàäà÷ î âîçìóùåíèè â ñëó÷àå ìàòðèö è ñàìîñîïðÿæåííûõ è

íåñàìîñîïðÿæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Óñïåõè ìàò. íàóê. 1960. Ò. 15, � 3. C. 3�80.

Â.Â. Êàçàê (ÞÔÓ, Ðîññèÿ)
vkazak@pochta.ru

Í.Í. Ñîëîõèí (ÐÃÑÓ, Ðîññèÿ)
nik2007.72@mail.ru

ÐÀÇËÈ×ÍÛÅ ÏÎÄÕÎÄÛ Ê ÈÑÑËÅÄÎÂÀÍÈÞ ÑÌÅØÀÍÍÎÉ
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ÈÇÃÈÁÀÍÈÉ

Ðàññìîòðèì êðàåâîå óñëîâèå ñìåøàííîãî òèïà:

α(U, ¯̀) + β(V , L̄) = σ íà ∂S, (1)

ãäå U = U(x, y) ∈ C3,µ, V = V (x; y) � âåêòîðû ñìåùåíèÿ è âðàùåíèÿ áåñêîíå÷íî
ìàëîãî èçãèáàíèÿ ïîâåðõíîñòè, âåêòîðíûå ïîëÿ ¯̀, L̄ è ôóíêöèè α, β, σ ïðèíàäëå-
æàò êëàññó Cµ, 0 < µ < 1. Èçó÷åíèå ýòîãî êðàåâîãî óñëîâèÿ ïðè ðàçëè÷íûõ α è β
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ïðèâîäèò ê ñëåäóþùèì êðàåâûì çàäà÷àì:{
wz̄ +Bw̄ = 0, z ∈ D,
Re{a(t)wt + εb(t)w} = σ, t ∈ ∂D (2){

wz̄ + q1wz + q2w̄z̄ = 0,

Re
{
a(t)wt + sin γ

cos γ−f¯̀
1

sin γb(t)w(t)
}

= σ,
(3) WÛ =

2∑
k,n=1

∂
∂xk

(ank
∂Û
∂xn ) +

2∑
n=1

ln
∂Û
∂xn = 0,

fρf
−1
ρρ Ûρ + Û = F

(4)

Äàííûå çàäà÷è ñâîäÿòñÿ ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé, êîòîðóþ ìîæíî
çàïèñàòü â âèäå Û = εT Û + σ. Èññëåäîâàíèå ýòîé ñèñòåìû ïîçâîëÿåò ñóäèòü î
õàðàêòåðå æ¼ñòêîñòè ïîâåðõíîñòè, ïîä÷èí¼ííîé íà êðàþ ñìåøàííîìó êðàåâîìó
óñëîâèþ (1).
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Ðàññìàòðèâàåòñÿ ñèñòåìà Ðýëåÿ ñ äèôôóçèåé{
vt = ν∆v + w
wt = ν∆w − v + µw − w3 (1)

ãäå v = v(x, t), w = w(x, t), x ∈ D, t > 0, D ⊂ Rn - îãðàíè÷åííàÿ îáëàñòü,
µ ∈ R - óïðàâëÿþùèé ïàðàìåòð, ν > 0 - ôèêñèðîâàííûé ïàðàìåòð, îòâå÷àþùèé çà
âÿçêîñòü. Ïðåäïîëàãàåòñÿ, ÷òî íà ãðàíèöå îáëàñòè D çàäàíû îäíîðîäíûå óñëîâèÿ
Íåéìàíà.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå ðåøåíèé ñèñòåìû (1), îòâåòâ-

ëÿþùèõñÿ îò íóëåâîãî ðåøåíèÿ ïðè èçìåíåíèè ïàðàìåòðà µ è ôèêñèðîâàííîì
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êîýôôèöèåíòå äèôôóçèè ν. Äëÿ ïîëó÷åíèÿ âòîðè÷íûõ ðåøåíèé ïðèìåíåí ìåòîä
Ëÿïóíîâà-Øìèäòà â ôîðìå, ðàçâèòîé â ðàáîòå Â.È. Þäîâè÷à ( [1]). Â íàñòîÿ-
ùåé ðàáîòå ÿâíî íàéäåíû ïåðâûå ÷ëåíû àñèìïòîòèêè, âûâåäåíû ôîðìóëû äëÿ
îáùåãî ÷ëåíà ðàçëîæåíèÿ. Ïîêàçàíî, ÷òî â ñèñòåìå ïðèñóòñòâóåò ïðîñòðàíñòâåííî-
îäíîðîäíûé àâòîêîëåáàòåëüíûé ðåæèì. Êðàåâûå óñëîâèÿ Äèðèõëå â ñëó÷àå îäíîé
ïðîñòðàíñòâåííîé ïåðåìåííîé ðàññìîòðåíû â ([2]).
Ïîâåäåíèå ñèñòåìû ïðè µ > 1 òàêæå áûëî èññëåäîâàíî ÷èñëåííî. Ýêñïåðèìåí-

òû ïðîâîäèëèñü â ñëó÷àå x ∈ R1 è x ∈ R2. Ïîìèìî àâòîêîëåáàòåëüíîãî ðåæèìà
îáíàðóæåíû ñòàöèîíàðíûå ðåøåíèÿ äàííîé ñèñòåìû. Äëÿ ÷èñëåííîãî èññëåäîâà-
íèÿ ñèñòåìû ïðèìåíÿþòñÿ ïàêåòû MATLAB è Maple è ñîáñòâåííûé ïðîãðàììíûé
êîìïëåêñ, èñïîëüçóþùèé òåõíîëîãèþ NVIDIA CUDA v 7.0 äëÿ óñêîðåíèÿ âû÷èñ-
ëåíèé.

Ë È Ò Å Ð À Ò Ó Ð À
1.Þäîâè÷ Â.È. Èññëåäîâàíèå àâòîêîëåáàíèé ñïëîøíîé ñðåäû, âîçíèêàþùèõ ïðè ïîòåðå óñòîé÷èâîñòè ñòàöèîíàðíîãî

ðåæèìà // ÏÌÌ. 1972. Ò. 36. � 3. Ñ. 450-459.

2. Êàçàðíèêîâ À.Â., Ðåâèíà Ñ.Â. Áèôóðêàöèîííîå ïîâåäåíèå ðåøåíèé ñèñòåìû Ðýëåÿ ñ äèôôóçèåé â ñëó÷àå îäíîé

ïðîñòðàíñòâåííîé ïåðåìåííîé // Òðóäû XVII Ìåæäóíàðîäíîé êîíôåðåíöèè "Ñîâðåìåííûå ïðîáëåìû ìåõàíèêè ñïëîøíîé

ñðåäû". Â 2 ò. Ðîñòîâ-íà-Äîíó: èçäàòåëüñòâî ÞÔÓ. 2014. Ò. 2, Ñ. 6-10.

À.Ñ. Êàëèòâèí(Ëèïåöê)
kalitvinas@mail.ru

ÍÅËÈÍÅÉÍÎÅ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ
ÁÀÐÁÀØÈÍÀ Ñ ÄÐÎÁÍÎÉ ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ÊÀÏÓÒÎ

Â ðàáîòå ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

(CDα
a+,tx)(t, s) = c(t, s)x(t, s) +

∫ d

c

m(t, s, σ)(CDα
a+,tx)(t, σ)dσ+

+

∫ d

c

n(t, s, σ, x(t, σ))dσ + f(t, s) (1)

ñ äðîáíîé ÷àñòíîé ïðîèçâîäíîé ïî t ïîðÿäêà α â ñìûñëå Êàïóòî, ãäå (t, s) ∈ D =
[a, b] × [c, d], 0 < α < 1, m ∈ C(D × [c, d]), n ∈ C(D × [c, d] × R) è óäîâëåòâîðÿåò
óñëîâèþ Ëèïøèöà |n(t, s, σ, u) − n(t, s, σ, v)| ≤ N |u − v|. Óðàâíåíèå (1) ðàññìàò-
ðèâàåòñÿ âìåñòå ñ äîïîëíèòåëüíûì óñëîâèåì x(a, s) = ϕ(s), ãäå ϕ ∈ C([c, d]). Ïîä
ðåøåíèåì äàííîé çàäà÷è (çàäà÷è òèïà Êîøè) ïîíèìàåòñÿ ôóíêöèÿ x ∈ Ct(D),
óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1) è äîïîëíèòåëüíîìó óñëîâèþ.
Íàïîìíèì, ÷òî ëåâîñòîðîííÿÿ äðîáíàÿ ÷àñòíàÿ ïðîèçâîäíàÿ ïî t è ëåâîñòîðîí-

íèé äðîáíûé ÷àñòíûé èíòåãðàë ïî t Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α(0 < α < 1)
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ôóíêöèè x(t, s) îïðåäåëÿþòñÿ ñîîòâåòñòâåííî ðàâåíñòâàìè

(Dα
a+,tx)(t, s) =

1

Γ(1− α)

∂

∂t

∫ t

a

x(τ, s)

(t− τ)α
dτ,

(Iαa+,tx)(t, s) =
1

Γ(α)

∫ t

a

x(τ, s)

(t− τ)1−αdτ, t > a,

ãäå ÷åðåç Γ(z) îáîçíà÷åíà ãàììà-ôóíêöèÿ. Äðîáíàÿ ÷àñòíàÿ ïðîèçâîäíàÿ ïî t ïî-
ðÿäêà α â ñìûñëå Êàïóòî îïðåäåëÿåòñÿ ðàâåíñòâîì

(CDα
a+,tx)(t, s) = (Dα

a+,t(x− g))(t, s), ãäå g(t, s) ≡ x(a, s).

Ïðèìåíÿÿ ê (1) Iαa+,t, ó÷èòûâàÿ äîïîëíèòåëüíîå óñëîâèå è ðàâåíñòâî (ñì. [1])

(Iαa+,t)(
CDα

a+,tx)(t, s) = x(t, s)− x(a, s).

ïîëó÷èì íåëèíåéíîå óðàâíåíèå Âîëüòåððà-Ôðåäãîëüìà ñ ÷àñòíûìè èíòåãðàëàìè
è ÿäðàìè òèïà ïîòåíöèàëà. Åñëè òåïåðü â C([c, d]) îáðàòèì ïðè êàæäîì t ∈ [a, b]

îïåðàòîð y(s)−
∫ d
c m(t, s, σ)y(σ)dσ, òî ýòî óðàâíåíèå, à ïîòîìó è çàäà÷à òèïà Êîøè,

èìååò åäèíñòâåííîå ðåøåíèå â Ct(D).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (ïðîåêò 2014/351, �

1815).
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ËÈÍÅÉÍÎÅ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ
ÁÀÐÁÀØÈÍÀ Ñ ÄÐÎÁÍÎÉ ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ÊÀÏÓÒÎ

Â ðàáîòå èçó÷àåòñÿ ëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Áàðáàøèíà

(CDα
a+,tx)(t, s) = c(t, s)x(t, s) +

∫ s

c

m(t, s, σ)(CDα
a+,tx)(t, σ)dσ+

+

∫ d

c

n(t, s, σ)x(t, σ)dσ + f(t, s) (1)

ñ äðîáíîé ÷àñòíîé ïðîèçâîäíîé ïî t ïîðÿäêà α â ñìûñëå Êàïóòî, ãäå (t, s) ∈ D =
[a, b] × [c, d], 0 < α < 1, m, n ∈ C(D × [c, d]). Óðàâíåíèå èçó÷àåòñÿ âìåñòå ñ
äîïîëíèòåëüíûì óñëîâèåì x(a, s) = ϕ(s), ãäå ϕ ∈ C([c, d]). Ïîä ðåøåíèåì äàííîé
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çàäà÷è (çàäà÷è òèïà Êîøè) ïîíèìàåòñÿ ôóíêöèÿ x ∈ Ct(D), óäîâëåòâîðÿþùàÿ
óðàâíåíèþ (1) è äîïîëíèòåëüíîìó óñëîâèþ.
Ïóñòü

(Dα
a+,tx)(t, s) =

1

Γ(1− α)

∂

∂t

∫ t

a

x(τ, s)

(t− τ)α
dτ,

(Iαa+,tx)(t, s) =
1

Γ(α)

∫ t

a

x(τ, s)

(t− τ)1−αdτ, t > a,

ãäå ÷åðåç Γ(z) îáîçíà÷åíà ãàììà-ôóíêöèÿ. Äðîáíàÿ ÷àñòíàÿ ïðîèçâîäíàÿ ïî t ïî-
ðÿäêà α â ñìûñëå Êàïóòî îïðåäåëÿåòñÿ ðàâåíñòâîì

(CDα
a+,tx)(t, s) = (Dα

a+,t(x− g))(t, s), ãäå g(t, s) ≡ x(a, s).

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì óðàâíåíèÿ (1) Iαa+,t, ó÷èòûâàÿ äîïîëíèòåëüíîå óñëîâèå
è ðàâåíñòâî

(Iαa+,t)(
CDα

a+,tx)(t, s) = x(t, s)− x(a, s)

[1], ïîëó÷èì ëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè èíòåãðàëàìè è ÿäðàìè òèïà ïîòåíöè-
àëà. Â ñèëó ðàâåíñòâà íóëþ ñïåêòðàëüíîãî ðàäèóñà îïåðàòîðà Âîëüòåððà ñ ÷àñò-
íûìè èíòåãðàëàìè èç ïîñëåäíåãî óðàâíåíèÿ ýòî óðàâíåíèå èìååò åäèíñòâåííîå
ðåøåíèå â Ct(D). Òîãäà è çàäà÷à òèïà Êîøè èìååò åäèíñòâåííîå ðåøåíèå â Ct(D).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (ïðîåêò 2014/351, �

1815).
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Î ÔÐÅÄÃÎËÜÌÎÂÎÑÒÈ ÇÀÄÀ×È Î ÑÎÁÑÒÂÅÍÍÛÕ
ÊÎËÅÁÀÍÈßÕ ÂÎËÍÎÂÎÄÀ

Ïóñòü ïðîñòðàíñòâî R3 ñ öèëèíäðè÷åñêîé ñèñòåìîé êîîðäèíàò (ρ, ϕ, z) çàïîëíå-
íî èçîòðîïíîé ñðåäîé áåç èñòî÷íèêîâ ñ ïîñòîÿííîé äèýëåêòðè÷åñêîé ïðîíèöàåìî-
ñòüþ ε1 ≥ ε0, ãäå ε0 - ïðîíèöàåìîñòü âàêóóìà. Â ýòó ñðåäó ïîìåùåí íåîãðàíè÷åí-
íûé âäîëü Oz öèëèíäðè÷åñêèé äèýëåêòðè÷åñêèé âîëíîâîä ñ îäíîðîäíûì àíèçî-
òðîïíûì íåìàãíèòíûì çàïîëíåíèåì. Ðàññìàòðèâàþòñÿ ýëåêòðîìàãíèòíûå âîëíû,
ðàñïðîñòðàíÿþùèåñÿ âäîëü Oz (ñîáñòâåííûå âîëíû ñòðóêòóðû), ãàðìîíè÷åñêè çà-
âèñÿùèå îò t
Ẽ(ρ, ϕ, z) = E+(ρ, ϕ, z) cosωt+ E−(ρ, ϕ, z) sinωt,

H̃(ρ, ϕ, z) = H+(ρ, ϕ, z) cosωt+ H−(ρ, ϕ, z) sinωt,
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êîìïëåêñíûå àìïëèòóäû èìåþò âèä E = E+ + iE−,H = H+ + iH−. Ýëåêòðîìàã-
íèòíîå ïîëå óäîâëåòâîðÿåò ñèñòåìå Ìàêñâåëëà

rotH = −iωεE, rotE = iωµH, (1)

óñëîâèþ íåïðåðûâíîñòè ïîëÿ íà ãðàíèöå âîëíîâîäà è çàòóõàåò ïðè ρ→∞, ω - ñîá-
ñòâåííûå ÷àñòîòû âîëíîâîäà, ε, µ - äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàåìîñòè
ñðåäû. Èç (1) ñëåäóåò divE ≡ 0, divH ≡ 0.
Â ðàáîòàõ Ñìèðíîâà Þ.Ã. è Âàëîâèêà Ä.Â. (ã. Ïåíçà) ïîêàçàíî, ÷òî (1) ðàñ-

ïàäàåòñÿ íà äâå ñèñòåìû, îïèñûâàþùèå ÒÅ- è ÒÌ-ïîëÿðèçàöèè. Ñèñòåìà (1) ñ
ãðàíè÷íûìè óñëîâèÿìè ÿâëÿåòñÿ çàäà÷åé íà äèñêðåòíûé ñïåêòð Øìèäòà îïðåäå-
ëåíèÿ ÷àñòîò ω ñîáñòâåííûõ êîëåáàíèé âîëíîâîäà è îòâå÷àþùèõ èì ñîáñòâåííûõ
âåêòîðîâ.
Ìåòîäàìè, èçëîæåííûìè â ðàáîòàõ Ëîãèíîâà Á.Â. è Ìàêååâîé Î.Â. (ã. Óëüÿ-

íîâñê), ñòðîèòñÿ ñîïðÿæåííàÿ ñèñòåìà óðàâíåíèé. Îñíîâíàÿ ôîðìóëà òåîðèè ïî-
ëÿ äëÿ çàäà÷, ñâÿçàííûõ ñ îïåðàòîðàìè ìàòåìàòè÷åñêîé ôèçèêè, óñòàíîâëåííàÿ
â ðàáîòàõ È.Ñ. Àðæàíûõ (ã. Òàøêåíò), ïîçâîëÿåò ïîëó÷èòü èíòåãðàëüíûå ïðåä-
ñòàâëåíèÿ âåêòîðîâ ïîëÿ E,H è äîêàçàòü ôðåäãîëüìîâîñòü çàäà÷è î ñîáñòâåííûõ
êîëåáàíèÿõ âîëíîâîäà ìåòîäàìè òåîðèè ïîòåíöèàëà è èíòåãðàëüíûõ óðàâíåíèé.
Çàäà÷è îïðåäåëåíèÿ ñîáñòâåííûõ êîëåáàíèé öèëèíäðè÷åñêîãî âîëíîâîäà ñ íåëè-
íåéíîé ñðåäîé ÿâëÿþòñÿ ìîäåëüíûìè çàäà÷àìè äëÿ ñòàöèîíàðíûõ è äèíàìè÷å-
ñêèõ áèôóðêàöèîííûõ íåëèíåéíûõ çàäà÷ ñî ñïåêòðîì Ý. Øìèäòà â ëèíåàðèçàöèè
â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè, èññëåäîâàííûõ â ðàáîòàõ Ëîãèíîâà Á.Â. è Êî-
íîïëåâîé È.Â.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 15-01-08599.

Í.Ä. Êîïà÷åâñêèé
(ÊÔÓ èì.Â.È. Âåðíàäñêîãî, ÂÃÓ, Ðîññèÿ)

kopachevsky@list.ru
ÎÁ ÀÁÑÒÐÀÊÒÍÎÉ ÔÎÐÌÓËÅ ÃÐÈÍÀ ÄËß ÒÐÎÉÊÈ

ÃÈËÜÁÅÐÒÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂ È ÏÎËÓÒÎÐÀËÈÍÅÉÍÛÕ
ÔÎÐÌ

1. Îá àáñòðàêòíîé ôîðìóëå Ãðèíà äëÿ òðîéêè ãèëüáåðòîâûõ ïðîñòðàíñòâ è ïîëó-

òîðàëèíåéíûõ ôîðì.

Òåîðåìà 1. Ïóñòü äëÿ òðîéêè ãèëüáåðòîâûõ ïðîñòðàíñòâ E, F è G (ñ ââå-
äåííûìè íà íèõ ñêàëÿðíûìè ïðîèçâåäåíèÿìè) è äëÿ îïåðàòîðà γ : F → G âû-
ïîëíåíû óñëîâèÿ: 1◦. F ↪→ E , ‖u‖E 6 a‖u‖F , ∀u ∈ F ; 2◦. γ : F → G+ ↪→ G,
‖γu‖E 6 b‖u‖F , ∀u ∈ F ; 3◦. N := ker γ ↪→ E, ‖u‖E 6 c‖u‖F , ∀u ∈ N . Òîãäà ñóùå-
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ñòâóåò àáñòðàêòíîå äèôôåðåíöèàëüíîå âûðàæåíèå Lu ∈ F ∗ è àáñòðàêòíàÿ ïðî-
èçâîäíàÿ ïî âíåøíåé íîðìàëè ∂u ∈ (G+)∗ òàêèå, ÷òî èìååò ìåñòî àáñòðàêòíàÿ
ôîðìóëà Ãðèíà (àíàëîã ïåðâîé ôîðìóëû Ãðèíà äëÿ îïåðàòîðà Ëàïëàñà)

(η, u)F = 〈η, Lu〉E + 〈γη, ∂u〉G, ∀η, u ∈ F.

Ïðè ýòîì ∂u ïî ýëåìåíòàì u ∈ F è Lu ∈ F ∗ îïðåäåëÿåòñÿ îäíîçíà÷íî.
Îñíîâíîé ïðèìåð: îáîáùåííàÿ ôîðìóëà Ãðèíà äëÿ ïðîèçâîëüíîé îáëàñòè Ω ⊂

Rm ñ ëèïøèöåâîé ãðàíèöåé Γ := ∂Ω, òðîéêè ïðîñòðàíñòâ L2(Ω), H1(Ω) è L2(Γ) è
îïåðàòîðà ñëåäà γ, γu := u|Γ:

(η, u)H1(Ω) = 〈η, u−∆u〉L2(Ω) + 〈γη, ∂u/∂n〉L2(Γ), ∀η, u ∈ H1(Ω),

u−∆u ∈ (H1(Ω))∗, (∂u/∂n)Γ ∈ H−1/2(Γ).

Ïóñòü ïîëóòîðàëèíåéíàÿ ôîðìà Φ(η, u) : F × F → C îãðàíè÷åíà íà F , ò.å.

|Φ(η, u)| 6 c1‖η‖F · ‖u‖F , ∀η, u ∈ F, c1 > 0, (1)

è ðàâíîìåðíî àêêðåòèâíà:

ReΦ(u, u) > c2‖u‖2
F , c2 > 0, ∀u ∈ F. (2)

Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ (1) è (2), òî èìååò ìåñòî ïðåäñòàâëåíèå

Φ(η, u) = 〈η, Au〉E, A = A
1/2
0 (I − iQ)A

1/2
0 , A ∈ L(F0, F

∗
0 ), Q = Q∗ ∈ L(E),

F0 = F � ïðîñòðàíñòâî ñ ýêâèâàëåíòíîé íîðìîé ‖u‖2
F0

:= ReΦ(u, u), A0 �
îïåðàòîð ãèëüáåðòîâîé ïàðû (F0;E).
Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è óñëîâèÿ (1), (2). Òîãäà
èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà Ãðèíà:

Φ(η, u) = 〈η, Lu〉E + 〈γη, ∂u〉G, ∀η, u ∈ F = F0,

ïðè ýòîì ∂u îïðåäåëÿåòñÿ îäíîçíà÷íî ïî u ∈ F0 è Lu ∈ F ∗0 .
2. Àáñòðàêòíàÿ ôîðìóëà Ãðèíà äëÿ ñìåøàííûõ êðàåâûõ çàäà÷.

Ïóñòü äëÿ ïðîñòðàíñòâà G èìåþò ìåñòî ñâîéñòâà

G =

q⊕
k=1

Gk, ∃(G+)k ↪→ Gk ↪→ (G+)∗k, k = 1, q, (3)

pk := ωkρk, ρkωk = (I+)k, k = 1, q,

q∑
k=1

pk = I+, (4)

p∗k = ρ∗kω
∗
k, ρ

∗
k : (G+)∗k→ (G+)∗, ω∗k : (̂G+)k

∗
:= (pkG+)∗→ (G+)∗k, (5)

ãäå ρk è ωk � îãðàíè÷åííûå îïåðàòîðû ñóæåíèÿ è ïðîäîëæåíèÿ ñîîòâåòñòâåííî,
ω∗k � îïåðàòîð ñóæåíèÿ, à ρ∗k � îïåðàòîð ïðîäîëæåíèÿ.
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Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, óñëîâèÿ (3), à òàêæå óñëîâèÿ
(4) ëèáî (5). Òîãäà èìååò ìåñòî ôîðìóëà Ãðèíà äëÿ ñìåøàííûõ êðàåâûõ çàäà÷

〈η, Lu〉E = (η, u)F −
q∑

k=1

〈γkη, ∂ku〉Gk, ∀η, u ∈ F,

γkη := ρkγη ∈ (G+)k, ∂ku := ω∗k∂u ∈ (G+)∗k.

Íà îñíîâå ýòîãî àáñòðàêòíîãî óòâåðæäåíèÿ ïðèâîäÿòñÿ âàðèàíòû îáîáùåí-
íûõ ôîðìóë Ãðèíà ïðèìåíèòåëüíî ê òðîéêå ïðîñòðàíñòâ L2(Ω), H1(Ω) è L2(Γ)
, Ω ⊂ Rm, Γ := ∂Ω � ëèïøèöåâà. Âèä òàêèõ ôîðìóë Ãðèíà çàâèñèò îò õàðàêòåðà
êðàåâûõ óñëîâèé.

3. Àáñòðàêòíûå êðàåâûå è ñïåêòðàëüíûå çàäà÷è.

Íà áàçå òåîðåì 1�4 èçó÷åíû íåêîòîðûå êëàññû àáñòðàêòíûõ êðàåâûõ, àáñòðàêò-
íûõ ñïåêòðàëüíûõ, à òàêæå àíàëîãè÷íûõ ñìåøàííûõ çàäà÷. Ýòî êðàåâûå çàäà÷è
Äèðèõëå, Íåéìàíà, Íüþòîíà, à òàêæå ñîîòâåòñòâóþùèå ñïåêòðàëüíûå ïðîáëåìû,
çàäà÷è Ñòåêëîâà, Ñòåôàíà, Àãðàíîâè÷à, Ñ. Êðåéíà, ×óåøîâà è çàäà÷è ñîïðÿæå-
íèÿ.
Èññëåäîâàíèÿ âûïîëíåíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî

ôîíäà (êîä ïðîåêòà 14-21-00066), Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
Ë È Ò Å Ð À Ò Ó Ð À

1. Êîïà÷åâñêèé Í.Ä. Îá àáñòðàêòíîé ôîðìóëå Ãðèíà äëÿ ñìåøàííûõ êðàåâûõ çàäà÷ è åå ïðèëîæåíèÿõ. Ñïåêòðàëüíûå
è ýâîëþöèîííûå çàäà÷è. 2011. Ò. 21, � 1. Ñ. 2�39.

2. Êîïà÷åâñêèé Í.Ä. Îá àáñòðàêòíîé ôîðìóëå Ãðèíà äëÿ òðîéêè ãèëüáåðòîâûõ ïðîñòðàíñòâ è ïîëóòîðàëèíåéíûõ

ôîðì. Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå ïðèëîæåíèÿ. 2015. (â ïå÷àòè).

Êîïà÷åâñêèé Í.Ä., Ðàäîìèðñêàÿ Ê.À. (ÊÔÓ, ÂÃÓ)
kopachevsky@crimea.edu, radomirskaya@mail.ru

Àáñòðàêòíûå êðàåâûå çàäà÷è

1. Äëÿ òðîéêè ãèëüáåðòîâûõ ïðîñòðàíñòâ, óäîâëåòâîðÿþùèõ íåêîòîðûì óñëîâè-
ÿì ñâÿçè, è àáñòðàêòíîãî îïåðàòîðà ñëåäà âûâîäèòñÿ àáñòðàêòíàÿ ôîðìóëà
Ãðèíà, ÷àñòíûì ñëó÷àåì êîòîðîé ÿâëÿåòñÿ îáîáùåííàÿ ôîðìóëà Ãðèíà äëÿ
îïåðàòîðà Ëàïëàñà, ñïðàâåäëèâàÿ äëÿ ôóíêöèé èç ïðîñòðàíñòâà H1(Ω), çà-
äàííûõ â îáëàñòè Ω èç Rm ñ ëèïøèöåâîé ãðàíèöåé. Ïðèâîäÿòñÿ äîïîëíèòåëü-
íûå óñëîâèÿ, ïðè êîòîðûõ ñïðàâåäëèâà àáñòðàêòíàÿ ôîðìóëà Ãðèíà äëÿ ñìå-
øàííûõ êðàåâûõ çàäà÷, à òàêæå îáîáùåííàÿ ôîðìóëà Ãðèíà äëÿ îïåðàòîðà
Ëàïëàñà.

2. Íà áàçå àáñòðàêòíîé ôîðìóëû Ãðèíà ôîðìóëèðóþòñÿ àáñòðàêòíûå êðàåâûå
çàäà÷è ñîïðÿæåíèÿ è ïðèâîäèòñÿ îáùèé ïîäõîä ê èõ èññëåäîâàíèþ.
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3. Íà îñíîâå îáîáùåííîé ôîðìóëû Ãðèíà äëÿ îïåðàòîðà Ëàïëàñà ðàññìàò-
ðèâàþòñÿ íåêîòîðûå êëàññû êëàññè÷åñêèõ çàäà÷ ñîïðÿæåíèÿ â ëèïøèöå-
âûõ îáëàñòÿõ. Äîêàçûâàþòñÿ òåîðåìû î ñóùåñòâîâàíèè ñëàáûõ (âàðèàöèîí-
íûõ)ðåøåíèé ýòèõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (êîä
ïðîåêòà 14-21-00066), Âîðîíåæñêèé ãîñóíèâåðñèòåò.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êîïà÷åâñêèé Í.Ä. Îá àáñòðàêòíîé ôîðìóëå Ãðèíà äëÿ ñìåøàííûõ êðàåâûõ çàäà÷ è åå ïðèëîæåíèÿõ. Spectral and

Evolution Problems Proceedings of 21 Crimean Autumn Mathematic School-Symposium (KROMSH-2010). Simferopol. Crimea.
Ukraine. 2011. Volume 21. Issue 1. pp. 2-39.

2. Êîïà÷åâñêèé Í.Ä., Ðàäîìèðñêàÿ Ê.À. Àáñòðàêòíûå ñìåøàííûå êðàåâûå è ñïåêòðàëüíûå çàäà÷è ñîïðÿæåíèÿ. Ñáîð-

íèê òðóäîâ "Òàâðè÷åñêàÿ íàó÷íàÿ êîíôåðåíöèÿ ñòóäåíòîâ è ìîëîäûõ ñïåöèàëèñòîâ ïî ìàòåìàòèêå è èíôîðìàòèêå". 22-25

àïðåëÿ 2014ã. Èçäàòåëüñòâî ÊÍÖ ÍÀÍÓ. Ñèìôåðîïîëü. - ñ. 30-36.

Í.Ä. Êîïà÷åâñêèé, Ç. Ç. Ñèòøàåâà
(ÊÔÓ èì. Â.È. Âåðíàäñêîãî, ÂÃÓ, ÊÈÏÓ, Ðîññèÿ)

kopachevsky@list.ru, szz2008@mail.ru
ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ È ÏÐÎÁËÅÌÅ ÌÀËÛÕ ÄÂÈÆÅÍÈÉ
ÈÄÅÀËÜÍÎÉ ÆÈÄÊÎÑÒÈ Ñ ÍÅÑÂßÇÍÎÉ ÑÂÎÁÎÄÍÎÉ

ÏÎÂÅÐÕÍÎÑÒÜÞ

Â ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà ñòàòèêè, óñòîé÷èâîñòè è ìàëûõ äâèæåíèé
èäåàëüíîé æèäêîñòè, íàõîäÿùåéñÿ â ñîñóäå â óñëîâèÿõ, áëèçêèõ ê íåâåñîìîñòè,
ïðè÷åì ñâîáîäíàÿ ïîâåðõíîñòü æèäêîñòè ÿâëÿåòñÿ íåîäíîñâÿçíîé. Â ÷àñòíîñòè,
èìååòñÿ âåðõíÿÿ ñâîáîäíàÿ ïîâåðõíîñòü, à òàêæå êàïëè æèäêîñòè, ñâèñàþùèå ñ
äíèùà ñîñóäà.
1. Äëÿ ïëîñêîé è îñåñèììåòðè÷íîé ïðîáëåì ðàçðàáîòàíû èòåðàöèîííûå àëãî-

ðèòìû íàõîæäåíèÿ êàê âåðõíåé ïîâåðõíîñòè, òàê è ïîâåðõíîñòåé êàïåëü.
2. Ïðîáëåìà óñòîé÷èâîñòè ãèäðîñèñòåìû ñâåäåíà ê çàäà÷å íà ñîáñòâåííûå çíà÷å-

íèÿ äëÿ îïåðàòîðà ïîòåíöèàëüíîé ýíåðãèè, ïðåäñòàâëÿþùåãî ñîáîé îïåðàòîðíóþ
ìàòðèöó áëî÷íî-òðåóãîëüíîãî âèäà, äåéñòâóþùåãî â îðòîãîíàëüíîé ñóììå ãèëü-
áåðòîâûõ ïðîñòðàíñòâ, ñâÿçàííûõ ñî ñòðóêòóðîé ñâîáîäíîé ïîâåðõíîñòè æèäêî-
ñòè. Íà ýòîé îñíîâå óñòàíîâëåíî, ÷òî ñòàòè÷åñêàÿ óñòîé÷èâîñòü ãèäðîñèñòåìû òå-
ðÿåòñÿ íà ñäâèãîâûõ âîçìóùåíèÿõ âåðõíåé ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè.
3. Ïðîáëåìà ìàëûõ äâèæåíèé ñèñòåìû ïðèâåäåíà ê çàäà÷å Êîøè äëÿ îïåðàòîð-

íîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â óïîìÿíóòîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Ïðè
ýòîì ââåäåíà îïåðàòîðíàÿ ìàòðèöà êèíåòè÷åñêîé ýíåðãèè, êîòîðàÿ îêàçûâàåòñÿ
êîìïàêòíûì ïîëîæèòåëüíûì îïåðàòîðîì. Íà áàçå ñâîéñòâ îïåðàòîðîâ ïîòåíöè-
àëüíîé è êèíåòè÷åñêîé ýíåðãèè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:
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à) äîêàçàíà òåîðåìà î ñòðóêòóðå ñïåêòðà ñîáñòâåííûõ êîëåáàíèé ãèäðîñèñòåìû;
á) óñòàíîâëåí ñïåêòðàëüíîé ïðèçíàê äèíàìè÷åñêîé óñòîé÷èâîñòè;
â) äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè ñèëüíîãî ðåøåíèÿ êàê â ñëó÷àå åå óñòîé-

÷èâîñòè, òàê è íåóñòîé÷èâîñòè ãèäðîñèñòåìû.
Èññëåäîâàíèÿ âûïîëíåíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî

ôîíäà, (êîä ïðîåêòà 14-21-00066), Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
Ë È Ò Å Ð À Ò Ó Ð À

1. Kopachevsky N.D., Sitshaeva Z. Z. On the Equilibrium and Stability of a Capillary Liquid with Disconnected Free Surface
in an Open Vessel. Journal of Mathematical Sciences. 2015. Vol. 205, � 6. P. 777-790.

2. Kopachevsky N.D., Sitshayeva Z. Z. On the spectral criterion of stability in the problem of small motions of an ideal

capillary �uid with disconnected free surface. Journal of Mathematical Sciences. 2015. Vol. 206, � 1. P. 39-57.

À.Â. Êîòëÿð (Ôèçèêî-òåõíè÷åñêèé èíñòèòóò íèçêèõ òåìïåðàòóð èì
Á.È. Âåðêèíà, Óêðàèíà), Ë.Ñ. Ïàíêðàòîâ Ìîñêîâñêèé
ôèçèêî-òåõíè÷åñêèé èíñòèòóò, Ðîññèéñêàÿ Ôåäåðàöèÿ

leon_s_pan@yahoo.fr
ÌÀÊÐÎÑÊÎÏÈ×ÅÑÊÎÅ ÎÏÈÑÀÍÈÅ ÄÂÓÕÔÀÇÍÎÃÎ ÒÅ×ÅÍÈß

ÑÆÈÌÀÅÌÛÕ ÆÈÄÊÎÑÒÅÉ Â ÏÎÐÈÑÒÎÉ ÑÐÅÄÅ

Ðàññìàòðèâàåòñÿ äâóõôàçíîå òå÷åíèå ñæèìàåìûõ æèäêîñòåé (òèïà íåôòü-âîäà)
â ñðåäå ñ äâîéíîé ïîðèñòîñòüþ (ñì., íàïðèìåð, [1]), â ñëó÷àå êîãäà ïëîòíîñòü æèä-
êîñòè çàâèñèò òîëüêî îò ãëîáàëüíîãî äàâëåíèÿ (îïðåäåëåíèå ãëîáàëüíîãî äàâëåíèÿ
ñì., íàïðèìåð, [2]).
Â ðàáîòå [3], ïðåäïîëàãàëîñü, ÷òî ïîðèñòîñòü ñðåäû è ãëîáàëüíûé êîýôôèöèåíò

ïðîâîäèìîñòè ÿâëÿþòñÿ áûñòðî îñöèëëèðóþùèìè ôóíêöèÿìè è áûëî ïîëó÷åíî
ìàêðîñêîïè÷åñêîå îïèñàíèå äàííîãî òå÷åíèÿ. Â íàøåé ðàáîòå ìû îáîáùàåì ýòîò
ðåçóëüòàò íà ñëó÷àé êîãäà ïëîòíîñòü ñæèìàåìîé æèäêîñòè çàâèñèò òîëüêî îò ãëî-
áàëüíîãî äàâëåíèÿ è ïîëó÷åíî ìàêðîñêîïè÷åñêîå îïèñàíèå äàííîãî ïðîöåññà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Áàðåíáëàòò Ã.È., Åíòîâ Â.Ì., Ðûæèê Â.Ì. Äâèæåíèå æèäêîñòåé è ãàçîâ â ïðèðîäíûõ ïëàñòàõ. Ìîñêâà, Íåäðà.

1982
2. Àíòîíöåâ Ñ.Í., Êàæèõîâ À.Â., Ìîíàõîâ Â.Í., Ëàâðåíòüåâ Ì.Ì. Êðàåâûå çàäà÷è ìåõàíèêè íåîäíîðîäíûõ æèä-

êîñòåé, Íàóêà, Ñèáèðñêîå îòä-íèå, 1983.

3. Amaziane B., Antontsev S., Pankratov L., Piatnitski A. Homogenization of Immiscible Compressible Two-Phase Flow in

Porous Media: Application to Gas Migration in a Nuclear Waste Repository. MMS SIAM. 2010. Ò. 8, � 5. C. 2023�2047.

Ë.Ã. Êóðàêèí (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
kurakin@math.rsu.ru

È.Â. Îñòðîâñêàÿ (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
ostrov@math.rsu.ru
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Ì.À. Ñîêîëîâñêèé (Èíñòèòóò âîäíûõ ïðîáëåì ÐÀÍ, Èíñòèòóò
îêåàíîëîãèè ÐÀÍ èì. Ï.Ï. Øèðøîâà, Ðîññèÿ)

ÓÑÒÎÉ×ÈÂÎÑÒÜ ÂÈÕÐÅÂÎÃÎ ÊÂÀÄÐÓÏÎËß
Â ÄÂÓÕÑËÎÉÍÎÉ ÆÈÄÊÎÑÒÈ

Ðàññìàòðèâàåòñÿ ñèñòåìà ÷åòûðåõ òî÷å÷íûõ âèõðåé â äâóõñëîéíîé æèäêîñòè,
òðè èç êîòîðûõ îäèíàêîâîé èíòåíñèâíîñòè ðàñïîëîæåíû â îäíîì ñëîå, à îäèí
âèõðü ïðîèçâîëüíîé èíòåíñèâíîñòè � â äðóãîì. Äâèæåíèå òàêîé âèõðåâîé êîíôè-
ãóðàöèè îïèñûâàåòñÿ ãàìèëüòîíîâîé ñèñòåìîé. Ó íåå åñòü ñòàöèîíàðíîå ðåøåíèå,
êîòîðîå ïðèíÿòî íàçûâàòü ¾êàðóñåëüþ¿: òðè îäèíàêîâûõ âèõðÿ âðàùàþòñÿ ñ ïî-
ñòîÿííîé óãëîâîé ñêîðîñòüþ âîêðóã ÷åòâåðòîãî, íàõîäÿùåãîñÿ íåïîäâèæíî ïîñå-
ðåäèíå ìåæäó íèìè.
Ïðîâåäåí àíàëèç óñòîé÷èâîñòè ðàññìàòðèâàåìîé âèõðåâîé êàðóñåëè â ðàì-

êàõ ïîäõîäà, ðàçâèòîãî Â.È. Þäîâè÷åì äëÿ çàäà÷è óñòîé÷èâîñòè ñòàöèîíàðíûõ
äâèæåíèé äèíàìè÷åñêèõ ñèñòåì, îáëàäàþùèõ ãðóïïîé ñèììåòðèè. Óñòîé÷èâîñòü
çäåñü ïîíèìàåòñÿ êàê óñòîé÷èâîñòü ïî Ðàóñó (óñòîé÷èâîñòü ñòàöèîíàðíîãî äâèæå-
íèÿ).
Â ðàáîòå èññëåäîâàíà êâàäðàòè÷íàÿ ÷àñòü ïðèâåäåííîãî ãàìèëüòîíèàíà è ñîá-

ñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåé ìàòðèöû ëèíåàðèçàöèè. Ïîêàçàíî, ÷òî âñå
ïðîñòðàíñòâî ïàðàìåòðîâ çàäà÷è ðàçáèâàåòñÿ íà òðè ÷àñòè: îáëàñòü óñòîé÷èâî-
ñòè ïî Ðàóñó â òî÷íîé íåëèíåéíîé ïîñòàíîâêå, îáëàñòü ýêñïîíåíöèàëüíîé íåóñòîé-
÷èâîñòè è îáëàñòü â êîòîðîé òðåáóåòñÿ íåëèíåéíûé àíàëèç. Ðåçóëüòàòû àíàëèçà
ïîäòâåðæäàþòñÿ ÷èñëåííûì ðàñ÷åòîì òðàåêòîðèé âèõðåé.
Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå

íàó÷íîé äåÿòåëüíîñòè (Çàäàíèå �1.1398.2014/Ê), è ãðàíòà ÐÍÔ (ïðîåêò 14-50-
00095).
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Áûñòðîå ïðåîáðàçîâàíèå Ôóðüå äëÿ ðåøåíèÿ ñâ¼ðòî÷íûõ óðàâíåíèé
íà íåêîòîðûõ êîíå÷íûõ íåêîììóòàòèâíûõ ãðóïïàõ

Èññëåäóåòñÿ ìåòîä Ôóðüå ðåøåíèÿ ñâåðòî÷íûõ óðàâíåíèé íà äèýäðàëüíûõ ãðóï-
ïàõ Dm è ãðóïïàõ Ãåéçåíáåðãà. Ñòðîèòñÿ áûñòðîå ïðåîáðàçîâàíèå Ôóðüå íà äèýä-
ðàëüíûõ ãðóïïàõ è ãðóïïàõ Ãåéçåíáåðãà íà îñíîâå ðåäóêöèè ê áûñòðîìó ïðåîá-
ðàçîâàíèþ Ôóðüå íà öèêëè÷åñêèõ ãðóïïàõ. Ðàçðàáîòàíà ïðîãðàììíàÿ ðåàëèçàöèÿ
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÷èñëåííîãî ìåòîäà ðåøåíèÿ ñâ¼ðòî÷íûõ óðàâíåíèé ñ ïðèìåíåíèåì ïîñòðîåííîãî
áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå íà ýòèõ ãðóïïàõ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåí-
íûõ ýêñïåðèìåíòîâ.

D.V. Limanskii (Donetsk National University, Ukraine)
4125aa@gmail.com

SUBORDINATED CONDITIONS FOR SYSTEMS OF MINIMAL
DIFFERENTIAL OPERATORS

Our aim is to study the construction of the linear space L(P ) of minimal di�erential
polynomials Q(D) subordinated to the operator P (D) in the L∞(Rn) norm, i.e., the
space of operators Q(D) satisfying the a priori estimate

‖Q(D)f‖L∞(Rn) ≤ C1‖P (D)f‖L∞(Rn) + C2‖f‖L∞(Rn),

with constants C1, C2 > 0 not depending on f ∈ C∞0 (Rn).
We consider the case where the symbol P (ξ) is the tensor product of two polynomials,

i.e., it is the product of polynomials P1(ξ) and P2(ξ) acting on di�erent variables:

P (ξ) = P1(ξ)⊗ P2(ξ) := P1(ξ1, . . . , ξp1
, 0, . . . , 0) · P2(0, . . . , 0, ξp1+1, . . . , ξn).

In [1, 2], there was investigated the space L(P1⊗P2) in the case of elliptic operators
P1(D) and P2(D). In [3], the space L(P1 ⊗ P2) was completely described if P1(D1)
and P2(D2) are ordinary di�erential operators, and zeros of the symbol P1(ξ1) are real
and simple. In the above situations, the basis of L(P ) consists of both di�erential
monomials and the polynomial P .
Here we consider the same problem where P1(D1) and P2(D2) are still ordinary

di�erential operators whose symbols can have multiple real zeros. In this case, we
construct an example of an operator P of high order such that the space L(P ) contains a
nontrivial linear combination of di�erential monomials Q1 and Q2 while the monomials
themselves do not belong to L(P ).
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Ïðè èçó÷åíèè ïðîöåññîâ ïðîõîäÿùèõ â ïîðèñòûõ ñðåäàõ íàáëþäàåòñÿ, ÷òî èçó-
÷àåìàÿ âåëè÷èíà ïîäâåðæåíà ôëóêòóàöèÿì. Íî íà ïðàêòèêå, áûâàåò äîñòàòî÷íî
óñòàíîâèòü ñðåäíåå çíà÷åíèå ôèçè÷åñêîé âåëè÷èíû. Â ðàáîòå [1] ïðåäëîæåíà ìå-
òîäèêà ñîñòàâëåíèÿ óðàâíåíèé, îïèñûâàþùèõ îñåñèììåòðè÷åñêèå ÿâëåíèÿ â ïîðè-
ñòûõ ñðåäàõ ñ ôðàêòàëüíîé ñòðóêòóðîé. Ôóíêöèè, óäîâëåòâîðÿþùèå òàêèì óðàâ-
íåíèÿì, èìåþò ñìûñë ïëîòíîñòè âåðîÿòíîñòè îáíàðóæåíèÿ ÷àñòèöû.
Ïðè ñèììåòðè÷åñêîì ðàñïðåäåëåíèè èçó÷àåìîé âåëè÷èíû îòíîñèòåëüíî íåêî-

òîðîé îñè, öåëåñîîáðàçíî ïåðåõîäèòü ê öèëèíäðè÷åñêèì êîîðäèíàòàì. Ïðè òàêîì
ïåðåõîäå, êàê ïðàâèëî, è âîçíèêàåò îïåðàòîð Áåññåëÿ â óðàâíåíèè, îïèñûâàþùåì
ïðîöåññ.
Ðàññìîòðèì ëèíåéíîå óðàâíåíèå ñ ìëàäøèìè ÷ëåíàìè
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Ðåøåíèå óðàâíåíèÿ (2) çàâèñÿùåå ëèøü îò ðàññòîÿíèÿ r ìîæåò áûòü çàïèñàíî
â òåðìèíàõ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà.
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O ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÐÅØÅÍÈß ÑÌÅØÀÍÍÎÉ ÊÐÀÅÂÎÉ
ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Ðàññìîòðèì â îáëàñòè Ω = {(x, y) : 0 < x < a, 0 < y < b} óðàâíåíèå
Dα−1

0x ux(ξ, y) +Dβ−1
0y uy(x, η) + cu = f(x, y), (1)
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ãäå 1 < α, β < 2, c = c(x, y), u = u(x, y), Dν
0t� îïåðàòîð äðîáíîãî äèôôåðåíöèðî-

âàíèÿ Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà ν ñ íà÷àëîì â òî÷êå 0 è ñ êîíöîì â òî÷êå t [1, ñ.
9].
Â ðàáîòàõ [2], [3] èññëåäîâàíà çàäà÷à Äèðèõëå äëÿ îáîáùåííûõ óðàâíåíèé Ëà-

ïëàñà äðîáíîãî ïîðÿäêà. Â äàííîé ðàáîòå äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ñëå-
äóþùåé ñìåøàííîé çàäà÷è.
Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿ-

þùåå óñëîâèÿì

[Dα−2
0x ux(ξ, y)]x=0 = [Dα−2

0x ux(ξ, y)]x=a = 0,

u(x, 0) = u(x, b) = 0.
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ÍÅÓÑÒÎÉ×ÈÂÎÑÒÜ ÂÎÇÌÓÙÅÍÈÉ ÑÂÎÁÎÄÍÎÉ
ÏÎÂÅÐÕÍÎÑÒÈ ÆÈÄÊÎÉ ÏËÅÍÊÈ ÏÎÊÐÛÂÀÞÙÅÉ

ÖÈËÈÍÄÐ

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ïîâåäåíèÿ òîíêîãî ñëîÿ íåñæèìàåìîé æèäêî-
ñòè íà âíåøíåé ïîâåðõíîñòè áåñêîíå÷íîãî öèëèíäðà. Â äàííîé ðàáîòå äëÿ îïè-
ñàíèÿ ïîâåäåíèÿ ïîêðîâíîé ïëåíêè, ïðåäëàãàåòñÿ èñïîëüçîâàòü àíàëîã óðàâíåíèé
ìåëêîé âîäû â ïðèáëèæåíèè Áóññèíåñêà � ñèñòåìû äâóõ êâàçèëèíåéíûõ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà [1-2]

Φt + ΓΦx + ΦΓx = 0, Γt + ΓΓx − Ω2
0Φx = 0. (1)

Ýòè óðàâíåíèÿ ñîâïàäàþò ñ óðàâíåíèÿìè"îïðîêèíóòîé"ìåëêîé âîäû

ρt + (ρv)x = 0, vt + vvx = gρx, ρ = Φ, v = Γ, g = Ω2
0. (2)

Çäåñü ρ � ïëîòíîñòü, v � ñêîðîñòü, g � öåíòðîáåæíîå óñêîðåíèå. Ìåòîä ãîäîãðàôà
ïîçâîëÿåò ïîëó÷èòü ðåøåíèå ñèñòåìû óðàâíåíèé äëÿ íåèçâåñòíûõ ôóíêöèè Φ =
Φ(x, t) è Γ = Γ(x, t)

Φt =
xΓ

∆
, Γt = −xΦ

∆
, Φx = −tΓ

∆
, Γx =

tΦ
∆
, (3)
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ãäå ∆ = tΦxΓ − tΓxΦ � ßêîáèàí. Ïîäñòàâëÿÿ ïðåîáðàçîâàíèå ãîäîãðàôà (3) â (1),
ïîëó÷èì ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè

xΓ = ΓtΓ − ΦtΦ, xΦ = Ω2
0tΓ + ΓtΦ. (4)

Èñïîëüçóÿ áåçðàçìåðíûå ôóíêöèè Φ = r2, Γ = 2Ω0z, è óñëîâèÿ ñîâìåñòíîñòè (4)
ïîëó÷èì óðàâíåíèå äëÿ âðåìåíè: trr + tzz = −3

r tr.
Íåóñòîé÷èâîñòè âîçìóùåíèÿ ñâîáîäíîé ïîâåðõíîñòè îïèñûâàþòñÿ íåêîòîðûìè

ýâîëþöèîííûìè ðåøåíèÿìè, ðàñòóùèìè ñ òå÷åíèåì âðåìåíè. Â ðàáîòå ïðåäñòàâëå-
íû ðåçóëüòàòû âû÷èñëåíèé, îïèñûâàþùèå ïîâåäåíèå ñâîáîäíîé ïîâåðõíîñòè ñëîÿ
æèäêîñòè äëÿ íåêîòîðûõ òèïîâ ïåðèîäè÷åñêèõ âîçìóùåíèé.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ è ïðàâèòåëüñòâî Åãèïòà.
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ÌÅÄËÅÍÍÛÉ ÊÎËËÀÏÑ È ÍÅÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÅØÅÍÈÉ
ÓÐÀÂÍÅÍÈÉ ÃÈÄÐÎÄÈÍÀÌÈÊÈ

Ðå÷ü ïîéä¼ò î ïîñòåïåííîé ïîòåðå ãëàäêîñòè ðåøåíèÿìè óðàâíåíèé äâèæåíèÿ èäå-
àëüíîé íåñæèìàåìîé æèäêîñòè â îáëàñòÿõ ñ íåïðîíèöàåìûìè ãðàíèöàìè èëè ïðè
óñëîâèÿõ ïðîñòðàíñòâåííîé ïåðèîäè÷íîñòè. Ïîòåðÿ ãëàäêîñòè ìîæåò âûðàæàòüñÿ,
íàïðèìåð, â ïîñòåïåííîì, íî íåîãðàíè÷åííîì ðîñòå ãðàäèåíòà âèõðÿ ñî âðåìåíåì
â äâóìåðíîì ñëó÷àå, èëè ñàìîãî âèõðÿ â îáùåì ñëó÷àå. Èç-çà ïîòåðè ãëàäêîñòè òå-
÷åíèå, óñòîé÷èâîå â íåêîòîðîé ãðóáîé ¾ýíåðãåòè÷åñêîé¿ ìåòðèêå, ìîæåò îêàçàòüñÿ
íåóñòîé÷èâûì â áîëåå ñèëüíûõ ìåòðèêàõ.
Ïîòåðþ ãëàäêîñòè (=ìåäëåííûé êîëëàïñ) îáíàðóæèë Â. Þäîâè÷ â 1974 ã äëÿ

÷àñòíûõ êëàññîâ òå÷åíèé, è íà ýòîé îñíîâå ïðåäïîëîæèë, ÷òî ïîòåðÿ ãëàäêîñòè
èìååò ìåñòî äëÿ ¾áîëüøèíñòâà¿ òå÷åíèé [1]. Ýòà ãèïîòåçà ïîêà íå äîêàçàíà. Íå
äîêàçàíà è áîëåå ñëàáàÿ ãèïîòåçà ¾èììàíåíòíîé íåóñòîé÷èâîñòè¿, òàêæå âûñêà-
çàííàÿ Â. Þäîâè÷åì [1], êîòîðàÿ óòâåðæäàåò, ÷òî ëþáîå ñòàöèîíàðíîå òå÷åíèå
íåóñòîé÷èâî ïî Ëÿïóíîâó â ìåòðèêå, çàâèñÿùåé îò ïðîèçâîäíûõ âèõðÿ â äâóìåð-
íîì ñëó÷àå èëè îò ñàìîãî âèõðÿ â îáùåì ñëó÷àå. Â äîêëàäå ðàññìîòðåíî ñîâðå-
ìåííîå ñîñòîÿíèå ýòèõ ïðîáëåì. Îñîáîå âíèìàíèå óäåëåíî ïðîáëåìå ñóùåñòâîâà-
íèÿ âîçðàñòàþùèõ ôóíêöèîíàëîâ Ëÿïóíîâà; òàêèå ôóíêöèîíàëû áóäóò óêàçàíû
ÿâíî äëÿ øèðîêèõ êëàññîâ ïëîñêèõ òå÷åíèé, è íà ýòîé îñíîâå óñòàíîâëåíà ïëîò-
íîñòü íà÷àëüíûõ ïîëåé ñêîðîñòè, ¾çàïóñêàþùèõ¿ òå÷åíèÿ ñ ïîòåðåé ãëàäêîñòè
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(â ñìûñëå ñõîäèìîñòè ïîëåé çàâèõðåííîñòè â Lp). Êðîìå òîãî, áóäóò çíà÷èòåëüíî
ðàñøèðåíû (ïî ñðàâíåíèþ ñ èçâåñòíûìè) êëàññû ñòàöèîíàðíûõ ïîòîêîâ, âîçìóùå-
íèÿ êîòîðûõ ïðèâîäÿò ê ïîòåðå ãëàäêîñòè âîçìóù¼ííîãî òå÷åíèÿ, è óñòàíîâëåíî,
÷òî òàêèå âîçìóùåíèÿ ìîãóò áûòü ñêîëü óãîäíî ìàëû (âìåñòå ïðîèçâîäíûìè äî
ëþáîãî ïîðÿäêà).
Äîêëàä ïîäãîòîâëåí â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôå-

ðå íàó÷íîé äåÿòåëüíîñòè � 1.1398.2014/Ê.
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A.B. Muravnik (JSC �Concern �Sozvezdie�, Russia)
amuravnik@yandex.ru

ON QUALITATIVE PROPERTIES OF SOLUTIONS
OF QUASILINEAR PARABOLIC PROBLEMS

The Bitsadze idea to reduce nonlinearities including the second power of the �rst
derivative of the unknown function (see [1]) is developed and applied in the following
three directions:

1. the stabilization of solutions of quasilinear parabolic equations;

2. blow-up e�ects in quasilinear parabolic inequalities;

3. special properties of solutions (such as a �nite propagation velocity for
perturbations, support compacti�cation, �nite-time extinction, etc.) of quasilinear
parabolic problems.

Regarding the �rst and second directions, a number of results is already published (see,
e. g., [2�5]). Regarding the third one, an example of a recent result is the proof of the
claimed properties for the Cauchy problem for inequalities of the kind

∆u+
n∑
j=1

aj(x, u)

(
∂u

∂xj

)2

− ∂u

∂t
≥ f(u),

provided that there exists a ≥ 0 such that aj(x, s) ≤ a
s in Rn× (0,+∞), j = 1, n, and

there exist b > 0 and p ∈ (−a, 1) such that f(s) ≥ bsp in (0,+∞).
This research was supported by RFBR grant No. 14-01-00265 and by the president

grant for government support of the leading scienti�c schools of the Russian Federation
No. 4479.2014.1.
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ÐÅÄÓÖÈÐÎÂÀÍÍÛÅ ÌÎÄÅËÈ ÃÈÄÐÎÄÈÍÀÌÈÊÈ È
ÏÀÑÑÈÂÍÎÃÎ ÌÀÑÑÎÏÅÐÅÍÎÑÀ Â ÂÎÄÎÒÎÊÀÕ

Â äîêëàäå îáñóæäàåòñÿ ìåòîäèêà ïîëó÷åíèÿ ðåäóöèðîâàííûõ ïðîñòðàíñòâåííî
òðåõìåðíûõ ìîäåëåé ãèäðîäèíàìèêè è ðàñïðîñòðàíåíèÿ ïàññèâíîé íåêîíñåðâàòèâ-
íîé ïðèìåñè â ìåëêèõ ïðîòÿæåííûõ è ñëàáî èñêðèâëåííûõ âîäîòîêàõ. Óðàâíåíèÿ
ìîäåëåé ïîëó÷åíû ìåòîäîì ìàëîãî ïàðàìåòðà èç óðàâíåíèÿ äèôôóçèè ðàñïàäàþ-
ùåãîñÿ âåùåñòâà â äâèæóùåéñÿ ñðåäå è óðàâíåíèé Ðåéíîëüäñà äëÿ íåñæèìàåìîé
æèäêîñòè, çàìêíóòûõ íà îñíîâå ãèïîòåçû Áóññèíåñêà. Ïðåäëîæåíà èõ êëàññèôè-
êàöèÿ.
Â îñíîâó ïðåäëàãàåìîãî ïîäõîäà ê âûâîäó ìîäåëüíûõ óðàâíåíèé ïîëîæåíû ñëå-

äóþùèå ñîîáðàæåíèÿ.
Âî-ïåðâûõ, ïîòîêè õàðàêòåðèçóþòñÿ îòíîñèòåëüíî ìàëîé ãëóáèíîé ðóñëà ïî

ñðàâíåíèþ ñ åãî øèðèíîé, à òàêæå çíà÷èòåëüíîé ïðîòÿæåííîñòüþ. Ïîñêîëüêó îò-
íîøåíèå õàðàêòåðíîé ãëóáèíû ê õàðàêòåðíîé øèðèíå îáëàñòè òå÷åíèÿ ìàëî, åå
ãåîìåòðèÿ ìîæåò áûòü îñíîâîé äëÿ ââåäåíèÿ ìàëîãî ïàðàìåòðà.
Âî-âòîðûõ, åñòåñòâåííûå âîäîòîêè âñåãäà ÿâëÿþòñÿ òóðáóëåíòíûìè, ïîýòîìó

ëþáàÿ, äàæå ñàìàÿ óïðîùåííàÿ ìîäåëü äîëæíà ó÷èòûâàòü òóðáóëåíòíîñòü òå÷å-
íèÿ. Îäíàêî èç-çà íåäîñòàòî÷íîñòè ýêñïåðèìåíòàëüíûõ äàííûõ ìîæíî îãðàíè-
÷èòüñÿ ïðîñòåéøèìè ìîäåëÿìè òóðáóëåíòíîñòè.
Â-òðåòüèõ, ðàññìàòðèâàÿ ïåðåíîñ ïàññèâíîé ïðèìåñè, êîãäà èçìåíåíèå êîíöåí-

òðàöèè âåùåñòâà â ïîòîêå íå âëèÿåò íà ñêîðîñòü òå÷åíèÿ æèäêîñòè. Òàêèì îáðà-
çîì, çàäà÷à îïðåäåëåíèÿ ïîëÿ ñêîðîñòè ïîòîêà îòäåëÿåòñÿ îò çàäà÷è îïðåäåëåíèÿ
êîíöåíòðàöèè âåùåñòâà â ïîòîêå ñ çàäàííûì ïîëåì ñêîðîñòè.
Îòìåòèì, ÷òî â îòëè÷èå îò ðàñïðîñòðàíåííûõ îñðåäíåííûõ ìîäåëåé, ïðåäëà-

ãàåìûå ìîäåëè ó÷èòûâàþò ïðîñòðàíñòâåííóþ ñòðóêòóðó òå÷åíèÿ, ÷òî ïîçâîëÿåò
èññëåäîâàòü âëèÿíèå ôîðìû äíà è áåðåãîâîé ëèíèè ðóñëà, à òàêæå íåêîòîðûõ
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âíåøíèõ ôàêòîðîâ (íàïðèìåð, âîçäåéñòâèå âåòðà) íà îñîáåííîñòè ïåðåìåøèâàíèÿ
è ðàñïðåäåëåíèÿ âåùåñòâà â ïîòîêå.
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ÄÎÑÒÀÒÎ×ÍÛÅ ÓÑËÎÂÈß ÎÏÒÈÌÀËÜÍÎÑÒÈ Â ÇÀÄÀ×Å Î
ÍÀÈÑÊÎÐÅÉØÈÕ ÏÅÐÅÌÅÙÅÍÈßÕ Â ÏÎËÅ ÑÊÎÐÎÑÒÅÉ

Çàäà÷è òåîðèè óïðàâëåíèÿ âèäà:

J(u) =

t1∫
t0

(α + β|u|2) dt→ min, ẋ = v(x) + u, x(t0) = x0, x(t1) = 0,

v � ãëàäêîå âåêòîðíîå ïîëå â R2, óïðàâëåíèå u òàêîâî, ÷òî u(t) ∈ R2, ‖u(t)‖ 6 1
èìåþò íåïðåðûâíûå ýêñòðåìàëè Ïîíòðÿãèíà.

Òî÷êà x0 íàçûâàåòñÿ òî÷êîé íåîäíîçíà÷íîñòè, åñëè óïðàâëåíèå u è ũ ïåðåâîäÿò
x0 â 0 è J(u) = J(ũ).
Èìååòñÿ ýôôåêòèâíûé ñïîñîá âû÷èñëåíèÿ ìíîæåñòâà N , ñîñòîÿùåãî èç âñåõ òî-

÷åê íåîäíîçíà÷íîñòè. ÌíîæåñòâîN , îáðàçóÿ ìíîãîîáðàçèå, ïåðåñåêàåò òðàåêòîðèè
Ïîíòðÿãèíà è îòñåêàåò îò íèõ íåîïòèìàëüíóþ ÷àñòü. Òàêèì îáðàçîì, îïòèìàëüíû-
ìè ìîãóò áûòü ëèáî òðàåêòîðèè, íåïåðåñåêàþùèåñÿ ñ N , ëèáî êóñêè òðàåêòîðèé,
îáðåçàííûå ìíîæåñòâîì N .
Îêàçûâàåòñÿ, ÷òî åñëè çàäà÷à óäîâëåòâîðÿåò îïðåäåë¼ííûì óñëîâèÿì ðåãóëÿð-

íîñòè, òî âñå óêàçàííûå îáúåêòû äåéñòâèòåëüíî îïòèìàëüíû.
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ÎÁ ÈÍÂÀÐÈÀÍÒÍÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ ÍÅËÈÍÅÉÍÛÕ
ÎÏÅÐÀÒÎÐÎÂ

Ðàññìàòðèâàþòñÿ îïåðàòîðû Nδ : U → U(δ ∈ R1) â áàíàõîâîì ïðîñòðàíñòâå U
è èññëåäóþòñÿ óñëîâèÿ, ïðè êîòîðûõ ó îïåðàòîðîâ Nδ ðîæäàþòñÿ èíâàðèàíòíûå
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ìíîãîîáðàçèÿ, ãîìåîìîðôíûå n−ìåðíûì òîðàì äëÿ âñþäó ïëîòíîãî íà îòðåçêå
(0, ε) ìíîæåñòâà Mε çíà÷åíèé ïàðàìåòðà δ.
Ïðè ýòîì ìåðà mes Tε ìíîæåñòâà Tε çíà÷åíèé ïàðàìåòðà δ ∈ (0, ε), äëÿ êîòî-

ðûõ ñóùåñòâóåò èíâàðèàíòíûé ïðèòÿãèâàþùèé òîð, ñîîòíåñ¼ííàÿ ê ìåðå ε îòðåçêà
(0, ε), ñòðåìèòñÿ ê íóëþ ïðè ε→ 0.
Äëÿ çíà÷åíèé ïàðàìåòðà δ, ïðèíàäëåæàùèõ ê äîïîëíåíèþ (0, ε) ⊂ Tε ìíîæåñòâà

Tε, ñêîëü óãîäíî ìàëûå èçìåíåíèÿ ïàðàìåòðà δ ïîëíîñòüþ ìåíÿþò êà÷åñòâåííóþ
ñòðóêòóðó àòòðàêòîðîâ {Nδ}, k = 0, 1, 2, . . .

Ì.Â. Íîðêèí (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
norkinmi@mail.ru

ÐÅÇÊÎ ÍÅÑÒÀÖÈÎÍÀÐÍÎÅ ÂÇÀÈÌÎÄÅÉÑÒÂÈÅ ÒÂÅÐÄÛÕ
ÒÅË Ñ ÆÈÄÊÎÑÒÜÞ (ÓÄÀÐ È ÐÀÇÃÎÍ)

Íà÷àëüíûé ýòàï äâèæåíèÿ òâåðäûõ òåë â èäåàëüíîé íåñæèìàåìîé æèäêîñòè, âî
ìíîãèõ ñëó÷àÿõ, ñîïðîâîæäàåòñÿ ïàäåíèåì äàâëåíèÿ â æèäêîñòè è îáðàçîâàíèåì
îäíîé èëè íåñêîëüêèõ êàâåðí âáëèçè ïëàâàþùèõ òåë. Òàêàÿ êàðòèíà òå÷åíèÿ âîç-
íèêàåò ïðè óäàðå òâåðäîãî òåëà, ïîëíîñòüþ ïîãðóæåííîãî â æèäêîñòü, à òàêæå ïðè
åãî ðàçãîíå ñ äîñòàòî÷íî áîëüøèìè óñêîðåíèÿìè. Â äèíàìè÷åñêîé çàäà÷å óäàðà
ïåðâîíà÷àëüíàÿ çîíà îòðûâà îïðåäåëÿåòñÿ íà îñíîâå êëàññè÷åñêîé ìîäåëè óäàðà
ñ îòðûâîì Ë.È. Ñåäîâà, ðåøåíèå êîòîðîé ÿâëÿåòñÿ ðåãóëÿðíûì â òî÷êàõ îòðûâà.
Ïîëîæåíèå òî÷åê îòðûâà â ñëåäóþùèå ïîñëå óäàðà ìîìåíòû âðåìåíè îïðåäåëÿ-
åòñÿ òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü óñëîâèå êîíå÷íîñòè ñêîðîñòè æèäêîñòè
(óñëîâèå Êóòòà-Æóêîâñêîãî). Îòìåòèì, ÷òî ôóíêöèÿ, îïèñûâàþùàÿ âîçìóùåíèå
âíóòðåííåé ñâîáîäíîé ãðàíèöû æèäêîñòè, íàéäåííàÿ ïðÿìûì àñèìïòîòè÷åñêèì
ìåòîäîì èëè ìåòîäîì øàãîâ ïî âðåìåíè, â îáùåì ñëó÷àå, èìååò îñîáåííîñòè â
òî÷êàõ îòðûâà. Ýòè îñîáåííîñòè íåîáõîäèìî ñãëàäèòü ñ ïîìîùüþ ïîñòðîåíèÿ ñïå-
öèàëüíûõ ïîãðàíñëîéíûõ ðåøåíèé. Ïîäðîáíîå èññëåäîâàíèå ýòè âîïðîñîâ ïðîâå-
äåíî äëÿ ñëó÷àÿ êðóãîâîãî öèëèíäðà ñ ïîìîùüþ àñèìïòîòèê ìàëûõ âðåìåí [1�2].
Çàäà÷à ðàçãîíà òâåðäîãî òåëà â æèäêîñòè îòëè÷àåòñÿ îò çàäà÷è óäàðà òåì, ÷òî îíà
ÿâëÿåòñÿ äèíàìè÷åñêîé óæå â ãëàâíîì ïðèáëèæåíèè ïî âðåìåíè. Ïåðâîíà÷àëüíûå
çîíû îòðûâà îïðåäåëÿþòñÿ çäåñü íà îñíîâå ìàòåìàòè÷åñêîé ìîäåëè, àíàëîãè÷-
íîé ìîäåëè óäàðà ñ îòðûâîì Ë.È. Ñåäîâà. Îñíîâíûå ðåçóëüòàòû, ïîëó÷åííûå â
äèíàìè÷åñêèõ çàäà÷àõ óäàðà è ðàçãîíà, ñîñòîÿò â ïîñòðîåíèè ðåãóëÿðíûõ àñèìï-
òîòè÷åñêèõ ðåøåíèé íà ìàëûõ âðåìåíàõ. Â çàäà÷å óäàðà òàêèå ðåøåíèÿ ñòðîÿòñÿ
ñ ó÷åòîì ïåðâûõ äâóõ ÷ëåíîâ àñèìïòîòèêè, à â çàäà÷å ðàçãîíà � íà îñíîâàíèè
ãëàâíîãî ïðèáëèæåíèÿ ïî âðåìåíè.
Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå
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íàó÷íîé äåÿòåëüíîñòè (Çàäàíèå �1.1398.2014/k).
Ë È Ò Å Ð À Ò Ó Ð À
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ÁÈÔÓÐÊÀÖÈÈ ÊÎÐÀÇÌÅÐÍÎÑÒÈ 2 Â ÇÀÄÀ×Å
ÊÓÝÒÒÀ-ÒÅÉËÎÐÀ Ñ ÖÈÄÈÍÄÐÀÌÈ, ÂÐÀÙÀÞÙÈÌÈÑß Â

ÏÐÎÒÈÂÎÏÎËÎÆÍÛÅ ÑÒÎÐÎÍÛ

Òå÷åíèå âÿçêîé íåñæèìàåìîé æèäêîñòè ìåæäó áåñêîíå÷íî äëèííûìè ñîîñíû-
ìè âðàùàþùèìèñÿ öèëèíäðàìè îïèñûâàåòñÿ íà÷àëüíî-êðàåâîé çàäà÷åé äëÿ ñè-
ñòåìû Íàâüå-Ñòîêñà. Çàäà÷à îáëàäàåò ñèììåòðèåé è çàâèñèò îò âåùåñòâåííûõ ïà-
ðàìåòðîâ. Â ïðîñòðàíñòâå ïàðàìåòðîâ ñóùåñòâóþò çíà÷åíèÿ (òî÷êè áèôóðêàöèè
êîðàçìåðíîñòè 2), ïðè êîòîðûõ ïåðåñåêàþòñÿ äâå ãðàíèöû óñòîé÷èâîñòè òå÷åíèÿ
Êóýòòà, îòâå÷àþùèå ðàçëè÷íîãî ðîäà áèôóðêàöèÿì. Â êàæäîé òî÷êå áèôóðêàöèè
êîðàçìåðíîñòè 2 ñóùåñòâóåò íåñêîëüêî íåçàâèñèìûõ íåéòðàëüíûõ ìîä (íåíóëåâûõ
ðåøåíèé ëèíåàðèçîâàííîé íà òå÷åíèè Êóýòòà ñèñòåìû Íàâüå-Ñòîêñà). Âçàèìîäåé-
ñòâèå íåéòðàëüíûõ ìîä â ìàëîé îêðåñòíîñòè òàêîé òî÷êè îïèñûâàåòñÿ íåëèíåéíîé
ñèñòåìîé àìïëèòóäíûõ óðàâíåíèé íà öåíòðàëüíîì ìíîãîîáðàçèè. Ñóùåñòâóåò ñåìü
òèïîâ òî÷åê áèôóðêàöèè êîðàçìåðíîñòè 2 äëÿ íåâðàùàòåëüíî-ñèììåòðè÷íûõ ìîä,
êîòîðûì îòâå÷àþò àìïëèòóäíûå ñèñòåìû, ðàçëè÷àþùèåñÿ äîïîëíèòåëüíûìè ðå-
çîíàíñíûìè ñëàãàåìûìè. Ñàìûå ìíîãî÷èñëåííûå òî÷êè ðåçîíàíñîâ Res 0 è Res 1
ñóùåñòâóþò ïðè ëþáîì íàïðàâëåíèè âðàùåíèÿ öèëèíäðîâ è îáðàçóþò â ÷åòûðåõ-
ìåðíîì ïðîñòðàíñòâå ïàðàìåòðîâ ïîâåðõíîñòè (äâóïàðàìåòðè÷åñêèå ñåìåéñòâà).
Ïðîñòðàíñòâåííûå êðèâûå (îäíîïàðàìåòðè÷åñêèå ñåìåéñòâà), ñîñòîÿùèå èç òî÷åê
îñòàëüíûõ ðåçîíàíñîâ, íàõîäÿòñÿ íà ýòèõ ïîâåðõíîñòÿõ. Â ñëó÷àå âðàùåíèÿ öèëèí-
äðîâ â ïðîòèâîïîëîæíûå ñòîðîíû íà ïîâåðõíîñòÿõ, îáðàçîâàííûõ òî÷êàìè ðåçî-
íàíñà Res 0, ñóùåñòâóþò åùå òî÷êè Res 2, Res 4 è Res 5. Â èõ îêðåñòíîñòè ïðîâåäåí
÷èñëåííûé àíàëèç óñëîâèé ñóùåñòâîâàíèÿ è óñòîé÷èâîñòè ðåøåíèé àìïëèòóäíûõ
ñèñòåì íà èíâàðèàíòíûõ ïîäïðîñòðàíñòâàõ, êîòîðûì ñîîòâåòñòâóþò ñòàöèîíàð-
íûå, ïåðèîäè÷åñêèå, êâàçèïåðèîäè÷åñêèå ðåøåíèÿ ñèñòåìû Íàâüå-Ñòîêñà.

Å.Þ. Ïàíîâ (Íîâãîðîäñêèé ãîñ. óíèâåðñèòåò, Ðîññèÿ)
Eugeny.Panov@novsu.ru
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Î ÒÐÀÍÑÏÎÐÒÍÛÕ ÓÐÀÂÍÅÍÈßÕ Ñ ÐÀÇÐÛÂÍÛÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ðàññìîòðèì ëèíåéíîå òðàíñïîðòíîå óðàâíåíèå

ut + a(x) · ∇xu = 0, (1)

u = u(t, x), (t, x) ∈ Π = (0,+∞) × Rn, ñ ëèøü îãðàíè÷åííûì èçìåðèìûì âåê-
òîðîì êîýôôèöèåíòîâ a(x) = (a1(x), . . . , an(x)) ∈ L∞(Rn,Rn), óäîâëåòâîðÿþùèì
óñëîâèþ ñîëåíîèäàëüíîñòè

div a(x) = 0 â D′(Rn).

Ýòî óñëîâèå ïîçâîëÿåò ïåðåïèñàòü (1) â äèâåðãåíòíîé ôîðìå

ut + div (a(x)u) = 0

è ââåñòè ïîíÿòèå îáîáùåííîãî ðåøåíèÿ (î.ð.) u = u(t, x) ∈ L2
loc(Π̄), Π̄ = [0,+∞)×

Rn, çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè äàííûìè

u(0, x) = u0(x) ∈ L2
loc(Rn) (2)

ñ ïîìîùüþ ñòàíäàðòíîãî èíòåãðàëüíîãî òîæäåñòâà∫
Π

u(ft + a · ∇xf)dtdx+

∫
Rn
u0(x)f(0, x)dx = 0 ∀f ∈ C1

0(Π̄).

Èçâåñòíî, ÷òî î.ð. çàäà÷è (1), (2) âñåãäà ñóùåñòâóåò, íî ìîæåò áûòü íååäèíñòâåí-
íûì, äëÿ åäèíñòâåííîñòè î.ð. îáû÷íî íàêëàäûâàþò äîïîëíèòåëüíûå óñëîâèÿ ðå-
ãóëÿðíîñòè êîýôôèöèåíòîâ.
Ìû ïðåäëàãàåì ñëåäóþùèé îïåðàòîðíûé êðèòåðèé åäèíñòâåííîñòè î.ð. Ðàñ-

ñìîòðèì êîñî-ñèììåòðè÷íûé ëèíåéíûé îïåðàòîð Au = a(x)·∇u(x) â ãèëüáåðòîâîì
ïðîñòðàíñòâå L2 = L2(Rn) ñ îáëàñòüþ îïðåäåëåíèÿ D(A) = C1

0(Rn).
Òåîðåìà. Î.ð. u(t, x) ∈ L2

loc(Π̄) çàäà÷è (1), (2) åäèíñòâåííî òîãäà è òîëüêî
òîãäà, êîãäà îïåðàòîð A ÿâëÿåòñÿ ñóùåñòâåííî êîñîñîïðÿæåííûì â L2. Êðî-
ìå òîãî, â ýòîì ñëó÷àå g(u(t, x)) ÿâëÿåòñÿ î.ð. çàäà÷è (1), (2) (ñ íà÷àëüíîé
ôóíêöèåé g(u0)) äëÿ ëþáîé ôóíêöèè g(u) ∈ C(R), òàêîé ÷òî g(u) ∈ L1

loc(Π̄),
g(u0) ∈ L1

loc(Rn) (ñâîéñòâî ðåíîðìàëèçàöèè).
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ãðàíò 15-01-07650-a) è Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
ÐÔ (ãîñ. çàäàíèå, ïðîåêò 1.857.2014/K).

Â.À. Ïîïîâ (Ìîñêâà)



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 129

vlapopov@gmail.com
ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÏÐÎÄÎËÆÅÍÈÅ ÀÔÈÍÍÛÕ

ÏÐÅÎÐÀÇÎÂÀÍÈÉ

Ðàññìîòðèì ëîêàëüíî çàäàííóþ àíàëèòè÷åñêóþ àôôèííóþ ñâÿçíîñòü Γkij íà
àíàëèòè÷åñêîì ìíîãîîáðàçèèM . Èíôèíèòåçèìàëüíûå àôôèííûå ïðåîáðàçîâàíèÿ
� ýòî âåêòîðíûå ïîëÿ ξk(x) òàêèå, ÷òî

n∑
l=1

(
∂Γkij
∂xl

ξl − Γlij
∂ξk

∂xl
+ Γklj

∂ξl

∂xi
+ Γkil

∂ξl

∂xj

)
= 0.

Òåîðåìà 1. Ïóñòü ζ � àëãåáðà Ëè âñåõ èíôèíåòåçåìàëüíûõ àôôèííûõ ïðå-
îáðàçîâàíèé íà ïðîñòðàíñòâå àôôèííîé ñâÿçíîñòè M , η ⊂ ζ � ñòàöèîíàðíàÿ
ïîäàëãåáðà, G � îäíîñâÿçíàÿ ãðóïïà Ëè ñ àëãåáðîé Ëè ζ è H ⊂ G � ïîäãðóïïà ñ
àëãåáðîé Ëè η. Òîãäà, åñëè àëãåáðà ζ íå èìååò öåíòðà, òî ïîäãðóïïà H çàìêíóòà
â G. è òàêèì îáðàçîì, îïðåäåëåíî îäíîðîäíîå ðèìàíîâî ïðîñòðàíñòâî G/H.
Â ñëó÷àå ðèìàíîâà ìíîãîîáðàçèÿ ëîêàëüíî çàäàííàÿ àôôèííàÿ ñâÿçíîñòü àíà-

ëèòè÷åñêè ïðîäîëæàåòñÿ äî àôôèííîé ñâÿçíîñòè íåïðîäîëæàåìîãî ìíîãîîáðàçèÿ
M òàêîãî, ÷òî ëþáàÿ èçîìåòðèÿ ìåäó îòêðûòûìè ïîäìíîæåñòâàìè M ïðîäîëæà-
åòñÿ äî èçîìåòðèè âñåãî ìíîãîîáðàçèÿ. Äëÿ ìåòðèê, àëãåáðà Ëè âåêòîðíûõ ïîëåé
êîòîðûõ íå èìååò öåíòðà, îïðåäåëèì êâàçèïîëíîå ïðîäîëæåíèå, êàê íåïðîäîëæà-
åìîå ìíîãîîáðàçèå M , êîòîðîå íå äîïóñêàåò íåòîæäåñòâåííûõ ñîõðàíÿþùèõ âåê-
òîðíûå ïîëÿ Êèëëèíãà èçîìåòðèé ìåæäó ñâîèìè îòêðûòûìè ïîäìíîæåñòâàìè.
Òàêîå ïðîäîëæåíèå åäèíñòâåííî, è êàæäàÿ èçîìåòðèÿ ìåæäó îòêðûòûìè ïîäìíî-
æåñòâàìè ïðîäîëæàåòñÿ äî èçîìåòðèè âñåãî M .
Äàíàÿ ðàáîòà ÿâëÿåòñÿ åñòåñòâåííûì ïðîäîëæåíèåì ðàáîò [1], [2].
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DIFFRACTION PROBLEMS ON GENERAL UNBOUNDED
OBSTACLES

Let x = (x′, xn) ∈ Rn, where x′ = (x1, ..., xn−1) ∈ Rn−1, ΠR = {x ∈ Rn : |x′| > R} .
We consider the di�raction problem on unbounded obstacles D with C∞−boundary
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∂D such that
DR = D ∩ ΠR = {x ∈ Rn : xn > F (x′), |x′| > R}

for some R > 0, where F is an in�nitely di�erentiable real-valued function on Rn−1

with bounded derivatives ∂α
′

x′F for all multiindeces α′ = (α1, ..., αn−1) 6= 0. The
di�raction problems are described by the Helmholtz operators

Hu(x) =
(
ρ(x)∇ · ρ−1(x)∇+ a(x)

)
u(x), x ∈ Rn (5)

where ρ, a belong to the space C∞b (Rn) the in�nitely di�erentiable functions on Rn

bounded with all derivatives. The operator H describes the propagation of acoustic or
polarized harmonic electromagnetic waves in unhomogeneous media. We suppose that
inf
x∈Rn

ρ(x) > 0, Im a(x) ≥ 0, x ∈ Rn, lim inf
Rn3x→∞

Im a(x) > 0. Given conditions provide the

invertibility of the Helmholtz operator H acting from Hs(Rn) into Hs−2(Rn), for every
s ∈ R. Moreover H−1 is a pseudodi�erential operator in the class OPS−2

1,0(Rn). We
introduce single and double layer potentials SH and DH associated with the operator
H. By means of these potentials we reduce the mentioned boundary value problems
to boundary pseudodi�erential equations on the unbounded surface ∂D. We give the
necessary and su�cient conditions for the boundary operators to be Fredholm in the
Sobolev spaces Hs(∂D) in terms of their limit operators.
In a particular case if the coe�cients ρ, a of H, and the function F describing the

boundary ∂D are slowly oscillating at in�nity, we obtain the classical for bounded
obstacles result: the boundary integral operators of the Dirichlet and Neumann prob-
lems are invertible in Hs(∂D) for every s ∈ R.

À.Ï. Ñîëäàòîâ, À.Á. Ðàñóëîâ ( Áåëãîðîä,Ìîñêâà)
ÍÈÓ ÁåëÃÓ, ÍÈÓ ÌÝÈ

Soldatov48@gmail.com, rasulov−abdu@rambler.ru
ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÎÁÎÁÙÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÊÎØÈ-ÐÈÌÀÍÀ Ñ ÑÈÍÃÓËßÐÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ðàññìîòðèì îäíîñâÿçíóþ îáëàñòü G, îãðàíè÷åííóþ ãëàäêèì êîíòóðîì L, êîòî-
ðûé ïåðåñåêàåò âåùåñòâåííóþ ïðÿìóþ Imz = 0 â äâóõ òî÷êàõ τ0 < τ1. Ïóñòü L

+

è L− � ÷àñòè L, ëåæàùèå, ñîîòâåòñòâåííî, â âåðõíåé è íèæíåé ïîëóïëîñêîñòÿõ,
è àíàëîãè÷íûé ñìûñë èìåþò îáëàñòè G±. Â îáëàñòè G ðàññìîòðèì îáîáùåííóþ
ñèñòåìó Êîøè-Ðèìàíà

∂z̄U − A(z)U +B(z)U = F (z), (1)
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ñ êîýôôèöèåíòàìè, äîïóñêàþùóþ ñâåðõñèíãóëÿðíîñòü íà îòðåçêå l = [τ0, τ1] ⊆ G:

A(z) =
(z − z)a(z)

|z − z̄|n+1
, B(z) =

b(z)

|z − z̄|m
, a, b ∈ C(G), (2)

ãäå n > 0, 0 < m ≤ 1. Ñóùåñòâóåò íåñêîëüêî ðàçëè÷íûõ ìàòåìàòè÷åñêèõ òåî-
ðèé óðàâíåíèÿ (1), êîòîðûå îáîáùàþò ìåòîäû ÒÔÊÏ, íàèáîëåå âåñîìûì èç êî-
òîðûõ ÿâëÿåòñÿ òåîðèÿ îáîáùåííûõ àíàëèòè÷åñêèõ ôóíêöèé È.Í.Âåêóà. Òåîðèÿ
Âåêóà ïîñòðîåíà â ïðåäïîëîæåíèè, ÷òî A(z), B(z), F (z) ïðèíàäëåæàò ïðîñòðàí-
ñòâó Lp(G), p > 2. Ïîýòîìó äàæå óðàâíåíèå ñ òàêèìè êîýôôèöèåíòàìè, êàê
A(z) = 1/z,B(z) = 1/z íå âïèñûâàåòñÿ â òåîðèþ Âåêóà. Ðàçâèòèå òåîðèè ñèí-
ãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé âî ìíîãîì ñïîñîáñòâîâàëî äàëüíåéøåìó èçó-
÷åíèþ óðàâíåíèé ñ îñîáûìè êîýôôèöèåíòàìè.
Â íàñòîÿùåé ðàáîòå äëÿ óðàâíåíèÿ (1) êîýôôèöèåíòû êîòîðîãî äîïóñêàþò îñî-

áåííîñòè âûñîêîãî ïîðÿäêà íà îòðåçêå, íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå îáùå-
ãî ðåøåíèÿ. Êðîìå òîãî, èññëåäîâàíà êðàåâàÿ çàäà÷à, îáúåäèíÿþùàÿ ÷åðòû çàäà÷
ëèíåéíîãî ñîïðÿæåíèÿ è Ðèìàíà-Ãèëüáåðòà.
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ÊÎËÅÁÀÒÅËÜÍÀß ÏÎÒÅÐß ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄÂÓÌÅÐÍÛÕ
ÍÅÏÀÐÀËËÅËÜÍÛÕ ÒÅ×ÅÍÈÉ ÂßÇÊÎÉ ÆÈÄÊÎÑÒÈ

Ðàññìàòðèâàåòñÿ äâóìåðíîå äâèæåíèå âÿçêîé íåñæèìàåìîé æèäêîñòè ïîä äåé-
ñòâèåì ïîëÿ âíåøíèõ ñèë F (x, t), ïåðèîäè÷åñêîãî ïî ïðîñòðàíñòâåííûì ïåðåìåí-
íûì x1, x2 ñ ïåðèîäàìè L1 è L2 ñîîòâåòñòâåííî, îïèñûâàåìîå ñèñòåìîé óðàâíåíèé
Íàâüå-Ñòîêñà:

∂v

∂t
+ (v,∇)v − ν∆v = −∇p+ F (x, t), div v = 0.

Ñðåäíÿÿ ïî ïðîñòðàíñòâó ñêîðîñòü ñ÷èòàåòñÿ çàäàííîé. Ïðåäïîëàãàåòñÿ, ÷òî îäèí
èç ïðîñòðàíñòâåííûõ ïåðèîäîâ L2 = 2π/α ñòðåìèòñÿ ê áåñêîíå÷íîñòè, êîãäà âîë-
íîâîå ÷èñëî α→ 0.
Ñòðîèòñÿ äëèííîâîëíîâàÿ àñèìïòîòèêà çàäà÷è óñòîé÷èâîñòè ñòàöèîíàðíîãî òå-

÷åíèÿ, êîãäà îñíîâíîå ïîëå ñêîðîñòè ïðèíàäëåæèò êëàññó òå÷åíèé, áëèçêèõ ê ïà-
ðàëëåëüíûì

V = (αV1(x2), V2(x1)),
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îáîáùàþùèõ êëàññè÷åñêîå òå÷åíèå Êîëìîãîðîâà ñ ñèíóñîèäàëüíûì ïðîôèëåì ñêî-
ðîñòè

V = (0, γ sinx1).

Ïðåäïîëàãàåòñÿ, ÷òî ñðåäíåå ñêîðîñòè îñíîâíîãî òå÷åíèÿ âäîëü äëèííîãî ïåðèîäà
îòëè÷íî îò íóëÿ: 〈V2〉 6= 0.
Ëèíåéíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ñäâèãîâûõ (ïàðàëëåëüíûõ) òå÷åíèé ðàñ-

ñìîòðåíà â [1], ïîêàçàíî, ÷òî ïðè óìåíüøåíèè âÿçêîñòè ïðîèñõîäèò êîëåáàòåëüíàÿ
ïîòåðÿ óñòîé÷èâîñòè. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ëèíåéíîé ñïåêòðàëüíîé çàäà÷å
äëÿ íåïàðàëëåëüíûõ òå÷åíèé. Íàéäåíû ïåðâûå ÷ëåíû äëèííîâîëíîâîé àñèìïòîòè-
êè ñîáñòâåííûõ çíà÷åíèé, ñîáñòâåííûõ ôóíêöèé è êðèòè÷åñêîãî çíà÷åíèÿ âÿçêî-
ñòè. Êîýôôèöèåíòû ðàçëîæåíèé ÿâíî âûðàæàþòñÿ ÷åðåç íåêîòîðûå âðîíñêèàíû,
ïðèìåíÿþòñÿ òàêæå èíòåãðàëüíûå îïåðàòîðû òèïà Âîëüòåððà. Ïðîâåäåíî ñðàâíå-
íèå ñî ñëó÷àåì ñäâèãîâûõ òå÷åíèé. Ïîëó÷åííûå ðåçóëüòàòû ïðåäïîëàãàåòñÿ ïðè-
ìåíèòü äëÿ íàõîæäåíèÿ àâòîêîëåáàíèé, îòâåòâëÿþùèõñÿ îò îñíîâíîãî òå÷åíèÿ.
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ÊÂÀÇÈÔÅÉÍÌÀÍÎÂÑÊÈÅ ÔÎÐÌÓËÛ � ÍÎÂÛÉ ÏÎÄÕÎÄ Ê
ÐÅØÅÍÈÞ ÇÀÄÀ×È ÊÎØÈ ÄËß ÓÐÀÂÍÅÍÈß ØÐ�ÄÈÍÃÅÐÀ

Ôîðìóëà Ôåéíìàíà � ýòî ðàâåíñòâî ñëåäóþùåãî âèäà: ñëåâà ñòîèò îïðåäåëÿå-
ìàÿ ðàâåíñòâîì ôóíêöèÿ, à ñïðàâà � ïðåäåë êðàòíîãî èíòåãðàëà ïðè ñòðåìÿùåéñÿ
ê áåñêîíå÷íîñòè êðàòíîñòè (è òîëüêî îí). Ïðåäëîæåííûé Î.Ã.Ñìîëÿíîâûì ïîä-
õîä, îñíîâàííûé íà òåîðåìå ×åðíîâà, ïîçâîëèë â âèäå ôîðìóë Ôåéíìàíà ïîëó-
÷èòü ðåøåíèÿ äëÿ íåêîòîðûõ âàæíûõ ýâîëþöèîííûõ óðàâíåíèé: òåïëîïðîâîäíî-
ñòè, Øð¼äèíãåðà è äðóãèõ, ñì. îáçîðû [1], [2]. Â íàñòîÿùåì äîêëàäå ïðåäëàãàåòñÿ
ðàñøèðèòü ïîëå âíèìàíèÿ ñ ôåéíìàíîâñêèõ ôîðìóë äî êâàçèôåéíìàíîâñêèõ.
Îïðåäåëåíèå 1.Êâàçèôåéíìàíîâñêàÿ ôîðìóëà � ýòî ðàâåíñòâî ñëåäóþùåãî

âèäà: ñëåâà ñòîèò îïðåäåëÿåìàÿ ðàâåíñòâîì ôóíêöèÿ, à ñïðàâà � âûðàæåíèå, ñî-
äåðæàùåå êðàòíûå èíòåãðàëû ñêîëü óãîäíî áîëüøîé êðàòíîñòè. Â îòëè÷èå îò
ôåéíìàíîâñêèõ, êâàçèôåéíìàíîâñêèå ôîðìóëû â ïðàâîé ÷àñòè ìîãóò ñîäåðæàòü
ñóììèðîâàíèå èëè äðóãèå îïåðàöèè.
Åñòåñòâåííîñòü òàêîãî ðàñøèðåíèÿ äèêòóåòñÿ íåäàâíî ïîëó÷åííîé òåîðåìîé 2,
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äàþùåé ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øð¼äèíãåðà íå â âè-
äå ôåéíìàíîâñêèõ, à â âèäå êâàçèôåéíìàíîâñêèõ ôîðìóë. Ïðè÷¼ì äîêàçàòåëüñòâî
äâóõ êëàññîâ êâàçèôåéíìàíîâñêèõ ôîðìóë, äàâàåìûõ íîâûì ìåòîäîì, îêàçûâàåò-
ñÿ íà äâà ïîðÿäêà ïðîùå, ÷åì ôåéíìàíîâñêèõ. Ïðîäâèæåíèå áûëî äîñòèãíóòî íà
îñíîâå ñòðóêòóðèðîâàíèÿ óñëîâèé òåîðåìû ×åðíîâà ñëåäóþùèì îáðàçîì:
Òåîðåìà 1. (Ï.Ð.×åðíîâ, 1968) Ïóñòü F � áàíàõîâî ïðîñòðàíñòâî è Lb(F ,F)

� ïðîñòðàíñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â F , íàäåë¼ííîå îáû÷-
íîé îïåðàòîðíîé íîðìîé. Ïóñòü äàí ëèíåéíûé îïåðàòîð L : F ⊃ Dom(L) → F
è òàêàÿ ôóíêöèÿ G, ÷òî:
(E). Ñóùåñòâóåò ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà (etL)t≥0 ñ ãåíåðàòîðîì

(L,Dom(L)).
(CT1). Ôóíêöèÿ G îïðåäåëåíà íà [0,+∞), ïðèíèìàåò çíà÷åíèÿ â Lb(F ,F), è

îòîáðàæåíèå t 7−→ G(t)f íåïðåðûâíî íà êàæäîì âåêòîðå f ∈ F .
(CT2). G(0) = I.
(CT3). Ñóùåñòâóåò òàêîå ïëîòíîå â F ïîäïðîñòðàíñòâî D ⊂ F , ÷òî ïðè

âñåõ f ∈ D ñóùåñòâóåò G′(0)f = limt→0(G(t)f − f)/t.
(CT4). Çàìûêàíèå îïåðàòîðà (G′(0),D) ñóùåñòâóåò è ðàâíî (L,Dom(L)).
(N). Ñóùåñòâóåò òàêîå ÷èñëî ω ∈ R, ÷òî ‖G(t)‖ ≤ eωt ïðè âñåõ t ≥ 0.
Òîãäà äëÿ êàæäîãî f ∈ F ñïðàâåäëèâî (G(t/n))nf → etLf ïðè n → ∞, ãäå

ïðåäåë ðàâíîìåðåí ïî t ∈ [0, t0] ïðè êàæäîì ôèêñèðîâàííîì t0 > 0.
Çàìå÷àíèå 1.Åñëè ôóíêöèÿ G (èëè, êàê èíîãäà ãîâîðÿò, ñåìåéñòâî (G(t))t≥0)

óäîâëåòâîðÿåò óñëîâèÿì (CT1)-(CT4), òî å¼ ïðåäëàãàåòñÿ íàçûâàòü êàñàþùåé-
ñÿ ïî ×åðíîâó (Cherno�-tangent) îïåðàòîðà L. Åñëè æå ôóíêöèÿ óäîâëåòâîðÿ-
åò âñåì óñëîâèÿì òåîðåìû ×åðíîâà, òî îíà íàçûâàåòñÿ (èëè îêàçûâàåòñÿ, â
çàâèñèìîñòè îò îïðåäåëåíèÿ ýêâèâàëåíòíîñòè ïî ×åðíîâó) ýêâèâàëåíòíîé ïî
×åðíîâó ïîëóãðóïïå (etL)t≥0, ÷òî îçíà÷àåò ñõîäèìîñòü (G(t/n))nf → etLf . Â
ñëó÷àå, êîãäà ïðè êàæäîì t îïåðàòîð G(t) èíòåãðàëüíûé, ðàâåíñòâî etLf =
limn→∞(G(t/n))nf è åñòü ôîðìóëà Ôåéíìàíà.
Îñíîâíîé àíîíñèðóåìûé â äîêëàäå ðåçóëüòàò êðàòêî âûðàæàåòñÿ òàê: åñëè ñå-

ìåéñòâî (St)t≥0 ñîñòîèò èç ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ è íàõîäèòñÿ â ÷åðíîâñêîì
êàñàíèè ñ ñàìîñîïðÿæ¼ííûì îïåðàòîðîì H, òî ñåìåéñòâî Rt = ei(St−I) ýêâèâàëåíò-
íî ïî ×åðíîâó ïîëóãðóïïå Øð¼äèíãåðà (eitH)t≥0. Â íåñêîëüêî áîëüøåé îáùíîñòè
ýòî âûãëÿäèò òàê.
Òåîðåìà 2. (È.Ä.Ðåìèçîâ, 2014) Ïóñòü äàíû ëèíåéíûé ñàìîñîïðÿæ¼ííûé îïå-

ðàòîð H : F ⊃ Dom(H) → F â ãèëüáåðòîâîì ïðîñòðàíñòâå F è ÷èñëî a ∈ R.
Ïóñòü ôóíêöèÿ S ÷åðíîâñêè êàñàåòñÿ îïåðàòîðà H è (St)

∗ = St äëÿ êàæäîãî
t ≥ 0.
Òîãäà ôóíêöèÿ

(
t 7−→ eia(S|t|−I)sign(t)

)
t∈R ýêâèâàëåíòíà ïî ×åðíîâó ãðóïïå
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(eiatH)t∈R è äëÿ êàæäîãî f ∈ F ïî íîðìå â F

eiatHf =
(

lim
n→∞

(
eia(S|t/n|−I)sign(t)

)n)
f, eiatHf =

(
lim
n→∞

eian(S|t/n|−I)sign(t)
)
f (1)

eiatHf =

(
lim
n→∞

lim
k→∞

k∑
m=0

imamnm(sign(t))m

m!
(S|t/n| − I)m

)
f (2)

eiatHf =

(
lim
n→∞

lim
k→∞

[(
1− ian sign(t)

k

)
I +

ian sign(t)

k
S|t/n|

]k)
f (3)

ðàâíîìåðíî ïî t ∈ [−t0, t0] äëÿ êàæäîãî ôèêñèðîâàííîãî t0 > 0. Ñèìâîë |x| îçíà-
÷àåò ìîäóëü äåéñòâèòåëüíîãî ÷èñëà x.
Çàìå÷àíèå 2. Åñëè îïåðàòîð St èíòåãðàëüíûé, òî äâà ïîñëåäíèõ ðàâåíñòâà

� êâàçèôåéíìàíîâñêèå ôîðìóëû. Çäåñü êðàòêî îòìåòèì òîëüêî òðè ïîëåçíûõ
ñâîéñòâà òåîðåìû 2. Âî-ïåðâûõ, îíà ïîçâîëÿåò ñâåñòè ðåøåíèå çàäà÷è Êîøè
äëÿ óðàâíåíèÿ Øð¼äèíãåðà ê ïîñòðîåíèþ ñåìåéñòâà, êàñàþùåãîñÿ îïåðàòîðà èç
óðàâíåíèÿ òåïëîïðîâîäíîñòè (ýòî ïðîùå, ÷åì â ñëó÷àå îïåðàòîðà Øð¼äèíãåðà).
Âî-âòîðûõ, áîëåå íå òðåáóåòñÿ êîíòðîëèðîâàòü ðîñò íîðìû àïïðîêñèìèðóþ-
ùåãî ñåìåéñòâà. Â-òðåòüèõ, ìåòîä ðàáîòàåò íà óðîâíå ïîëóãðóïï, à, çíà÷èò,
ïðèìåíèì ê óðàâíåíèÿì ñ ëþáûì ïðîñòðàíñòâîì êîîðäèíàò. Äîêàçàòåëüñòâî
òåîðåìû 2, çàìå÷àíèÿ ê íåé è ôîðìóëèðîâêè ñâÿçàííûõ ñ íåé îòêðûòûõ âîïðî-
ñîâ ñì. â ñòàòüå [3].
Íàñòîÿùåå èññëåäîâàíèå ïðîôèíàíñèðîâàíî ãðàíòîì ÐÔÔÈ 14-41-00044 â ÍÍ-

ÃÓ èì. Í.È.Ëîáà÷åâñêîãî.
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ÑÂÎÉÑÒÂÀ ÈÍÒÅÃÐÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ Â ÒÐÅÕÌÅÐÍÎÉ
ÇÀÄÀ×Å ÄËß ÄÂÎßÊÎ-ÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ

ÒÐÅÙÈÍ

Èçó÷åíèå ÿâëåíèÿ îòðàæåíèÿ âîëí, ðàñïðîñòðàíÿþùèõñÿ â óïðóãîé ñðåäå, ñî-
äåðæàùåé óïîðÿäî÷åííóþ ñèñòåìó òðåùèí ÿâëÿåòñÿ âàæíûì âîïðîñîì äëÿ ïðàê-
òè÷åñêîãî ïðèìåíåíèÿ ìåõàíèêè, ýëåêòðîìàãíåòèçìà, àêóñòèêè [1-3].
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Äëÿ äâóõ íàïðàâëåíèé â èññëåäîâàíèè òâåðäûõ òåë ñ äåôåêòàìè ïåðâûé îñíî-
âàí íà èõ ñëó÷àéíîì ðàñïðåäåëåíèè. Ñóùåñòâóåò äîâîëüíî áîëüøîå êîëè÷åñòâî
ïóáëèêàöèé, ãäå ðàññìîòðåí øèðîêèé ñïåêòð òàêèõ çàäà÷.
Åñëè â àêóñòèêå ïðîõîæäåíèå ñèãíàëà ÷åðåç äâîÿêî-ïåðèîäè÷åñêîé ðåøåòêè ïîë-

íîñòüþ èçó÷åíî êàê äëÿ ïëîñêèõ, òàê è äëÿ ïðîñòðàíñòâåííûõ çàäà÷ [4,5], òî â
òåîðèè óïðóãîñòè èññëåäîâàíèÿ êàñàëèñü ëèøü çàäà÷ â ïëîñêîé ïîñòàíîâêå.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äâîÿêî-ïåðèîäè÷åñêîé ñèñòåìà òðåùèí, ðàñ-

ïîëîæåííûõ â ïëîñêîñòè, îðòîãîíàëüíîé ê íàïðàâëåíèþ ïàäàþùåé âîëíû â òðåõ-
ìåðíîé ïîñòàíîâêå.
Â óñëîâèÿõ íèçêî÷àñòîòíîãî ðåæèìà, çàäà÷à ñâîäèòñÿ ê äâóìåðíîìó èíòåãðàëü-

íîìó óðàâíåíèþ îòíîñèòåëüíî ôóíêöèè ðàñêðûòèÿ òðåùèíû â íàïðàâëåíèè ïà-
äàþùåé âîëíû. Îïèñûâàåòñÿ ïðîöåññ âûäåëåíèÿ ðåãóëÿðíîé è ãèïåðñèíãóëÿðíîé
÷àñòè ÿäðà ïîëó÷åííîãî èíòåãðàëüíîãî óðàâíåíèÿ äëÿ ïðîâåäåíèÿ ïðîöåäóðû ÷èñ-
ëåííîãî ðåøåíèÿ ìåòîäîì êîëëîêàöèé.
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ÐÅËÀÊÑÀÖÈÎÍÍÛÅ ÊÎËÅÁÀÍÈß È ÌÎÄÅËÜ ÍÅÉÐÎÍÀ

Ðåëàêñàöèîííûå êîëåáàíèÿ øèðîêî ðàñïðîñòðàíåíû â ìåõàíèêå, ðàäèîôèçèêå,
ýêîëîãèè, òåõíèêå. Òàê ïðèíÿòî íàçûâàòü ïåðèîäè÷åñêèå ïî âðåìåíè ïðîöåññû, â
êîòîðûõ â òå÷åíèå êàæäîãî ïåðèîäà ïðîèñõîäèò íåñêîëüêî ïîñëåäîâàòåëüíûõ ÷å-
ðåäîâàíèé ó÷àñòêà ìåäëåííîãî, ïëàâíîãî èçìåíåíèÿ õàðàêòåðèñòèêè ïðîöåññà è
ó÷àñòêà å¼ áûñòðîãî, ñêà÷êîîáðàçíîãî èçìåíåíèÿ. Òåîðåòè÷åñêèé ïðèìåð ¾êëàññè-
÷åñêîãî¿ ðåëàêñàöèîííîãî öèêëà äîñòàâëÿåò óðàâíåíèå Âàí äåð Ïîëÿ ñ ¾áîëüøèì¿
ïàðàìåòðîì, à ïðèìåðîì ðåëàêñàöèîííûõ êîëåáàíèé â òåõíèêå ìîæåò ñëóæèòü ÿâ-
ëåíèå ïîìïàæà.
Ñóùåñòâóþò òàêèå ñèíãóëÿðíî âîçìóùåííûå àâòîíîìíûå ñèñòåìû îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â êîòîðûõ èìåþò ìåñòî ðåëàêñàöèîííûå öèê-
ëû êà÷åñòâåííî èíîãî, ¾íåêëàññè÷åñêîãî¿ òèïà. ¾Íåêëàññè÷åñêèå¿ ðåëàêñàöèîí-
íûå êîëåáàíèÿ íàáëþäàþòñÿ â ñïåöèàëüíîé ìîäèôèêàöèè èçâåñòíîé ìîäåëè Ôèò-
öÕüþ � Íàãóìî ôóíêöèîíèðîâàíèÿ íåéðîíà. Â ýòîé ìîäèôèöèðîâàííîé ìîäåëè
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ìåäëåííàÿ êîìïîíåíòà öèêëà àñèìïòîòè÷åñêè áëèçêà ê ðàçðûâíîé ôóíêöèè, à åãî
áûñòðàÿ êîìïîíåíòà δ-îáðàçíà, ÷òî áîëåå òî÷íî îòðàæàåò ðåàëüíîå ôóíêöèîíèðî-
âàíèå íåéðîíà.

À.Ð. Ðóñòàíîâ (ÌÏÃÓ, Ðîññèÿ)
aligadzhi@yandex.ru

Ñ.Â. Õàðèòîíîâà (ÎÃÓ, Ðîññèÿ)
hcb@yandex.ru

ÒÎÆÄÅÑÒÂÀ ÊÐÈÂÈÇÍÛ ÍÎÐÌÀËÜÍÛÕ ËÎÊÀËÜÍÎ
ÊÎÍÔÎÐÌÍÎ ÏÎ×ÒÈ ÊÎÑÈÌÏËÅÊÒÈ×ÅÑÊÈÕ

ÌÍÎÃÎÎÁÐÀÇÈÉ

Ïóñòü Ì � íîðìàëüíîå lcACS-ìíîãîîáðàçèå. Èçâåñòíî [1], ÷òî íåíóëåâûå ñó-
ùåñòâåííûå êîìïîíåíòû òåíçîðà ðèìàíîâîé êðèâèçíû òàêîãî ìíîãîîáðàçèÿ íà
ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ñ ó÷åòîì ñâîéñòâ ñèììåòðèè òåíçî-
ðà êðèâèçíû [1] èìåþò âèä:

Ra
00b = (σ00 + σ2

0)δab ; Ra
bcd̂

= Aad
bc − δac δdbσ2

0; Ra
b̂cd

= −2δa[cδ
b
d]σ

2
0.

Ïëþñ ñîîòíîøåíèÿ, ïîëó÷åííûå ñ ó÷åòîì ñâîéñòâ ñèììåòðèè, à îñòàëüíûå êîì-
ïîíåíòû íóëåâûå.

Îïðåäåëåíèå 1. Íàçîâåì íîðìàëüíîå lcACS-ìíîãîîáðàçèå ìíîãîîáðàçèåì
êëàññà R3, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó:

R(Φ2X,Φ2Y )Φ2Z −R(ΦX,Φ2Y )ΦZ = 0; ∀X, Y, Z ∈ X(M).

Òåîðåìà 1. Íîðìàëüíîå lcACS-ìíîãîîáðàçèå êëàññà R3 ëèáî èìååò ðàçìåð-
íîñòü 3, ëèáî ÿâëÿåòñÿ êîñèìïëåêòè÷åñêèì. Â ñëó÷àå, êîãäà Aad

bc = 0 è σ00 = 0
îíî ÿâëÿåòñÿ ïðîñòðàíñòâåííîé ôîðìîé íåïîëîæèòåëüíîé êðèâèçíû. È åñëè
σ2

0 = 1 îíî ÿâëÿåòñÿ êîíôîðìíî ïëîñêèì ìíîãîîáðàçèåì Êåíìîöó, åñëè σ0 = 0,
òî ïëîñêèì êîñèìïëåêòè÷åñêèì ìíîãîîáðàçèåì.
Îïðåäåëåíèå 2. Íàçîâåì íîðìàëüíîå lcACS-ìíîãîîáðàçèå ìíîãîîáðàçèåì

êëàññà R4, åñëè åãî òåíçîð êðèâèçíû óäîâëåòâîðÿåò ðàâåíñòâó:

R(Φ2X,Φ2Y )Φ2Z −R(ΦX,ΦY )Φ2Z = 0; ∀X, Y, Z ∈ X(M).

Òåîðåìà 2. Íîðìàëüíîå lcACS-ìíîãîîáðàçèå êëàññà R4 ëèáî èìååò ðàçìåð-
íîñòü 3, ëèáî ÿâëÿåòñÿ êîñèìïëåêòè÷åñêèì.
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S. Rutkauskas (Institute of Mathematics and Informatics of Vilnius
University, Lithuania)

stasys.rutkauskas@mii.vu.lt
ON THE DIRICHLET TYPE PROBLEM TO DEGENERATE AT A

LINE ELLIPTIC SYSTEMS

Let D ⊂ Rn+1, n ≥ 1, Γ := ∂D ∈ C2,α, 0 < α < 1, be a domain of points
x = (x0, x

′), x′ = (x1, . . . , xn), containing the cylinder CR = {(x0, x
′) : |x′| < R, 0 <

x0 < H}, both bases of which lie on Γ. Thus, the line x′ = 0 cross the domain D and
intersect with Γ by two points O (0, 0) and P (H, 0) ∈ Rn+1.
We consider in D the system of equations

n∑
i,j=0

Aij(x)uxixj +
n∑
i=0

Bi(x)uxi + C (x)u = F (x) , (1)

assuming that matrixes Aij = diag (a
(1)
ij , . . . , a

(m)
ij ), Bi = diag (b

(1)
i , . . . , b

(m)
i ), C =

(ckl) (k, l = 1,m) and right-hand side F = (f1, . . . , fm) are smooth enough in D.
Let Ω be the projection of D onto the plane x′ = 0. We assume that there exist

continuous in Ω and positive for |x′| 6= 0 functions a1 and a2 such that a2 (0) = 0
and

a1(x
′) |ξ|2 ≤

n∑
i,j=0

a
(k)
ij (x)ξiξj ≤ a2(x

′) |ξ|2 , k = 1,m,

inD for each ξ = (ξ0, . . . , ξn) ∈ Rn+1. Therefore, system (1) is elliptic inD0 = D\{x′ =
0} in the sense of Petrovskii and its order degenerates at the line x′ = 0.
Let Dδ = D\{x : |x′| ≤ δ < R}. Introduce the class of vector-functions

C2,α
loc (D0) := {u : u ∈ C2,α

(
Dδ

)
∀δ > 0}.

The following two Dirichlet type problems to system (1) are studied:

u = g on Γ0 = Γ\{O ∪ P}, |u| <∞ in D0; (2)

u = g on Γ0, lim
x′→0

(u(x0, x
′)− h(x0, x/ |x′|)) = 0. (3)

The su�cient conditions of existence and uniqueness of the solution u ∈ C2,α
loc (D0)

of both problems (2) and (3) are given.

Ë.Â. Ñàõàðîâà (Ðîñòîâ-íà-Äîíó)
L_Sakharova@mail.ru

ÎÄÍÎÑÊÎÐÎÑÒÍÀß ÌÎÄÅËÜ ÌÀÑÑÎÏÅÐÅÍÎÑÀ Â ÏËÎÑÊÎÉ
ÊÀÏËÅ ÏÐÈ ÈÑÏÀÐÅÍÈÈ Â ÓÑËÎÂÈßÕ ÏÈÍÍÈÍÃÀ
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Âûïîëíåíî ìîäåëèðîâàíèå ïðîöåññà èñïàðåíèÿ êàïëè æèäêîñòè, ñîäåðæàùåé
âçâåøåííûå ÷àñòèöû, íà íåïðîíèöàåìîì òâåðäîì ãîðèçîíòàëüíîì îñíîâàíèè â
óñëîâèÿõ ïèííèíãà - ôèêñàöèè ãðàíèöû. Ïðåäïîëàãàåòñÿ, ÷òî ðàäèóñ îñíîâàíèÿ
êàïëè R ñóùåñòâåííî ïðåâûøàåò åå îòíîñèòåëüíóþ òîëùèíó δ, ôîðìà êàïëè îñå-
ñèììåòðè÷íà; êðîìå òîãî, íà ëèíèè êîíòàêòà æèäêîñòè ñ ïîâåðõíîñòüþ çàäàí óãîë
ñìà÷èâàíèÿ α. Ïðîöåññ èñïàðåíèÿ îïðåäåëÿåòñÿ ïëîòíîñòüþ ïîòîêà ïàðà J íàä
ïîâåðõíîñòüþ êàïëè, à ïðîöåññ îñàæäåíèÿ òâåðäûõ ÷àñòèö íà îñíîâàíèå � êîýô-
ôèöèåíòîì ñåäèìåíòàöèè kd.
Äëÿ ìîäåëèðîâàíèÿ òå÷åíèé â êàïëå èñïîëüçîâàíà ìîäåëü îäíîñêîðîñòíîãî êîí-

òèíóóìà, âêëþ÷àþùàÿ â ñåáÿ: 1) óðàâíåíèå ìàññîïåðåíîñà äëÿ æèäêîñòè, 2) óðàâ-
íåíèå ñîõðàíåíèÿ èìïóëüñà, 3) óðàâíåíèå òåïëîïðîâîäíîñòè; 4) óðàâíåíèå äèô-
ôóçèè äëÿ âçâåøåííûõ ÷àñòèö. Ñèñòåìà óðàâíåíèé ðàññìàòðèâàåòñÿ â îáëàñòè ñ
ïîäâèæíîé ãðàíèöåé � ñâîáîäíîé ïîâåðõíîñòüþ êàïëè, ôîðìà êîòîðîé ìåíÿåòñÿ
èç-çà èñïàðåíèÿ è îïðåäåëÿåòñÿ ñèëàìè ïîâåðõíîñòíîãî íàòÿæåíèÿ, à òàêæå ãðà-
âèòàöèîííûì ïîëåì. Êðàåâûå óñëîâèÿ íà ïîäâèæíîé ãðàíèöå êàïëè çàäàþòñÿ: 1)
îïðåäåëåíèåì ïîëÿ ñêîðîñòåé æèäêîñòè ÷åðåç ñêîðîñòü èñïàðåíèÿ ðàñòâîðèòåëÿ
è ëîêàëüíóþ ñêîðîñòü äâèæåíèÿ ïîâåðõíîñòè; 2) áàëàíñîì äàâëåíèÿ, âÿçêèõ íà-
ïðÿæåíèé è ïîâåðõíîñòíîãî íàòÿæåíèÿ; 3) íåïðîíèöàåìîñòüþ ñâîáîäíîé ãðàíèöû
äëÿ òâåðäûõ ÷àñòèö; 4) òåðìîäèíàìèêîé ôàçîâîãî ïåðåõîäà íà ïîâåðõíîñòè êàï-
ëè. Íà÷àëüíûå óñëîâèÿ îïðåäåëÿþòñÿ çàäàíèåì íà÷àëüíîé êîíöåíòðàöèè ïðèìåñè,
òåìïåðàòóðû, íóëåâîãî ïîëÿ ñêîðîñòåé, à òàêæå ðàâíîâåñíîé ôîðìû ïîâåðõíîñòè
êàïëè â íà÷àëüíûé ìîìåíò âðåìåíè.
Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçîâàí ìåòîä îñðåäíåíèé äëÿ èñêîìûõ ôóíêöèé ïî

òîëùèíå êàïëè h, â ðåçóëüòàòå ÷åãî óðàâíåíèå ìàññîïåðåíîñà ñâåäåíî ê óðàâíå-
íèþ äâèæåíèÿ ñâîáîäíîé ãðàíèöû êàïëè, à èñõîäíàÿ òðåõìåðíàÿ êðàåâàÿ çàäà-
÷à ê äâóìåðíîé çàäà÷å â ïîëÿðíîé ñèñòåìå êîîðäèíàò îòíîñèòåëüíî íåèçâåñòíûõ
ôóíêöèé: vr vϕ � ðàäèàëüíîé è óãëîâîé ñêîðîñòåé ïîëÿ òå÷åíèÿ æèäêîñòåé, c �
êîíöåíòðàöèè òâåðäûõ ÷àñòèö, T � òåìïåðàòóðû æèäêîñòè. Ðåøåíèÿ ïîëó÷åííîé
íà÷àëüíî-êðàåâîé çàäà÷è íàéäåíû â âèäå ðÿäîâ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà �
îòíîñèòåëüíîé òîëùèíû êàïëè δ.

Â.È. Ñåäåíêî (Ðîñòîâ-íà-Äîíó)
visedenko@mail.ru

ÀÏÐÈÎÐÍÀß ÎÖÅÍÊÀ ÐÅØÅÍÈÉ ÒÐÅÕÌÅÐÍÛÕ ÓÐÀÂÍÅÍÈÉ
ÍÀÂÜÅ-ÑÒÎÊÑÀ

Ïðèâîäèòñÿ ðàçâèòèå ðåçóëüòàòîâ, ïîëó÷åííûõ â [1]-[3].
Ñêîðîñòü v(x, t) è äàâëåíèå p(x, t), (x, t) ∈ R3×R, òå÷åíèÿ âÿçêîé íåñæèìàåìîé
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æèäêîñòè óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé Íàâüå-Ñòîêñà

∂v

∂t
+ (v,∇)v − γ4v = −∇p+ F, divxv = 0,

ãäå F (x, t), (x, t) ∈ R3 ×R - ìàññîâûå ñèëû. Ñêîðîñòü v(x, t) óäîâëåòâîðÿåò óñëî-
âèþ óáûâàíèÿ íà áåñêîíå÷íîñòè

v(x, t)→ 0,

è íà÷àëüíîìó óñëîâèþ
v(x, 0) = v0(x).

Ââåäåì îáîçíà÷åíèÿ:

r(x, t) = rotxv(x, t), Φ(x, t) = rotxF (x, t).

Òåîðåìà. Èìååò ìåñòî ñëåäóþùàÿ àïðèîðíàÿ îöåíêà(
‖v‖L2,0

4
3−,

4
3

(R3×[0,T ])

) 4
3

≤

≤ σ
(
‖v(, 0)‖2

L2(R3) + ‖r(, 0)‖L1(R3) + ‖F‖2
L2(R3×[0,T ]) + ‖Φ‖L1(R3×[0,T ])

)
,

ãäå êîíñòàíòà σ çàâèñèò ëèøü îò γ è T.
Ë È Ò Å Ð À Ò Ó Ð À

1. Ñåäåíêî Â.È. Ñëàáûå ðåøåíèÿ òðåõìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà, îáëàäàþùèõ äîïîëíèòåëüíîé ãëàäêîñòüþ.
Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ñåâåðî-Êàâêàçñêèé ðåãèîí. Åñòåñòâåííûå íàóêè. 2000. � 2.

2. Ñåäåíêî Â.È. Î ñóùåñòâîâàíèè îáîáùåííûõ ðåøåíèé ìíîãîìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà, îáëàäàþùèõ äîïîë-
íèòåëüíîé ãëàäêîñòüþ. Äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ìèíñê. 2001. � 9. Ñ. 1223�1228.

3. Ñåäåíêî Â.È. Ñëàáûå ðåøåíèÿ òðåõìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà, îáëàäàþùèõ äîïîëíèòåëüíîé ãëàäêîñòüþ.

Èçâåñòèÿ âóçîâ Ñåâåðî-Êàâêàçñêèé ðåãèîí, åñòåñòâåííûå íàóêè, 2000, ISSN 0321-3005, C. 10�13.

Â.È. Ñåäåíêî, Ò.Â. Áîãà÷åâ, Ò.Â. Àëåêñåé÷èê (Ðîñòîâ-íà-Äîíó)
visedenko@mail.ru

ÒÅÎÐÅÌÀ ÑÓÙÅÑÒÂÎÂÀÍÈß È ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÑËÀÁÛÕ
ÐÅØÅÍÈÉ ÌÎÄÅËÅÉ ÌÀÐÃÅÐÐÀ-ÂËÀÑÎÂÀ ÒÅÐÌÎÓÏÐÓÃÈÕ
ÊÎËÅÁÀÍÈÉ ÏÎËÎÃÈÕ ÎÁÎËÎ×ÅÊ Ñ ÌÀËÎÉ ÈÍÅÐÖÈÅÉ

ÏÐÎÄÎËÜÍÛÕ ÏÅÐÅÌÅÙÅÍÈÉ

Èñïîëüçóþòñÿ ñðåäñòâà, ÿâëÿþùèåñÿ ðàçâèòèåì ìåòîäîâ, ïðåäëîæåííûõ â
[1],[2].
Ïóñòü îáîëî÷êà ïðîåêòèðóåòñÿ íà ïëîñêóþ îãðàíè÷åííóþ îáëàñòü Ω ñ ãðàíèöåé

Γ êëàññà C1. Ðàññìîòðèì ñèñòåìó óðàâíåíèé

wtt − γ4wtt +D42w + δ42wt + α4r =
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= Z + (N1wx1
)x1

+ (N2wxx)x2
+ (N12wx2

)x1
−N1k1 −N2k2,

krt − β4r − α4wt = 0, ñ êðàåâûìè óñëîâèÿìè w|Γ = dw
dn |Γ = 0, r|Γ = 0 è íà÷àëü-

íûìè óñëîâèÿìè w(x, 0) = w0(x), wt(x, 0) = w1(x), r(x, 0) = r0(x).
Òåîðåìà. Ïóñòü ãðàíèöà îáëàñòè Ω Γ ∈ C3 è èìååò îãðàíè÷åííûå ïðîèçâîä-

íûå ÷åòâ¼ðòîãî ïîðÿäêà. Ïóñòü

w0 ∈ H02
2 (Ω), w1 ∈ H01

2 (Ω), X(, 0), Y (, 0) ∈ Lp(Ω),

X, Y ∈ L0,1
p,1 (Ω× [0, tf ]) , P > 1,

Z ∈ L2 (Ω× [0, tf ]) .
Òîãäà ñóùåñòâóþò è åäèíñòâåííû ñëàáûå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è ñî

ñëåäóþùèìè äèôôåðåíöèàëüíûìè ñâîéñòâàìè:
w ∈ L2,0

2,∞ (Ω× [0, tf ]) ∩ L0,1
2,∞ (Ω× [0, tf ])∩

∩C ([0, tf ], H
r
2(Ω)) ∩ L2,1

2,2 (Ω× [0, tf ]) äëÿ âñåõ r ≥ 1.

Ïðè 1 < p < 2 u, v ∈ L∞
(

[0, tf ],
·
H1

2(Ω)

)
∩ L∞

(
[0, tf ], H

2
p(Ω)

)
.

Ïðè p ≥ 2 u, v ∈ L∞
(

[0, tf ],
·
H1

2(Ω)

)
∩ L∞

(
[0, tf ], H

2
q (Ω)

)
äëÿ âñåõ q < 2.

Ïðè γ > 0 w ∈ L1,1
2,∞ (Ω× [0, tf ]) .Ïðè δ > 0 w ∈ L2,1

2,2 (Ω× [0, tf ]) .

Êðîìå òîãî, r ∈ L2,0
2,∞ (Ω× [0, tf ]) ∩ L1,0

2,2 (Ω× [0, tf ]) .
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ È ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÑËÀÁÛÕ ÐÅØÅÍÈÉ
ÌÎÄÅËÅÉ ÌÀÐÃÅÐÐÀ-ÂËÀÑÎÂÀ ÒÅÐÌÎÓÏÐÓÃÈÕ

ÊÎËÅÁÀÍÈÉ ÏÎËÎÃÈÕ ÎÁÎËÎ×ÅÊ

Èñïîëüçóþòñÿ ñðåäñòâà, ÿâëÿþùèåñÿ ðàçâèòèåì ìåòîäîâ, ïðåäëîæåííûõ â [1],
[2].
Ïóñòü îáîëî÷êà ïðîåêòèðóåòñÿ íà ïëîñêóþ îãðàíè÷åííóþ îáëàñòü Ω ñ ãðàíèöåé

Γ êëàññà C1. Ðàññìîòðèì ñèñòåìó óðàâíåíèé

wtt − γ4wtt +D42w + δ42wt + α4r = Z + (N1wx1
)x1

+ (N2wxx)x2
+

+(N12wx2
)x1
−N1k1 −N2k,
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krt − β4r − α4wt = 0, ñ êðàåâûìè óñëîâèÿìè æåñòêîãî çàùåìëåíèÿ
utt −4u− 1+µ

1−µθx1
= 2(1− µ)−1×

× [(k1w)x1
+ wx1x1

wx1
+ µ(k2w)x1

+ µwx1x2
wx2

] + wx1x2
wx2

+ wx1
wx2x2

+X,
vtt −4v − 1+µ

1−µθx2
= 2(1− µ)−1×

× [(k2w)x2
+ wx2x2

wx2
+ µ(k1w)x2

+ µwx1x2
wx1

] + wx1x2
wx1

+ wx2
wx1x1

+ Y.
Òåîðåìà. Ïóñòü ãðàíèöà îáëàñòè Ω Γ ∈ C3 è èìååò îãðàíè÷åííûå ïðîèçâîä-

íûå ÷åòâ¼ðòîãî ïîðÿäêà.

Ïóñòü w0 ∈
·
H2

2(Ω), w1 ∈
·
H1

2(Ω), u0, v0 ∈
·
H1

2(Ω), u1, v1 ∈ L2(Ω),
X(, 0), Y (, 0) ∈ Lp(Ω), X, Y ∈ L0,1

p,1 (Ω× [0, tf ]) , P > 1,
Z ∈ L2 (Ω× [0, tf ]) .
Òîãäà ñóùåñòâóþò è åäèíñòâåííû ñëàáûå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è ñî

ñëåäóþùèìè äèôôåðåíöèàëüíûìè ñâîéñòâàìè:
w ∈ L2,0

2,∞ (Ω× [0, tf ]) ∩ L0,1
2,∞ (Ω× [0, tf ]) ∩ C ([0, tf ], H

r
2(Ω)) äëÿ âñåõ r ≥ 1.

Ïðè 1 < p < 2 u, v ∈ L∞
(

[0, tf ],
·
H1

2(Ω)

)
∩ L∞

(
[0, tf ], H

2
p(Ω)

)
.

Ïðè p ≥ 2 u, v ∈ L∞
(

[0, tf ],
·
H1

2(Ω)

)
∩ L∞

(
[0, tf ], H

2
q (Ω)

)
äëÿ âñåõ q < 2. w ∈

L2,1
2,2 (Ω× [0, tf ]) .

u, v ∈ L1,0
2,∞ (Ω× [0, tf ]) ∩ L0,1

2,∞ (Ω× [0, tf ]) .

Êðîìå òîãî, r ∈ L2,0
2,∞ (Ω× [0, tf ]) ∩ L1,0

2,2 (Ω× [0, tf ]) .
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ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÁÅÇÍÀÏÎÐÍÎÉ ÔÈËÜÒÐÀÖÈÈ

Èññëåäîâàíèå ëîêàëüíûõ è íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ ÿâëÿ-
åòñÿ îäíèì èç íàèáîëåå âàæíûõ ðàçäåëîâ ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè].Èíòåðåñ ê èçó÷åíèþ çàäà÷ ïîäîáíîãî òè-
ïà îáúÿñíèì êàê âíóòðåííèìè ïîòðåáíîñòÿìè òåîðåòè÷åñêîãî îáîáùåíèÿ ðåøåíèé
êëàññè÷åñêèõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, òàê è ïðèêëàäíûìè çíà÷åíèÿìè ýòèõ
çàäà÷ â ðàçëè÷íûõ îáëàñòÿõ åñòåñòâîçíàíèÿ [1].Çíà÷èòåëüíàÿ ðîëü â ðàçâèòèè òåî-
ðèè êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ óðàâíåíèé ïðèíàäëåæèò íàãðóæåííûì äèô-



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 142

ôåðåíöèàëüíûì óðàâíåíèÿì , êîòîðûå âûñòóïàþò â êà÷åñòâå ìàòåìàòè÷åñêèõ ìî-
äåëåé ðàçëè÷íûõ ïðîöåññîâ è ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, èìåþùèõ
ôðàêòàëüíóþ ïðîñòðàíñòâåííî-âðåìåííóþ îðãàíèçàöèþ. Â äàííîé ðàáîòå, ïðîäîë-
æàÿ ðàíåå íà÷àòûå èññëåäîâàíèÿ [2], ïðîáëåìû ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ è ðåãóëèðîâàíèÿ óðîâíÿ ãðóíòîâûõ âîä â
âîäîíàñûùåííûõ ñðåäàõ ñ ôðàêòàëüíîé ïðîñòðàíñòâåííî-âðåìåííîé ñòðóêòóðîé,
ñâåäåíû ê ïîñòàíîâêå è èçó÷åíèþ âîïðîñà îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé çà-
äà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè
âòîðîãî ïîðÿäêà ïàðàáîëè÷åñêîãî òèïà. Äëÿ íåëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëè
íåñòàöèîíàðíîãî ïëîñêîïàðàëëåëüíîãî áåçíàïîðíîãî äâèæåíèÿ ãðóíòîâûõ âîä ñî
ñëàáîèçìåíÿþùåéñÿ ïîâåðõíîñòüþ ïðåäëîæåí è ðåàëèçîâàí àëãîðèòì òåîðåòè÷å-
ñêîãî ïîèñêà íåîáõîäèìûõ íåëîêàëüíûõ êðàåâûõ óñëîâèé, ïîðîæäàåìûõ ìåòîäîì
åå ëèíåàðèçàöèè.
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Î ÃÈÑÒÅÐÅÇÈÑÍÛÕ ÎÏÅÐÀÒÎÐÀÕ, ÂÎÇÍÈÊÀÞÙÈÕ ÏÐÈ
ÌÎÄÅËÈÐÎÂÀÍÈÈ ÏÐÎÖÅÑÑÎÂ ÏÎËßÐÈÇÀÖÈÈ

Íà îñíîâå òåîðèè çàïåðòîé ñòåíêè äëÿ ñåãíåòîýëåêòðè÷åñêèõ ìàòåðèàëîâ [1]
áûëà ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü ïîëÿðèçàöèè ïîëèêðèñòàëëè÷åñêèõ ñåãíå-
òîýëåêòðè÷åñêèõ ìàòåðèàëîâ â ñëó÷àå èíòåíñèâíûõ ýëåêòðè÷åñêèõ ïîëåé. Ïîëó-
÷åíû îïåðàòîðíûå ñîîòíîøåíèÿ ìåæäó âåêòîðîì ïîëÿðèçàöèè è âåêòîðîì ýëåê-
òðè÷åñêîé èíäóêöèè. Â ñëó÷àå îäíîìåðíîé ìîäåëè ïîëó÷åíî óðàâíåíèå â äèô-
ôåðåíöèàëàõ, êîòîðîå ñâåäåíî ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ,
èññëåäîâàíèå êîòîðîãî ïðîâîäèòñÿ ÷èñëåííûìè ìåòîäàìè. Â òðåõìåðíîé ìîäåëè
ïîëó÷åíà ñèñòåìà óðàâíåíèé â äèôôåðåíöèàëàõ, êîòîðóþ óäàåòñÿ ñâåñòè ê ñèñòåìå
êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, äîïóñêàþùèõ
ñâåäåíèå ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðåäëîæåíû
÷èñëåííûå àëãîðèòìû ðåøåíèÿ ïîëó÷åííûõ óðàâíåíèé. Ïîñòðîåíû áîëüøèå è ìà-
ëûå ïåòëè äèýëåêòðè÷åñêîãî ãèñòåðåçèñà. Ðàçðàáîòàííûå ìîäåëè âêëþ÷àþò â ñåáÿ
ðÿä ïàðàìåòðîâ, âûáîðîì êîòîðûõ óäàåòñÿ ðàñïîðÿäèòüñÿ òàêèì îáðàçîì, ÷òîáû
ðàññ÷èòàííûå ãèñòåðåçèñíûå êðèâûå íå òîëüêî êà÷åñòâåííî, íî è êîëè÷åñòâåí-
íî ñîâïàäàëè ñ ýêñïåðèìåíòàëüíûìè äàííûìè. Ðåçóëüòàòû èññëåäîâàíèé ìîãóò
áûòü èñïîëüçîâàíû ïðè ïîñòðîåíèè îïðåäåëÿþùèõ ñîîòíîøåíèé ïðè ìîäåëèðî-
âàíèè íåëèíåéíûõ è íåîáðàòèìûõ ïðîöåññîâ ïîëÿðèçàöèè ïîëèêðèñòàëëè÷åñêèõ
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ñåãíåòîýëåêòðè÷åñêèõ ìàòåðèàëîâ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 13-08-01094-a).

Ë È Ò Å Ð À Ò Ó Ð À

1. Áåëîêîíü À.Â., Ñêàëèóõ À.Ñ. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåîáðàòèìûõ ïðîöåññîâ ïîëÿðèçàöèè. Ôèçìàòëèò.

2010.

À.Ì. Ñòîëÿð, Ã.Ñ. Ìóòàëèáîâ
(Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

ajoiner@mail.ru
Î ÐÅØÅÍÈÈ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÛÕ ÇÀÄÀ× Ñ ÏÎÄÂÈÆÍÛÌÈ

È ÏÅÐÅÌÅÍÍÛÌÈ ÃÐÀÍÈÖÀÌÈ

Â ðàáîòå èññëåäóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ ïðîäîëüíûå êîëå-
áàíèÿ âÿçêîóïðóãîãî òðîñà ñ ãðóçîì íà êîíöå ïîä âíåøíèì âîçäåéñòâèåì. Àñèìï-
òîòè÷åñêèé è ÷èñëåííûé ïîäõîäû, ïðèìåí¼ííûå â ìîíîãðàôèè [1] ê çàäà÷àì ìà-
òåìàòè÷åñêîé ôèçèêè ñ ïîäâèæíûìè è ïåðåìåííûìè ãðàíèöàìè äëÿ óðàâíåíèé
ãèïåðáîëè÷åñêîãî, ïàðàáîëè÷åñêîãî è ýëëèïòè÷åñêîãî òèïîâ, ïåðåíîñÿòñÿ íà ðå-
øåíèå ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è

∂2U

∂t2
= a2∂

2U

∂x2
+ µa2 ∂

3U

∂x2∂t
+ g + f(x, t),

U
∣∣
x=`(t)

= 0, U(x, t) = ξ(t)− x− u(x, t),

∂2U

∂t2

∣∣∣∣
x=0

= b

(
∂U

∂x

∣∣∣∣
x=0

+1

)
+ g,

d`

dt

[
1 +

∂u(`, t)

∂`

]
= εψ(t),

`(t)
∣∣
t=0

= `0, `(t) = `0 + ε`1(t), U
∣∣
t=0

= Φ1(x),
∂U

∂t

∣∣∣∣
t=0

= Φ2(x).

Çäåñü u(x, t) � ïðîäîëüíîå ñìåùåíèå òðîñà â ïîäâèæíîé ñèñòåìå êîîðäèíàò, ñâÿ-
çàííîé ñ ãðóçîì; ξ(t) � ðàññòîÿíèå îò òî÷êè ñõîäà òðîñà ñ êîëåñà äî ãðóçà, `(t) �
äëèíà òðîñà â íåäåôîðìèðîâàííîì ñîñòîÿíèè; îñòàëüíûå îáîçíà÷åíèÿ ïîíÿòíû.
Â êà÷åñòâå ìàëîãî ïàðàìåòðà ε ïðèíèìàëîñü îòíîøåíèå ñêîðîñòè èçìåíåíèÿ äëè-
íû òðîñà ê ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëíû â í¼ì. Íåèçâåñòíàÿ ôóíêöèÿ íà ïî-
äâèæíîé ãðàíèöå ðàçëàãàåòñÿ â ðÿä Òåéëîðà ïî ε. Ðåøåíèå ñòðîèòñÿ òàêæå â âè-
äå ðÿäà ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà, êîòîðûé ïîäñòàâëÿåòñÿ âî âñå óðàâíå-
íèÿ çàäà÷è. Â ðåçóëüòàòå � ðåøåíèå èñõîäíîé çàäà÷è íà îòðåçêå èíòåãðèðîâàíèÿ
x ∈ [0, `(t)], êîòîðûé èçìåíÿåòñÿ ñî âðåìåíåì, ñâîäèòñÿ ê ðåøåíèþ ïîñëåäîâàòåëü-
íîñòè íà÷àëüíî-êðàåâûõ çàäà÷ íà ïîñòîÿííîì ïðîìåæóòêå x ∈ [0, `0]. Íà îñíîâå
ìåòîäà êîíå÷íûõ ðàçíîñòåé ðàçðàáîòàí ÷èñëåííûé àëãîðèòì ðåøåíèÿ èñõîäíîé
çàäà÷è, èñïîëüçóþùèé ïîäâèæíóþ ñåòêó.
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Ïðîâîäèòñÿ ñðàâíåíèå ðåçóëüòàòîâ àñèìïòîòè÷åñêîãî è ÷èñëåííîãî èíòåãðèðî-
âàíèÿ.

Ë È Ò Å Ð À Ò Ó Ð À

1. Ñòîëÿð À.Ì. Î çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè ñ ïîäâèæíûìè è ïåðåìåííûìè ãðàíèöàìè. � Saarbrücken: LAP

Lambert Academic Publishing, 2013. � 60 ñ.

Ì.À. Ñóìáàòÿí, Ê.È. Ìåùåðÿêîâ (ÞÔÓ, Ðîññèÿ)
sumbat@math.sfedu.ru

ÈÍÒÅÃÐÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ Â ÒÐÅÕÌÅÐÍÎÉ ÒÅÎÐÈÈ
ÂÐÀÙÀÞÙÅÉÑß ËÎÏÀÑÒÈ ÂÝÓ

Â ëèíåàðèçîâàííîé ñòàöèîíàðíîé òðåõìåðíîé òåîðèè êðûëà â èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè èçâåñòíî îñíîâíîå äâóìåðíîå èíòåãðàëüíîå óðàâíåíèå ((x1, x2)∈
S):

1

4π

∫
S

∫ [
x1 − y1√

(x1−y1)2+(x2−y2)2
+1

]
γ(y1, y2)

(y2−x2)2
dy1dy2 =f(x1, x2) . (1)

ßäðî ïî ïåðåìåííîé x2 ÿâëÿåòñÿ ãèïåðñèíãóëÿðíûì [1]. Èç îáùåé òåîðèè ñëåäóåò
[2], ÷òî îãðàíè÷åííîå ðåøåíèå àâòîìàòè÷åñêè îáðàùàåòñÿ â íîëü íà áîêîâûõ ðåá-
ðàõ (ïðè y2 = ±L). Òàêæå äîêàçûâàåòñÿ, ÷òî ïðè ïîñòðîåíèè ÷èñëåííîé ñõåìû
âäîëü ïåðåìåííîé y2 ìîæíî áðàòü êâàäðàòóðíóþ ôîðìóëó êàê äëÿ íåïðåðûâíûõ
ôóíêöèé [3]. Ïîëó÷àþùååñÿ îäíîìåðíîå ÿäðî ïî ïåðåìåííîé y1 èìååò ñèíãóëÿð-
íóþ îñîáåííîñòü òèïà Êîøè, è ïî ýòîé ïåðåìåííîé ìîæíî áðàòü ñïåöèàëüíóþ
êâàäðàòóðíóþ ôîðìóëó ñ ÷åðåäóþùèìèñÿ óçëàìè äëÿ âíóòðåííåé ïåðåìåííîé y1

è âíåøíåé ïåðåìåííîé x1 [3].
Â äàííîé ðàáîòå äëÿ âðàùàþùåéñÿ ëîïàñòè ÂÝÓ ïîëó÷åíî äâóìåðíîå èíòå-

ãðàëüíîå óðàâíåíèå, ðîäñòâåííîå óðàâíåíèþ (1):

1

4π

∫
S

∫
γ(y)

 θ0∫
θ

dτ

|y − x|3

dy2dy3 = f(r, θ), (r, θ) ∈ S,

|y−x|=
√

(y2−r cos τ)2+(y3−r sin τ)2, (x2 =r cos θ, x3 =r sin θ).

(2)

Äîêàçûâàåòñÿ, ÷òî åãî ÿäðî îáëàäàåò òåìè æå êà÷åñòâåííûìè ñâîéñòâàìè, ÷òî è â
óðàâíåíèè (1). Äëÿ ðåøåíèÿ óðàâíåíèÿ (2) ïðåäëàãàåòñÿ ñïåöèàëüíûé ÷èñëåííûé
àëãîðèòì.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ïðî-

åêò � 9.1371.2014/K.
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Å.Â. Òþðèêîâ (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
etyurikov@pochta.ru

ÍÅÊÎÒÎÐÛÅ ÂÎÏÐÎÑÛ ÁÅÇÌÎÌÅÍÒÍÎÉ ÒÅÎÐÈÈ
ÂÛÏÓÊËÛÕ ÎÁÎËÎ×ÅÊ

Ðàññìàòðèâàåòñÿ îáîáù¼ííàÿ ãðàíè÷íàÿ çàäà÷à (çàäà÷à R) ìåìáðàííîé òåîðèè
âûïóêëûõ îáîëî÷åê ñ êóñî÷íî�ãëàäêîé áîêîâîé ïîâåðõíîñòüþ, âïåðâûå ïîñòàâëåí-
íàÿ äëÿ îáîáù¼ííûõ ñôåðè÷åñêèõ êóïîëîâ â [1]. Ïðåäïîëàãàåòñÿ, ÷òî ñåðåäèííàÿ
ïîâåðõíîñòü îáîëî÷êè åñòü îäíîñâÿçíàÿ W 3,p�ðåãóëÿðíàÿ ïîâåðõíîñòü S (p > 2)
ïîëîæèòåëüíîé ãàóññîâîé êðèâèçíû ñ êóñî÷íî�ãëàäêîé ãðàíèöåé L, â êàæäîé òî÷-
êå êîòîðîé èçâåñòíà ïðîåêöèÿ âåêòîðà óñèëèé íà íàïðàâëåíèå çàäàííîãî íà ïîâåðõ-
íîñòè S âäîëü L âåêòîðíîãî ïîëÿ r̄, äîïóñêàþùåãî ðàçðûâû 1-ãî ðîäà â óãëîâûõ
òî÷êàõ. Ââåä¼ííîå â äàëüíåéøåì ïîíÿòèå ñóùåñòâåííîé êâàçèêîððåêòíîñòè çàäà-
÷è R (ñì. [2]) ïîçâîëÿåò ñôîðìóëèðîâàòü ðÿä âàæíûõ ðåçóëüòàòîâ î áåçóñëîâíîé
ðàçðåøèìîñòè çàäà÷è R. Ýòè ðåçóëüòàòû äîïóñêàþò óòî÷íåíèå, åñëè îãðàíè÷èòü-
ñÿ ðàññìîòðåíèåì íåïðåðûâíîãî âåêòîðíîãî ïîëÿ r̄. Äëÿ ýòîãî â êàæäîé óãëîâîé
òî÷êå ci (i = 1, 2, . . . , n) ñ ïîìîùüþ íåêîòîðîãî àëãîðèòìà çàäà¼òñÿ ïàðà ðàçëè÷-

íûõ íàïðàâëåíèé σ
(k)
i (k = 1, 2) íà S, ðàçáèâàþùàÿ ìíîæåñòâî âñåõ íàïðàâëåíèé â

òî÷êå ci íà äâà íåïåðåñåêàþùèõñÿ êëàññà R
(k)
i (k = 1, 2). Ïîêàçûâàåòñÿ, ÷òî â ñëó-

÷àå ñóùåñòâåííîé êâàçèêîððåêòíîñòè çàäà÷è R ÷èñëî âåùåñòâåííûõ ïàðàìåòðîâ,
âõîäÿùèõ â å¼ ðåøåíèå, âïîëíå îïðåäåëÿåòñÿ ïðèíàäëåæíîñòüþ íàïðàâëåíèÿ r̄(ci)

îäíîìó èç êëàññîâ R
(k)
i , à òàêæå âåëè÷èíàìè âíóòðåííèõ óãëîâ â óãëîâûõ òî÷êàõ

ci è âåëè÷èíàìè ãëàâíûõ íàïðàâëåíèé íà ïîâåðõíîñòè â ýòèõ òî÷êàõ.
Ë È Ò Å Ð À Ò Ó Ð À
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À.Í. Ôèðñîâ (Ñàíêò-Ïåòåðáóðãñêèé Ïîëèòåõíè÷åñêèé óíèâåðñèòåò
Ïåòðà Âåëèêîãî, Ðîññèÿ)
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ÏÐÎÑÒÐÀÍÑÒÂÀ "ÁÛÑÒÐÎ ÓÁÛÂÀÞÙÈÕ"ÎÁÎÁÙÅÍÍÛÕ
ÔÓÍÊÖÈÉ È ÈÕ ÏÐÈËÎÆÅÍÈß Â ÒÅÎÐÈÈ ÊÈÍÅÒÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ

Â äîêëàäå îïèñûâàåòñÿ ïîñòðîåíèå ñïåöèàëüíîãî ïðîñòðàíñòâà îáîáùåííûõ
ôóíêöèé (â ñìûñëå Ãåëüôàíäà � Øèëîâà), ïðåäëîæåííîãî àâòîðîì â [1]. Â
êà÷åñòâå ïðèëîæåíèé ïðåäñòàâëåíû: êîíñòðóêòèâíîå ðåøåíèå óðàâíåíèÿ òèïà
Êîëìîãîðîâà-Ôåëëåðà ñ êâàäðàòè÷íûì êîýôôèöèåíòîì ñíîñà [2] è äîêàçàòåëüñòâî
ýêñïîíåíöèàëüíîãî ïî âðåìåíè õàðàêòåðà óñòàíîâëåíèÿ ðàâíîâåñèÿ â ðàçðåæåííîì
ãàçå, îïèñûâàåìîì êèíåòè÷åñêèì óðàâíåíèåì Áîëüöìàíà [1].
Îïðåäåëåíèå 1. Ïóñòü s > 0. ×åðåç Es áóäåì îáîçíà÷àòü ïðîñòðàíñòâî ôóí-

êöèé ϕ ∈ C∞ (Rν) òàêèõ, ÷òî äëÿ ëþáîãî ρ > 0

|Dqϕ (x)| ≤ C(s+ ρ)|q|e(s+ρ)|x|, x ∈ Rν.

Çäåñü C ïîñòîÿííàÿ, çàâèñÿùàÿ, âîîáùå ãîâîðÿ, îò ϕ, s è ρ, íî íå çàâèñÿùàÿ
îò q. Ââåäåì â Es ñ÷åòíóþ ñèñòåìó íîðì

‖ϕ‖(ρ)
s = sup

q, x

[
|Dqϕ(x)|
(s+ ρ)|q|

e−(s+ρ)|x|

]
(1), ρ = 1,

1

2
,

1

3
, ...,

.
Òåîðåìà 1. Ïðîñòðàíñòâî Es, íàäåëåííîå ñèñòåìîé íîðì (1), ÿâëÿåòñÿ ïîë-

íûì ñ÷åòíî-íîðìèðîâàííûì ïðîñòðàíñòâîì. Ïóñòü E =
∞⋃
s=1

Es. Ñîîòâåòñòâó-

þùåå ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé E ′ ââîäèòñÿ ñòàíäàðòíûì îáðàçîì
êàê ñîïðÿæåííîå ê E.
Òåîðåìà 2. Ïóñòü a ∈ Rν. Âñÿêóþ îáîáùåííóþ ôóíêöèþ f ∈ E ′ ìîæíî åäèí-

ñòâåííûì îáðàçîì ïðåäñòàâèòü â âèäå

f =
∞∑
l=0

C
(q)
a∑
|q|=l

δ
(q)
a , ãäå δ

(q)
a ≡ δ(q)(x− a)− q-ÿ ïðîèçâîäíàÿ δ-ôóíêöèè.

Ë È Ò Å Ð À Ò Ó Ð À
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ñèñòåìàõ. � ÑÏá.: Èçä-âî Ïîëèòåõí. óí-òà. 2013.

2.Ôèðñîâ À.Í., Êîâàëü À.Â Ðåøåíèå óðàâíåíèÿ Êîëìîãîðîâà-Ôåëëåðà â ïðîñòðàíñòâå ¾áûñòðî óáûâàþùèõ¿ îáîáùåí-

íûõ ôóíêöèé. // Ñèñòåìíûé àíàëèç â ïðîåêòèðîâàíèè è óïðàâëåíèè. Òðóäû XVIII ìåæäóíàðîäíîé íàó÷íî-ïðàêòè÷åñêîé

êîíôåðåíöèè. ×àñòü 1. ÑÏá.: Èçä-âî Ïîëèòåõí. óí-òà 2014. Ñ. 128-132.

Ô.Ã. Õóøòîâà (Ôåäåðàëüíîå ãîñóäàðñòâåííîå
áþäæåòíîå íàó÷íîå ó÷ðåæäåíèå �Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è

àâòîìàòèçàöèè�, Ðîññèÿ)
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ÏÅÐÂÀß ÊÐÀÅÂÀß ÇÀÄÀ×À Â ÂÈÄÎÈÇÌÅÍÅÍÍÎÉ
ÏÎÑÒÀÍÎÂÊÅ ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ

Â îáëàñòè Ω = {(x, y) : 0 < x <∞, 0 < y < T} ðàññìîòðèì óðàâíåíèå

uxx +
b

x
ux −D α

0yu = 0, (1)

ãäå D α
ay � îïåðàòîð Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α ñ íà÷àëîì â òî÷êå a è c êîíöîì

â òî÷êå y [1, c. 9], |b| < 1, 0 < α 6 1.
Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì ôóíêöèþ u = u(x, y),

óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω, è òàêóþ, ÷òî y 1−αu(x, y) ∈ C(Ω̄),
ux, uxx, D

α
0yu(x, t) ∈ C(Ω), Ω̄ � çàìûêàíèå îáëàñòè Ω.

Çàäà÷à. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿ-
þùåå êðàåâûì óñëîâèÿì

lim
y→0

y 1−αu(x, y) = ϕ(x), 0 < x <∞,

u(0, y) = τ(y), 0 < y < T,

ãäå ϕ(x), τ(y) � çàäàííûå ôóíêöèè, τ(y) ∈ C]0, T ], ϕ(x) ∈ C[0,∞), ϕ(x) îãðàíè-
÷åíà ïðè x→∞.
Â ðàáîòå â òåðìèíàõH-ôóíêöèè Ôîêñà [2, ñ. 528] ïîñòðîåíî ÿâíîå ïðåäñòàâëåíèå

ðåøåíèÿ èññëåäóåìîé çàäà÷è.
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ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ Â-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÏÎÒÅÍÖÈÀËÀ

Ïóñòü R+
n={x=(x1, . . . , xn)∈Rn, x1>0, . . . , xn>0}, γ=(γ1, . . ., γn) � ìóëüòèèí-

äåêñ, ñîñòîÿùèé èç ôèêñèðîâàííûõ ïîëîæèòåëüíûõ ÷èñåë γi, i=1, 2, ..., n,
|γ|=γ1+. . .+γn.
Â ïðîñòðàíñòâå R+

n ïðèìåíÿåòñÿ ìíîãîìåðíûé îáîáùåííûé ñäâèã, îòâå÷àþùèé
ìóëüòèèíäåêñó γ âèäà (T tf)(x)=T t1x1

...T tnxnf(x), ãäå T tixi, i=1, ..., n � îäíîìåðíûé
îáîáùåííûé ñäâèã, îïðåäåëåíûé â [1].
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×åðåç Lγp(R+
n )=Lγp , p ≥ 1, áóäåì îáîçíà÷àòü çàìûêàíèå ïî íîðìå

||f ||p,γ = (
∫
R+
n

|f(x)|pxγdx)1/p , xγ =
n∏
i=1

xγii ìíîæåñòâà èçìåðèìûõ íà R+
n ôóíêöèé

f(x), äëÿ êîòîðûõ âûïîëíåíî óñëîâèå ÷åòíîñòè (ñì. [2], ñ.21) âèäà
f ′xi(x1, ..., xi−1, 0, xi+1, ..., xn) = 0, i = 1, ..., n .
×åðåç Sev áóäåì îáîçíà÷àòü ÷àñòü êëàññà îñíîâíûõ ôóíêöèéØâàðöà, ñîñòîÿùåå

èç ÷åòíûõ ôóíêöèé îïðåäåëåííûõ íà R+
n .

Â-ãèïåðáîëè÷åñêèé ïîòåíöèàë Ðèññà îïðåäåëèì ôîðìóëîé

(IαBf)(x) =
1

Hn,γ(α)

∫
K+

rα−n−|γ|(y)(T yf)(x)yγdy,

ãäå H(α, γ) � íîðìèðîâî÷íàÿ êîíñòàíòà, r(y) =
√
y2

1 − y2
2 − ...− y2

n, n + |γ| −
2<α<n + |γ|, K+={y ∈ R+

n :y2
1≥y2

2+...+y2
n}. Ñëó÷àé, êîãäà âìåñòî ìíîãîìåðíîãî

îáîáùåííîãî ñäâèãà ïðèìåíÿëñÿ îáû÷íûé ðàññìîòðåí â [3].

Òåîðåìà 1.Ïóñòü n + |γ| − 2 < α < n + |γ|, 1 < p < n+|γ|
α . Äëÿ òîãî ÷òîáû

âûïîëíÿëàñü îöåíêà

||IαBf ||q,γ ≤ Cn,γ,p||f ||p,γ, f(x) ∈ Sev, Cn,γ,p = const,

íåîáõîäèìî è äîñòàòî÷íî ÷òîáû q = (n+|γ|)p
n+|γ|−αp.
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2. Êèïðèÿíîâ È.À. Ñèíãóëÿðíûå ýëëèïòè÷åñêèå êðàåâûå çàäà÷è. Ì.: Íàóêà. 1997. Ñ. 200.

3. Íîãèí Â.À., Ñóõèíèí Å.Â. Îáðàùåíèå è îïèñàíèå ãèïåðáîëè÷åñêèõ ïîòåíöèàëîâ ñ Lp-ïëîòíîñòÿìè. Äîêë. ÐÀÍ.
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Î ÑÈÌÌÅÒÐÈ×ÍÛÕ ÐÞÊÇÀ×ÍÛÕ ÊÐÈÏÒÎÃÐÀÔÈ×ÅÑÊÈÕ
ÑÈÑÒÅÌÀÕ Ñ ÐÀÇÐÅÆÅÍÍÎÉ ÏËÎÒÍÎÑÒÜÞ ÓÊËÀÄÊÈ

Çàäà÷à îá óêëàäêå ðþêçàêà, ãäå ïî çàäàííûì S ∈ N , è îòíîñèòåëüíî âûáðàííîãî
áàçèñà {a}k1 ∈ N íàõîäèòñÿ ñóììà

S =
k∑
i=1

eiai ; ei ∈ GF2,

ïðèíàäëåæèò êëàññó NP - ñëîæíûõ çàäà÷, è òîëüêî â ðÿäå ÷àñòíûõ ñëó÷àåâ ñòà-
íîâèòñÿ ëåãêî ðåøàåìîé. Â 1978 ãîäó Ìåðêëü è Õåëëìàí, âûäåëèâ êëàññ ñóïåð-
âîçðàñòàþùèõ áàçèñîâ [1], ïðåäëîæèëè èñïîëüçîâàòü çàäà÷ó î ðþêçàêå â àñèì-
ìåòðè÷íûõ êðèïòîãðàôè÷åñêèõ ñõåìàõ øèôðîâàíèÿ. Ïîñëåäóþùèé êðèïòîàíàëèç
ïîêàçàë, ÷òî íàðÿäó ñ ïðàêòè÷íîñòüþ è âûñîêóþ ñêîðîñòüþ øèôðîâàíèÿ, êðèïòî-
ñèñòåìû Ìåðêëÿ è ïîäîáíûå èì íåáåçîïàñíû. (Ñì. ïîäðîáíûé îáçîð â [2]). Íàìè
âûäåëåí êëàññ áàçèñîâ ìåäëåííîãî ðîñòà {f}n1 ∈ N , äëÿ êîòîðûõ çàäà÷à (1), êàê
è â ñõåìàõ Ìåðêëÿ � ëåãêî ðåøàåìà, îäíàêî îïðåäåëÿåò ïëîòíîñòü óêëàäêè êðèï-
òîãðàôè÷åñêèõ ñõåì çà ïðåäåëàìè òðàäèöèîííîãî èíòåðâàëà 0 < ρ < 1, â êîòî-
ðîì ðàçðàáîòàíû àòàêè êðèïòîãðàôè÷åñêîãî àíàëèçà ðþêçà÷íûõ ñõåì. Îáîçíà÷èì
D = {d1, d2, . . . dl} - îáùóþ ïàìÿòü, êîòîðîé îáëàäàþò îòïðàâèòåëü è ïîëó÷àòåëü,
è òîëüêî îíè. Äëÿ m,m ∈ N,m ≥ 2 ïîëîæèì

f(D)i =
m∑
j=1

f(D)i−j, i ≥ m+ 1, (1)

ãäå ñòàðòîâûå çíà÷åíèÿ f(D)1, . . . , f(D)m íåêîòîðûì îáðàçîì çàâèñÿò îò ýëåìåí-
òîâ áóëåàíà îáùåé ïàìÿòè. Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 1. (a) Äëÿ ëþáîãî öåëîãî ÷èñëà S ∈ N îòíîñèòåëüíî îäíîïðîõîäíîãî

àëãîðèòìà, ïðîñìàòðèâàþùåãî çíà÷åíèÿ ýëåìåíòîâ áàçèñà ñâåðõó âíèç, ñïðà-
âåäëèâî îäíîçíà÷íîå è ðàâíîìåðíîå ïî âûáîðó ïàðàìåòðîâ ñòàðòîâûõ çíà÷åíèé
f(D)1, . . . , f(D)m ïðåäñòàâëåíèå

S =
k∑
i=1

eif(D)i + ∆(S) ; ei ∈ GF2, (2)

è îñòàòî÷íûì ñëàãàåìûì ∆(S).
(b) Àëãîðèòìè÷åñêàÿ ñëîæíîñòü çàäà÷è (2)ïðè ýòîì îöåíèâàåòñÿ âåëè÷èíîé

O(logS).
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(ñ) Ïðè áîëüøèõ çíà÷åíèÿõ k â (2) àñèìïòîòèêà ðîñòà ýëåìåíòîâ áàçèñà îáåñ-
ïå÷èâàåò çíà÷åíèå ïëîòíîñòè óêëàäêè ñîîòâåòñòâóþùèõ ðþêçàêîâ â èíòåðâà-
ëå 1 < ρ < 1, 44...
Â ðàáîòå [2] äëÿ ïîñòðîåíèÿ ðþêçà÷íûõ ñèììåòðè÷íûõ êðèïòîñèñòåì èñïîëü-

çîâàí ñëó÷àé "âîçìóùåííûõ îáùåé ïàìÿòüþ áàçèñîâ ôèáîíà÷÷èåâîãî òèïà, ñîîò-
âåòñòâóþùèé m = 2 â ôîðìóëå (1).
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WPF-ÊËÈÅÍÒ ÄËß WEB-ÎÐÈÅÍÒÈÐÎÂÀÍÍÎÉ ÁÀÇÛ
ÄÀÍÍÛÕ "ÃÅÍÎÔÎÍÄ ÐÎÑÒÎÂÑÊÎÉ ÎÁËÀÑÒÈ"

Ðàññìàòðèâàåìîå ïðèëîæåíèå ïðåäñòàâëÿåò ñîáîé èíñòðóìåíò äëÿ âçàèìîäåé-
ñòâèÿ ñ áàçîé äàííûõ, ñîäåðæàùåé èíôîðìàöèþ î ãåíàõ æèòåëåé Ðîñòîâñêîé îá-
ëàñòè. Áàçà äàííûõ ðàçðàáîòàíà íà îñíîâå èíôîðìàöèè, ñîáðàííîé ñîòðóäíèêàìè
ÍÈÈ áèîëîãèè ÞÔÓ, è ðàçìåùåíà â ñåòè Èíòåðíåò. Ââåäåíà ïîääåðæêà èçìåíå-
íèÿ ñòðóêòóðû áàçû çà ñ÷åò äîáàâëåíèÿ íîâûõ êàòåãîðèé äàííûõ.
Ðàçðàáîòàííûé WPF-êëèåíò ïîçâîëÿåò âçàèìîäåéñòâîâàòü ñ òåêóùåé ñòðóêòó-

ðîé áàçû äàííûõ, òåì ñàìûì àäàïòèðóÿñü êî âñåì èçìåíåíèåì â íåé. Â ñâÿçè ñ ýòèì
àðõèòåêòóðà ïðèëîæåíèÿ ïîñòðîåíà òàêèì îáðàçîì, ÷òîáû îáåñïå÷èòü äèíàìè÷å-
ñêîå ôîðìèðîâàíèå èíòåðôåéñà íà îñíîâå òåêóùåé ñòðóêòóðû áàçû äàííûõ. Ýòî
ñòàíîâèòñÿ âîçìîæíûì áëàãîäàðÿ èñïîëüçîâàíèþ øàáëîíà ïðîåêòèðîâàíèÿ MVC
(Model-View-Controller), à òàêæå øèðîêîãî íàáîðà èíñòðóìåíòîâ WPF (Windows
Presentation Foundation) [1].
Èíôîðìàöèÿ èç áàçû ïðåäñòàâëÿåòñÿ â òàáëè÷íîì âèäå ñ ãèáêîé ñèñòåìîé ôèëü-

òðîâ ïî òèïàì äàííûõ. Ðåàëèçîâàíà âîçìîæíîñòü ñîçäàíèÿ ðàçëè÷íûõ ñòàòèñòè-
÷åñêèõ îò÷åòîâ ïî îòôèëüòðîâàííûì âûáîðêàì:

1. Ðàñ÷åò êðèòåðèÿ Ïèðñîíà äëÿ äâóõ âûáîðîê äàííûõ.

2. Ïðîöåíòíîå ñîîòíîøåíèå âàðèàíòîâ ãåíîòèïîâ â âûáîðêå äàííûõ.

3. Ïðîöåíòíîå ñîîòíîøåíèå âñåõ âîçìîæíûõ âàðèàíòîâ ãåíîòèïîâ â âûáîðêå äàí-
íûõ.
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Ðàññ÷èòàííûå çíà÷åíèÿ ïî òðåáîâàíèþ ìîãóò áûòü âûãðóæåíû â Excel òàáëè-
öó. Äëÿ îáåñïå÷åíèÿ çàùèòû äàííûõ â ïðèëîæåíèè ðåàëèçîâàí àâòîðèçîâàííûé
äîñòóï ê áàçå, è ïîääåðæèâàåòñÿ ñèñòåìà óðîâíåé äîñòóïà ïîëüçîâàòåëåé.
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ÃÅÍÅÐÀÒÎÐ ÒÅÑÒÎÂÛÕ ÑÖÅÍÀÐÈÅÂ ÈÑÏÎËÜÇÎÂÀÍÈß
WEB-ÈÍÒÅÐÔÅÉÑÀ ÀÂÒÎÌÀÒÈ×ÅÑÊÎÃÎ
ÐÀÑÏÀÐÀËËÅËÈÂÀÒÅËß ÏÐÎÃÐÀÌÌ

Â ðàáîòå ïðåäñòàâëåí èíñòðóìåíò, ïðåäíàçíà÷åííûé äëÿ àâòîìàòè÷åñêîãî ïî-
ñòðîåíèÿ âàðèàíòîâ èñïîëüçîâàíèÿ web-èíòåðôåéñà ðàñïàðàëëåëèâàòåëÿ ïðîã-
ðàìì [1, 2].
Web-èíòåðôåéñ âûïîëíåí â âèäå ìàñòåðà îïðîñîâ, ò.å. íàáîðà ñâÿçàííûõ ìåæäó

ñîáîé ñòðàíèö. Íà êàæäîé ñòðàíèöå ðàñïîëîæåíà ãðóïïà óïðàâëÿþùèõ ýëåìåíòîâ,
ñîñòîÿíèÿ êîòîðûõ ìîãóò ìåíÿòüñÿ â çàâèñèìîñòè îò äåéñòâèé ïîëüçîâàòåëÿ. Ïå-
ðåõîä íà ñëåäóþùóþ ñòðàíèöó îñóùåñòâëÿåòñÿ ïðè óñëîâèè âûáîðà êîððåêòíîãî
çíà÷åíèÿ ïàðàìåòðîâ íà òåêóùåé ñòðàíèöå. Òåñòîâûé ñöåíàðèé � ýòî ïîñëåäîâà-
òåëüíîñòü ïåðåõîäîâ ïî ñòðàíèöàì, íà÷èíàÿ ñ ïåðâîé è çàêàí÷èâàÿ ïîëó÷åíèåì
ñîîáùåíèÿ î ðåçóëüòàòå âûïîëíåíèÿ ïðåîáðàçîâàíèÿ.
Êîëè÷åñòâî òåñòîâ â íàáîðå êîíå÷íî è çàâèñèò îò ÷èñëà ñòðàíèö è óïðàâëÿþ-

ùèõ ýëåìåíòîâ íà íèõ. Ñãåíåðèðîâàííûé íàáîð òåñòîâ óäîâëåòâîðÿåò êðèòåðèþ
ïîëíîòû. Íàáîð ñ÷èòàåòñÿ ïîëíûì, åñëè ñöåíàðèè â ýòîì íàáîðå èñ÷åðïûâàþò âñå
âîçìîæíûå êîìáèíàöèè ñîñòîÿíèé ãðóïï óïðàâëÿþùèõ ýëåìåíòîâ.
Ãåíåðàöèÿ òåñòîâ îñíîâûâàåòñÿ íà àâòîìàòè÷åñêîì èçó÷åíèè web-èíòåðôåéñà.

Äëÿ âçàèìîäåéñòâèÿ ñ web-èíòåðôåéñîì ÷åðåç áðàóçåð è ïîëó÷åíèÿ äîñòóïà ê åãî
ýëåìåíòàì èñïîëüçóåòñÿ ïðîãðàììíàÿ áèáëèîòåêà Selenium WebDriver. Îíà ïðåä-
ñòàâëÿåò ñîáîé ñåìåéñòâî äðàéâåðîâ äëÿ ðàçëè÷íûõ áðàóçåðîâ, à òàêæå íàáîð êëè-
åíòñêèõ áèáëèîòåê äëÿ ýòèõ äðàéâåðîâ íà ðàçíûõ ÿçûêàõ ïðîãðàììèðîâàíèÿ.
Ðàçðàáîòàííûé ãåíåðàòîð ÿâëÿåòñÿ ÷àñòüþ ñèñòåìû òåñòèðîâàíèÿ web-èíòåð-

ôåéñà àâòîìàòè÷åñêîãî ðàñïàðàëëåëèâàòåëÿ ïðîãðàìì.
Ë È Ò Å Ð À Ò Ó Ð À
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ÌÎÄÓËÜ ÃÅÍÅÐÀÖÈÈ ÝËÅÌÅÍÒÎÂ WEB-ÈÍÒÅÐÔÅÉÑÀ Ê
ÊÎÌÏÎÍÅÍÒÀÌ ÁÈÎÈÍÔÎÐÌÀÒÈ×ÅÑÊÎÃÎ ÏÀÊÅÒÀ

ÏÐÎÃÐÀÌÌ

Ðàáîòà îñíîâàíà íà áèîèíôîðìàòè÷åñêîì ïàêåòå [1, 2]. Âåá-÷àñòü ïàêåòà ðàç-
ðàáîòàíà íà Node.js [3]. ßäðîì ñèñòåìû ÿâëÿåòñÿ íàáîð ïðîãðàìì ñ èçâåñòíûìè
âõîäíûìè è âûõîäíûìè äàííûìè. Öåëü ðàáîòû - àâòîìàòèçèðîâàòü ïðîöåññ äîáàâ-
ëåíèÿ íîâûõ ïðîãðàìì. Äëÿ ýòîãî ðàçðàáîòàíî ôîðìàëüíîå îïèñàíèå êîìïîíåíòîâ
(ïðîãðàìì) web-ïàêåòà â ôîðìàòå XML è ðåàëèçîâàíî îòîáðàæåíèå ýòîãî îïèñà-
íèÿ â ýëåìåíòû web-èíòåðôåéñà. Òàêîé ïîäõîä ïîçâîëÿåò àâòîìàòèçèðîâàòü ïðî-
öåññ óïðàâëåíèÿ ñîñòàâîì ïðîãðàìì â web-ïàêåòå, ÷òî íàìíîãî óïðîùàåò ðàáîòó ñ
íèì. Óïðàâëåíèå ïàêåòîì òåïåðü ìîæåò îñóùåñòâëÿòüñÿ íà óðîâíå ïîëüçîâàòåëÿ.
Íîâûå ñòðàíèöû è ññûëêè íà ýòè ñòðàíèöû ñîçäàþòñÿ àâòîìàòè÷åñêè ïî ôîð-

ìàëüíîìó îïèñàíèþ â âèäå XML-äîêóìåíòà. Äîêóìåíò ïîäàåòñÿ íà âõîä ìîäóëþ.
Ïîñëå ÷åãî ïðîèñõîäèò ãåíåðàöèÿ ýëåìåíòîâ èíòåðôåéñà è ñîçäàíèå ññûëîê.
Íèæå ïðåäñòàâëåí ïðèìåð âõîäíûõ äàííûõ, îïèñàííûõ íà ÿçûêå ôîðìàëüíîãî

îïèñàíèÿ.
<input type="�le"name="�le1"ext="fasta"pattern = "�[ A,C,G,T, a,c,g,t ]+$"/>
Ïîñëå ïðåîáðàçîâàíèÿ ýòà ñòðî÷êà ïåâðàùàåòñÿ â ýëåìåíò web-èíòåðôåéñà:
<input type="button"name="�le1"value="Âûáðàòü ôàéë"onclick= "LoadFile()

"/>
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ÐÅÊÎÍÑÒÐÓÊÖÈß ÒÐÅÕÌÅÐÍÛÕ ÌÎÄÅËÅÉ ÎÁÚÅÊÒÎÂ ÏÎ
ÎÄÍÎÉ ÔÎÒÎÃÐÀÔÈÈ

Â ðàáîòå ïðåäñòàâëåíà èíòåðàêòèâíàÿ òåõíèêà ðåêîíñòðóêöèè 3D-ìîäåëåé îáú-
åêòîâ ïî îäíîé ôîòîãðàôèè. Êîãíèòèâíûå ñïîñîáíîñòè ÷åëîâåêà èñïîëüçóåòñÿ äëÿ
îïðåäåëåíèÿ ýëåìåíòîâ ôèãóðû, à êîìïüþòåð âûïîëíÿåò ñëîæíûå âû÷èñëèòåëü-
íûå çàäà÷è. Ïðè ýòîì ïðåäëàãàåòñÿ î÷åíü ïðîñòîé è ïîíÿòíûé ïîëüçîâàòåëüñêèé
èíòåðôåéñ.
Ìåòîä îïèðàåòñÿ íà òàêîå ïîâñåìåñòíîå ñâîéñòâî ôèçè÷åñêèõ îáúåêòîâ, êàê

ñèììåòðèÿ, è ïðèìåíèì äëÿ ðåêîíñòðóêöèè îáúåêòîâ, èìåþùèõ â êà÷åñòâå 2D-
ïðîôèëÿ ñâîåãî îñíîâàíèÿ êðóã. Äëÿ âûïîëíåíèÿ ðåêîíñòðóêöèè ïîëüçîâàòåëþ
äîñòàòî÷íî âûäåëèòü 2D-ïðîôèëü îáúåêòà íà èçîáðàæåíèè è óêàçàòü íàïðàâëåíèå
ôîðìèðîâàíèÿ ôèãóðû îòíîñèòåëüíî ýòîãî ïðîôèëÿ (íåêîòîðàÿ âîîáðàæàåìàÿ îñü
K).
Ó÷èòûâàÿ, ÷òî ðàññìàòðèâàåìûå îáúåêòû ïî ïðåäïîëîæåíèþ èìåþò â ñå÷åíèè,

ïðîõîäÿùåì ÷åðåç îñü K, êðóã, èç ïàðàìåòðîâ âûäåëåííîãî 2D-ïðîôèëÿ, ÿâëÿþ-
ùåãîñÿ ýëëèïñîì, ðàññ÷èòûâàþòñÿ ðàçëè÷íûå õàðàêòåðèñòèêè, íåîáõîäèìûå äëÿ
âîññòàíîâëåíèÿ òðåõìåðíîãî îáúåêòà èç åãî ïðîåêöèè, è óãëû ïîâîðîòà êàìåðû.
Ïîñëå ýòîãî â àâòîìàòè÷åñêîì ðåæèìå ïðîèñõîäèò ôîðìèðîâàíèå ìîäåëè îáúåêòà
ïóòåì ïîñëåäîâàòåëüíîãî åå ðàçáèåíèÿ âäîëü îñè K íà ìíîæåñòâî ñëîåâ. Ïîëüçî-
âàòåëüñêèé 2D-ïðîôèëü îáúåêòà ñ÷èòàåòñÿ ïåðâûì ñëîåì. Ñëåäóþùèé ñëîé ïîëó-
÷àåòñÿ èç ïðåäûäóùåãî ïóòåì ñäâèãà íà íåêîòîðóþ âåëè÷èíó â íàïðàâëåíèè K è
êîððåêòèðîâêè åãî ðàçìåðîâ ïóòåì ïðèòÿãèâàíèÿ òî÷åê, ôîðìèðóþùèõ ãëàâíóþ
îñü ýëëèïñà, ê ãðàíèöàì îáúåêòà. Ìíîæåñòâî ñëîåâ îáðàçóþò îñíîâíîé êàðêàñ èñ-
êîìîãî îáúåêòà.
Â êà÷åñòâå ïîëÿ ñèë, èñïîëüçóåìîãî äëÿ îïðåäåëåíèÿ êðàåâ îáúåêòîâ íà èçîá-

ðàæåíèè, èñïîëüçóåòñÿ âåêòîðíîå ïîëå ïîòîêà ãðàäèåíòà, ïðåäëîæåííîå â [1].
Äëÿ äåìîíñòðàöèè ìåòîäà è äîêàçàòåëüñòâà ýôôåêòèâíîñòè îïèñàííîãî ïîäõî-

äà äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ðåàëèçîâàí ïðîãðàììíûé ïðîäóêò, êîòîðûé
ïîçâîëÿåò ñîõðàíÿòü ïîëó÷åííûå òðåõìåðíûå îáúåêòû â ðàñïðîñòðàíåííûõ ôîð-
ìàòàõ õðàíåíèÿ 3D.
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ÐÀÑÏÐÅÄÅËÅÍÈß ÊËÞ×ÅÉ

Èññëåäóåòñÿ òåîðåòèêî�êîäîâàÿ ïîëèëèíåéíàÿ ñèñòåìà ðàñïðåäåëåíèÿ êëþ÷åé,
îáåñïå÷èâàþùàÿ áåçîïàñíîñòü ïðîâåäåíèÿ êîíôåðåíöèè ïðè íàëè÷èè êîàëèöèè
çëîóìûøëåííèêîâ, ìîùíîñòü êîòîðîé íå ïðåâûøàåò íåêîòîðîãî ïîðîãà [1]. Â ñëó-
÷àå, êîãäà ìîùíîñòü êîàëèöèè ïðåâûøàåò ïîðîã, ñèñòåìà ðàñïðåäåëåíèÿ êëþ÷åé
ñòàíîâèòñÿ óÿçâèìîé. Â äîêëàäå ñòðîÿòñÿ âåðîÿòíîñòíûå ìîäåëè òàêèõ óÿçâèìî-
ñòåé.
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ÎÖÅÍÊÀ ÊÎËÈ×ÅÑÒÂÀ ÈÍÔÎÐÌÀÖÈÈ Â ÈÇÎÁÐÀÆÅÍÈÈ,
ÂÎÑÏÐÈÍÈÌÀÅÌÎÌ ×ÅËÎÂÅÊÎÌ

Ñïîñîá îïðåäåëåíèÿ êîëè÷åñòâà èíôîðìàöèè â èçîáðàæåíèè îñíîâàí íà ìîäåëè-
ðîâàíèè ðàáîòû ïðîåêöèîííûõ çîí êîðû ãîëîâíîãî ìîçãà íàáëþäàòåëÿ. Âû÷èñëÿå-
ìûé ïîêàçàòåëü ïðåäñòàâëÿåò ñîáîé äîëþ îò òåîðåòè÷åñêîãî ìàêñèìóìà èíôîðìà-
öèè, êîòîðàÿ ìîæåò áûòü ïîëó÷åíà ñ ó÷àñòêà ïîëÿ çðåíèÿ. Ìèíèìàëüíîé åäèíèöåé
èíôîðìàöèè âûñòóïàåò ÿðêîñòíûé ãðàäèåíò îïðåäåë¼ííîé ïðîñòðàíñòâåííîé ÷à-
ñòîòû (Ï×) è îðèåíòàöèè.
Ïî êëàññè÷åñêîé òåîðèè Õüþáåëà è Âèçåëà [1], íà÷àëüíàÿ çðèòåëüíàÿ îáðàáîòêà

âûïîëíÿåòñÿ ïðîñòûìè íåéðîíàìè ñòðèàðíîé êîðû. Ýòè êëåòêè âûïîëíÿþò ôóíê-
öèþ ïîëîñîâûõ Ï×-ôèëüòðîâ, îðèåíòàöèîííî è ôàçîâî èçáèðàòåëüíûõ. Â çðèòåëü-
íîé ñèñòåìå ÷åëîâåêà èìåþòñÿ nλ = 6 Ï×-êàíàëîâ, èìåþùèõ ïîëîñû ïðîïóñêàíèÿ
øèðèíîé ïðèìåðíî 1,25-2,5 îêòàâû ñ ïèêàìè íà 0,5; 1; 2; 4; 8 è 16 ïåðèîäàõ íà óãë.
ãðàä. [2]. Ïîëîñà ïðîïóñêàíèÿ êàæäîãî êàíàëà ïî îðèåíòàöèè ñîñòàâëÿåò îêîëî
30 ãðàäóñîâ [3]. Ðåöåïòèâíîå ïîëå ñòðèàðíûõ êëåòîê èìååò âûòÿíóòóþ ôîðìó è
îïïîíåíòíóþ îðãàíèçàöèþ; îíî îïèñûâàåòñÿ äâóìåðíîé ôóíêöèåé Ãàáîðà [4].
Åñëè ñ÷èòàòü ÷èñëî îðèåíòàöèîííûõ êàíàëîâ ðàâíûì nθ è îãðàíè÷èòüñÿ ìîäå-

ëèðîâàíèåì òîëüêî on-êëåòîê, ðåàãèðóþùèõ íà îòòåíêè ñåðîãî, äëÿ îöåíêè ÷èñëà
¾àêòèâèðîâàííûõ¿ íåéðîíîâ äîñòàòî÷íî âûïîëíèòü nλ ·nθ îïåðàöèé ôèëüòðàöèè ñ
ðàçíûìè íàñòðîéêàìè ôèëüòðà ïî Ï× è îðèåíòàöèè. Öåëåñîîáðàçíî èñïîëüçîâàòü
ïîðîãîâûé êðèòåðèé äëÿ îïðåäåëåíèÿ ôàêòà ¾àêòèâèðîâàííîñòè¿ íåéðîíà. Îöåí-
êà ðàññ÷èòûâàåòñÿ îòíåñåíèåì ñóììû ÷èñëà àêòèâèðîâàííûõ ýëåìåíòîâ âî âñåõ
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êàíàëàõ ê èõ ìàêñèìàëüíîìó êîëè÷åñòâó, ðàâíîìó ÷èñëó òî÷åê â èçîáðàæåíèè,
óìíîæåííîìó íà nλ · nθ.
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ÂÛÄÀÞÙÅÌÓÑß ÌÀÒÅÌÀÒÈÊÓ, Ó×ÈÒÅËÞ È ×ÅËÎÂÅÊÓ
ÈÃÎÐÞ ÁÎÐÈÑÎÂÈ×Ó ÑÈÌÎÍÅÍÊÎ � 80.

(16.08.1935 � 22.03.2009).

Â ýòîì ãîäó Èãîðþ Áîðèñîâè÷ó Ñèìîíåíêî ìîãëî áû áûòü 80 ëåò. Èãîðü Áîðè-
ñîâè÷ îñòàâèë ïîñëå ñåáÿ 230 ïóáëèêàöèé, êîòîðûå èçâåñòíû íå òîëüêî ãëóáèíîé
ñâîèõ èññëåäîâàíèé, íî è ðàçíîîáðàçèåì òåì: àëãåáðàè÷åñêàÿ òîïîëîãèÿ, ôóíêöè-
îíàëüíûé àíàëèç, òåîðèÿ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ, òåîðèÿ ôóíêöèé
êîìïëåêñíîãî ïåðåìåííîãî, äèôôåðåíöèàëüíûå óðàâíåíèÿ, òåîðèÿ êðàåâûõ çàäà÷
Ðèìàíà, òåîðèÿ ëèíåéíûõ îïåðàòîðîâ, òåîðèÿ óïðóãîñòè, ãèäðîìåõàíèêà, ãèäðî-
àêóñòèêà, ýëåêòðîñòàòèêà, ìåòîäû ïðèáëèæåííûõ âû÷èñëåíèé, äèñêðåòíàÿ ìàòå-
ìàòèêà, íîðìèðîâàííûå êîëüöà, òåîðèÿ âûïóêëûõ ìíîæåñòâ. À åùå È.Á. Ñèìîíåí-
êî îïóáëèêîâàë íàó÷íî-ïîïóëÿðíóþ ñòàòüþ ¾Êàê äîêàçûâàòü òðàíñöåíäåíòíîñòü
÷èñåë¿. È åùå ïèñàë ïðîãðàììû. . . Ìàòåìàòèêà âî âñåõ åå ïðîÿâëåíèÿõ áûëà èí-
òåðåñíà Èãîðþ Áîðèñîâè÷ó Ñèìîíåíêî!
Èãîðü Áîðèñîâè÷ èñêàë âíåäðåíèÿ ìàòåìàòè÷åñêèõ äîñòèæåíèé â äðóãèå íàóêè

èëè ñôåðû ÷åëîâå÷åñêîé äåÿòåëüíîñòè, è ýòè ïîèñêè èìåëè ìíîãî ïðîÿâëåíèé. È.Á.
Ñèìîíåíêî ðóêîâîäèë õîçäîãîâîðíûìè ðàáîòàìè ïî ãèäðîàêóñòèêå è ïî ýëåêòðî-
ñòàòèêå (äëÿ ïðîåêòèðîâàíèÿ ýëåêòðîííûõ ñõåì â ÒÐÒÈ, ã. Òàãàíðîã). Åãî èññëå-
äîâàíèÿ óñëîâèé âîçìîæíîñòè âîçíèêíîâåíèÿ âèáðàöèîííîé êîíâåêöèè â íåâåñî-
ìîñòè áûëè ïîäòâåðæäåíû ýêñïåðèìåíòîì íà àìåðèêàíñêîé êîñìè÷åñêîé ñòàíöèè
¾Ñêàéëàá¿. Íà åãî èìÿ (ñ ñîàâòîðàìè) çàðåãèñòðèðîâàíî èçîáðåòåíèå ¾Èññëåäî-
âàíèå ãîðèçîíòàëüíîãî ñòàòè÷åñêîãî âçàèìîäåéñòâèÿ ýëåêòðîâîçà è ïóòè¿. Ñåðèþ
ïóáëèêàöèé ïîñëåäíèõ ëåò Èãîðü Áîðèñîâè÷ ïîñâÿòèë ðàçðàáîòêå íîâûõ ìåòîäîâ
âû÷èñëåíèé ñ îöåíêàìè áûñòðîäåéñòâèÿ è îöåíêàìè ïîãðåøíîñòåé.
Èãîðü Áîðèñîâè÷ îñòàâèë ïîñëå ñåáÿ íå òîëüêî ïóáëèêàöèè, íî è ìíîãî ïîñëå-

äîâàòåëåé (êàíäèäàòîâ è äîêòîðîâ íàóê). Ýòîò ñïèñîê ñîñòàâëÿþò 30 ó÷åíèêîâ
íåïîñðåäñòâåííûõ è åùå 60 ¾ó÷åíèêîâ-ó÷åíèêîâ¿. Î÷åíü ñëîæíî ó÷åñòü ìíîãî÷èñ-
ëåííûõ ìàòåìàòèêîâ, êîòîðûì Èãîðü Áîðèñîâè÷ ïèñàë îòçûâû íà äèññåðòàöèè
è íà êîòîðûõ, áåçóñëîâíî, îêàçàë îãðîìíîå âëèÿíèå. Ê ïîñëåäîâàòåëÿì È.Á. Ñè-
ìîíåíêî ñåáÿ îòíîñÿò è ñîòðóäíèêè, êîòîðûå áûëè ïîñòîÿííûìè ó÷àñòíèêàìè êà-
ôåäðàëüíîãî ñåìèíàðà. Ìíîãèå ïîñëåäîâàòåëè Èãîðÿ Áîðèñîâè÷à ïðåäñòàâëåíû íà
äàííîé êîíôåðåíöèè. Ó÷àñòèå íàó÷íûõ ïîòîìêîâ â íàó÷íîé æèçíè � ýòî ëó÷øèé
ïàìÿòíèê çàìå÷àòåëüíîìó ìàòåìàòèêó, ó÷èòåëþ è ÷åëîâåêó Èãîðþ Áîðèñîâè÷ó
Ñèìîíåíêî!
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À.Â. Àáðàìÿí, Â., Â. Êóðî÷êèí, Â.Ñ. Ïèëèäè (ÞÔÓ, Ðîññèÿ)
annaabr@yandex.ru, vdmkrchkn@gmail.com, pilidi@sfedu.ru

ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÂÎÑÑÒÀÍÎÂËÅÍÈß ÏÀÐÀÌÅÒÐÎÂ
ÌÀÐÊÎÂÑÊÎÃÎ ÏÐÎÖÅÑÑÀ

Ðàññìîòðèì ñòàöèîíàðíóþ ìàðêîâñêóþ ìîäåëü âòîðîãî ïîðÿäêà ïðè ñëåäóþùèõ
ïðåäïîëîæåíèÿõ. Èìååòñÿ ïîñëåäîâàòåëüíîñòü äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí x1,
x2, . . . , xT , ïðèíèìàþùèõ çíà÷åíèÿ â íåêîòîðîì àëôàâèòå
A = {u1, u2, . . . , um}, ïðè÷åì èìååò ìåñòî ðàâåíñòâî âåðîÿòíîñòåé

P(xt = uk|xt−1 = uj, xt−2 = ui, . . . ) =

= P(xt = uk|xt−1 = uj, xt−2 = ui),

äëÿ ëþáûõ ýëåìåíòîâ u ∈ A, è ýòà âåðîÿòíîñòü íå çàâèñèò îò t, 3 ≤ t ≤ T .
Îáîçíà÷èì

P(xt = uk|xt−1 = uj, xt−2 = ui) = aijk.

Ñëó÷àéíûå âåëè÷èíû xi ÿâëÿþòñÿ íåíàáëþäàåìûìè. Äëÿ êàæäîé èç ñëó÷àéíûõ
âåëè÷èí xt ãåíåðèðóåòñÿ íåêîòîðîå çíà÷åíèå íàáëþäàåìîé ñëó÷àéíîé âåëè÷èíû yt,
ïðèíèìàþùåé çíà÷åíèÿ â òîì æå àëôàâèòå A. Îáîçíà÷èì:

P(yt = uj|xt = ui) = bij.

Ïðåäïîëàãàåì, ÷òî âåëè÷èíû bij íå çàâèñÿò îò âðåìåíè t è çíà÷åíèé ñëó÷àéíûõ
âåëè÷èí xτ , yτ ïðè τ 6= t. Ïðåäïîëîæèì òàêæå, ÷òî èçâåñòíû âåðîÿòíîñòè ðàñïðå-
äåëåíèÿ íà÷àëüíûõ áèãðàìì ñêðûòûõ ïåðåìåííûõ:

πij = P(x1 = ui, x2 = uj).

Çàäà÷à ñîñòîèò â òîì, ÷òîáû ïî èçâåñòíîé ïîñëåäîâàòåëüíîñòè {yt} âîññòàíîâèòü
ïàðàìåòðû ìîäåëè a, b, π. Ñëåäóÿ ñõåìå àíàëèçà ñêðûòîé ìàðêîâñêîé ìîäåëè [1, 2],
âûâåäåíû ôîðìóëû, ïîçâîëÿþùèå âîññòàíîâèòü ýòè ïàðàìåòðû. Ïðîâåäåííûå ÷èñ-
ëåííûå ýêñïåðèìåíòû ïîäòâåðæäàþò ýôôåêòèâíîñòü ïðåäëàãàåìîãî ïîäõîäà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ðàáèíåð Ë. Ñêðûòûå ìàðêîâñêèå ìîäåëè è èõ ïðèìåíåíèå â èçáðàííûõ ïðèëîæåíèÿõ ïðè ðàñïîçíàâàíèè ðå÷è.

ÒÈÈÝÐ. 1989. Ò. 77, � 2. Ñ. 86�120.

2. Ìîòòëü Â.Â., Ìó÷íèê È.Á. Ñêðûòûå ìàðêîâñêèå ìîäåëè â ñòðóêòóðíîì àíàëèçå ñèãíàëîâ. ÔÈÇÌÀÒËÈÒ. 1999.

Æ. Ì. Àáó-Õàëèë, Á.ß. Øòåéíáåðã (Þæíûé ôåäåðàëüíûé
óíèâåðñèòåò, Ðîññèÿ)

jumana.abukhalil@gmail.com borsteinb@mail.ru
Ïàðàëëåëüíûé àëãîðèòì âûðàâíèâàíèÿ ïîñëåäîâàòåëüíîñòåé,

ó÷èòûâàþùèé èåðàðõèþ ïàìÿòè
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Â ðàáîòå ïîëó÷åí ïàðàëëåëüíûé àëãîðèòì âûðàâíèâàíèÿ ïîñëåäîâàòåëüíîñòåé,
ó÷èòûâàþùèé èåðàðõèþ ïàìÿòè. Çàäà÷à âûðàâíèâàíèÿ ïîñëåäîâàòåëüíîñòåé âîç-
íèêàåò â áèîèíôîðìàòèêå è ïðè àíàëèçå áîëüøèõ òåêñòîâ íà åñòåñòâåííûõ ÿçûêàõ
(íàïðèìåð, ïðè àíàëèçå ñîöèàëüíûõ ñåòåé).
Ðàññìàòðèâàåòñÿ ìîäåëü âû÷èñëèòåëüíîé ñèñòåìû, îáëàäàþùàÿ íåñêîëüêèìè

ÿäðàìè è õîòÿ áû äâóìÿ óðîâíÿìè êýø-ïàìÿòè. Áóäåì ñ÷èòàòü, ÷òî ó ïðîöåññî-
ðà åñòü êýø áîëüøîé-ìåäëåííûé (íèçêîãî óðîâíÿ) è ìàëûé-áûñòðûé (âûñîêîãî
óðîâíÿ). Ïðè ýòîì, áîëüøîé-ìåäëåííûé êýø ÿâëÿåòñÿ îáùèì äëÿ âñåõ âû÷èñëè-
òåëüíûõ ÿäåð, ìàëûé-áûñòðûé � ó êàæäîãî âû÷èñëèòåëüíîãî ÿäðà ñâîé. Òàêèìè
ÿâëÿþòñÿ ïðîöåññîðû ôèðìû Èíòåë è ìíîãèå ïðîöåññîðû öèôðîâîé îáðàáîòêè
ñèãíàëîâ.
Â îñíîâå àëãîðèòìà ëåæèò ïåðåõîäà ê áëî÷íîé îðãàíèçàöèè âû÷èñëåíèé (òàé-

ëèíã). Êàæäàÿ èç ïîñëåäîâàòåëüíîñòåé, âûðàâíèâàíèå êîòîðûõ òðåáóåòñÿ íàéòè,
ðàçáèâàåòñÿ íà ÷àñòè ðàâíîé äëèíû. Äëèíà ÷àñòåé ïîñëåäîâàòåëüíîñòåé ïîäáèðà-
åòñÿ òàê, ÷òîáû â ìàëîì-áûñòðîì êýøå ïîìåùàëàñü êâàäðàòíàÿ ÷èñëîâàÿ òàáëèöà,
êîëè÷åñòâî ýëåìåíòîâ êîòîðîé ðàâíî ïðîèçâåäåíèþ äëèí ðàññìàòðèâàåìûõ ïîä-
ïîñëåäîâàòåëüíîñòåé. Ýòî ïîçâîëÿåò â ìàëîé-áûñòðîé êýø-ïàìÿòè âûðàâíèâàòü
ðàññìàòðèâàåìûå ôðàãìåíòû ïîñëåäîâàòåëüíîñòåé. Äðóãîå îãðàíè÷åíèå ñîñòîèò â
òîì, ÷òîáû â áîëüøîé-ìåäëåííîé êýø-ïàìÿòè ïîìåùàëèñü âñå íåîáõîäèìûå äàí-
íûå äëÿ âû÷èñëåíèÿ â ìàëîé-áûñòðîé êýø-ïàìÿòè êàæäîãî âû÷èñëèòåëüíîãî óçëà.
Ñòðóêòóðà öèêëîâ ïðîãðàììû äîëæíà áûòü îðãàíèçîâàíà òàê, ÷òîáû â áîëü-

øîé-ìåäëåííûé êýø ïîïàëè êàê ìîæíî áîëüøå ÷àñòåé âûðàâíèâàåìûõ ïîñëåäîâà-
òåëüíîñòåé è ïðè ýòîì âûïîëíÿëèñü îïèñàííûå âûøå îãðàíè÷åíèÿ. Ýòî ïîçâîëèò
ýôôåêòèâíî èñïîëüçîâàòü îáà óðîâíÿ êýø-ïàìÿòè. Îïòèìèçàöèÿ èñïîëüçîâàíèÿ
îäíîãî óðîâíÿ êýø-ïàìÿòè äëÿ âûðàâíèâàíèÿ ïîñëåäîâàòåëüíîñòåé îïèñàíà â [1].

Ë È Ò Å Ð À Ò Ó Ð À

1. Àáó-Õàëèë Æ.Ì., Ìîðûëåâ Ð.È., Øòåéíáåðã Á.ß. Ïàðàëëåëüíûé àëãîðèòì ãëîáàëüíîãî âûðàâíèâàíèÿ ñ îïòè-
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ÂÐÀÙÀÞÙÅÉÑß ÊÀÌÅÐÎÉ

Â ðàáîòå ðàññìîòðåíà çàäà÷à âîññòàíîâëåíèÿ ñìàçàííîãî èçîáðàæåíèÿ, ïîëó-
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÷åííîãî âðàùàþùåéñÿ êàìåðîé. Ýòà çàäà÷à ìîæåò áûòü àêòóàëüíà ïðè ñîçäàíèè
àâòîìàòè÷åñêèõ ñèñòåì óïðàâëåíèÿ àâòîìîáèëåì, äëÿ ñèñòåì ìîíèòîðèíãà òåððè-
òîðèé, äëÿ ðîáîòîâ.
Ìàòåìàòè÷åñêîé ìîäåëüþ çàäà÷è âîññòàíîâëåíèÿ ñìàçàííûõ èçîáðàæåíèé ãî-

ðèçîíòàëüíî âðàùàþùåéñÿ êàìåðû ÿâëÿåòñÿ óðàâíåíèå ñ îïåðàòîðîì ñâåðòêè íà
öèêëè÷åñêîé ãðóïïå áîëüøîé ðàçìåðíîñòè èëè, â ïðåäåëå, íà åäèíè÷íîé îêðóæ-
íîñòè. Áîëåå òî÷íî, ñåìåéñòâî òàêèõ óðàâíåíèé îäèíàêîâîé ðàçìåðíîñòè ñ îäíèì
îïåðàòîðîì, èëè, â äèñêðåòíîì ñëó÷àå, ñèñòåìà ëèíåéíûõ óðàâíåíèé ñ íåñêîëü-
êèìè ïðàâûìè ÷àñòÿìè. Åñëè âðàùàþùàÿñÿ âèäåîêàìåðà ðàñïîëîæåíà ïîä óãëîì
ê ãîðèçîíòàëüíîé ïëîñêîñòè, òî íåîáõîäèìà êîððåêòèðîâêà ïîëó÷àåìûõ äàííûõ,
÷òîáû ñâåñòè ýòó çàäà÷ó ê ïðåäûäóùåé.
Ðàññìîòðåíû íåñêîëüêî àëãîðèòìîâ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è, âêëþ÷àÿ

èñïîëüçîâàíèå ïðåîáðàçîâàíèå Ôóðüå è ðåøåíèå ÑËÀÓ ñ öèêëè÷åñêîé ìàòðèöåé
ñïåöèàëüíîãî âèäà. Ðàçðàáîòàíà ïðîãðàììíàÿ ðåàëèçàöèÿ ïîëó÷åííûõ àëãîðèò-
ìîâ, ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ. Ñïå-
öèôèêà ìàòðèöû ÑËÀÓ ïîçâîëÿåò ïîñòðîèòü íåñòàíäàðòíûé ýôôåêòèâíûé àëãî-
ðèòì ðåøåíèÿ.

Ì.Ì. Àëèåâ, Á.ß. Øòåéíáåðã (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò,
Ðîññèÿ)
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ÈÑÏÎËÜÇÎÂÀÍÈÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÔÓÐÜÅ ÄËß

ÑÐÀÂÍÅÍÈß ÍÓÊËÅÎÒÈÄÍÛÕ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ

Â ðàáîòå ðàññìîòðåíà çàäà÷à âûðàâíèâàíèÿ äâóõ íóêëåîòèäíûõ ïîñëåäîâàòåëü-
íîñòåé áåç âñòàâêè äîïîëíèòåëüíûõ ïðîáåëîâ âî âíóòðü ýòèõ ïîñëåäîâàòåëüíîñòåé.
Âûðàâíèâàíèå ïðîèñõîäèò çà ñ÷åò ñäâèãà îäíîé ïîñëåäîâàòåëüíîñòè îòíîñèòåëüíî
äðóãîé. Çàäà÷à ñîñòîèò â áûñòðîì ïîèñêå òàêîãî ñäâèãà, ïðè êîòîðîì êîëè÷åñòâî
ñîâïàäàþùèõ ñèìâîëîâ èñõîäíûõ ïîñëåäîâàòåëüíîñòåé ìàêñèìàëüíî.
Äàííàÿ çàäà÷à ðàññìàòðèâàëàñü ðàíåå â ðàáîòå [1]. Òàì ïðåäëàãàëîñü èñêàòü êî-

ëè÷åñòâî ñîâïàäåíèé ïðè êàæäîì ñäâèãå äëÿ êàæäîãî íóêëåîòèäà îòäåëüíî. Äëÿ
êàæäîãî íóêëåîòèäà ïî ïîñëåäîâàòåëüíîñòè ñòðîèòñÿ áóëåâ âåêòîð, â êîòîðîì äàí-
íûé íóêëåîòèä çàìåíÿåòñÿ åäèíèöåé, à îñòàëüíûå � íóëÿìè. Ñâåðòêà òàêèõ âåêòî-
ðîâ, ñîîòâåòñòâóþùèõ èñõîäíûì ïîñëåäîâàòåëüíîñòÿì, äàåò íàì êîëè÷åñòâà ñîâ-
ïàäåíèé âûáðàííîãî íóêëåîòèäà ïðè ðàçëè÷íûõ ñäâèãàõ. Ïðåäëàãàåòñÿ ïîëó÷àòü
òàêèå ôóíêöèè äëÿ êàæäîãî èç ÷åòûðåõ íóêëåîòèäîâ, ïîñëå ÷åãî èõ ñêëàäûâàòü.
Ýòè ôóíêöèè (ñâåðòêè) ïðåäëàãàåòñÿ ñòðîèòü ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå.
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ñðàçó ñòðîèòü ôóíêöèþ ñ ñóììàðíûì êîëè÷å-
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ñòâîì ñîâïàäåíèé ñðàçó äâóõ íóêëåîòèäîâ (ñíà÷àëà ÀÒ - àäåíèí è òèìèí, à. çàòåì,
ÃÖ - ãóàíèí è öèòîçèí). Äëÿ ýòîãî â âåêòîðå, êîòîðûé ñòðîèòñÿ ïî ïîñëåäîâàòåëü-
íîñòè, ïåðâûé íóêëåîòèä çàìåíÿåòñÿ åäèíèöåé, âòîðîé � êîðíåì êâàäðàòíûì èç
(-1), à îñòàëüíûå � íóëÿìè. Çàòåì áåðåòñÿ ïðåîáðàçîâàíèå Ôóðüå îò ñâåðòêè òàêî-
ãî âåêòîðà ïåðâîé ïîñëåäîâàòåëüíîñòè è ñîïðÿæåííîãî âåðòîðà, ñîîòâåòñòâóþùå-
ãî âòîðîé ïîñëåäîâàòåëüíîñòè. Ýòèì ñàìûì, ñîêðàùàåòñÿ âðåìÿ ðåøåíèÿ çàäà÷è
âäâîå.
Ïî ðàçðàáîòàííîìó ìåòîäó íàïèñàíà ïðîãðàììà è ïðîâåäåíû ÷èñëåííûå ýêñïå-

ðèìåíòû.
Ë È Ò Å Ð À Ò Ó Ð À

1. Äýí Ãàñôèëä 1. Ñòðîêè, äåðåâüÿ è ïîñëåäîâàòåëüíîñòè â àëãîðèòìàõ. Èíôîðìàòèêà è âû÷èñëèòåëüíàÿ áèîëîãèÿ,

Ñ-Ïåòåðáóðã ¾ÁÕÂ-Ïåòåðáóðã¿, 2003, 319 ñ.

Å.Â. Àëûìîâà, À.Ï. Áàãëèé, À.Ñ. Êîíåíêî, À.À. Ïèòèíîâ, Á.ß.
Øòåéíáåðã, Ð. Á. Øòåéíáåðã (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò,

Ðîññèÿ)
langnbsp@gmail.com, taccessviolation@gmail.com, yadummer@gmail.com,

alexvitpit@rambler.ru, borsteinb@mail.ru, romano�cial@yandex.ru
ÏÐÅÄÑÊÀÇÀÍÈÅ ÂÎÇÌÎÆÍÎÃÎ ÓÑÊÎÐÅÍÈß ÇÀ Ñ×ÅÒ

ÎÏÒÈÌÈÇÀÖÈÈ È ÐÀÑÏÀÐÀËËÅËÈÂÀÍÈß ÏÐÎÃÐÀÌÌÍÎÉ
ÑÈÑÒÅÌÛ ÏÐÎÃÍÎÇÀ ÓÐÎÂÍß ÂÎÄÛ Â ÂÎÄÎÅÌÅ.

Ðàññìàòðèâàåìàÿ ïðîãðàììà ïðåäíàçíà÷åíà äëÿ ïðîãíîçà óðîâíÿ âîäû â Íåâå è
óïðàâëåíèÿ øëþçàìè íà äàìáå ã. Ñàíêò-Ïåòåðáóðãà. Ïðè ïîâûøàþùåìñÿ óðîâíå
âîäû â ðåêå ãîðîäó ìîæåò óãðîæàòü íàâîäíåíèå, è øëþçû ñëåäóåò çàêðûâàòü. Ïðè
çàêðûòûõ øëþçàõ ïðåêðàùàåòñÿ ñóäîõîäñòâî è ïðîñòîé êîðàáëåé âëå÷åò óáûòêè.
Òî÷íûé ïðîãíîç èçìåíåíèÿ óðîâíÿ âîäû â ðåêå ïîçâîëÿåò îïòèìèçèðîâàòü ðåæèì
çàêðûâàíèÿ-îòêðûâàíèÿ øëþçîâ.
Â îñíîâå ìîäèôèöèðóåìîé ïðîãðàììû � èçâåñòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü Car-

dinal äâèæåíèÿ âîäû â âîäîåìå. Óðîâåíü âîäû â âîäîåìå îïèñûâàåòñÿ ñèñòåìîé
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Èçìåíåíèÿ óðîâíÿ âîäû
çàâèñÿò, íàïðèìåð, îò íàëè÷èÿ â îòäàëåííûõ ó÷àñòêàõ âåòðà, äîæäÿ, ëüäà è äðó-
ãèõ ïîãîäíûõ óñëîâèé. Ïîýòîìó, íà âõîäå ïðîãðàììû, â ÷àñòíîñòè, èñïîëüçóþò-
ñÿ äàííûå ìåòåîíàáëþäåíèé, ïîëó÷àåìûå ïî ñåòè Èíòåðíåò èç íåñêîëüêèõ òî÷åê.
Èñïîëüçîâàëîñü ïðîôèëèðîâàíèå êîäà äëÿ âûÿâëåíèÿ íàèáîëåå äîëãî ñ÷èòàåìûõ
ó÷àñòêîâ. Âûÿñíèëîñü, ÷òî ïðîãðàììà ïðåäñòàâëÿåòñÿ øåñòüþ ïîñëåäîâàòåëüíî
âûçûâàåìûìè ôóíêöèÿìè, òðåáóþùèìè ñðàâíèìîå âðåìÿ âûïîëíåíèÿ. Èç ýòîãî
îáñòîÿòåëüñòâà âûòåêàåò íåîáõîäèìîñòü óñêîðåíèÿ êàæäîé èç ýòèõ øåñòè ôóíê-
öèé, ÷òî ñóùåñòâåííî óâåëè÷èâàåò îáúåì ðàáîòû.
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Äëÿ ïðåäñêàçàíèÿ âîçìîæíîãî óñêîðåíèÿ âûïîëíÿëèñü ÷èñëåííûå ýêñïåðèìåí-
òû ñ íåêîòîðûìè ôóíêöèÿìè èëè ôðàãìåíòàìè èñõîäíîé ïðîãðàììû.
Óñêîðåíèå ïðåäïîëàãàëîñü ïîëó÷èòü çà ñ÷åò öåëîãî ðÿäà ôàêòîðîâ:
1. ïåðåâîä âû÷èñëèòåëüíîé ÷àñòè ïðîãðàììû íà äðóãîé ÿçûê ïðîãðàììèðîâà-

íèÿ;
2. ðàñïàðàëëåëèâàíèå;
3. îïòèìèçàöèÿ ââîäà äàííûõ;
4. èíëàéíèíã íåêîòîðûõ ôóíêöèé (ïîäñòàíîâêà âìåñòî);
5. ðàçâåðòêà öèêëîâ;
6. ïîíèæåíèå ñèëû îïåðàöèé;
7. âûíîñ îáùèõ ïîäâûðàæåíèé.
8. äð.
Ïðè àíàëèçå âîçìîæíîñòè ðàñïàðàëëåëèâàíèÿ ó÷èòûâàëèñü ãðàô âûçîâîâ ïîä-

ïðîãðàìì è ãðàô èíôîðìàöèîííûõ ñâÿçåé.

Ñ. Ã. Àììàåâ, Á.ß. Øòåéíáåðã (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò,
Ðîññèÿ)

jumana.abukhalil@gmail.com borsteinb@mail.ru
ÎÏÒÈÌÈÇÀÖÈß ÈÑÏÎËÜÇÎÂÀÍÈß ÊÝØ-ÏÀÌßÒÈ Â

ÈÒÅÐÀÖÈÎÍÍÛÕ ÑÅÒÎ×ÍÛÕ ÌÅÒÎÄÀÕ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ óñêîðåíèå èòåðàöèîííîãî ìåòîäà Ãàóññà-Çåé-
äåëÿ ÷èñëåííîãî ðåøåíèÿ Çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â ïðÿìîóãîëü-
íèêå. Óñêîðåíèå äîñòèãàåòñÿ çà ñ÷åò îïòèìèçàöèè èñïîëüçîâàíèÿ êýø-ïàìÿòè.
Êýø ïàìÿòü íà÷àëè âñòðàèâàòü â ïðîöåññîðû ñ òåõ ïîð, êîãäà âðåìÿ îáðàùå-

íèé ê ïàìÿòè â êîìïüþòåðàõ íà÷àëî ïðåâûøàòü âðåìÿ âû÷èñëèòåëüíûõ îïåðàöèé.
Íà ñåãîäíÿøíèé äåíü âðåìÿ âûïîëíåíèÿ óìíîæåíèÿ â ïðîöåññîðå ìîæåò áûòü íà
ïîðÿäîê áûñòðåå, ÷åì ñ÷èòûâàíèå àðãóìåíòîâ ýòîãî óìíîæåíèÿ èç îïåðàòèâíîé
ïàìÿòè â ïðîöåññîð. Ïðåäëàãàåòñÿ ìåòîä ïîâûøåíèÿ ëîêàëèçàöèè äàííûõ ïðè
âû÷èñëåíèè. Ëîêàëèçàöèÿ ñîñòîèò â òàêîì èçìåíåíèè ïîðÿäêà îïåðàòîðîâ ïðî-
ãðàììû, ïðè êîòîðîì ñ äàííûìè, ïîïàâøèìè â êýø-ïàìÿòü, ïðîèçâîäèòñÿ ìíîãî
âû÷èñëèòåëüíûõ îïåðàöèé, à êîëè÷åñòâî ïåðåñûëîê äàííûõ ìåæäó îïåðàòèâíîé
ïàìÿòüþ è êýø-ïàìÿòüþ óìåíüøàåòñÿ.
Èäåÿ ïðåäëàãàåìîãî ìåòîäà ñîñòîèò â òîì, ÷òîáû, íå çàâåðøèâ âûïîëíåíèå îä-

íîé èòåðàöèè àëãîðèòìà, íà÷èíàòü âûïîëíåíèå ñëåäóþùåé èòåðàöèè. Ïðè ýòîì
äàííûå, ïîëó÷åííûå íà ïðåäûäóùåé èòåðàöèè, åùå íå âûòåñíåíû èç êýø-ïàìÿòè
è äîñòóï ê íèì òðåáóåò ìåíüøåãî âðåìåíè, ÷åì ïðè ÷òåíèè èç îïåðàòèâíîé ïàìÿòè.
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Ïðåäñòàâëåííûå ìåòîäû äàþò óñêîðåíèå â íåñêîëüêî ðàç. Äàííàÿ ðàáîòà ÿâëÿ-
åòñÿ ðàçâèòèåì [1]. Â ðàáîòå èñïîëüçóåòñÿ ìåòîä ãèïåðïëîñêîñòåé [2].

Ë È Ò Å Ð À Ò Ó Ð À
1. Øòåéíáåðã Á. ß., Àììàåâ Ñ. Ã., Àáó-Õàëèë Æ. Ì., Ãåðâè÷ Ë. Ð., Øòåéíáåðã Î. Á. Ñîãëàñîâàíèå ìåòîäà ãèïåð-

ïëîñêîñòåé è ñòðóêòóðû ïàìÿòè ÍÑÊÔ-2014 Ïåðåñëàâëü-Çàëåññêèé, 24-27 íîÿáðÿ 2014 ã.
http://2014.nscf.ru/prezentacii/

2. Lamport L. The parallel execution of DO loops// Commun. ACM.- 1974.- v.17, N 2, p. 83-93.

Ì.Â. Áàáàåâ (ÐîñòÃÌÓ, Ðîññèÿ), Â.Ñ. Ïèëèäè, Ò.Ñ. Øàðåíêî (ÞÔÓ,
Ðîññèÿ)

pilidi@sfedu.ru
ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê ÂÛÄÅËÅÍÈÞ ÎÒÊËÎÍÅÍÈÉ ÍÀ

ÌÅÄÈÖÈÍÑÊÈÕ ÐÅÍÒÃÅÍÎÃÐÀÔÈ×ÅÑÊÈÕ ÈÇÎÁÐÀÆÅÍÈßÕ

Îáðàáîòêà ìåäèöèíñêèõ èçîáðàæåíèé è, â ÷àñòíîñòè, ðåíòãåíîãðàôè÷åñêèõ
èçîáðàæåíèé, ÿâëÿåòñÿ îäíîé èç âàæíûõ è âîñòðåáîâàííûõ îáëàñòåé öèôðîâîé
îáðàáîòêè èçîáðàæåíèé. Òî÷íîå äåòåêòèðîâàíèå îáúåêòà, îïðåäåëåíèå îòêëîíå-
íèé ãðàíèö îáúåêòà íà èçîáðàæåíèè è èíûõ îñîáåííîñòåé èçîáðàæåíèÿ ÿâëÿþòñÿ
îñíîâíûìè ýòàïàìè ïîñòðîåíèÿ ñèñòåìû äèàãíîñòèêè.
Â êà÷åñòâå îäíîãî èç âàæíåéøèõ ìåòîäîâ äåòåêòèðîâàíèÿ ïðîèçâîëüíûõ êðè-

âûõ íà èçîáðàæåíèÿõ ÿâëÿåòñÿ îáîáùåííîå ïðåîáðàçîâàíèå Õàôà. Àëãîðèòì õà-
ðàêòåðèçóåòñÿ ïîëíûì ïîêðûòèåì âñåâîçìîæíûõ ñîñòîÿíèé îáúåêòà (â ñòàíäàðò-
íîì àëãîðèòìå ýòî ðåàëèçóåòñÿ ñ ïîìîùüþ ïîëíîãî ïåðåáîðà). Îäíàêî ïðàêòè-
÷åñêîå ïðèìåíåíèå óêàçàííîãî àëãîðèòìà îñëîæíÿåòñÿ âûñîêîé âû÷èñëèòåëüíîé
ñëîæíîñòüþ è áîëüøèìè çàòðàòàìè ïàìÿòè. Â ðàáîòå ïðåäëîæåíà ìîäèôèêàöèÿ,
ïîçâîëÿþùàÿ ìèíèìèçèðîâàòü ýòè ïðîáëåìû â ðàññìàòðèâàåìîì ñëó÷àå ìåäèöèí-
ñêèõ ðåíòãåíîãðàôè÷åñêèõ èçîáðàæåíèé áåç ïîòåðè òî÷íîñòè. Ìîäèôèêàöèÿ ïîç-
âîëèëà óìåíüøèòü ÷èñëî òî÷åê øàáëîíà, à òàêæå ðàçìåð íàêîïèòåëüíîãî ïðî-
ñòðàíñòâà.
Èñêîìûé øàáëîí áûë ìîäèôèöèðóåòñÿ ñ ó÷åòîì ðàçëè÷íîé ñòåïåíè äåâèàöèè

îòäåëüíûõ òî÷åê. Òàêîé ïîäõîä ïîçâîëÿåò çàäàòü ¾ôèêñèðîâàííûå¿ òî÷êè øàáëî-
íà, êîòîðûå äîëæíû ñîâïàñòü ñ èçîáðàæåíèåì ñ âûñîêîé òî÷íîñòüþ, è ¾ñâîáîä-
íûå¿, êîòîðûå äîëæíû ñîâïàñòü ñ èçîáðàæåíèåì ñ íåêîòîðûì äîïóñòèìûì îòêëî-
íåíèåì. Òî÷êè øàáëîíà êëàññèôèöèðóþòñÿ è îáëàñòü äîïóñòèìîãî îòêëîíåíèÿ çà-
äàåòñÿ ýêñïåðòîì. Ïîñëå òîãî, êàê íàéäåíî ïðåîáðàçîâàíèå, îòîáðàæàþùåå øàáëîí
íà èìåþùååñÿ èçîáðàæåíèå, ïðîèñõîäèò ïîèñê îòêëîíåíèé ãðàíèö èçîáðàæåíèÿ
îò ¾ñâîáîäíûõ¿ òî÷åê øàáëîíà, êîòîðûå ìîãóò áûòü â äàëüíåéøåì ðàññìîòðåíû
è êëàññèôèöèðîâàíû êàê ïðèçíàêè çàáîëåâàíèé. Ïðåäëàãàåìûé ìåòîä ïîçâîëÿåò
èãíîðèðîâàòü áîëüøèíñòâî ëîæíî-ïîëîæèòåëüíûõ îòêëîíåíèé â çîíàõ íå ïðèíàä-
ëåæàùèõ ê îáëàñòÿì èíòåðåñà â êîíòåêñòå ðåíòãåíîãðàìì. Ðàáîòà ïðîâîäèëàñü ñ
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ðåíòãåíîãðàììàìè êîëåííîãî ñóñòàâà.
Ðàçðàáîòàíî ïðèëîæåíèå ñ ïîëüçîâàòåëüñêèì èíòåðôåéñîì, ïîçâîëÿþùåå ñî-

çäàâàòü ìîäåëü, àíàëèçèðîâàòü èçîáðàæåíèå â ïîèñêàõ ýòîé ìîäåëè è âûäåëÿòü
îáëàñòè äåâèàöèè.

Í.Â. Áîåâ , Ë.Â. ×åðíîâà (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò,
Ðîññèÿ)

boyev@math.rsu.ru
ÑÐÀÂÍÅÍÈÅ ÒÅÎÐÈÈ È ÝÊÑÏÅÐÈÌÅÍÒÀ Â ÇÀÄÀ×Å

ÐÀÑÑÅßÍÈß ÂÛÑÎÊÎ×ÀÑÒÎÒÍÛÕ ÂÎËÍ ÍÀ ÑÈÑÒÅÌÅ
ÄÅÔÅÊÒÎÂ Â ÓÏÐÓÃÈÕ ÒÅËÀÕ

Èññëåäóåòñÿ ìíîãîêðàòíîå îòðàæåíèå âûñîêî÷àñòîòíûõ óïðóãèõ âîëí îò ñêîï-
ëåíèÿ äåôåêòîâ â âèäå ïîëîñòåé â óïðóãîé ñðåäå.
Äåòåðìèíèðîâàííàÿ ìîäåëü ðåàëèçîâàíà â ëàáîðàòîðíîì ìàêåòå, êîòîðûé â êà-

÷åñòâå òåëà êîíå÷íûõ ðàçìåðîâ èñïîëüçóåò ñòàëüíîé îáðàçåö â ôîðìå ïðÿìîãî
ïàðàëëåëåïèïåäà, òîëùèíà îáðàçöà 40 ìì, âûñîòà 78 ìì, äëèíà 300 ìì. Íà ðàññòî-
ÿíèè H = 45 ìì îò âåðõíåé ãðàíè, íà êîòîðîé ðàñïîëàãàåòñÿ äàò÷èê ïðîäîëüíûõ
óëüòðàçâóêîâûõ âîëí äèàìåòðîì 30 ìì è ÷àñòîòîé 2,5 ÌÃö, ïî äóãå îêðóæíîñòè
ðàäèóñà R = 7, 5 ìì â âåðøèíàõ ïðàâèëüíîãî øåñòèóãîëüíèêà ïðîñâåðëåíû òðè
îäèíàêîâûõ ñîîñíûõ öèëèíäðè÷åñêèõ îòâåðñòèÿ ðàäèóñà r = 1, 5 ìì ñ îáðàçóþùè-
ìè ïåðïåíäèêóëÿðíûìè áîêîâûì ñòåíêàì îáðàçöà. Äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà
èñïîëüçóåòñÿ äåôåêòîñêîï-ïðèñòàâêà ¾ÝÂÓÄ-ÏÊ¿ (â äàëüíåéøåì äåôåêòîñêîï),
îáùåãî íàçíà÷åíèÿ ïî ÃÎÑÒ 23049-94 è îí ïðåäíàçíà÷åí äëÿ ÓÇ êîíòðîëÿ ïðîäóê-
öèè íà íàëè÷èå äåôåêòîâ òèïà íàðóøåíèÿ ñïëîøíîñòè è îäíîðîäíîñòè ìåòàëëîâ.
Äåôåêòîñêîï ðàáîòàåò ñîâìåñòíî ñ IBM êîìïüþòåðîì.
Ïåðåìåùåíèÿ â ïðîäîëüíîé è ïîïåðå÷íîé âîëíàõ, îòðàæåííûõ îò ïðåïÿòñòâèé

ïîëó÷åíû íà îñíîâå ìîäèôèêàöèè ôèçè÷åñêîé òåîðèè äèôðàêöèè Êèðõãîôà ñ èñ-
ïîëüçîâàíèåì èíòåãðàëüíûõ ïðåäñòàâëåíèé Ñîìèëüÿíû. Ãëàâíûé ÷ëåí àñèìïòîòè-
êè äèôðàêöèîííîãî èíòåãðàëà ïîëó÷åí ìåòîäîì ìíîãîìåðíîé ñòàöèîíàðíîé ôàçû.
Îí ñîîòâåòñòâóåò ãåîìåòðè÷åñêîé òåîðèè äèôðàêöèè (ÃÒÄ) è îïðåäåëÿåòñÿ êîýô-
ôèöèåíòàìè îòðàæåíèÿ è òðàíñôîðìàöèè óïðóãèõ âîëí è îïðåäåëèòåëåì ëåíòî÷-
íîé ìàòðèöû Ãåññå ïîðÿäêà 2N (ãäå N � ÷èñëî îòðàæåíèé), ýëåìåíòû êîòîðîé
çàâèñÿò îò ìåõàíè÷åñêèõ è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è.
Äëÿ ñðàâíèòåëüíîãî àíàëèçà ýêñïåðèìåíòàëüíûå èçìåðåíèÿ ïðîâåäåíû íà

ñòàëüíîì îáðàçöå. Ïðè ÷àñòîòå, èçëó÷àåìîé ïðîäîëüíîé âîëíû 2,5 ÌÃö, åå äëèíà
ñîñòàâëÿåò 2,34 ìì. Ïðèâåäåíî ñðàâíåíèå òåîðåòè÷åñêèõ ðàñ÷åòîâ è ðåçóëüòàòîâ
ýêñïåðèìåíòàëüíûõ èçìåðåíèé àìïëèòóäû â îáðàòíî îòðàæåííîé âîëíå, â äâó-
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êðàòíî è òðåõêðàòíî îòðàæåííûõ âîëíàõ ïîñëåäîâàòåëüíî îò îäíîãî, äâóõ è òðåõ
äåôåêòîâ.

À.Â. Áðàòèùåâ À. Ã. Êðèâîøåÿ (ÄÃÒÓ, Ðîññèÿ)
avbratishchev@spark-mail.ru sunny-anny.k@mail.ru

ÁÈÔÓÐÊÀÖÈÎÍÍÛÉ ÀÍÀËÈÇ È ÑÈÍÅÐÃÅÒÈ×ÅÑÊÎÅ
ÓÏÐÀÂËÅÍÈÅ ÎÄÍÎÉ ÝÊÎÍÎÌÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÎÉ

Ìàòåìàòè÷åñêàÿ ìîäåëü ñèñòåìû ¾Ðåãóëÿðèçàòîð ïðåäïðèíèìàòåëüñêîé äåÿ-
òåëüíîñòè¿ çàäàåòñÿ àâòîíîìíîé ñèñòåìîé [1]{

x′t = a1x+ a2y
2 − a3xy

y′t = b1xy − b2x
, ai, bi > 0

Â ñëó÷àå a1b1 6= a3b2 ïàðàìåòðè÷åñêèé ïîðòðåò 5-ìåðíîãî ïðîñòðàíñòâà ïà-
ðàìåòðîâ ñèñòåìû ðàçáèâàåòñÿ íà äâå îáëàñòè áèôóðêàöèîííîé ïîâåðõíîñòüþ
a1b1 = a3b2 . Â ñëó÷àå 4-ìåðíûé ïîðòðåò òîïîëîãè÷åñêè îäíîðîäíûé è ñîâïàäàåò
ñ ïîëîæèòåëüíûì îêòàíòîì, à ôàçîâûé ïîðòðåò èìååò òîëüêî ñåäëî-óçåë (0, 0).
Ïðèìåíåíèå ìåòîäà àíàëèòè÷åñêîãî êîíñòðóèðîâàíèÿ íåëèíåéíûõ ðåãóëÿòîðîâ [2]
äëÿ ñòÿãèâàíèÿ òðàåêòîðèé ñèñòåìû â òî÷êó (xc, yc) äàåò òàêóþ ñèñòåìó óðàâíåíèé
äëÿ íàõîæäåíèÿ êîîðäèíàò ýòîé òî÷êè{

a1xc + a2y
2
c − a3xcyc = 0

αxc + βyc + ϕ(xc) = 0
.

(xc, yc) áóäåò òî÷êîé ïðèòÿæåíèÿ, åñëè xc >
2a1a2

a2
3

, è íå áóäåò òàêîâîé, åñëè xc <
2a1a2

a2
3
.
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ÌÎÄÅËÈ ÂÐÅÌÅÍÈ ÂÛÏÎËÍÅÍÈß Â ÐÀÑÏÐÅÄÅËÅÍÍÎÉ
ÏÀÌßÒÈ

Âðåìÿ âûïîëíåíèÿ àëãîðèòìà - ýòî ôóíêöèÿ, çàâèñÿùàÿ îò ðàçìåðà âõîäíûõ
äàííûõ. Äëÿ âû÷èñëåíèé íà ñèñòåìàõ ñ ðàñïðåäåëåííîé ïàìÿòüþ âðåìÿ âûïîë-
íåíèÿ îïðåäåëÿþò êàê ñóììó âðåìåíè àðèôìåòè÷åñêèõ îïåðàöèé è âðåìåíè ïå-
ðåñûëîê äàííûõ. Âðåìÿ âûïîëíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå: F(N) = S(N) +
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T(N), ãäå N - êîëè÷åñòâî âõîäíûõ äàííûõ, S(N) - ôîðìóëà âðåìåíè âûïîëíåíèÿ
âû÷èñëèòåëüíûõ îïåðàöèé è îïåðàöèé ÷òåíèÿ-çàïèñè, à T(N) - ôîðìóëà âðåìåíè
ïåðåñûëêè äàííûõ.
Ïîñòðîåíà ìîäåëü âðåìåíè âûïîëíåíèÿ äëÿ ïàðàëëåëüíîé ÿâíîé ñõåìû ðåøåíèÿ

îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, à òàêæå ìîäåëü äëÿ ïàðàëëåëüíîãî ìå-
òîäà ßêîáè äâóìåðíîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà. Ìîäåëè âðåìåíè
âûïîëíåíèÿ ïîçâîëÿþò áîëåå òî÷íî îöåíèâàòü ñîîòíîøåíèå âðåìåíè âû÷èñëåíèé è
âðåìåíè ïåðåñûëîê äàííûõ. Ìîäåëè ó÷èòûâàþò òàêèå ïàðàìåòðû âû÷èñëèòåëüíîé
ñèñòåìû, êàê ëàòåíòíîñòü, ïðîïóñêíàÿ ñïîñîáíîñòü. Òàêæå ó÷èòûâàåòñÿ áóôåðè-
çàöèÿ ïåðåñûëàåìûõ äàííûõ. Áëàãîäàðÿ äàííûì ìîäåëÿì âûáðàíû îïòèìàëüíûå
ïàðàìåòðû äëÿ àëãîðèòìîâ, èñïîëüçóþùèõ ðàçìåùåíèÿ äàííûõ ñ ïåðåêðûòèåì.
Îïðåäåëåíû îïòèìàëüíûå ïåðåêðûòèÿ, ïðè êîòîðûõ âðåìÿ âûïîëíåíèÿ ìèíèìàëü-
íî.
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Î ÑËÓ×ÀÉÍÛÕ ÁËÓÆÄÀÍÈßÕ ÏÎ ÖÅËÎ×ÈÑËÅÍÍÎÉ
ÐÅØÅÒÊÅ

Âåðøèíû ãðàôà � òî÷êè ïëîñêîñòè ñ êîîðäèíàòàìè èç Z+. Èç êàæäîé âåðøè-
íû (m;n) âûõîäèò äâå äóãè � â âåðøèíó (m+1;n) è âåðøèíó (m;n+1). Íà äóãàõ
ãðàôà çàäàíû âåðîÿòíîñòè ïåðåõîäà ðàâíûå 0,5. Ïðîöåññ ñëó÷àéíîãî áëóæäàíèÿ
÷àñòèöû ïî âåðøèíàì òàêîãî ãðàôà ÿâëÿåòñÿ Ìàðêîâñêèì è âåðîÿòíîñòü ïåðåõî-
äà èç îäíîé âåðøèíû ãðàôà â äðóãóþ ëåãêî âû÷èñëÿåòñÿ. Òàê åñëè â íà÷àëüíûé
ìîìåíò ÷àñòèöà íàõîäèëàñü â âåðøèíå O = (0; 0), òî ÷åðåç n øàãîâ îíà îêàæåòñÿ
â îäíîé èç âåðøèí (k;n− k), k = 0, 1, . . . , n ñ âåðîÿòíîñòüþ

p
(
O; (k;n− k)

)
=
Ck
n

2n
. (1)

Ââåäåì â ðàññìîòðåíèå îãðàíè÷åíèå íà äîñòèæèìîñòü � ïóòè, ïî êîòîðûì ñî-
âåðøàåòñÿ äâèæåíèå ïî âåðøèíàì ãðàôà, íå äîëæíû ïðîõîäèòü ïîäðÿä ïî ãî-
ðèçîíòàëüíûì äóãàì. Â ýòîì ñëó÷àå ïðîöåññ ñëó÷àéíîãî áëóæäàíèÿ íå ÿâëÿåòñÿ
Ìàðêîâñêèì ïðîöåññîì.
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Êîëè÷åñòâî ïóòåé, âåäóùèõ èç âåðøèíû O = (0; 0) â âåðøèíó (k;n − k) îïðå-

äåëÿåòñÿ ïðè k ≤ n+ 1

2
ôîðìóëîé Ck

n−k+1 , â ïðîòèâíîì ñëó÷àå ïóòåé âåäóùèõ èç

âåðøèíûO = (0; 0) â âåðøèíó (k;n−k) íåò. Îäíàêî, ôîðìóëó äëÿ p
(
O; (k;n− k)

)
,

àíàëîãè÷íîé ôîðìóëå (1), âûïèñàòü íåëüçÿ, ïîñêîëüêó ïóòè ïåðåñòàþò áûòü ðàâ-
íîâåðîÿòíûìè. Â âåðøèíó (3; 1) èç âåðøèíû O = (0; 0) âåäóò ïóòè (1000), (0100),
(0010), (0001) (çäåñü åäèíèöåé êîäèðóåòñÿ ïåðåõîä ïî âåðòèêàëüíîé äóãå, íóëåì �
ïî ãîðèçîíòàëüíîé). Âåðîÿòíîñòè ïðîõîæäåíèÿ ïî ïåðâîìó, âòîðîìó è òðåòüåìó
ïóòè ðàâíû 0,125, à ïî ÷åòâåðòîìó � 0,0625.

E. Kengne and A. Lakhssassi
Department of Engineering and Computer sciences

University of quebec at Outaouais
101 St-Jean-Bosco, Succursale Hull, Gatineau(PQ) J8Y 3G5, Canada

kengem01@uqo.ca
ANALYTICAL STUDIES OF STEADY-STATE TEMPERATURE

DISTRIBUTION IN NORMAL AND POST SURGERY PERIPHERAL
TISSUES OF HUMAN LIMB

An axisymmetric one-dimensional bioheat transfer model has been developed to
study steady-state temperature distributions in di�erent layers of normal and post
surgery peripheral (abnormal) tissues of human limb. Using the method of modi�ed
Bessel functions, we derive the exact solution of a bioheat transfer problem for one-
dimensional Pennes bioheat equation that describes the steady-state temperature dis-
tribution in the peripheral tissues of human limb. The obtained analytical solution is
used to analyze and compare temperature distribution of normal as well as abnormal
tissues.

Ñ.Þ. Êíÿçåâ (Äîíñêîé Ãîñóäàðñòâåííûé Òåõíè÷åñêèé Óíèâåðñèòåò,
Ðîññèÿ)

ksy@donpac.ru
×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß

ÎÄÍÎÐÎÄÍÛÕ ÓÐÀÂÍÅÍÈÉ ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÒÈÏÀ Ñ
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Çíà÷èòåëüíîå ÷èñëî êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà, èìå-
þùèõ âàæíîå ïðèêëàäíîå çíà÷åíèå, äîïóñêàþò òîëüêî ïðèáëèæåííîå ÷èñëåííîå
ðåøåíèå. Òî÷íîñòü è âðåìÿ ðåøåíèÿ òàêèõ çàäà÷ îïðåäåëÿåòñÿ â ïåðâóþ î÷åðåäü
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èñïîëüçóåìûì ÷èñëåííûì ìåòîäîì. Â íàñòîÿùåå âðåìÿ íàèáîëåå ÷àñòî â ýòèõ ñëó-
÷àÿõ ïðèìåíÿåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ). Îäíàêî, ïðè ðåøåíèè ðÿäà
êðàåâûõ çàäà÷ ýòîò ìåòîä íå îáåñïå÷èâàåò òðåáóåìóþ òî÷íîñòü ðåçóëüòàòà. Êðîìå
òîãî, âðåìÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è íà êîìïüþòåðå ìîæåò îêàçàòüñÿ íåäî-
ïóñòèìî áîëüøèì äëÿ èñïîëüçîâàíèÿ åãî â ðåæèìå ðåàëüíîãî âðåìåíè. Ïîýòîìó
êðèòè÷åñêè âàæíûì ìîæåò îêàçàòüñÿ âîïðîñ ïîèñêà ÷èñëåííîãî ìåòîäà, îáåñïå-
÷èâàþùåãî âûñîêîå áûñòðîäåéñòâèå êîìïüþòåðíûõ ðàñ÷åòîâ ïðè òðåáóåìîé òî÷-
íîñòè ðåçóëüòàòîâ âû÷èñëåíèé. Òàêèì ìåòîäîì ìîæåò ÿâëÿòüñÿ ìåòîä òî÷å÷íûõ
èñòî÷íèêîâ ïîëÿ (ÌÒÈ), â çàðóáåæíîé ëèòåðàòóðå íàçûâàåìûé òàêæå ¾Method of
Fundamental Solutions¿ (MFS).
Â ÌÒÈ èñêîìîå ïîëå ïðåäñòàâëÿåòñÿ â âèäå ñóïåðïîçèöèè ïîëåé òî÷å÷íûõ èñ-

òî÷íèêîâ, ðàñïîëàãàåìûõ çà ïðåäåëàìè îáëàñòè ðåøåíèÿ çàäà÷è. Íàõîæäåíèå ÷èñ-
ëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è ñâîäèòñÿ â ÌÒÈ ê îïðåäåëåíèþ òî÷å÷íûõ çàðÿ-
äîâ, ìîäåëèðóþùèõ èñêîìîå ïîëå (ìîäåëèðóþùèõ çàðÿäîâ). Òðåáîâàíèå âûïîëíå-
íèÿ ãðàíè÷íûõ óñëîâèé â òî÷êàõ êîëëîêàöèè, ðàñïîëàãàåìûõ íà ãðàíèöå îáëàñòè
ðåøåíèÿ çàäà÷è, ïðèâîäèò ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ñèñòå-
ìå ÌÒÈ, ðåøàÿ êîòîðóþ íàõîäÿò ìîäåëèðóþùèå çàðÿäû. Òî÷íîñòü ïîëó÷åííîãî
÷èñëåííîãî ðåøåíèÿ çàâèñèò îò ïîëîæåíèÿ ìîäåëèðóþùèõ çàðÿäîâ è òî÷åê êîë-
ëîêàöèè è, â ïåðâóþ î÷åðåäü, îò êîëè÷åñòâà ìîäåëèðóþùèõ çàðÿäîâ.
ÌÒÈ ìîæåò èñïîëüçîâàòüñÿ äëÿ ðåøåíèÿ äîñòàòî÷íî øèðîêîãî êðóãà çàäà÷ ìà-

òåìàòè÷åñêîé ôèçèêè [1]. Îäíàêî, íàèáîëåå èññëåäîâàíî ïðèìåíåíèå ÌÒÈ ïðè
ðåøåíèè ëèøü íåêîòîðûõ òèïîâ êðàåâûõ çàäà÷ äëÿ îäíîðîäíûõ óðàâíåíèé ýëëèï-
òè÷åñêîãî òèïà, â ïåðâóþ î÷åðåäü äëÿ óðàâíåíèÿ Ëàïëàñà, Ãåëüìãîëüöà è áèãàð-
ìîíè÷åñêîãî óðàâíåíèÿ. Áûëî ïîêàçàíî, ÷òî â ýòîì ñëó÷àå äëÿ äâóìåðíûõ çàäà÷
ïîãðåøíîñòü ÷èñëåííîãî ðåøåíèÿ óáûâàåò ñ ðîñòîì ÷èñëà ìîäåëèðóþùèõ çàðÿäîâ
ïî ýêñïîíåíöèàëüíîìó çàêîíó. Òàêîå áûñòðîå óáûâàíèå ïîãðåøíîñòè ïîçâîëÿåò
ïîëó÷èòü ÷èñëåííîå ðåøåíèå âåñüìà âûñîêîé òî÷íîñòè, ñ îòíîñèòåëüíîé ïîãðåø-
íîñòüþ âïëîòü äî çíà÷åíèé ïîðÿäêà 10−14.
Çíà÷èòåëüíî ñëàáåå èññëåäîâàíû âîçìîæíîñòè ÌÒÈ ïðè ðåøåíèè òðåõìåðíûõ

çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Ïîêàçàíî, ÷òî ïðè ðåøåíèè òðåõìåðíûõ çàäà÷
äëÿ óðàâíåíèÿ Ëàïëàñà íàáëþäàåòñÿ ýêñïîíåíöèàëüíàÿ çàâèñèìîñòü ïîãðåøíîñòè
ÌÒÈ îò êâàäðàòíîãî êîðíÿ èç ÷èñëà ìîäåëèðóþùèõ çàðÿäîâ [2].
Âàæíîå ïðèêëàäíîå çíà÷åíèå èìåþò çàäà÷è òåîðèè óïðóãîñòè, êîòîðûå ïðèâî-

äÿò ê ñèñòåìå òðåõ (ïðè ðåøåíèè òðåõìåðíûõ çàäà÷) óðàâíåíèé ýëëèïòè÷åñêîãî
òèïà. Ðåøåíèå ýòèõ çàäà÷ òàêæå âîçìîæíî ñ èñïîëüçîâàíèåì ÌÒÈ. Ïîêàçûâàåòñÿ,
÷òî òàêæå êàê è ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ëàïëàñà, ïðè ÷èñëåí-
íîì ðåøåíèè òðåõìåðíûõ çàäà÷ òåîðèè óïðóãîñòè íàáëþäàåòñÿ ýêñïîíåíöèàëüíàÿ
çàâèñèìîñòü ïîãðåøíîñòè ÌÒÈ îò êâàäðàòíîãî êîðíÿ èç ÷èñëà ìîäåëèðóþùèõ çà-
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ðÿäîâ. Ïðèâîäÿòñÿ òàêæå êîíêðåòíûå ïðèìåðû ðåøåíèÿ òðåõìåðíûõ çàäà÷ òåîðèè
óïðóãîñòè ñ èñïîëüçîâàíèåì ÌÒÈ.
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È.Â. Êîëåñíèêîâ (Ðîññèÿ)
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÐÀÑ×ÅÒ ÒÅÌÏÅÐÀÒÓÐÍÎÃÎ ÏÎËß Â
ÒßÆÅËÎÍÀÃÐÓÆÅÍÍÛÕ ÓÇËÀÕ ÒÐÅÍÈß ÏÎÄÂÈÆÍÎÃÎ

ÑÎÑÒÀÂÀ

Íàõîæäåíèå òåìïåðàòóðíîãî ïîëÿ ñêîëüçÿùåãî êîíòàêòà êîëåñî - òîðìîçíàÿ êî-
ëîäêà ïîäâèæíîãî ñîñòàâà çàòðóäíèòåëüíî èç-çà ñìåíû ãðàíè÷íûõ óñëîâèé. Äåé-
ñòâèòåëüíî ëþáîé ó÷àñòîê ïîâåðõíîñòè áàíäàæà, òî íàõîäèòñÿ ïîä êîëîäêîé, òî
îõëàæäàåòñÿ âî âðåìÿ äâèæåíèÿ ìåæäó íèìè. Æåëàíèå ðàññìîòðåòü îñîáåííî-
ñòè òåìïåðàòóðíîãî ïîëÿ â ïîãðàíñëîÿõ äàííîé ñèñòåìû ïðèâîäèò ê íåîáõîäè-
ìîñòè ðåøåíèÿ êðàåâûõ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ - çàäà÷ ñ ìàëûì ïàðà-
ìåòðîì ïðè ñòàðøåé ïðîèçâîäèòåëüíîé, êîòîðàÿ îáóñëîâëåíà òåì, ÷òî òîëùèíà
êîëîäêè íàìíîãî ìåíüøå ðàäèóñà êîëåñà. Äëÿ íàõîæäåíèÿ òåìïåðàòóðíîãî ïîëÿ
áûë ïðèìåíåí ìåòîä ðåãóëÿðèçàöèè ñèíãóëÿðíî âîçìóùåííûõ çàäà÷. Ñóòü åãî -
â ðåãóëÿðèçàöèè ñèíãóëÿðíîãî âîçìóùåíèÿ ñ ïîìîùüþ ïåðåõîäà â ïðîñòðàíñòâî
áåçðåçîíàíñíûõ ðåøåíèé, êîòîðîå èíäóöèðóåòñÿ èñõîäíîé çàäà÷åé. Ýòî èíäóöèðî-
âàííîå ïðîñòðàíñòâî îïðåäåëÿåòñÿ ïî ñïåêòðàëüíûì õàðàêòåðèñòèêàì èñõîäíîãî
îïåðàòîðà, ÷òî äàåò âîçìîæíîñòü èñïîëüçîâàòü ñïåêòðàëüíóþ òåîðèþ îïåðàòîðîâ.
Ðàñ÷åòû ïîêàçàëè, ÷òî ìàêñèìàëüíîå çíà÷åíèå òåìïåðàòóðû äîñòèãàåòñÿ íå íà
ïîâåðõíîñòè, à âíóòðè êîëåñà, ò.å. èìååì â ïðèïîâåðõíîñòíîé çîíå îòðèöàòåëü-
íûé òåìïåðàòóðíûé ãðàäèåíò ñî âñåì âûòåêàþùèìè ïîñëåäñòâèÿìè ôðèêöèîííî-
ãî ñîïðÿæåíèÿ. Êðîìå òîãî íàìè èññëåäîâàíà çàâèñèìîñòü òåïëîôèçè÷åñêèõ ïà-
ðàìåòðîâ êîìïîçèöèîííûõ òîðìîçíûõ êîëîäîê - êîýôôèöèåíòîâ òåïëîåìêîñòè Cp
è òåïëîïðîâîäíîñòè λ îò òåìïåðàòóðû. Â ðåçóëüòàòå ïîêàçàíî, ÷òî ñ óâåëè÷åíèåì
òåìïåðàòóðû - âåëè÷èíû Cp è λ óâåëè÷èâàþòñÿ, ÷òî ïðèâîäèò ê òîìó, ÷òî ïîä-
ïîâåðõíîñòíûé ìàêñèìóì òåìïåðàòóðû ïî âåëè÷èíå óìåíüøàåòñÿ è ñìåùàåòñÿ ê
ïîâåðõíîñòè êîëåñà. Ïðè ýòîì ìàêñèìóì íàõîäèòñÿ íà ðàññòîÿíèè 300..500 ìêì îò
ïîâåðõíîñòè êàòàíèÿ â çàâèñèìîñòè îò ðåæèìîâ òîðìîæåíèÿ.

Ê.Â. Ðîãàòîâ, Ì. Þðóøêèí, Á.ß. Øòåéíáåðã (Þæíûé ôåäåðàëüíûé
óíèâåðñèòåò, Ðîññèÿ)

kirill.bort.4@gmail.com, m.yurushkin@gmail.com, borsteinb@mail.ru
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ÀÂÒÎÌÀÒÈÇÀÖÈß ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ ÃÍÅÇÄ ÖÈÊËÎÂ Ê
ÁËÎ×ÍÛÌ ÂÛ×ÈÑËÅÍÈßÌ È ÁËÎ×ÍÛÌ ÐÀÇÌÅÙÅÍÈßÌ

ÄÀÍÍÛÕ

Ïåðåõîä ê áëî÷íûì âû÷èñëåíèÿì ïîçâîëÿåò îïòèìèçèðîâàòü èñïîëüçîâàíèå èå-
ðàðõèè ïàìÿòè ñîâðåìåííûõ ïðîöåññîðîâ. Òàêîé ïåðåõîä ìîæåò äàòü óñêîðåíèå
ïðîñòîé ïðîãðàììû, ñîäåðæàùåé ãíåçäî öèêëîâ, îò íåñêîëüêèõ äåñÿòêîâ ïðîöåí-
òîâ, äî íåñêîëüêèõ ðàç. Ïåðåõîä ê áëî÷íûì âû÷èñëåíèÿì âñòðå÷àåòñÿ ïîä íàçâà-
íèåì ¾òàéëèíã¿.
Áëî÷íîå ðàçìåùåíèå ìàññèâîâ â îïåðàòèâíîé ïàìÿòè ÿâëÿåòñÿ äîïîëíåíèåì ê

áëî÷íûì âû÷èñëåíèÿì. Áëî÷íîå ðàçìåùåíèå ìàññèâîâ ïîçâîëÿåò óìåíüøèòü êîëè-
÷åñòâî êýø-ïðîìàõîâ çà ñ÷åò óâåëè÷åíèÿ äîëè ÷èòàåìûõ ïðîãðàììîé êýø-ëèíååê,
ïîëíîñòüþ íàñûùåííûõ íåîáõîäèìûìè äëÿ áëèæàéøèõ âû÷èñëåíèé äàííûìè.
Äëÿ ìíîãèõ ïðîãðàìì, âûïîëíÿþùèõ áëî÷íûå âû÷èñëåíèÿ, áëî÷íîå ðàçìåùåíèå
äàííûõ ïîçâîëÿåò ïîëó÷èòü äîïîëíèòåëüíîå óñêîðåíèå áîëåå äåñÿòè ïðîöåíòîâ.
Ïåðåõîä ê áëî÷íûì âû÷èñëåíèÿì è ê áëî÷íûì ðàçìåùåíèÿì ìàññèâîâ ñóùå-

ñòâåííî óñëîæíÿåò èíäåêñíûå âûðàæåíèÿ ìàññèâîâ è ïðåäïîëàãàåò äàëüíåéøóþ
îïòèìèçàöèþ âû÷èñëåíèé àäðåñîâ. Ýòî óâåëè÷èâàåò îáúåì ïðîãðàììû (áîëåå, ÷åì
â äâà ðàçà) è òðåáóåò ñóùåñòâåííûõ èíòåëëåêòóàëüíûõ óñèëèé ïðîãðàììèñòà. Äàí-
íàÿ ïðîáëåìà äåëàåò àêòóàëüíîé àâòîìàòèçàöèþ ïðåîáðàçîâàíèÿ ïðîãðàììû ê
áëî÷íûì âû÷èñëåíèÿì è áëî÷íûì ðàçìåùåíèÿì äàííûõ.
Â ðàáîòå ïðåäñòàâëåíû ñðåäñòâà àâòîìàòèçàöèè ïðåîáðàçîâàíèé ïðîãðàìì ÿçû-

êà Ñè ê áëî÷íûì âû÷èñëåíèÿì è áëî÷íûì ðàçìåùåíèÿì äàííûõ. Àâòîìàòèçàöèÿ
ðåàëèçîâàíà ñ ïîìîùüþ ñïåöèàëüíûõ ïðàãì. Äàííûå ïðàãìû ïîääåðæèâàþòñÿ
êîìïèëèðóþùåé ñèñòåìîé ÎÐÑ. ÎÐÑ � ýòî Îïòèìèçèðóþùàÿ ðàñïàðàëëåëèâà-
þùàÿ ñèñòåìà Èíñòèòóòà ìàòåìàòèêè, ìåõàíèêè è êîìïüþòåðíûõ íàóê Þæíîãî
ôåäåðàëüíîãî óíèâåðñèòåòà [1] . Ðàññìàòðèâàþòñÿ ïðàãìû îäíîâðåìåííî ïðåîáðà-
çóþùèå ãíåçäî öèêëîâ ïðîãðàììû ê áëî÷íûì âû÷èñëåíèÿì è áëî÷íîìó ðàçìåùå-
íèþ äàííûõ.
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Ðàññìîòðåíî îïåðàòîðíîå óðàâíåíèå

Ax = 0,

ãäå A � ìîíîòîííûé îïåðàòîð, äåéñòâóþùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå H.
Äëÿ ðåøåíèÿ äàííîãî óðàâíåíèÿ â ðàáîòå ïðåäëîæåí ñèëüíî ñõîäÿùèéñÿ ìåòîä ñ
äèíàìè÷åñêîé ðåãóëèðîâêîé âåëè÷èíû øàãà. Îòíîñèòåëüíî îïåðàòîðà A íå ïðåä-
ïîëàãàåòñÿ ëèïøèöåâîñòü. Ìåòîä èìååò ñëåäóþùèé âèä.
Èíèöèàëèçàöèÿ. Çàäàåì ÷èñëîâûå ïàðàìåòðû σ > 0, τ ∈ (0, 1), θ ∈ (0, 1),

ýëåìåíò x0 ∈ H, ïîñëåäîâàòåëüíîñòü (αn) ⊆ (0, 1), òàêóþ, ÷òî lim
n→∞

αn = 0,
∞∑
n=1

αn =

+∞.
Èòåðàöèîííûé øàã. Äëÿ xn ∈ H âû÷èñëÿåì

yn = xn − λnAxn,

ãäå λn ïîëó÷àåì èç óñëîâèÿ{
j(n) = min

{
j ≥ 0 :

∥∥A (xn − στ jAxn)− Axn∥∥ ≤ θ ‖Axn‖
}
,

λn = στ j(n).

Âû÷èñëÿåì
xn+1 = αnx0 + (1− αn) (xn − λnAyn) .

Ïóñòü PC � îïåðàòîð ìåòðè÷åñêîãî ïðîåêòèðîâàíèÿ íà âûïóêëîå çàìêíóòîå
ìíîæåñòâî C ⊆ H. Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î ñõîäèìîñòè ìåòîäà.
Òåîðåìà. Ïóñòü îïåðàòîð A : H → H � ìîíîòîííûé, ðàâíîìåðíî íåïðåðûâ-

íûé íà îãðàíè÷åííûõ ìíîæåñòâàõ è îòîáðàæàþùèé îãðàíè÷åííûå ìíîæåñòâà
â îãðàíè÷åííûå. Ïðåäïîëîæèì, ÷òî A−10 6= ∅. Òîãäà ïîñëåäîâàòåëüíîñòè (xn) è
(yn), ïîðîæäåííûå ìåòîäîì, ñèëüíî ñõîäÿòñÿ ê òî÷êå z0 = PA−10x0.

Â.À. Ñêîðîõîäîâ (Ðîñòîâ-íà-Äîíó)
pdvaskor@yandex.ru

ÇÀÄÀ×À Î ÌÀÊÑÈÌÀËÜÍÎÌ Æ�ÑÒÊÎ ÐÀÑÏÐÅÄÅË�ÍÍÎÌ
ÏÎÒÎÊÅ

Ðàññìîòðèì ñåòü G(X,U, f), äëÿ êàæäîé äóãè u ∈ U êîòîðîé çàäàíû äâå âå-
ëè÷èíû: ïðîïóñêíàÿ ñïîñîáíîñòü c(u) è äîëÿ p(u) ïðîõîæäåíèÿ ïî íåé ïîòîêà,
ïðèõîäÿùåãî â íà÷àëüíóþ âåðøèíó äóãè u (ñì. [1]).
Îïðåäåëåíèå 1 Ïîòîê F â ñåòè G áóäåì íàçûâàòü æ¼ñòêî ðàñïðåäåë¼ííûì,

åñëè âåëè÷èíû ïðîïóñêàåìîãî ïî äóãàì ïîòîêà ïðîïîðöèîíàëüíû äîëÿì ïîòîêà,
ïðîõîäÿùåãî ïî ýòèì äóãàì, ò.å.

F (ui) · p(uj) = F (uj) · p(ui), ∀ui, uj ∈ [x]+, ∀x ∈ X \ {t}.
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Ðàññìîòðèì äëÿ ñåòèG(X,U, f) çàäà÷ó î ìàêñèìàëüíîì æ¼ñòêî ðàñïðåäåë¼ííîì
ïîòîêå. Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è áóäåì èñïîëüçîâàòü ïîäõîä, ñîãëàñíî
êîòîðîìó ñîñòàâèì ñëåäóþùóþ ñèñòåìó óðàâíåíèé (1) îòíîñèòåëüíî íåèçâåñòíûõ
âåëè÷èí F (u), îïèñûâàþùóþ æ¼ñòêîå ðàñïðåäåëåíèå ïîòîêà â ñåòè:

p(u) ·
∑

v∈[x]+
F (v)− F (u) = 0, ∀x ∈ X\{t}, ∀u ∈ [x]+ \ {wx};

p(wx) ·
∑

v∈[x]−
F (v)− F (wx) = 0, ∀x ∈ X\{s, t};

F (w) = a.

(1)

Òåîðåìà 1. Ðåøåíèå ñèñòåìû óðàâíåíèé (1) ñóùåñòâóåò è åäèíñòâåííî äëÿ
ëþáîãî äåéñòâèòåëüíîãî çíà÷åíèÿ a.
Äëÿ îäíîé è òîé æå ñåòè G ðàññìîòðèì äâå ñèñòåìû âèäà (1), êîòîðûå îòëè-

÷àþòñÿ ëèøü ïîñëåäíèì óðàâíåíèåì: F (u) = a1 � ïîñëåäíåå óðàâíåíèå ïåðâîé
ñèñòåìû, F (u) = a2 � ïîñëåäíåå óðàâíåíèå âòîðîé ñèñòåìû. Ïóñòü F1 è F2 �
ñîîòâåòñòâåííî ðåøåíèÿ ïåðâîé è âòîðîé ñèñòåìû âèäà (1).
Òåîðåìà 2.Åñëè a1 ≥ a2, òî äëÿ ëþáîé äóãè ui ñåòè G âûïîëíÿåòñÿ ñîîòíî-

øåíèå: F1(ui) ≥ F2(ui).
Òàêèì îáðàçîì, ðåøåíèå çàäà÷è î ìàêñèìàëüíîì æ¼ñòêî ðàñïðåäåë¼ííîì ïîòîêå

ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû âèäà (1).
Ë È Ò Å Ð À Ò Ó Ð À

1. Åðóñàëèìñêèé ß.Ì., Ñêîðîõîäîâ Â.À., Êóçüìèíîâà Ì.Â., Ïåòðîñÿí À.Ã. Ãðàôû ñ íåñòàíäàðòíîé äîñòèæèìîñòüþ:

çàäà÷è, ïðèëîæåíèÿ. -Ðîñòîâ-íà-Äîíó: Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, 2009. � 195 Ñ.
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Ðàññìàòðèâàþòñÿ âûïóêëûå ìíîãîãðàííèêè â òð¼õìåðíîì åâêëèäîâîì ïðî-
ñòðàíñòâå, îáëàäàþùèå ãëàâíîé îñüþ ñèììåòðèè. Äîïîëíèòåëüíîé îñîáåííîñòüþ
èçó÷àåìûõ ìíîãîãðàííèêîâ ÿâëÿåòñÿ íàëè÷èå ó íèõ åäèíñòâåííîé ñèììåòðè÷íîé
ðîìáè÷åñêîé âåðøèíû; òàê íàçâàíà âåðøèíà, èíöèäåíòíàÿ òîëüêî ñîâîêóïíîñòè
ðîìáîâ, ÷åðåç êîòîðóþ ïðîõîäèò ãëàâíàÿ îñü ñèììåòðèè ìíîãîãðàííèêà. Äâîéíîé
ñèììåòðè÷íîé ðîìáè÷åñêîé âåðøèíîé íàçâàíà ðîìáè÷åñêàÿ âåðøèíà, ðîìáû êîòî-
ðîé ðàâíû ÷åðåç îäèí. Â äîêëàäå îïèñàíà áåñêîíå÷íàÿ ñåðèÿ âûïóêëûõ ìíîãîãðàí-
íèêîâ ñ äâîéíîé ñèììåòðè÷íîé ðîìáè÷åñêîé âåðøèíîé. Ìíîãîãðàííèê ñ äâîéíîé
ñèììåòðè÷íîé ðîìáè÷åñêîé âåðøèíîé ìîæåò áûòü ïîñòðîåí ñëåäóþùèì îáðàçîì.
Ðàññìîòðèì ðàâíîñòîðîííå-ïîëóïðàâèëüíûé ìíîãîóãîëüíèê. Íà êàæäîé åãî ñòî-
ðîíå ïîñòðîèì ðàâíîñòîðîííèå òðåóãîëüíèêè, êîòîðûå áóäóò ïðåäñòàâëÿòü ñîáîé
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÷àñòü áîêîâûõ ãðàíåé áóäóùåãî ìíîãîãðàííèêà. Ïóñòîòû äâóõ òèïîâ ìåæäó ïî-
ñòðîåííûìè òðåóãîëüíûìè ãðàíÿìè ìîãóò áûòü çàïîëíåíû äâóìÿ òèïàìè ðîìáîâ,
÷åðåäóþùèìèñÿ ìåæäó ñîáîé.
Äîêàçàíî, ÷òî âñå ïîñòðîåííûå ðîìáû ïåðåñåêàþòñÿ â îäíîé âåðøèíå.
×èñëî ñòîðîí îñíîâíîãî ðàâíîñòîðîííå-ïîëóïðàâèëüíîãî ìíîãîóãîëüíèêà ìî-

æåò áûòü êàê óãîäíî âåëèêî, ïîýòîìó è ÷èñëî ãðàíåé, ñõîäÿùèõñÿ â äâîéíîé ñèì-
ìåòðè÷íîé ðîìáè÷åñêîé âåðøèíå ìîæåò áûòü êàê óãîäíî áîëüøèì. Çàìåòèì, ÷òî
ïîñòðîåííûé ìíîãîãðàííèê ÿâëÿåòñÿ òàêæå ïðèìåðîì ìíîãîãðàííèêà, ñîäåðæà-
ùåãî òîëüêî ïðàâèëüíûå è ðàâíîñòîðîííå-ïîëóïðàâèëüíûå ãðàíè.
Ñäåëàíî ïðåäïîëîæåíèå, ÷òî åäèíñòâåííûìè ìíîãîãðàííèêàìè ñ äâîéíîé ñèì-

ìåòðè÷íîé ðîìáè÷åñêîé âåðøèíîé è ïðàâèëüíûìè è ðàâíîñòîðîííå-ïîëóïðàâèëü-
íûìè ãðàíÿìè ÿâëÿåòñÿ ïîñòðîåííàÿ âûøå áåñêîíå÷íàÿ ñåðèÿ ìíîãîãðàííèêîâ.
Ðàññìîòðåí òàêæå ñëó÷àé äâóõ äâîéíûõ ñèììåòðè÷íûõ ðîìáè÷åñêèõ âåðøèí.

Ë È Ò Å Ð À Ò Ó Ð À
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Ðîñòîâ-íà-Äîíó,2002.. C. 77�78.
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LOEWNER EVOLUTION AS IT�O DIFFUSION

(Joint with A. Lukashov (Fatih university, Turkey & Saratov State university, Rus-
sia))
F. Bracci, M.D. Contreras, S. D�iaz-Madrigal proved that any evaluation family

of order d is described by a generalized Loewner chain. G. Ivanov and A. Vasil'ev
considered randomized version of the chain and found a substitution which transforms
it to an It�o di�usion.We generalize their result to vector randomized Loewner chain
and prove there are no other possibilities to transform such Loewner chains to It�o
di�usions.
Let Č be the set of functions f(z,x) from Cn(D × Rn) such that these functions

have continuous derivatives up to order n, ∂f
∂z doesn't vanish and H(D) is the set of

analytic functions in D (D is unit disc). Let function p : D× [0,∞)→ C be measurable
in t, holomorphic in z, p(0, t) = 1 and <(p(z, t)) ≥ 0 for all z ∈ D and t ≥ 0, such

functions p are called Hergl�otz functions. In our work p(w, t) = p̃
(

w
τ(t)

)
and τ depends

on independent Brownian motions, τ(t) = τ(Bt), where Bt = (B1
t , B

2
t , . . . , B

n
t ).

Theorem 1. Consider Loewner random di�erential equation{
dφt(z,w)

dt = (τ1(t,w)−φt(z,w))
2

τ1(t,w) p̃(φt(z,w)
τ1(t,w) )

φ0 (z, w) = z
(1)

where |τ1 (t, ω)| = 1 for each �xed w ∈ Ω (Ω is a sample space) and p̃ is an arbitrary

Hergl�otz function. Suppose ψt = m(φt, B
(1)
t , B

(2)
t , . . . , B

(n)
t ) where B

(i)
t are independent

Brownian motions, m ∈ C̆ and τ1 (t, ω) = τ(Bt) then, ψt is an n× 1 dimensional It�o
di�usion with coe�cients from H(D) for an arbitrary Hergl�otz function p̃ if and only
if τ(Bt) = ek·Bt where k = (k1, . . . , kn) and k ∈ Rn.
Furthermore the in�nitesimal generator of ψt (when it is an It�o di�usion) is given

by

A =
(
−z

2
|k|2 + (1− z)2p̃(z)

) d

dz
− 1

2
|k|2 z2 d

2

dz2
. (2)
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Ðàññìàòðèâàþòñÿ äèôôóçèîííûå ïðîöåññû x(t), y(t), ÿâëÿþùèåñÿ ðåøåíèåì ñè-
ñòåìû óðàâíåíèé Èòî:
dx(t) = b1(t, x(t), y(t))dt+ σ1(t, x(t), y(t))dWt,
dy(t) = b2(t, x(t), y(t))dt+ σ2(t, y(t))dNt,
ãäå Wt è Nt � çàâèñèìûå âèíåðîâñêèå ïðîöåññû, òàêèå ÷òî:

E(W 2
t ) =

t∫
0

Q(s)ds, E(N 2
t ) =

t∫
0

R(s)ds, E(WtNt) =
t∫

0

S(s)ds.

Ïðîöåññ y(t) ñ÷èòàåòñÿ äîñòóïíûì äëÿ íàáëþäåíèÿ, à x(t) � íåò. Íåîáõîäèìî
ïîñòðîèòü íàèëó÷øóþ â ñðåäíåì êâàäðàòè÷åñêîì îöåíêó ïðîöåññà x(t) ïî íàáëþ-
äåíèÿì çà ïðîöåññîì y(t).
Èçâåñòíî [1, 2], ÷òî îöåíêó äëÿ íåíàáëþäàåìîãî ïðîöåññà ìîæíî âû÷èñëèòü

èñïîëüçóÿ íåíîðìàëèçîâàííóþ ôèëüòðàöèîííóþ ïëîòíîñòü (äàëåå � ÍÔÏ) V (t, x),
äëÿ êîòîðîé íàéäåíî ñòîõàñòè÷åñêîå óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà.
Îêàçûâàåòñÿ, ÷òî óðàâíåíèå äëÿ ÍÔÏ ñâîäèòñÿ ê íåêîòîðîé öåïî÷êå íåñòîõà-

ñòè÷åñêèõ óðàâíåíèé, îäíî èç êîòîðûõ ÿâëÿåòñÿ ëèíåéíûì óðàâíåíèåì â ÷àñò-
íûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, à âòîðîå � óðàâíåíèåì ïàðàáîëè÷åñêîãî òè-
ïà ñî ñëó÷àéíûìè êîýôôèöèåíòàìè, íî íå ñîäåðæàùèì ñòîõàñòè÷åñêèõ èíòåãðà-
ëîâ. Èç ïåðâîãî óðàâíåíèÿ öåïî÷êè îáíàðóæèâàåòñÿ ñòðóêòóðà ÍÔÏ: V (t, x) =
F (t, z(t, x, y(t))) exp(g(t, x, y(t))), ãäå ôóíêöèè z(t, x, y) è g(t, x, y) èçâåñòíû, à
F (t, z) � íåèçâåñòíàÿ ôóíêöèÿ, êîòîðàÿ íàõîäèòñÿ èç âòîðîãî óðàâíåíèÿ öåïî÷-
êè è íà÷àëüíîãî óñëîâèÿ:
F ′t = (z′x)

2AF ′′zz + [(z′′xx + 2z′xg
′
x)A+ z′xB − z′t]F ′z+

+[(g′′xx + (g′x)
2)A+ g′xB + C − g′t]F,

F (0, z) = π0(x̃(0, z, y(0))) exp(−g(0, x̃(0, z, y(0)), y(0))).
Çäåñü A, B è C � èçâåñòíûå ôóíêöèè, âûðàæàþùèåñÿ ÷åðåç èñõîäíûå êîýôôè-

öèåíòû b1, b2, σ1, σ2, Q, R, S.
Ë È Ò Å Ð À Ò Ó Ð À
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Let (X, d) be a locally compact separable ultrametric space. Given a measurem onX
and a function C(B) de�ned on the set of all non-singleton balls B of X we consider
the hierarchical Laplacian L = LC . The operator L acts in L2(X,m), is essentially
self-adjoint and has a purely point spectrum. Choosing a family ε(B) of i.i.d. we de�ne
the perturbated function C(B,ω) and the perturbated hierarchical Laplacian Lω =
LC(ω). We study the arithmetic means λ(ω) of the Lω-eigenvalues. Under some mild
assumptions the normalized arithmetic means λ−Eλσ[λ] converge to N(0, 1) in law. We also
give examples where the normal convergence fails. We prove existence of the integrated
density of states. We introduce the empirical point process Nω of the Lω-eigenvalues
and, assuming that the density of states exists and is continuous, we prove that the
�nite dimensional distributions of Nω converge to the �nite dimensional distributions
of the Poisson point process. As an example we consider random perturbations of the
Vladimirov operator acting in L2(X,m), where X = Qp is the ring of p-adic numbers
and m is the Haar measure.
Devoted to the memory of N.S. Landkof (20.01.1915-07.12.2004).

Î.Â. Âèñêîâ, Â.È. Õîõëîâ
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ÀÍÍÓËßÒÎÐÛ, ÏÐÅÄ-ÀÍÍÓËßÒÎÐÛ È ÕÀÐÀÊÒÅÐÈÇÀÒÎÐÛ
ÂÅÐÎßÒÍÎÑÒÍÛÕ ÌÅÐ

Â äîêëàäå ïðåäñòàâëåí íîâûé ìåòîä ïîëó÷åíèÿ ìîìåíòíûõ õàðàêòåðèçàöèé âå-
ðîÿòíîñòíûõ ðàñïðåäåëåíèé òèïà õàðàêòåðèçàöèé Ñòåéíà è ×åíà (ñì. [4], [6]).
Âîñòðåáîâàííîñòü ìîìåíòíûõ õàðàêòåðèçàöèé âåðîÿòíîñòíûõ ðàñïðåäåëåíèé �

ñëåäñòâèå óñïåõà ìåòîäà Ñòåéíà�×åíà, ñòàâøåãî, â ÷àñòíîñòè, îäíèì èç âàæíûõ
èíñòðóìåíòîâ ïîëó÷åíèÿ íîðìàëüíûõ è ïóàññîíîâñêèõ ïðåäåëüíûõ ðàñïðåäåëåíèé
ñóìì íåçàâèñèìûõ è çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí; çà÷àñòóþ ýòîò ìåòîä ïîçâî-
ëÿåò îöåíèâàòü ðàññòîÿíèÿ ìåæäó äîïðåäåëüíûìè è ïðåäåëüíûìè ðàñïðåäåëåíè-
ÿìè (ñì., íàïðèìåð, [5] è áèáëèîãðàôèþ òàì). Ê íàñòîÿùåìó âðåìåíè ïîëó÷åíû
ðàçðîçíåííûå ðåçóëüòàòû â ýòîé îáëàñòè, êàñàþùèåñÿ è äðóãèõ êëàññè÷åñêèõ ðàñ-
ïðåäåëåíèé òåîðèè âåðîÿòíîñòåé (ñì. [1�3], [5], [7]).
Àâòîðàìè äëÿ øèðîêîãî êëàññà âåðîÿòíîñòíûõ ìåð (ðàñïðåäåëåíèé) ðàçðàáîòàí

óíèâåðñàëüíûé ìåòîä ïîëó÷åíèÿ ìîìåíòíûõ õàðàêòåðèçàöèîííûõ òîæäåñòâ âèäà
MA ξ [f(ξ)] = 0, ò. å. òàêèõ òîæäåñòâ, êîòîðûå, ñ îäíîé ñòîðîíû, ïðè âñåõ ôóíê-
öèÿõ f èç çàäàííîãî øèðîêîãî êëàññà ôóíêöèé âûïîëíÿþòñÿ íà ðàñïðåäåëåíèè,
ïîðîæäàåìîì ñëó÷àéíîé âåëè÷èíîé ξ, à ñ äðóãîé ñòîðîíû, áóäó÷è âûïîëíåííû-
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ìè äëÿ ôóíêöèé f èç äàííîãî êëàññà ôóíêöèé, îäíîçíà÷íî îïðåäåëÿþò ñàìî ýòî
ðàñïðåäåëåíèå. Îïåðàòîðû A ξ, äîñòàâëÿþùèå òàêèå òîæäåñòâà, áóäóò íàçûâàòüñÿ
õàðàêòåðèçàòîðàìè.
Â îñíîâå ìåòîäà ëåæèò ñëåäóþùèé ôóíêöèîíàëüíî-îïåðàòîðíûé ïîäõîä.
Äëÿ âñÿêîé ñëó÷àéíîé âåëè÷èíû ξ, èìåþùåé (ýêñïîíåíöèàëüíóþ) ïðîèçâîäÿ-

ùóþ ôóíêöèþ Pξ(t) = M e tξ ñâîèõ ìîìåíòîâ, îïðåäåëÿåòñÿ åå ïðîèçâîäÿùèé
îïåðàòîð Pξ(D) = M eDξ êàê ðåçóëüòàò ïîäñòàíîâêè â åå ïðîèçâîäÿùóþ ôóíê-
öèþ îïåðàòîðà äèôôåðåíöèðîâàíèÿ D : D [f(x)] = f ′(x) âìåñòî (â îáùåì ñëó÷àå
ôîðìàëüíîé) ïåðåìåííîé t. Äîêàçûâàåòñÿ, ÷òî äåéñòâèå ýòîãî îïåðàòîðà äîïóñ-
êàåò ñëåäóþùåå òîëêîâàíèå: Pξ(D) [f(x)] = M eDξ [f(x)] = M f(x+ ξ). Åñëè ê
ëåâîé ÷àñòè ïðèìåíèòü ôóíêöèîíàë (Áåðíóëëè) V0 : V0 [f(x)] = f(0), ïîëó÷èì
V0 Pξ(D) [f(x)] = M f(ξ).
Âñëåä çà ýòèì îïðåäåëÿåòñÿ àííóëÿòîð A (1-ãî ïîðÿäêà) êàê îïåðàòîð, ñ êî-

òîðûì òîæäåñòâî V0 Pξ(D)A [f(x)] = 0 èìååò ìåñòî äëÿ ëþáîé ôóíêöèè f(x)
èç çàäàííîãî øèðîêîãî êëàññà. Îïåðàòîð B(D), ïðè êîòîðîì ñîîòíîøåíèå A =
X−B(D) çàäàåò àííóëÿòîð 1-ãî ïîðÿäêà, áóäåì íàçûâàòü ïðåä-àííóëÿòîðîì; çäåñü
X åñòü îïåðàòîð óìíîæåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ X [f(x)] = x f(x).

Òåîðåìà. Åñëè äëÿ âåðîÿòíîñòíîé ìåðû , ïîðîæäàåìîé ñëó÷àéíîé âåëè÷è-
íîé ξ, ñóùåñòâóåò ïðîèçâîäÿùèé îïåðàòîð Pξ(D), òî åå àííóëÿòîð 1-ãî ïîðÿäêà
çàäàåòñÿ ïðåä-àííóëÿòîðîì

B ξ(D) =
P ′ξ(D)

Pξ(D)
=
d lnPξ(t)

dt

∣∣∣
t=D

. (1)

Ñëåäñòâèå. Åñëè ïðåä-àííóëÿòîð âèäà (1) ïðåäñòàâ�èì ñòåïåííûì ðÿäîì
ïî D ñ íåíóëåâûì ðàäèóñîì ñõîäèìîñòè èëè ìíîãî÷ëåíîì îò D ïðîèçâîëüíîé
ñòåïåíè, òî àííóëÿòîð A ξ = X − B ξ(D) ÿâëÿåòñÿ õàðàêòåðèçàòîðîì.

Â äîêëàäå áóäåò ïðèâåäåí öåëûé ðÿä ðàíåå íåèçâåñòíûõ õàðàêòåðèçàòîðîâ, ïî-
ëó÷åííûõ ïðèìåíåíèåì ýòîãî ñëåäñòâèÿ.

Ðàáîòà âûïîëíåíà â Ìàòåìàòè÷åñêîì èíñòèòóòå èì. Â. À. Ñòåêëîâà ÐÀÍ è â
Òâåðñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå.
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Ò.À. Âîëîñàòîâà (Ðîñòîâñêèé ãîñóäàðñòâåííûé ñòðîèòåëüíûé
óíèâåðñèòåò, Ðîññèÿ)

kulikta@mail.ru
ÀÐÁÈÒÐÀÆÍÛÅ ÌÅÒÎÄÛ ÌÎÄÅËÈÐÎÂÀÍÈß ÔÈÍÀÍÑÎÂÛÕ

ÐÛÍÊÎÂ Â ÑËÓ×ÀÅ ÑÊÓÏÊÈ ÀÊÖÈÉ

Â ïåðèîä ôèíàíñîâîé íåñòàáèëüíîñòè (òàêîâà, íàïðèìåð, ñèòóàöèÿ â íàñòîÿùåå
âðåìÿ â Ðîññèè è âî ìíîãèõ äðóãèõ ñòðàíàõ) îñîáóþ àêòóàëüíîñòü ïðåäñòàâëÿþò
èññëåäîâàíèÿ, ñâÿçàííûå ñ (B,S)-ðûíêàìè, äîïóñêàþùèìè àðáèòðàæíûå âîçìîæ-
íîñòè (ñì., íàïðèìåð, [1]), è â òîì ÷èñëå ñ ôèíàíñîâûìè ðûíêàìè, ïîäâåðæåííûìè
àãðåññèâíîé ñêóïêå àêöèé (ñì. [2]). Àâòîðîì íàñòîÿùåãî äîêëàäà ïîëó÷åí ðÿä ðå-
çóëüòàòîâ â äàííîé îáëàñòè èññëåäîâàíèÿ. Â ÷àñòíîñòè, ñ ïîìîùüþ èíòåðïîëÿöè-
îííûõ ïðîöåäóð èçó÷åí âîïðîñ "óëó÷øåíèÿ"(â âû÷èñëèòåëüíîì ïëàíå) èñõîäíîãî
ôèíàíñîâîãî ðûíêà, äîïóñêàþùåãî àðáèòðàæ. Ðàçðàáîòàíû ïðèíöèïû ïîñòðîåíèÿ
ïðîöåññîâ, èíòåðïîëèðóþùèõ öåíû àêöèé, äëÿ ïðåîáðàçîâàíèÿ èñõîäíîãî ôèíàí-
ñîâîãî ðûíêà â ïîëíûé ðûíîê è â ãëîáàëüíî ïîëíûé ðûíîê. Äëÿ êàæäîãî ñëó÷àÿ
ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èíòåðïîëèðóåìîñòè è óíèâåðñàëü-
íîé èíòåðïîëèðóåìîñòè ïî Õààðó. Â ñëó÷àå, êîãäà èñõîäíûé ôèíàíñîâûé ðûíîê
èíòåðïîëèðóåì äî ïîëíîãî, ïðåäëîæåíà ñõåìà ïîñòðîåíèÿ íàèëó÷øåãî ðûíêà â
ñìûñëå ìèíèìèçàöèè ìîìåíòîâ íàðóøåíèÿ ïîëíîòû. Òàêæå áûëè èçó÷åíû ðûíêè,
ïîëíûå ïî îòíîøåíèþ ê ëþáîìó ìîìåíòó âðåìåíè, êðîìå îäíîãî.
Ñ ïîìîùüþ õààðîâñêèõ èíòåðïîëÿöèé ìîäåëèðóåòñÿ ôèíàíñîâûé ðûíîê ñ àð-

áèòðàæíûìè âîçìîæíîñòÿìè, íà êîòîðîì ïðèñóòñòâóþò äâà àãðåññèâíûìè ñêóï-
ùèêà àêöèé, ïîâåäåíèå êîòîðûõ íîñèò ñëó÷àéíûé õàðàêòåð. Ïðè ýòîì ñêóïàþòñÿ
àêöèè îäíîãî òèïà. Àíàëèçèðóþòñÿ âîçìîæíîñòè ðàñøèðåíèÿ òàêèõ ìîäåëåé íà
àðáèòðàæíûå ðûíêè, ãäå ñêóïàþòñÿ íåñêîëüêî òèïîâ àêöèé.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ïðîåêò 13-01-00637a.
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ÑÒÎÕÀÑÒÈ×ÅÑÊÈÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß È
ÂÊËÞ×ÅÍÈß Ñ ÏÐÎÈÇÂÎÄÍÛÌÈ Â ÑÐÅÄÍÅÌ: ÑÂÎÉÑÒÂÀ,

ÏÐÈËÎÆÅÍÈß, ÎÏÒÈÌÀËÜÍÎÅ ÓÏÐÀÂËÅÍÈÅ

Ïîíÿòèå ïðîèçâîäíûõ â ñðåäíåì ñëó÷àéíûõ ïðîöåññîâ áûëî ââåäåíî Ý. Íåëüñî-
íîì â 60-õ ãîäàõ ÕÕ âåêà [1].
Â íàñòîÿùåì äîêëàäå, ñëåäóÿ [2], äàåòñÿ ââåäåíèå â òåîðèþ óðàâíåíèé è âêëþ-

÷åíèé ñ ïðîèçâîäíûìè â ñðåäíåì ïî Íåëüñîíó, à òàêæå îáçîð íîâûõ ðåçóëüòàòîâ
èç ýòîé òåîðèè è åå ïðèëîæåíèé ñ óïîðîì íà ïîñëåäíèå ïóáëèêàöèè àâòîðà [3 � 5].
Ðàáîòà [4] âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è

íàóêè Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ âóçàì â ñôåðå
íàó÷íîé äåÿòåëüíîñòè íà 2014�2016 ãîäû (ïðîåêò 1.1539.2014/K).
Ðåçóëüòàòû ñòàòüè [5] ïîëó÷åíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷-

íîãî ôîíäà (ïðîåêò �14-21-00066, âûïîëíÿåìûé â Âîðîíåæñêîì ãîñóíèâåðñèòåòå).
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À.Ñ. Ãðå÷êî (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, ÎÎÎ ÍÏÔ �ÈíÂàéç
Ñèñòåìñ�, Ðîññèÿ)

alexredrnd@gmail.com
ÑÎÂÐÅÌÅÍÍÛÅ ÌÅÒÎÄÛ ÎÖÅÍÊÈ ÐÛÍÎ×ÍÎÉ

ÂÎËÎÒÈËÜÍÎÑÒÈ

Êëþ÷åâûì ñòàòèñòè÷åñêèì ôèíàíñîâûì ïîêàçàòåëåì, õàðàêòåðèçóþùèì èçìåí-
÷èâîñòü öåíû, âàæíûì äëÿ ïðàâèëüíîé îöåíêè îïöèîíîâ ÿâëÿåòñÿ âîëàòèëüíîñòü
áàçîâîãî àêòèâà. Â ñëó÷àå, êîãäà áàçîâûé àêòèâ - ôüþ÷åðñ íà ôîíäîâûé èíäåêñ,
äàííóþ âåëè÷èíó ðàññìàòðèâàþò êàê âîëàòèëüíîñòü ðûíêà â öåëîì - ýòî îäèí
èç ñàìûõ âàæíûõ ðûíî÷íûõ èíäèêàòîðîâ. Ñàìîé èçâåñòíîé õàðàêòåðèñòèêîé âî-
ëàòèëüíîñòè ÿâëÿåòñÿ èíäåêñ âîëàòèëüíîñòè VIX ×èêàãñêîé îïöèîííîé áèðæè
CBOE, ðàññ÷èòûâàåìûé íà îñíîâå öåí îïöèîíîâ íà ôüþ÷åðñû íà èíäåêñ S&P500.
Â êîíöå 2010 ãîäà íà ðîññèéñêîì ñðî÷íîì ðûíêå FORTS áûë ââåä¼í àíàëîãè÷íûé
èíäåêñ âîëàòèëüíîñòè RTSVX, êîòîðûé ðàññ÷èòûâàåòñÿ íà îñíîâå öåí îïöèîíîâ
íà ôüþ÷åðñ íà èíäåêñ ÐÒÑ. Èç-çà íåïðîçðà÷íîñòè ñâîåãî àëãîðèòìà ôüþ÷åðñû
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íà RTSVX òàê è íå ñòàëè ëèêâèäíûìè, ïîýòîìó â íà÷àëå 2014 ãîäà áûë ïðåäëî-
æåí áîëåå ïðîñòîé ìîäèôèöèðîâàííûé âàðèàíò - èíäåêñ RVI. Àëãîðèòìû ðàñ÷åòà
VIX, RTSVX è RVI îñíîâàíû íà ôîðìóëå âîëàòèëüíîñòè ñâîáîäíîé îò ìîäåëè, êî-
òîðàÿ èñïîëüçóåò öåíû îïöèîíîâ "âíå äåíåã". Îäíàêî ïðèìåíåíèÿ ìåòîäà CBOE
íà ðîññèéñêîì ñðî÷íîì ðûíêå ñòàëêèâàåòñÿ ñ ðÿäîì ñëîæíîñòåé, â ÷àñòíîñòè, íèç-
êàÿ ëèêâèäíîñòü îïöèîíîâ íà äàëüíèõ ñòðàéêàõ è áîëüøîé øàã ìåæäó ñòðàéêàìè,
÷òî ìîæåò ïðèâåñòè ê íåâåðíîé îöåíêå ðûíî÷íîé âîëàòèëüíîñòè èíâåñòîðàìè.
Àëüòåðíàòèâíûé ïîäõîä, ïðåäëîæåííûé â [1], áûë àäàïòèðîâàí ê ðîññèéñêîìó

ðûíêó è àïðîáèðîâàí íà ðåàëüíûõ ðûíî÷íûõ äàííûõ. ×èñëåííûå ýêñïåðèìåíòû
ïîêàçàëè, ÷òî íîâàÿ ìåòîäèêà ëó÷øå àïïðîêñèìèðóåò êâàäðàòè÷åñêóþ âàðèàöèþ,
îäíàêî òàêæå â çíà÷èòåëüíîé ñòåïåíè íåäîîöåíèâàåò ðåàëèçîâàííóþ âîëàòèëü-
íîñòü. Äëÿ ìîäåëèðîâàíèÿ äèíàìèêè ðîññèéñêîãî ðûíêà, ñëåäóåò èñïîëüçîâàòü
ìîäåëè ñî ñêà÷êàìè.
Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÃÍÔ, ïðîåêò � 15-32-

01390.
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Ã�ËÜÄÅÐÀ

Ïóñòü ω(t) �� ïðîèçâîëüíûé ìîäóëü íåïðåðûâíîñòè. Îáîçíà÷èì ÷åðåç C0
ω[−π; π]

ïðîñòðàíñòâî ôóíêöèé, óäîâëåòâîðÿþùèõ íà óêàçàííîì îòðåçêå îáîáù¼ííîìó óñè-
ëåííîìó óñëîâèþ Ã¼ëüäåðà:

|f(x1)− f(x2)| = o(ω(|x1 − x2|)),

ãäå x1, x2 ∈ [−π; π], |x1 − x2| → 0.
Íîðìà â ïðîñòðàíñòâå C0

ω[−π; π] îïðåäåëÿåòñÿ â âèäå ñóììû

‖f‖ω = ‖f‖C + |f |ω, ãäå |f |ω = sup
x1 6=x2

|f(x1)− f(x2)|
ω(|x1 − x2|)

.

Åñëè âûïîëíÿåòñÿ óñëîâèå
t = o(ω(t))
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ïðè t→ 0, òî áóäåì ãîâîðèòü, ÷òî ω(t) îòíîñèòñÿ ê êëàññó Ô.

Òåîðåìà. Ïóñòü f ∈ C0
ω[−π; π], ω ∈ Ô. Òîãäà ÷åçàðîâñêèå ñðåäíèå ôóíêöèè f

σfn(θ) =
1

2π

π∫
−π

f(θ − t)Kn(t) dt ,

ãäå

Kn(t) =
1

n

(
sin nt

2

sin t
2

)2

,

ñõîäÿòñÿ ê ýòîé ôóíêöèè ïî íîðìå ‖f‖ω, òî åñòü∥∥f − σfn∥∥ω → 0 ïðè n→∞ .

Çàìåòèì, ÷òî äëÿ ôóíêöèé, óäîâëåòâîðÿþùèõ îáû÷íîìó (íå óñèëåííîìó) îáîá-
ù¼ííîìó óñëîâèþ Ã¼ëüäåðà òàêîé ôàêò íåâåðåí, ïîñêîëüêó Cω[−π; π] � íåñåïàðà-
áåëüíîå ïðîñòðàíñòâî.
Ðåçóëüòàò îáîáùåí (ïðè íåêîòîðûõ îãðàíè÷åíèÿõ) íà ïðîñòðàíñòâà, ÿâëÿþùè-

åñÿ ïðîåêòèâíûìè ïðåäåëàìè ðàññìîòðåííûõ âûøå ïðîñòðàíñòâ.

À.À. Ãóùèí (ÌÈÀÍ, Ðîññèÿ)
gushchin@mi.ras.ru

Î ÂËÎÆÅÍÈÈ ÏÐÎÖÅÑÑÎÂ Â ÁÐÎÓÍÎÂÑÊÎÅ È
ÃÅÎÌÅÒÐÈ×ÅÑÊÎÅ ÁÐÎÓÍÎÂÑÊÎÅ ÄÂÈÆÅÍÈÅ

Â èçâåñòíîé ðàáîòå [2] Ìîíðî äîêàçàë, ÷òî íåïðåðûâíûé ñïðàâà è èìåþùèé
ïðåäåëû ñëåâà ñëó÷àéíûé ïðîöåññ âêëàäûâàåòñÿ â áðîóíîâñêîå äâèæåíèå êîíå÷íîé
çàìåíîé âðåìåíè òîãäà è òîëüêî òîãäà, êîãäà îí � ñåìèìàðòèíãàë. Ìû äîêàçûâàåì
àíàëîãè÷íûé ðåçóëüòàò äëÿ ãåîìåòðè÷åñêîãî áðîóíîâñêîãî äâèæåíèÿ.

Òåîðåìà. (i) Ïóñòü X = (Xs)s≥0 � íåîòðèöàòåëüíûé ñóïåðìàðòèí-
ãàë ñ EX0 ≤ 1. Òîãäà ñóùåñòâóþò òàêèå ïðîñòðàíñòâî ñ ôèëüòðàöèåé
(Ω,F , (Ft)t≥0,P), (Ft,P)-áðîóíîâñêîå äâèæåíèå W = (Wt)t≥0 è (Ft)-çàìåíà âðå-
ìåíè (Ts)s≥0 ñî çíà÷åíèÿìè â [0,∞], ÷òî ïðîöåññû (Xs)s≥0 è (ZTs)s≥0 èìåþò
îäèíàêîâîå ðàñïðåäåëåíèå, ãäå Zt = eWt−t/2, t ≥ 0.
(ii) Îáðàòíî, äëÿ ëþáîé (Ft)-çàìåíû âðåìåíè (Ts) ñî çíà÷åíèÿìè â [0,∞], ïðî-

öåññ (ZTs) ÿâëÿåòñÿ íåîòðèöàòåëüíûì (FTs,P)-ñóïåðìàðòèíãàëîì.
Ìû òàêæå óêàæåì íà ñâÿçü ýòîãî ðåçóëüòàòà ñ äðóãîé òåîðåìîé Ìîíðî [1], êî-

òîðàÿ óòâåðæäàåò, ÷òî ìàðòèíãàë ìîæåò áûòü ïîëó÷åí èç áðîóíîâñêîãî äâèæåíèÿ
êîíå÷íîé çàìåíîé âðåìåíè, ñîñòîÿùåé èç òàê íàçûâàåìûõ ìèíèìàëüíûõ ìîìåíòîâ
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îñòàíîâêè. Íàøà òåîðåìà âëå÷åò, ÷òî òî æå óòâåðæäåíèå âåðíî äëÿ âñåõ ñóïåðìàð-
òèíãàëîâ, îãðàíè÷åííûõ ñíèçó.
Íàøà çàêëþ÷èòåëüíàÿ öåëü � îïèñàòü âñå èíòåãðèðóåìûå ïðîöåññû, êîòîðûå

ìîãóò áûòü ïîëó÷åíû èç áðîóíîâñêîãî äâèæåíèÿ êîíå÷íîé çàìåíîé âðåìåíè, ñî-
ñòîÿùåé èç ìèíèìàëüíûõ ìîìåíòîâ îñòàíîâêè.
Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ì.À.Óðóñîâûì (Óíèâåðñèòåò Äóéñáóðã-

Ýññåí).
Ë È Ò Å Ð À Ò Ó Ð À
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ÁÅÇÀÐÁÈÒÐÀÆÍÛÅ ÌÅÒÎÄÛ ÌÎÄÅËÈÐÎÂÀÍÈß
ÔÈÍÀÍÑÎÂÛÕ ÐÛÍÊÎÂ Â ÑËÓ×ÀÅ ÑÊÓÏÊÈ ÀÊÖÈÉ

Â íàñòîÿùåì äîêëàäå àíàëèçèðóþòñÿ âîçìîæíîñòè ìîäåëèðîâàíèÿ ôèíàíñîâûõ
ðûíêîâ, ïîäâåðæåííûõ àãðåññèâíîé ñêóïêå àêöèé, ïðè îòñóòñòâèè íà ðûíêå àð-
áèòðàæíûõ âîçìîæíîñòåé. Â ÷àñòíîñòè, èññëåäóåòñÿ ïîâåäåíèå èíâåñòîðà â ðàì-
êàõ òðåõ âçàèìîñâÿçàííûõ ìîäåëåé (B,S)-ðûíêîâ, ïîäâåðæåííûõ öåëåíàïðàâëåí-
íîé ñêóïêå àêöèé ñî ñòîðîíû íå áîëåå ÷åì ñ÷åòíîãî ÷èñëà ñêóïùèêîâ: à) ìîäåëü ñ
ïðîèçâîëüíûì êîíå÷íûì ÷èñëîì àãðåññèâíûõ ñêóïùèêîâ, àíàëèç êîòîðîé ïðîèç-
âîäèòñÿ ïðèáëèæåíèåì ìàðòèíãàëüíûõ ìåð ìàðòèíãàëüíûìè ìåðàìè, óäîâëåòâî-
ðÿþùèìè ñâîéñòâó óíèâåðñàëüíîé õààðîâñêîé åäèíñòâåííîñòè (ÑÓÕÅ, ñì. [1]); á)
ìîäåëü (B,S)-ðûíêà ñî ñ÷åòíûì ÷èñëîì ñêóïùèêîâ àêöèé, èññëåäîâàíèå êîòîðîé
ïðîèçâîäèòñÿ å¼ ñâåäåíèåì ê ìîäåëè à) ìåòîäîì ¾óñå÷åíèÿ¿ ôèíàíñîâîãî ðûíêà;
â) ìîäåëü (B,S)-ðûíêà (òèïà Êîêñà-Ðîññà-Ðóáèíøòåéíà) ñî ñ÷åòíûì ÷èñëîì ñêóï-
ùèêîâ àêöèé, â ðàìêàõ êîòîðîé ïîñòðîåíèå ñîâåðøåííûõ õåäæåé ïðîèñõîäèò ìåòî-
äîì ñïåöèàëüíûõ õààðîâñêèõ èíòåðïîëÿöèé ñ èñïîëüçîâàíèåì òîãî ôàêòà, ÷òî âñå
ìàðòèíãàëüíûå ìåðû óäîâëåòâîðÿþò îñëàáëåííîìó ñâîéñòâó óíèâåðñàëüíîé õà-
àðîâñêîé åäèíñòâåííîñòè (ÎÑÓÕÅ, ñì. [2]). Îòìåòèì, ÷òî ñóùåñòâåííûé ïðîãðåññ
â èçó÷åíèè ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ ÎÑÓÕÅ, ñäåëàí â ñòàòüÿõ [3,4].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ïðîåêò 13-01-00637a.
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INVERSE PROBLEMS OF HSMM-BASED MATHEMATICAL
MODELING OF JAMMING ENVIRONMENT

Mathematical models of error sources for digital data transmission channels are
applied in the simulation experiments aimed to select the appropriate error-correcting
codec for particular channel. Inverse problems, i.e. an adequate representation of
jamming environment in the channel by means of mathematical error source model,
are of the considerable interest. It seems convenient to employ hidden semi-Markov
models (HSMMs) to describe error sources. First of all, these models are able to
simulate di�erent types of jamming environment. Moreover, it is possible to solve
inverse problems for them.
In the paper we consider two error source models � hidden semi-Markov Ferguson

model and hidden semi-Markov QP-model. The �rst one, also known as implicit
duration hidden Markov model, belongs to the classical HSMMs. In [1] we suggested a
polynomial representation of this model allowing to speed up the generation process.
The second model was introduced and studied in [2].
For both models, solutions of the inverse problem are proposed. Particularly, we

provide the approach to selecting such model from the set of models that can generate
error sequences similar to one registered in the channel. The solutions are based on the
forward algorithm o�ered in [3].
The main results of the work are partly published in [1], [2], [4].
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Ïóñòü S � ãëàäêàÿ ïîâåðõíîñòü êëàññà C3 ïîëîæèòåëüíîé ãàóññîâîé êðèâèç-
íû ñ ïåðâîé êâàäðàòè÷íîé ôîðìîé I = gijdx

idxj, âòîðîé ôîðìîé II = bijdx
idxj.

Ïóñòü íà S çàäàíû äâå äèôôóçèè Xt, Yt ïîðîæä¼ííûå êâàäðàòè÷íûìè ôîðìàìè
I è II ñîîòâåòñòâåííî (òî åñòü ãåíåðàòîð äèôôóçèè Xt A = gij∂2

ij, äëÿ äèôôó-
çèè Yt àíàëîãè÷íî). Ïåðåõîäíóþ ïëîòíîñòü ïðîöåññà Xt áóäåì îáîçíà÷àòü p(t, ~x, ~y)
(îòìåòèì, ÷òî ~x è ~y ÿâëÿþòñÿ òî÷êàìè íà ïîâåðõíîñòè S c êîíòðàâàðèàíòíûìè êî-
îðäèíàòàìè (x1, x2), (y1, y2)), ïåðåõîäíóþ ôóíêöèþ ïðîöåññà Yt áóäåì îáîçíà÷àòü
P (t, ~x,Γ). Êðîìå òîãî, áóäåì òðåáîâàòü, ÷òîáû ïîâåðõíîñòü S áûëà îäíîñâÿçíîé,
êîíôîðìíî ýêâèâàëåíòíîé êðóãó.
Òåîðåìà. Äëÿ òîãî, ÷òîáû ïîâåðõíîñòü S äîïóñêàëà áåñêîíå÷íî ìàëûå èçãè-

áàíèÿ k-ãî ïîðÿäêà íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ ñèñòåìû óðàâíåíèé

Σl
s=1

(
δl−s

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

12

2

]
δs
[(

∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

22

2

]
+

+δs
[(

∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

12

2

]
δl−s

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

22

2

]
−

−2δl−s
[(

∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

1y2

2

]
δs
[(

∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

1y2

2

])
= 0

∂2(δ
l

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

12

2

]
)− ∂1(δ

l

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

1y2

2

]
) =

= δαβ ∂p∆pΓ12,βδ
l

[
δγα

(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

γy1

2

]
−

−δαβ ∂p∆pΓ11,βδ
l

[
δγα

(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

γy2

2

]
∂2(δ

l

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

1y2

2

]
)− ∂1(δ

l

[(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

22

2

]
) =

= δαβ ∂p∆pΓ22,βδ
l

[
δγα

(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

γy1

2

]
−

−δαβ ∂p∆pΓ21,βδ
l

[
δγα

(
∆p
∂tp

)2 ∫
∂
∂t
P (t, ~x, dy)y

γy2

2

]
ãäå ÷àñòíûå ïðîèçâîäíûå ïåðåõîäíîé ôóíêöèè áåðóòñÿ â ìîìåíò âðåìåíè t = 0,

Γij,l = 1
2

[
∂
∂xj

(
δik

∆p
∂tp

)
+ ∂

∂xi

(
δjk

∆p
∂tp

)
− ∂

∂xk

(
δij

∆p
∂tp

)]
.

À.Â. Êðàõîòêèí (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
alexforvard@mail.ru

Î ÌÈÍÈÌÈÇÀÖÈÈ ÎÆÈÄÀÅÌÎÃÎ ÂÐÅÌÅÍÈ ÄÎÑÒÈÆÅÍÈß
ÝÒÀËÎÍÍÎÃÎ ÓÐÎÂÍß ÊÀÏÈÒÀËÀ Â ÔÀÊÒÎÐÍÎÉ

ÄÈÔÔÓÇÈÎÍÍÎÉ ÌÎÄÅËÈ



¾Ñîäåðæàíèå¿

Âåðîÿòíîñòíî - àíàëèòè÷åñêèå ìîäåëè è ìåòîäû. 187

Èçó÷åíèå çàäà÷ îïòèìàëüíîãî èíâåñòèðîâàíèÿ ñ ýòàëîíîì â ðàìêàõ äèôôóçè-
îííûõ ìîäåëåé áûëî èíèöèèðîâàíî Áðàóíîì [1]. Ìû ðàññìàòðèâàåì îäíó èç çàäà÷
[1], â êîòîðîé öåëü èíâåñòîðà ñîñòîèò â òîì, ÷òîáû ïðåâçîéòè ñòîõàñòè÷åñêóþ öåëü
â êðàò÷àéøåå âðåìÿ. Â ðàññìàòðèâàåìîé ìîäåëè ðèñêîâûé àêòèâ ïîäâåðæåí âëè-
ÿíèþ ñëó÷àéíîãî ôàêòîðà Y :

dXt = Xt (r + πt (µ(Yt)− r)) dt+Xt πt σ(Yt) dWt,

dYt = g(Yt) dt+ h(Yt) dW
′
t .

Çäåñü X � êàïèòàë èíâåñòîðà,W ,W ′ � íåçàâèñèìûå ñòàíäàðòíûå áðîóíîâñêèå
äâèæåíèÿ, πt ∈ [π, π] � èíâåñòèöèîííàÿ ñòðàòåãèÿ.
Ðàññìîòðèì îòíîøåíèå Z = X/L, ãäå L � ñòîõàñòè÷åñêèé ýòàëîí: dLt =

αLt dt + b Lt dWt + β Lt dW
′′
t ñ áðîóíîâñêèì äâèæåíèåì W ′′, íå çàâèñÿùèì îò W ,

W ′. Ïî ôîðìóëå Èòî

dZt = Zt (r̂ + πt µ̂) dt+ Zt (πt σ(Yt)− b) dWt − Zt β dW ′′
t ,

ãäå r̂ = r − α + b2 + β2 è µ̂ = µ(Yt)− r − σ(Yt) b.
Îáîçíà÷èì ÷åðåç τ ìîìåíò âûõîäà ïðîöåññà Z èç èíòåðâàëà [l, u], ãäå 0 ≤ l <

u <∞ è ââåäåì ôóíêöèþ Áåëëìàíà

v(z, y) = sup
π∈[π,π]

E(e−λτI{Zτ=u}), λ > 0.

Ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ ïîêàçàíî, ÷òî ôóíêöèÿ Áåëëìàíà v ÿâëÿåòñÿ
åäèíñòâåííûì îãðàíè÷åííûì íåïðåðûâíûì âÿçêîñòíûì ðåøåíèåì çàäà÷è Äèðè-
õëå äëÿ ñîîòâåòñòâóþùåãî óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè-Áåëëìàíà. Äëÿ ÷èñëåí-
íîãî ðåøåíèÿ çàäà÷è èñïîëüçîâàíû ìîíîòîííûå ðàçíîñòíûå ñõåìû [2]. Ðàñ÷åòû
ïðîâîäèëèñü äëÿ ñëó÷àéíîãî ôàêòîðà Y , ìîäåëèðóåìîãî ïðîöåññîì Îðíøòåéíà-
Óëåíáåêà.
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2. Oberman A.M. Convergent di�erence schemes for degenerate elliptic and parabolic equations: Hamilton�Jacobi equations

and free boundary problems. SIAM J. Numer. Anal. 2006. Vol. 44. no. 2. P. 879�895.
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àêàäåìèè, Ðîññèÿ)
koe@donrta.ru
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Ïîñëåäíèå ãîäû áîëüøîé ïðàêòè÷åñêèé èíòåðåñ âûçûâàþò ìîäåëè Ëåâè, ïîç-
âîëÿþùèå ìîäåëèðîâàòü ñêà÷êè öåí è àäåêâàòíî îöåíèâàòü öåíîâûå ðèñêè. Öå-
ëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà íîâîãî ÷èñëåííîãî ìåòîäà Ìîíòå-
Êàðëî äëÿ âû÷èñëåíèÿ öåí ýêçîòè÷åñêèõ îïöèîíîâ â îäíîìåðíûõ ìîäåëÿõ Ëåâè.
Ïóñòü Xt � ïðîöåññ Ëåâè, îáîçíà÷èì q > 0, Tq ∼ Exp q, X t = sup0≤s≤tXs è X t =

inf0≤s≤tXs � ïðîöåññû ñóïðåìóìà è èíôèìóìà. Ðàññìîòðèì ýêçîòè÷åñêèé îïöèîí,
ôóíêöèÿ âûïëàò êîòîðîãî â ìîìåíò èñïîëíåíèÿ T çàâèñèò (XT , XT ). Îáîçíà÷èì

V (T, x) = Ex
[
e−rTg(XT , XT )1{τ−h >T}

]
,

ãäå âðåìÿ t = 0 � íà÷àëî ïåðèîäà îáðàùåíèÿ îïöèîíà, t = T � êîíå÷íàÿ äàòà, h �
ïîãëîùàþùèé áàðüåð, τ−h � ìîìåíò ïåðâîãî âõîäà â (−∞, h], g(XT , XT ) � ôóíêöèÿ
âûïëàò â ìîìåíò âðåìåíè T .
Âû÷èñëåíèå ôóíêöèîíàëà V (T, x) ìîæíî ñâåñòè ê äîñòàòî÷íî ñëîæíîìó ïñåâäî-

äèôôåðåíöèàëüíîìó óðàâíåíèþ, ðåøåíèå êîòîðîãî ïîòðåáóåò ïðèìåíåíèÿ ñëîæ-
íûõ ÷èñëåííûõ ìåòîäîâ. Âìåñòå ñ òåì, òðåéäåðû ïðåäïî÷èòàþò áîëåå ïðîñòî àë-
ãîðèòìèçèðóåìûå ìåòîäû Ìîíòå-Êàðëî, ñóùåñòâåííûì íåäîñòàòêîì êîòîðûõ (â
ñëó÷àå ïðîöåññîâ Ëåâè) ÿâëÿåòñÿ íèçêàÿ ñêîðîñòü âû÷èñëåíèé. Äëÿ âû÷èñëåíèÿ
V (T, x) â äîêëàäå ïðåäëàãàåòñÿ íîâûé ìåòîä Ìîíòå-Êàðëî ñèìóëÿöèè ñîâìåñòíîãî
ðàñïðåäåëåíèÿ ïîëîæåíèÿ ïðîöåññà Ëåâè è åãî ïðîöåññà ñóïðåìóìà (èíôèìóìà) â
ôèêñèðîâàííûé ìîìåíò âðåìåíè, êîìáèíèðóþùèé èäåè [1] è [2].
Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÃÍÔ, ïðîåêò � 15-32-

01390.
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1. Kuznetsov A., Kyprianou A.E., Pardo J. C., van Schaik K. A Wiener-Hopf Monte Carlo simulation technique for L�evy
processes. Annals of Applied Probability. 2011. V. 21, �. 6. P. 2171�2190.

2. Kudryavtsev O., Levendorski�i S. Fast and accurate pricing of barrier options under Levy processes. J. Finance and

Stochastics. 2009. V. 13, � 4. P. 531�562.

Ê.Â. Ëûêîâ
(Èíñòèòóò ñèñòåì îáðàáîòêè èçîáðàæåíèé ÐÀÍ, Ðîññèÿ)

alkv@list.ru
ÏÐÎÑÒÐÀÍÑÒÂÀ ÑËÓ×ÀÉÍÛÕ ÂÅËÈ×ÈÍ Ñ ÎÏÐÅÄÅËÅÍÍÎÉ

ÏÐÎÁËÅÌÎÉ ÌÎÌÅÍÒÎÂ

×åðåç Λr(ϕ) îáîçíà÷èì ïðîñòðàíñòâî Ëîðåíöà ñëó÷àéíûõ âåëè÷èí íà {Ω,F ,P}
ñ íîðìîé

‖ξ‖Λr(ϕ) =

 1∫
0

ξ∗(t)r dϕ(t)


1
r

<∞,
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ãäå ξ∗ � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ñëó÷àéíîé âåëè÷èíû ξ.
Òåîðåìà 1. Ïóñòü r > 1, âîãíóòàÿ ôóíêöèé ϕ(t) íà [0, 1] óäîâëåòâîðÿåò

óñëîâèþ ϕ(t) 6 Cϕ(t2), C > 0, è ïðåäñòàâèìà â âèäå

ϕ(t) =

∫ ∞
ln 1/t

g(s)r+1 ds

ñ íåêîòîðîé íåîòðèöàòåëüíîé ôóíêöèåé g(s), äëÿ êîòîðîé∫ ∞
1

g(s) ds = +∞.

Òîãäà äëÿ êàæäîé ñëó÷àéíîé âåëè÷èíû ξ ∈ Λr(ϕ) èìååò ìåñòî åäèíñòâåííîñòü
â ïðîáëåìå ìîìåíòîâ Ãàìáóðãåðà.
Ïðèìåð. Äëÿ êàæäîé ñ.â. ξ ∈ Λ1(ϕ) ñ ϕ(t) � ln−1(e/t) ln−2(ln e/t) èìååò ìåñòî

åäèíñòâåííîñòü â ïðîáëåìå ìîìåíòîâ Ãàìáóðãåðà. Â êëàññå ôóíêöèé âèäà
ln−1(e/t) lnα(ln e/t) ðåçóëüòàò òî÷åí.
Ïóñòü ck > 1, k = 1, 2 . . . , n. Îáîçíà÷èì ln(1)

c1
(x) := ln(|x|+ c1) è, ïî èíäóêöèè,

ln(k)
ck

(x) := ln(ln(k−1)
ck−1

(x) + ck).

Òåîðåìà 2. Ïóñòü X ∼ N (0, 1), a > 0, bi ∈ R, è Y = sign(X) · |X|a ·(ln(1)
c1

(x))b1 ·
. . . · (ln(n)

cn
(x))bn. Äëÿ ñëó÷àéíîé âåëè÷èíû Y èìååò ìåñòî åäèíñòâåííîñòü â ïðî-

áëåìå ìîìåíòîâ Ãàìáóðãåðà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî îäíî èç ñëå-
äóþùèõ óñëîâèé:
1) a ∈ (0, 2); 2) a = 2, b1 < 1; . . . ; n) a = 2, b1 = . . . = bn−2 = 1, bn−1 < 1; n+1)

a = 2, b1 = . . . = bn−1 = 1, bn 6 1.
Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åíû äëÿ äðóãèõ ñèììåòðè÷íûõ ïðîñòðàíñòâ ñ.â.

è äëÿ ïðîáëåìû ìîìåíòîâ Ñòèëòüåñà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 14-01-31452-ìîë-

à) è Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ.

Ë.Ý. Ìåëêóìîâà, Ñ.ß. Øàòñêèõ (Ñàìàðñêèé Ãîñóäàðñòâåííûé
Àýðîêîñìè÷åñêèé Óíèâåðñèòåò, Ðîññèÿ)

lana.melkumova@gmail.com, s.shatskikh@inbox.ru
ÂÏÎËÍÅ ÈÍÒÅÃÐÈÐÓÅÌÛÅ ÊÂÀÍÒÈËÜÍÛÅ ÓÐÀÂÍÅÍÈß

ÏÔÀÔÔÀ

Òåîðåìà 1. Åñëè äëÿ ìíîãîìåðíîãî âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ
F1...n(x1, ..., xn) âñå k-ìåðíûå óñëîâíûå êâàíòèëè

q
(x 0)
i|1 ... k(x1, . . . , xk), i = k + 1, n
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îáëàäàþò ñâîéñòâîì âîñïðîèçâîäèìîñòè ïðè ñóæåíèè íà îäíîìåðíûå óñëîâíûå
êâàíòèëè (ñì. [1]) è îïðåäåëèòåëü∣∣∣∣∣∣∣

1 q̇
(x◦1,x

◦
2)

2|1 (x1) . . . q̇
(x◦1,x

◦
k)

k|1 (x1)

. . . . . . . . . . . .

q̇
(x◦1,x

◦
k)

1|k (xk) q̇
(x◦2,x

◦
k)

2|k (xk) . . . 1

∣∣∣∣∣∣∣ 6= 0,

òî ïîâåðõíîñòü, çàäàâàåìàÿ óñëîâíûìè êâàíòèëÿìè{(
x1, . . . , xk, q

(x 0)
k+1|1... k(x1, . . . , xk), . . . , q

(x 0)
n|1 ... k(x1, . . . , xk)

)}
,

ÿâëÿåòñÿ k-ìåðíûì ðåøåíèåì êâàíòèëüíîãî óðàâíåíèÿ Ïôàôôà

ω =

∣∣∣∣∣∣∣∣∣
dx1 dx2 . . . dxn

q̇
(x◦1,x

◦
2)

1|2 (x◦2) 1 . . . q̇
(x◦n,x

◦
2)

n|2 (x◦2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

q̇
(x◦1,x

◦
n)

1|n (x◦n) q̇
(x◦2,x

◦
n)

2|n (x◦n) . . . 1

∣∣∣∣∣∣∣∣∣ = 0.

Òàêèì îáðàçîì, ðåøàÿ êâàíòèëüíîå óðàâíåíèå Ïôàôôà, ìû íàõîäèì ìíîãîìåð-
íóþ óñëîâíóþ êâàíòèëü ïî äâóìåðíûì ìàðãèíàëüíûì ðàñïðåäåëåíèÿì èñõîäíîãî
ìíîãîìåðíîãî ðàñïðåäåëåíèÿ. Ýòî îáñòîÿòåëüñòâî ìîæåò áûòü èñïîëüçîâàíî ïðè
ïîñòðîåíèè ñòàòèñòè÷åñêîé îöåíêè ìíîãîìåðíîé óñëîâíîé êâàíòèëè ïî äâóìåðíûì
íàáëþäåíèÿì ñëó÷àéíîãî âåêòîðà.

Ë È Ò Å Ð À Ò Ó Ð À

1. Ìåëêóìîâà Ë.Ý., Øàòñêèõ Ñ.ß. Ðåøåíèå êâàíòèëüíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Ïôàôôà ïðè îòñóò-

ñòâèè ïîëíîé èíòåãðèðóåìîñòè. Âåñòíèê Ñàìàðñêîãî Ãîñóäàðñòâåííîãî Óíèâåðñèòåòà. Åñòåñòâåííîíàó÷íàÿ ñåðèÿ. 2012.

� 3/1(94). C. 20�39.

Â.Ï. Ìèêêà, Ê.Â. Ìèêêà (ÌàðÃÓ, Ðîññèÿ)
mikka-k@mail.ru

ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß ÂÍÅØÍÅÃÎ ÓÐÀÂÍÅÍÈß
Ô.Ä. ÃÀÕÎÂÀ Â ÊËÀÑÑÅ a-ÇÂÅÇÄÎÎÁÐÀÇÍÛÕ

ÌÅÐÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ

Â èññëåäîâàíèè [1] îáîñíîâàíî, ÷òî âíåøíåå óðàâíåíèå Ô.Ä. Ãàõîâà [2]

z
F ′′(z)

F ′(z)
= − 2

|z|2 − 1
(1)

èìååò åäèíñòâåííîå ðåøåíèå z =∞ â êëàññå

Σ∗2 =
{
F (z) = z +

a−1

z
+
a−2

z2
+ . . . :

∣∣∣ arg z
F ′(z)

F (z)

∣∣∣ ≤ π

2

}
.
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Åñòåñòâåííî âîçíèêàåò âîïðîñ î âîçìîæíîñòè îáîáùåíèÿ ýòîãî ðåçóëüòàòà, ðàñ-
ñìàòðèâàÿ

Σ∗n;a =
{
F (z) = z +

a−n+1

zn−1
+
a−n
zn

+ . . . :
∣∣∣ arg z

F ′(z)

F (z)

∣∣∣ ≤ π

2
a, a ≥ 1

}
(2)

â çàâèñèìîñòè îò ïàðàìåòðà n.

Òåîðåìà 1. Ïîñòîÿííàÿ a = a(n) = 1 â (2) ÿâëÿåòñÿ íåóëó÷øàåìîé â äîñòà-
òî÷íûõ óñëîâèÿõ åäèíñòâåííîñòè ðåøåíèÿ z =∞ óðàâíåíèÿ (1).

Òåîðåìà 2. Òî÷íûé ðàäèóñ åäèíñòâåííîñòè Re[Σ
∗
n;a] = 1/r0 îïðåäåëÿåòñÿ êàê

íàèáîëüøåå âîçìîæíîå çíà÷åíèå ïàðàìåòðà r0, îïðåäåëÿåìîãî èç ñîîòíîøåíèÿ

sup
(r,ρ)∈D̃n−1

α∈(−π,π],θ∈(−π,π]

1− r2

r2

{∣∣∣[(1 + r0rρe
i(θ+α)

1− r0rρei(θ+α)

)a
− 1
]
− 2ar0rρe

i(θ+α)

1− r2
0r

2ρ2ei·2(θ+α)

∣∣∣+
+

2a(n− 1)rn0r
n(1− ρ2)

1− r2(n−1)
0 r2(n−1)

· 1

|1− r2
0r

2ρ2ei·2(θ+α)|

}
= 2,

ãäå
D̃n−1 = {(r, ρ) : ρ ≤ rn−1

0 rn−1, r0 ∈ (0, 1), r ∈ [0, 1)}.
Îòìåòèì, ÷òî Re[Σ

∗
2;a] = Re[Σ

∗
1;a] =

√
a ÿâëÿþòñÿ íåóëó÷øàåìûìè.
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Ðàññìàòðèâàåòñÿ ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

dXt = b(Xt, αt)dt+ σ(Xt, αt)dWt, X0 = x ∈ Rd.

Ïðîöåññ α ∈ [u, u], u ≤ 0 ≤ u îïðåäåëÿåò èíòåíñèâíîñòü ïîòðåáëåíèÿ ðåñóðñà,
îáúåì êîòîðîãî Y óäîâëåòâîðÿåò ñîîòíîøåíèþ

dYt = −|αt|dt, Y0 = y.

Ïðîöåññ α äîïóñòèì (îáîçíà÷åíèå: α ∈ A(x, y)), åñëè Yt ≥ 0, t ≥ 0. Ïóñòü G �
îòêðûòîå ìíîæåñòâî â Rd. Ôóíêöèÿ Áåëëìàíà v îïðåäåëÿåòñÿ äèñêîíòèðîâàííûì
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êðèòåðèåì:

v(x, y) = sup
α∈A(x,y)

E

∫ θx,y,α

0

e−βtf(Xx,y,α
t , αt) dt, (x, y) ∈ G× [0,∞),

θx,y,α = inf{t ≥ 0 : Xx,y,α
t 6∈ G}.

Ïðè îïðåäåëåííûõ òåõíè÷åñêèõ ïðåäïîëîæåíèÿõ óñòàíîâëåíî, ÷òî v ÿâëÿåò-
ñÿ åäèíñòâåííûì îãðàíè÷åííûì âÿçêîñòíûì ðåøåíèåì óðàâíåíèÿ Ãàìèëüòîíà-
ßêîáè-Áåëëìàíà

βv − sup
a∈[u,u]

{
f(x, a) + b(x, a)vx +

1

2
Tr (σ(x, a)σT (x, a)vxx)− |a|vy

}
= 0,

(x, y) ∈ G× (0,∞), êîòîðîå íåïðåðûâíî íà G è óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâè-
ÿì:

v(0, x) = ψ(x), x ∈ G; v(x, y) = 0, x ∈ ∂G, y ≥ 0

â êëàññè÷åñêîì ñìûñëå. Çäåñü ψ � ôóíêöèÿ Áåëëìàíà ñîîòâåòñòâóþùåé çàäà÷è
¾áåç òîïëèâà¿.
Â êà÷åñòâå ïðèìåðà ðàññìîòðåíà ñòîõàñòè÷åñêàÿ ñèñòåìà, îïèñûâàþùàÿ ìàëûå

êîëåáàíèÿ âáëèçè ïîëîæåíèÿ ðàâíîâåñèÿ. Ñ èñïîëüçîâàíèåì ìîíîòîííûõ ðàçíîñò-
íûõ ñõåì ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå çàäà÷ îïòèìàëüíîé êîððåêöèè è îï-
òèìàëüíîãî ñëåæåíèÿ â ðàìêàõ äàííîé ñèñòåìû â óñòîé÷èâîì è íåóñòîé÷èâîì ñëó-
÷àÿõ. Ïðåäñòàâëåííûå ðåçóëüòàòû ñîäåðæàòüñÿ â ïðåïðèíòå [1].
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ÎÖÅÍÊÀ VaR È ÕÂÎÑÒÎÂÎÃÎ VaR ÐÀÂÍÎÌÅÐÍÎÃÎ

ÐÀÑÏÐÅÄÅËÅÍÈß

Â ïîñëåäíåå âðåìÿ ïîêàçàòåëè VaR (ñòîèìîñòü ïîä ðèñêîì) è õâîñòîâîé VaR [1]
(õâîñòîâàÿ ñòîèìîñòü ïîä ðèñêîì) ÷àñòî èñïîëüçóþò ìíîãèå öåíòðàëüíûå áàíêè è
êðóïíûå ôèíàíñîâûå êîìïàíèè äëÿ îöåíêè äîñòàòî÷íîñòè ñâîèõ ðåçåðâîâ. Öåëüþ
äàííîé ðàáîòû ÿâëÿåòñÿ ñðàâíåíèå òî÷íîñòè äâóõ ïîäõîäîâ ê îöåíêå ïîêàçàòåëåé
VaR è õâîñòîâîãî VaR ðàâíîìåðíîãî ðàñïðåäåëåíèÿ.
Â äàííîé ðàáîòå áûëè ðàññìîòðåíû 2 ïîäõîäà ê îöåíêå VaR è õâîñòîâîãî VaR

äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ íà [a, b]:
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à) ñ ïîìîùüþ îöåíêè ïàðàìåòðîâ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ;
á) ïîðÿäêîâîé ñòàòèñòèêè.
Äàíà âûáîðêà X1, X2, ..., Xn - í.î.ð.ñ.â.∼ U [a, b];

ā = min (X1, X2, ..., Xn) (îöåíêà ïàðàìåòðà a); b̄ = max (X1, X2, ..., Xn) (îöåíêà
ïàðàìåòðà b), òî ïî ïåðâîìó ïîäõîäó âûðàæåíèå êâàäðàòè÷íûõ îòêëîíåíèé îöåíîê
q̄λ = ā+ λ(b̄− ā) è ūλ = ā+ λ

(
b̄− ā

)
/2 îò èñòèííûõ qλ è uλ èìåþò âèä:

E(q̄λ − qλ)2 =
(b− a)2(6λ2 − 6λ+ 2)

(n+ 1)(n+ 2)
∼ 2(b− a)2

n2
, n→∞;

E(ūλ − uλ)2 =
(b− a)2

(n+ 1)(n+ 2)

(
3λ2

2
− 3λ+ 2

)
∼ 2(b− a)2

n2
, n→∞;

ãäå λ - áëèçêîå ê íóëþ ïîëîæèòåëüíîå ÷èñëî; n - ðàçìåð âûáîðêè.
Èìååòñÿ X(1) ≤ X(2) ≤ ... ≤ X(n) - ïîðÿäêîâàÿ ñòàòèñòèêà äàííîé âûáîðêè,

ïî âòîðîìó ïîäõîäó âûðàæåíèå êâàäðàòè÷íûõ îòêëîíåíèé îöåíîê X(k) = X[λn] è
ûk =

(
X(1) +X(2) + ...+X(k)

)
/k îò èñòèííûõ çíà÷åíèé qλ è uλ èìåþò âèä:

E
(
X(k) − qλ

)2
=

(b− a)2 (λn− λ2n+ 2λ2
)

(n+ 1) (n+ 2)
∼

(b− a)2 (λ− λ2
)

n
, n→∞;

E(ûk − uλ)2 =
(a− b)2 [(2λ− λ2

)
n+ 2λ2 − 4λ+ 3

]
4 (n+ 1) (n+ 2)

∼
(a− b)2 (2λ− λ2

)
4n

,

n→∞.
Â ðåçóëüòàòå ðàñ÷åòà ïîêàçàíî, ÷òî â îáîèõ ñëó÷àÿõ îöåíêè VaR è õâîñòîâîãî

VaR ñõîäÿòñÿ (ïî âåðîÿòíîñòè) ê èñòèííûì çíà÷åíèåì VaR è õâîñòîâîãî VaR,
îäíàêî ñî ñêîðîñòüþ c/n (âî âòîðîì ñëó÷àå) â îòëè÷èå îò c/n2 (âî ïåðâîì) ïðè
n→∞.
Òàêèì îáðàçîì â ïåðâîì ïîäõîäå îöåíêè VaR è õâîñòîâîãî VaR ñõîäÿòñÿ (ïî

âåðîÿòíîñòè) ê èñòèííûì çíà÷åíèåì VaR è õâîñòîâîãî VaR áûñòðåå ÷åì âî âòîðîì
ïîäõîäå.
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NEW RESULTS RELATING TO DEFORMED MARTINGALES
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This work is a natural continuation of the articles [1�2]. In discrete time the decom-
position of deformed supermartingale of the 2nd kind as a sum of two deformed
processes of the 2nd kind (namely, of a martingale and a potential) is proved (Riesz
type decomposition). Criterion of the uniqueness of such decomposition is established.
The coincidence of local deformed martingale of the 1st kind with generalized deformed
martingale of the 1st kind and deformed martingale transformation of the 1st kind is
shown. Let us give the strict formulations of these facts.

Theorem 1. Let
(
Xn,Fn, Q(n)

)∞
n=0

be a deformed supermartingale of the 2nd kind
dominating a deformed submartingale of the same kind. Then there are a deformed
martingale of the 2nd kind

(
Mn,Fn, Q(n)

)∞
n=0

and deformed potential
(
Zn,Fn, Q(n)

)∞
n=0

of the same kind such that for any n (0 ≤ n < ∞) the decomposition Xn = Mn + Zn
is true Q(n)-a.e. This decomposition is unique if and only if the deformation Q =(
Q(n),Fn

)∞
n=0

is a weak one.

Theorem 2. Let Q =
(
Q(n),Fn

)∞
n=0

be a bounded deformation of the 1st kind,

i.e. for any n (0 ≤ n < ∞) the densities dQ(n+1)|Fn
dQ(n) are bounded Q(n)-a.e. Let

X =
(
Xn,Fn, Q(n)

)∞
n=0

be a random process (X0 = 0 Q(n)-a.e.). Then the following
conditions are equivalent: 1) X is a local deformed martingale of the 1st kind; 2) X
is a generalized deformed martingale of the 1st kind; 3) X is a deformed martingale
transform of the 1st kind.
The main de�nitions concerned deformations can be found in [1�3].
This work was supported by the RFBR, project no. 13-01-00637a.
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ON INTERPOLATION PROPERTIES OF MARTINGALE MEASURES

Let us consider on {Ω,F} a one period (B, S)-market, where F = (F0,F1) is one-
step �ltration, F0 = {Ω, ∅}, and F1 is generated by a decomposition of Ω into a
countable number of atoms Bi, i ∈ N = {1, 2, 3, ...} . We denote by Z = (Zk,Fk)1

k=0

an F-adapted stochastic process which we think like a discounted value of stock (Z0 =
a, Z1(Bi) = bi, i ∈ N ). Assume that inf

i
bi < a < sup

i
bi . This condition provides the
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absence of arbitrage possibilities on the �nancial market. The incompleteness of this
market is obvious. We denote by P(Z,F) the set of nondegenerate martingale measures
P of (B, S)-market under study.
Let {k1, . . . , kn, . . . } be a permutation of N = {1, 2, . . . , n, . . . }. Let us construct

the �ltration with an in�nite horizon:
H0 = F0, H1 = σ{Bk1

}, . . . , Hn = σ{Bk1
, Bk2

, . . . , Bkn}, . . . , H∞ = F1. For P ∈
P(Z,F) let us de�ne Dirichlet martingale Yn := EP [Z1|Hn]. It is obvious that Y0 =
Z0, Y∞ = Z1. If for any permutation {k1, . . . , kn, . . . } of {1, 2, . . . , n, . . . } the
process Y = (Yn,Hn)

∞
n=0 admits only one martingale measure (it is just the initial

measure P ) then we say that P satis�es special interpolation property (the set of all
such measures will be denoted as SIP(Z)).
Suppose that {bk}∞k=1 contains r di�erent values (3 ≤ r < ∞). Without loss of

generality we can assume that b1 < b2 < . . . < br.
Theorem. Let the numbers b1 < b2 < . . . < br be rational, b1 < a < br, a 6= bk

(k = 2, 3, . . . , r − 1). Then SIP(Z) 6= ∅.
Remark. As is proved in [2], in the case r = 3 this theorem is valid without

assumption that the numbers b1, b2, b3 are rational.
This work was supported by the RFBR, project no. 13-01-00637a.
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A HYBRID TREE - FINITE DIFFERENCE APPROACH TO PRICE

OPTIONS UNDER HESTON MODEL

Pricing derivatives is a brilliant example of a problem both of great importance
for world economy and of impressive mathematical complexity. Heston option pricing
model, �rst published in [3], is believed to be one of the most popular stochastic
volatility models.
The dynamics under the risk neutral measure of the share price S and the variance

process V are governed by the stochastic di�erential equation system
dS(t)
S(t) = (r − δ)dt+

√
V (t)dZS(t),

dV (t) = κ(θ − V (t))dt+ σ
√
V (t)dZV (t),
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with S(0) = S0 > 0 and V (0) = V0 > 0, where ZS and ZV are Brownian motions with
correlation coe�cient ρ: d(ZS, ZV )(t) = ρdt. Here r is the risk free rate of interest, δ
is the continuous dividend rate, the dynamics of V follows a CIR process with mean
reversion rate κ and long run variance θ. The parameter σ is called the volatility of
the volatility.
A new approach to option pricing under Heston model is presented. It is based on

tree methods in contamination with �nite di�erence methods, alongside with handling
early exercise e�ects.
Roughly speaking, we, following [1], use tree approximation of CIR type volatility

process, as described in [2]. On each step the appropriate transformation of asset price
process is performed, allowing one to take care of a new di�usion process with null
correlation to volatility. After that, the expectations are being calculated and �nite
di�erence scheme is being constructed. The method suggested can be extended to the
case of barrier options with application to risk estimation problems.
Supported by Russian Humanitarian Scienti�c Fund Grant 15-32-01390.
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ÑÒÎÕÀÑÒÈ×ÅÑÊÈÉ ÌÅÒÎÄ ÏÅÐÐÎÍÀ È ÏÐÎÁËÅÌÀ
ÂÅÐÈÔÈÊÀÖÈÈ ÂßÇÊÎÑÒÍÛÕ ÐÅØÅÍÈÉ

Õîðîøî èçâåñòíî, ÷òî â çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ äèôôóçèîííûìè
ïðîöåññàìè ôóíêöèÿ Áåëëìàíà óäîâëåòâîðÿåò ñîîòâåòñòâóþùåìó íåëèíåéíîìó
äèôôåðåíöèàëüíîìó óðàâíåíèþ Ãàìèëüòîíà-ßêîáè-Áåëëìàíà (HJB) â âÿçêîñòíîì
ñìûñëå. Òðàäèöèîííîå äîêàçàòåëüñòâî ýòîãî ôàêòà îñíîâàíî íà íà ïðèíöèïå äè-
íàìè÷åñêîãî ïðîãðàììèðîâàíèÿ (DPP) Áåëëìàíà. Ïðè ýòîì ïåðâûé è, çà÷àñòóþ,
òðóäíûé øàã ñîñòîèò â äîêàçàòåëüñòâå ñàìîãî ïðèíöèïà äèíàìè÷åñêîãî ïðîãðàì-
ìèðîâàíèÿ.
Ñòîõàñòè÷åñêèé ìåòîä Ïåððîíà (SPM), èçîáðåòåííûé Ý. Áàéðàêòàðîì è Ì. Ñèð-

áó [1], íå ïðåäïîëàãàåò èñïîëüçîâàíèÿ DPP è íåïîñðåäñòâåííîãî èçó÷åíèÿ ôóíê-
öèè Áåëëìàíà. Äàííûé ìåòîä èìååò äåëî ñ ñåìåéñòâàìè V−, V+ ñòîõàñòè÷åñêèõ
ñóá- è ñóïåððåøåíèé u, w. Ôóíêöèè u, w ïðîèçâîäÿò ïðîöåññû ñóá- è ñóïåðìàðòèí-
ãàëüíîãî òèïà ïðè ñóïåðïîçèöèè ñ ôàçîâîé ïåðåìåííîé, è îãðàíè÷èâàþò ôóíêöèþ
Áåëëìàíà v ñíèçó è ñâåðõó: u ≤ v ≤ w, u ∈ V−, w ∈ V+. Ñóòü SPM ñîñòîèò â òîì,
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÷òî u−(x) := sup
u∈V−

u(x), w+(x) := inf
w∈V+

w(x) ÿâëÿþòñÿ ñîîòâåòñòâåííî âÿçêîñòíûìè

ñóïåð- è ñóáðåøåíèÿìè óðàâíåíèÿ HJB. Òîãäà, ïðè ÷èñòî àíàëèòè÷åñêîì ïðåäïî-
ëîæåíèè î ñïðàâåäëèâîñòè òåîðåìû ñðàâíåíèÿ, ìîæíî ñäåëàòü âûâîä î òîì, ÷òî
åäèíñòâåííîå (íåïðåðûâíîå) âÿçêîñòíîå ðåøåíèå ñîâïàäàåò ñ v.
SPM ïðèìåíÿëñÿ ê ëèíåéíûì ïàðàáîëè÷åñêèì óðàâíåíèÿì, ñòîõàñòè÷åñêèì

äèôôåðåíöèàëüíûì èãðàì, ðåãóëÿðíûì è ñèíãóëÿðíûì çàäà÷àì îïòèìàëüíîãî
óïðàâëåíèÿ. Â äîêëàäå áóäóò îáñóæäàòüñÿ ðåçóëüòàòû àâòîðà, êàñàþùèåñÿ çàäà÷
îïòèìàëüíîãî óïðàâëåíèÿ ñ âûõîäîì èç îáëàñòè [2] è ñ ôàçîâûìè îãðàíè÷åíèÿìè
[3].
Äàííûå èññëåäîâàíèÿ ïîääåðæàíû Þæíûì ôåäåðàëüíûì óíèâåðñèòåòîì, ïðî-

åêò 213.01-07-2014/07.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÌÅÒÎÄÛ Â ÈÑÑËÅÄÎÂÀÍÈÈ
ÐÀÑÏÐÅÄÅËÅÍÈß ÂÅÉÁÓËËÀ-ÃÍÅÄÅÍÊÎ

Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξ ïîä÷èíÿåòñÿ ðàñïðåäåëåíèþ Âåéáóëëà-Ãíåäåíêî ñî
ñëåäóþùåé ôóíêöèåé ðàñïðåäåëåíèÿ

F (x) =

{
1− e−(αx)

β

, x ≥ 0
0, x < 0.

Êîýôôèöèåíò âàðèàöèè ñëó÷àéíîé âåëè÷èíû ξ èìååò âèä

(V ar ξ)2 =
Dξ

(Mξ)2 =
Γ
(

1 + 2
β

)
Γ2
(

1 + 1
β

) − 1.

Â ðàáîòå ïîëó÷åíà ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ êîýôôèöèåíòà êîð-
ðåëÿöèè:

(V ar ξ)2 =
π2

6β2
+

(
γ

(
π2

2
+ 1

)
− 2

3
π2 − 2ζ(3)

)
1

β3
+ o

(
1

β3

)
, (β →∞),
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ãäå ζ(s) =
+∞∑
n=1

1
ns� äçåòà-ôóíêöèÿ Ðèìàíà, à γ = 0, 5772156... -ýéëåðîâà ïîñòîÿííàÿ.

Èòàê, ñïðàâåäëèâà ôîðìóëà

V arξ ' π

β ·
√

6
, (β � 1).

Îòñþäà ïî âûáîðî÷íîé ñðåäíåé x̄ è âûáîðî÷íîé äèñïåðñèè S2, ìîæíî çàïèñàòü
ðàâåíñòâî √

S2

x̄
' π

β ·
√

6
,

êîòîðàÿ äà¼ò òî÷å÷íóþ îöåíêó ïàðàìåòðà β.
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ÌÅÒÎÄ ÏÐÎÈÇÂÎÄßÙÈÕ ÔÓÍÊÖÈÉ ÌÎÌÅÍÒÎÂ ÏÐÈ

ÀÍÀËÈÇÅ ÍÀÄÅÆÍÎÑÒÈ ÑÈÑÒÅÌ È ÈÕ ÝËÅÌÅÍÒÎÂ ÏÎ
ÝÊÑÏËÓÀÒÀÖÈÎÍÍÛÌ ÄÀÍÍÛÌ

Èññëåäóåòñÿ çàâèñèìîñòü ìåæäó ïîêàçàòåëÿìè íàäåæíîñòè íåâîññòàíàâëèâàå-
ìûõ è âîññòàíàâëèâàåìûõ ñèñòåì è èõ ýëåìåíòîâ (â ñëó÷àå ÃÏÀ è ÑÀÓ ÃÏÀ îáúåê-
òû ñ òî÷êè çðåíèÿ îòêàçîâ èëè àâàðèéíûõ îñòàíîâîâ, ìîæíî ðàññìàòðèâàòü ñ äâî-
ÿêîé ïîçèöèè: êàê ðåìîíòèðóåìûå, òàê è íåðåìîíòèðóåìûå). Äëÿ ðåêóððåíòíîãî
ïîòîêà îòêàçîâ óêàçàííàÿ ñâÿçü âûðàæàåòñÿ èíòåãðàëüíûì óðàâíåíèåì Âîëüòåð-
ðà, ñâÿçûâàþùèì ïàðàìåòð ïîòîêà ω(t) è ïëîòíîñòü f(t) ðàñïðåäåëåíèÿ âðåìåíè
ξk ìåæäó îòêàçàìè :

ω(t) = f(t) +

t∫
0

ω(τ)f(t− τ) dτ.

Óðàâíåíèå Âîëüòåððà ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà ïðîèçâîäÿùèõ ôóíêöèé ìî-
ìåíòîâ. Ïðåîáðàçîâàíèå Ëàïëàñà ïëîòíîñòè ïðåäñòàâëÿåòñÿ â âèäå ðÿäà f̃(s) =
+∞∑
n=0

(−1)n s
n

n!νn , ãäå νn- ìîìåíòû ñëó÷àéíîé âåëè÷èíû ξk ïîðÿäêà n. Ïåðåõîä îò
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èçîáðàæåíèÿ ê îðèãèíàëó ω(t) , äà¼ò ñëåäóþùåå ïðåäñòàâëåíèå ïàðàìåòðà ïîòîêà
â âèäå ðÿäà:

ω(t) =
1

ν1
·

t∫
0

f(τ) dτ +
ν2

2ν2
1

f(t) +
3ν2

2 − 2ν1ν3

12ν3
1

f ′(t)+

+
3ν3

2 − 4ν1ν2ν3 + ν2
1ν4

24ν4
1

f ′′(t) + · · ·

Â êà÷åñòâå îáîñíîâàíèÿ çàìåòèì, ÷òî â ÷àñòíîñòè ïîëó÷àåì ýëåìåíòàðíóþ òåî-
ðåìó âîññòàíîâëåíèÿ:

lim
t→+∞

ω(t) =
1

ν1
·

+∞∫
0

f(τ) dτ =
1

ν1
.
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ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÌÀÊÑÈÌÓÌÀ Â ÎÄÍÎÉ ÑÕÅÌÅ
ÇÀÂÈÑÈÌÛÕ ÑËÓ×ÀÉÍÛÕ ÂÅËÈ×ÈÍ

Ðàññìàòðèâàåòñÿ ñõåìà ñåðèé ñëó÷àéíûõ âåêòîðîâ, èìåþùèõ t-ðàñïðåäåëåíèÿ
Ñòüþäåíòà. Äëÿ ìàêñèìóìà ãàóññîâñêèõ ñëó÷àéíûõ âåëè÷èí, ïîëó÷åííûõ â ðå-
çóëüòàòå ïðåîáðàçîâàíèé íåçàâèñèìîñòè óêàçàííûõ âåêòîðîâ, óñòàíîâëåíû óñëî-
âèÿ ñõîäèìîñòè ê ðàñïðåäåëåíèþ Ãóìáåëÿ (ñì. [1]). Ðàíåå ïðåîáðàçîâàíèÿ íåçàâè-
ñèìîñòè è ïðåäåëüíûå òåîðåìû äëÿ íèõ èçó÷àëèñü â ðàáîòàõ [2]-[5].
Èìåííî, ïðåäïîëîæèì, íà ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H çà-

äàíà ìåðà Ñòüþäåíòà µ êàê ìàñøòàáíàÿ ñìåñü ãàóññîâñêèõ ìåð, îïðåäåëÿå-
ìàÿ ïîëîæèòåëüíûì ÿäåðíûì îïåðàòîðîì B è ñìåøèâàþùèì îáðàòíûì ãàììà-
ðàñïðåäåëåíèåì. Ðàññìîòðèì êîíå÷íîìåðíûå ïðîåêöèè F (x1, . . . , xn) ìåðû µ íà
ïðîèçâîëüíûé îòîíîðìèðîâàííûé áàçèñ {fk} è ñîîòâåòñòâóþùèå óñëîâíûå ôóíê-
öèè ðàñïðåäåëåíèÿ
Fi|1...̂ı...n(xi|x1, . . . , x̂i, . . . , xn).
Ââåäåì ñåìåéñòâî ñëó÷àéíûõ âåëè÷èí

X∗i,n = Φ−1
(
Fi|1...̂ı...n(Xi|X1, . . . , X̂i, . . . , Xn)

)
,



¾Ñîäåðæàíèå¿

Âåðîÿòíîñòíî - àíàëèòè÷åñêèå ìîäåëè è ìåòîäû. 200

ãäå Xi = 〈 · , fi〉, Φ � ôóíêöèÿ (0, 1)-ãàóññîâñêîãî ðàñïðåäåëåíèÿ. Îáîçíà÷èì Bn =
πnBπn, ãäå πn îðòîïðîåêòîð H→ Hn = span{f1, . . . , fn},

αn = (2 lnn)1/2 , βn = (2 lnn)1/2 − 1

2
(2 lnn)−1/2 (ln lnn+ ln 4π) ,

ci,j,n =
∣∣∣〈B−1

n fi, fj
〉
/
[〈
B−1
n fi, fi

〉 〈
B−1
n fj, fj

〉]1/2∣∣∣ .
Òåîðåìà. Åñëè áàçèñ {fk} òàêîé, ÷òî sup

n≥1
max
i6=j

ci,j,n < 1, è äëÿ ëþáîãî α ∈ (0, 1)

max
nα<j−i<n

ci,j,n lnn→ 0, n→∞, òî äëÿ ëþáîãî x ∈ R

µ

{
αn

(
max
1≤i≤n

X∗i,n − βn
)
≤ x

}
→ exp

{
−e−x

}
, n→∞.
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ÑÓÌÌÈÐÎÂÀÍÈÅ ÊÐÀÒÍÛÕ ÎÁÎÁÙÅÍÍÛÕ ÐßÄÎÂ ÔÀÁÅÐÀ

Ïóñòü D+ = D+
1 × D+

2 × . . . × D+
n , D− = D−1 × D−2 × . . . ×

D−n � ïîëèöèëèíäðè÷åñêàÿ îáëàñòü â n-ìåðíîì êîìïëåêñíîì ïðîñòðàíñòâå
Cn ñ îñòîâîì σ = L1 × L2 × . . . × Ln; ãäå D+

k � êîíå÷íàÿ îäíîñâÿç-
íàÿ îáëàñòü â ïëîñêîñòè C1, îãðàíè÷åííàÿ ñïðÿìëÿåìîé æîðäàíîâîé êðè-
âîé Lk; D−k � åå äîïîëíåíèå äî âñåé ïëîñêîñòè; ôóíêöèÿ zk = ψk(wk)
êîíôîðìíî è îäíîëèñòíî îòîáðàæàåò âíåøíîñòü åäèíè÷íîãî êðóãà {|wk| > 1}
íà îáëàñòü D−k ïðè óñëîâèÿõ ψk(∞) = ∞, ψ′k(∞) > 0; ôóíêöèÿ wk = ϕk(zk) �
îáðàòíàÿ ê ψk(wk), k = 1, 2, . . . , n.
Îáîçíà÷èì ÷åðåç T n � åäèíè÷íûé òîð; Πn = {θ ∈ Rn : − π 6 θk 6 π, k =

1, 2, . . . , n} � n-ìåðíûé êóá; Πn
+ = {θ ∈ Rn : 0 6 θk 6 π}; Zn � ìíîæåñòâî

âåêòîðîâ ` = (`1, `2, . . . , `n) ñ öåëî÷èñëåííûìè êîîðäèíàòàìè; Zn
+ � ìíîæåñòâî

âåêòîðîâ ` ∈ Zn ñ íåîòðèöàòåëüíûìè êîîðäèíàòàìè.



¾Ñîäåðæàíèå¿

Âåðîÿòíîñòíî - àíàëèòè÷åñêèå ìîäåëè è ìåòîäû. 201

Ñ ïîìîùüþ âåñîâîé ôóíêöèè n êîìïëåêñíûõ ïåðåìåííûõ g(z), àíàëèòè÷åñêîé â

îáëàñòèD−, îòëè÷íîé îò íóëÿ âD
−
è g(∞) > 0, îáðàçóåì ïðîèçâîäÿùóþ ôóíêöèþ

(ñì. [1]) äëÿ ñèñòåìû îáîáùåííûõ ïîëèíîìîâ Φ`(z, g) n-ïåðåìåííûõ:

G(z, w) =
(Ψ∗g)(w)Ψ′(w)

(Ψ(w)− z)I
=
∑
`∈Zn+

Φ`(z, g)

w`+I
, (1)

ãäå I = (1, 1, ..., 1),w`+I = w`1+1
1 · w`2+1

2 · ... · w`n+1
n ,

(Ψ∗g)(w) = g(ψ1(w1), ψ2(w2), ..., ψn(wn)), Ψ′(w) = ψ′1(w1) · ψ′2(w2) · . . . · ψ′n(wn).

Äàëåå ðàññìîòðèì â D+ ôóíêöèþ f(z) n êîìïëåêñíûõ ïåðåìåííûõ, êîòîðàÿ
ïðåäñòàâèìà èíòåãðàëîì òèïà Êîøè ñ ïëîòíîñòüþ τ(ζ). Â ðàáîòå [1] ïîñòðîåí
àíàëîã ôîðìóëû ñóììèðîâàíèÿ Â.Ê. Äçÿäûêà îáîáùåííûõ ðÿäîâ Ôàáåðà n ïåðå-
ìåííûõ, à èìåííî:

PΩ+
(z) =

1

(2π)n
1

(2πi)n

∫
Πn

+

SΩ(θ)dθ

∫
Tn

τ [ψ(te−iθ)]

g[ψ(te−iθ)]
G(z, t) dt =

=
∑
`∈Ω+

λ`a`Φ`(z, g), z ∈ D+, Ω+ = Ω ∩ Zn
+, (2)

ãäå SΩ(θ) =
∑̀
∈Ω

λ`e
i|`θ| � ïðîèçâîëüíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì n ïåðåìåí-

íûõ, ãäå Ω � íåêîòîðîå êîíå÷íîå ïîäìíîæåñòâî ðåøåòêè Zn.
Â ñëó÷àå n ïåðåìåííûõ, êîãäà â êà÷åñòâå SΩ(θ) áåðóòñÿ ðàçëè÷íûå ÷àñòè÷íûå

ñóììû êðàòíîãî ðÿäà Ôóðüå, ìîæíî ïîëó÷àòü ñ ïîìîùüþ ôîðìóëû (2) ðàçëè÷íûå
àëãåáðàè÷åñêèå ïîëèíîìû.
Äàëåå, ïðè óñëîâèè, ÷òî ìíîãî÷ëåí SΩ(θ) ÿâëÿåòñÿ ÿäðîì, èìååì ðàâåíñòâà

f(z) =
1

(2πi)n

∫
Πn

SΩ(θ) dθ

∫
σ

τ(ζ)

g(ζ)

g(ζ) dζ

(ζ − z)I
, z ∈ D+,

f(z)− PΩ+
(z) = f(z)−

∑
`∈Ω+

λ`a`Φ`(z, g) = (3)

=
1

(2πi)n

∫
Πn

SΩ+
(θ) dθ

∫
σ

{
τ(ζ)

g(ζ)
− τ [ψ(te−iθ)]

g[ψ(te−iθ)]

}
g(ζ) dζ

(ζ − z)I
=

=
1

(2πi)n

∫
Πn

SΩ+
(θ) dθ

∫
Tn

{
(ψ∗τ)(t)

(ψ∗g)(t)
− (ψ∗τ)(te−iθ)

(ψ∗g)(te−iθ)

}
(ψ∗g)(t)Ψ′(t)

(ψ(t)− z)I
dt.
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Èçâåñòíûå ñâîéñòâà ÿäåð SΩ(θ) èç òåîðèè ïðèáëèæåíèé ìîæíî ïðèìåíÿòü äëÿ
îöåíîê âåëè÷èíû (3) ïðè ðàçëè÷íûõ óñëîâèÿõ íà ôóíêöèè f(z) è g(z).

Òåîðåìà. Åñëè ïîñëåäîâàòåëüíîñòü ÷åòíûõ ÿäåð Sm(θ), ïîñòðîåííàÿ èç ïðÿ-
ìîóãîëüíûõ ÷àñòè÷íûõ ñóìì êðàòíîãî ðÿäà Ôóðüå ôóíêöèè S(θ), óäîâëåòâîðÿåò
óñëîâèÿì ∫

Πn
+

|Sm(θ)| dθ 6 c1,

∫
Πn

+

√
θ2

1 + θ2
2 + . . .+ θ2

n |Sm(θ)| dθ 6 c1

M
,

M = min(m1,m2, . . . ,mn), à ôóíêöèè (ψ∗g)(t)ψ′1(t1) . . . ψ
′
n(tn) è

χ(t) = (ψ∗τ)(t)
(ψ∗g)(t) íåïðåðûâíû íà òîðå T n, òî ïîñëåäîâàòåëüíîñòü Pm(z), ïîñòðîåí-

íàÿ ñ ïîìîùüþ òàêèõ ÿäåð, ñõîäèòñÿ ðàâíîìåðíî âíóòðè D+ ê ôóíêöèè f(z).
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÑÈÌÌÅÒÐÈ×ÍÛÕ ÀÂÒÎÌÎÄÅËÜÍÛÕ
ÏÐÎÖÅÑÑÎÂ ËÅÂÈ Ñ ÒÐÅÍÄÎÌ

Àâòîìîäåëüíûì ïðîöåññîì Ëåâè ñ òðåíäîì áóäåì íàçûâàòü ïðîöåññ, îïðåäåëÿ-
åìûé ðàâåíñòâîì Vt = f(t) + Xt, ãäå Xt �� àâòîìîäåëüíûé ïðîöåññ Ëåâè ñ ñèì-
ìåòðè÷íûì óñòîé÷èâûì ðàñïðåäåëåíèåì, à f(t) �� íåñëó÷àéíûé òðåíä. Â äîêëàäå
áóäóò ïðåäñòàâëåíû àëãîðèòìû ãåíåðàöèè òàêîãî ðîäà ïðîöåññîâ.
Àëãîðèòì 1 (ãåíåðàöèÿ àâòîìîäåëüíîãî Ëåâè ïðîöåññà)
1. Çàäàåì âõîäíûå ïàðàìåòðû α , n (÷èñëî ãåíåðèðóåìûõ çíà÷åíèé), T (èíòåðâàë

ìîäåëèðîâàíèÿ), σ (äèñïåðñèÿ ñëó÷àéíîãî ïðîöåññà). Áóäåì ðàññ÷èòûâàòü ∆k ïî
ôîðìóëå Law(∆i) = Law

(
ηHσ
√

2ζν
)
.

2. Íà÷àëî öèêëà 1 äëÿ i = 1, . . . , n. 2.1. Íà÷àëî öèêëà 2 äëÿ k = 1, . . . , i. 2.2.
Âûçîâ ôóíêöèè äëÿ ðàñ÷åòà ∆k. 2.3. S := S + ∆kT .
2.4. Êîíåö öèêëà 2 ïî k.
3. Êîíåö öèêëà 1 ïî i.

Ôóíêöèÿ äëÿ ðàñ÷åòà ∆k

Ïàðàìåòðû: α, n, σ.
1. η = 1

n . 2. H = 1
α . 3. β = α

2 . 4. ∆k = 0. 5. χ = XU [0,1] · 2π. 6. δ = XE(1). 7.
ν = XN(0,1).
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8. Ðàññ÷èòûâàåì ζ =
(
a(χ,β)
δ

) 1−β
β

, ãäå a(χ, β) =
(

sin(βχ)
sinχ

) 1
1−β sin(1−β)χ

sin(βχ) .

9. Ðàññ÷èòûâàåì ∆k ïî ôîðìóëå Law(∆i) = Law
(
ηHσ
√

2ζν
)
.

Àëãîðèòì 2 (ãåíåðàöèÿ àâòîìîäåëüíîãî Ëåâè ïðîöåññà ñ òðåíäîì)
Èñïîëüçóåì àëãîðèòì 1 ãåíåðàöèè àâòîìîäåëüíîãî Ëåâè ïðîöåññà, äîáàâèâ âëè-

ÿíèå òðåíäà ñëåäóþùèì îáðàçîì. Ðàññìîòðèì ôðàãìåíò àëãîðèòìà äëÿ êàæäîé
èòåðàöèè öèêëà 2 èç àëãîðèòìà 1.
1. Ðàçáèâàåì èíòåðâàë [0, T ] ñ øàãîì t1 = 1

T . 2. Òðåíä = 0. 3. Ê âûõîäíûì
çíà÷åíèÿì ïðèáàâëÿåì òðåíä, ïðè÷åì EV1 ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì
âûáîðêè n çíà÷åíèé, ñãåíåðèðîâàííûõ ïî çàêîíó ðàñïðåäåëåíèÿ (ëþáîìó èç ðåà-
ëèçîâàííûõ).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ïðîåêòû 13-01-0032à è 13-01-00637a.

À.Í. ×óïðóíîâ (ÊÔÓ, Ðîññèÿ)
achuprunov@mail.ru

ÍÅÊÎÒÎÐÛÅ ÑÎÁÛÒÈß ÑÕÅÌ ÐÀÇÌÅÙÅÍÈß È ÈÕ
ÏÐÈÌÅÍÅÍÈß Â ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ ÑÈÑÒÅÌÀÕ

Ïóñòü (η1, η2, . . . , ηN) = (ηN1, ηN2, . . . , ηNN), N ∈ N, - íåçàâèñèìûå îäèíàêîâî
ðàñïðåäåëåííûå â êàæäîé ñåðèè ñëó÷àéíûå âåëè÷èíû, ñîáûòèå Ar′r′′ = ∪Ni=1{ω ∈
Ω : r′ ≤ ηNi(ω) ≤ r′′}, ãäå r′, r′′ ∈ N0. Òîãäà

P(Ar′r′′)→ 1− e−β, (1)

ãäå 0 < β <∞, òîãäà è òîëüêî òîãäà, êîãäà NP(r′ ≤ ηNi ≤ r′′)→ β. Ñïðàâåäëèâû
àíàëîãè ýòîãî ðåçóëüòàòà äëÿ íåêîòîðûõ çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí.
Òåîðåìà 1. Ïóñòü η1, η2, . . . , ηN - ðàâíîâåðîÿòíàÿ ñõåìà ðàçìåùåíèÿ n ðàçëè-

÷èìûõ ÷àñòèö ïî N ÿ÷åéêàì. Ïóñòü n,N →∞ òàê, ÷òî N
(
n
N

)r′′
e−

n
N → α, ãäå

α <∞. Òîãäà ñïðàâåäëèâî (1), ãäå β = α
r′′!.

Òåîðåìà 2. Ïóñòü η1, η2, . . . , ηN - ñëó÷àéíûå ëåñ, ñîñòîÿùèé èç N äåðåâüåâ ñ

n íåêîðíåâûìè âåðøèíàìè. Ïóñòü n,N →∞ òàê, ÷òî Ne
− r′′+1

1+N
n

1

(1+N
n )

r′′ → α, ãäå

α <∞. Òîãäà ñïðàâåäëèâî (1), ãäå β = α (r′′+1)r
′′−1

(r′′+1)!

Òåîðåìà 3. Ïóñòü η1, η2, . . . , ηN - ìíîãîöâåòíàÿ ðàâíîâåðîÿòíàÿ óðíîâàÿ ñõå-
ìà áåç âîçâðàùåíèÿ, ïðè÷åì N - êîëè÷åñòâî öâåòîâ, n - êîëè÷åñòâî ÷àñòèö îäíî-
ãî öâåòà, m - êîëè÷åñòâî èçâëåêàåìûõ ÷àñòèö, ò. å. ðàñïðåäåëåíèå η1, η2, . . . , ηN
èìååò âèä

P(η1 = k1, η2 = k2, . . . , ηN = kN) =
Ck1
n C

k2
n . . . CkN

n

Cm
Nn

,
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ãäå k1 +k2 + . . . kN = m, 0 ≤ ki ≤ n, 1 ≤ i ≤ N . Ïóñòü n ôèêñèðîâàíî, m,N →∞

òàê, ÷òî N
(
m
N

)n → α, ãäå α <∞. Òîãäà ñïðàâåäëèâî (1), ãäå β = α
r′′∑
k=r′

Ck
n.

Ïîäðîáíî îáñóæäàþòñÿ ïðèëîæåíèÿ ïðèâåäåííûõ ðåçóëüòàòîâ ê èíôîðìàöèîí-
íûì òåõíîëîãèÿì è èíôîðìàöèîííûì ñèñòåìàì.
Ñîàâòîðàìè íàñòîÿùåãî äîêëàäà ÿâëÿþòñÿ

Ä.Å. ×èêðèí è Ï.À. Êîêóíèí (ÊÔÓ, dmitry.kfu@gmail.com, pkokunin@mail.ru).
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Ñåêöèÿ VII

Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ è
ñïåöèàëüíûå ôóíêöèè (ñåêöèÿ
ïàìÿòè ïðîô. À.À.Êèëáàñà).

Ðóêîâîäèòåëü ñåêöèè:
Â.Ñ. Ïèëèäè
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A.N. Karapetyants (Southern Federal University and Don State
Technical University, Russia)
karapetyants@gmail.com

WEIGHTED ANALYTIC BESOV SPACES AND OPERATORS OF
FRACTIONAL DIFFERENTIATION OF HADAMARD'S PRODUCT

COMPOSITION TYPE

Let D stand for the unit disc in the complex plane C. Given 0 < p <∞, −1 < λ <∞,
the analytic weighted Besov space Bλ

p (D) is de�ned to consist of analytic in D functions

such that
∫
D

(1−|z|2)Np−2|f (N)(z)|pdµλ(z) <∞, where dµλ(z) = (λ+1)(1−|z|2)λdµ(z),

dµ(z) = 1
πdxdy, and N - is an arbitrary �xed natural number, satisfying Np > 1− λ.

Analytic Besov spaces on the unit disk in C as well as the so-called Qp - spaces
de�ned without use of derivatives have been extensively studied during the last decade
within the mainstream of the study of spaces of functions which are invariant under
Mobius transformations of the unit disk. The important class of analytic Besov spaces,
so-called diagonal Besov space Bp(D), is introduced and described by Kehe Zhu in case
of the unit disk (see [1]), and furthermore studied in the case of bounded symmetric
domains.
We provide a characterization of weighted analytic Besov spaces Bλ

p (D), 0 < p <∞,
in terms of certain operators of fractional di�erentiation Rα,t

z of order t. These operators
are de�ned in terms of construction known as Hadamard product composition with
the function b (see [2] for details). The function b is calculated from the condition
that Rα,t

z (uniquely) maps the weighted Bergman kernel function (1− zw)−2−α to the
similar (weight parameter shifted) kernel function (1 − zw)−2−α−t, t > 0. We also
show that Bλ

p (D) can be thought as the image of certain weighted Lebesgue space
Lp(D, dνλ) under the action of the weighted Bergman projection P α

D (here dνλ(z) =
(1− |z|2)−2dµλ(z)). The talk is based on [3].

R E F E R E N C E S
1 Zhu K, Analytic Besov spaces. Journal of Mathematical Analysis and Applications, 1991, Volume 157, pp. 318-336.
2. Samko S.G., Kilbas A.A., Marichev O.I., Fractional Integrals and Derivatives. Gordon and Breach Science Publishers

(1993).

3 Karapetyants A.N., Kodzoeva F.D. Characterization of weighted analytic Besov spaces in terms of operators of fractional

di�erentiation. Fractional Calculus and Applied Analysis, 2014, Volume 17, No 3, pp. 897-906.

ÌÃ. Ëàïøèíà (Ëèïåöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé
óíèâåðñèòåò, Ðîññèÿ)
marina.lapsh@yandex.ru

Â-ÏÎÒÅÍÖÈÀËÛ ÍÅÏÐÅÐÛÂÍÛÕ ÏÎ ÃÅËÜÄÅÐÓ ÔÓÍÊÖÈÉ
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Â ìîíîãðàôèè [1] èçó÷àëèñü Â-ïîòåíöèàëû äâàæäû íåïðåðûâíî äèôôåðåíöèðó-
åìûõ ôóíêöèé. Çäåñü ïðèâîäÿòñÿ ðåçóëüòàòû èññëåäîâàíèé Â-ïîòåíöèàëîâ ãåëü-
äåðîâñêèõ ôóíêöèé.
Ïóñòü x′ = (x1, . . . , xn) ∈ R+

n = {xi > 0}, x′′=(xn+1, . . . , xN) ∈ RN−n,
x = (x′, x′′) ∈ R+

N = R+
n × RN−n, γ = (γ1, . . . , γn) � ìóëüòèèíäåêñ, ñîñòîÿùèé

èç ôèêñèðîâàííûõ ïîëîæèòåëüíûõ ÷èñåë, (x′)γ = =
∏n

i=1 x
γi
i . Äåéñòâèå îáîáùåí-

íîãî ñäâèãà f(x)→ (T yxf)(x) îïðåäåëÿåòñÿ ðàâåíñòâîì

(T yxf)(x) = C
π∫
0

. . .
π∫
0

f(
√
x′2+y′2−2x′y′ cosα, x′′−y′′)sinγj−1αjdα ,

ãäå
√
x
′2
j + y

′2
j − 2x′jy

′
j cosα � n-ìåðíûé âåêòîð, ñ êîîðäèíàòàìè√

x
′2
j + y

′2
j − 2x′jy

′
j cosαj , j = 1, n .

Â-Ïîòåíöèàë Íüþòîíà ôóíêöèè f îïðåäåëÿåòñÿ âûðàæåíèåì
Uf(x) =

∫
Ω+
N
f(y) (T xy |y|2−N−|γ|)(y′)γ dy .

Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò (ñð. ñ [2], ñòð. 250).

Òåîðåìà 1. Ïóñòü f ÷åòíàÿ ïî êàæäîé èç êîîðäèíàò âåêòîðà x′ ôóíêöèÿ,
óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà â îáëàñòè Ω. Òîãäà Â-ïîòåíöèàë ýòîé ôóíê-
öèè èìååò ðàâíîìåðíî íåïðåðûâíûå ïåðâûå ïðîèçâîäíûå, êîòîðûå ìîæíî ïîëó-
÷èòü äèôôåðåíöèðîâàíèåì ïîä çíàêîì èíòåãðàëà; èìååò íåïðåðûâíûå ïðîèçâîä-
íûå âòîðîãî ïîðÿäêà è Â-ïðîèçâîäíûå, îïðåäåëÿåìûå ïî ôîðìóëàì

∂2

∂xi ∂xj
Uf,γ(x) = −f(x)

∫
∂Ω+

N

∂
∂xi
T x|y|2−N−|γ| (y′)γ dΓN+

+
∫

Ω+
N

( f(y)− f(x) ) ∂2

∂xj ∂xi
T x|y|2−N−|γ| (y′)γ dy ,

Åñëè Bγi ñèíãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð Áåññåëÿ, òî

BxiU
α
γ f(x) = −C(γ) f(x)

∫
∂Ωn+1

(
B

(1)
xi |z − x̂|2−n−γ

)
cos ν1 z

γ−1
2 dΓn+1+

+
∫

Ω+
N

[f(y)− f(x)]
(
Bxi T

x
y |y|2−n−γ

)
(y′)γ dy , ãäå B

(1)
xi = 1

x
γi
i

d
dxi
xγii .
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Ë.Í. Ëÿõîâ (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
levnlya@mail.ru

ÒÅÎÐÅÌÛ Î ÑÔÅÐÈ×ÅÑÊÎÌ ÓÏËÎÒÍÅÍÈÈ È Î
ÏÐÅÎÁÐÀÇÎÂÀÍÈÈ ÊÈÏÐÈßÍÎÂÀ-ÊÀÒÐÀÕÎÂÀ

Ïðåîáðàçîâàíèå Ôóðüå ðàäèàëüíîé ôóíêöèè f = f(|x|), çàïèñàííîå â âèäå

F [f ](ξ)=

∫ ∞
0

f(r)
(
δSr , e

〈x , ξ 〉
)
rn−1 dr ,
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ãäå δSr � îáîáùåííàÿ δ-ôóíêöèÿ, ñîñðåäîòî÷åííàÿ íà ñôåðå Sr(n)={x ∈ Rn, |x| =
r}, ïðåäñòàâëÿåò ñîáîé îäèí èç âàðèàíòîâ òåîðåìû î ñôåðè÷åñêîì óïëîòíåíèè.
Äðóãîé åå âàðèàíò êàñàåòñÿ ïðåäñòàâëåíèÿ ñâåðòîê ðàäèàëüíûõ ôóíêöèé:

(u ∗ v) = (u ∗ v)γ =

∫ ∞
0

u(r) T ρr v(r) rγ dr ,

ãäå îáîáùåííûé ñäâèã T ρr ïðåäñòàâëÿåò ñîáîé ñôåðè÷åñêîå ñðåäíåå åâêëèäîâûõ
ðàññòîÿíèé.
Åñëè ó÷åñòü, ÷òî

(
δSr , e

〈x , ξ 〉) = jn−1
2

(r|ξ|), òî ïîëó÷èì ôîðìóëó F [f ] = FBγ [f ], â
êîòîðîé ïðåîáðàçîâàíèå Ôóðüå-Áåññåëÿ FB èíäåêñà γ = n− 1 îïðåäåëÿåòñÿ ôîð-
ìóëîé

FBγ [f ](ρ)=

∫ ∞
0

f(r) jγ−1
2

(rρ) rγ dr, γ=n− 1.

Çàìåòèì, ÷òî åñëè èíäåêñ γ ∈ (n − 1 , n), òî ïðåîáðàçîâàíèå FBγ îêàçûâàåòñÿ
ïðîìåæóòî÷íûì ìåæäó ïðåîáðàçîâàíèÿìè Ôóðüå ðàäèàëüíûõ ôóíêöèé â Rn è
Rn+1, ò.å. ìîæåò ðàññìàòðèâàòüñÿ êàê ïðåîáðàçîâàíèå Ôóðüå ðàäèàëüíûõ ôóíêöèé
â ïðîñòðàíñòâå äðîáíîé ðàçìåðíîñòè n+ α, 0 < α < 1.
Ñóùåñòâåííîå ïðåèìóùåñòâî ïðåîáðàçîâàíèå FB èìååò ïðè ðàáîòå ñ îïåðàòî-

ðîì Áåññåëÿ Bγ = D2 + γ
xD, ïîñêîëüêó ñèìâîëîì ýòîãî ñèíãóëÿðíîãî îïåðàòîðà

ÿâëÿåòñÿ −ξ2 . Ñóùåñòâåííûì îãðàíè÷åíèåì äëÿ ïîñòðîåíèÿ òåîðèè ÏÄÎ ÿâèëñÿ
òîò ôàêò ÷òî â ðàìêàõ ïðåîáðàçîâàíèÿ FB íåâîçìîæíî ïðåäñòàâèòü ¾íå÷åòíûå¿
(íàïðèìåð ïåðâóþ) ïðîèçâîäíûå. Êèïðèÿíîâ È.À. è Êàòðàõîâ Â.Â. â [1] ââåëè
ìîäåðíèçàöèþ ïðåîáðàçîâàíèÿ Ôóðüå-Áåññåëÿ, íà îñíîâå ÿäðà èíòåãðàëüíîãî ïðå-
îáðàçîâàíèÿ jγ−1

2
−i xξγ+1 jγ+1(xξ). Ââåäåííîå èìè ïðåîáðàçîâàíèå äàåò âîçìîæíîñòü

èññëåäîâàòü çàäà÷è ñèíãóëÿðíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, áîëåå îáùèå,
ïî ñðàâíåíèþ ñ ðàññìîòðåííûìè, ñì., íàïðèìåð, [2] .
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Òåîðåìà Ïýëè-Âèíåðà äëÿ ïðåîáðàçîâàíèÿ Ãàíêåëÿ ïîëó÷åíà Í.È. Àõèåçåðîì.
Â ýòèõ òåçèñàõ ïðèâîäèòñÿ òåîðåìà Ïýëè-Âèíåðà äëÿ ïîëíîãî ïðåîáðàçîâàíèÿ
Ôóðüå-Áåññåëÿ ââåäåííîãî â [1] è áîëåå îáùíî â [2].Ýòî ïðåîáðàçîâàíèå ïîñòðî-
åíî íà îñíîâå ÿäðà

Λ±(x, ξ) =
n∏
i=1

(
jγ−1

2
∓ i xiξi

γ + 1
jγ+1

2
(xi, ξi)

)
e−i〈x

′′,ξ′′〉,

ñëåäóþùèì îáðàçîì:

FB[Φ](ξ)=
∫
RN

Λ+
γ (x′, ξ′) Φ(x) (x′)γ dx , x′γ =

∏n
i=1 |xi|γi , γi > 0 ,

F−1
B [Φ](x) = C(γ)FB[Φ](−x) ,

ν = γ−1
2 � ñîîòâåòñòâóþùèé ìóëüòèèíäåêñ. Â ýòèõ ôîðìóëàõ jν � j-ôóíêöèÿ

Áåññåëÿ ïåðâîãî ðîäà, x = (x′, x′′) ∈ RN=Rn × RN−n.
Îáîçíà÷èì ÷åðåç C∞ev+, 0 êëàññ ôóíêöèé âèäà Φ = ϕ(x)+ψ′(x), ãäå ϕ è ψ ÷åòíûå

ïî êàæäîé êîîðäèíàòå xi, i = 1, n, áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè ñ
êîìïàêòíûì íîñèòåëåì. Âåñîâûå îáîáùåííûå ôóíêöèè ñòðîÿòñÿ íà îñíîâå âåñîâîé
ëèíåéíîé ôîðìû

(u , v)γ =
∫
u(x) v(x) (x′)γ dx′dx′′ .

Òåîðåìà. Öåëàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ Φ(ξ) ÿâëÿåòñÿ FB-ïðåî-
áðàçîâàíèåì âåñîâîé îáîáùåííîé ôóíêöèè φ ñ supp φ ∈ Bν = {x : |x| < ν}
òîãäà è òîëüêî òîãäà, êîãäà ñ íåêîòîðûìè êîíñòàíòàìè P è q ñïðàâåäëèâî
íåðàâåíñòâî |Φ(ξ)| ≤ P (1 + |ξ|)q eν |Jmξ| . Äëÿ òîãî, ÷òîáû âåñîâàÿ îáîáùåííàÿ
ôóíêöèÿ Φ ñîâïàëà ñ ôóíêöèåé èç C∞ev+, 0(Bν) íåîáõîäèìî è äîñòàòî÷íî, ÷òî-
áû åå FB-ïðåîáðàçîâàíèå áûëî öåëîé àíàëèòè÷åñêîé ôóíêöèåé è äëÿ êàæäîãî q
âûïîëíÿëîñü íåðàâåíñòâî |Φ(ξ)| ≤ C (1 + |ξ|)−q eν |Jmξ| .
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Îáîçíà÷èì ÷åðåç C∞ev+,0 êëàññ ôóíêöèé âèäà Φ = ϕ(x) + ψ′(x),
x=(x′, x′′)∈RN=RnRN−n. Ïðåäïîëàãàåòñÿ, ÷òî ϕ è ψ ÷åòíûå ïî êàæäîé êîîðäèíà-
òå xi, i=1, n, áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè ñ êîìïàêòíûì íîñèòåëåì.
Ïóñòü jγ−1

2
� j-ôóíêöèÿ Áåññåëÿ,

Λ(x, ξ) =
n∏
i=1

jγ−1
2

(xi, ξi)e
−i〈x′′,ξ′′〉, x′γ =

n∏
i=1

|xi|γi . Ðàññìàòðèâàåòñÿ ïðåîáðàçîâàíèå

Ôóðüå-Áåññåëÿ, ââåäåííîå â [1] è â áîëåå îáùåì âèäå â [2], ñëåäóþùèì îáðàçîì:
FB[Φ](ξ)=Φ̂(ξ)=

∫
RN

Λ+
γ (x′, ξ′) Φ(x) (x′)γ dx ,

F−1
B [Φ](x) = C(γ)FB[Φ](−x) , C(γ) = (2π)n−N

22(ν+1) Γ2(ν+1)
, ν = γ−1

2 � ñîîòâåòñòâóþùèé
ìóëüòèèíäåêñ.
Ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì Êèïðèÿíîâà-Êàòðàõîâà

íàçûâàåòñÿ îïåðàòîð âèäà

Au(x) = C

∫
RN

a(x, ξ)û(ξ)Λ(x, ξ)(ξ′)γdx, (1)

ãäå ñèìâîë a(x, ξ) òàêîé, ÷òî |(DB)ξ(DB)xa(x, ξ)|6Cα,β,K(1+|ξ|)m−|α|, ÷èñëî m �
ïîðÿäîê îïåðàòîðà A. Ìíîæåñòâî ñèìâîëîâ îáîçíà÷èì Ξm(Ω). ×åðåç Ξm

0 (Ω) ìû
áóäåì îáîçíà÷àòü ïîäêëàññ ñèìâîëîâ, ðàâíûõ íóëþ âíå íåêîòîðîãî êîìïàêòíîãî
ïîäìíîæåñòâà, â îáëàñòè Ω.
Èñïîëüçóÿ ñîîòâåòñòâóþùèé âàðèàíò òåîðåìû Ïýëè-Âèíåðà, ïîëó÷åí ñëåäóþ-

ùèé ðåçóëüòàò.

Òåîðåìà. Îïåðàòîð A, îïðåäåëåííûé ôîðìóëîé (1), ñ ñèìâîëîì a èç êëàññà
Ξm

0 (Rn) ïåðåâîäèò C∞ev+, 0(Rn) â C∞0 (Rn). Ýòîò îïåðàòîð îãðàíè÷åí êàê îïåðàòîð
èç Hs â Hs−m ïðè ëþáîì âåùåñòâåííîì s.
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1
Γ(α)

∫
Ac,r(x)

(A · (xσ − tσ))α−1 J̄α
2−1 (A · λ(xσ − tσ)) f(t)dt = g(x) , x ∈ Ac,r(b),

ãäå A = ‖ajk‖ (ajk ∈ R1) � ìàòðèöà ïîðÿäêà n×n (n ∈ N) ñ îïðåäåëèòåëåì |A| 6= 0;

x = (x1, ..., xn) ∈ Rn, t = (t1, ..., tn) ∈ Rn; x · t =
n∑
k=1

xk tk; (x)α = xα1
1 · · ·xαnn ,

α = (α1, ..., αn) ∈ Rn
+; Γ(α) = Γ(α1) · · · Γ(αn);

σ = (σ1, ..., σn) ∈ Rn; A · x = (a1 · x, ..., an · x), (A · x)α = (a1 · x)α1 · · · (an · x)αn;
Ac,r(b) = {t ∈ Rn : A · (b − t) ≥ 0, c · t + r ≥ 0} � ïèðàìèäà ; x ≥ t îçíà÷àåò
x1 ≥ t1, ..., xn ≥ tn, r ∈ R1; J̄α (x) � ôóíêöèÿ âèäà:

J̄α (x) =
n∏
j=1

J̄αj (xj) , ãäå J̄αj (xj) (j = 1, ..., n) � ôóíêöèè Áåññåëÿ�Êëèôôîðäà [1].

Èññëåäóåòñÿ çàäà÷à ðàçðåøèìîñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ â ïðîñòðàíñòâå

L1(Ac,r(b)) = {f(x) :

∫
Ac,r(b)

|f(t)|dt <∞}

è äàåòñÿ ôîðìóëà åãî ðåøåíèÿ â çàìêíóòîé ôîðìå. Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò
èññëåäîâàíèÿ, îïóáëèêîâàííûå ðàíåå â [2]�[4].
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