ISSN 0012-2661, Differential Equations, 2011, Vol. 47, No. 8, pp. 1130-1138. (© Pleiades Publishing, Ltd., 2011.
Original Russian Text (© R.Z. Dautov, A.I. Mikheeva, 2011, published in Differentsial’nye Uravneniya, 2011, Vol. 47, No. 8, pp. 1119-1126.

NUMERICAL METHODS

Implicit Euler Scheme
for an Abstract Evolution Inequality

R. Z. Dautov and A. I. Mikheeva

Kazan Federal University, Kazan, Russia
Received December 10, 2010

Abstract—For a triple {V, H, V*} of Hilbert spaces, we consider an evolution inclusion of the
form ' (¢) + A(t)u(t) + 0p(t, u(t)) > f(t), u(0) = g, t € (0,T], where A(t) and ¢(¢,-), t € [0,T],
are a family of nonlinear operators from V to V* and a family of convex lower semicontinuous
functionals with common effective domain D(¢) C V. We indicate conditions on the data under
which there exists a unique solution of the problem in the space H'(0,7;V)NWZL(0,T; H) and
the implicit Euler method has first-order accuracy in the energy norm.
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The aim of the present paper is to state conditions guaranteeing the first-order accuracy of the
implicit Euler method in the energy norm for the following problem: find a function u(t) € D(¢)
with u(0) = ug such that the inequality

(W'(t) + A)u(t) — f(t),v = u(t)) + ¢(t,v) — ¢t u(t)) > 0 (1)

holds for each v € D(¢) and for almost all ¢ € (0,7, which is equivalent to the relation u'(¢) +
A(t)u(t) + 0p(t,u(t)) > f(t), where ¢ : V — V* is the subdifferential of ¢. This problem was
earlier considered in [1, 2] for the case in which the functional ¢ does not explicitly depend on t.
(The operators A(t) were assumed in [1] to be linear, and the case of A(t) = 0 was considered
in [2].) We generalize the results of these papers by using the studies in [1]. The energy norm is
defined by the formula

vz = lvlltw©rm) + [0, 07v)-

1. NOTATION AND ASSUMPTIONS

Let V and H be separable Hilbert spaces with dense continuous embeddings V C H = H* C V*,
and let (-,-) be the duality pairing between V* and V. For a given Banach space X, we define the
spaces L,(0,7;X) and W;(O,T;X), p € [1,00], k > 0, and the norms in them in a standard way
(e.g., see [3, Chap. 4]). Set

V =L,(0,T;V), V' = L,(0,T; V"), H'Y(0,T;X) = W,(0,T; X),
D(¢) ={veV: ¢(tv(t) € L(0,T)}.

We impose the following constraints on data of problem (1):
(A;) A(t)0 = 0; the estimates

(At)yu — A(t)v,u —v) > allu — 0|3, a = const > 0,
[A)u — At)ollv- < mo(t)[u—ollv,  [[A )]y <mi@)]|v]lv,
M = [[mollLo0m) + [lmallza.m) < o0

[A'(t) = dA(t)/dt] hold for arbitrary u,v € V and for almost all ¢ € [0,T].
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(A2) The functional v — ¢(t,v) is proper convex and lower semicontinuous on V for each
t € [0,T], and its effective domain

D(p)={veV: ¢(t,v) < oo}

is independent of ¢; 0 € D(¢).

(A3) If x : [0,T] — V* is a subgradient of ¢ at zero, i.e., if ¢(¢t,v) — ¢(t,0) > (x(t),v) for all
v € D(¢), then x € H'(0,T;V*).

(Ay) fOT |de (t, u(t))— s (t, v(t))| dt < o(||ully, ||v]|y)||lu—v||y for all u,v € D(¢), where the function
o is continuous function and nondecreasing with respect to each argument and ¢, (¢, u) = do(t,w)/dt,
u € D(9).

(A5) f € HY(0,T;V*), ug € D(¢), and Co = |Jugl|y + infpenriuo,p) ||v||m < 00, where the set

M(ug, f) ={w € H: (w+ A(0)ug — f(0),v — uo) + #(0,v) — $(0,u) >0 Vv € D(¢)}

is nonempty.

Note that condition (A;) implies the continuity of the function t — A(t) on [0,7] and the pseu-
domonotonicity and coercivity of A(t) for each t € [0,T] (e.g., see [4, p. 190]), and condition (A3)
permits one to assume without loss of generality that

o(t,v) > ¢(t,0) =0 Vv e D(9).

In what follows, we assume that this condition is satisfied. Indeed, otherwise the problem can be
reduced to problem (1) with data f(¢) = f(t) — x(¢) and ¢(¢t,v) = ¢(t,v) — ¢(t,0) — (x(t),v) and
with the same solution w; moreover, one can readily see that conditions (A4,), (A3), and (4s), as
well as condition (A,), remain valid for the new data, because ||x'(t)||v+ € L2(0,T) and

|¢_St(tvu) - gEt(t,’U)| = |¢t(tvu) - qbt(t’U) + <X/(t)7u - U>|
< et w) = du(E,0)] + X (Ollv-llu = vy

The condition Cy < oo in (As) is the matching condition for the data and is necessary for the
problem to be solvable in the space E' = H'(0,T;V)NWZL(0,T; H). Indeed, if u € E', then
u e C(0,T;V), v € C([0,T]; H), and one can consider inequality (1) for ¢ = 0 by continuity.
Then we obtain u/(0) € M (ug, f) and Cy < oc.

2. IMPLICIT EULER SCHEME

Let us fix the grid increment 7 = T'/N and the corresponding partition of the interval [—7,T]
into the elements I,, = [t,,_1,t,), n =0,1,..., N, where t; = j7, j = —1,0,...,N. Set y" =~ u(t,),
;?(noz)A(tn)a fn = f(tn)> ¢n() = ¢(tn7)> yil = Uy, A(t—l) = A(0)7 f(t—l) = f(0)7 and qb(t—l)') =

Let us define an implicit scheme as follows: find y™ € D(¢) such that the inequalities
(" —y" )/ T+ A" = [Po—y") +¢"(v) = ¢"(y") =0 Vv e D(¢) (2)

hold for n =0,1,..., N. Note that, unlike the traditional statement of the implicit Euler scheme,
for n = 0, we solve the following problem to find y° :

(" = uo) /7 + A(0)y" — £(0),v —y°) + ¢(0,v) — ¢(0,5") =0 Vv e D(¢). (3)

This approximation proves useful in connection with condition (4s).

From inequality (2), we successively find y™ (starting from y°). For y" € D(¢) = D(¢), we
obtain the inequality

(By —G,v—y)+o(v) —p(y) 20 VYo e D(p),
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where B = 1/7 4+ A™ is a pseudomonotone coercive operator from V into V*

G:ynfl/,r_l_fn c V*,

and ¢(y) = ¢(t,,y) is a proper convex lower semicontinuous functional on V. It is well known

y) = o(tn,y) i
that there exists a uniquely determined solution of this inequality (e.g., see [4, Th. 8.5, p. 265])
Therefore, the sequence {y"}Y_, is well defined and lies in D(¢).

3. A PRIORI ESTIMATES
The piecewise constant and piecewise linear extensions of a grid function ¢, n = —1,0, ..., N,
will be denoted by ¢, (t) and §,(t), t € [-7,T), respectively; by @ we denote the shift @(t) = u(t—7)
of a function u In addition, let ¢(¢) stand for the T-periodic function equal to (t —¢,_1)/7 on the
interval [t,_1,t,). Then, for all t € (—=7,T), we have

- (t) = (y-(t) = 9= (1)) /7.

= (1= €)@ (t) — y-(1)),

Lemma 1. One has the estimates
I(A = A )vlly- + 7l|ALoly- < 2M 7| 0.1v)

and .
If = frllv- + 7l £V < 2FT,

where F' = || f|m10,7:v+)-

Proof. We have

0/T<(A A,) / A(tn))o(t), w(t)) dt i!(tn/t(/l’(s)v(t),w(t))ds) dt

=2
<3 / ( / (s ds)nv( vl (@)l dt < Mol oz ol

Hence it follows that |[(A — A )v|ly < M7||v|| L (0,rv)- The estimate [[ALv||y« < M||v||L_ 0,7:v)
as well as similar estimates for f, can be proved in a completely similar way.

Lemma 2. Let y° be a solution of problem (3). Then [|y° — uo||3 + a7||y® — wol|3 < Ci7?

Proof. Let w be some element of the set M (uqg, f) [see condition (As)]. We take v = ¢° in the
inequality defining w and v = u, in (3). By adding the resulting inequalities, we obtain

(" —uo) /T —w+ A(0)y" — A(0)uo, y" — uo) < 0.

Let us use the strong monotonicity of A. Then

ly° = woll % + a7lly® = uolly < 7llwllally® — uolla
By minimizing this estimate with

Hence it follows that [[y° — woll3, + a7y’ — woll} < 72||lw||%
respect to w, we obtain the desired assertion.

L At the points of discontinuity, ¢, is assumed to be left continuous; f; and A, are defined in a similar way.
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Lemma 3. Let y be a solution of the scheme (2). Then?

ly-lle < C, -1z < C, l9-le < C, C=c(T,a)(Cy+ F).

Proof. Let us multiply inequality (2) by 7 and set v = 0. By virtue of conditions (A;) and (As3),
we obtain the inequality (y™ —y"~* + 7A"y", y™) < 7(f",y"). We use the strong monotonicity A"
(A™0 = 0), the inequality

2(u —v,u) = |lullf + llu =l = ollF > lullf ol YuveV, (4)
and the e-inequality 2ab < e~ 'a® +eb®, € > 0, a,b € R. As a result, we have
y"[lv < eI

By setting ¢ = o and by summing the resulting inequalities with respect to n from 1 to m < N,
we obtain the estimate

ly™ 15 — ly" 5 + 2ar|ly™ |3 < 27 f| v eyt %

V*

m N
ly™ I3 + a7 > Ny I5 < 1915 +a ' r Y [1f"]

n=1 n=1

since Lemmas 1 and 2 imply that || f,|ly- < 3F and ||3°||lg < |Juollg + Com < (1 4+ T)Co.
Consequently, we have the estimates

7. <C?* C=c(T,a)(Cy+F),

19Nl poco.rin = max |ly™|[x <C, lyrlla0mv) < Cfa

These two estimates imply the first assertion of the lemma. Since

e loorin =, _max Nyl 1513 < 7l + e 1

it is clear that ||g,||z < C. The final estimate in the lemma follows from the inequality |9, ||z <
19-1 + lly-l&-

Lemma 4. Let y be a solution of the scheme (2). Then |||z < C, C = C(T,a,Cy, F, M, 0).

Proof. Let us introduce the notation y;' = (y"*' — y™)/7. Set v = y"*! in inequality (2)

preliminarily divided by 7 and v = y™ in the same inequality at the next time step; by adding the
resulting inequalities, we arrive at the relation

(W —ui ) + (AN = AT ) < o (f - Ayt ) e

where ®" = ((t", y" ) — p(t" 1, y" 1)) — (P(t", y™) — P(¢" T, y™)). We again use the strong mono-
tonicity of A™ and inequality (4) and obtain the relation

i % = e~ e+ 2ar e I < 20 (1f7 v + 1A7y™

By applying the e-inequality with ¢ = « to the right-hand side and by summing the resulting
inequalities with respect to n from 0 to m < N, we obtain

vollyr llv + 22" /7.

N-1 N-1

g I + a7yl < Ny N5 + a7y (NG + ATy HIT-) + 277D @7 = 51 + 55 + 5.

n=0 n=0 n=0

Just as above, it follows from this estimate that

N-—1
max [y |2+ il <eS? c=cla),  S2=S+8+Ss
n=0

0<m<N-1

2 Here and throughout the following, various constants like ¢ and C, possibly with subscripts, are independent of 7.
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1134 DAUTOV, MIKHEEVA
This implies an estimate for the quantity required in the statement of the lemma,
19711 < cS. (5)
Let us estimate the terms occurring in S?. By Lemma 2, we have
Sy =7ly° = uollf < C5. (6)
To estimate S,, we use Lemma 1. Obviously,

T

52=:a-{/(wﬂna*+n4494ﬁw)dt=cf4(wﬁni*+|v£yAﬁM)fza—luﬂ-+ﬂ4wyA&mmgwq>

0

Since |y _ o) < 19015 + 2019l 0.0 |9 Lo 0,731 it follows from Lemmas 2 and 3 that

HyTH%m(QT;V) < C(l + ”Zg./,-”E), C= C(T7 «, CO7F7 M) (7)
Consequently,
Sy < C(1+1971p)- (8)
Finally, let us estimate Ss,
N1 tntt T
&:—%*zj/Wﬁw“w—@mwnw:—%*/wﬁww»—@m@@»ﬁ
n=0 ;. 0

< 277 olly- v 197 1)1y = el = 2o(lly- v 119 1)1197 1 v-
Since the norms ||y, ||y and ||¢,||y are bounded uniformly with respect to 7 by Lemma 3, we have
S3 SC”@;—HE7 C:C(TaaacmFaQ)'

By summing this estimate with (6) and (8), we obtain the estimate S* < C(1 + ||¢.| /). By using
it in (5), we obtain the assertion of the lemma.

Lemma 5. The inequality
(9 + AO)fr — fov—19) + o(t,v) — (L, §7) = —R-(t,v) (9)

holds for all t € [0,T] and v € D(¢); moreover, if v € D(¢p), then there exists a constant C
depending on ||v||y, such that

T
/RT(t,v(t)) dt < C(m* + 7|9, — v|lv).
0

Proof. Let 0 = o(t), t € [-7,T), be the piecewise constant extension of the grid function ¢,,
o(t) =tn, t € [tp_1,tn), n =0,1,..., N. By writing out the grid inequality (2) in the index-free
form, for all ¢t € (—7,T'), we have

(07 + A-Oyr = fro0 = yr) + 00 (), 0) — @(o(t),y,) 20 Vv e D(¢). (10)

Since 9, 9,, and y, are related by the identities

g-(t) = (L = £(1)g-(t) + L(D)y-(t),  §-(t) —y-(t) = (1 = £(@)) (- () — y- (1)),
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it follows from the convexity of ¢ and inequality (10) that (L = (A9, — A y., . — v))

(0, + AYr — fr 0 —v) + (0, 97) — (0, v)

(U + Aryr = fr,9r —v) + @0, (1 = O)Fr + Ly.) — d(o,v) + L

(U + Aryr = froyr —0) + (U + Aryr — fr, 00 — Yr)

+ (1= 0)d(0,9-) +£p(0,y-) — ¢p(o,v) + L

<A =04, + Aryr — fr G — yr) + (0, 5-) — (0, y,)] + L. (11)

By multiplying relation (10) for ¢t — 7 by (1 — ¢) and by setting v = y, we obtain the inequality

(1 - 6)[< (t - T) + A'ryT fﬂyr - g7'> + ¢(&,y7—) - ¢(67gr)] > 0.

By adding this quantity to the right-hand side in (11) and by making simple transformations,
we obtain the desired inequality (9) with

R.(t,v) =1y +ro+rs+ry+7rs+ L,

where
= (1=0)(g, — ”T( = 7),8r = Yr),
T =( Ofr = fr + Avyr — A, G — 2),
r3 = (1= 0)(¢(5,y-) — ¢(0,y-) — ¢(5,9-) + &(0,9-)),
ry = ¢(o(t), §-) — <l>(t,237) —@(o(t),v) + ot v),  rs=(f—fr,v—19n).

Let us estimate the integral of each term in R, (¢,v). Note that the identity

T . T
/(1_€)grdt:§/grdt
0 0
holds for any piecewise constant function g¢,. Since y.(t) = (y.(t) — y.(t))/7, it follows from
inequality (4) and Lemma 2 that
T T T
Y] T ~/ IS
[rat=r [a=0e-n-giya = [ -0 - i)
0 0 0

2

/ (14— )1 — N o)) de < 7 /Hy—u H

By taking into account the strong monotonicity of A., the estimate (8) for the quantity S,, and
Lemma 4, we obtain the estimate

1
dt § 50027'2.

T

T
/ngt:T/(l—€)<fT — Ay, — Ay, gl dt
0

T

= _/ f A'ry‘l'7y7'> dt — 5 /(/LyT - Argﬂy'r - g'r> dt

0

< (Ilf e+ 1ALyl [9 1y < er®.

v+)
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1136 DAUTOV, MIKHEEVA

The following estimates are similar to the estimate of S3 in the proof of Lemma 4 :

0/Tr3dt: O/ng)qbtﬁyf — (&, 5,)) dE dt = Ztn/ltn/@g% b)) de de

-3 / 8u(E9) = 3uE 5 € < erly = el = er?llgilly < er?,
0

T T o(t)
[ridt=[ [ (@i - ango et < ctwyrli. ol
0 0t
where ¢(v) is bounded on D(¢). From Lemma 1, we have

T

/mdténf—ffl

0

v+ ||V — :’:/THV < CTHQT - UHV'

Finally, by taking into account Lemma 1 and inequality (7), we obtain the estimate
T T T

/ Lt < / 145, — Ay llv- g, — ollv dt < / (143, — Ay llv- + (A — Ay, lv-)llgs — vlly de

0 0 0
< (MGl + M7l|y-ll o0z 157 = vllv < e7l|gr =]y,

because §, —y, = 7(¢ — 1)7.. By summing this estimate with the estimates for the integrals of the
remaining terms in R, (¢,v), we arrive at the definitive conclusion of the lemma.

4. EXISTENCE OF A SOLUTION. ERROR ESTIMATE

Lemma 6. Let . and 4, be the solutions of the scheme (2) with time increments T and
k = T/M, respectively. Then ||§; — Uillz < c(r + k), where ¢ is a constant independent of T
and k.

Proof. By Lemma 5, the inequality
<:l:/;€ + Agk - f7 U= :l:/k> + ¢(t7 U) - Qb(t, gk) 2 _Rk(tv U) (12)
holds for t € [0,T] and v € D(¢); moreover, if v € D(¢), then fOT Ri(t,v(t)) dt < C(E*+Ek||gx—vllv),
C=C(|vllv)-
By setting v = ¢, in inequality (9) and v = ¢, in (12) and by adding the resulting inequalities,
we obtain (y;, — 9. + Agx — Ar, Ux — Ur) < Ri(t,9,) + R, (t,9y). Hence we have the inequality
d, . A . .
E ”yk - yr”ﬁi + 2a”yk - yTH%/ < 2(Rk(tay7') + Rr(tayk))'

We integrate this inequality with respect to t € (0,s), s < T, set s =T on the right-hand side, use
the estimates for the integrals of R, and R,, and take into account the relation

19%(0) = §-(0)[|zr < [197(0) — wollzz + [19(0) — wol[r < ek + 7).
As a result, we obtain the inequality

1@ — 97 ()1 + 2a/ 195 = G215 dt < [15(0) = g-(0)I3; + e(7* + &%) + e(r + k) g — §- Iy

(T +k)? + o+ k)gk — 9-l|v-

This implies the assertion of the lemma.
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Theorem 1. The following assertions hold.

(a) There exists a unique solution u of problem (1). It satisfies the inclusion v € H*(0,T;V) N
WZL(0,T;H).

(b) Let u and u be the solutions of problem (1) with input data {uo, f} and {o, f}, respectively;
then ||u —ullp < c([|to — uollu + [[f = fllv+)-

(¢) If 4, is the piecewise linear extension of the solution of the implicit scheme (2), then
[w = Grlle < c7.

Proof. We start the proof from assertion (b). Set v = u(t) and v = wu(t) in inequality (1)
defining u and u, respectively. By adding the resulting inequalities, we obtain

(@ —u),a—u) + (At — Au,a —u) < (f — f,a—u) <||f — fllv-lla —uly.

This implies the estimate
d, _ 2 _ 2 —1| F 2
Slle—ully +alla —uly < a™|If = fllv-,

whence, in turn, we obtain the stability estimate in assertion (b); note that it guarantees the
uniqueness of the solution.

To prove assertion (a), we arbitrarily fix v € D(¢). By integrating inequality (9), we obtain the
relation

T

/(@i + A — fro— i)+ 6(t,v) = 6(t,§-))dt e, >0, e <e(r? +7[g —vllv).  (13)
0

From the a priori estimates, we have

moreover, |9, ||z + ||7.||lz < C uniformly with respect to 7. It follows from Lemma 6 that the
sequence {gy,, 7 = T/N, N = 1,2,...} is a Cauchy sequence in E. Therefore, it strongly con-
verges to some element v € E; in a standard way, one can show that gy’ weakly converges to u’
in Ly(0,T;V), and |ju|lg + ||[v/||lz < C. By virtue of the lower semicontinuity of the functional
v — @(t,v), t € [0,T], we have

o(t,u) < liminfp(t, J.);

T—0

i.e., u € D(¢). Therefore, by taking into account the continuity of the operators A(t), t € 0,77,
and by passing to the limit in (13), we obtain the inequality

T

/ (0 (8) + AD)ult) — (), 0(t) = u()) + ot v(t)) — (¢, u(t))) dt > 0.

0
This implies inequality (1), because v is arbitrary. Since the estimate
19-(0) = uollar < Cor

holds by Lemma 2, it follows that «(0) = u, and w is a solution of problem (1).
To prove assertion (c), it suffices to pass to the limit as £ — 0 in the estimate in Lemma 6.
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