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2-semester course “Medical Physics" contains:
• 18 Lectures (9 in I semester and 9 in II semester)
• Practicum in the Mechanics Laboratory (I semester)
• Practicum in the Molecular Physics Laboratory (I 

semester)
• Practicum in the Electricity Laboratory (II semester)
• Practicum in the Optics Laboratory (II semester)
• Essay (I semester)
• Final test (II semester)
• Exam

How it will be marked:
The Maximum Score: 100 points
• Practicum in the Laboratory (50 points)
• Essay (30 points)
• Final Exam (20 points)

Total points Final Grade
0-54 failing grade

55-70 3 (fair grade)
71-85 4 (good grade)

86-100 5 (excellent grade)
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Lecture 1. Electrostatics

Discrete Charge and the Electrostatic Field

In nature we can readily observe electromagnetic forces.
Electromagnetic forces bind electrons to atomic nuclei, bond atoms together to form molecules,
mediate the interactions between molecules that allow them to change and organize and,
eventually, live.
The energy that is used to support life processes is electromagnetic energy.

The directed observation and study of electricity is quite ancient.
It was studied, and written about, at least 3000 years ago, and
artifacts that may have been primitive electrical batteries have
been discovered in the Middle East that date back to perhaps 250
BCE.

One of the first recorded observations of electrical force was the
static electrical force created between amber, charged by rubbing
it with wool, and small bits of wool or hair.

However, it took until the Enlightenment (roughly 1600) and the invention of physics and
calculus for the scientific method to develop to where systematic studies of the
phenomenon could occur, and it wasn’t until the middle 1700s that the correct model for
electrical charge was proposed



Discrete Charge and the Electrostatic Field

Charge is the fundamental quantity that permits objects to “couple” – affect one another – via the
electromagnetic interaction.

Experimentally, objects can carry a (net) charge q when “electrified” various ways (for example by
rubbing materials together).

Charge comes in two flavors, + and -, but most matter is approximately charge-neutral most of
the time. Consequently, as Benjamin Franklin observed, most charged objects end up that way by
adding or taking away charge from this neutral base.

Like charges exert a long range (action at a distance) repulsive force on one another. Unlike
charges attract.

The force varies with the inverse square of the distance between the charges and acts along a
line connecting them.

The “elementary” charge (associated with these elementary particles that are the building blocks
of all matter) has experimentally turned out to be discrete and essentially indivisible. Indeed, we
characterize elementary particles by a unique signature consisting of their (rest) mass, their
charge, and other measurable properties.

The SI unit of charge is called the Coulomb (C).
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Discrete Charge and the Electrostatic Field

Nearly all matter is made up of atoms and hence nothing but protons, neutrons, and electrons.

Nearly all the mobile charge in solid matter is made up of electrons. In semiconductors the mobile
charge can also be electron “holes” – de facto positive charge carriers consisting of regions of
electron deficit that move against an otherwise stationary electronic background.

Franklin, unfortunately, thought that the flavor of mobile charge in ordinary conductors was
positive. In fact, as noted, it is negative – associated with moving electrons.

By choosing some volume ΔV small enough that we can treat it like a volume differential but
large enough that it contains a lot of charge, we can define a charge density.

Similarly, we can associate charge densities with two dimensional sheets of matter (for example,
a charged piece of paper or metal plate) or one dimensional lines of matter (for example, a wire
or piece of fishing line). We summarize this (and define the symbols most often used to represent
charge) as:

𝜌𝜌 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝜎𝜎 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝜆𝜆 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
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Insulators.

The charge in the atoms and molecules from which an insulating material is built tends to not be
mobile – electrons tend to stick to their associated molecules tightly enough that ordinary
electric fields cannot remove them. Surplus charge placed on an insulator tends to remain where
you put it. Vacuum is an insulator, as is air, although neither is a perfect insulator.

Conductors.

For many materials, notably metals but also ionic solutions, at least one electron per atom or
molecules is only weakly bound to its parent and can easily be pushed from one molecule to the
next by small electric fields. We say that these conduction electrons are free to move in response
to applied field and that the material conducts electricity.

Semiconductors.

These are materials that can be shifted between being a conductor or an insulator depending on
the potential difference at the interfaces between different “kinds” of semiconducting materials.

Discrete Charge and the Electrostatic Field
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Coulomb’s Law

If one charges various objects (for example, two conducting balls suspended from an insulating
string so that they are near to one another but not touching) and measures the deflection of the
string when the balls are in force equilibrium, one can verify that:

• The force between the charges is proportional to each charge separately. The force is bilinear
in the charge.

• The force acts along the line connecting the two charges.

• The force is repulsive if the charges have the same sign, attractive if they have different signs.

• The force is inversely proportional to the square of the distance between them.

These four experimental observations are summarized as Coulomb’s Law.

Lecture 1. Electrostatics



We can formulate them algebraically. We therefore write the force acting on charge 1 due to
charge 2 as:

�⃗�𝐹12 = 𝑘𝑘𝑒𝑒𝑑𝑑1𝑑𝑑2
(𝑟𝑟1 − 𝑟𝑟2)
𝑟𝑟1 − 𝑟𝑟2 3

Note that it acts on a line from charge 2 to charge 1, is proportional to both charges, is inversely
proportional to the distance that separates them squared, and is repulsive if both charges have
the same sign.

The constant:

𝑘𝑘𝑒𝑒 =
1

4𝜋𝜋𝜖𝜖0
= 9 × 109

𝑁𝑁 − 𝑚𝑚2

𝐶𝐶2

effectively defines the “size” of the unit of charge in terms of the already known SI units of force
and length, and obviously will vary if we change to a different set of units

Coulomb’s Law

We note that Coulomb’s law describes action at a distance. We’d like
there to be a cause for the observed force that is present where the
force is exerted, and lacking anything better to do we’ll invent the
cause and call it the electrostatic field just as we similarly defined the
gravitational field.
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Electrostatic Field
The electrostatic field is the supposed cause of the electrostatic force between two charged objects.

Each charged object produces a field that emanates from the charge and is the cause of the force the other
charge experiences at any given point in space. This field is supposed to be present everywhere in space
whether or not we measure it.

The fundamental definition of electrostatic field produced by a charge q at position 𝑟𝑟 is that it is the
electrostatic force per unit charge on a small test charge q0 placed at each point in space 𝑟𝑟0 in the limit that
the test charge vanishes:

𝐸𝐸 = lim
𝑞𝑞0→0

𝐹𝐹
𝑑𝑑0

or

𝐸𝐸 𝑟𝑟0 = 𝑘𝑘𝑑𝑑
(𝑟𝑟0 − 𝑟𝑟)
𝑟𝑟0 − 𝑟𝑟 3

If we locate the charge q at the origin and relabel 𝑟𝑟0 →𝑟𝑟, we obtain the following simple expression for the
electrostatic field of a point charge:

𝐸𝐸 𝑟𝑟 =
𝑘𝑘𝑑𝑑
𝑟𝑟2
�̂�𝑟
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Electrostatic Field

In general, we’ll work the other way around. First we’ll be given a distribution of charges, from
which we must determine the field. With the field known, we can then evaluate the force these
charges will exert on another (e.g. test) charge placed placed on the field by means of the
following rule:

�⃗�𝐹 = 𝑑𝑑𝐸𝐸

We need a way of finding the total field produced by many charges, not just one. Furthermore,
that way needs to work for charges counted “one at a time” (when there are only a few and they
are enumerable) and it also needs to be useful in the limit of so many charges that a coarse-
grained average yields an approximately continuous charge distribution in bulk matter.

Fortunately for all concerned, the fields of many charges simply add right up! This too is a
principle of nature (and is related to the linearity of the underlying equations that are the laws of
nature). We call it the Superposition Principle.
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Electrostatic Field

Given a collection of charges located at various points in space, the total electric field at a point is
the sum of the electric fields of the individual charges:

𝐸𝐸 𝑟𝑟 = �
𝑖𝑖

𝑘𝑘𝑑𝑑𝑖𝑖(𝑟𝑟 − 𝑟𝑟𝑖𝑖)
𝑟𝑟 − 𝑟𝑟𝑖𝑖 3

Charge, while discrete, comes in very tiny packages of magnitude e such that matter contains
order of 1027 charges per kilogram, with roughly equal amounts of positive and negative charge
so that most matter is approximately electrically neutral most of the time. When we consider
macroscopic objects – ones composed of these enormous numbers of atoms and charges – it
therefore makes sense to treat the distribution and motion of charge as if it is continuously
distributed.

Geometry needed to evaluate the field of many charges.
Only the field of the third charge 𝐸𝐸3 is shown explicitly.
Note well the magnitude and direction of the vector 𝑟𝑟 − 𝑟𝑟3
– head at 𝑟𝑟, tail at 𝑟𝑟3. This is a vector from the position of
the charge q3 to the point of observation P at 𝑟𝑟.
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Electrostatic Field

In order to find the electrostatic field produced by a charge density distribution, we use the
superposition principle in integral form.

The geometry needed to evaluate the field of a
general continuous charge distribution. Note well the
similarity to the geometry for a collection of charges,
except that the many “point charges” are all chunks of
differential volume with charge dq and the “sum” is
now an integral.

𝑑𝑑𝐸𝐸 𝑟𝑟 =
𝑘𝑘𝑒𝑒𝑑𝑑𝑑𝑑(𝑟𝑟 − 𝑟𝑟0)

𝑟𝑟 − 𝑟𝑟0 3

We then use one of the definitions of charge density
to convert dq into e.g. 𝑑𝑑𝑑𝑑 = 𝜌𝜌 𝑑𝑑𝑑𝑑0 = 𝜌𝜌 𝑟𝑟0 𝑑𝑑3𝑟𝑟0:

𝑑𝑑𝐸𝐸 𝑟𝑟 =
𝑘𝑘𝑒𝑒𝜌𝜌 𝑟𝑟0 𝑟𝑟 − 𝑟𝑟0 𝑑𝑑3𝑟𝑟0

𝑟𝑟 − 𝑟𝑟0 3

Finally, we integrate both sides of this equation over the entire volume V where ρ 𝑟𝑟0 is
supported.
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Electrostatic Field

The resulting integral form is:

𝐸𝐸 𝑟𝑟 = 𝑘𝑘𝑒𝑒 ∫𝑉𝑉
𝜌𝜌 𝑟𝑟0 𝑟𝑟−𝑟𝑟0 𝑑𝑑𝑉𝑉0

𝑟𝑟−𝑟𝑟0 3 for a 3-dimensional (volume) charge distribution,

𝐸𝐸 𝑟𝑟 = 𝑘𝑘𝑒𝑒 ∫𝑆𝑆
𝜎𝜎 𝑟𝑟0 𝑟𝑟−𝑟𝑟0 𝑑𝑑𝑆𝑆0

𝑟𝑟−𝑟𝑟0 3 for a surface charge distribution on a surface S, and

𝐸𝐸 𝑟𝑟 = 𝑘𝑘𝑒𝑒 ∫𝐿𝐿
𝜆𝜆 𝑟𝑟0 𝑟𝑟−𝑟𝑟0 𝑑𝑑𝐿𝐿0

𝑟𝑟−𝑟𝑟0 3 for a linear charge distribution on a particular line L.
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Example: Field of Two Point Charges

Two charges ±q on the y-axis produce a field that is easy to evaluate at points on the x
and y-axis (and not terribly difficult to approximately evaluate at all points in space that
are “far” from the origin relative to a). This arrangement of charges is called an electric
dipole.

Suppose two point charges of magnitude −q and +q are located on the y-axis at y = −a
and y = +a, respectively. Find the electric field at an arbitrary point on the x and y axis.

The y-axis is quite simple. The field due to the positive charge points directly away from
it, hence in the positive y direction at a point y > a and is equal to:

𝐸𝐸+ 0,𝑦𝑦 =
𝑘𝑘𝑒𝑒𝑑𝑑
𝑦𝑦 − 𝑎𝑎 2 �𝑦𝑦

The field of the negative charge points towards it and is equal to:

𝐸𝐸− 0,𝑦𝑦 = −
𝑘𝑘𝑒𝑒𝑑𝑑
𝑦𝑦 + 𝑎𝑎 2 �𝑦𝑦

Hence the total field on the y axis is just:

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 0,𝑦𝑦 = 𝑘𝑘𝑒𝑒𝑑𝑑
1

𝑦𝑦 − 𝑎𝑎 2 −
1

𝑦𝑦 + 𝑎𝑎 2 �𝑦𝑦
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Example: Field of Two Point Charges

The field on the x-axis is a tiny bit more difficult. Here the field produced by
each charge has both components. To find the vector field, we must first find
the magnitude of the field, then use the geometry of the picture to find its x
and y components.

Note that the distance from the charge to the point of observation drawn
above is r = (x2+a2)1/2. Then the magnitude of the electric field vector of either
charge is just:

𝐸𝐸(𝑑𝑑, 0) =
𝑘𝑘𝑒𝑒𝑑𝑑

(𝑑𝑑2 + 𝑎𝑎2)

Look at the right triangle formed by x, a and r. By definition:

cos𝜃𝜃 =
𝑑𝑑
𝑟𝑟

=
𝑑𝑑

𝑑𝑑2 + 𝑎𝑎2 1/2

sin𝜃𝜃 =
𝑎𝑎
𝑟𝑟

=
𝑎𝑎

𝑑𝑑2 + 𝑎𝑎2 1/2
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Example: Field of Two Point Charges

Now we can find the components:

𝐸𝐸𝑥𝑥 = 𝐸𝐸 cos𝜃𝜃 =
𝑘𝑘𝑒𝑒𝑑𝑑

(𝑑𝑑2 + 𝑎𝑎2)
�

𝑑𝑑

𝑑𝑑2 + 𝑎𝑎2
1
2

=
𝑘𝑘𝑒𝑒𝑑𝑑𝑑𝑑

𝑑𝑑2 + 𝑎𝑎2
3
2

and

𝐸𝐸𝑦𝑦 = − 𝐸𝐸 sin 𝜃𝜃 = −
𝑘𝑘𝑒𝑒𝑑𝑑

𝑑𝑑2 + 𝑎𝑎2
�

𝑎𝑎

𝑑𝑑2 + 𝑎𝑎2
1
2

= −
𝑘𝑘𝑒𝑒𝑑𝑑𝑎𝑎

𝑑𝑑2 + 𝑎𝑎2
3
2

This is for a single charge (+q). The other charge has components that are the same magnitude but its Ex
obviously cancels while its Ey obviously adds. The total field is thus:

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 𝑑𝑑, 0 = −
𝑘𝑘𝑒𝑒𝑑𝑑𝑎𝑎

𝑑𝑑2 + 𝑎𝑎2 3/2 �𝑦𝑦

In terms of the electric dipole moment for this arrangement of charges:
�⃗�𝑝 = 2𝑑𝑑𝑎𝑎 �𝑦𝑦

the field can be expressed as:

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 𝑑𝑑, 0 = −
𝑘𝑘𝑒𝑒 �⃗�𝑝

𝑑𝑑2 + 𝑎𝑎2 3/2 �𝑦𝑦

It is worthwhile to look at the general shape of the dipole field. In many cases, the physical dimensions of the
dipole (2a in this case) will be small compared to x, the distance of the point of observation to the dipole. In
this limit, the field or potential produced is that of an ideal dipole, or a point dipole.
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Example: Field of Two Point Charges

The electric field of a classic electric dipole in the vicinity
of the charges. Bear in mind that this figure is a plane
cross-section of a three-dimensional, cylindrically
symmetric field! The dashed lines are the projections into
the plane of the equipotential surfaces of this arrangment
of charges.
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The Field of Continuous Charge Distributions
In natural matter, charges are very, very small compared to the length scales we can directly
perceive. If we want to evaluate the electric field produced by a macroscopic piece of matter,
we’re going to have to do something other than just sum over the 𝐸𝐸𝑖𝑖 fields produced by all of
these charges. Let’s define the average charge density of the object:

𝜌𝜌 =
∆𝑄𝑄
∆𝑑𝑑

We can then compute the field using the superposition
principle at the point P (position 𝑟𝑟) as:

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 𝑟𝑟 = �
𝑖𝑖

𝑘𝑘∆𝑄𝑄𝑖𝑖
𝑟𝑟 − 𝑟𝑟𝑖𝑖 2

�𝑟𝑟 − 𝑟𝑟𝑖𝑖

As there are too many chunks in the blob for us to sum
over. So we pretend that the charge is continuously
distributed according to:

𝜌𝜌 = lim
∆𝑉𝑉→0

∆𝑄𝑄
∆𝑑𝑑

=
𝑑𝑑𝑄𝑄
𝑑𝑑𝑑𝑑

and turn the summation into an integral:

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 𝑟𝑟 = �
𝑖𝑖

𝑘𝑘∆𝑄𝑄𝑖𝑖
𝑟𝑟 − 𝑟𝑟𝑖𝑖 2

�𝑟𝑟 − 𝑟𝑟𝑖𝑖 = �
𝑉𝑉

𝑘𝑘𝑑𝑑 𝑟𝑟′ 𝑑𝑑𝑑𝑑′
𝑟𝑟 − 𝑟𝑟′ 2

�𝑟𝑟 − 𝑟𝑟′
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The Field of Continuous Charge Distributions

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 𝑟𝑟 = �
𝑖𝑖

𝑘𝑘∆𝑄𝑄𝑖𝑖
𝑟𝑟 − 𝑟𝑟𝑖𝑖 2

�𝑟𝑟 − 𝑟𝑟𝑖𝑖 = �
𝑉𝑉

𝑘𝑘𝑑𝑑 𝑟𝑟′ 𝑑𝑑𝑑𝑑′
𝑟𝑟 − 𝑟𝑟′ 2

�𝑟𝑟 − 𝑟𝑟′

where we’ve used dQ = ρdV
Just as we found the electric field by using the field of a single point charge in its simplest form
and then
putting it into suitable coordinates, we’ll find it the exact same way, but the point charge in
question will be dq and not q. That is:

𝐸𝐸 =
𝑘𝑘𝑑𝑑
𝑟𝑟2
�̂�𝑟⇔𝑑𝑑𝐸𝐸 =

𝑘𝑘𝑑𝑑𝑑𝑑
𝑟𝑟2

�̂�𝑟

We also define all of the charge densities we might need to handle these cases as:

𝜌𝜌 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

⇔𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑑𝑑𝑑𝑑

𝜎𝜎 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

⇔𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑑𝑑𝑑𝑑

𝜆𝜆 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑙𝑙
⇔𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑑𝑑𝑙𝑙

the charge per unit volume, per unit area, and per unit length respectively.
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The Field of Continuous Charge Distributions

There are thus three steps associated with solving an actual problem:

a) Draw a picture, add a suitable coordinate system, identify the right differential chunk (one you
can integrate over) and draw in the vectors needed to express 𝑑𝑑𝐸𝐸 as given above.

b) Put down an expression for 𝑑𝑑𝐸𝐸 (or rather, usually |𝑑𝑑𝐸𝐸|) in terms of the coordinates, and find its
vector components in terms of those same coordinates, using symmetry to eliminate unnecessary
work.

c) Do the integral(s), find the field 𝐸𝐸 at the desired point.
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Gauss’s Law for the Electrostatic Field

Let’s considering the flux of the electrostatic vector field through a small rectangular patch of
surface ΔS. To compute this, we first must understand what the flux of an arbitrary vector field �⃗�𝐹
through a surface S is. Mathematically, the flux of a vector field through some surface is defined
to be:

𝜙𝜙 = �
Δ𝑆𝑆
�⃗�𝐹 � �𝑛𝑛𝑑𝑑𝑑𝑑

Note that the word flux means flow, and this integral measures the flow of the field through the
surface. It’s mathematical purpose is to detect the conservation of flow in the vector field.

Lecture 1. Electrostatics



Gauss’s Law for the Electrostatic Field

Consider figure, where we show electric field lines
flowing through a small S = ab at right angles to the
field lines (so that a unit vector �𝑛𝑛 normal to the surface
is parallel to the electric field). ΔS is small enough that
the continuous field is approximately uniform across it

Since the field is uniform and at right angles to the
field, the flux through just this little chunk is easy to
evaluate. It is just:

∆𝜙𝜙𝑒𝑒 = 𝐸𝐸 Δ𝑑𝑑 = 𝐸𝐸 𝑎𝑎𝑎𝑎

Gauss’s Law for the Electric Field:

�
𝑆𝑆/𝑉𝑉

𝐸𝐸 � �𝑛𝑛𝑑𝑑𝑑𝑑 = 4𝜋𝜋𝑘𝑘𝑒𝑒 �
𝑉𝑉
𝜌𝜌𝑑𝑑𝑑𝑑 =

𝑄𝑄𝑖𝑖𝑖𝑖𝑑𝑑
𝜖𝜖0

or in words, the flux of the electric field through a
closed surface S equals the total charge inside S
divided by 𝜖𝜖0, the permittivity of the electric field.
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Using Gauss’s Law to Evaluate the Electric Field

a) Draw a closed Gaussian Surface that has the symmetry of the charge distribution. The
various pieces that make up the closed surface should either be perpendicular to the field
(which should also be constant on those pieces) or parallel to the field (which may then vary
but which produces no flux through the surface).

b) Evaluate the flux through this surface. The flux integral will have exactly the same form for
every problem with each given symmetry, so we will do this once and for all for each surface
type and be done with it!

c) Compute the total charge inside this surface. This is the only part of the solution that is
“work”, or that might be different from problem to problem. Sometimes it will be easy, adding
it up on fingers and toes. Sometimes it will be fairly easy, multiplying a constant charge per
unit volume times a volume to obtain the charge, say. At worst it will be a problem in
integration if the associated density of charge is a function of position.

d) Set the (once and for all) flux integral equal to the (computed per problem) charge inside
the surface and solve for |𝐸𝐸 |.
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Gauss’s Law and Conductors

Properties of Conductors

A conductor is a material that contains many “free”
charges that are bound to the material so that they
cannot easily jump from the conductor into a
surrounding insulating material (where a vacuum is
considered an insulator for the time being, as is air)
but free to move within the material itself if any e.g.
electrical field exerts a force on them.

An arbitrary chunk of conducting material in
electrostatic equilibrium can have no field inside, or
else it wouldn’t be in equilibrium. It can have no field
tangent to its surface, or it wouldn’t be in
equilibrium. From these facts we can deduce several
useful things about conductors in electrostatic
equilibrium using Gauss’s Law
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Summary

• The electrical charge is a a physical quantity that characterizes the properties
of the particles or bodies to engage in the electromagnetic force interactions.

• Objects can carry a (net) charge q when “electrified” various ways. This charge
comes in two flavors, + and -.

• Like charges exert a long range (action at a distance) repulsive force on one
another. Unlike charges attract. The SI unit of charge is called the Coulomb (C).

• Charge Conservation: Net charge is a conserved quantity in nature.

q1 + q2 + q3 + ... +qn = const

• From a modern point of view, the charge carriers are elementary particles. All
objects are composed of atoms, which contain positively charged protons,
negatively charged electrons and neutral particles - neutrons. Protons and
neutrons are part of the atomic nuclei, electrons form the electron shell of
atoms.

• The electric charges of the proton and electron in absolute value are exactly
the same and equal to the elementary charge e.

e = 1,602177·10–19 C ≈ 1,6·10–19 C
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Summary

• Coulomb’s Law:

From performing many careful experiments directly measuring the forces between static charges
and from the consistent observations of many other things such as the electric structure of atoms,
the conductivity of metals, the motion of charged particles, and much, much more, we infer that for
any two stationary charges, the experimentally verified electrostatic force acting on charge 1 due to
charge 2 is:

�⃗�𝐹12 = 𝑘𝑘𝑒𝑒
𝑑𝑑1 𝑑𝑑2
𝑟𝑟2

Note that it acts on a line from charge 2 to charge 1, is proportional to both charges, is inversely
proportional to the distance that separates them squared, and is repulsive if both charges have the
same sign.

The constant:

𝑘𝑘𝑒𝑒 =
1

4𝜋𝜋𝜖𝜖0
= 9 × 109

𝑁𝑁 − 𝑚𝑚2

𝐶𝐶2

effectively defines the “size” of the unit of charge in terms of the already known SI units of force and
length, and obviously will vary if we change to a different set of units
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• Electrostatic Field

The fundamental definition of electrostatic field produced by a charge q at position 𝑟𝑟 is that it is the
electrostatic force per unit charge on a small test charge q0 placed at each point in space 𝑟𝑟0 in the
limit that the test charge vanishes:

𝐸𝐸 =
�⃗�𝐹
𝑑𝑑

𝐸𝐸 =
1

4𝜋𝜋𝜀𝜀0
�
𝑄𝑄
𝑟𝑟2

• Superposition Principle

Given a collection of charges located at various points in space, the total electric field at a point is
the sum of the electric fields of the individual charges:

𝐸𝐸 = 𝐸𝐸1 + 𝐸𝐸2 + 𝐸𝐸3 + ⋯

Summary

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elefie.html#c1
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The electric flux through an area is defined as the electric field multiplied by the area of the surface
projected in a plane perpendicular to the field. Electric flux is proportional to the number of electric
field lines going through a normally perpendicular surface. If the electric field is uniform, the
electric flux passing through a surface of vector area S is

Gauss's law

∆𝜙𝜙 = 𝐸𝐸 Δ𝑑𝑑 cos𝜃𝜃 = 𝐸𝐸𝑖𝑖 Δ𝑑𝑑

Gauss's law:

The total of the electric flux out of a closed surface is equal to
the charge enclosed divided by the permittivity.

𝜙𝜙 =
1
𝜀𝜀0
�𝑑𝑑𝑖𝑖

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/gaulaw.html

Lecture 1. Electrostatics



Potential energy can be defined as the capacity for doing work which arises from position or configuration. In the
electrical case, a charge will exert a force on any other charge and potential energy arises from any collection of
charges. For example, if a positive charge Q is fixed at some point in space, any other positive charge which is
brought close to it will experience a repulsive force and will therefore have potential energy. The potential energy
of a test charge q in the vicinity of this source charge will be:

𝑈𝑈 =
𝑘𝑘𝑄𝑄𝑑𝑑
𝑟𝑟

where k is Coulomb's constant.

In electricity, it is usually more convenient to use the electric potential energy per unit charge, just called electric
potential or voltage.

Voltage is electric potential energy per unit charge, measured in joules per coulomb ( = volts). It is often referred
to as "electric potential", which then must be distinguished from electric potential energy by noting that the
"potential" is a "per-unit-charge" quantity. Like mechanical potential energy, the zero of potential can be chosen at
any point, so the difference in voltage is the quantity which is physically meaningful. The difference in voltage
measured when moving from point A to point B is equal to the work which would have to be done, per unit
charge, against the electric field to move the charge from A to B. When a voltage is generated, it is sometimes
called an "electromotive force" or emf.

Electric Potential Energy

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elewor.html
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The general expression for the electric potential as a result of a point charge Q can be obtained by
referencing to a zero of potential at infinity. The expression for the potential difference is:

𝑑𝑑𝑎𝑎 − 𝑑𝑑𝑏𝑏 = 𝑘𝑘𝑄𝑄
1
𝑟𝑟𝑎𝑎
−

1
𝑟𝑟𝑏𝑏

Taking the limit as rb→∞ gives simply

𝑑𝑑 =
𝑘𝑘𝑄𝑄
𝑟𝑟

=
𝑄𝑄

4𝜋𝜋𝜀𝜀0𝑟𝑟

for any arbitrary value of r.

The choice of potential equal to zero at infinity is an arbitrary one, but is logical in this case because
the electric field and force approach zero there. The electric potential energy for a charge q at r is
then

𝑈𝑈 =
𝑘𝑘𝑄𝑄𝑑𝑑
𝑟𝑟

where k is Coulomb's constant.

Potential Reference at Infinity

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elewor.html
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The case of a constant electric field, as between charged parallel plate conductors, is a good
example of the relationship between work and voltage.

Work and Voltage: Constant Electric Field

The electric field is by definition the force per unit charge, so that
multiplying the field times the plate separation gives the work per
unit charge, which is by definition the change in voltage.

𝐸𝐸𝑑𝑑 = 𝐹𝐹𝑑𝑑
𝑞𝑞

= 𝑊𝑊
𝑞𝑞

= Δ𝑑𝑑 (for constant electric field)

Units: N
C

m = Nm
C

= Joule
C

= Volts

This association is the reminder of many often-used relationships:

𝐸𝐸 = 𝐹𝐹
𝑞𝑞
, 𝑊𝑊 = 𝑑𝑑Δ𝑑𝑑, 𝐸𝐸 = 𝑉𝑉

𝑑𝑑
, 𝑑𝑑 = 𝐸𝐸𝑑𝑑

When you move a test charge q in an electric field of electrical
forces perform work:

Δ𝑑𝑑 = 𝐹𝐹 � ∆𝑙𝑙 � cos𝛼𝛼 = 𝐸𝐸𝑑𝑑∆𝑙𝑙 cos𝛼𝛼 = 𝐸𝐸1𝑑𝑑∆𝑙𝑙

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elewor.html
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The work of electrostatic forces for moving the charge from one point to the other is independent
of the shape of the trajectory, and is determined only by the position of the start and end points and
charge quantity.

The work of electrostatic forces for moving the charge for any closed path is zero.

The work of Coulomb forces:

𝑑𝑑 = �
𝑟𝑟1

𝑟𝑟2
𝐸𝐸 � 𝑑𝑑 � 𝑑𝑑𝑟𝑟 =

𝑄𝑄𝑑𝑑
4𝜋𝜋𝜀𝜀0

1
𝑟𝑟1
−

1
𝑟𝑟2

Work and Voltage: Constant Electric Field
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The change in voltage is defined as the work done per unit charge against the electric field. In the
case of constant electric field when the movement is directly against the field, this can be written

If the distance moved, d, is not in the direction of the electric field, the work expression involves the scalar
product:

𝑑𝑑𝑓𝑓 − 𝑑𝑑𝑖𝑖 =
�⃗�𝐹 � 𝑑𝑑
𝑑𝑑

= −𝐸𝐸 � 𝑑𝑑 = −𝐸𝐸𝑑𝑑 cos𝜃𝜃

Voltage Difference and Electric Field

In the more general case where the electric field and angle can be
changing, the expression must be generalized to a line integral:

𝑑𝑑𝑓𝑓 − 𝑑𝑑𝑖𝑖 = −�𝐸𝐸 � 𝑑𝑑𝑠𝑠

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elewor.html
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The change in voltage is defined as the work done per unit charge, so it can be in general
calculated from the electric field by calculating the work done against the electric field. The work
per unit charge done by the electric field along an infinite small path length ds is given by the
scalar product

𝑑𝑑𝑊𝑊
𝑑𝑑

=
�⃗�𝐹 � 𝑑𝑑𝑠𝑠
𝑑𝑑

= 𝐸𝐸 � 𝑑𝑑𝑠𝑠

Then the work done against the field per unit charge in moving from A to B is given by the line
integral:

Voltage from Electric Field

http://hyperphysics.phy-astr.gsu.edu/hbase/electric/elewor.html
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Electric circuits are considered to be made up of localized circuit elements connected by wires
which have essentially negligible resistance.

The three basic circuit elements are resistors, capacitors, and inductors. Only these passive elements
will be considered here; active circuit elements are the subject of electronics.

Circuit Elements

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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Capacitance is typified by a parallel plate arrangement and is defined in terms of charge storage:

𝐶𝐶 =
𝑄𝑄
𝑑𝑑

𝑈𝑈𝑛𝑛𝑈𝑈𝑈𝑈 =
𝑐𝑐𝑐𝑐𝑐𝑐𝑙𝑙𝑐𝑐𝑚𝑚𝑎𝑎
𝑣𝑣𝑐𝑐𝑙𝑙𝑈𝑈

= 𝐹𝐹𝑎𝑎𝑟𝑟𝑎𝑎𝑑𝑑

Capacitors

where

•Q = magnitude of charge stored on each plate.

• V = voltage applied to the plates.

Electrical capacitance magnitude depends on the shape and size of conductors, and the
dielectric properties

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The capacitance of flat, parallel metallic plates of area A and separation d is given by the expression
above where: 𝜀𝜀0 = 8.854 � 10−12 𝐹𝐹

𝑚𝑚
= permittivity of space and k = relative permittivity of the

dielectric material between the plates.

k=1 for free space, k>1 for all media, approximately =1 for air.

Parallel Plate Capacitor

Electrical capacitance magnitude depends on the shape and size of conductors, and the
dielectric properties

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The electric field between two large parallel plates is given
by

𝐸𝐸 = 𝜎𝜎
𝜀𝜀

where σ– charge density, ε– permittivity and 𝜎𝜎 = 𝑄𝑄
𝐴𝐴

The voltage difference between the two plates can be
expressed in terms of the work done on a positive test
charge q when it moves from the positive to the negative
plate.

Parallel Plate Capacitor

𝑑𝑑 =
𝑤𝑤𝑐𝑐𝑟𝑟𝑘𝑘 𝑑𝑑𝑐𝑐𝑛𝑛𝑑𝑑
𝑐𝑐𝑐𝑎𝑎𝑟𝑟𝑐𝑐𝑑𝑑

=
𝐹𝐹𝑑𝑑
𝑑𝑑

= 𝐸𝐸𝑑𝑑

It then follows from the definition of capacitance that

𝐶𝐶 =
𝑄𝑄
𝑑𝑑

=
𝑄𝑄
𝐸𝐸𝑑𝑑

=
𝑄𝑄𝜀𝜀
𝜎𝜎𝑑𝑑

=
𝑄𝑄𝑑𝑑𝜀𝜀
𝑄𝑄𝑑𝑑

=
𝑑𝑑𝜀𝜀
𝑑𝑑

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The capacitance for spherical or cylindrical conductors can be obtained
by evaluating the voltage difference between the conductors for a given
charge on each. By applying Gauss' law to an charged conducting sphere,
the electric field outside it is found to be

𝐸𝐸 =
𝑄𝑄

4𝜋𝜋𝜀𝜀0𝑟𝑟2

The voltage between the spheres can be found by integrating the
electric field along a radial line:

Δ𝑑𝑑 =
𝑄𝑄

4𝜋𝜋𝜀𝜀0
�
𝑎𝑎

𝑏𝑏 1
𝑟𝑟2
𝑑𝑑𝑟𝑟 =

𝑄𝑄
4𝜋𝜋𝜀𝜀0

1
𝑎𝑎
−

1
𝑎𝑎

From the definition of capacitance, the capacitance is

𝐶𝐶 =
𝑄𝑄
Δ𝑑𝑑

=
4𝜋𝜋𝜀𝜀0
1
𝑎𝑎 −

1
𝑎𝑎

Spherical Capacitor

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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For a cylindrical geometry like a coaxial cable, the capacitance is usually stated as a
capacitance per unit length. The charge resides on the outer surface of the inner conductor
and the inner wall of the outer conductor. The capacitance expression is

𝐶𝐶
𝐿𝐿

=
2𝜋𝜋𝑘𝑘𝜀𝜀0

ln 𝑎𝑎
𝑎𝑎

Cylindrical Capacitor

The voltage between the cylinders can be found by integrating the electric field along a radial line:

Δ𝑑𝑑 =
𝜆𝜆

2𝜋𝜋𝜀𝜀0
�
𝑎𝑎

𝑏𝑏 1
𝑟𝑟
𝑑𝑑𝑟𝑟 =

𝜆𝜆
2𝜋𝜋𝜀𝜀0

ln
𝑎𝑎
𝑎𝑎

From the definition of capacitance and including the case where the volume is filled by a dielectric of dielectric
constant k, the capacitance per unit length is defined as

𝐶𝐶
𝐿𝐿

=
𝜆𝜆
Δ𝑑𝑑

=
2𝜋𝜋𝑘𝑘𝜀𝜀0

ln 𝑎𝑎
𝑎𝑎

The capacitance for cylindrical or spherical conductors can be obtained by evaluating the voltage difference
between the conductors for a given charge on each. By applying Gauss' law to an infinite cylinder in a vacuum, the
electric field outside a charged cylinder is found to be

𝐸𝐸 =
𝜆𝜆

2𝜋𝜋𝜀𝜀0𝑟𝑟

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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Capacitors in parallel add ...

𝐶𝐶 = 𝑞𝑞1+𝑞𝑞2
𝑉𝑉

or   𝐶𝐶 = 𝐶𝐶1 + 𝐶𝐶2

Capacitor Combinations

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

Capacitors in series combine as reciprocals ...

𝐶𝐶 = 𝑞𝑞
𝑉𝑉1+𝑉𝑉2

or   1
𝐶𝐶

= 1
𝐶𝐶1

+ 1
𝐶𝐶2
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The energy stored on a capacitor can be calculated from the
equivalent expressions:

𝑈𝑈 =
1
2
𝑄𝑄2

𝐶𝐶
=

1
2
𝑄𝑄𝑑𝑑 =

1
2
𝐶𝐶𝑑𝑑2

This energy is stored in the electric field.

Energy Stored on a Capacitor

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

The energy stored on a capacitor is in the form of energy density in
an electric field is given by

𝜂𝜂𝐸𝐸 =
𝑑𝑑𝑛𝑛𝑑𝑑𝑟𝑟𝑐𝑐𝑦𝑦
𝑣𝑣𝑐𝑐𝑙𝑙𝑐𝑐𝑚𝑚𝑑𝑑

=
1
2
𝜀𝜀𝐸𝐸2

This can be shown to be consistent with the energy stored
in a charged parallel plate capacitor

𝐸𝐸𝑛𝑛𝑑𝑑𝑟𝑟𝑐𝑐𝑦𝑦 = 𝜂𝜂𝑑𝑑 =
1
2
𝜀𝜀𝐸𝐸2𝑑𝑑𝑑𝑑 =

1
2
𝜀𝜀
𝑑𝑑2

𝑑𝑑2
𝑑𝑑𝑑𝑑 =

1
2
𝜀𝜀𝑑𝑑
𝑑𝑑
𝑑𝑑2 =

1
2
𝐶𝐶𝑑𝑑2
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The electrical resistance of a circuit component or device is defined as the ratio of the
voltage applied to the electric current which flows through it:

𝑅𝑅 =
𝑑𝑑
𝐼𝐼

If the resistance is constant over a considerable range of voltage, then Ohm's law, I =
V/R, can be used to predict the behavior of the material. Although the definition
above involves DC current and voltage, the same definition holds for the AC
application of resistors.

Resistance

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

If the resistance is constant over a considerable range of voltage, then Ohm's law, I = V/R, can be
used to predict the behavior of the material. Although the definition above involves DC current
and voltage, the same definition holds for the AC application of resistors.
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The electrical resistance of a wire would be expected to be greater for a longer wire, less for a
wire of larger cross sectional area, and would be expected to depend upon the material out of
which the wire is made. Experimentally, the dependence upon these properties is a
straightforward one for a wide range of conditions, and the resistance of a wire can be expressed
as

𝑅𝑅 =
𝜌𝜌𝐿𝐿
𝑑𝑑

ρ– density, L – length, A – cross section area

The factor in the resistance which takes into account the nature of the material is the resistivity .
Although it is temperature dependent, it can be used at a given temperature to calculate the
resistance of a wire of given geometry.

It should be noted that it is being presumed that the current is uniform across the cross-section
of the wire, which is true only for Direct Current. For Alternating Current there is the phenomenon
of "skin effect" in which the current density is maximum at the maximum radius of the wire and
drops for smaller radii within the wire. At radio frequencies, this becomes a major factor in design
because the outer part of a wire or cable carries most of the current.

𝐸𝐸𝑙𝑙𝑑𝑑𝑐𝑐𝑈𝑈𝑟𝑟𝑈𝑈𝑐𝑐𝑎𝑎𝑙𝑙 𝑐𝑐𝑐𝑐𝑛𝑛𝑑𝑑𝑐𝑐𝑐𝑐𝑈𝑈𝑈𝑈𝑣𝑣𝑈𝑈𝑈𝑈𝑦𝑦 = 𝜎𝜎 = 1/𝜌𝜌

Resistivity and Conductivity

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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For many conductors of electricity, the electric current which will flow through them is directly
proportional to the voltage applied to them. When a microscopic view of Ohm's law is taken, it is
found to depend upon the fact that the drift velocity of charges through the material is
proportional to the electric field in the conductor. The ratio of voltage to current is called the
resistance, and if the ratio is constant over a wide range of voltages, the material is said to be an
"ohmic" material. If the material can be characterized by such a resistance, then the current can be
predicted from the relationship:

𝐼𝐼 =
𝑑𝑑
𝑅𝑅

Electric current = Voltage / Resistance

Ohm's Law

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The voltage changes around any closed loop must sum to zero. No matter what path you take
through an electric circuit, if you return to your starting point you must measure the same
voltage, constraining the net change around the loop to be zero. Since voltage is electric
potential energy per unit charge, the voltage law can be seen to be a consequence of
conservation of energy.

The voltage law has great practical utility in the analysis of electric circuits. It is used in
conjunction with the current law in many circuit analysis tasks.

Voltage Law

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The electric current in amperes that flows into any junction in an electric circuit is equal to the
current which flows out. This can be seen to be just a statement of conservation of charge. Since
you do not lose any charge during the flow process around the circuit, the total current in any
cross-section of the circuit is the same. Along with the voltage law, this law is a powerful tool for
the analysis of electric circuits.

Current Law

http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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The combination rules for any number of resistors in series or parallel can be derived with the
use of Ohm's Law, the voltage law, and the current law.

Resistor Combinations
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The design of a voltmeter, ammeter or
ohmmeter begins with a current-sensitive
element. Though most modern meters
have solid state digital readouts, the
physics is more readily demonstrated with
a moving coil current detector called a
galvanometer. Since the modifications of
the current sensor are compact, it is
practical to have all three functions in a
single instrument with multiple ranges of
sensitivity. Schematically, a single range
"multimeter" might be designed as
illustrated.

Moving Coil Meters
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A voltmeter measures the change in voltage between two points in an electric circuit and
therefore must be connected in parallel with the portion of the circuit on which the
measurement is made. By contrast, an ammeter must be connected in series. In analogy with a
water circuit, a voltmeter is like a meter designed to measure pressure difference. It is necessary
for the voltmeter to have a very high resistance so that it does not have an appreciable affect on
the current or voltage associated with the measured circuit. Modern solid-state meters have
digital readouts, but the principles of operation can be better appreciated by examining the
older moving coil meters based on galvanometer sensors.

Voltmeter
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An ammeter is an instrument for measuring the electric current in amperes in a branch of an
electric circuit. It must be placed in series with the measured branch, and must have very low
resistance to avoid significant alteration of the current it is to measure. By contrast, an voltmeter
must be connected in parallel. The analogy with an in-line flowmeter in a water circuit can help
visualize why an ammeter must have a low resistance, and why connecting an ammeter in
parallel can damage the meter. Modern solid-state meters have digital readouts, but the
principles of operation can be better appreciated by examining the older moving coil meters
based on galvanometer sensors.

Ammeter
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The standard way to measure resistance in ohms is to supply a constant voltage to the
resistance and measure the current through it. That current is of course inversely proportional to
the resistance according to Ohm's law, so that you have a non-linear scale. The current registered
by the current sensing element is proportional to 1/R, so that a large current implies a small
resistance. Modern solid-state meters have digital readouts, but the principles of operation can
be better appreciated by examining the older moving coil meters based on galvanometer
sensors.

Ohmmeter
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The value of electrical resistance associated with a circuit element or appliance can be determined
by measuring the voltage across it with a voltmeter and the current through it with an ammeter
and then dividing the measured voltage by the current. This is an application of Ohm's law, but this
method works even for non-ohmic resistances where the resistance might depend upon the
current. At least in those cases it gives you the effective resistance in ohms under that specific
combination of voltage and current.

Voltmeter/Ammeter Measurements

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

Lecture 2. Electrostatics 
& Electrodynamics



Kirchhoff's circuit laws are two equalities that deal with the current and potential difference (commonly known
as voltage) in the lumped element model of electrical circuits. They were first described in 1845 by German
physicist Gustav Kirchhoff.

Kirchhoff's current law (KCL)

This law is also called Kirchhoff 's first law, Kirchhoff 's point rule, or Kirchhoff 's junction rule.

The principle of conservation of electric charge implies that:

At any node (junction) in an electrical circuit, the sum of currents flowing into that node is equal to the sum of currents
flowing out of that node

or equivalently

The algebraic sum of currents in a network of conductors meeting at a point is zero.

�
𝑘𝑘=1

𝑖𝑖

𝐼𝐼𝑘𝑘 = 0

n is the total number of branches with currents flowing towards or away from the node.

Kirchhoff's circuit laws

The current entering any junction is 
equal to the current leaving that 
junction. i2 + i3 = i1 + i4 https://en.wikipedia.org/
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Kirchhoff's voltage law (KVL)

This law is also called Kirchhoff 's second law, Kirchhoff 's loop (or mesh) rule, and Kirchhoff 's second rule.

The principle of conservation of energy implies that

The directed sum of the electrical potential differences (voltage) around any closed network is zero, or:

More simply, the sum of the emfs in any closed loop is equivalent to the sum of the potential drops in that loop, or:

The algebraic sum of the products of the resistances of the conductors and the currents in them in a closed loop is equal to the total emf
available in that loop.

Similarly to KCL, it can be stated as:

�
𝑘𝑘=1

𝑖𝑖

𝑑𝑑𝑘𝑘 = 0

Here, n is the total number of voltages measured

Kirchhoff's circuit laws

The sum of all the voltages around a 
loop is equal to zero.
v1 + v2 + v3 - v4 = 0 https://en.wikipedia.org/
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The electric power in watts associated with a complete electric circuit or a circuit component represents the rate
at which energy is converted from the electrical energy of the moving charges to some other form, e.g., heat,
mechanical energy, or energy stored in electric fields or magnetic fields. For a resistor in a D C Circuit the power
is given by the product of applied voltage and the electric current:

𝑃𝑃 = 𝑑𝑑𝐼𝐼

Power = Voltage x Current

The details of the units are as follows:

𝑃𝑃𝑐𝑐𝑤𝑤𝑑𝑑𝑟𝑟 = 𝑣𝑣𝑐𝑐𝑙𝑙𝑈𝑈𝑠𝑠 � 𝑎𝑎𝑚𝑚𝑝𝑝𝑑𝑑𝑟𝑟𝑑𝑑𝑠𝑠 =
𝑗𝑗𝑐𝑐𝑐𝑐𝑙𝑙𝑑𝑑

𝑐𝑐𝑐𝑐𝑐𝑐𝑙𝑙𝑐𝑐𝑚𝑚𝑎𝑎
�
𝑐𝑐𝑐𝑐𝑐𝑐𝑙𝑙𝑐𝑐𝑚𝑚𝑎𝑎
𝑠𝑠𝑑𝑑𝑐𝑐𝑐𝑐𝑛𝑛𝑑𝑑

=
𝑗𝑗𝑐𝑐𝑐𝑐𝑙𝑙𝑑𝑑
𝑠𝑠𝑑𝑑𝑐𝑐𝑐𝑐𝑛𝑛𝑑𝑑

= 𝑤𝑤𝑎𝑎𝑈𝑈𝑈𝑈

Power Dissipated in Resistor

Convenient expressions for the power dissipated in a resistor can be obtained by the use of Ohm's Law. 

DC Electric Power

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

Lecture 2. Electrostatics 
& Electrodynamics



Magnetic fields are produced by electric currents, which can be macroscopic currents in wires, or
microscopic currents associated with electrons in atomic orbits.

Magnetic field sources are essentially dipolar in nature, having a north and south magnetic pole.

Magnetic field lines are very different from electric field lines because magnetic sources are
inherently dipole sources with North and South magnetic poles. The magnetic field lines form
closed loops and any closed surface will have a net zero number of lines leaving the surface.

The magnetic field B is defined from the Lorentz Force Law, and specifically from the magnetic
force on a moving charge:

�⃗�𝐹 = 𝑑𝑑(�⃗�𝑣 × 𝐵𝐵)

Magnetic Field
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�⃗�𝐹 = 𝑑𝑑(�⃗�𝑣 × 𝐵𝐵)
The implications of this expression include:

1. The force is perpendicular to both the velocity �⃗�𝑣 of the charge q and the magnetic field 𝐵𝐵.

2. The magnitude of the force is F = qvB sinθ where θ is the angle < 180 degrees between the
velocity and the magnetic field. This implies that the magnetic force on a stationary charge or a
charge moving parallel to the magnetic field is zero.

3. The direction of the force is given by the right hand rule. The force relationship above is in the
form of a vector product.

Magnetic Field

The electric field of a point charge is radially
outward from a positive charge.

The magnetic field of a bar magnet.
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Lorentz Force Law
The magnetic field B is defined in terms of force on moving charge in the Lorentz force law:

�⃗�𝐹 = 𝑑𝑑𝑬𝑬 + 𝑑𝑑(�⃗�𝑣 × 𝑩𝑩)

The SI unit for magnetic field is the Tesla, which can be seen from the magnetic part of the Lorentz
force law. A smaller magnetic field unit is the Gauss (1 Tesla = 10,000 Gauss).

The electric force is straigtforward, being in the direction of the electric field if the charge q is
positive, but the direction of the magnetic part of the force is given by the right hand rule.

Electric 
force

Magnetic 
force
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Right Hand Rule

The right hand rule is a useful mnemonic for visualizing the direction of a magnetic force as given
by the Lorentz force law.

The force is in the opposite direction for a negative charge moving in the direction shown. One fact
to keep in mind is that the magnetic force is perpendicular to both the magnetic field and the
charge velocity, but that leaves two possibilities.
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Magnetic Interactions with Moving Charge
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Magnetic Fields from Currents. Ampere's Law 

Magnetic fields on a macroscopic scale can be related to electric currents.

The magnetic field in space around an electric current is proportional to the electric current which
serves as its source, just as the electric field in space is proportional to the charge which serves as
its source.

Ampere's Law states that for any closed loop path, the sum of the length elements times the
magnetic field in the direction of the length element is equal to the permeability times the electric
current enclosed in the loop.

In the electric case, the relation of field to source is quantified in Gauss's Law
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Magnetic Field of Current

The magnetic field lines around a long wire which carries an electric
current form concentric circles around the wire. The direction of the
magnetic field is perpendicular to the wire and is in the direction the
fingers of your right hand would curl if you wrapped them around the
wire with your thumb in the direction of the current.

The magnetic field of an infinitely long straight wire can be obtained by
applying Ampere's law. Ampere's law takes the form

�𝐵𝐵∥∆𝑙𝑙 = 𝜇𝜇0𝐼𝐼

and for a circular path centered on the wire, the magnetic field is
everywhere parallel to the path. The summation then becomes just

�𝐵𝐵∥∆𝑙𝑙 = 𝐵𝐵2𝜋𝜋𝑟𝑟

𝐵𝐵 = 𝜇𝜇0𝐼𝐼
2𝜋𝜋𝑟𝑟

, 𝜇𝜇0 = 4𝜋𝜋 × 10−7𝑇𝑇 � 𝑚𝑚/𝑑𝑑

The constant μ0 is the permeability of free space.
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Magnetic Force Between Wires

Magnetic field at wire 2 from current in wire 1:

𝐵𝐵 =
𝜇𝜇0𝐼𝐼1
2𝜋𝜋𝑟𝑟

Force on a length ΔL of wire 2:

𝐹𝐹 = 𝐼𝐼2∆𝐿𝐿𝐵𝐵

Force per unit length in terms of the currents:

𝐹𝐹
∆𝐿𝐿

=
𝜇𝜇0𝐼𝐼1𝐼𝐼2

2𝜋𝜋𝑟𝑟

𝐹𝐹1 =
𝜇𝜇0𝐼𝐼1𝐼𝐼2

2𝜋𝜋𝑟𝑟
𝑙𝑙
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Ampere's Law Applications
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Biot-Savart Law

The Biot-Savart Law relates magnetic fields to the currents which are their
sources. In a similar manner, Coulomb's law relates electric fields to the
point charges which are their sources. Finding the magnetic field resulting
from a current distribution involves the vector product, and is inherently a
calculus problem when the distance from the current to the field point is
continuously changing.

Magnetic field of a current element:

𝑑𝑑𝐵𝐵 =
𝜇𝜇0𝐼𝐼𝑑𝑑𝐿𝐿 × 1𝑟𝑟

4𝜋𝜋𝑟𝑟2
where

𝑑𝑑𝐿𝐿 = infinitesimal length of conductor carrying electric current I

1𝑟𝑟= unit vector to specify the direction of the vector distance r from the
current to the field point.
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Magnetic Field Strength H

The magnetic fields generated by currents and calculated from Ampere's Law or the Biot-Savart Law
are characterized by the magnetic field B measured in Tesla.

But when the generated fields pass through magnetic materials which themselves contribute internal
magnetic fields, ambiguities can arise about what part of the field comes from the external currents
and what comes from the material itself. It has been common practice to define another magnetic
field quantity, usually called the "magnetic field strength" designated by H. It can be defined by the
relationship

𝐻𝐻 =
𝐵𝐵0
𝜇𝜇0

=
𝐵𝐵
𝜇𝜇0
− 𝑀𝑀

and has the value of unambiguously designating the driving magnetic influence from external
currents in a material, independent of the material's magnetic response.
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Magnetic Field Strength H
The relationship for B can be written in the equivalent form

𝐵𝐵 = 𝜇𝜇0 𝐻𝐻 + 𝑀𝑀

H and M will have the same units, amperes/meter. To further distinguish B from H, B is sometimes called the
magnetic flux density or the magnetic induction. The quantity M in these relationships is called the magnetization of
the material.

Another commonly used form for the relationship between B and H is

𝐵𝐵 = 𝜇𝜇𝑚𝑚𝐻𝐻, where 𝜇𝜇 = 𝜇𝜇𝑚𝑚 = 𝐾𝐾𝑚𝑚𝜇𝜇0

μ0 being the magnetic permeability of space and Km the relative permeability of the material. If the material does not
respond to the external magnetic field by producing any magnetization, then Km = 1. Another commonly used
magnetic quantity is the magnetic susceptibility which specifies how much the relative permeability differs from
one.

Magnetic susceptibility 𝜒𝜒𝑚𝑚 = 𝐾𝐾𝑚𝑚 − 1

For paramagnetic and diamagnetic materials the relative permeability is very close to 1 and the magnetic
susceptibility very close to zero. For ferromagnetic materials, these quantities may be very large.

The unit for the magnetic field strength H can be derived from its relationship to the magnetic field B, B=μH. Since
the unit of magnetic permeability μ is N/A2, then the unit for the magnetic field strength is:

T/(N/A2) = (N/Am)/(N/A2) = A/m

An older unit for magnetic field strength is the oersted: 1 A/m = 0.01257 oersted
http://hyperphysics.phy-astr.gsu.edu/hbase/electric
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Faraday's Law

Any change in the magnetic environment of a coil of wire will cause a voltage (emf) to be "induced"
in the coil. No matter how the change is produced, the voltage will be generated. The change could
be produced by changing the magnetic field strength, moving a magnet toward or away from the
coil, moving the coil into or out of the magnetic field, rotating the coil relative to the magnet, etc.

http://hyperphysics.phy-astr.gsu.edu/hbase/electric

Lecture 3. Magnetostatics



Faraday's Law

Faraday's law is a fundamental relationship and it serves as a succinct summary of the ways a
voltage (or emf) may be generated by a changing magnetic environment. The induced emf in a coil
is equal to the negative of the rate of change of magnetic flux times the number of turns in the coil.
It involves the interaction of charge with magnetic field.
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Lenz's Law

When an emf is generated by a change in magnetic flux according to Faraday's Law, the polarity of
the induced emf is such that it produces a current whose magnetic field opposes the change which
produces it.

The induced magnetic field inside any loop of wire always acts to keep the magnetic flux in the loop
constant.

In the examples below, if the B field is increasing, the induced field acts in opposition to it. If it is
decreasing, the induced field acts in the direction of the applied field to try to keep it constant.
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Inductance is typified by the behavior of a coil of wire in
resisting any change of electric current through the coil.

𝐸𝐸𝑚𝑚𝐸𝐸 = −𝐿𝐿
Δ𝐼𝐼
Δ𝑈𝑈

Unit for L: 𝑣𝑣𝑡𝑡𝑣𝑣𝑡𝑡 𝑠𝑠𝑒𝑒𝑠𝑠𝑡𝑡𝑖𝑖𝑑𝑑
𝑎𝑎𝑚𝑚𝑎𝑎𝑒𝑒𝑟𝑟𝑒𝑒

= 𝐻𝐻𝑑𝑑𝑛𝑛𝑟𝑟𝑦𝑦

Inductors

Increasing current in a coil of wire will generate a counter
emf which opposes the current. Applying the voltage law
allows us to see the effect of this emf on the circuit equation.
The fact that the emf always opposes the change in current
is an example of Lenz's law.

𝐸𝐸𝑚𝑚𝐸𝐸 = −𝑁𝑁
ΔΦ
Δ𝑈𝑈

The relation of this counter emf to the current is the origin
of the concept of inductance.
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Taking a rectangular path about which to evaluate Ampere's
Law such that the length of the side parallel to the solenoid
field is L gives a contribution BL inside the coil. The field is
essentially perpendicular to the sides of the path, giving
negligible contribution. If the end is taken so far from the
coil that the field is negligible, then the length inside the
coil is the dominant contribution.

This admittedly idealized case for Ampere's Law gives

𝐵𝐵𝐿𝐿 = 𝜇𝜇𝑁𝑁𝐼𝐼

𝐵𝐵 = 𝜇𝜇
𝑁𝑁
𝐿𝐿
𝐼𝐼

𝐵𝐵 = 𝜇𝜇𝑛𝑛𝐼𝐼

This turns out to be a good approximation for the solenoid
field, particularly in the case of an iron core solenoid.

Solenoid Field from Ampere's Law
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For a fixed area and changing current, Faraday's law
becomes

𝐸𝐸𝑚𝑚𝐸𝐸 = −𝑁𝑁 ΔΦ
Δ𝑡𝑡

= −𝑁𝑁𝑑𝑑 Δ𝐵𝐵
Δ𝑡𝑡

Since the magnetic field of a solenoid is

𝐵𝐵 = 𝜇𝜇
𝑁𝑁
𝑙𝑙
𝐼𝐼

then for a long coil the emf is approximated by

𝐸𝐸𝑚𝑚𝐸𝐸 = −
𝜇𝜇𝑁𝑁2𝑑𝑑
𝑙𝑙

Δ𝐼𝐼
Δ𝑈𝑈

Inductance of a Coil

From the definition of inductance

𝐸𝐸𝑚𝑚𝐸𝐸 = −𝐿𝐿
Δ𝐼𝐼
Δ𝑈𝑈

we obtain

𝐿𝐿 = 𝜇𝜇𝑁𝑁2𝐴𝐴
𝑣𝑣

, l = length of solenoid, A = cross-sectional area
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Periodic Motion

Periodic motion of some source object is necessary to produce a sustained musical
sound (i.e., one with definite pitch and quality). For example, to produce a standard
musical A (440 Hz), the source object must sustain periodic motion at 440 vibrations
per second with a tolerance of less than 1 Hz -- the normal human ear can detect the
difference between 440 Hz and 441 Hz. The conditions necessary for periodic motion
are

1. elasticity - the capacity to return precisely to the original configuration after being
distorted.

◦ a definite equilibrium configuration
◦a restoring force to bring the system back to equilibrium

2. A source of energy.
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Periodic Motion

Elasticity is the property of an object or material which causes it to be restored to its original
shape after distortion. It is said to be more elastic if it restores itself more precisely to its original
configuration. A spring is an example of an elastic object - when stretched, it exerts a restoring
force which tends to bring it back to its original length. This restoring force is generally
proportional to the amount of stretch, as described by Hooke's Law.

One of the properties of elasticity is that it takes about twice as much force to stretch a spring
twice as far. That linear dependence of displacement upon stretching force is called Hooke's law.
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Description of Periodic Motion

Motion which repeats itself precisely can be described with the following terms:

• Period: the time required to complete a full cycle, T in seconds/cycle

• Frequency: the number of cycles per second, f in 1/seconds or Hertz (Hz)

• Amplitude: the maximum displacement from equilibrium A

and if the periodic motion is in the form of a traveling wave, one needs also

• Velocity of propagation: v

• Wavelength: repeat distance of wave λ.

In a plot of periodic motion as a function of time, the period can be seen as the repeat
time for the motion. The frequency is the reciprocal of the period.

𝐸𝐸 = 1
𝑇𝑇
,  f - frequency 𝑇𝑇 = 1

𝑓𝑓
,  T - period
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Description of Periodic Motion
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Simple Harmonic Motion

When a mass is acted upon by an elastic force which tends to bring it back to its
equilibrium configuration, and when that force is proportional to the distance from
equilibrium (e.g., doubles when the distance from equilibrium doubles, a Hooke's Law
force), then the object will undergo simple harmonic motion when released.

A mass on a spring is the standard example of
such periodic motion. If the displacement of the
mass is plotted as a function of time, it will
trace out a pure sine wave.
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Energy of an Oscillator

A mass on a spring transforms energy back and forth between kinetic and potential
energy. If there were no dissipation, conservation of energy would dictate that the
motion would continue forever. For any real vibrating object, the implication of the
conservation of energy principle is that the vibrator will continue the transformation
from kinetic to potential energy until all the energy is transferred into some other form.
To set the object into motion, a net external force must do work on the mass to initially
stretch the spring, that amount of work being 2 joules in the example below.
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Damped Harmonic Oscillator
The Newton's 2nd Law motion equation is

𝑚𝑚𝑎𝑎 + 𝑐𝑐𝑣𝑣 + 𝑘𝑘𝑑𝑑 = 0

𝑚𝑚𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 𝑐𝑐 𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

+ 𝑘𝑘𝑑𝑑 = 0

This is in the form of a homogeneous second order differential
equation and has a solution of the form

𝑑𝑑 = 𝑑𝑑𝜆𝜆𝑡𝑡

Substituting this form gives an auxiliary equation for λ

𝑚𝑚𝜆𝜆2 + 𝑐𝑐𝜆𝜆 + 𝑘𝑘 = 0

The roots of the quadratic auxiliary equation are

𝜆𝜆 =
−𝑐𝑐 ± 𝑐𝑐2 − 4𝑚𝑚𝑘𝑘

2𝑚𝑚

The three resulting cases for the damped oscillator are

𝑐𝑐2 − 4𝑚𝑚𝑘𝑘 > 0 Overdamped

𝑐𝑐2 − 4𝑚𝑚𝑘𝑘 = 0 Critical damping

𝑐𝑐2 − 4𝑚𝑚𝑘𝑘 < 0 Underdamped

Lecture 4. Oscillations &
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Damping Coefficient

When a damped oscillator is subject to a damping force which
is linearly dependent upon the velocity, such as viscous
damping, the oscillation will have exponential decay terms
which depend upon a damping coefficient. If the damping
force is of the form

𝐹𝐹𝑑𝑑𝑎𝑎𝑚𝑚𝑎𝑎𝑖𝑖𝑖𝑖𝑑𝑑 = −𝑐𝑐𝑣𝑣

then the damping coefficient is given by

𝛾𝛾 =
𝑐𝑐

2𝑚𝑚
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Underdamped Oscillator

For any value of the damping coefficient γ less than the critical damping factor the mass will
overshoot the zero point and oscillate about x=0. The behavior is shown for one-half and one-tenth
of the critical damping factor. Also shown is an example of the overdamped case with twice the
critical damping factor.

Note that these examples are for the same specific initial conditions, i.e., a release from rest at a
position x0. For other initial conditions, the curves would look different, but the behavior with time
would still decay according to the damping factor.
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Underdamped Oscillator

When a damped oscillator is underdamped, it approaches
zero faster than in the case of critical damping, but
oscillates about that zero.

The equation is that of an exponentially decaying
sinusoid.

𝑑𝑑 = 𝑑𝑑−𝛾𝛾𝑡𝑡𝑎𝑎 cos 𝜔𝜔1𝑈𝑈 − 𝛼𝛼

The damping coefficient is less than the undamped
resonant frequency . The sinusoid frequency is given by

𝜔𝜔1 = 𝜔𝜔12 − 𝛾𝛾2

but the motion is not strictly periodic
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Driven Oscillator

If a damped oscillator is driven by an external force, the solution to the motion equation has two
parts, a transient part and a steady-state part, which must be used together to fit the physical
boundary conditions of the problem.

The motion equation is of the form

𝑚𝑚
𝑑𝑑2𝑑𝑑
𝑑𝑑𝑈𝑈2

+ 𝑐𝑐
𝑑𝑑𝑑𝑑
𝑑𝑑𝑈𝑈

+ 𝑘𝑘𝑑𝑑 = 𝐹𝐹0 cos(𝜔𝜔𝑈𝑈 + 𝜑𝜑𝑑𝑑)

and has a general solution

𝑑𝑑 𝑈𝑈 = 𝑑𝑑𝑡𝑡𝑟𝑟𝑎𝑎𝑖𝑖𝑠𝑠𝑖𝑖𝑒𝑒𝑖𝑖𝑡𝑡 + 𝑑𝑑𝑠𝑠𝑡𝑡𝑒𝑒𝑎𝑎𝑑𝑑𝑦𝑦 𝑠𝑠𝑡𝑡𝑎𝑎𝑡𝑡𝑒𝑒

In the underdamped case this solution takes the form

𝑑𝑑 𝑈𝑈 = 𝑑𝑑ℎ𝑑𝑑−𝛾𝛾𝑡𝑡 sin 𝜔𝜔′𝑈𝑈 + 𝜑𝜑ℎ + 𝑑𝑑 cos(𝜔𝜔𝑈𝑈 − 𝜑𝜑)

Transient solution Steady-state solution

Determined by
initial position
and velocity

Determined by
driving force

Lecture 4. Oscillations &
Waves



Wave Graphs

Waves may be graphed as a function of time or
distance. A single frequency wave will appear as a
sine wave in either case. From the distance graph the
wavelength may be determined. From the time graph,
the period and frequency can be obtained. From both
together, the wave speed can be determined.
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Traveling Waves

Waves may be graphed as a function of time or distance. A
single frequency wave will appear as a sine wave in either
case. From the distance graph the wavelength may be
determined. From the time graph, the period and frequency
can be obtained. From both together, the wave speed can
be determined.

The motion relationship "distance = velocity x time" is the key to the basic wave relationship.
With the wavelength as distance, this relationship becomes λ = vT. Then using f=1/T gives the
standard wave relationship

𝑣𝑣 = 𝐸𝐸𝜆𝜆

Wave velocity = frequency x wavelength

This is a general wave relationship which applies to sound and light waves, other
electromagnetic waves, and waves in mechanical media.
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Resonance

In sound applications, a resonant frequency is a natural frequency of vibration determined by the
physical parameters of the vibrating object. This same basic idea of physically determined natural
frequencies applies throughout physics in mechanics, electricity and magnetism, and even
throughout the realm of modern physics.

It is easy to get an object to vibrate at its resonant frequencies, hard at other frequencies.

A child's playground swing is an example of a pendulum, a resonant system with only one
resonant frequency. With a tiny push on the swing each time it comes back to you, you can
continue to build up the amplitude of swing. If you try to force it to swing a twice that frequency,
you will find it very difficult.

Swinging a child in a playground
swing is an easy job because you are
helped by its natural frequency.

But can you swing it at some other
frequency?

Lecture 4. Oscillations &
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Picking out resonant frequencies

A vibrating object will pick out its resonant frequencies from a complex excitation and vibrate at
those frequencies, essentially "filtering out" other frequencies present in the excitation.

If you just whack a mass on a spring with a stick, the initial motion may be complex, but the main
response will be to bob up and down at its natural frequency. The blow with the stick is a
complex excitation with many frequency components, but the spring picks out its natural
frequency and responds to that.
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Vibrating String

The fundamental vibrational mode of a stretched string is such that the wavelength is twice the
length of the string.

Applying the basic wave relationship gives an expression for the fundamental frequency:

𝐸𝐸1 =
𝑣𝑣𝑤𝑤𝑎𝑎𝑣𝑣𝑒𝑒 𝑡𝑡𝑖𝑖 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑖𝑖𝑑𝑑

2𝐿𝐿

Since the wave velocity is given by 𝑣𝑣 = 𝑇𝑇
𝑚𝑚/𝐿𝐿

, the frequency expression can be put in the form:

𝐸𝐸1 =

𝑇𝑇
𝑚𝑚/𝐿𝐿
2𝐿𝐿

T = string tension

m = string mass

L = string length
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Harmonics

An ideal vibrating string will vibrate with its fundamental frequency and all harmonics of that
frequency. The position of nodes and antinodes is just the opposite of those for an open air
column.

The fundamental frequency can be calculated from

𝐸𝐸1 =
𝑣𝑣𝑤𝑤𝑎𝑎𝑣𝑣𝑒𝑒 𝑡𝑡𝑖𝑖 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑖𝑖𝑑𝑑

2𝐿𝐿

Lecture 4. Oscillations &
Waves



Nodes and Antinodes

The standing waves produced by wave motion in strings or air columns can be used to
establish the values for wavelength, frequency and speed for the waves in accordance
with the wave relationship, v = fλ.
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Steps to Produce String Resonance
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Overtones and Harmonics

The term harmonic has a precise meaning - that of an integer (whole number) multiple of the
fundamental frequency of a vibrating object. The term overtone is used to refer to any resonant
frequency above the fundamental frequency - an overtone may or may not be a harmonic. Many of
the instruments of the orchestra, those utilizing strings or air columns, produce the fundamental
frequency and harmonics. Their overtones can be said to be harmonic. Other sound sources such as
the membranes or other percussive sources may have resonant frequencies which are not whole
number multiples of their fundamental frequencies. They are said to have non-harmonic overtones.

All harmonics are
overtones for an
open air column
or a string

Closed air columns
produce only odd
harmonics.

A rectangular 
membrane 
produces 
harmonics, but 
also some other 
overtones.
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Air Column Resonance

The resonant frequencies of air columns depend upon the speed of sound in air as well as the
length and geometry of the air column. Longitudinal pressure waves reflect from either closed or
open ends to set up standing wave patterns. Important in the visualization of these standing waves
is the location of the nodes and antinodes of pressure and displacement for the air in the columns.

A cylindrical air column with both ends open will vibrate with a fundamental mode such that the
air column length is one half the wavelength of the sound wave. Each end of the column must be
an antinode for the air

motion since the ends are open to the atmosphere and cannot produce significant pressure
changes. For the fundamental mode, there is one node at the center.

The open air column can produce all harmonics. Open cylinders are employed musically in the
flute, the recorder, and the open organ pipe.
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Harmonics of Open Air Column

An open cylindrical air column can produce all harmonics of the
fundamental. The positions of the nodes and antinodes are reversed
compared to those of a vibrating string, but both systems can produce
all harmonics. The sinusoidal patterns indicate the displacement nodes
and antinodes for the harmonics. A pressure node corresponds to a
displacement antinode, and the harmonic patterns can also be
visualized in terms of air pressure or density patterns.

This is a depiction of air pressure and
density variations for first five standing
wave modes of an open cylinder. The ends
are constrained to be nodes of pressure,
being essentially at atmospheric pressure.
A half cycle later, all the high pressure
points would be low pressure points, and
vice versa.
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Lecture 5. Sound

Sound

Sound is a longitudinal, mechanical wave. Sound can travel through any medium, but it cannot travel 
through a vacuum. There is no sound in outer space. 
Sound is a variation in pressure. 
A region of increased pressure on a sound wave is called a compression (or condensation). 
A region of decreased pressure on a sound wave is called a rarefaction (or dilation).

http://physics.info
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Inverse Square Law, Sound

http://physics.info
http://hyperphysics.phy-astr.gsu.edu/

The sources of sound
•vibrating solids
•rapid expansion or compression (explosions and implositons)
•Smooth (laminar) air flow around blunt obstacles may result in the formation of vorticies (the
plural of vortex) that snap off or shed with a characteristic frequency. This process is called vortex
shedding and is another means by which sound waves are formed. This is how a whistle or flute
produces sound. Aslo the aeolian harp effect of singing power lines and fluttering venetian blinds.

The sound intensity from a point source of sound will obey the inverse square law if there are no
reflections or reverberation. A plot of this intensity drop shows that it drops off rapidly.

http://physics.info/
http://hyperphysics.phy-astr.gsu.edu/
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Inverse Square Law Plot

http://hyperphysics.phy-astr.gsu.edu/

A plot of the drop of sound intensity according to the inverse square law emphasizes the rapid
loss associated with the inverse square law. In an auditorium, such a rapid loss is unacceptable. It is
mitigated by the reverberation in a good auditorium. This plot shows the points connected by
straight lines but the actual drop is a smooth curve between the points.

http://hyperphysics.phy-astr.gsu.edu/
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Sound Speed in an Ideal Gas
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The speed of sound for a uniform medium is determined by its elastic property (bulk modulus) and its density

𝑣𝑣 = 𝑒𝑒𝑣𝑣𝑎𝑎𝑠𝑠𝑡𝑡𝑖𝑖𝑠𝑠 𝑎𝑎𝑟𝑟𝑡𝑡𝑎𝑎𝑒𝑒𝑟𝑟𝑡𝑡𝑦𝑦
𝑖𝑖𝑖𝑖𝑒𝑒𝑟𝑟𝑡𝑡𝑖𝑖𝑎𝑎𝑣𝑣 𝑎𝑎𝑟𝑟𝑡𝑡𝑎𝑎𝑒𝑒𝑟𝑟𝑡𝑡𝑦𝑦

= 𝐵𝐵
𝜌𝜌

where 𝐵𝐵 = 𝑎𝑎𝑐𝑐𝑙𝑙𝑘𝑘 𝑚𝑚𝑐𝑐𝑑𝑑𝑐𝑐𝑙𝑙𝑐𝑐𝑠𝑠 = ∆𝑃𝑃
−∆𝑉𝑉/𝑉𝑉

= −𝑑𝑑 𝑑𝑑𝑃𝑃
𝑑𝑑𝑉𝑉

; ρ – density.

When a sound travels through an ideal gas, the rapid compressions and expansions associated with the
longitudinal wave can reasonably be expected to be adiabatic and therefore the pressure and volume obey the
relationship

𝑑𝑑𝛾𝛾𝑃𝑃 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑠𝑠𝑈𝑈𝑎𝑎𝑛𝑛𝑈𝑈 = 𝐶𝐶
The adiabatic assumption for sound waves just means that the compressions associated with the sound wave
happen so quickly that there is no opportunity for heat transfer in or out of the volume of air. The bulk modulus
can therefore be reformulated by making use of the adiabatic condition in the form

𝑃𝑃 = 𝐶𝐶𝑑𝑑−𝛾𝛾

so that the derivative of pressure P with respect to volume V can be taken.

𝐵𝐵 = −𝑑𝑑 𝑑𝑑𝑃𝑃
𝑑𝑑𝑉𝑉

= 𝐶𝐶𝑑𝑑𝛾𝛾𝑑𝑑−𝛾𝛾−1 = 𝐶𝐶𝛾𝛾
𝑉𝑉𝛾𝛾

; 

http://hyperphysics.phy-astr.gsu.edu/
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Sound Speed in an Ideal Gas
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Since the gas density is 𝜌𝜌 = 𝑖𝑖𝑛𝑛
𝑉𝑉

the speed of sound can be expressed as

𝑣𝑣𝑠𝑠𝑡𝑡𝑠𝑠𝑖𝑖𝑑𝑑 = 𝐶𝐶𝛾𝛾𝑉𝑉
𝑉𝑉𝛾𝛾𝑖𝑖𝑛𝑛

= 𝛾𝛾𝑃𝑃𝑉𝑉
𝑖𝑖𝑛𝑛

since 𝐶𝐶
𝑉𝑉𝛾𝛾

= 𝑃𝑃

Using the ideal gas law PV = nRT leads to

𝑣𝑣𝑠𝑠𝑡𝑡𝑠𝑠𝑖𝑖𝑑𝑑 𝑖𝑖𝑖𝑖 𝑑𝑑𝑎𝑎𝑠𝑠 = 𝛾𝛾𝑅𝑅𝑇𝑇
𝑛𝑛

The conditions for this relationship are that the sound propagation process is adiabatic and that
the gas obeys the ideal gas law.

Where
γ – adiabatic constant, characteristic of the specific gas;
R – the universal gas constant = 8.314 J/mol K;
M – the molecular weight of the gas in kg/mol;
T – absolute temperature

http://hyperphysics.phy-astr.gsu.edu/


Lecture 5. Sound

Speed of Sound in Air
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The speed of sound in dry air is given approximately by

𝑣𝑣𝑠𝑠𝑡𝑡𝑠𝑠𝑖𝑖𝑑𝑑 𝑖𝑖𝑖𝑖 𝑎𝑎𝑖𝑖𝑟𝑟 = 331.4 + 0.6𝑇𝑇𝐶𝐶 (m/sec) 

for temperatures reasonably close to room temperature, where TC is the Celsius temperature.

If you measured sound speed in your oven, you would find that this relationship doesn't fit. At
200°C this relationship gives 453 m/s while the more accurate formula gives 436 m/s. This sound
speed does not apply to gases other than air, for example the helium from a balloon.

It is important to note that the sound speed in air is determined by the air itself. It is not
dependent upon the sound amplitude, frequency or wavelength.

http://hyperphysics.phy-astr.gsu.edu/


Gas Temperature (°C) Speed in m/s

Air 0 331.5

Air 20 344

Hydrogen 0 1270

Carbon dioxide 0 258

Helium 20 927

Water vapor 35 402

Lecture 5. Sound

Speed of Sound in Air

http://hyperphysics.phy-astr.gsu.edu/

For air, the adiabatic constant γ = 1.4 and the average molecular mass for dry air is 28.95 gm/mol. This leads to

𝑣𝑣𝑠𝑠𝑡𝑡𝑠𝑠𝑖𝑖𝑑𝑑 = 1.4(8.314𝐽𝐽/𝑚𝑚𝑡𝑡𝑣𝑣�𝐾𝐾)

0.02895 𝑘𝑘𝑑𝑑/𝑚𝑚𝑡𝑡𝑣𝑣
𝑇𝑇 = 20.05 𝑇𝑇 (m/sec) 

The calculation above was done for dry air, and moisture content in the air would be expected to increase the
speed of sound slightly because the molecular weight of water vapor is 18 compared to 28.95 for dry air. A
revised average molecular weight could be calculated based on the vapor pressure of water in the air. However,
the assumption of an adiabatic constant of γ = 1.4 used in the calculation is based upon the diatomic molecules
N2 and O2 and does not apply to water molecules. So the detailed modeling of the effect of water vapor on the
speed of sound would have to settle on an appropriate value of γ to use.

Sound Speed in Gases

http://hyperphysics.phy-astr.gsu.edu/
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Sound in Liquids
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The propagation speeds of traveling waves are characteristic of the media in which they travel
and are generally not dependent upon the other wave characteristics such as frequency, period,
and amplitude. The speed of sound in air and other gases, liquids, and solids is predictable from
their density and elastic properties of the media (bulk modulus).

In a water the wave is:

𝑣𝑣 =
𝐵𝐵
𝜌𝜌

=
2.2 × 109𝑁𝑁/𝑚𝑚2

1000 𝑘𝑘𝑐𝑐/𝑚𝑚3 = 1483 𝑚𝑚/𝑠𝑠

This agrees well with the measured speed of sound in water, 1482 m/s at 20°C. The situation with
solids is considerably more complicated, with different wave speeds in different directions, in
different kinds of geometries, and differences between transverse and longitudinal waves.

For example, a general tabulated value for the bulk modulus of steel gives a sound speed for
structural steel of

𝑣𝑣 =
160 × 109𝑁𝑁/𝑚𝑚2

7860 𝑘𝑘𝑐𝑐/𝑚𝑚3 = 4512 𝑚𝑚/𝑠𝑠

http://hyperphysics.phy-astr.gsu.edu/
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Sound in Liquids and Metals
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Sound Speed in Liquids

Selected Sound Speeds in Metals

Liquid Temperature (°C) Speed in m/s

Water 0 1402

Water 20 1482

Methyl alcohol 0 1130

Sea water 3.5% salinity 20 1522

Metal Density (gm/cm3) Vl m/s Vs m/s Vext m/s

Aluminum, rolled 2.7 6420 3040 5000

Brass (70 Cu, 30 Zn) 8.6 4700 2110 3480

Steel, 347 stainless 7.9 5790 3100 5000

• Vl = velocity of plane longitudinal 
wave in bulk material

• Vs = velocity ofplane transverse 
(shear) wave

• Vext = velocity of longitudinal wave 
(extensional wave) in thin rod

The speed of sound in liquids depends upon the
temperature. This is useful in monitoring the
temperature of oceans and other large bodies of
water because pulses of low frequency sound can
travel thousands of kilometers through the ocean and
still be detected. The pulse traverse time can be
measured with a network of stations to monitor
changes in the temperature of the intervening water.
When compared to changes predicted by climate
models, this can give some indication of whether
global warming from the greenhouse effect is
occurring.
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Sound Intensity
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Sound intensity is defined as the sound power per unit area. The usual context is the
measurement of sound intensity in the air at a listener's location. The basic units are watts/m2 or
watts/cm2. Many sound intensity measurements are made relative to a standard threshold of
hearing intensity I0 :

𝐼𝐼0 = 10−12 𝑤𝑤𝑎𝑎𝑈𝑈𝑈𝑈𝑠𝑠/𝑚𝑚2 = 10−16 𝑤𝑤𝑎𝑎𝑈𝑈𝑈𝑈𝑠𝑠/𝑐𝑐𝑚𝑚2

The most common approach to sound intensity measurement is to use the decibel scale:

𝐼𝐼 𝑑𝑑𝐵𝐵 = 10 log10
𝐼𝐼
𝐼𝐼0

Decibels measure the ratio of a given intensity I to the threshold of hearing intensity , so that this
threshold takes the value 0 decibels (0 dB). To assess sound loudness, as distinct from an objective
intensity measurement, the sensitivity of the ear must be factored in.

http://hyperphysics.phy-astr.gsu.edu/
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Sound Pressure
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Since audible sound consists of pressure waves, one of the ways to quantify the sound is to state
the amount of pressure variation relative to atmospheric pressure caused by the sound. Because of
the great sensitivity of human hearing, the threshold of hearing corresponds to a pressure
variation less than a billionth of atmospheric pressure.

The standard threshold of hearing can be stated in terms of pressure and the sound intensity in
decibels can be expressed in terms of the sound pressure:

𝑃𝑃0 = 2 × 10−5 𝑁𝑁𝑑𝑑𝑤𝑤𝑈𝑈𝑐𝑐𝑛𝑛𝑠𝑠/𝑚𝑚2

𝐼𝐼 𝑑𝑑𝐵𝐵 = 10 log10
𝐼𝐼
𝐼𝐼0

= 10 log10
𝑃𝑃2

𝑃𝑃02
= 20 log10

𝑃𝑃
𝑃𝑃0

The pressure P here is to be understood as the amplitude of the pressure wave. The power carried
by a traveling wave is proportional to the square of the amplitude. The factor of 20 comes from
the fact that the logarithm of the square of a quantity is equal to 2 x the logarithm of the quantity.

Since common microphones such as dynamic microphones produce a voltage which is
proportional to the sound pressure, then changes in sound intensity incident on the microphone can
be calculated from

∆𝐼𝐼 𝑑𝑑𝐵𝐵 = 20 log10
𝑉𝑉2
𝑉𝑉1

, where V1 and V2 are the measured voltage amplitudes .

http://hyperphysics.phy-astr.gsu.edu/
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Threshold of Hearing
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Sound level measurements in decibels are generally
referenced to a standard threshold of hearing at
1000 Hz for the human ear which can be stated in
terms of sound intensity:

𝐼𝐼0 = 10−12𝑤𝑤𝑎𝑎𝑈𝑈𝑈𝑈𝑠𝑠/𝑚𝑚2 = 10−16𝑤𝑤𝑎𝑎𝑈𝑈𝑈𝑈𝑠𝑠/𝑐𝑐𝑚𝑚2

or in terms of sound pressure:

𝑃𝑃0 = 2 × 10−5𝑁𝑁𝑑𝑑𝑤𝑤𝑈𝑈𝑐𝑐𝑛𝑛𝑠𝑠/𝑚𝑚2 = 2 × 10−4𝑑𝑑𝑦𝑦𝑛𝑛𝑑𝑑/𝑐𝑐𝑚𝑚2

This value has wide acceptance as a nominal standard threshold and corresponds to 0 decibels. It
represents a pressure change of less than one billionth of standard atmospheric pressure. This is
indicative of the incredible sensitivity of human hearing. The actual average threshold of hearing
at 1000 Hz is more like 2.5 x 10-12 watts/m2 or about 4 decibels, but zero decibels is a convenient
reference. The threshold of hearing varies with frequency, as illustrated by the measured hearing
curves.
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Threshold of Pain
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The nominal dynamic range of human hearing is from the standard threshold of hearing to the
threshold of pain. A nominal figure for the threshold of pain is 130 decibels, but that which may be
considered painful for one may be welcomed as entertainment by others. Generally, younger
persons are more tolerant of loud sounds than older persons because their protective mechanisms
are more effective. This tolerance does not make them immune to the damage that loud sounds can
produce.

The ear has incredible sensitivity

Threshold of hearing I0 less than one billionth of atmospheric pressure

and an incredible power range of operation.

Threshold of pain 1013 I0 = 10 000 000 000 000 I0

Some sources quote 120 dB as the pain threshold and define the audible sound frequency range as
ending at about 20,000 Hz where the threshold of hearing and the threshold of pain meet.
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Reflection of Sound
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The reflection of sound follows the law "angle of incidence equals angle of reflection", sometimes
called the law of reflection.

The same behavior is observed with light and other waves, and by the bounce of a billiard ball off
the bank of a table. The reflected waves can interfere with incident waves, producing patterns of
constructive and destructive interference. This can lead to resonances called standing waves in rooms.

It also means that the sound intensity near a hard surface is enhanced because the reflected wave
adds to the incident wave, giving a pressure amplitude that is twice as great in a thin "pressure
zone" near the surface. This is used in pressure zone microphones to increase sensitivity. The doubling
of pressure gives a 6 decibel increase in the signal picked up by the microphone. Reflection of
waves in strings and air columns are essential to the production of resonant standing waves in
those systems.
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Plane Wave Reflection
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"The angle of incidence is equal to the angle of reflection" is one way of
stating the law of reflection for light in a plane mirror.

Point source of sound reflecting from a plane surface

When sound waves from a point source strike a plane wall,
they produce reflected spherical wavefronts as if there were
an "image" of the sound source at the same distance on the
other side of the wall.

If something obstructs the direct sound from the source
from reaching your ear, then it may sound as if the entire
sound is coming from the position of the "image" behind
the wall. This kind of sound imaging follows the same law
of reflection as your image in a plane mirror.
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Reflection from Concave Surface
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Any concave surface will tend to focus the sound waves
which reflect from it. This is generally undesirable in
auditorium acoustics because it produces a "hot spot" and
takes sound energy away from surrounding areas. Even
dispersion of sound is desirable in auditorium design, and a
surface which spreads sound is preferable to one which
focuses it.
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Phase Change Upon Reflection
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The phase of the reflected sound waves from hard surfaces and the reflection of string waves
from their ends determines whether the interference of the reflected and incident waves will be
constructive or destructive. For string waves at the ends of strings there is a reversal of phase
and it plays an important role in producing resonance in strings. Since the reflected wave and
the incident wave add to each other while moving in opposite directions, the appearance of
propagation is lost and the resulting vibration is called a standing wave.

When sound waves in air (pressure waves) encounter a hard surface, there is no phase change
upon reflection. That is, when the high pressure part of a sound wave hits the wall, it will be
reflected as a high pressure, not a reversed phase which would be a low pressure. Keep in mind
that when we talk about the pressure associated with a sound wave, a positive or "high" pressure
is one that is above the ambient atmospheric pressure and a negative or "low" pressure is just
one that is below atmospheric pressure. A wall is described as having a higher "acoustic
impedance" than the air, and when a wave encounters a medium of higher acoustic impedance
there is no phase change upon reflection.

http://hyperphysics.phy-astr.gsu.edu/
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Phase Change Upon Reflection
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On the other hand, if a sound wave in a solid strikes an air boundary, the pressure wave which
reflects back into the solid from the air boundary will experience a phase reversal - a high-
pressure part reflecting as a low-pressure region. That is, reflections off a lower impedance
medium will be reversed in phase.

Besides manifesting itself in the "pressure zone" in air near a hard surface, the nature of the
reflections contribute to standing waves in rooms and in the air columns which make up musical
instruments.
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Phase Change Upon Reflection
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The conditions which lead to a phase change on one end but not the other can also be
envisioned with a string if one presumes that the loose end of a string is constrained to move
only transverse to the string. The loose end would represent an interface with a smaller effective
impedance and would produce no phase change for the transverse wave. In many ways, the
string and the air column are just the inverse of each other.
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Pressure Zone

http://hyperphysics.phy-astr.gsu.edu/

The sound intensity near a hard surface is enhanced because the reflected wave adds to the incident wave,
giving a pressure amplitude that is twice as great in a thin "pressure zone" near the surface. This is used in
pressure zone microphones to increase sensitivity. The doubling of pressure gives a 6 decibel increase in the
signal picked up by the microphone.

This is an attempt to visualize the phenomenon of the pressure zone in terms of the
dynamics of the air molecules involved in transporting the sound energy. The air
molecules are of course in ceaseless motion just from thermal energy and have energy
as a result of the atmospheric pressure. The energy involved in sound transport is
generally very tiny compared to that overall energy. If you visualize the velocity vectors
shown in the illustration as just that additional energy which associated with the sound
energy in the longitudinal wave, then we can argue that the horizontal components of
the velocities will just be reversed upon collision with the wall. Presuming the
collisions with the wall to be elastic, no energy is lost in the collisions.

Viewing the collection of molecules as a "fluid", we can invoke the idea that the internal
pressure of a fluid is a measure of energy density. The energy of the molecules
reflecting off the wall adds to that of the molecules approaching the wall in the
volume very close to the wall, effectively doubling the energy density and hence the
pressure associated with the sound wave.
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Two traveling waves which exist in the same medium will interfere with each other. If their amplitudes add, the
interference is said to be constructive interference, and destructive interference if they are "out of phase" and
subtract. Patterns of destructive and constructive interference may lead to "dead spots" and "live spots" in
auditorium acoustics.

Interference of incident and reflected waves is essential to the production of resonant standing waves.

Interference has far reaching consequences in sound because of the production of "beats" between two
frequencies which interfere with each other.
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Interference with a Tuning Fork
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If you strike a tuning fork and rotate it next to your ear, you will note that the sound alternates between loud
and soft as you rotate through the angles where the interference is constructive and destructive.

Each tine of the fork produces a pressure wave which travels outward at the speed of sound. One part of the
wave has a pressure higher than atmospheric pressure, another lower. At some angles the high pressure
areas of the two waves coincide and you hear a louder sound. At other angles, the high pressure part of one
wave coincides with the low pressure part of the other.
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Phase
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If a mass on a rod is rotated at constant speed and the resulting circular path illuminated from the edge, its
shadow will trace out simple harmonic motion. If the shadow vertical position is traced as a function of time,
it will trace out a sine wave. A full period of the sine wave will correspond to a complete circle or 360
degrees. The idea of phase follows this parallel, with any fraction of a period related to the corresponding
fraction of a circle in degrees.

Interference and Phase
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Refraction of Sound
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Refraction is the bending of waves when they enter a medium where their speed is different.

Refraction is not so important a phenomenon with sound as it is with light where it is responsible for image
formation by lenses, the eye, cameras, etc. But bending of sound waves does occur and is an interesting
phenomena in sound

These visualizations may help in
understanding the nature of refraction. A
column of troops approaching a medium
where their speed is slower as shown will
turn toward the right because the right side of
the column hits the slow medium first and is
therefore slowed down. The marchers on the
left, perhaps oblivious to the plight of their
companions, continue to march ahead full
speed until they hit the slow medium.

Not only does the direction of march change, the separation of the marchers is decreased. When applied to waves,
this implies that the direction of propagation of the wave is deflected toward the right and that the wavelength of
the wave is decreased. From the basic wave relationship, v = fλ , it is clear that a slower speed must shorten the
wavelength since the frequency of the wave is determined by its source and does not change.
Another visualization of refraction can come from the steering of various types of tractors, construction equipment,
tanks and other tracked vehicle. If you apply the right brake, the vehicle turns right because you have slowed down
one side of the vehicle without slowing down the other.
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Refraction of Sound
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If the air above the earth is warmer than that at the
surface, sound will be bent back downward toward
the surface by refraction.

Sound propagates in all directions from a point source. Normally, only that which is initially directed toward the
listener can be heard, but refraction can bend sound downward. Normally, only the direct sound is received. But
refraction can add some additional sound, effectively amplifying the sound. Natural amplifiers can occur over
cool lakes.
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Diffraction: the bending of waves around small* obstacles and the spreading out of waves beyond small* openings.

* - small compared to the wavelength
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Diffraction of Sound
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Important parts of our experience with sound involve diffraction. The fact that you can hear sounds around corners
and around barriers involves both diffraction and reflection of sound. Diffraction in such cases helps the sound to
"bend around" the obstacles. The fact that diffraction is more pronounced with longer wavelengths implies that you
can hear low frequencies around obstacles better than high frequencies, as illustrated by the example of a
marching band on the street. Another common example of diffraction is the contrast in sound from a close
lightning strike and a distant one. The thunder from a close bolt of lightning will be experienced as a sharp crack,
indicating the presence of a lot of high frequency sound. The thunder from a distant strike will be experienced as a
low rumble since it is the long wavelengths which can bend around obstacles to get to you. There are other factors
such as the higher air absorption of high frequencies involved, but diffraction plays a part in the experience.

You may perceive diffraction to have a dual nature, since the same phenomenon which causes waves to bend
around obstacles causes them to spread out past small openings. This aspect of diffraction also has many
implications. Besides being able to hear the sound when you are outside the door as in the illustration above, this
spreading out of sound waves has consequences when you are trying to soundproof a room. Good soundproofing
requires that a room be well sealed, because any openings will allow sound from the outside to spread out in the
room - it is surprising how much sound can get in through a small opening. Good sealing of loudspeaker cabinets is
required for similar reasons.
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Another implication of diffraction is the fact that a wave which is much longer than the size of an obstacle, like the
post in the auditorium above, cannot give you information about that obstacle. A fundamental principle of imaging
is that you cannot see an object which is smaller than the wavelength of the wave with which you view it. You
cannot see a virus with a light microscope because the virus is smaller than the wavelength of visible light. The
reason for that limitation can be visualized with the auditorium example: the sound waves bend in and reconstruct
the wavefront past the post. When you are several sound wavelengths past the post, nothing about the wave gives
you information about the post. So your experience with sound can give you insights into the limitations of all
kinds of imaging processes.

The long wavelength sounds of the bass drum
will diffract around the corner more efficiently
than the more directional, short wavelength
sounds of the higher pitched instruments.
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You hear the high pitch of the siren of the approaching ambulance, and notice that its pitch drops suddenly as
the ambulance passes you. That is called the Doppler effect.
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Doppler Wavelength Change
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The speed of sound is determined by the medium in which it is traveling, and therefore is the same for a
moving source. But the frequency and wavelength are changed. The wavelengths for a moving source are given
by the relationships below. It is sometimes convenient to express the change in wavelength as a fraction of the
source wavelength for a stationary source:
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Police RADAR
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RADAR speed detectors bounce microwave
radiation off of moving vehicles and detect the
reflected waves. These waves are shifted in
frequency by the Doppler effect, and the beat
frequency between the directed and reflected
waves provides a measure of the vehicle speed.

The Doppler shift for relatively low velocity sources such as those encountered by police RADAR is given by

∆𝐸𝐸
𝐸𝐸

=
𝑣𝑣𝑠𝑠
𝑐𝑐

where c is the speed of light (and all electromagnetic waves in a vacuum). But in this case there are two shifts:
one because the wave incident on the moving car is Doppler shifted and an additional shift because the reflection
is from a moving object. The frequency shift of the reflected wave received at the source of the wave is

∆𝐸𝐸
𝐸𝐸

=
2𝑣𝑣𝑡𝑡𝑎𝑎𝑟𝑟𝑑𝑑𝑒𝑒𝑡𝑡

𝑐𝑐

This shift is detected by measuring the beat frequency with the transmitted wave.
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The Doppler effect in an ultrasonic pulse probe detects the reflected sound from moving blood. The frequency
of the reflected sound is different, and the beat frequency between the direct and reflected sounds can be
amplified and used in earphones to hear the pulse sound
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Doppler Pulse Probe
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The pulse of a premature infant may be very difficult to detect with a stethoscope since the sound produced is
extremely faint. A sensitive Doppler pulse probe can be used to advantage because it detects the movement of
the blood through an artery. The ultrasonic echo from the moving blood can be mixed with the source frequency
to produce a beat frequency. As the blood surges with the pumping action of the heart, the beat frequency signal
changes in frequency and amplitude.

Remarkably, in clinical Doppler pulse detectors the sound output is similar in nature to what you hear with a
stethoscope; you immediately recognize it as a pulse sound.
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Ultrasonic sound
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The term "ultrasonic" applied to sound refers to anything above the frequencies of audible sound, and nominally
includes anything over 20,000 Hz. Frequencies used for medical diagnostic ultrasound scans extend to 10 MHz
and beyond.

Sounds in the range 20-100kHz are commonly used for
communication and navigation by bats, dolphins, and
some other species.

Much higher frequencies, in the range 1-20 MHz, are used
for medical ultrasound. Such sounds are produced by
ultrasonic transducers.
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Ultrasonic sound
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A wide variety of medical diagnostic applications use both the echo time and the Doppler shift of the reflected
sounds to measure the distance to internal organs and structures and the speed of movement of those structures.

Typical is the echocardiogram, in which a moving image of the heart's action is produced in video form with
false colors to indicate the speed and direction of blood flow and heart valve movements.

Ultrasound imaging near the surface of the body is capable of resolutions less than a millimeter. The resolution
decreases with the depth of penetration since lower frequencies must be used (the attenuation of the waves in
tissue goes up with increasing frequency.) The use of longer wavelengths implies lower resolution since the
maximum resolution of any imaging process is proportional to the wavelength of the imaging wave.
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Ultrasonic Transducers
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Ultrasonic sound can be produced by transducers which operate either by the piezoelectric effect (crystals which
acquire a charge when compressed, twisted or distorted are said to be piezoelectric) or the magnetostrictive effect
(ferromagnetic material respond mechanically to magnetic fields). The magnetostrictive transducers can be used to
produce high intensity ultrasonic sound in the 20-40 kHz range for ultrasonic cleaning and other mechanical
applications.

Ultrasonic medical imaging typically uses much higher ultrasound frequencies in
the range 1-20 MHz.

Such ultrasound is produced by applying the output of an electronic oscillator to
a thin wafer of piezoelectric material such as lead zirconate titanate. The higher
frequencies imply shorter wavelengths and therefore higher resolution for the
imaging process. The application of the basic ideas of imaging suggests that the
resolution of any imaging process is limited by diffraction to a dimension similar
to the wavelength of the wave used for the imaging process.
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Arterial Ultrasound Scan
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High frequency ultrasound in the 7-12 MHz region is used for high resolution imaging of arteries which lie close
to the surface of the body, such as the carotid arteries. Using a nominal sound velocity of 1540 m/s in tissue, the
sound wavelength in tissue for a 7 MHz sound wave can be obtained from the wave relationship v = fλ.

𝜆𝜆 =
1540𝑚𝑚/𝑠𝑠

7 × 106𝐻𝐻𝐻𝐻
≈ 0.2 𝑚𝑚𝑚𝑚

Using the general principle of imaging that you can't see anything smaller than the wavelength suggests a 0.2
mm ultimate resolution limit.
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Arterial Ultrasound Scan
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In addition to imaging the arterial walls, the ultrasound techniques can measure the blood flow velocity by
making use of the Doppler effect. The reflected ultrasound is shifted in frequency from the frequency of the
source, and that difference in frequency can be accurately measured by detecting the beat frequency between
the incident and reflected waves. The beat frequency is directly proportional to the velocity of flow, so
continuous recording of the beat frequencies from the different parts of the artery gives you an image of the
velocity profile of the blood flow as a function of time.

Speed of Sound in Tissue
Material Sound speed (m/s) Acoustic 

impedance

air (0 C) 331 0.0004

fat 1450 1.38

water 1540 1.54
human soft 

tissue 1540 ..

brain 1541 1.68

liver 1549 1.65

kidney 1561 1.62

blood 1570 1.61

muscle 1585 1.70

lens of eye 1620 1.84

skull-bone 4080 7.8
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Ear and Hearing
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Sound energy spreads out from its sources. For a point source of sound, it spreads out according to the inverse
square law. For a given sound intensity, a larger ear captures more of the wave and hence more sound energy.

The outer ear structures act as part of the ear's preamplifier to enhance the sensitivity of hearing.

The auditory canal acts as a closed tube resonator, enhancing sounds in the range 2-5 kiloHertz.
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The Tympanic Membrane
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The tympanic membrane or "eardrum" receives vibrations
traveling up the auditory canal and transfers them through
the tiny ossicles to the oval window, the port into the inner
ear.

The eardrum is some fifteen times larger than the oval
window of the inner ear, giving an amplification of about
fifteen compared to a case where the sound pressure
interacted with the oval window alone.

The tympanic membrane is very thin, about 0.1 mm, but it is
resilient and strong. It is made up of three layers: the outer
layer of skin, a layer of fibrous connective tissue, and a layer
of mucous membrane.
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The three tiniest bones in the body form the coupling between the vibration of the eardrum and the forces
exerted on the oval window of the inner ear. Formally named the malleus, incus, and stapes, they are commonly
referred to in English as the hammer, anvil, and stirrup.

With a long enough lever, you can lift a big rock with a small applied force on the other end of the lever. The
amplification of force can be changed by shifting the pivot point.

The ossicles can be thought of as a compound lever which achieves a multiplication of force. This lever action is
thought to achieve an amplification by a factor of about three under optimum conditions, but can be adjusted
by muscle action to actually attenuate the sound signal for protection against loud sounds.

The vibration of the eardrum is transmitted to the oval window of the inner ear by means of the ossicles, which
achieve an amplification by lever action. The lever is adjustable under muscle action and may actually
attenuate loud sounds for protection of the ear.
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The Inner Ear
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The small bone called the stirrup, one of the ossicles, exerts force on a thin membrane called the oval window,
transmitting sound pressure information into the inner ear.

The inner ear can be thought of as two organs: the semicircular canals which serve as the body's balance organ
and the cochlea which serves as the body's microphone, converting sound pressure impulses from the outer ear
into electrical impulses which are passed on to the brain via the auditory nerve.

The basilar membrane of the inner ear plays a critical role in the perception of pitch according to the place
theory.
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The Semicircular Canals
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The semicircular canals, part of the inner ear, are the body's balance organs, detecting acceleration in the three
perpendicular planes. These accelerometers make use of hair cells similar to those on the organ of Corti, but
these hair cells detect movements of the fluid in the canals caused by angular acceleration about an axis
perpendicular to the plane of the canal. Tiny floating particles aid the process of stimulating the hair cells as
they move with the fluid. The canals are connected to the auditory nerve.
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The Cochlea
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The inner ear structure called the cochlea is a snail-shell like structure divided into three fluid-filled parts. Two
are canals for the transmission of pressure and in the third is the sensitive organ of Corti, which detects
pressure impulses and responds with electrical impulses which travel along the auditory nerve to the brain.

The perilymph fluid in the canals differs from the endolymph fluid in the cochlear duct. The organ of Corti is
the sensor of pressure variations
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The Fluid Filled Cochlea
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The pressure changes in the cochlea caused by sound entering the ear travel down the fluid filled tympanic and
vestibular canals which are filled with a fluid called perilymph. This perilymph is almost identical to spinal fluid
and differs significantly from the endolymph which fills the cochlear duct and surrounds the sensitive organ of
Corti. The fluids differ in terms of their electrolytes and if the membranes are ruptured so that there is mixing of
the fluids, the hearing is impaired.
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Optics
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Optics is the branch of physics which involves the behavior and properties of light, including its interactions
with matter and the construction of instruments that use or detect it.

Most optical phenomena can be accounted for using the classical electromagnetic description of light.

Complete electromagnetic descriptions of light are, however, often difficult to apply in practice. Practical optics
is usually done using simplified models. The most common of these, geometric optics, treats light as a collection
of rays that travel in straight lines and bend when they pass through or reflect from surfaces.

Physical optics is a more comprehensive model of light, which includes wave effects such as diffraction and
interference that cannot be accounted for in geometric optics.
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In a rainbow or the separation of colors by a prism we see the continuous range of spectral colors (the visible
spectrum).

A spectral color is composed of a single wavelength and can be correlated with wavelength as shown in the
chart below. It is safe enough to say that monochromatic light like the helium-neon laser is red (632 nm) or that
the 3-2 transition from the hydrogen spectrum is red (656 nm) because they fall in the appropriate wavelength
range. But most colored objects give off a range of wavelengths and the characterization of color is much more
than the statement of wavelength. Perceived colors can be mapped on a chromaticity diagram.
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It is common practice to define pure colors in terms of the wavelengths of light as shown. This works well for
spectral colors but it is found that many different combinations of light wavelengths can produce the same
perception of color.

This progression from left to right is from long wavelength to short wavelength, and from low frequency to high
frequency light. The wavelengths are commonly expressed in nanometers (1 nm = 10-9 m). The visible spectrum
is roughly from 700 nm (red end) to 400 nm (violet end). The letter I in the sequence above is for indigo - no
longer commonly used as a color name.

The inherently distinguishable characteristics of color are hue, saturation, and brightness.

White light, or nearly white light from the Sun,
contains a continuous distribution of
wavelengths. The light from the Sun is essentially
that of a blackbody radiator at 5780 K.

The wavelengths (spectral colors) of white light
can be separated by a dispersive medium like a
prism. Even more effective separation can be
achieved with a diffraction grating.
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Visible light is a narrow part of the electromagnetic spectrum and in a vacuum all electromagnetic radiation
travels at the speed of light:

𝑐𝑐 = 2.99792458 × 108𝑚𝑚/𝑠𝑠

In a material medium the effective speed of light is slower and is usually stated in terms of the index of
refraction of the medium.

Light propagation is affected by the phenomena:

• refraction,

• reflection,

• diffraction,

• interference.

The behavior of light in optical systems will be characterized in terms of its vergence.

𝑠𝑠𝑝𝑝𝑑𝑑𝑑𝑑𝑑𝑑 𝑙𝑙𝑈𝑈𝑐𝑐𝑐𝑈𝑈 ≈ 3 � 108𝑚𝑚/𝑠𝑠

http://hyperphysics.phy-astr.gsu.edu/


Lecture 7. Optics

Refraction of Light
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Refraction is the bending of a wave when it enters a medium
where its speed is different.

The refraction of light when it passes from a fast medium to a
slow medium bends the light ray toward the normal to the
boundary between the two media. The amount of bending
depends on the indices of refraction of the two media and is
described quantitatively by Snell's Law.

As the speed of light is reduced in the slower medium, the
wavelength is shortened proportionately. The frequency is
unchanged; it is a characteristic of the source of the light and
unaffected by medium changes.

Snell's Law relates the indices of refraction n of the two media to
the directions of propagation in terms of the angles to the
normal.

𝑖𝑖1
𝑖𝑖2

= sin 𝜃𝜃2
sin 𝜃𝜃1
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Index of Refraction of Light
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The index of refraction is defined as the speed of light in vacuum
divided by the speed of light in the medium.

Light entering or exiting a water surface is bent by refraction. The
index of refraction for water is 4/3, implying that light travels 3/4
as fast in water as it does in vacuum.

Refraction at the water surface gives the "broken pencil" effect
shown above. Submerged objects always appear to be shallower
than they are because the light from them changes angle at the
surface, bending downward toward the water.

Refraction of Light by Water
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Principal Focal Length
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For a thin double convex lens, refraction acts to focus all parallel rays to a point referred to as the principal focal
point. The distance from the lens to that point is the principal focal length f of the lens.

For a double concave lens where the rays are diverged, the principal focal length is the distance at which the
back-projected rays would come together and it is given a negative sign.

The lens strength in diopters is defined as the inverse of the focal length in meters.

For a thick lens made from spherical surfaces, the focal distance will differ for different rays, and this change is
called spherical aberration. The focal length for different wavelengths will also differ slightly, and this is called
chromatic aberration.

The principal focal length of a lens is determined by the index of refraction of the glass, the radii of curvature of
the surfaces, and the medium in which the lens resides.
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Focal Length and Lens Strength
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The most important characteristic of a lens is its principal focal length, or its inverse which is called the lens
strength or lens "power". Optometrists usually prescribe corrective lenses in terms of the lens power in diopters.
The lens power is the inverse of the focal length in meters: the physical unit for lens power is 1/meter which is
called diopter.
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Thin Lens Equation
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Magnification: Transverse &Angular
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The linear magnification or transverse magnification is the ratio of the image size to the object size. If the image
and object are in the same medium it is just the image distance divided by the object distance.

If the media are different on the two sides of the surface or lens, the magnification is not quite so
straightforward. It can be variously expressed as

In this equation V is the vergence, n is the index of refraction, and u is used for the angle.
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Vergence
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The vergence of light is defined by

𝑣𝑣𝑑𝑑𝑟𝑟𝑐𝑐𝑑𝑑𝑛𝑛𝑐𝑐𝑑𝑑 = 𝑑𝑑 = 𝑛𝑛/𝐿𝐿
where n is the index of refraction of the medium and L is the distance in accordance with the Cartesian sign
convention. The standard use of vergence expresses the distance L in meters, so the unit of vergence is m-1, often
called "diopters".

Since the distance L1 is measured from the wavefront
and light is traveling left to right, it is a negative
distance and the vergence is negative (divergent). L2 is
positive since it is directed to the right from the
wavefront (convergent).

The change in vergence when the light encounters a
refracting surface is equal to the power of the surface Ps:

𝑑𝑑 + 𝑃𝑃𝑆𝑆 = 𝑑𝑑′
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Virtual Image Formation
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A virtual image is formed at the position where the paths of the
principal rays cross when projected backward from their paths
beyond the lens. Although a virtual image does not form a
visible projection on a screen, it is no sense "imaginary", i.e., it
has a definite position and size and can be "seen" or imaged by
the eye, camera, or other optical instrument.

A reduced virtual image if formed by a single negative lens
regardless of the object position. An enlarged virtual image
can be formed by a positive lens by placing the object inside
the principal focal point.
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The "three principal rays" which are used for visualizing the
image location and size are:

1. A ray from the top of the object proceeding parallel to
the centerline perpendicular to the lens. Beyond the lens, it
will pass through the principal focal point. For a negative
lens, it will proceed from the lens as if it emanated from
the focal point on the near side of the lens.

2. A ray through the center of the lens, which will be
undeflected. (Actually, it will be jogged downward on the
near side of the lens and back up on the exit side of the
lens, but the resulting slight offset is neglected for thin
lenses).

3. A ray through the principal focal point on the near side of
the lens. It will proceed parallel to the centerline upon exit
from the lens. The third ray is not really needed, since the
first two locate the image.

Lecture 7. Optics

Ray Diagrams for Lenses

http://hyperphysics.phy-astr.gsu.edu/

The image formed by a single lens can be located and sized with three principal rays. Examples are given for
converging and diverging lenses and for the cases where the object is inside and outside the principal focal
length.
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Ray Diagrams for Convex Lenses
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For an object outside the focal point, a real inverted image will be formed.

For an object inside the focal point, a virtual erect image will be formed.
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Ray Diagrams for Concave Lenses
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The ray diagrams for concave lenses inside and outside the focal point give similar results: an erect virtual
image smaller than the object. The image is always formed inside the focal length of the lens.
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Ray Diagram for Two Lenses

http://hyperphysics.phy-astr.gsu.edu/

http://hyperphysics.phy-astr.gsu.edu/


Lecture 7. Optics

Refraction and the Eye
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Most of that refraction in the eye takes place at the first surface, since the transition from the air into the cornea
is the largest change in index of refraction which the light experiences. About 80% of the refraction occurs in
the cornea and about 20% in the inner crystalline lens.

While the inner lens is the smaller portion of the
refraction, it is the total source of the ability to
accommodate the focus of the eye for the
viewing of close objects. For the normal eye, the
inner lens can change the total focal length of
the eye by 7-8%.

Common eye defects are often called "refractive
errors" and they can usually be corrected by
relatively simple compensating lenses.

Images are formed in a camera by refraction in a
manner similar to image formation in the eye.
However, accommodation to image closer objects
is done differently in the eye and camera.
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Eye
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Accommodation
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Accommodation is the process of adjusting
the focus distance of an optical instrument
to the object which is to be viewed.

When the eye is relaxed and the interior lens
is the least rounded, the lens has its
maximum focal length for distant viewing .
As the muscle tension around the ring of
muscle is increased and the supporting
fibers are thereby loosened, the interior lens
rounds out to its minimum focal length..
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Accommodation
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When the ciliary muscles contract, they loosen the ciliary
fibers which are attached to the envelope of the crystalline
lens. Because the lens is pliable, it relaxes into a more curves
shape, increasing it's refractive power to accommodate for
closer viewing. The iris serves as the aperture stop for the eye,
closing to about 2mm in diameter in bright light and opening
to a maximum of about 8mm in dim light.
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The Cornea
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The cornea represents the strongest part of the refracting power of
the eye, providing about 80% of the power of the system. The index
of refraction of the cornea is about 1.376. Rays pass from the cornea
into the watery fluid known as the aqueous humor which has an
index of refraction of about 1.336, so most of the refraction is at the
cornea-air interface.

Crystalline Lens

About 9mm in diameter and 4 mm thick, the crystalline lens provides perhaps
20% of the refracting power of the eye. Hecht likens it to a tiny transparent
onion with some 22,000 fine layers. The index ranges from about 1.406 at the
center to about 1.386 in outer layers, making it a gradient index lens. It is
pliable, and changes shape to accomplish accommodation for close focusing.

The term cataract is used to describe the condition of clouding or darkening of
this lens.
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Aqueous Humor
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The anterior chamber of the eye is filled with the watery "aqueous
humor" which has an index of refraction of about 1.336. It is
positioned immediately behind the cornea. The larger chamber of
the eye is filled with the gelatinous "vitreous humor", which has an
index of refraction of about 1.337 .

Vitreous Humor

The large chamber of the eye is filled with the
gelatinous "vitreous humor", which has an index of
refraction of about 1.337 . The front chamber of the eye,
immediately behind the cornea, is filled with the watery
"aqueous humor" which has an index of refraction of
about 1.336.

The index of refraction of both of the interior fluids of
the eye are very close to that of water, n= 4/3 = 1.333 .
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Cataracts
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When the inner lens of the eye becomes darkened or opaque, the condition is called a cataract. The lens may
be surgically replaced with a plastic lens. This can have dramatic results in restoring vision to the eye. The
implanted lens is of fixed focal length, so it is not capable of accommodation like the natural lens. This is
usually not a major concern, because persons who develop cataracts after age 60 do not have much
accommodation remaining anyway because the inner lens has become less pliable with age.
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Aberrations
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In an ideal optical system, all rays of light from a point in the object plane would converge to the same point in
the image plane, forming a clear image. The influences which cause different rays to converge to different points
are called aberrations.

For lenses made with spherical surfaces, rays which are parallel to the optic axis but at different distances from
the optic axis fail to converge to the same point. For a single lens, spherical aberration can be minimized by
bending the lens into its best form. For multiple lenses, spherical aberrations can be canceled by overcorrecting
some elements. The use of symmetric doublets like the orthoscopic doublet greatly reduces spherical aberration.
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Astigmatism
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The kind of astigmatism commonly encountered as a vision defect is a result of different lens curvatures in
different planes. If the behavior of light from a point source object is examined, then for a perfect lens it should
form a focused bright spot on the opposite side of the lens. But if the focal length of the lens is different for
different planes of incident light, there will be no point where all the rays from the object reach a sharp focus.
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Reflection
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Light incident upon a surface will in general be partially reflected and partially transmitted as a refracted ray.
The fact that the angle of incidence is equal to the angle of reflection is sometimes called the "law of reflection".

The reflectivity of light from a surface depends upon the angle of incidence and upon the plane of polarization
of the light. The general expression for reflectivity is derivable from Fresnel's Equations. For purposes such as
the calculation of reflection losses from optical instruments, it is usually sufficient to have the reflectivity at
normal incidence. This normal incidence reflectivity is dependent upon the indices of refraction of the two
media.

For light from a medium of index n1 normally incident upon a medium of index n2 the reflectivity is:

𝑅𝑅 = 𝑖𝑖2−𝑖𝑖1
𝑖𝑖2+𝑖𝑖1

2
(%)

For light from a medium of index n1 =normally incident upon a medium of index n2 =the reflectivity is
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Total Internal Reflection
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When light is incident upon a medium of lesser index of
refraction, the ray is bent away from the normal, so the exit
angle is greater than the incident angle. Such reflection is
commonly called "internal reflection". The exit angle will then
approach 90° for some critical incident angle θC , and for
incident angles greater than the critical angle there will be
total internal reflection.

The critical angle can be calculated from Snell's law
by setting the refraction angle equal to 90°. Total
internal reflection is important in fiber optics and is
employed in polarizing prisms.

For any angle of incidence less than the critical angle,
part of the incident light will be transmitted and part
will be reflected.

The normal incidence reflection coefficient can be
calculated from the indices of refraction. For non-
normal incidence, the transmission and reflection
coefficients can be calculated from the Fresnel
equations.
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Fiber Optics
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The field of fiber optics depends upon the total internal reflection of light rays traveling through tiny optical
fibers.

The fibers are so small that once the light is introduced into the fiber with an angle within the confines of the
numerical aperture of the fiber, it will continue to reflect almost losslessly off the walls of the fiber and thus can
travel long distances in the fiber. Bundles of such fibers can accomplish imaging of otherwise inaccessible areas.
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Fiber Optic Imaging
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Fiber optic imaging uses the fact that the light striking the end of an individual fiber will be transmitted to the
other end of that fiber. Each fiber acts as a light pipe, transmitting the light from that part of the image along the
fiber. If the arrangement of the fibers in the bundle is kept constant then the transmitted light forms a mosaic
image of the light which struck the end of the bundle.
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Mirrors in Imaging
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Mirrors are used widely in optical instruments for gathering light and forming images since they work over a wider
wavelength range and do not have the problems of dispersion which are associated with lenses and other refracting
elements.

Mirrors are widely used in telescopes and
telephoto lenses. They have the advantage of
operating over a wider range of wavelengths,
from infrared to ultraviolet and above. They
avoid the chromatic aberration arising from
dispersion in lenses, but are subject to other
aberrations.

Instruments which use only mirrors to form
images are called catoptric systems, while
those which use both lenses and mirrors are
called catadioptric systems (dioptric systems
being those with lenses only).
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Convex Mirror Image
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A convex mirror forms a virtual image.

Using a ray parallel to the principal axis and one incident upon the center of the mirror, the position of the image can
be constructed by back-projecting the rays which reflect from the mirror. The virtual image that is formed will appear
smaller and closer to the mirror than the object.
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Concave Mirror Image
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If the object is outside the focal length, a concave mirror will form a real, inverted image.
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Concave Mirror Image
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If an object is placed inside the focal length of a concave mirror, and enlarged virtual and erect image will be formed
behind the mirror.
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Interference
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The wave properties of light lead to interference, but certain conditions of coherence must be met for these
interference effects to be readily visible.

Double Slit Interference
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Thin Films
The optical properties of thin films arise from interference and reflection. The basic conditions for interference
depend upon whether the reflections involve 180 degree phase changes.

Interference Condition for Thin Films

Optical pathlength difference Г:

Г = 𝑛𝑛 𝑑𝑑𝐵𝐵 + 𝐵𝐵𝐶𝐶 − 𝑑𝑑𝐴𝐴

𝑑𝑑𝐵𝐵 = 𝑑𝑑
cos 𝛽𝛽

,𝑑𝑑𝐴𝐴 = (2𝑑𝑑 tan𝛽𝛽) sin𝛼𝛼, 𝑑𝑑𝐴𝐴 = 2𝑑𝑑 tan𝛽𝛽 (𝑛𝑛 sin𝛽𝛽)

Collecting terms:

Г = 2𝑛𝑛𝑑𝑑
1

cos𝛽𝛽
− tan𝛽𝛽 sin𝛽𝛽

Г = 2𝑛𝑛𝑑𝑑
1 − sin2 𝛽𝛽

cos𝛽𝛽
= 2𝑛𝑛𝑑𝑑 cos𝛽𝛽

Reflected light will experience a 180 degree phase change when
it reflects from a medium of higher index of refraction and no
phase change when it reflects from a medium of smaller index.
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Anti-Reflection Coatings

Thin film anti-reflection coatings greatly reduce the light loss in multi-element lenses by making use of phase
changes and the dependence of the reflectivity on index of refraction. A single quarter-wavelength coating of
optimum index can eliminate reflection at one wavelength. Multi-layer coatings can reduce the loss over the
visible spectrum.

The idea behind anti-reflection coatings is that the creation of a double interface by means of a thin film gives
you two reflected waves. If these waves are out of phase, they partially or totally cancel. If the coating is a quarter
wavelength thickness and the coating has an index of refraction less that the glass it is coating then the two
reflections are 180 degrees out of phase.
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Michelson Interferometer

The Michelson interferometer produces interference fringes by splitting a beam of monochromatic light so that
one beam strikes a fixed mirror and the other a movable mirror. When the reflected beams are brought back
together, an interference pattern results.
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Michelson Interferometer

Precise distance measurements can be made with the Michelson interferometer by moving the mirror and
counting the interference fringes which move by a reference point.

The distance d associated with m fringes is d = mλ/2
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Fabry-Perot Interferometer

This interferometer makes use of multiple reflections between two closely spaced partially silvered surfaces. Part
of the light is transmitted each time the light reaches the second surface, resulting in multiple offset beams
which can interfere with each other. The large number of interfering rays produces an interferometer with
extremely high resolution, somewhat like the multiple slits of a diffraction grating increase its resolution.
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Fabry-Perot Interferometer

𝑚𝑚 = 𝑐𝑐𝑟𝑟𝑑𝑑𝑑𝑑𝑟𝑟 𝑐𝑐𝐸𝐸 𝑈𝑈𝑛𝑛𝑈𝑈𝑑𝑑𝑟𝑟𝐸𝐸𝑑𝑑𝑟𝑟𝑑𝑑𝑛𝑛𝑐𝑐𝑑𝑑 ≈
2𝑑𝑑
𝜆𝜆
𝐸𝐸𝑐𝑐𝑟𝑟 𝑠𝑠𝑚𝑚𝑎𝑎𝑙𝑙𝑙𝑙 𝑎𝑎𝑛𝑛𝑐𝑐𝑙𝑙𝑑𝑑𝑠𝑠, 𝑟𝑟 = 𝑟𝑟𝑑𝑑𝐸𝐸𝑙𝑙𝑑𝑑𝑐𝑐𝑈𝑈𝑎𝑎𝑛𝑛𝑐𝑐𝑑𝑑 𝑐𝑐𝐸𝐸 𝑑𝑑𝑈𝑈𝑎𝑎𝑙𝑙𝑐𝑐𝑛𝑛 𝑠𝑠𝑐𝑐𝑟𝑟𝐸𝐸𝑎𝑎𝑐𝑐𝑑𝑑𝑠𝑠

which means that the least separation of two spectral lines is given by

∆𝜆𝜆 =
𝜆𝜆(1 − 𝑟𝑟)
𝑚𝑚𝜋𝜋 𝑟𝑟

This separation means that the two wavelengths satisfy the Rayleigh criterion. The interferometer can also be
characterized by its free spectral range, the change in wavelength necessary to shift the fringe system by one
fringe:

𝛿𝛿𝜆𝜆 =
𝜆𝜆2

2𝑑𝑑

The Fabry-Perot Interferometer makes use of
multiple reflections which follow the interference
condition for thin films. The net phase change is
zero for two adjacent rays, so the condition 2dcosα
= mλ represents an intensity maximum.

A high-resolution interferometer, the Fabry-Perot
Interferometer has a resolvance of

𝜆𝜆
Δ𝜆𝜆

=
𝑚𝑚𝜋𝜋 𝑟𝑟
1 − 𝑟𝑟
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Diffraction

Diffraction manifests itself in the apparent bending of waves around small obstacles and the spreading out of
waves past small openings.

Fraunhofer Diffraction

Fraunhofer diffraction deals with the limiting cases where the light appoaching the diffracting object is parallel
and monochromatic, and where the image plane is at a distance large compared to the size of the diffracting
object. The more general case where these restrictions are relaxed is called Fresnel diffraction.
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Fraunhofer Single Slit

The phenomenon of diffraction involves the spreading out of waves past openings which are on the order of the
wavelength of the wave. The spreading of the waves into the area of the geometrical shadow can be modeled by
considering small elements of the wavefront in the slit and treating them like point sources.

If light from symmetric elements near each edge of the slit travels to the centerline of the slit, as indicated by
rays 1 and 2 above, their light arrives in phase and experiences constructive interference. Light from other
element pairs symmetric to the centerline also arrive in phase. Although there is a progressive change in phase
as you choose element pairs closer to the centerline, this center position is nevertheless the most favorable
location for constructive interference of light from the entire slit and has the highest light intensity.
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The first minimum in intensity for the light through a single slit can be visualized in terms of rays 3 and 4. An
element at one edge of the slit and one just past the centerline are chosen, and the condition for minimum
light intensity is that light from these two elements arrive 180° out of phase, or a half wavelength different in
pathlength. If those two elements suffer destructive interference, then choosing additional pairs of identical
spacing which progress downward across the slit will give destructive interference for all those pairs and
therefore an overall minimum in light intensity.

One of the characteristics of single slit diffraction is that a narrower slit will give a wider diffraction pattern,
which seems somewhat counter-intuitive. One way to visualize it is to consider that rays 3 and 4 must reach
one half wavelength difference in light pathlength, and if the slit is narrower, it will take a greater angle of the
rays to achieve that difference.
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Fraunhofer Single Slit
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The pattern formed by the interference and diffraction of coherent light is distinctly different for a single and
double slit. The single slit intensity envelope is shown by the dashed line and that of the double slit for a
particular wavelength and slit width is shown by the solid line. The photographs of the single and double slit
patterns produced by a helium-neon laser show the qualitative differences between the patterns produced. You
can see that the drawing is not to the same scale as the photographs, but the breaking up of the broad maxima
of the single slit pattern into more closely spaced maxima is evident. The number of bright maxima within the
central maximum of the single-slit pattern is influenced by the width of the slit and the separation of the
double slits.
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Double Slit Diffraction
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Diffraction Grating
When there is a need to separate light of different wavelengths with high resolution, then a diffraction grating is most
often the tool of choice. This "super prism" aspect of the diffraction grating leads to application for measuring atomic
spectra in both laboratory instruments and telescopes. A large number of parallel, closely spaced slits constitutes a
diffraction grating. The condition for maximum intensity is the same as that for the double slit or multiple slits, but with
a large number of slits the intensity maximum is very sharp and narrow, providing the high resolution for spectroscopic
applications. The peak intensities are also much higher for the grating than for the double slit.

When light of a single wavelength , like the 632.8nm red light
from a helium-neon laser at left, strikes a diffraction grating
it is diffracted to each side in multiple orders. Orders 1 and 2
are shown to each side of the direct beam. Different
wavelengths are diffracted at different angles, according to
the grating relationship.

The condition for maximum intensity is the same as that for a double
slit. However, angular separation of the maxima is generally much
greater because the slit spacing is so small for a diffraction grating.

http://hyperphysics.phy-astr.gsu.edu/
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Circular Aperture Diffraction 
When light from a point source passes through a small circular aperture, it does not produce a bright dot as an image,
but rather a diffuse circular disc known as Airy's disc surrounded by much fainter concentric circular rings.

This example of diffraction is of great importance because the eye and many optical instruments have circular
apertures. If this smearing of the image of the point source is larger that that produced by the aberrations of the
system, the imaging process is said to be diffraction-limited, and that is the best that can be done with that size
aperture. This limitation on the resolution of images is quantified in terms of the Rayleigh criterion so that the limiting
resolution of a system can be calculated.

http://hyperphysics.phy-astr.gsu.edu/
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Fresnel Diffraction

Fraunhofer diffraction is the special case where the incoming light is assumed to be parallel and the image
plane is assumed to be at a very large distance compared to the diffracting object. Fresnel diffraction refers to
the general case where those restrictions are relaxed. This makes it much more complex mathematically. Some
cases can be treated in a reasonable empirical and graphical manner to explain some observed phenomena.

The more accurate Fresnel treatment of the single slit gives a pattern which is similar in appearance to that of
the Fraunhofer single slit except that the minima are not exactly zero.

For the Fresnel case, all length parameters are allowed to take comparable values, so all must be included as
variables in the problem. The usual geometry assumes a monochromatic slit source and the problem is set up in
terms of a parameter v as defined below. This parameter is used with the Cornu spiral or a table of elliptical
integrals.

http://hyperphysics.phy-astr.gsu.edu/
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Fresnel Diffraction

An opaque circular disk gives a concentric ring diffraction pattern similar to the circular aperture, but in
addition it has a bright spot in the center referred to as either Poisson's spot or Fresnel's spot. It seems
more appropriate to name it after Fresnel since he developed the theory.

http://hyperphysics.phy-astr.gsu.edu/
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Quantum Properties of Light 

Quantum processes dominate the fields of atomic and molecular physics. The treatment here is limited to a
review of the characteristics of absorption, emission, and stimulated emission which are essential to an
understanding of lasers and their applications.

Atomic transitions which emit or absorb visible light are generally electronic transitions, which can be pictured
in terms of electron jumps between quantized atomic energy levels.

Note that the frequency that is emitted when an electron makes the downward transition is the same as the
frequency absorbed by this two-level system. This can be generalized to the multiple energy levels of atoms. The
emission spectra of atoms are the series of frequencies emitted by those atoms in gaseous form. If these same
gases were cool, the same series of frequencies would be selectively absorbed.

http://hyperphysics.phy-astr.gsu.edu/
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Lasers 

The stimulated emission of light is the crucial quantum process necessary for the operation of a laser.

The light from a typical laser emerges in an extremely thin beam with very little divergence. Another way of
saying this is that the beam is highly "collimated". An ordinary laboratory helium-neon laser can be swept around
the room and the red spot on the back wall seems about the same size at that on a nearby wall.

http://hyperphysics.phy-astr.gsu.edu/
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Characteristics of Laser Light 

1. Coherent. Different parts of the laser beam are related to each other in phase. These phase relationships are
maintained over long enough time so that interference effects may be seen or recorded photographically. This
coherence property is what makes holograms possible.

2. Monochromatic. Laser light consists of essentially one wavelength, having its origin in stimulated emission from
one set of atomic energy levels.

3. Collimated. Because of bouncing back between mirrored ends of a laser cavity, those paths which sustain
amplification must pass between the mirrors many times and be very nearly perpendicular to the mirrors. As a
result, laser beams are very narrow and do not spread very much.

http://hyperphysics.phy-astr.gsu.edu/
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Population Inversion

The achievement of a significant population inversion in atomic or molecular energy states is a precondition for
laser action. Electrons will normally reside in the lowest available energy state. They can be elevated to excited
states by absorption, but no significant collection of electrons can be accumulated by absorption alone since
both spontaneous emission and stimulated emission will bring them back down.

A population inversion cannot be achieved with just two levels because the probabability for absorption and for
spontaneous emission is exactly the same, as shown by Einstein and expressed in the Einstein A and B
coefficients. The lifetime of a typical excited state is about 10-8 seconds, so in practical terms, the electrons drop
back down by photon emission about as fast as you can pump them up to the upper level. The case of the
helium-neon laser illustrates one of the ways of achieving the necessary population inversion.

http://hyperphysics.phy-astr.gsu.edu/
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Coherent Light 

Coherence is one of the unique properties of laser light. It arises from the stimulated emission process which
provides the amplification. Since a common stimulus triggers the emission events which provide the amplified
light, the emitted photons are "in step" and have a definite phase relation to each other. This coherence is
described in terms of temporal coherence and spatial coherence, both of which are important in producing the
interference which is used to produce holograms.

Ordinary light is not coherent because it comes from independent
atoms which emit on time scales of about 10-8 seconds. There is a
degree of coherence in sources like the mercury green line and some
other useful spectral sources, but their coherence does not approach
that of a laser

Monochromatic Laser Light

The light from a laser typically comes from one atomic transition with a single precise wavelength. So the laser
light has a single spectral color and is almost the purest monochromatic light available.

http://hyperphysics.phy-astr.gsu.edu/
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Holography

Holography is "lensless photography" in which an image is captured not as an image focused on film, but as an
interference pattern at the film. Typically, coherent light from a laser is reflected from an object and combined
at the film with light from a reference beam. This recorded interference pattern actually contains much more
information that a focused image, and enables the viewer to view a true three-dimensional image which
exhibits parallax. That is, the image will change its appearance if you look at it from a different angle, just as
if you were looking at a real 3D object. In the case of a transmission hologram, you look through the film and
see the three dimensional image suspended in midair at a point which corresponds to the position of the real
object which was photographed.

http://hyperphysics.phy-astr.gsu.edu/
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Diagnosis

Main application of medical imaging techniques in disease diagnosis, e.g.:

• cancer 

• cardiovascular disease 

• neurological disorders (e.g., Alzheimer’s disease) 

and in drug development (small animal imaging with microPET or microSPECT, 
microCT, microMRI, bioluminescence and fluorescence imaging systems) 

http://www.desy.de/
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Diagnosis

Staging of lung cancer with Fluorodeoxyglucose (FDG) and Positron Emission Tomography – Computed
Tomography (PET/CT.) The whole-body image (Panel A) shows normal FDG uptake in the brain and the urinary
bladder. In addition, several regions of intensely increased FDG uptake are seen in the chest. On the
cross-sectional images of chest (Panels B through E), the primary tumor (PT, Panel B) is seen in the
right lung (Ln) (arrow) with several malignant lymph nodes on the same side. There are additional
malignant lymph nodes on the opposite side of the patient’s chest (Panel E, arrows).

http://www.desy.de/
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Diagnosis

Monitoring the effects of chemotherapy on tumor volume and glucose uptake with serial multislice computed
tomography (MSCT) and PET imaging in a patient with cancer of the esophagus. The large tumor seen on the
MSCT image (yellow arrow) is associated with intense FDG uptake on the pre‐treatment PET image (red arrow).
At 2 weeks, the tumor volume decreased only mildly (decrease in diameter from 21 mm to 19 mm), while the
FDG uptake declined by about 50 percent (reflected by the decrease in the standardized uptake value of FDG
from 16.8 to 8.5). At 2 months, the tumor volume has strikingly decreased and the FDG uptake is only faintly
visible.

http://www.desy.de/
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Diagnosis

DFG ‐ PET brain images in a normal volunteer (left panel) and in a patient with Alzheimer’s disease (right
panel). Tomographic slices through the brain at the level of inferior parietal/superior temporal cortex are
shown. The color displayed in each part of the brain reflects the concentration of FDG corresponding to the
metabolic activity of the neurons in that region. Red, orange, and yellow areas are (in decreasing order) the
most active, while green, blue, and violet areas are progressively less active. Note that in neurologically
healthy individuals, the entire cerebral cortex has a moderately high level of metabolism. In the patient with
Alzheimer’s disease, the arrows indicate areas of diminished metabolic activity in the patient’s parietotemporal
cortex, a region important for processing of language and associative memories.

http://www.desy.de/
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Radiotherapy

After diagnosis some diseases like hyperthyroidism, cancer, blood disorders, etc… can be treated using
radiotherapy.

Three main methods:

• Unsealed source radiotherapy

• Brachytherapy (sealed source therapy)

• External beam: x-rays, electrons, p, n, heavy ions

Stages in the radiotherapy process:

QA, imaging, planning, simulation, treatment,

verification, modelling outcome

Physics, engineering, imaging, technology based "seeds"‐ small radioactive rods
implanted directly into the tumor.

http://www.desy.de/
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Benefits of Radiotherapy

• Breast Cancer

• Mastectomy

• Compare surgery and chemotherapy
(CMF) with and without radiotherapy

• 10 year survival improved by 10%

http://www.desy.de/
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What is medical imaging? 

Every non-invasive technique that allows to look inside the human body.

In addition see things that are not visible to the eye (blood flow, organ metabolism,
receptor binding)

Different techniques (modalities) allow to look inside the human body in different ways
(looking at different signals)

Invasive techniques surgery, endoscopy

Non-invasive techniques Magnetic resonance imaging, ultrasound
Projection radiography, computed tomography, nuclear 
medicine (but exposure to radiation)

http://www.desy.de/


Signal Modality Property imaged

X-ray transmission 
through the body

projection radiography or 
CT

attenuation coefficient to 
X-ray

Gamma-ray emission 
from within the body

Planar scintigraphy or 
emission tomography

Distribution of induced 
radio sources

Nuclear magnetic 
resonance induction

Magnetic resonance 
imaging

Hydrogen proton density, 
spin precession in large 
magnetic field

Ultrasound echoes Ultrasound imaging Sound reflectivity
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Signals and Modalities
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Projection vs. Tomography

Projection: A single 2D image “shadow” of the 3D body (one
dimension is integrated - loss of information)

Tomography: A series of images are generated, one from
each slice of 3D body in a particular direction (no
integration)

axial or transverse / coronal or frontal / sagiIal

http://www.desy.de/
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Anatomical vs. Functional imaging

Some modalities are very good at depicting anatomical structures (bones):

• X-ray and CT

• MRI

Some modalities are less good with anatomical structure but reflect the functional
status (blood flow, oxygenation, etc…)

• Ultrasound

• PET, functional MRI

http://www.desy.de/
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Common imaging modalities

• Projection radiography (X-Rray)

• Computed tomography

• Nuclear medicine (SPECT, PET)

• Magnetic resonance Imaging (MRI)

• Ultrasound imaging

• Optical imaging

http://www.desy.de/
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Projection radiography

Scintillator screen and detector (film, camera, solid-state)

X‐ray tube
cone beam

http://www.desy.de/
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Projection radiography
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Computed tomography

X-ray in a 2-D “fan beam” rotated around the subject

The image of one cross-section is computed from all projections (digital)

Whole body scan in less than one minute

http://www.desy.de/
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Computed tomography
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Nuclear medicine 

Emission images:

• Radioactive substances (radio tracers) have to be introduced into the body that
emit gamma-‐rays or positrons.

• Radiotracers move within the body according to the natural uptake

• Investigated is the local concentration of radio tracer within the body

Functional imaging as oppose to structural/anatomical imaging

Three techniques:

• Radionuclide imaging or scintigraphy (2D
projection equivalent to projection
radiography)

• Single photon emission tomography (SPECT)

• Positron emission tomography (PET)

Detect single γ‐rays (rather
than intensity as in CT)
with a scintillator detector
called Anger camera

http://www.desy.de/
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SPECT

Anger camera

Cardiac scans: the blood flows through
the heart muscle

http://www.desy.de/
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Nuclear Medicine
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Magnetic resonance imaging

In a magnetic field protons (H) align themselves along the field lines An additional
gradient field can locally disturb the alignment To reestablish the alignment protons
precess and generate detectable EM-waves

2 Tesla super-
conductive
magnet

Human knee

http://www.desy.de/


Lecture 9. Applications 
of Medical Physics

http://www.desy.de/

Magnetic resonance imaging
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Ultrasound imaging

• High frequency sound are emitted into the imaged body, time and strength of the
returned sound pulses are measured

• Comparative inexpensive and completely non-invasive

• Image quality is relatively poor

11-weeks-old Human
embryo

http://www.desy.de/
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Ultrasound imaging
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Electromagnetic waves used in medical imaging 

larger than 1 Å high attenuation from the body,

shorter than 10-2 Å = too high energy (>1MeV) for direct detection

http://www.desy.de/
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Electromagnetic waves used in medical imaging 

http://www.desy.de/
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