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� à ¡®â¥ ¤ ¥âáï ®¯¨á ¨¥ ç áâ¨çëå  ¢â®¬ â®¢ ¡¥§ ¢ëå®¤ , ª®â®àë¥ ¬®¦® «¨¥©® ã¯®àï-
¤®ç¨âì. �¥¬ á ¬ë¬ ¢ ãª § ®¬ ª« áá¥  ¢â®¬ â®¢ à¥è ¥âáï ®¤  ¨§ § ¤ ç, ¯®áâ ¢«¥ëå ¢ [1].
� ¥¥ à¥è¥¨¥ íâ®© § ¤ ç¨ ¡ë«® ¨§¢¥áâ® â®«ìª® ¤«ï  ¢â®®¬ëå  ¢â®¬ â®¢ [2].

1. �¢¥¤¥¨¥

�« ¢ë¬ ®¡ê¥ªâ®¬ ¨§ãç¥¨ï ¢ ¤ ®© à ¡®â¥ ï¢«ï¥âáï ç áâ¨çë©  ¢â®¬ â ¡¥§ ¢ëå®¤  (¤ -
«¥¥ ¯à®áâ® \ ¢â®¬ â"), ª®â®àë© ®¯à¥¤¥«ï¥âáï ª ª âà®©ª  A = (S;X; �), £¤¥ S ¨ X | ¯à®¨§¢®«ì-
ë¥ ¥¯ãáâë¥ ¬®¦¥áâ¢  (¬®¦¥áâ¢® á®áâ®ï¨© ¨ ¬®¦¥áâ¢® ¢å®¤ëå á¨£ «®¢  ¢â®¬ â ),  
� � (S�X)�S | ®¤®§ ç®¥ ¡¨ à®¥ ®â®è¥¨¥ ¬¥¦¤ã ¬®¦¥áâ¢ ¬¨ S�X ¨ S (ç áâ¨ç ï,
¢ ®¡é¥¬ á«ãç ¥, äãªæ¨ï ¯¥à¥å®¤®¢  ¢â®¬ â ). �¢â®¬ â A  §ë¢ ¥âáï ¢¯®«¥ ®¯à¥¤¥«¥ë¬,
¥á«¨ pr1� = S�X; ª®¥çë¬, ¥á«¨ ¬®¦¥áâ¢  S ¨ X ª®¥çë;  ¢â®®¬ë¬, ¥á«¨ ¬®¦¥áâ¢® X
®¤®í«¥¬¥â®. �¢â®®¬ë©  ¢â®¬ â ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ A = (S; �), à áá¬ âà¨¢ ï � ª ª
ç áâ¨ç®¥ ¯à¥®¡à §®¢ ¨¥ ¬®¦¥áâ¢  S (� � S � S).

�ãáâì A = (S;X; �) | ¥ª®â®àë©  ¢â®¬ â. �«ï ä¨ªá¨à®¢ ®£® ¢å®¤®£® á¨£ «  x 2 X

®¯à¥¤¥«¨¬ ¡¨ à®¥ ®â®è¥¨¥ �x := f(s; t) 2 S � S : ((s; x); t) 2 �g (á¨¬¢®« \:=" ®§ ç ¥â
à ¢¥áâ¢® ¯® ®¯à¥¤¥«¥¨î). �¢â®®¬ë¥  ¢â®¬ âë Ax = (S; �x), x 2 X, ¡ã¤¥¬  §ë¢ âì [3]
 ¢â®®¬ë¬¨ ª®¬¯®¥â ¬¨  ¢â®¬ â  A.

� ¬¥â¨¬, çâ® á  «£¥¡à ¨ç¥áª®© â®çª¨ §à¥¨ï  ¢â®¬ â A = (S;X; �) ¬®¦® à áá¬ âà¨¢ âì
ª ª ç áâ¨çãî ã àãî  «£¥¡àã á ®á¨â¥«¥¬ S ¨ á®¢®ªã¯®áâìî ç áâ¨çëå ã àëå ®¯¥à æ¨©
f�x : x 2 Xg. �¬¥® á íâ®© â®çª¨ §à¥¨ï  ¢â®¬ âë ¨§ãç «¨áì ¢ [4],   ¢¯®«¥ ®¯à¥¤¥«¥ë¥
ª®¥çë¥  ¢â®¬ âë | ¢ [3], £¤¥ ¨¬¥¥âáï ¨ ¤ «ì¥©è ï ¡¨¡«¨®£à ä¨ï.

�§¢¥áâë à §«¨çë¥ \ «£¥¡à ¨ç¥áª¨¥" ¯®¤å®¤ë ª ®¡®¡é¥¨î ¯®ïâ¨ï \ ¢â®¬ â" (á¬.,  ¯à.,
[5], á. 52{65; [6]{[13]). �¤¥áì ¬ë ¢¢¥¤¥¬ á«¥¤ãîé¥¥ ¯®ïâ¨¥, ¢ ¦®¥ ¤«ï ¯à¨«®¦¥¨©.

�¥«ïâ¨¢¨§¨à®¢ ë¬  ¢â®¬ â®¬ (ª®à®âª®: R- ¢â®¬ â®¬) ¡ã¤¥¬  §ë¢ âì âà®©ªã Arel =
((S;R);X; �), £¤¥ S, X, � ¨¬¥îâ â®â ¦¥ á¬ëá«, çâ® ¨ ¢ ®¯à¥¤¥«¥¨¨  ¢â®¬ â ,  R = f�i : i 2 Ig|
 ¡®à ®â®è¥¨© (¯à®¨§¢®«ìëå  à®áâ¥©)   ¬®¦¥áâ¢¥ S. � ª« ¤ë¢ ï à §«¨çë¥ ®£à ¨ç¥-
¨ï   à¥«ïâ¨¢ (S;R) ¨ äãªæ¨î ¯¥à¥å®¤®¢ �, ¬®¦® ¯®«ãç âì à §«¨çë¥ ª« ááë R- ¢â®¬ â®¢.
�à¨ R = ? ¯®«ãç îâáï (®¡ëçë¥)  ¢â®¬ âë. �¥¤¥æ¨ï ¢  ¡áâà ªâ®© â¥®à¨¨  ¢â®¬ â®¢, á®-
áâ®ïé ï ¢ § ¤ ¨¨ ¨ ¨§ãç¥¨¨ â¥å ¨«¨ ¨ëå ª« áá®¢ à¥«ïâ¨¢¨§¨à®¢ ëå  ¢â®¬ â®¢, ¡ë« 
¯®¤¬¥ç¥  �.�. �«ãèª®¢ë¬ ã¦¥ ¢  ç «¥ 60-å £®¤®¢ ([14], á. 60).

�ãáâì K | ¥ª®â®àë© ª« áá R- ¢â®¬ â®¢. �¢â®¬ â A = (S;X; �) ¡ã¤¥¬  §ë¢ âì K-
à¥«ïâ¨¢¨§¨àã¥¬ë¬, ¥á«¨   ¬®¦¥áâ¢¥ S ¥£® á®áâ®ï¨© ¬®¦® § ¤ âì áâàãªâãàã à¥«ïâ¨¢ ,
¯à¥¢à é îéãî A ¢ R- ¢â®¬ â ¨§ ª« áá  K.
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� «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® R- ¢â®¬ âë ¢¨¤  A� = ((S; �);X; �), £¤¥ � � S � S |
¡¨ à®¥ ®â®è¥¨¥   ¬®¦¥áâ¢¥ S, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î áâ ¡¨«ì®áâ¨

(8s1; s2 2 S)(8x 2 X)((s1; s2) 2 �
\
(pr1�x)

2 =) (�x(s1); �x(s2)) 2 �):

� ª¨¬ ®¡à §®¬ ®¯à¥¤¥«¥ë© R- ¢â®¬ â A� ¡ã¤¥¬  §ë¢ âì �-áâ ¡¨«ìë¬  ¢â®¬ â®¬. �á«¨
� | ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨, â®  ¢â®¬ â A� ¬®¦® à áá¬ âà¨¢ âì ª ª (®¡ëçë©)  ¢â®¬ â,
¤«ï ª®â®à®£® § ä¨ªá¨à®¢   ¥ª®â®à ï ¥£® ª®£àãíæ¨ï � ([3], á. 33). � á«ãç ¥, ª®£¤  � ï¢«ï¥âáï
®â®è¥¨¥¬ â®«¥à â®áâ¨, �-áâ ¡¨«ìë¥  ¢â®¬ âë ¨§ãç «¨áì,  ¯à¨¬¥à, ¢ [15], [16],   ¢ á«ãç ¥,
ª®£¤  �| ®â®è¥¨¥ ¯®àï¤ª  ¨§ ¥ª®â®à®£® ª« áá , | ¢ à ¡®â å [9], [17]{[20] (¢ [9], [16], [18]{[20]
à áá¬ âà¨¢ «¨áì  ¢â®¬ âë á ¢ëå®¤®¬).

� á®®â¢¥âáâ¢¨¨ á ®¡é¨¬ ®¯à¥¤¥«¥¨¥¬  ¢â®¬ â A = (S;X; �) ¡ã¤¥¬  §ë¢ âì «¨¥©® ã¯®-

àï¤®ç¨¢ ¥¬ë¬ (ª®à®âª®: O- ¢â®¬ â®¬), ¥á«¨ ¥£® ¬®¦® ¯à¥¢à â¨âì ¢ �-áâ ¡¨«ìë©  ¢â®¬ â
A� = ((S; �); X; �), £¤¥ �| ®â®è¥¨¥ «¨¥©®£® ¯®àï¤ª    ¬®¦¥áâ¢¥ S. � íâ®¬ á«ãç ¥  ¢â®¬ â
A� ¡ã¤¥¬  §ë¢ âì «¨¥©® ã¯®àï¤®ç¥ë¬ («. ã.)  ¢â®¬ â®¬.

�¯®«¥ ®¯à¥¤¥«¥ë¥  ¢â®®¬ë¥ O- ¢â®¬ âë ¡ë«¨ ®¯¨á ë �. �ã¡ ®¢¨ç¥¬ ¢ áâ âì¥ [2] (íâ®
®¯¨á ¨¥ «¥£ª® ¯¥à¥®á¨âáï ¨   ª« áá ç áâ¨çëå  ¢â®®¬ëå  ¢â®¬ â®¢, á¬. ãâ¢¥à¦¤¥¨¥ 2 ¢
¯. 2 ¨¦¥). � [1] ¡ë«  ¯®áâ ¢«¥  § ¤ ç  ¨§ãç¥¨ï ¢¯®«¥ ®¯à¥¤¥«¥ëå ª®¥çëå O- ¢â®¬ â®¢,
íâ  ¦¥ § ¤ ç  ¤«ï ¯à®¨§¢®«ìëå ¢¯®«¥ ®¯à¥¤¥«¥ëå  ¢â®¬ â®¢ (¢ â¥à¬¨ å ã àëå  «£¥¡à)
ã¯®¬¨ « áì ¢ ®¡§®à¥ [21]. � áâ®ïé ï à ¡®â  ¯®á¢ïé¥  à¥è¥¨î ¡®«¥¥ ®¡é¥© § ¤ ç¨ | å à ª-
â¥à¨§ æ¨¨ (ç áâ¨çëå) O- ¢â®¬ â®¢. �â®á¨â¥«ì® ¯®«ãç¥®£® ®¯¨á ¨ï O- ¢â®¬ â®¢ ¯®ª § -
®, çâ® ®® ¢ ¨§¢¥áâ®¬ á¬ëá«¥ ¥ ¤®¯ãáª ¥â ã¯à®é¥¨ï (á¬. ãâ¢¥à¦¤¥¨¥ ¯. 3).

2. �¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ¯®ïâ¨ï ¨ ãâ¢¥à¦¤¥¨ï

�«ï ¥¯ãáâ®£® ¬®¦¥áâ¢  A ç¥à¥§ P (A) ®¡®§ ç ¥âáï á®¢®ªã¯®áâì ¢á¥å ¥£® ¯®¤¬®¦¥áâ¢.
�ãáâì S | ¯à®¨§¢®«ì®¥ ¥¯ãáâ®¥ ¬®¦¥áâ¢®, BinarS | á®¢®ªã¯®áâì ¢á¥å  â¨à¥ä«¥ªá¨¢ëå

¡¨ àëå ®â®è¥¨©   ¬®¦¥áâ¢¥ S

BinarS := f� � S � S : �S

\
� = ?g;

£¤¥ �S := f(s; s) : s 2 Sg | ¤¨ £® «ì ¢ ¬®¦¥áâ¢¥ S. �  ¬®¦¥áâ¢¥ P (BinarS ) ¢¢¥¤¥¬ âà¨
ã àë¥ ®¯¥à æ¨¨ T, G ¨ S. �ãáâì R � BinarS , R 6= ?.

a) �¯¥à æ¨î T ¯®í«¥¬¥â®£®  â¨à¥ä«¥ªá¨¢®-âà §¨â¨¢®£® § ¬ëª ¨ï ¬®¦¥áâ¢  ¡¨-
 àëå ®â®è¥¨© ®¯à¥¤¥«¨¬ à ¢¥áâ¢ ¬¨

T(R) :=
[
ff��g : � 2 Rg; £¤¥ �� :=

� 1[
k=1

�k
�
n�S;

T(?) := ?:

¡) �¯¥à æ¨î G áª«¥¨¢ ¨ï ¬®¦¥áâ¢  ¡¨ àëå ®â®è¥¨© ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬.
� áá¬®âà¨¬ £à ä �(R) = (R; �), £¤¥ � � R � R, (�1; �2) 2 � () �1

T
�2 6= ?. �ãáâì f�i : i 2 Ig

| á®¢®ªã¯®áâì ¢á¥å ¥£® ª®¬¯®¥â á¢ï§®áâ¨, �i = (Ri; �i),
S
fRi : i 2 Ig = R, Ri

T
Rj = ? ¯à¨

¢á¥å i; j 2 I, i 6= j. �®«®¦¨¬ G (R) :=
nS

�2Ri
� : i 2 I

o
, G (?) := ?.

¢) S := G � T (¯à®¨§¢¥¤¥¨¥ ¯¨è¥¬ á¯à ¢   «¥¢®).
�®¦¥áâ¢® R � BinarS ¡ã¤¥¬  §ë¢ âì ¯®«®© ®àâ®£® «ì®© á¨¬¬¥âà¨ç®© (�.�.�.) á¨áâ¥-

¬®© ¡¨ àëå ®â®è¥¨©, ¥á«¨ R ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1)
S
f� : � 2 Rg = S2 n�S (¯®«®â );

2) ¤«ï «î¡ëå �; � 2 R ¥á«¨ � 6= �, â® �
T
� = ? (®àâ®£® «ì®áâì);

3) ¤«ï «î¡®£® � 2 R ¨¬¥¥¬ ��1 2 R (á¨¬¬¥âà¨ç®áâì).
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�.�.�.-á¨áâ¥¬ë ¡ã¤¥¬ ç áâ® § ¯¨áë¢ âì ª ª R = f�i; �
�1
i gi2I .

�.�.�.-á¨áâ¥¬  R � BinarS  §ë¢ ¥âáï ¯à ¢¨«ì®©, ¥á«¨ ª ¦¤®¥ ®â®è¥¨¥ � 2 R ï¢«ï¥âáï
áâà®£¨¬ ¯®àï¤ª®¬   ¬®¦¥áâ¢¥ S. �à ¢¨«ì ï �.�.�.-á¨áâ¥¬  R = f�i; �

�1

i gi2I ¯® ®¯à¥¤¥«¥¨î
¤®¯ãáª ¥â á®£« á®¢ ¨¥, ¥á«¨ áãé¥áâ¢ã¥â á¨áâ¥¬  ç¨á¥« f"i : i 2 Ig, "i 2 f1;�1g ¯à¨ ¢á¥å i 2 I,
â ª ï, çâ® ®â®è¥¨¥

S
f�"ii : i 2 Ig ¥áâì áâà®£¨© «¨¥©ë© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S.

�ãáâì R � BinarS ¥áâì �.�.�.-á¨áâ¥¬  ¡¨ àëå ®â®è¥¨©. �¡®§ ç¨¬ ç¥à¥§ �n(R), n 2 N,
íª¢¨¢ «¥â®áâì   ¬®¦¥áâ¢¥ S2 n �S, á®®â¢¥âáâ¢ãîéãî à §¡¨¥¨î S

n(R) íâ®£® ¬®¦¥áâ¢ .
�ç¥¢¨¤®, �1 � �2 � � � � . �ç¨âë¢ ï ¯®«®âã à¥è¥âª¨ ¢á¥å íª¢¨¢ «¥â®áâ¥©   ¬®¦¥áâ¢¥
S2 n �S, § ª«îç ¥¬, çâ® áãé¥áâ¢ã¥â lim

n!1
S
n(R) := (S2 n�S)=�(R), £¤¥ �(R) := supf�n : n 2 Ng.

�§ ®¯à¥¤¥«¥¨© á«¥¤ã¥â, çâ® lim
n!1

S
n(R) ¥áâì �.�.�.-á¨áâ¥¬  âà §¨â¨¢ëå ¡¨ àëå ®â®è¥¨©

  ¬®¦¥áâ¢¥ S.
�à¨¢¥¤¥¬ â¥¯¥àì ¥áª®«ìª® ®¯à¥¤¥«¥¨© ¨ ãâ¢¥à¦¤¥¨©, ª á îé¨åáï  ¢â®¬ â®¢.
�à ä  ¢â®¬ â  A = (S;X; �) | íâ® [1] ®à£à ä

�!
G (A) = (S; �), £¤¥ � := f(s; t) 2 S � S : (9x 2

X)((s; t) 2 �x)g.
�¢ ¤à â®¬  ¢â®¬ â  A = (S;X; �)  §ë¢ ¥âáï  ¢â®¬ â A2 = (S2;X; b�), £¤¥ ¤«ï ª ¦¤®£® x 2 X

b�x := f((s1; t1); (s2; t2)) 2 S2 � S2 : (s1; s2) 2 �x&(t1; t2) 2 �xg:

�à ä  ¢â®¬ â  A2 ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§
�!
G (A2) = (S2; �).

�à¨¢¥¤¥ë¬ £à ä®¬  ¢â®¬ â  A2 ¡ã¤¥¬  §ë¢ âì ¥®à¨¥â¨à®¢ ë© £à ä eG(A2) = (S2 n

�S; e�), £¤¥ e� := ((�
S
��1)n�S2)

T
(S2n�S)2, â.¥. ¯®¤£à ä £à ä  (S2; (�

S
��1)n�S2), ¯®à®¦¤¥ë©

¬®¦¥áâ¢®¬ ¢¥àè¨ S2 n�S.
�ãáâì f eGi : i 2 Ig | á®¢®ªã¯®áâì ¢á¥å ª®¬¯®¥â á¢ï§®áâ¨ £à ä  eG(A2). �ã¤¥¬ ®â®-

¦¤¥áâ¢«ïâì á¨¬¢®« eGi, i 2 I, á ¬®¦¥áâ¢®¬ ¢¥àè¨ £à ä  eGi. �®£¤  G = f eGi : i 2 Ig ¥áâì
�.�.�.-á¨áâ¥¬  ¡¨ àëå ®â®è¥¨©   ¬®¦¥áâ¢¥ S.

�¯à¥¤¥«¨â¥«¥¬  ¢â®¬ â  A  §®¢¥¬ �.�.�.-á¨áâ¥¬ã âà §¨â¨¢ëå ¡¨ àëå ®â®è¥¨©
detA := lim

n!1
Sn(G).

�¢â®¬ â A ¡ã¤¥¬  §ë¢ âì ¯à ¢¨«ìë¬, ¥á«¨ detA | ¯à ¢¨«ì ï �.�.�.-á¨áâ¥¬ .
�¢â®®¬ë©  ¢â®¬ â A = (S; �)  §ë¢ ¥âáï  æ¨ª«¨ç¥áª¨¬, ¥á«¨ ¥£® £à ä ¥ á®¤¥à¦¨â ®â-

«¨çëå ®â \¯¥â¥«ì" (®à¨¥â¨à®¢ ëå) ª®âãà®¢.

�â¢¥à¦¤¥¨¥ 1 ([2]). �¯®«¥ ®¯à¥¤¥«¥ë©  ¢â®®¬ë©  ¢â®¬ â A ï¢«ï¥âáï O- ¢â®-

¬ â®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  æ¨ª«¨ç¥áª¨©.

�â¢¥à¦¤¥¨¥ 2. �¢â®®¬ë©  ¢â®¬ â A = (S; �) ï¢«ï¥âáï O- ¢â®¬ â®¬ â®£¤  ¨ â®«ì-

ª® â®£¤ , ª®£¤  ®  æ¨ª«¨ç¥áª¨©.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì  ¢â®®¬ë©  ¢â®¬ â A ¥ ï¢«ï¥âáï  æ¨ª«¨ç¥-
áª¨¬. �®£¤  ã ¥£® ¥áâì ¯®¤ ¢â®¬ â A0, £à ä ª®â®à®£® ¯à¥¤áâ ¢«ï¥â á®¡®© ª®âãà á ç¨á«®¬
¢¥àè¨ ¥ ¬¥¥¥ ¤¢ãå. �® ãâ¢¥à¦¤¥¨î 1  ¢â®¬ â A0 ¥ ï¢«ï¥âáï O- ¢â®¬ â®¬. �«¥¤®¢ â¥«ì®,
íâ¨¬ á¢®©áâ¢®¬ ¥ ®¡« ¤ ¥â ¨  ¢â®¬ â A.

�®áâ â®ç®áâì. � áá¬®âà¨¬ ¢¯®«¥ ®¯à¥¤¥«¥ë©  ¢â®¬ â A0 = (S; �0), £¤¥ �0(s) := �(s),
¥á«¨ s 2 pr1�, ¨ �0(s) = s, ¥á«¨ s =2 pr1�. �¢â®¬ â A0 ¡ã¤¥â ¢¯®«¥ ®¯à¥¤¥«¥ë¬  æ¨ª«¨ç¥áª¨¬,
á«¥¤®¢ â¥«ì®, ® ¡ã¤¥â ¨ O- ¢â®¬ â®¬. �® «î¡®© «¨¥©ë© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S, ã¤®¢«¥-
â¢®àïîé¨© ãá«®¢¨î áâ ¡¨«ì®áâ¨ ¢  ¢â®¬ â¥ A0, ã¤®¢«¥â¢®àï¥â íâ®¬ã ãá«®¢¨î ¨ ¢  ¢â®¬ â¥ A.
� ª¨¬ ®¡à §®¬,  ¢â®¬ â A ï¢«ï¥âáï O- ¢â®¬ â®¬.

�¢â®¬ â A  §®¢¥¬ £à ä¨ç¥áª¨ á¢ï§ë¬ (ª®à®âª®: �-á¢ï§ë¬), ¥á«¨ ¥£® £à ä á¢ï§¥. �ç¥-
¢¨¤®, çâ® ¯à®¨§¢®«ìë©  ¢â®¬ â A ï¢«ï¥âáï O- ¢â®¬ â®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ¨¬
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á¢®©áâ¢®¬ ®¡« ¤ ¥â ª ¦¤ë© ¥£® ¬ ªá¨¬ «ìë© (¯® ¢ª«îç¥¨î) �-á¢ï§ë© ¯®¤ ¢â®¬ â. �â®
§ ¬¥ç ¨¥ ¨ ãâ¢¥à¦¤¥¨¥ 2 ¤ îâ  ¬ ¯à ¢® ¢ á«¥¤ãîé¥¬ ¯ãªâ¥ ¯®¤ \ ¢â®¬ â®¬" ¯®¨¬ âì
¯à®¨§¢®«ìë© �-á¢ï§ë©  ¢â®¬ â, ã ª®â®à®£® ª ¦¤ ï  ¢â®®¬ ï ª®¬¯®¥â  ï¢«ï¥âáï  æ¨-
ª«¨ç¥áª¨¬  ¢â®®¬ë¬  ¢â®¬ â®¬.

3. �á®¢ ï â¥®à¥¬ 

�¥®à¥¬ . �«ï  ¢â®¬ â  A = (S;X; �) á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1)  ¢â®¬ â A ï¢«ï¥âáï O- ¢â®¬ â®¬;
2)  ¢â®¬ â A ï¢«ï¥âáï ¯à ¢¨«ìë¬ ¨ ¥£® ®¯à¥¤¥«¨â¥«ì detA ¤®¯ãáª ¥â á®£« á®¢ ¨¥.

�à¥¤¢ à¨â¥«ì® ¤®ª ¦¥¬ ¤¢¥ «¥¬¬ë.

�¥¬¬  1. �ãáâì S | ¯à®¨§¢®«ì®¥ ¥¯ãáâ®¥ ¬®¦¥áâ¢®, ! � S�S | áâà®£¨© «¨¥©ë©

¯®àï¤®ª   ¬®¦¥áâ¢¥ S, R | �.�.�.-á¨áâ¥¬  ¡¨ àëå ®â®è¥¨©   ¬®¦¥áâ¢¥ S. �®£¤ 

¥á«¨ á¨áâ¥¬  R ®¡« ¤ ¥â á¢®©áâ¢®¬

¤«ï «î¡®£® ®â®è¥¨ï � 2 R «¨¡® � � !; «¨¡® � � !�1; (�)

â® íâ¨¬ ¦¥ á¢®©áâ¢®¬ ®¡« ¤ ¥â �.�.�.-á¨áâ¥¬  S(R).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, ¢®-¯¥à¢ëå, çâ® ¥á«¨ � � S � S ¨ � � !, â® �tr � !, £¤¥ �tr |
âà §¨â¨¢®¥ § ¬ëª ¨¥ ®â®è¥¨ï �.

�ãáâì � 2 S(R) ¨ ¨¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï � � �, � � �, £¤¥ �, � | ¯à®¨§¢®«ìë¥ ®â®è¥¨ï
¨§ R. �¥¬¬  ¡ã¤¥â ¤®ª §  , ¥á«¨ ¬ë ¯®ª ¦¥¬, çâ® «¨¡® � � ! ¨ � � !, «¨¡® � � !�1 ¨ � � !�1.
�§ ¢ª«îç¥¨© � � �, � � � á ãç¥â®¬ ®¯à¥¤¥«¥¨ï ®¯¥à æ¨© T ¨ G á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ
®â®è¥¨ï �1 = �, �2; : : : ; �k�1, �k = � (k � 2) ¨§ R â ª¨¥, çâ® �tri

T
�tri+1 6= ?, 1 � i � k � 1.

�® ãá«®¢¨î (�) ¤«ï ª ¦¤®£® i, 1 � i � k � 1, «¨¡® �i � !, «¨¡® �i � !�1. �ãáâì, ª ¯à¨¬¥àã,
� = �1 � !, â®£¤  �tr = �tr1 � !. �® â®£¤  ¨ �2 � ! (¤¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ®
�2 � !�1, â® ¡ã¤¥â �tr2 � !�1 ¨ �tr1

T
�tr2 = ?| ¯à®â¨¢®à¥ç¨¥). � «¥¥   «®£¨ç® ¯®ª §ë¢ ¥¬, çâ®

�3 � !; : : : ; �k�1 � !, �k = � � !. �«ãç © � � !�1 à áá¬ âà¨¢ ¥âáï   «®£¨ç®.

�¥¬¬  2. �ãáâì A = ((S; !);X; �)| «. ã.  ¢â®¬ â. �®£¤  ¥£® ®¯à¥¤¥«¨â¥«ì detA ®¡« ¤ ¥â

á¢®©áâ¢®¬ (�) ¨§ ä®à¬ã«¨à®¢ª¨ «¥¬¬ë 1.

�®ª § â¥«ìáâ¢®. 1) �ãáâì G = f eGj : i 2 Jg | à §¡¨¥¨¥ ¬®¦¥áâ¢  S2 n�S, ¨¤ãæ¨àã¥¬®¥
ª®¬¯®¥â ¬¨ á¢ï§®áâ¨ ¯à¨¢¥¤¥®£® £à ä  eG(A2)  ¢â®¬ â  A2.

�®ª ¦¥¬, çâ® ¥á«¨ f(s1; t1); (s2; t2)g � eGj ¯à¨ ¥ª®â®à®¬ j 2 J , â® «¨¡® f(s1; t1); (s2; t2)g � !,
«¨¡® f(s1; t1); (s2; t2)g � !�1 (§¤¥áì s1; s2; t1; t2 2 S, (s1; t1) 6= (s2; t2)). �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬
¨¤ãªæ¨¥© ¯® ¤«¨¥ l ªà âç ©è¥© æ¥¯¨, á®¥¤¨ïîé¥© ¢¥àè¨ë (s1; t1) ¨ (s2; t2) ¢ £à ä¥ eG(A2).

� §¨á ¨¤ãªæ¨¨. �á«¨ l = 1, â® íâ¨ ¢¥àè¨ë á¢ï§ ë à¥¡à®¬. �â® ®§ ç ¥â, çâ® áãé¥áâ¢ã¥â
x 2 X â ª®©, çâ® «¨¡® �x(s1) = s2 ¨ �x(t1) = t2, «¨¡® �x(s2) = s1 ¨ �x(t2) = t1. � ª ª ª !

| «¨¥©ë© ¯®àï¤®ª, â® «¨¡® (s1; t1) 2 !, «¨¡® (s1; t1) 2 !�1. �ãáâì,  ¯à¨¬¥à, (s1; t1) 2 !.
�á«¨ �x(s1) = s2 ¨ �x(t1) = t2, â® ¯® ãá«®¢¨î áâ ¡¨«ì®áâ¨ ¡ã¤¥â (s2; t2) 2 !. �á«¨ �x(s2) = s1
¨ �x(t2) = t1, â® á®¢  § ª«îç ¥¬, çâ® (s2; t2) 2 ! (¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ® (s2; t2) =2 !, â®,
¨á¯®«ì§ãï «¨¥©®áâì ¯®àï¤ª  !, ¯®«ãç ¥¬, çâ® (t2; s2) 2 !, ®âªã¤  (t1; s1) 2 ! ¨ (s1; t1) =2 !

| ¯à®â¨¢®à¥ç¨¥). � ª¨¬ ®¡à §®¬, f(s1; t1); (s2; t2)g � !. �á«¨ ¯à¥¤¯®«®¦¨âì (s1; t1) 2 !�1, â®
¯®«ãç¨¬, çâ® f(s1; t1); (s2; t2)g � !�1.

� £ ¨¤ãªæ¨¨. �ãáâì  è¥ ãâ¢¥à¦¤¥¨¥ ¢¥à® ¤«ï æ¥¯¨ ¤«¨ë l � 1. �á«¨ â¥¯¥àì ¯à¥¤¯®«®-
¦¨âì, çâ® ¢¥àè¨ë (s1; t1) ¨ (s2; t2) á¢ï§ ë æ¥¯ìî ¤«¨ë l+1, â® âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ «¥£ª®
¯®«ãç ¥âáï, ¥á«¨ \®â¤¥«¨âì" ¢¥àè¨ã (s2; t2) ®â íâ®© æ¥¯¨. �áâ ¢è ïáï æ¥¯ì, ª®æ ¬¨ ª®â®à®©
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ï¢«ïîâáï ¢¥àè¨  (s1; t1) ¨ ¥ª®â®à ï ¢¥àè¨  (s3; t3) (®â«¨ç ï ®â ¯¥à¢ëå ¤¢ãå), ¨¬¥¥â ¤«¨ã
l ¨ ª ¥© ¯à¨¬¥¨¬® ¯à¥¤¯®«®¦¥¨¥ ¨¤ãªæ¨¨. �ãáâì,  ¯à¨¬¥à, f(s1; t1); (s3; t3)g � !. �á¯®«ì-
§ãï ¡ §¨á ¨¤ãªæ¨¨, § ª«îç ¥¬, çâ® f(s3; t3); (s2; t2)g � !. � ª¨¬ ®¡à §®¬, f(s1; t1); (s2; t2)g � !.
� ááã¦¤¥¨ï ¤«ï á«ãç ï f(s1; t1); (s3; t3)g � !�1 ¯à®¢®¤ïâáï   «®£¨ç®.

2) � ¯. 1 ¬ë ¯®ª § «¨, çâ® �.�.�.-á¨áâ¥¬  G = f eGj : j 2 Jg ®¡« ¤ ¥â á¢®©áâ¢®¬ (�). �âáî¤  á
ãç¥â®¬ «¥¬¬ë 1 § ª«îç ¥¬, çâ® ¯à¨ ª ¦¤®¬ k � 1 �.�.�.-á¨áâ¥¬  Sk(G) â ª¦¥ ¡ã¤¥â ®¡« ¤ âì
á¢®©áâ¢®¬ (�).

3) �áâ «®áì ¯®ª § âì, çâ® á¢®©áâ¢®¬ (�) ®¡« ¤ ¥â detA. �ãáâì � 2 detA, (s; t) 2 �, (s0; t0) 2 �,
(s; t) 6= (s0; t0). �ã¦® ¯®ª § âì, çâ® «¨¡® (s; t) 2 ! ¨ (s0; t0) 2 !, «¨¡® (s; t) 2 !�1 ¨ (s0; t0) 2 !�1.
�ç¨âë¢ ï ®¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¨â¥«ï  ¢â®¬ â , § ª«îç ¥¬, çâ® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì
¯®¯ à® à §«¨çëå ¯ à (s1; t1) = (s; t), (s2; t2); : : : ; (sk�1; tk�1), (sk; tk) = (s0; t0) ¨§ � â ª ï, çâ® ¯à¨
ª ¦¤®¬ i, 2 � i � k� 1, ((si; ti); (si+1; ti+1)) 2 �mi

, £¤¥ �mi
| íª¢¨¢ «¥â®áâì   ¬®¦¥áâ¢¥ S2 n

�S, á®®â¢¥âáâ¢ãîé ï à §¡¨¥¨î S
mi(R) íâ®£® ¬®¦¥áâ¢  ¯à¨ ¥ª®â®à®¬ mi 2 N. �à¥¤¯®«®¦¨¬

â¥¯¥àì, çâ® (s1; t1) = (s; t) 2 !. �ç¨âë¢ ï ¯. 2) ¨ ¢ª«îç¥¨¥ ((s1; t1); (s2; t2)) 2 �m2
, § ª«îç ¥¬,

çâ® (s2; t2) 2 !. �à®¤®«¦ ï, ¯®«ãç¨¬ (s0; t0) = (sk; tk) 2 !. �«ãç © (s; t) 2 !�1 à áá¬ âà¨¢ ¥âáï
  «®£¨ç®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¥®¡å®¤¨¬®áâì. �ãáâì  ¢â®¬ â A = (S;X; �) ï¢«ï¥âáï O-
 ¢â®¬ â®¬ ¨ ! � S � S | ¥ª®â®àë© «¨¥©ë© ¯®àï¤®ª, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î áâ -
¡¨«ì®áâ¨, detA = f�i; �

�1

i gi2I . �§ «¥¬¬ë 2 á«¥¤ã¥â, çâ®  ¢â®¬ â A ¯à ¢¨«ìë© ¨ áãé¥áâ¢ã¥â
 ¡®à ç¨á¥« "i 2 f1;�1g, i 2 I, â ª¨å, çâ® �"ii � !, i 2 I. �§ íâ¨å ¢ª«îç¥¨© á«¥¤ã¥â, çâ®S
f�"ii : i 2 Ig � !. � ª ª ª ®¯à¥¤¥«¨â¥«ì  ¢â®¬ â  A ï¢«ï¥âáï �.�.�.-á¨áâ¥¬®© ¡¨ àëå ®â®-

è¥¨©   ¬®¦¥áâ¢¥ S, â® ¤«ï «î¡ëå à §«¨çëå s1; s2 2 S ¡ã¤¥â «¨¡® (s1; s2) 2
S
f�"ii : i 2 Ig,

«¨¡® (s2; s1) 2
S
f�"ii : i 2 Ig. �ç¨âë¢ ï, çâ® ! | «¨¥©ë© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S, § ª«îç ¥¬S

f�"ii : i 2 Ig = ! n �S. �®á«¥¤¥¥ à ¢¥áâ¢® ¨ ®§ ç ¥â, çâ® ®¯à¥¤¥«¨â¥«ì detA  ¢â®¬ â  A
¤®¯ãáª ¥â á®£« á®¢ ¨¥.

�®áâ â®ç®áâì.�ãáâì ®¯à¥¤¥«¨â¥«ì detA = f�i; �
�1

i gi2I ¯à ¢¨«ì®£®  ¢â®¬ â  A = (S;X; �)
¤®¯ãáª ¥â á®£« á®¢ ¨¥, â. ¥. ¯à¨ ¥ª®â®àëå "i 2 f1;�1g, i 2 I, ®â®è¥¨¥ ! =

S
f�"ii : i 2 Ig

¥áâì áâà®£¨© «¨¥©ë© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S. � ª ª ª  ¢â®¬ â A ¯à ¢¨«ìë©, â® ª ¦¤®¥
¨§ ®â®è¥¨© �i | áâà®£¨© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S. �®ª ¦¥¬, çâ® «¨¥©ë© ¯®àï¤®ª !

S
�S

¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î áâ ¡¨«ì®áâ¨. �¥©áâ¢¨â¥«ì®, ¯ãáâì (s1; s2) 2 !. �®£¤   ©¤¥âáï
â ª®¥ i 2 I, çâ® (s1; s2) 2 �"ii . �§ ®¯à¥¤¥«¥¨ï detA áà §ã á«¥¤ã¥â, çâ® (�x(s1); �x(s2)) 2 �"ii

S
�S

¯à¨ ª ¦¤®¬ x 2 X (¬ë ¢®á¯®«ì§®¢ «¨áì â¥¬ ä ªâ®¬, çâ® ¯ àë (s1; s2) ¨ (�x(s1); �x(s2)), ¥á«¨
�x(s1) 6= �x(s2), ¯à¨ ¤«¥¦ â ®¤®© ª®¬¯®¥â¥ á¢ï§®áâ¨ ¯à¨¢¥¤¥®£® £à ä  eG(A2)  ¢â®¬ â 
A2, ¬®¦¥áâ¢® ¢¥àè¨ ª®â®à®© æ¥«¨ª®¬ á®¤¥à¦¨âáï ¢ �"ii ). � ª¨¬ ®¡à §®¬, ¯à¨ ª ¦¤®¬ x 2 X

¡ã¤¥â (�x(s1); �x(s2)) 2 !
S
�S. �§ áª § ®£® á«¥¤ã¥â, çâ® A! = ((S; !);X; �) | «. ã.  ¢â®¬ â, â. ¥.

 ¢â®¬ â A ï¢«ï¥âáï O- ¢â®¬ â®¬.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¯®ª §ë¢ ¥â, çâ® ®£à ¨ç¥¨¥,  ª« ¤ë¢ ¥¬®¥   ®¯à¥¤¥«¨â¥«ì  ¢-
â®¬ â  ¢ ä®à¬ã«¨à®¢ª¥ ®á®¢®© â¥®à¥¬ë, ï¢«ï¥âáï áãé¥áâ¢¥ë¬.

�â¢¥à¦¤¥¨¥. �ãé¥áâ¢ãîâ ¯à ¢¨«ìë¥  ¢â®¬ âë, ª®â®àë¥ ¥ ï¢«ïîâáï O- ¢â®¬ â ¬¨.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬  ¢â®¬ â A = (S;X; �), £¤¥ S = f1; 2; 3; 4g, X = fx1; x2; x3g,
�x1 = f(1; 3); (2; 4)g, �x2 = f(1; 4); (3; 2)g, �x3 = f(1; 2); (4; 3)g. �¥£ª® ¢¨¤¥âì, çâ® detA = f�i; �

�1
i :

1 � i � 3g, £¤¥ �1 = f(1; 2); (3; 4)g, �2 = f(1; 3); (4; 2)g, �3 = f(1; 4); (2; 3)g. � ¦¤®¥ ¨§ ®â®è¥¨©
�i, 1 � i � 3, | áâà®£¨© ¯®àï¤®ª   ¬®¦¥áâ¢¥ S, â ª çâ®  ¢â®¬ â A ¯à ¢¨«ìë©. �®ª ¦¥¬,
çâ® detA ¥ ¤®¯ãáª ¥â á®£« á®¢ ¨ï. �«ï íâ®£®, ®ç¥¢¨¤®, ¤®áâ â®ç® ¯®ª § âì, çâ® ª ¦¤®¥ ¨§
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®â®è¥¨© !1 = �1
S
�2
S
�3, !2 = �1

S
��12

S
�3, !3 = �1

S
�2
S
��13 , !4 = �1

S
��12

S
��13 ¥ ï¢«ï¥âáï

áâà®£¨¬ ¯®àï¤ª®¬   ¬®¦¥áâ¢¥ S. �¥©áâ¢¨â¥«ì®,

!1 = f(1; 2); (3; 4); (1; 3); (4; 2); (1; 4); (2; 3)g;

!2 = f(1; 2); (3; 4); (3; 1); (2; 4); (1; 4); (2; 3)g;

!3 = f(1; 2); (3; 4); (1; 3); (4; 2); (4; 1); (3; 2)g;

!4 = f(1; 2); (3; 4); (3; 1); (2; 4); (4; 1); (3; 2)g:

� ª¨¬ ®¡à §®¬, detA ¥ ¤®¯ãáª ¥â á®£« á®¢ ¨ï ¨, á«¥¤®¢ â¥«ì®,  ¢â®¬ â A ¥ ï¢«ï¥âáï O-
 ¢â®¬ â®¬.

�¢â®à £«ã¡®ª® ¡« £®¤ à¥ �.�.� «¨î §  ¯à¥¤«®¦¥ãî § ¤ çã ¨ ¡®«ìè®¥ ¢¨¬ ¨¥ ª íâ®©
à ¡®â¥.
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