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� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢ª«îç¥­¨¥, ¯à ¢ ï ç áâì ª®â®à®£® ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®£®§­ ç-
­ë© ®¯¥à â®à, á®áâ®ïé¨© ¨§  «£¥¡à ¨ç¥áª®© áã¬¬ë §­ ç¥­¨© ®¤­®§­ ç­®£® ®¯¥à â®à  ¨ §­ ç¥-
­¨© ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï â¨¯  � ¬¬¥àèâ¥©­  á ­¥¢ë¯ãª«ë¬¨ ®¡à § ¬¨. �§ãç¥­¨¥ â ª®£®
¢ª«îç¥­¨ï ¯à®¤¨ªâ®¢ ­® â¥¬, çâ® ª â ª®¬ã ¢¨¤ã ¢ª«îç¥­¨ï á¢®¤ïâáï ¢®¯à®áë à §à¥è¨¬®áâ¨
ªà ¥¢ëå § ¤ ç ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ¢ª«îç¥­¨©, ª®£¤  «¨­¥©­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï («¨­¥©-
­ë© ¢¥ªâ®à-äã­ªæ¨®­ «) \¯®¤¢¥à£ îâáï" ­¥ª®â®àë¬ ¢®§¬ãé¥­¨ï¬, ª®â®àë¥ ¬®¦­® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ ­¥«¨­¥©­®£® ¢¥ªâ®à-äã­ªæ¨®­ « , ®¯à¥¤¥«¥­­®£® ­  ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ª-
æ¨©. �à®¬¥ â®£®, â®¯®«®£¨ç¥áª¨¥ á¢®©áâ¢  ¬­®¦¥áâ¢  à¥è¥­¨© â ª¨å ªà ¥¢ëå § ¤ ç ¤®áâ â®ç­®
íää¥ªâ¨¢­® ¨áá«¥¤ãîâáï á ¯®¬®éìî à áá¬ âà¨¢ ¥¬®£® §¤¥áì ¢ª«îç¥­¨ï.

� ª ®ª § «®áì, ¢®¯à®áë ® áâàãªâãà¥ ¬­®¦¥áâ¢  à¥è¥­¨© ¨áá«¥¤ã¥¬®£® ¢ª«îç¥­¨ï ¬®¦­® ¨§-
ãç âì á ¯®¬®éìî ¬¥â®¤®¢, ¯à¥¤«®¦¥­­ëå ¢ [1]. �¤¥áì ä®à¬ã«¨àãîâáï ãá«®¢¨ï, ª®£¤  § ¬ëª ­¨¥
¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© ¬­®¦¥áâ¢  à¥è¥­¨© ¢ª«îç¥­¨ï á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬
à¥è¥­¨© \®¢ë¯ãª«¥­­®£®" ¢ª«îç¥­¨ï,   â ª¦¥ \¡í­£-¡í­£" ¯à¨­æ¨¯. �à®¬¥ â®£®, ¤®ª §ë¢ ¥âáï,
çâ® ¯¥à¥á¥ç¥­¨¥ § ¬ëª ­¨© ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© ¬­®¦¥áâ¢ �-à¥è¥­¨© ¢ª«î-
ç¥­¨ï á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ à¥è¥­¨© \®¢ë¯ãª«¥­­®£®" ¢ª«îç¥­¨ï. �â¬¥â¨¬, çâ® à¥§ã«ìâ â
® �-à¥è¥­¨ïå ¢ª«îç¥­¨ï ãâ®ç­ï¥â à¥§ã«ìâ â [2],   â ª¦¥ ¤®¯®«­ï¥â à¥§ã«ìâ âë ¨§ ([3]; [4], á. 62;
[5], [6]), ¢ á«ãç ¥, ª®£¤  ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ ­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¨«¨
¡®«¥¥ ®¡é¥¬ã ãá«®¢¨î, ª®£¤  à ááâ®ï­¨¥ ¯® � ãá¤®àäã ¬¥¦¤ã §­ ç¥­¨ï¬¨ ¬­®£®§­ ç­®£® ®â®-
¡à ¦¥­¨ï ­¥ ®æ¥­¨¢ ¥âáï äã­ªæ¨¥© � ¬ª¥.

�¡®§­ ç¥­¨ï ¨ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï

�ãáâì X | ¡ ­ å®¢® ¯à®áâà ­áâ¢® á ­®à¬®© k � k. �ãáâì U � X, ®¡®§­ ç¨¬ U | § ¬ëª ­¨¥,
a coU | ¢ë¯ãª«ãî ®¡®«®çªã ¬­®¦¥áâ¢  U ; coU = coU ; extU | ¬­®¦¥áâ¢® ªà ©­¨å â®ç¥ª
¬­®¦¥áâ¢  U ; extU = extU ; kUkX = supfkuk : u 2 Ug; BX [u; r] | ®âªàëâë© è à ¯à®áâà ­áâ¢  X
á æ¥­âà®¬ ¢ â®çª¥ u ¨ à ¤¨ãá®¬ r > 0; U " �

S
u2U

BX [u; "] | § ¬ª­ãâ ï "-®ªà¥áâ­®áâì ¬­®¦¥áâ¢ 

U , ¥á«¨ " > 0, ¨ U 0 � U ; 2X(
(X)) | ¬­®¦¥áâ¢® ¢á¥å ­¥¯ãáâëå, ®£à ­¨ç¥­­ëå (­¥¯ãáâëå,
®£à ­¨ç¥­­ëå, ¢ë¯ãª«ëå) ¯®¤¬­®¦¥áâ¢ ¯à®áâà ­áâ¢  X.

�ãáâì �1;�2 � X ¨ h+
X [�1; �2] = supf�X [y; �2] : y 2 �1g, £¤¥ �X [�; �] | à ááâ®ï­¨¥ ¬¥¦¤ã

â®çª®© ¨ ¬­®¦¥áâ¢®¬ ¢ ¯à®áâà ­áâ¢¥X, hX [�1; �2] = maxfh+
X [�1; �2]; h

+
X [�2; �1]g| å ãá¤®àä®¢®

à ááâ®ï­¨¥ ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ �1 ¨ �2.
�ãáâì Rn | ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥ªâ®à-áâ®«¡æ®¢ á ­®à¬®© j � j; comp[Rn ] | ¬­®¦¥áâ¢®

¢á¥å ­¥¯ãáâëå ª®¬¯ ªâ®¢ ¯à®áâà ­áâ¢  Rn . �ãáâì U � [a; b] | ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã ¬­®¦¥áâ¢®,
¯à¨ç¥¬ �(U) > 0, £¤¥ � | ¬¥à  �¥¡¥£ . �¡®§­ ç¨¬ ç¥à¥§ Ln(U) ¯à®áâà ­áâ¢® äã­ªæ¨© x :
U ! R

n á áã¬¬¨àã¥¬ë¬¨ ¯® �¥¡¥£ã ª®¬¯®­¥­â ¬¨ ¨ ­®à¬®© kxkLn(U) =
R
U

jx(s)j ds; �n[a; b] |

¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© x : [a; b]! R
n á ­®à¬®© kxkCn[a;b] = maxfjx(t)j : t 2 [a; b]g.
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�ã¤¥¬ £®¢®à¨âì, çâ® ¬­®¦¥áâ¢® 	 � Ln[a; b] ¢ë¯ãª«® ¯® ¯¥à¥ª«îç¥­¨î, ¥á«¨ ¤«ï «î¡ëå ¨§-
¬¥à¨¬ëå ¯® �¥¡¥£ã ¬­®¦¥áâ¢ U1;U2 � [a; b] â ª¨å, çâ® U1 \ U2 = ;, U1 [ U2 = [a; b] ¨ «î¡ëå
x; y 2 	, á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ �(U1)x + �(U2)y 2 	, £¤¥ �(�) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ª-
æ¨ï á®®â¢¥âáâ¢ãîé¨å ¬­®¦¥áâ¢. �¡®§­ ç¨¬ ç¥à¥§ �[Ln[a; b] ] (
(�[Ln[a; b] ]) ) ¬­®¦¥áâ¢® ¢á¥å
­¥¯ãáâëå, § ¬ª­ãâëå, ®£à ­¨ç¥­­ëå ¨ ¢ë¯ãª«ëå ¯® ¯¥à¥ª«îç¥­¨î (¢á¥å ­¥¯ãáâëå, ¢ë¯ãª«ëå,
§ ¬ª­ãâëå, ®£à ­¨ç¥­­ëå ¨ ¢ë¯ãª«ëå ¯® ¯¥à¥ª«îç¥­¨î) ¯®¤¬­®¦¥áâ¢ ¨§ Ln[a; b].

�¥¯à¥àë¢­®áâì ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨© ¯®­¨¬ ¥âáï ¯® � ãá¤®àäã. �§¬¥à¨¬®áâì ¬­®-
¦¥áâ¢ ¢¥§¤¥ ¯®­¨¬ ¥âáï ¯® �¥¡¥£ã, ¨§¬¥à¨¬®áâì ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨© ¡ã¤¥¬ ¯®­¨¬ âì ¢
á¬ëá«¥ ([7], á. 338).

�¨¦¥, ¥á«¨ ¯à®áâà ­áâ¢® X = R
n , â® ¤«ï á®ªà é¥­¨ï § ¯¨á¨ ¨­¤¥ªáë ¢ ®¡®§­ ç¥­¨¨ à ááâ®-

ï­¨© ®¯ãáª ¥¬.

�á­®¢­ë¥ à¥§ã«ìâ âë

� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ Cn[a; b] ¢ª«îç¥­¨¥

x 2 f(x) + V �(x); (1)

£¤¥ f : Cn[a; b]! Cn[a; b] | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à, ¬­®£®§­ ç­ë© ®¯¥à â®à � : Cn[a; b]!
�[Ln[a; b] ] ã¤®¢«¥â¢®àï¥â ãá«®¢¨î: ¤«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U � Cn[a; b] ®¡à §
�(U) ¨¬¥¥â à ¢­®áâ¥¯¥­­®  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¨­â¥£à «ë. �¨­¥©­ë© ­¥¯à¥àë¢­ë© ¨­â¥-
£à «ì­ë© ®¯¥à â®à V : Ln[a; b]! Cn[a; b] ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬

(V z)(t) =
Z b

a

V (t; s)z(s)ds; t 2 [a; b] (2)

¨ ¯¥à¥¢®¤¨â ª ¦¤®¥ á« ¡® ª®¬¯ ªâ­®¥ ¢ Ln[a; b] ¬­®¦¥áâ¢® ¢ ª®¬¯ ªâ­®¥ ¢ Cn[a; b].
�®¤ à¥è¥­¨¥¬ ¢ª«îç¥­¨ï (1) ¡ã¤¥¬ ¯®­¨¬ âì â ª®© í«¥¬¥­â x 2 Cn[a; b], ¤«ï ª®â®à®£® á¯à -

¢¥¤«¨¢® ¢ª«îç¥­¨¥ (1). � ª¨¬ ®¡à §®¬, ª ¦¤®¬ã à¥è¥­¨î x ¢ª«îç¥­¨ï (1) á®®â¢¥âáâ¢ã¥â â ª®©
z 2 Ln[a; b], çâ® z 2 �(x) ¨ x = f(x) + V z.

�â¬¥â¨¬, çâ® ¬­®£®§­ ç­ë© ®¯¥à â®à �, ¢®®¡é¥ £®¢®àï, ¬®¦¥â ¡ëâì ¨ ­¥¢®«ìâ¥àà®¢ë¬ ®¯¥-
à â®à®¬. �à®¬¥ â®£®, §­ ç¥­¨ï �(x) ¢® ¢ª«îç¥­¨¨ (1) ­¥ ¯à¥¤¯®« £ îâáï ¢ë¯ãª«ë¬¨ ¬­®-
¦¥áâ¢ ¬¨, ¯®íâ®¬ã ®¡à § V �(x) ¢ (1), ¢®®¡é¥ £®¢®àï, ­¥ â®«ìª® ­¥ ï¢«ï¥âáï ¢ë¯ãª«ë¬, ­®
¨ § ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬ ¯à®áâà ­áâ¢  Cn[a; b]. � á¢ï§¨ á íâ¨¬ ¤ ¦¥ ¢®¯à®áë áãé¥áâ¢®¢ ­¨ï
à¥è¥­¨© ¢ª«îç¥­¨ï (1) ­¥«ì§ï ¨áá«¥¤®¢ âì á ¯®¬®éìî ¬¥â®¤®¢ ­¥¯®¤¢¨¦­®© â®çª¨ (â¥®à¥¬ë
� ªãâ ­¨ ([8], c. 630)), ¯à¨­æ¨¯  á¦¨¬ îé¨å ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨© ([7], c. 42).

�¨¦¥ ãâ¢¥à¦¤¥­¨ï, ª®â®àë¥ ¯à¨¢®¤ïâáï ¡¥§ ¤®ª § â¥«ìáâ¢ , ¤®ª §ë¢ îâáï  ­ «®£¨ç­® á®-
®â¢¥âáâ¢ãîé¨¬ à¥§ã«ìâ â ¬ ¨§ [1].

�ãáâì ¬­®£®§­ ç­ë© ®¯¥à â®à � : Cn[a; b]! 2C
n[a;b] ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬

�(x) = f(x) + V �(x): (3)

�¥®à¥¬  1. �ãáâì U | â ª®¥ ¢ë¯ãª«®¥, ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¯à®áâà ­-

áâ¢  Cn[a; b], çâ® �(U) � U , £¤¥ ®¯¥à â®à � : Cn[a; b] ! 2C
n[a;b] ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (3).

� ¯ãáâì ®â®¡à ¦¥­¨¥ � : Cn[a; b] ! �[Ln[a; b] ] ­¥¯à¥àë¢­® ­  U . �®£¤  ¤«ï «î¡®© äã­ªæ¨¨

w 2 Ln[a; b] ¨ «î¡®£® " > 0 áãé¥áâ¢ã¥â à¥è¥­¨¥ x 2 U ¢ª«îç¥­¨ï (1) ¨ áãé¥áâ¢ã¥â z 2 �(x),
ã¤®¢«¥â¢®àïîé¨© à ¢¥­áâ¢ã x = f(x) + V z, ¤«ï ª®â®àëå ¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢ 

U � [a; b] ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kz � wkLn(U) � �Ln(U)[w; �(x)] + "�(U): (4)

�á«¨ � : Cn[a; b]! 
(�[Ln[a; b] ]), â® ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ¯à¨ " = 0.
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� «¥¥ ¯à¨¢¥¤¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¢ë¯ãª«®£®, ®£à ­¨ç¥­­®£®, § ¬ª­ãâ®£®
¬­®¦¥áâ¢  U � Cn[a; b], ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ �(U) � U .

�ãáâì C1
+[a; b] | ª®­ãá ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ¨§ C1[a; b].

�ã¤¥¬ £®¢®à¨âì, çâ® ¤«ï ­¥¯à¥àë¢­®£® ®¯¥à â®à  �� : C1
+[a; b] ! C1

+[a; b] áå®¤ïâáï ¯®á«¥¤®-

¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï, ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨ y0 2 C1
+[a; b], ã¤®¢«¥â¢®àïîé¥© ­¥à ¢¥­áâ¢ã

y0 � ��y0, ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï yi+1 = ��yi, i = 0; 1; 2; : : : , áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥
C1[a; b] ª äã­ªæ¨¨ y, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ y0.

�ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ (V �1;P1), ¥á«¨
­ ©¤ãâáï ¨§®â®­­ë¥ ­¥¯à¥àë¢­ë¥ ®¯¥à â®àë �1 : C1

+[a; b] ! L1[a; b] ¨ P1 : C1
+[a; b] ! C1

+[a; b],
ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬: ¤«ï «î¡®£® x 2 Cn[a; b] ¨ «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  U � [a; b]
¤«ï ®â®¡à ¦¥­¨ï �1 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

k�(x)kLn(U) � k�1Z(x)kL1(U);

¤«ï «î¡®£® x 2 Cn[a; b] ¤«ï ®â®¡à ¦¥­¨ï P1 ¢ë¯®«­ï¥âáï ®æ¥­ª 

Z(f(x)) � P1(Z(x));

¤«ï ­¥¯à¥àë¢­®£® ®¯¥à â®à  �1 : C1
+[a; b]! C1

+[a; b], ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬

(�1y)(t) =
Z b

a

jV (t; s)j(�1y)(s) ds+ P1(y)(t); (5)

áå®¤ïâáï ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï. �¤¥áì jV (t; s)j | á®£« á®¢ ­­ ï á ¯à®áâà ­áâ¢®¬ R
n

­®à¬  n� n-¬ âà¨æë V (t; s) ¢ ¯à¥¤áâ ¢«¥­¨¨ (2), ­¥¯à¥àë¢­ë© ®¯¥à â®à Z : Cn[a; b] ! C1
+[a; b]

®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬

(Zx)(t) = jx(t)j; t 2 [a; b]: (6)

�ãáâì ! 2 C1[a; b] | ­¥¯®¤¢¨¦­ ï â®çª  ®¯¥à â®à  �1, ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬ (5), ¨
¯ãáâì ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ W : Cn[a; b]! Cn[a; b] § ¤ ­® á®®â­®è¥­¨¥¬

(Wx)(t) =

8><
>:
x(t); ¥á«¨ jx(t)j � !(t);
x(t)
jx(t)j

!(t); ¥á«¨ jx(t)j > !(t):
(7)

�¥¬¬  1. �ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ (V �1;P1). �®£¤ 
¬­®¦¥áâ¢® U = co�(W (Cn[a; b])) | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b], ¤«ï ª®â®à®£®

á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ �(U) � U , ®¯¥à â®àë W ¨ � ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (7) ¨ (3) á®®â-
¢¥âáâ¢¥­­®.

�ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ (V �2;P2)� ­ 

¬­®¦¥áâ¢¥ U � Cn[a; b], ¥á«¨ ­ ©¤ãâáï ¨§®â®­­ë¥ ­¥¯à¥àë¢­ë¥ ®¯¥à â®àë �2 : C1
+[a; b] !

L1[a; b] ¨ P2 : C1
+[a; b] ! C1

+[a; b], ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬: ¤«ï «î¡ëå x; y 2 U ¨ «î¡®£®
¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  U � [a; b] ¤«ï ®â®¡à ¦¥­¨ï �2 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

hLn(U)[�(x); �(y)] � k�2Z(x� y)kL1(U); (8)

¤«ï «î¡ëå x; y 2 U ¤«ï ®â®¡à ¦¥­¨ï P2 ¢ë¯®«­ï¥âáï ®æ¥­ª 

Z(f(x)� f(y)) � P2(Z(x� y));

¤«ï ­¥¯à¥àë¢­®£® ®¯¥à â®à  �2 : C1
+[a; b]! C1

+[a; b], ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬

(�2z)(t) =
Z b

a

jV (t; s)j(�2z)(s) ds+ P2(z)(t) + �(t);

áå®¤ïâáï ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï. �¤¥áì jV (t; s)j | á®£« á®¢ ­­ ï á ¯à®áâà ­áâ¢®¬ R
n

­®à¬  n � n-¬ âà¨æë V (t; s) ¢ ¯à¥¤áâ ¢«¥­¨¨ (2), � 2 C1
+[a; b], Z ®¯à¥¤¥«¥­ á®®â­®è¥­¨¥¬ (6).
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�á«¨ U = Cn[a; b], â® ¢ íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V �
®¡« ¤ îâ á¢®©áâ¢®¬ (V �2;P2)� .

� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ C1[a; b] ãà ¢­¥­¨¥

��(t) =
Z b

a

jV (t; s)j(�2��)(s) ds+ P2(��)(t) + �(t): (9)

�ãáâì q 2 Cn[a; b] ¨ w0 2 Ln[a; b]. �à¥¤áâ ¢¨¬ äã­ªæ¨î q ¢ ¢¨¤¥ à ¢¥­áâ¢ 

q = f(q) + V w0 + e; (10)

£¤¥ e = q � f(q)� V w0.
�ãáâì ¤ «¥¥ äã­ªæ¨ï { 2 L1[a; b] ¤«ï ª ¦¤®£® ¨§¬¥à¨¬®£® U � [a; b] ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­-

áâ¢ã

�Ln(U)[w0; �(q)] �
Z
U
{(s) ds; (11)

  äã­ªæ¨ï �" 2 C1
+[a; b] ¤«ï «î¡®£® t 2 [a; b] ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬

�"(t) =
Z b

a

jV (t; s)j("+ {(s)) ds+ je(t)j; " � 0; (12)

£¤¥ jV (t; s)j | á®£« á®¢ ­­ ï á ¯à®áâà ­áâ¢®¬ R
n ­®à¬  n� n-¬ âà¨æë V (t; s) ¢ ¯à¥¤áâ ¢«¥­¨¨

(2),   e | äã­ªæ¨ï ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (9).

�¥®à¥¬  2. �ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ (V �2;P2)�" ­ 
¬­®¦¥áâ¢¥ U � Cn[a; b], £¤¥ äã­ªæ¨ï �" ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (12), " � 0, ¨ ¯ãáâì q 2 U .
�®£¤  ¤«ï ª ¦¤®£® à¥è¥­¨ï x 2 U (x = f(x) + V z, z 2 �(x)) ¢ª«îç¥­¨ï (1), ã¤®¢«¥â¢®àïîé¥£®
¯à¨ «î¡®¬ ¨§¬¥à¨¬®¬ ¬­®¦¥áâ¢¥ U � [a; b] ­¥à ¢¥­áâ¢ã (4), ¢ ª®â®à®¬ w = w0, ¯à¨ «î¡®¬

t 2 [a; b] ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® jx(t) � q(t)j � �"(t) ¨ ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b] ¢ë¯®«­ï¥âáï
®æ¥­ª 

jz(t)� w0(t)j � "+ {(t) + (�2�")(t); (13)

£¤¥ �" | à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¯à¨ � = �",   �2, { ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ (8), (11)
á®®â¢¥âáâ¢¥­­®.

�«¥¤áâ¢¨¥ 1. �ãáâì U | â ª®¥ ¢ë¯ãª«®¥, ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¯à®áâà ­-
áâ¢  Cn[a; b], çâ® �(U) � U , £¤¥ ®¯¥à â®à � : Cn[a; b] ! 2C

n[a;b] ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (3). �ãáâì
®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ (V �2;P2)�" ­  ¬­®¦¥áâ¢¥ U , £¤¥ äã­ª-
æ¨ï �" ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (12), " > 0 ¨ ¯ãáâì äã­ªæ¨ï q, ¯à¥¤áâ ¢¨¬ ï à ¢¥­áâ¢®¬ (10),
¯à¨­ ¤«¥¦¨â U . �®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ x ¢ª«îç¥­¨ï (1) ¨ áãé¥áâ¢ã¥â z 2 �(x), ã¤®¢«¥â¢®-
àïîé¨© à ¢¥­áâ¢ã x = f(x) + V z, ¤«ï ª®â®àëå ¯à¨ «î¡®¬ t 2 [a; b] ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
jx(t) � q(t)j � �"(t) ¨ ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b] ¢ë¯®«­ï¥âáï ®æ¥­ª  (13), £¤¥ �" | à¥è¥­¨¥ ãà ¢-
­¥­¨ï (9) ¯à¨ � = �".

�á«¨ � : Cn[a; b]! 
(�[Ln[a; b] ]), â® ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ¯à¨ " = 0.

� ¬¥ç ­¨¥ 1. �§ «¥¬¬ë 1 ¨ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® ¥á«¨ § ¬¥­¨âì ¯¥à¢®¥ ãá«®¢¨¥ á«¥¤-
áâ¢¨ï 1 ­  á¢®©áâ¢® (V �1;P1), â® ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 1 á¯à ¢¥¤«¨¢® ¨ ¢ íâ®¬ á«ãç ¥.

� ¬¥ç ­¨¥ 2. �â¬¥â¨¬, çâ® á«¥¤áâ¢¨¥ 1 ¤ ¥â ­¥áª®«ìª® ¡®«ìè¥, ç¥¬ ¯à®áâ® ãá«®¢¨ï áã-
é¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¢ª«îç¥­¨ï (1). �­® ¤ ¥â á¯®á®¡ ­ å®¦¤¥­¨ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï
¯ãâ¥¬ ¯®¤¡®à  äã­ªæ¨¨ q 2 Cn[a; b]. �à¨ íâ®¬ äã­ªæ¨ï �", § ¢¨áïé ï ®â äã­ªæ¨© q 2 Cn[a; b] ¨
w0 2 Ln[a; b], ¤ ¥â ®æ¥­ªã ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (äã­ªæ¨¨ q) ¢ª«îç¥­¨ï (1).

6



�ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï x 2 Cn[a; b] ï¢«ï¥âáï ª¢ §¨à¥è¥­¨¥¬ ¢ª«îç¥­¨ï (1), ¥á«¨
áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì wi 2 �(x), i = 1; 2; : : : , çâ® xi = f(x) + V wi ! x ¢ Cn[a; b]
¯à¨ i ! 1. �ãáâì H (H(U)) | ¬­®¦¥áâ¢® ¢á¥å ª¢ §¨à¥è¥­¨© (¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã
U) ¢ª«îç¥­¨ï (1). � «¥¥, ¡ã¤¥¬ áç¨â âì, çâ® x 2 H(U) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x 2 U
¨ áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì wi 2 �(x), i = 1; 2; : : : , çâ® ¤«ï «î¡®£® i = 1; 2; : : :
xi = f(x) + V wi 2 U ¨ xi ! x ¢ Cn[a; b] ¯à¨ i!1.

� áá¬®âà¨¬ ¢ª«îç¥­¨¥

x 2 f(x) + V co�(x): (14)

�ãáâì Hco (Hco(U)) | ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© (¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U) ¢ª«îç¥­¨ï
(14).

�¥®à¥¬  3. Hco = H.

� ¬¥ç ­¨¥ 3. �â¬¥â¨¬, çâ® â¥®à¥¬  3 á¯à ¢¥¤«¨¢  ¡¥§ ¯à¥¤¯®«®¦¥­¨ï ª ª®©-«¨¡® ­¥¯à¥-
àë¢­®áâ¨ ®¯¥à â®à®¢ f ¨ �.

�«¥¤áâ¢¨¥ 2. �ãáâì U | â ª®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  Cn[a; b], çâ® �(U) � U , £¤¥ ®¯¥à -
â®à � ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (3). �®£¤  Hco(U) = H(U).

� ¬¥ç ­¨¥ 4. �â¬¥â¨¬, çâ® ¥á«¨ ®â®¡à ¦¥­¨¥ � ¢ á«¥¤áâ¢¨¨ 2 ¯®«ã­¥¯à¥àë¢­® á¢¥àåã ¨«¨
á­¨§ã ¨ U | ¢ë¯ãª«®¥, ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  Cn[a; b], â® Hco(U) =
H(U) 6= ;.

�ãáâì ®â®¡à ¦¥­¨¥ F : [a; b]�Cn[a; b]! comp[Rn ] ®¡« ¤ ¥â á¢®©áâ¢ ¬¨: ¯à¨ ª ¦¤®¬ ä¨ªá¨-
à®¢ ­­®¬ x 2 Cn[a; b] ®â®¡à ¦¥­¨¥ F (�; x) ¨§¬¥à¨¬® ¨ ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

�(x) = fy 2 Ln[a; b] : y(t) 2 F (t; x) ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t 2 [a; b]g: (15)

�®£« á­® [1] â ª®¥ ®â®¡à ¦¥­¨¥ F áãé¥áâ¢ã¥â.

� ¬¥ç ­¨¥ 5. �â¬¥â¨¬,çâ® ¥á«¨ � ¥áâì ¬­®£®§­ ç­ë© ®¯¥à â®à �¥¬ëæª®£®, ¯®à®¦¤¥­­ë©
äã­ªæ¨¥© eF : [a; b] � R

n ! comp[Rn ], â® ¤«ï ®¯¥à â®à  �¥¬ëæª®£® ®â®¡à ¦¥­¨¥ F : [a; b] �
Cn[a; b]! comp[Rn ] ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ F (t; x) = eF (t; x(t)). �®íâ®¬ã ¢ íâ®¬ á«ãç ¥ ¬®¦­®
®â®¦¤¥áâ¢¨âì F á eF . � á¢ï§¨ á íâ¨¬ ¢ ®¡é¥¬ á«ãç ¥ ¥áâ¥áâ¢¥­­® ­ §¢ âì ®â®¡à ¦¥­¨¥ F : [a; b]�
Cn[a; b]! comp[Rn ], ®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬ (15), ®â®¡à ¦¥­¨¥¬, ¯®à®¦¤ îé¨¬ ®¯¥à â®à �.

� «¥¥ ¢¥§¤¥ F : [a; b]�Cn[a; b]! comp[Rn ] ®§­ ç ¥â ®â®¡à ¦¥­¨¥, ¯®à®¦¤ îé¥¥ ®¯¥à â®à �.
�à®¬¥ â®£®, ¤ «¥¥ ¤«ï «î¡®£® x 2 Cn[a; b] ¨§¬¥à¨¬ ï äã­ªæ¨ï kF (�; x)k : [a; b] ! R

1 ®¯à¥¤¥«ï-
¥âáï à ¢¥­áâ¢®¬ kF (�; x)k(t) = kF (t; x)k.

�¥¬¬  2. �«ï «î¡®£® x 2 Cn[a; b] áãé¥áâ¢ã¥â â ª®© v(x) 2 �(x), çâ® ¤«ï «î¡®£® ¨§¬¥à¨-

¬®£® ¬­®¦¥áâ¢  U � [a; b] ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

kv(x)kLn(U) = k�(x)kLn(U) =
Z
U

kF (t; x)k dt: (16)

�¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ P : [a; b]! comp[Rn ], § ¤ ­­®¥ á®®â­®è¥­¨¥¬

P (t) = fy 2 F (t; x) : jyj = kF (t; x)kg:

�®£« á­® ([7], á. 347) ®â®¡à ¦¥­¨¥ P ¨§¬¥à¨¬®. �®íâ®¬ã ­ ©¤¥âáï äã­ªæ¨ï v(x) 2 �(x), ª®â®à ï
¯à¨ ¯. ¢. t 2 [a; b] ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã jv(x)(t)j = kF (t; x)k. � íâ® ¤®ª §ë¢ ¥â à ¢¥­áâ¢  (16).

�«¥¤áâ¢¨¥ 3. �«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U � Cn[a; b] ¬­®¦¥áâ¢® fkF (�; x)k :
x 2 Ug ¨¬¥¥â à ¢­®áâ¥¯¥­­®  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¨­â¥£à «ë.

7



�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ®¡à § �(U) ¨¬¥¥â à ¢­®áâ¥¯¥­­®  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¨­â¥-
£à «ë, â® ¨§ à ¢¥­áâ¢  (16) á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢® fkF (�; x)k : x 2 Ug â ª¦¥ ¨¬¥¥â à ¢­®áâ¥-
¯¥­­®  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¨­â¥£à «ë.

�¥®à¥¬  4. �â®¡à ¦¥­¨¥ � : Cn[a; b] ! �[Ln[a; b] ] ­¥¯à¥àë¢­® ­  U � Cn[a; b] â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ¯à¨ ¯. ¢. t 2 [a; b] ®â®¡à ¦¥­¨¥ F (t; �) ­¥¯à¥àë¢­® ­  U .

�®ª § â¥«ìáâ¢®. �ãáâì ¯à¨ ¯. ¢. t 2 [a; b] ®â®¡à ¦¥­¨¥ F (t; �) ­¥¯à¥àë¢­® ­  U ¨ ¯ãáâì
x; y 2 U ¨

hLn[a;b][�(x); �(y)] = h+
Ln[a;b][�(x); �(y)]:

�®£¤  á®£« á­® «¥¬¬¥ 1 ¨§ [1] ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

hLn[a;b][�(x); �(y)] =
Z b

a

h+[F (t; x);F (t; y)] dt �
Z b

a

h[F (t; x);F (t; y)] dt:

�§ ¯®á«¥¤­¥© ®æ¥­ª¨,   â ª¦¥ ¨§ á«¥¤áâ¢¨ï 3 ¢ëâ¥ª ¥â ­¥¯à¥àë¢­®áâì ®â®¡à ¦¥­¨ï �.
� «¥¥, ¯ãáâì x; y 2 U ¨ U � [a; b] | ¯à®¨§¢®«ì­®¥ ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢®. �¡®§­ ç¨¬

eU = ft 2 [a; b] : h+[F (t; x);F (t; y)] � h+[F (t; y);F (t; x)]g:

�®£¤  ¢ á¨«ã «¥¬¬ë 1 ¨§ [1] ¯®«ãç ¥¬ à ¢¥­áâ¢ Z
U

h[F (t; x);F (t; y)] dt =
Z
U\eU

h+[F (t; x);F (t; y)] dt +
Z

([a;b]neU)\U
h+[F (t; y);F (t; x)] dt =

= h+

Ln(U\eU)[�(x); �(y)] + h+

Ln(([a;b]neU)\U)[�(y); �(x)]: (17)

�®áª®«ìªã ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

h+

Ln(U\eU)[�(x); �(y)] � hLn(U)[�(x); �(y)];

h+

Ln(([a;b]neU)\U)[�(y); �(x)] � hLn(U)[�(x); �(y)];

â® ¨§ à ¢¥­áâ¢ (17) ¢ëâ¥ª îâ ®æ¥­ª¨Z
U

h[F (t; x);F (t; y)] dt � 2hLn(U)[�(x); �(y)] � 2hLn[a;b][�(x); �(y)]:

�§ ¤®ª § ­­®£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â, çâ® ¥á«¨ � ­¥¯à¥àë¢­® ­  U � Cn[a; b], â® ¯à¨ ¯. ¢. t 2 [a; b]
®â®¡à ¦¥­¨¥ F (t; �) â ª¦¥ ­¥¯à¥àë¢­® ­  U .

�ãáâì U � Cn[a; b]. � áá¬®âà¨¬ ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ MU : U � (0;1)! 
(U), ®¯à¥¤¥-
«¥­­®¥ à ¢¥­áâ¢®¬

MU (x; �) = BCn[a;b][x; �] \ U: (18)

�¥¬¬  3. �ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b]. �®£¤  ¬­®£®§­ ç­®¥ ®â®-
¡à ¦¥­¨¥ MU : U � (0;1)! 
(U), ®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬ (18), ­¥¯à¥àë¢­®.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£®, ®â®¡à ¦¥­¨¥MU ¯®«ã­¥¯à¥àë¢­® á¢¥àåã. �®ª ¦¥¬ ¤ «¥¥,
çâ® ®â®¡à ¦¥­¨¥ MU ¯®«ã­¥¯à¥àë¢­® á­¨§ã. �¥©áâ¢¨â¥«ì­®, ¯ãáâì xi(2 U) ! x ¢ Cn[a; b] ¨
�i(2 (0;1))! �(2 (0;1)) ¢ R1 ¯à¨ i!1. � ¯ãáâì z 2MU (x; �). �¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¡ã¤¥¬
áç¨â âì, çâ® ¤«ï «î¡®£® i = 1; 2; : : : [x; z]\BCn[a;b][xi; �i] 6= ;, £¤¥ [x; z] | ®âà¥§®ª, á®¥¤¨­ïîé¨©
â®çª¨ x ¨ z. �ãáâì zi 2 [x; z] \BCn[a;b][xi; �i] â ª ï, çâ®

kz � zikCn[a;b] = �Cn[a;b][z; [x; z] \BCn[a;b][xi; �i] ]: (19)
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�ç¥¢¨¤­®, çâ® ¤«ï «î¡®£® i = 1; 2; : : : zi 2 MU(xi; �i). �®ª ¦¥¬, çâ® zi ! z ¢ Cn[a; b] ¯à¨
i!1. �¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤ , ­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì,
çâ® ­ ©¤¥âáï â ª®¥ ç¨á«® " > 0, çâ® ¤«ï «î¡®£® i = 1; 2; : : : ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kz � zikCn[a;b] � ": (20)

�ãáâì ez 2 [x; z] ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã kz � ezkCn[a;b] = "=2. � ª ª ª ez | ¢­ãâà¥­­ïï â®çª 
®âªàëâ®£® è à  BCn[a;b][x; �], â® ­ ©¤¥âáï â ª®¥ ç¨á«® j = 1; 2; : : : , çâ® ez 2 BCn[a;b][xj ; �j ], ­® íâ®
¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã (20) ¨ ®¯à¥¤¥«¥­¨î äã­ªæ¨© zi (á¬. (19)).

�ãáâì U | ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b]. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ 'U : [a; b]�U � (0;1)!
[0;1) á®®â­®è¥­¨¥¬

'U (t; x; �) = max
y2MU (x;�)

h[F (t; x);F (t; y)]; (21)

£¤¥ ®â®¡à ¦¥­¨¥ MU : U � (0;1)! 
(U) § ¤ ­® à ¢¥­áâ¢®¬ (18).

�¥¬¬  4. �ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b] ¨ ¯ãáâì ®â®¡à ¦¥­¨¥

� : Cn[a; b] ! �[Ln[a; b] ] ­¥¯à¥àë¢­® ­  U . �®£¤  ®â®¡à ¦¥­¨¥ 'U : [a; b] � U � (0;1) ! [0;1),
®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬ (21), ®¡« ¤ ¥â á¢®©áâ¢®¬: ¤«ï «î¡ëå (x; �) 2 U � (0;1) äã­ªæ¨ï

'U (�; x; �) ¨§¬¥à¨¬ ; ¤«ï ¯. ¢. t 2 [a; b] ®â®¡à ¦¥­¨¥ 'U (t; �; �) ­¥¯à¥àë¢­® ¯® á®¢®ªã¯­®áâ¨  à-

£ã¬¥­â®¢ ¨

lim
z!x

�!0+0

'U (t; z; �) = 0; (22)

¤«ï «î¡ëå (t; x) 2 [a; b]� U äã­ªæ¨ï 'U (t; x; �) ­¥ ã¡ë¢ ¥â.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£®, ®ç¥¢¨¤­®, çâ® äã­ªæ¨ï 'U (�; �; �) ­¥ ã¡ë¢ ¥â ¯® âà¥âì¥¬ã
 à£ã¬¥­âã. � «¥¥, á®£« á­® â¥®à¥¬¥ 4 ¯à¨ ¯. ¢. t 2 [a; b] ®â®¡à ¦¥­¨¥ F (t; �) ­¥¯à¥àë¢­®. �ãáâì t 2
[a; b] | â ª ï â®çª , ¢ ª®â®à®© ®â®¡à ¦¥­¨¥ F (t; �) ­¥¯à¥àë¢­® ­  U . � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥
'U (t; �; �). �®ª ¦¥¬, çâ® íâ® ®â®¡à ¦¥­¨¥ ­¥¯à¥àë¢­® ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢.

�­ ç «¥ ¯®ª ¦¥¬, çâ® '(t; �; �) ¯®«ã­¥¯à¥àë¢­® á¢¥àåã. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ xi(2 U) ! x ¢ Cn[a; b] ¨ �i(2 (0;1)) ! �(2 (0;1)). �ãáâì " > 0 ¨ ¯ãáâì ¤«ï «î¡®£®
i = 1; 2; : : : äã­ªæ¨¨ yi 2MU (xi; �i) ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã

'U (t; xi; �i) � h[F (t; x);F (t; yi)] + ": (23)

�¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® yi ! y ¢ Cn[a; b] ¯à¨ i ! 1. �®£« á­® «¥¬¬¥ 3
y 2MU (x; �). �âáî¤  á®£« á­® ­¥à ¢¥­áâ¢ ¬ (23) ¤«ï «î¡®£® i = 1; 2; : : : ¯®«ãç ¥¬ ®æ¥­ªã

'U (t; xi; �i) � h[F (t; y);F (t; yi)] + 'U (t; x; �) + ":

�«¥¤®¢ â¥«ì­®,
lim
i!1

'U (t; xi; �i) � 'U (t; x; �):

�¥¯¥àì ¯®ª ¦¥¬, çâ® äã­ªæ¨ï 'U (t; �; �) ¯®«ã­¥¯à¥àë¢­  á­¨§ã. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ fxig ¨ �i ¢ë¡à ­ë, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥. � ¯ãáâì äã­ªæ¨ï y 2 MU (x; �)
ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

'U (t; x; �) � h[F (t; x);F (t; y)] + ": (24)

�®£« á­® «¥¬¬¥ 3 ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì yi 2 MU(xi; �i), i = 1; 2; : : : , çâ® yi ! y ¢
Cn[a; b] ¯à¨ i!1. �®íâ®¬ã ¨§ ­¥à ¢¥­áâ¢  (24) ¯®«ãç ¥¬ ®æ¥­ªã

'U (t; x; �) � h[F (t; x);F (t; xi)] + h[F (t; yi);F (t; y)] + 'U (t; xi; �i) + ":

�¥à¥å®¤ï ¢ ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã, ¯®«ãç ¥¬ á®®â­®è¥­¨¥

'U (t; x; �) � lim
i!1

'U (t; xi; �i):
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� ª¨¬ ®¡à §®¬, äã­ªæ¨ï 'U (t; �; �) ­¥¯à¥àë¢­  ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢.
� «¥¥, ¯®áª®«ìªã ¬­®¦¥áâ¢® U � Cn[a; b] ª®¬¯ ªâ­®,   ®â®¡à ¦¥­¨¥ F (t; �) ­¥¯à¥àë¢­®, â®

¨§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ 'U (�; �; �) ¢ëâ¥ª ¥â à ¢¥­áâ¢® (22).
�ãáâì Q �MU (x; �) | áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¬­®¦¥áâ¢® ¢ MU (x; �). �®£¤  ¨§ à ¢¥­áâ¢ 

'U (t; x; �) = sup
y2Q

h[F (t; x);F (t; y)]

¢ëâ¥ª ¥â ¨§¬¥à¨¬®áâì äã­ªæ¨¨ 'U (�; x; �).

�¡®§­ ç¨¬ ç¥à¥§ K([a; b] � (0;1)) ¬­®¦¥áâ¢® ¢á¥å äã­ªæ¨© � : [a; b] � (0;1) ! [0;1), ®¡« -
¤ îé¨å á¢®©áâ¢®¬: ¯à¨ ª ¦¤®¬ � 2 (0;1) äã­ªæ¨ï �(�; �) 2 L1[a; b]; ¯à¨ ¯. ¢. t 2 [a; b] äã­ªæ¨ï
�(t; �) ­¥ ã¡ë¢ ¥â ¨ ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã lim

�!0+0
�(t; �) = 0.

�ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b]. �ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥
F : [a; b] � Cn[a; b] ! comp[Rn ], ¯®à®¦¤ îé¥¥ ®¯¥à â®à � : Cn[a; b] ! �[Ln[a; b]], à ¢­®¬¥à­®
­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ U ®â­®á¨â¥«ì­® äã­ªæ¨¨ � 2 K([a; b] � (0;1)), ¥á«¨ ¤«ï «î¡®£®
" > 0 áãé¥áâ¢ã¥â â ª®¥ �(") > 0, çâ® ¯à¨ ¯. ¢. t 2 [a; b] ¨ ¢á¥å x 2 U ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

'U (t; x; �(")) � �(t; "); (25)

£¤¥ ®â®¡à ¦¥­¨¥ 'U : [a; b]� U � (0;1)! [0;1) ®¯à¥¤¥«¥­® á®®â­®è¥­¨¥¬ (21).
�ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b]. �¯à¥¤¥«¨¬ äã­ªæ¨î �U : [a; b] �

(0;1)! [0;1) á®®â­®è¥­¨¥¬

�U(t; �) = max
x2U

'U (t; x; �); (26)

£¤¥ äã­ªæ¨ï 'U : [a; b]� U � (0;1)! [0;1) ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (21).
�§ «¥¬¬ë 4 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 4. �ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b] ¨ ¯ãáâì ®â®¡à ¦¥­¨¥
� : Cn[a; b] ! �[Ln[a; b] ] ­¥¯à¥àë¢­® ­  U . �®£¤  äã­ªæ¨ï �U : [a; b] � (0;1) ! [0;1),
®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ (26), ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã K([a; b] � (0;1)) ¨ ®â®¡à ¦¥­¨¥ F :
[a; b]� Cn[a; b]! comp[Rn ], ¯®à®¦¤ îé¥¥ ®¯¥à â®à �, à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ U
®â­®á¨â¥«ì­® äã­ªæ¨¨ �U .

�ãáâì äã­ªæ¨ï � 2 K([a; b] � (0;1)). �«ï «î¡®£® � 2 (0;1) ®¯à¥¤¥«¨¬ ¬­®£®§­ ç­®¥ ®â®-
¡à ¦¥­¨¥ ��(�) : Cn[a; b]! �[Ln[a; b] ] à ¢¥­áâ¢®¬

��(�)(x) = fy 2 Ln[a; b] : y(t) 2 F (t; x)�(t;�) ¯à¨ ¯. ¢. t 2 [a; b]g:

� ®â«¨ç¨¨ ®â ([4], á. 60) ¯®¤ �-à¥è¥­¨¥¬ ¢ª«îç¥­¨ï (1) ¡ã¤¥¬ ¯®­¨¬ âì ­¥¯à¥àë¢­ãî äã­ª-
æ¨î x : [a; b]! R

n , ã¤®¢«¥â¢®àïîéãî ¢ª«îç¥­¨î

x 2 BCn[a;b][f(x); �] + V ��(�)(x):

�¡®§­ ç¨¬ ç¥à¥§H�(�)(U) ¬­®¦¥áâ¢® ¢á¥å �-à¥è¥­¨© ¢ª«îç¥­¨ï (1), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã
U � Cn[a; b].

�¥®à¥¬  5. �ãáâì U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b], ã¤®¢«¥â¢®àïîé¨© ãá«®-
¢¨î �(U) � U , £¤¥ ®¯¥à â®à � : Cn[a; b] ! 2C

n[a;b] ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (3). � «¥¥, ¯ãáâì
®â®¡à ¦¥­¨¥ F : [a; b] � Cn[a; b] ! comp[Rn ], ¯®à®¦¤ îé¥¥ ®¯¥à â®à � : Cn[a; b] ! �[Ln[a; b] ],
à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  U ®â­®á¨â¥«ì­® äã­ªæ¨¨ � 2 K([a; b] � (0;1)). �®£¤  á¯à ¢¥¤«¨¢®

à ¢¥­áâ¢®

Hco(U) =
\
�>0

H�(�)(U); (27)

£¤¥ H�(�)(U) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H�(�)(U) ¢ ¯à®áâà ­áâ¢¥ Cn[a; b].
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�®ª § â¥«ìáâ¢®. �­ ç «¥ ¯®ª ¦¥¬, çâ®Hco(U) �
T
�>0

H�(�)(U). �ãáâì x 2 Hco(U). �®ª ¦¥¬,

çâ® ¤«ï «î¡®£® " > 0 ¨ ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â y 2 H�(�)(U), ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® kx�ykCn[a;b] < ". �¥©áâ¢¨â¥«ì­®, á®£« á­® â¥®à¥¬¥ 3 x| ª¢ §¨à¥è¥­¨¥ ¢ª«îç¥­¨ï
(1). �â® ®§­ ç ¥â, çâ® ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì wi 2 �(x), i = 1; 2; : : : , çâ® xi =
f(x) + V wi ! x ¢ Cn[a; b] ¯à¨ i ! 1. �âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢  (25) ¯à¨ ¢á¥å i � i(�) ¨ ¯à¨
¯. ¢. t 2 [a; b] ¯®«ãç ¥¬ ®æ¥­ª¨

�[wi(t);F (t; xi)] � h[F (t; x);F (t; xi)] � 'U (t; x; kx � xikCn[a;b]) � �(t; �) (28)

¨ ¢ª«îç¥­¨¥ f(x) 2 BCn[a;b][f(xi); �]. �§ ãá«®¢¨ï â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ¤«ï «î¡®£® i = 1; 2; : : :
xi 2 U . � ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® i � i(�) xi | �-à¥è¥­¨¥ ¢ª«îç¥­¨ï (1), ¯à¨­ ¤«¥¦ é¥¥
¬­®¦¥áâ¢ã U .

�ãáâì â¥¯¥àì i | â ª®¥ ç¨á«®, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  kx � xikCn[a;b] < " ¨
i � i(�). �®£¤  y = xi | âà¥¡ã¥¬®¥ �-à¥è¥­¨¥ ¢ª«îç¥­¨ï (1). �®íâ®¬ã ¤«ï «î¡®£® � > 0 x 2

H�(�)(U) ¨, á«¥¤®¢ â¥«ì­®, Hco(U) �
T
�>0

H�(�)(U). �®ª ¦¥¬, çâ®
T
�>0

H�(�)(U) � Hco(U). �ãáâì x 2T
�>0

H�(�)(U). �â® ®§­ ç ¥â, çâ® ¤«ï «î¡®£® i = 1; 2; : : : ­ ©¤¥âáï xi 2 H�(1=i)(U), ã¤®¢«¥â¢®àïîé¨©

­¥à ¢¥­áâ¢ã kx� xikCn[a;b] < 1=i. �ãáâì ¤«ï ª ¦¤®£® i = 1; 2; : : : äã­ªæ¨¨ vi 2 BCn[a;b][f(xi); 1=i]
¨ wi 2 ��(1=i)(xi) â ª¨¥, çâ®

xi = vi + V wi: (29)

� «¥¥, ¯ãáâì ¤«ï ª ¦¤®£® i = 1; 2; : : : äã­ªæ¨ï fwi 2 �(x) ¯à¨ ¯. ¢. t 2 [a; b] ®¯à¥¤¥«ï¥âáï
à ¢¥­áâ¢®¬

jwi(t)�fwi(t)j = �[wi(t);F (t; x)]:

�®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
i!1

kwi �fwikLn[a;b] = 0: (30)

�¥©áâ¢¨â¥«ì­®, â. ª. äã­ªæ¨ï � 2 K([a; b]� (0;+1)), â® ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª®¥ ç¨á«®
�(") > 0, ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®Z b

a

�(t; �(")) dt < ": (31)

� «¥¥, ¤«ï ç¨á«  �(") > 0 ­ ©¤¥âáï ¯®«®¦¨â¥«ì­®¥ ç¨á«® �(") < �("), ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ 
®æ¥­ª  (25). �ãáâì â¥¯¥àì ­®¬¥à i(") â ª®©, çâ® ¯à¨ ¢á¥å i � i(") ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 
kx�xikCn[a;b] < �(") ¨ 1=i < �("). �§ ®¯à¥¤¥«¥­¨© äã­ªæ¨© wi ¨ fwi, i = 1; 2; : : : , ¯à¨ ¯. ¢. t 2 [a; b]
¯®«ãç ¥¬ á®®â­®è¥­¨ï

jwi(t)�fwi(t)j � h[F (t; xi)
�(t;1=i);F (t; x)] �

� �(t; 1=i) + h[F (t; x);F (t; xi)] � �(t; 1=i) + '(t; x; kx � xikCn[a;b]):

�âáî¤  ¨ ¨§ ®æ¥­ª¨ (31) ¯à¨ ¢á¥å i � i(") ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢ Z b

a
jwi(t)� fwi(t)jdt �

Z b

a
�(t; 1=i) dt +

Z b

a
�(t; �(")) dt < 2":

� ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (30) ¤®ª § ­®.
� «¥¥, â. ª. ¯®á«¥¤®¢ â¥«ì­®áâì fwi, i = 1; 2; : : : , á« ¡® ª®¬¯ ªâ­  ¢ Ln[a; b], â®, ­¥ ã¬¥­ìè ï

®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® fwi ! w á« ¡® ¢ Ln[a; b] ¯à¨ i ! 1. �®£« á­® «¥¬¬ ¬ 6, 7 ¨§
[1] w 2 co�(x). � «¥¥, ¨§ à ¢¥­áâ¢  (30) á«¥¤ã¥â, çâ® wi ! w á« ¡® ¢ Ln[a; b] ¯à¨ i ! 1.
�«¥¤®¢ â¥«ì­®, ­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® V wi ! V w ¢ Cn[a; b] ¯à¨ i ! 1.
�®íâ®¬ã, ¯¥à¥å®¤ï ¢ à ¢¥­áâ¢¥ (29) ª ¯à¥¤¥«ã ¯à¨ i ! 1 ¨ ãç¨âë¢ ï, çâ® vi ! f(x) ¢ Cn[a; b]
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¯à¨ i!1, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨¥ x = f(x) + V w, â. ¥. x 2 Hco(U). � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢®
(27) á¯à ¢¥¤«¨¢®.

� ¬¥ç ­¨¥ 6. �â¬¥â¨¬, çâ® ¥áâ¥áâ¢¥­­® ¯®­¨¬ âì ¯®¤ �-à¥è¥­¨¥¬ äã­ªæ¨î x 2 Cn[a; b],
ã¤®¢«¥â¢®àïîéãî ¢ª«îç¥­¨î

x 2 f(x) + V ��(�)(x):

�¤­ ª® ¢ íâ®¬ á«ãç ¥ â¥®à¥¬  5 ¡ã¤¥â á¯à ¢¥¤«¨¢®©, ¥á«¨ ¤«ï ª ¦¤®£® x 2 H(U) ­ ©¤¥âáï
â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì wi 2 �(x), i = 1; 2; : : : , çâ® xi = f(x)+V wi ! x ¢ Cn[a; b] ¯à¨ i!1 ¨
¤«ï «î¡®£® i = 1; 2; : : : ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® f(xi) = f(x). � ª¨¥ ¢ª«îç¥­¨ï áãé¥áâ¢ãîâ (á¬.
á«¥¤áâ¢¨ï 5, 6 ¨ ¨å ¤®ª § â¥«ìáâ¢ ).

� ¬¥ç ­¨¥ 7. �®áª®«ìªã H(U) =
T
�>0

H�(�)(U), â®, ¢®®¡é¥ £®¢®àï,

\
�>0

H�(�)(U) 6=
\
�>0

H�(�)(U)

(á¬. ¯à¨¬¥à [4], á. 63).

� ¬¥ç ­¨¥ 8. �â¬¥â¨¬, çâ® ¥á«¨ � { ®¯¥à â®à �¥¬ëæª®£®, â® ®â®¡à ¦¥­¨¥ F : [a; b] �
Cn[a; b]! comp[Rn ], ¯®à®¦¤ îé¥¥ ®¯¥à â®à �, ¬®¦­® à áá¬ âà¨¢ âì ­  Rn (á¬. § ¬¥ç ­¨¥ 5). �
â. ª. Rn � Cn[a; b] (ª ¦¤ë© í«¥¬¥­â ¯à®áâà ­áâ¢  Rn à áá¬ âà¨¢ ¥âáï ª ª ¯®áâ®ï­­ ï äã­ªæ¨ï),
â® ª ¦¤®¥ ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ Rn ¯à¥¤áâ ¢«ï¥â á®¡®© ª®¬¯ ªâ ¯à®áâà ­áâ¢ 
Cn[a; b]. � á¢ï§¨ á íâ¨¬ äã­ªæ¨î 'U : [a; b]�U � (0;1)! [0;1), ®¯à¥¤¥«¥­­ãî à ¢¥­áâ¢®¬ (21),
¢ ¤ ­­®¬ á«ãç ¥ ¬®¦­® ®¯à¥¤¥«¨âì ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ Rn á ¯®¬®éìî á®®â­®è¥­¨ï

'(t; x; �) = max
y2B[x;�]

h[F (t; x);F (t; y)]: (32)

�à¨ íâ®¬ äã­ªæ¨ï ' : [a; b] � R
n � (0;1) ! [0;1), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ (32), ã¤®¢«¥â¢®-

àï¥â ãâ¢¥à¦¤¥­¨î «¥¬¬ë 4. �®íâ®¬ã ¤«ï ®¯¥à â®à  �¥¬ëæª®£® ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¬®¦­®
ãâ®ç­¨âì ®¯à¥¤¥«¥­¨¥ à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ ­  ¬­®¦¥áâ¢¥ U � R

n ®â­®á¨â¥«ì­® äã­ª-
æ¨¨ � 2 K([a; b] � (0;1)) (ãá«®¢¨¥ ¢ë¯ãª«®áâ¨ ¬­®¦¥áâ¢  U ¬®¦­® ­¥ âà¥¡®¢ âì). �à¨ íâ®¬
­ ©¤¥âáï å®âï ¡ë ®¤­  äã­ªæ¨ï � 2 K([a; b] � (0;1)), ®â­®á¨â¥«ì­® ª®â®à®© ®â®¡à ¦¥­¨¥ F
à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ U (á¬. á«¥¤áâ¢¨¥ 4).

� á¢ï§¨ á § ¬¥ç ­¨¥¬ 8 ¤«ï ®¯¥à â®à  �¥¬ëæª®£® ãâ®ç­¨¬ â¥®à¥¬ã 5 á«¥¤ãîé¨¬ ®¡à §®¬
(¢ë¯®«­¥­¨¥ ¢ª«îç¥­¨ï �(U) � U ,   â ª¦¥, çâ® U | ¢ë¯ãª«ë© ª®¬¯ ªâ ¯à®áâà ­áâ¢  Cn[a; b],
¬®¦­® ­¥ ¯à¥¤¯®« £ âì).

�ãáâì U � Cn[a; b]. �¡®§­ ç¨¬

eU = fx 2 Rn : 9(t; y) 2 [a; b]� U; x = y(t)g:

�¥®à¥¬  6. �ãáâì U | ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¯®¤¯à®áâà ­áâ¢  Cn
0 [a; b]

¯à®áâà ­áâ¢  Cn[a; b] ¨ ¯ãáâì � | ®¯¥à â®à �¥¬ëæª®£®, ¯®à®¦¤¥­­ë© ®â®¡à ¦¥­¨¥¬ F :
[a; b] � R

n ! comp[Rn ]. � «¥¥, ¯ãáâì ¢ë¯®«­ï¥âáï ¢ª«îç¥­¨¥ Hco(U) � H(U �), £¤¥ U � | § -

¬ª­ãâ ï �-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  U ¢ ¯®¤¯à®áâà ­áâ¢¥ Cn
0 [a; b], ¨ ¯ãáâì ®â®¡à ¦¥­¨¥ F

à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ eU ®â­®á¨â¥«ì­® äã­ªæ¨¨ � 2 K([a; b] � (0;1)). �®£¤ 
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Hco(U) =
\

�>0; ">0

H�(�)(U ");

£¤¥ H�(�)(U ") | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H�(�)(U ") ¢ ¯®¤¯à®áâà ­áâ¢¥ Cn
0 [a; b].
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�¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2 Hco(U). �®ª ¦¥¬, çâ® ¤«ï «î¡ëå � > 0, " > 0 à¥è¥­¨¥
x 2 H�(�)(U "). �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® á®£« á­® ãá«®¢¨î â¥®à¥¬ë x 2 H(U �). �§ íâ®£®
¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© wi 2 �(x), i = 1; 2; : : : , çâ® ¯®á«¥-
¤®¢ â¥«ì­®áâì xi = f(x) + V wi, i = 1; 2; : : : , ®¡« ¤ ¥â á¢®©áâ¢®¬ xi ! x ¢ Cn[a; b] ¯à¨ i ! 1.
�®áª®«ìªã x 2 U , â® ­ ©¤¥âáï â ª®© ­®¬¥à i("), çâ® ¯à¨ ¢á¥å i � i(") á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥
xi 2 U ". � «¥¥, á®£« á­® à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï F ®â­®á¨â¥«ì­® äã­ªæ¨¨
�, ­ ©¤¥âáï â ª®© ­®¬¥à i(�; ") � i("), çâ® ¯à¨ ¢á¥å i � i(�; ") ¨ ¯à¨ ¯. ¢. t 2 [a; b] ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢® (28). �«¥¤®¢ â¥«ì­®, ¯à¨ ¢á¥å i � i(�; ") ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ xi 2 H�(�)(U "),  
íâ® ®§­ ç ¥â, çâ® x 2 H�(�)(U "). � ª¨¬ ®¡à §®¬, Hco(U) �

T
�>0; ">0

H�(�)(U "). �à®â¨¢®¯®«®¦­®¥

¢ª«îç¥­¨¥ ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5.

� ¬¥ç ­¨¥ 9. �â¬¥â¨¬, çâ® ¥á«¨ Cn
0 [a; b] = Cn[a; b], â® á®£« á­® â¥®à¥¬¥ 3 ¢ª«îç¥­¨¥

Hco(U) � H(U �) ¢ë¯®«­ï¥âáï.

� ¬¥ç ­¨¥ 10. �â¬¥â¨¬, çâ® ¥á«¨ ®â®¡à ¦¥­¨¥ F , ¯®à®¦¤ îé¥¥ ®¯¥à â®à �¥¬ëæª®£®, ­¥-
¯à¥àë¢­® ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢,   äã­ªæ¨ï � : [a; b] � (0;1) ! [0;1) ®¯à¥¤¥«ï¥âáï à -
¢¥­áâ¢®¬ �(t; �) = �, â® F à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  «î¡®¬ U 2 comp[Rn ] ®â­®á¨â¥«ì­® íâ®©
äã­ªæ¨¨ �. �®íâ®¬ã â¥®à¥¬  6 ãâ®ç­ï¥â â¥®à¥¬ã 2.2 ¨§ [2] ¢ á«ãç ¥, ª®£¤  (1) | ®¡ëª­®¢¥­­®¥
¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥.

� ª ç¥áâ¢¥ ¯à¨«®¦¥­¨ï â¥®à¥¬ë 6 à áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥

_x(t) 2 F!(t; x(t)); (33)

£¤¥ F! : (�1;+1) � R
n ! comp[Rn ] | !-¯¥à¨®¤¨ç¥áª®¥ ¯® ¯¥à¢®¬ã  à£ã¬¥­âã ®â®¡à ¦¥­¨¥.

�ãáâì Cn
0 [0; !] = fx 2 Cn[0; !] : x(0) = x(!)g ¨ ¯ãáâì U(!) | ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®

¯®¤¯à®áâà ­áâ¢  Cn
0 [0; !].

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥

_x(t) 2 coF!(t; x(t)): (34)

�ãáâì Hco(U(!)) | ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© ¢ª«îç¥­¨ï (34), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U(!).
�ãáâì � 2 K([0; !]� (0;1)). �¡®§­ ç¨¬ ç¥à¥§ H�(�)(U(!)) ¬­®¦¥áâ¢® ¢á¥å �-à¥è¥­¨© ¢ª«îç¥­¨ï
(33), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U(!).

�«¥¤áâ¢¨¥ 5. �ãáâì ®â®¡à ¦¥­¨¥ F! : (�1;+1)�Rn ! comp[Rn ] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
� à â¥®¤®à¨ ­  [0; !] � R

n ¨ ¯ãáâì F! à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ eU ®â­®á¨â¥«ì­®
äã­ªæ¨¨ � 2 K([0; !] � (0;1)). �®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Hco(U(!)) =
\

�>0; ">0

H�(�)(U "(!)); (35)

£¤¥ H�(�)(U"(!)) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H�(�)(U "(!)) ¢ ¯à®áâà ­áâ¢¥ Cn[0; !], U "(!) | § ¬ª­ã-
â ï "-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  U(!) ¢ ¯®¤¯à®áâà ­áâ¢¥ Cn

0 [0; !].

�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ coF! : [0; !]�Rn ! comp[Rn ] à ¢¥­áâ¢®¬ (coF!)(t; x) = co(F!(t; x)).
�ãáâì N! : Cn[0; !] ! �[Ln[0; !] ] ¨ coN! : Cn[0; !] ! �[Ln[0; !] ] | ®¯¥à â®àë �¥¬ëæª®£®,
¯®à®¦¤¥­­ë¥ äã­ªæ¨ï¬¨ F! ¨ coF! á®®â¢¥âáâ¢¥­­®.

�®£« á­® â¥®à¥¬¥ 6 ¤®áâ â®ç­® ¯®ª § âì ¢ª«îç¥­¨¥ Hco(U(!)) � H(U �(!)). �¥©áâ¢¨â¥«ì­®,
¯ãáâì x 2 Hco(U(!)). �®£¤  ­ ©¤¥âáï äã­ªæ¨ï w0 2 coN(x), ª®â®à ï ¤«ï «î¡®£® t 2 [a; b] ã¤®¢«¥-

â¢®àï¥â à ¢¥­áâ¢ã x(t) = x(0) +
tR
0

w0(s) ds ¨ á®®â­®è¥­¨î
!R
0

w0(s) ds = 0. �âáî¤  ¢ á¨«ã [9] ¤«ï

w0 ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì wi 2 Nx, çâ® wi ! w0 á« ¡® ¢ Ln[0; !] ¯à¨ i!1, ¯à¨ç¥¬

¤«ï «î¡®£® i = 1; 2; : : : äã­ªæ¨ï wi ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã
!R
0

wi(s) ds = 0. �¥ ã¬¥­ìè ï ®¡é­®-

áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì xi 2 Cn[0; !], i = 1; 2; : : : , ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬

13



xi(t) = x(0) +
tR
0

wi(s) ds, áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ Cn[0; !] ¯à¨ i ! 1. �«¥¤®¢ â¥«ì­®, ¬®¦­®

áç¨â âì, çâ® ¤«ï «î¡®£® i = 1; 2; : : : ¢ë¯®«­ï¥âáï ¢ª«îç¥­¨¥ xi 2 U �(!). �®íâ®¬ã x 2 H(U �(!)).
� íâ® ®§­ ç ¥â, çâ® Hco(U(!)) � H(U �(!)). � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (35) á¯à ¢¥¤«¨¢®.

� ¬¥ç ­¨¥ 11. �«¥¤áâ¢¨¥ 5 ¤®¯®«­ï¥â à¥§ã«ìâ â à ¡®âë [6] ®¡ !-¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå.
�â¬¥â¨¬ â ª¦¥, çâ® ¬­®¦¥áâ¢  ¢ à ¢¥­áâ¢¥ (35) ¬®£ãâ ¡ëâì ¨ ¯ãáâë¬¨.

� áá¬®âà¨¬ § ¤ çã

_x(t) 2 P (t; x(t)); t 2 [a; b];

x(a) 2 A; x(b) 2 B;
(36)

£¤¥ P : [a; b]� R
n ! comp[Rn ] | ®â®¡à ¦¥­¨¥, A;B 2 comp[Rn ] | § ¤ ­­ë¥ ¬­®¦¥áâ¢ .

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (36) ¡ã¤¥¬ ¯®­¨¬ âì  ¡á®«îâ­® ­¥¯à¥àë¢­ãî äã­ªæ¨î x : [a; b]! R
n ,

ã¤®¢«¥â¢®àïîéãî ¯à¨ ¯. ¢. t 2 [a; b] ¤¨ää¥à¥­æ¨ «ì­®¬ã ¢ª«îç¥­¨î ¢ § ¤ ç¥ (36) ¨ ¢ª«îç¥­¨-
ï¬ x(a) 2 A, x(b) 2 B. �ãáâì � 2 K([a; b]� (0;1)). �ã¤¥¬ £®¢®à¨âì, çâ®  ¡á®«îâ­® ­¥¯à¥àë¢­ ï
äã­ªæ¨ï x : [a; b]! R

n | �-à¥è¥­¨¥ § ¤ ç¨ (36), ¥á«¨ ¯à¨ ¯. ¢. t 2 [a; b] ¢ë¯®«­ïîâáï ¢ª«îç¥­¨¥
_x(t) 2 P (t; x(t))�(t;�) ¨ á®®â­®è¥­¨ï x(a) 2 A, x(b) 2 B.

�¡®§­ ç¨¬E = fx 2 Cn[a; b] : x(a) 2 A; x(b) 2 Bg. �ãáâìH�(�)(U\�)| ¬­®¦¥áâ¢® �-à¥è¥­¨©
§ ¤ ç¨ (36), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U � Cn[a; b].

� áá¬®âà¨¬ § ¤ çã

_x(t) 2 coP (t; x(t)); t 2 [a; b];

x(a) 2 A; x(b) 2 B:
(37)

�ãáâìHco(U\E) | ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ (37), ¯à¨­ ¤«¥¦ é¨å¬­®¦¥áâ¢ã U � Cn[a; b].

�«¥¤áâ¢¨¥ 6. �ãáâì ®â®¡à ¦¥­¨¥ P : [a; b] � R
n ! comp[Rn ] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � -

à â¥®¤®à¨ ¨ ¯ãáâì P à ¢­®¬¥à­® ­¥¯à¥àë¢­® ­  ¬­®¦¥áâ¢¥ eT , £¤¥ T = U \ E, ®â­®á¨â¥«ì­®
äã­ªæ¨¨ � 2 K([a; b]� (0;1)). �®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Hco(U \E) =
\

�>0; ">0

H�(�)(U " \E); (38)

£¤¥ H�(�)(U " \E) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H�(�)(U " \E) ¢ ¯à®áâà ­áâ¢¥ Cn[a; b].

�ãáâì N : Cn[a; b]! �[Ln[a; b] ] ¨ coN : Cn[a; b]! �[Ln[a; b] ] | ®¯¥à â®àë �¥¬ëæª®£®, ¯®à®-
¦¤¥­­ë¥ äã­ªæ¨ï¬¨ P ¨ coP á®®â¢¥âáâ¢¥­­®. �ãáâì H(U �\E) | ¬­®¦¥áâ¢® ¢á¥å ª¢ §¨à¥è¥­¨©
§ ¤ ç¨ (36), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U � \E.

�®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ Hco(U \ E) � H(U � \ E). �¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2
Hco(U \ E). �®£¤  ­ ©¤¥âáï â ª ï äã­ªæ¨ï ! 2 coNx, çâ® ¤«ï «î¡®£® t 2 [a; b] ¢ë¯®«­ï¥âáï
à ¢¥­áâ¢®

x(t) = x(a) +
Z t

a
!(s)ds: (39)

�®£« á­® [9] ¤«ï äã­ªæ¨¨ ! ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì f!i 2 Nx, i = 1; 2; : : : , çâ®f!i ! !
á« ¡® ¢ Ln[a; b] ¯à¨ i!1 ¨ ¤«ï «î¡®£® i = 1; 2; : : : ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥Z b

a

!i(s) ds =
Z b

a

!(s) ds: (40)

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© xi 2 Cn[a; b], i = 1; 2; : : : , ¤«ï «î¡®£® i = 1; 2; : : : ¨
«î¡®£® t 2 [a; b], ®¯à¥¤¥«¥­­ãî à ¢¥­áâ¢®¬

xi(t) = x(a) +
Z t

a
!i(s) ds:
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�¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® xi ! x ¢ Cn[a; b] ¯à¨ i!1 ¨ ¤«ï «î¡®£® i = 1; 2; : : :
xi 2 U � . �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢ (39) ¨ (40) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® i = 1; 2; : : : xi 2 E. �®íâ®¬ã
x 2 H(U � \E). �, á«¥¤®¢ â¥«ì­®, Hco(U \E) � H(U � \E).

� ª¨¬ ®¡à §®¬, á®£« á­® â¥®à¥¬¥ 6 à ¢¥­áâ¢® (38) á¯à ¢¥¤«¨¢®.

� ¬¥ç ­¨¥ 12. �«¥¤áâ¢¨¥ 6 ¤®¯®«­ï¥â à¥§ã«ìâ âë à ¡®âë [10].

�ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ A ­  ¬­®¦¥áâ¢¥
U � Cn[a; b], ¥á«¨ ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï «î¡®£® � 2 C1

+[a; b],
ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã k�kC1[a;b] � �, ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (V �2;P2)� ­  ¬­®¦¥áâ¢¥ U ,
¢ ª®â®à®¬ ¤«ï ®â®¡à ¦¥­¨© �2, P2 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  �2(0) = 0, P2(0) = 0,   à¥è¥­¨¥
ãà ¢­¥­¨ï (9) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã k��kC1[a;b] < ". �á«¨ U = Cn[a; b], â® ¢ íâ®¬ á«ãç ¥
¡ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ B. �ãáâì H(H(U))
| ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© (¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U) ¢ª«îç¥­¨ï (1).

�¥®à¥¬  7. �ãáâì U | â ª®¥ ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥, ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­-

áâ¢  Cn[a; b], çâ® �(U) � U , £¤¥ ®â®¡à ¦¥­¨¥ � : Cn[a; b] ! 2C
n[a;b] ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

(3). � «¥¥, ¯ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ A ­  ¬­®¦¥áâ¢¥

U . �®£¤  H(U) = Hco(U), £¤¥ H(U) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H(U) ¢ ¯à®áâà ­áâ¢¥ Cn[a; b].

�«¥¤áâ¢¨¥ 7. �ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢ ¬¨ B ¨ (V �1;P1).
�®£¤  H = Hco, £¤¥ H | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  H ¢ ¯à®áâà ­áâ¢¥ Cn[a; b].

�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ ext� : Cn[a; b]! �[Ln[a; b] ] à ¢¥­áâ¢®¬

(ext �)(x) = fy 2 Ln[a; b] : y(t) 2 ext(coF (t; x)) ¯à¨ ¯. ¢. t 2 [a; b]g:

�â¬¥â¨¬, çâ® ¯à¨ ª ¦¤®¬ x 2 Cn[a; b] ¬­®¦¥áâ¢® (ext �)(x) | ¬¨­¨¬ «ì­®¥ ¯® ¢ª«îç¥­¨î,
¢ë¯ãª«®¥ ¯® ¯¥à¥ª«îç¥­¨î, § ¬ª­ãâ®¥ ¢ ¯à®áâà ­áâ¢¥ Ln[a; b] ¬­®¦¥áâ¢®, á®¤¥à¦ é¥¥áï ¢ ¬­®-
¦¥áâ¢¥ �(x) ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î co[(ext �)(x)] = co(�(x)).

� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ Cn[a; b] ¢ª«îç¥­¨¥

x 2 f(x) + V ((ext �)(x)): (41)

�ãáâì Hext(Hext(U)) | ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© (¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã U) ¢ª«îç¥­¨ï
(41).

�¥®à¥¬  8. �ãáâì ï¤à® ®¯¥à â®à  V , ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬ (2), á®áâ®¨â â®«ìª® ¨§

­ã«¥¢®£® í«¥¬¥­â . � «¥¥, ¯ãáâì U | â ª®¥ ¢ë¯ãª«®¥, ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®

¯à®áâà ­áâ¢  Cn[a; b], çâ® �(U) � U , £¤¥ ®â®¡à ¦¥­¨¥ � : Cn[a; b]! 2C
n[a;b] ®¯à¥¤¥«¥­® à ¢¥­-

áâ¢®¬ (3). � ¯ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢®¬ A ­  ¬­®¦¥áâ¢¥

U . �®£¤  Hext(U) = Hco(U), £¤¥ Hext(U) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  Hext(U) ¢ ¯à®áâà ­áâ¢¥

Cn[a; b].

�«¥¤áâ¢¨¥ 8. �ãáâì ï¤à® ®¯¥à â®à  V , ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬ (2), á®áâ®¨â â®«ìª® ¨§ ­ã-
«¥¢®£® í«¥¬¥­â . � ¯ãáâì ®â®¡à ¦¥­¨¥ f ¨ ¯à®¨§¢¥¤¥­¨¥ V � ®¡« ¤ îâ á¢®©áâ¢ ¬¨ B ¨ (V �1;P1).
�®£¤  Hext = Hco, £¤¥ Hext | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  Hext ¢ ¯à®áâà ­áâ¢¥ Cn[a; b].
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