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1. �¢¥¤¥­¨¥

�ãáâì U | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ n-¬¥à­®¬ ¢¥é¥áâ¢¥­­®¬ ¯à®áâà ­áâ¢¥ Rn ¨
G : Rn ! Rn, H : Rn ! Rn | ­¥¯à¥àë¢­ë¥ ®¤­®§­ ç­ë¥ ®â®¡à ¦¥­¨ï. �®£¤  ¬®¦­® ®¯à¥¤¥«¨âì
®¡®¡é¥­­®¥ ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® ª ª § ¤ çã ­ å®¦¤¥­¨ï â®çª¨ u� 2 Rn â ª®©, çâ®

H(u�) 2 U ¨ hG(u�); w �H(u�)i � 0 8w 2 U: (1)

�â  § ¤ ç  ®ª § « áì ¢¥áì¬  ã¤®¡­®© ¨ ®¡é¥© ä®à¬®© § ¯¨á¨ ¬­®£¨å ¨§¢¥áâ­ëå § ¤ ç ­¥«¨-
­¥©­®£®  ­ «¨§ , ¨¬¥îé¨å à §­®®¡à §­ë¥ ¯à¨«®¦¥­¨ï ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥, íª®­®¬¨ª¥,
¨áá«¥¤®¢ ­¨¨ ®¯¥à æ¨©, íª®«®£¨¨ ¨ ¤àã£¨å ®¡« áâïå (­ ¯à., [1], [2]), ¯à¨ç¥¬ â¥®à¨ï ¨ ¬¥â®¤ë
à¥è¥­¨ï íâ¨å § ¤ ç à §à ¡ âë¢ «¨áì ¤®áâ â®ç­® ­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  (­ ¯à., [3]{[5]). �à¥-
¦¤¥ ¢á¥£®, «¥£ª® ¢¨¤¥âì, çâ® ¢ á«ãç ¥, ª®£¤  H ¥áâì â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥, â. ¥. H(u) = u,
§ ¤ ç  (1) á®¢¯ ¤ ¥â á ®¡ëç­ë¬ ¢ à¨ æ¨®­­ë¬ ­¥à ¢¥­áâ¢®¬ ¯à¨ ®¤­®§­ ç­®¬ ®á­®¢­®¬ ®â®-
¡à ¦¥­¨¨ G.

�á«¨ U = K, £¤¥ K | ¢ë¯ãª«ë© § ¬ª­ãâë© ª®­ãá, â® (­ ¯à., [1]) § ¤ ç  (1) á®¢¯ ¤ ¥â á
®¡®¡é¥­­®© § ¤ ç¥© ¤®¯®«­¨â¥«ì­®áâ¨: ­ ©â¨ â®çªã u� 2 Rn â ªãî, çâ®

H(u�) 2 K; G(u�) 2 K 0; hG(u�);H(u�)i = 0;

£¤¥
K 0 = fq 2 Rn j hq; xi � 0 8x 2 Kg

®¡®§­ ç ¥â á®¯àï¦¥­­ë© ª®­ãá ª K. �á«¨ ¦¥ ¯à¨ íâ®¬

K = Rn
+ = fx 2 Rn j xi � 0; i = 1; : : : ; ng

| ­¥®âà¨æ â¥«ì­ë© ®àâ ­â ¢ Rn,   ®â®¡à ¦¥­¨¥ H ¨¬¥¥â ¢¨¤ H(u) = u�m(u), £¤¥ m : Rn ! Rn

| § ¤ ­­®¥ ®â®¡à ¦¥­¨¥, â® § ¤ ç  (1) áâ ­®¢¨âáï íª¢¨¢ «¥­â­®© å®à®è® ¨§¢¥áâ­®© ­¥ï¢­®©
§ ¤ ç¥ ¤®¯®«­¨â¥«ì­®áâ¨: ­ ©â¨ â®çªã u� 2 Rn â ªãî, çâ®

u� � m(u�); G(u�) � 0; hG(u�); u� �m(u�)i = 0; (2)

¨¬¥îé¥© §­ ç¨â¥«ì­®¥ ç¨á«® ¯à¨«®¦¥­¨©(­ ¯à., [4], [5]).
� áá¬®âà¨¬ â¥¯¥àì ª¢ §¨¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢®, ª®â®à®¥ á®áâ®¨â ¢ ­ å®¦¤¥­¨¨ â®çª¨

u� 2 K(u�) â ª®©, çâ®

hG(u�); v � u�i � 0 8v 2 K(u�); (3)

£¤¥ K : Rn ! Rn { ­¥ª®â®à®¥ ®â®¡à ¦¥­¨¥ (­ ¯à., [6]). � ®â«¨ç¨¥ ®â ®¡ëç­®£® ¢ à¨ æ¨®­­®£® ­¥-
à ¢¥­áâ¢  §¤¥áì ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® \¤¢¨¦¥âáï", â. ¥. § ¢¨á¨â ®â â¥ªãé¥© â®çª¨, çâ® ­ ¬­®£®
ãá«®¦­ï¥â ¨áá«¥¤®¢ ­¨¥ ¨ à¥è¥­¨¥ â ª¨å § ¤ ç, ¨¬¥îé¨å ¢ â® ¦¥ ¢à¥¬ï è¨à®ª¨¥ ¯à¨«®¦¥­¨ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

¯à®¥ªâ ò01-01-00068.
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¨ ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥, ¨ ¢ â¥®à¨¨ ¨£à, ¨ ¢ íª®­®¬¨ª¥. �à¨ íâ®¬, ¥á«¨ ®â®¡à ¦¥­¨¥ K ¨¬¥¥â
¢¨¤ K(u) = U +m(u), £¤¥ m : Rn ! Rn | § ¤ ­­®¥ ®â®¡à ¦¥­¨¥, â® § ¤ ç  (3) á®¢¯ ¤ ¥â á (1),
£¤¥ H(u) = u�m(u); ¯®íâ®¬ã, ¥á«¨ ¤®¯®«­¨â¥«ì­® U = Rn

+, § ¤ ç  (3) á®¢¯ ¤ ¥â á (2).
� ¬¥â¨¬, çâ® â¥®à¨ï à §«¨ç­ëå ª« áá®¢ § ¤ ç, á¢®¤ïé¨åáï ª § ¤ ç¥ (1), à §à ¡®â ­  ¤®-

áâ â®ç­® å®à®è® (­ ¯à., [1], [3]{[7]), ¢ â® ¦¥ ¢à¥¬ï §­ ç¨â¥«ì­ë¥ âàã¤­®áâ¨ ¢®§­¨ª îâ ¯à¨
¯®áâà®¥­¨¨ ¨â¥à â¨¢­ëå ¬¥â®¤®¢ à¥è¥­¨ï ¯®¤®¡­ëå § ¤ ç, áå®¤ïé¨åáï ¯à¨ ¤®áâ â®ç­® ®¡é¨å
¯à¥¤¯®«®¦¥­¨ïå. � ¯à¨­æ¨¯¥ § ¤ ç  (1) ¬®¦¥â ¡ëâì á¢¥¤¥­  ª ®¡ëç­®¬ã ¢ à¨ æ¨®­­®¬ã ­¥-
à ¢¥­áâ¢ã, ­® â ª®¥ ¯à¥®¡à §®¢ ­¨¥ âà¥¡ã¥â ¢¥áì¬  ®£à ­¨ç¨â¥«ì­ëå ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®-
«®¦¥­¨© ¨ §­ ç¨â¥«ì­® ãåã¤è ¥â á¢®©áâ¢  ¯®«ãç¥­­®© § ¤ ç¨. � á ¬®¬ ¤¥«¥, § ¤ çã (1) ¯à¨
ãá«®¢¨¨ H(U) = U ¬®¦­® à áá¬ âà¨¢ âì ª ª à ¢­®¢¥á­ãî § ¤ çã ¢¨¤ : ­ ©â¨ â®çªã u� 2 U
â ªãî, çâ®

�(u�; v) � 0 8v 2 U;

£¤¥

�(u; v) = hG(u);H(v) �H(u)i; (4)

­® ¤ ¦¥ ¢ íâ®¬ á«ãç ¥ ­¥¢ë¯ãª«®áâì äã­ªæ¨¨ �(u; �) (  â ª¦¥ ­¥¤¨ää¥à¥­æ¨àã¥¬®áâì) ­¥ ¯®-
§¢®«ï¥â ¨á¯®«ì§®¢ âì ¤«ï ¥¥ à¥è¥­¨ï ®¡ëç­ë¥ ¬¥â®¤ë (­ ¯à., [8]). � ¤àã£®© áâ®à®­ë, § ¤ ç 
(1), ®ç¥¢¨¤­®, íª¢¨¢ «¥­â­  ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã á ®á­®¢­ë¬ ®â®¡à ¦¥­¨¥¬ F = G�H�1,
­® ¯®áª®«ìªã ®¡à â­®¥ ®â®¡à ¦¥­¨¥ H�1 ­¥®¡ï§ â¥«ì­® ®¤­®§­ ç­®, â® ¯®«ãç ¥¬ § ¤ çã ® ­ -
å®¦¤¥­¨¨ â®çª¨ w� 2 U â ª®©, çâ®

9f� 2 F (w�); hf�; w � w�i � 0 8w 2 U: (5)

�á­®, çâ® à¥è¥­¨¥ â ª®© § ¤ ç¨ ¯®âà¥¡ã¥â ¢¥áì¬  á«®¦­ëå ¬¥â®¤®¢ (­ ¯à., [8]). � ¦¥ ¢ á«ã-
ç ¥ ®¤­®§­ ç­®áâ¨ H�1 á¢®©áâ¢  ­¥¯à¥àë¢­®áâ¨ ¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ F ¡ã¤ãâ ¨¬¥âì ¬¥áâ®
«¨èì ¯à¨ £®à §¤® ¡®«¥¥ ¦¥áâª¨å ¯à¥¤¯®«®¦¥­¨ïå ­  G ¨ H. �®«¥¥ â®£®, ¢ëç¨á«¥­¨¥ §­ ç¥­¨ï
®â®¡à ¦¥­¨ï F , ª ª ¯à ¢¨«®, ï¢«ï¥âáï ¡®«¥¥ á«®¦­ë¬, ç¥¬ ¢ëç¨á«¥­¨¥ §­ ç¥­¨© ®â®¡à ¦¥­¨©
G ¨ H. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â á¬ëá« ¯®áâà®¨âì ¬¥â®¤ë, ¯à¨¬¥­ï¥¬ë¥ ­¥¯®áà¥¤áâ¢¥­­® ª § ¤ ç¥
(1), ª®â®àë¥ áå®¤¨«¨áì ¡ë ª à¥è¥­¨î ¡¥§ ®â¬¥ç¥­­ëå ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨©. �¤¨­ ¨§
â ª¨å ¬¥â®¤®¢, ®á­®¢ ­­ë© ­  ª®¬¡¨­¨à®¢ ­­®¬ à¥« ªá æ¨®­­®¬ ¯®¤å®¤¥ [9], [10], ¯à¥¤« £ ¥âáï
¢ ¤ ­­®© à ¡®â¥.

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�«ï ®¡®á­®¢ ­¨ï ¬¥â®¤  ¯®­ ¤®¡ïâáï à¥§ã«ìâ âë ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨© § ¤ ç¨ (1), ¯à¥¤-
áâ ¢«ïîé¨¥ á®¡®© ­¥ª®â®à®¥ ãâ®ç­¥­¨¥ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ¨§ [7]. �«ï íâ®£® ­ ¯®-
¬­¨¬ á«¥¤ãîé¥¥ á¢®©áâ¢® § ¤ ç¨ (5).

�à¥¤«®¦¥­¨¥ 1 ([11], â¥®à¥¬  4.5). �ãáâì U | ­¥¯ãáâ®¥, § ¬ª­ãâ®¥ ¨ ¢ë¯ãª«®¥ ¯®¤¬­®-

¦¥áâ¢® Rn, ®â®¡à ¦¥­¨¥ F : U ! 2R
n

¨¬¥¥â ­¥¯ãáâë¥ ®¡à §ë, ¤«ï «î¡®£® v 2 U ¬­®¦¥áâ¢®

L(v) = fu 2 U j inf
f2F (u)

hf; u � vi � 0g § ¬ª­ãâ®;   â ª¦¥ áãé¥áâ¢ã¥â ­¥¯ãáâ®¥ ®£à ­¨ç¥­­®¥

¯®¤¬­®¦¥áâ¢® D � U â ª®¥, çâ® ¤«ï «î¡®£® u 2 U nD ­ ©¤¥âáï â ª ï â®çª  v 2 D, çâ®

inf
f2F (u)

hf; u� vi > 0: (6)

�®£¤  áãé¥áâ¢ã¥â â®çª  w� 2 U , ¤«ï ª®â®à®©

inf
f2F (w�)

hf; w� � vi � 0 8v 2 U: (7)

�¥¯¥àì ­ ¯®¬­¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  â¨¯  ­¥¯à¥àë¢­®áâ¨ ¤«ï ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨©.
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�¯à¥¤¥«¥­¨¥ 1 (­ ¯à., [12], c. 94; [13]). �â®¡à ¦¥­¨¥ T : X ! 2Y ­ §ë¢ ¥âáï
 ) § ¬ª­ãâë¬, ¥á«¨ ¤«ï «î¡®© â®çª¨ x0 2 X ¨§ á®®â­®è¥­¨© fxkg ! x0, ftkg ! t0, tk 2 T (xk)

á«¥¤ã¥â t0 2 T (x0);
b) ¯®«ã­¥¯à¥àë¢­ë¬ á¢¥àåã (¯. á¢.), ¥á«¨ ¤«ï «î¡®© â®çª¨ x0 2 X ¨ ¯à®¨§¢®«ì­®© ®ªà¥áâ­®-

áâ¨ D ¬­®¦¥áâ¢  T (x0) ­ ©¤¥âáï â ª ï ®ªà¥áâ­®áâì V â®çª¨ x0, çâ® T (y) � D, ¥á«¨ y 2 V ;
á) ®£à ­¨ç¥­­ë¬, ¥á«¨ ®¡à § T (K) «î¡®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  K � X ®£à ­¨ç¥­.

�§¢¥áâ­® (­ ¯à., [13]), çâ® «î¡®¥ § ¬ª­ãâ®¥ ®£à ­¨ç¥­­®¥ ®â®¡à ¦¥­¨¥ ¯. á¢.

�¥¬¬  1. �á«¨ ®â®¡à ¦¥­¨¥ A : X ! Y ­¥¯à¥àë¢­®,   ¬­®¦¥áâ¢® X § ¬ª­ãâ®, â® ®â®-

¡à ¦¥­¨¥ A�1 § ¬ª­ãâ®.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fykg ! y0 ¨ fxkg ! x0 â ª¨¥, çâ® yk 2 Y ,
y0 2 Y , xk 2 A�1(yk), xk 2 X. �®£¤  yk = A(xk) ¨ y0 = lim

k!1
A(xk) = A(x0) ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨

A. �®íâ®¬ã x0 2 A�1(y0), â. ¥. A�1 § ¬ª­ãâ®.

�à¨¢¥¤¥¬ ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (1) ­  ®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥.

�à¥¤«®¦¥­¨¥ 2. �ãáâì U | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ Rn, ®â®¡à ¦¥­¨ï G :
Rn ! Rn ¨ H : Rn ! Rn ­¥¯à¥àë¢­ë. �á«¨ ¬­®¦¥áâ¢® U ­¥¯ãáâ® ¨ ®£à ­¨ç¥­®,   ®â®¡à ¦¥­¨¥

H�1 ®£à ­¨ç¥­® ¨ ­¥¯ãáâ® ­  U , â® áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¬­®¦¥áâ¢® L(v) ¯à¨ F = G�H�1 § ¬ª­ãâ® ¤«ï «î¡®£® v 2
U . � ¬¥â¨¬, çâ® ®â®¡à ¦¥­¨¥ H�1 § ¬ª­ãâ® ¯® «¥¬¬¥ 1 ¨ ¯®íâ®¬ã ¨¬¥¥â ­¥¯ãáâë¥ ª®¬¯ ªâ­ë¥
®¡à §ë, á«¥¤®¢ â¥«ì­®, â ª®¢ë¥ ¨¬¥¥â ¨ ®â®¡à ¦¥­¨¥ F . �ãáâì w0 | ¯à¥¤¥«ì­ ï â®çª  L(v),
¯®íâ®¬ã fwkg ! w0, £¤¥ wk 2 L(v). �®£¤  ¤«ï «î¡®£® k ¨¬¥¥¬ hfk; wk � vi � 0, £¤¥ fk 2 F (wk),
¨«¨ hG(uk);H(uk)� vi � 0, £¤¥ uk 2 H�1(wk). �®áª®«ìªã H�1 ¯. á¢., â® ¯®á«¥¤®¢ â¥«ì­®áâì fukg
®£à ­¨ç¥­  ¨ ¨¬¥¥â å®âï ¡ë ®¤­ã ¯à¥¤¥«ì­ãî â®çªã u0. �§ ­¥¯à¥àë¢­®áâ¨ H ¨ G á«¥¤ã¥â, çâ®
H(u0) = w0 2 U ¨ hG(u0);H(u0) � vi � 0. �®íâ®¬ã w0 2 L(v) ¨ ¬­®¦¥áâ¢® L(v) § ¬ª­ãâ®. � á¨«ã
ª®¬¯ ªâ­®áâ¨ U ¬®¦­® ¯®«®¦¨âì D = U , â®£¤  (6) ¢ë¯®«­ï¥âáï, ®âªã¤  á«¥¤ã¥â (7), â. ¥. ¤«ï
«î¡®£® v 2 U áãé¥áâ¢ã¥â í«¥¬¥­â f 2 F (w�) â ª®©, çâ® hf; w� � vi � 0 ¤«ï ­¥ª®â®à®£® w� 2 U .
�®£¤  â®çª  u� 2 H�1(w�) ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨ (1), çâ® ¨ âà¥¡®¢ «®áì.

�«ï ¯®«ãç¥­¨ï ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ­  ­¥®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥ ¨á¯®«ì§ã¥¬
¤®¯®«­¨â¥«ì­®¥ á¢®©áâ¢®.

�¯à¥¤¥«¥­¨¥ 2 (­ ¯à., [7]). �â®¡à ¦¥­¨¥ Q : Rn ! Rn ­ §ë¢ ¥âáï á¨«ì­® H-¬®­®â®­­ë¬

­  ¬­®¦¥áâ¢¥ Y á ª®­áâ ­â®© � > 0, ¥á«¨ ¤«ï ¢á¥å â ª¨å x; y 2 Rn, çâ® H(x) 2 Y ¨ H(y) 2 Y ,
¢ë¯®«­ï¥âáï

hQ(x)�Q(y);H(x) �H(y)i � �kx� yk2:

�à¥¤«®¦¥­¨¥ 3. �ãáâì U | ­¥¯ãáâ®¥, ¢ë¯ãª«®¥ ¨ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ Rn, ®â®-

¡à ¦¥­¨¥ G : Rn ! Rn ­¥¯à¥àë¢­®,   ®â®¡à ¦¥­¨¥ H : Rn ! Rn ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�¨¯è¨æ . �á«¨ ¯à¨ íâ®¬ ®â®¡à ¦¥­¨¥ G á¨«ì­® H-¬®­®â®­­® ­  ¬­®¦¥áâ¢¥ U ,   ®â®¡à -

¦¥­¨¥ H�1 ®£à ­¨ç¥­® ¨ ¨¬¥¥â ­¥¯ãáâë¥ ®¡à §ë ­  U , â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

§ ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¨§ ãá«®¢¨© ¯à¥¤«®¦¥­¨ï á«¥¤ã¥â â ª¦¥ § ¬ª­ãâ®áâì ¬­®-
¦¥áâ¢  L(v) ¯à¨ F = G � H�1,   á¨«ì­ ï H-¬®­®â®­­®áâì G ¢«¥ç¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï
§ ¤ ç¨ (1). �®íâ®¬ã ®áâ ¥âáï ¯®ª § âì, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (6). � ä¨ªá¨àã¥¬ â®çªã
v 2 U ¨ ®¯à¥¤¥«¨¬ ev 2 H�1(v). �®£¤  ¤«ï «î¡®£® y 2 Rn ¨¬¥¥¬

hG(y);H(y) �H(ev)i � hG(ev);H(y)�H(ev)i+ �ky � evk2 � �LkG(ev)k ky � evk+ �ky � evk2 ! +1

¯à¨ ky � evk ! +1. �¤¥áì L | ª®­áâ ­â  �¨¯è¨æ  ¤«ï H. �®íâ®¬ã, ¥á«¨ ¬­®¦¥áâ¢® U ­¥
®£à ­¨ç¥­®, ¢ë¡¥à¥¬ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® eD â ª, çâ®¡ë ev 2 eD ¨ ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢ 
¡ë«  ¯®«®¦¨â¥«ì­®© ¯à¨ y =2 eD. �®«®¦¨¬ D = U

T
H( eD), ïá­®, çâ® D ­¥¯ãáâ® ¨ ®£à ­¨ç¥­®.
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�à®¬¥ â®£®, ¤«ï «î¡®£® u 2 UnD ¨¬¥¥¬ hG(y);H(y) � vi > 0, £¤¥ y 2 H�1(u), â. ¥. ­¥à ¢¥­áâ¢®
(6) ¢ë¯®«­ï¥âáï.

3. �¯¨á ­¨¥ ¬¥â®¤ 

�à¨ ®¡®á­®¢ ­¨¨ ¬¥â®¤  ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ¯à¥¤¯®«®-
¦¥­¨ï.

(A1) U | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ Rn.
(A2) G : Rn ! Rn | «®ª «ì­® «¨¯è¨æ¥¢® ®â®¡à ¦¥­¨¥.
(A3) H : Rn ! Rn | «¨¯è¨æ¥¢® ®â®¡à ¦¥­¨¥ â ª®¥, çâ® ®â®¡à ¦¥­¨¥ H�1 ®£à ­¨ç¥­® ¨

­¥¯ãáâ® ­  ¢ë¯ãª«®¬ § ¬ª­ãâ®¬ ¬­®¦¥áâ¢¥ Y � U .
(A4) � ¤ ç  (1) ¨¬¥¥â à¥è¥­¨¥.
(A5) �«ï «î¡®© â®çª¨ u 2 Rn â ª®©, çâ® H(u) 2 U , ¢ë¯®«­ï¥âáï

hG(u);H(u) �H(u�)i � 0 8u� 2 U�; (8)

£¤¥ U� ®¡®§­ ç ¥â ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ (1).

�â¬¥â¨¬, çâ® ¤ ­­ë¥ ãá«®¢¨ï ï¢«ïîâáï ¤®áâ â®ç­® ®¡é¨¬¨. � ª ¢ á¨«ã ¯à¥¤«®¦¥­¨© 1{3
ãá«®¢¨ï (A1){(A3) ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¥­¨¥ (A4) ¢ á«ãç ¥ ®£à ­¨ç¥­­®áâ¨ U ¨«¨ ¯à¨ ¢ë¯®«-
­¥­¨¨ á®®â¢¥âáâ¢ãîé¥£® ãá«®¢¨ï ª®íàæ¨â¨¢­®áâ¨. � «¥¥, ãá«®¢¨¥ (A5) ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨-
à®¢ ­® ª ª áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© ¤ã «ì­®£® ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  ª § ¤ ç¥ (1), «¨¡® (5)
¯à¨ F = G�H�1 (­ ¯à., [9], [8]), çâ®, ª ª ¨§¢¥áâ­®, ¢ë¯®«­ï¥âáï ¢ ãá«®¢¨ïå ¯á¥¢¤®¬®­®â®­­®áâ¨
F ¨ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (1) («¨¡® (5)). � ¬¥â¨¬ â ª¦¥, çâ® (A3) ¢ë¯®«­ï¥âáï, ¥á«¨
®â®¡à ¦¥­¨¥ H ¨¬¥¥â ¢¨¤ H(u) =Mu+ q, £¤¥ M | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ .

�¥â®¤ à¥è¥­¨ï § ¤ ç¨ (1) ¯à¨ ¯à¥¤¯®«®¦¥­¨ïå (A1){(A5) ¬®¦¥â ¡ëâì ®¯¨á ­ á«¥¤ãîé¨¬
®¡à §®¬. �¡®§­ ç¨¬ ç¥à¥§ Z+ ¬­®¦¥áâ¢® æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á¥«,   ç¥à¥§ �Y (�) | ®¯¥à -
â®à ¯à®¥ªâ¨à®¢ ­¨ï ­  ¬­®¦¥áâ¢® Y .

� £ 0. �ë¡à âì â ªãî â®çªã u0 2 Rn, çâ® H(u0) 2 Y , ç¨á«  � 2 (0; 1), � 2 (0; 1), 
 2 (0; 2),e� > 0. �¯à¥¤¥«¨âì â ª®¥ á¥¬¥©áâ¢® ®â®¡à ¦¥­¨© fTk : Rn � Rn ! Rng, çâ® ¤«ï ª ¦¤®£® k =
0; 1; : : : ¢ë¯®«­ïîâáï ãá«®¢¨ï

(a) oâ®¡à ¦¥­¨¥ Tk(x; �) á¨«ì­® H-¬®­®â®­­® ­  ¬­®¦¥áâ¢¥ Y á ª®­áâ ­â®© � 0 > 0 ¨ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© � 00 <1 ¤«ï «î¡®£® x 2 Rn;

(b) Tk(x; x) = 0 ¤«ï ¢á¥å x 2 Rn.

�¯à¥¤¥«¨âì k := 0.
� £ 1. �¯à¥¤¥«¨âì m ª ª ­ ¨¬¥­ìè¨© ­®¬¥à ¨§ Z+, ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

hG(uk)�G(zk;m);H(uk)�H(zk;m)i � (1� �)(e��m)�1hTk(uk; zk;m);H(zk;m)�H(uk)i; (9)

£¤¥ zk;m 2 Rn | à¥è¥­¨¥ § ¤ ç¨

H(zk;m) 2 U; hG(uk) + (e��m)�1Tk(uk; zk;m); w �H(zk;m)i � 0 8w 2 U: (10)

� £ 2. �¯à¥¤¥«¨âì �k := �me�, vk := zk;m. �á«¨ uk = vk, â® ®áâ ­®¢¨âìáï. �­ ç¥ ®¯à¥¤¥«¨âì

gk := G(vk)�G(uk)� ��1k Tk(uk; vk);

!k := hgk;H(uk)�H(vk)i:
(11)

� £ 3. �¯à¥¤¥«¨âì â ªãî â®çªã uk+1 2 Rn, çâ®

H(uk+1) := �Y [H(u
k)� 
(!k=kg

kk2)gk]; (12)

k := k + 1 ¨ ¯¥à¥©â¨ ª è £ã 1.
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� ¬¥â¨¬, çâ® § ¤ ç  (10) ¢á¥£¤  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 3. �â®
ª á ¥âáï ãá«®¢¨© ( ), (b) ­  ¢ë¡®à á¥¬¥©áâ¢  fTkg, â® ®­¨ ï¢«ïîâáï ¤®áâ â®ç­® ®¡é¨¬¨ ¨ ¯®§¢®-
«ïîâ ¨á¯®«ì§®¢ âì ­  è £¥ 1 ¬¥â®¤  ¢ ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì­®© ¯à®æ¥¤ãàë  ­ «®£¨ ¨â¥à æ¨©
à §­®®¡à §­ëå ¬¥â®¤®¢. � ¯à¨¬¥à, ¬®¦­® ®¯à¥¤¥«¨âì Tk(x; y) = Ak(y�x), £¤¥ fAkg| § ¤ ­­ ï
¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ, ¨ ¯à¨ Ak � I ¯®«ãç¨¬ ¢ (10) ¨â¥à æ¨î ¯à®¥ªâ¨¢­®£® ¬¥â®¤ , ¯à¨
Ak = rG(uk) | ¨â¥à æ¨î ¬¥â®¤  �ìîâ®­  ¨ â. ¤. [10]. �à¨ íâ®¬ ¤ ­­ë¥ ¨â¥à æ¨¨ ¯à¨¬¥­ïîâáï
­¥ ª § ¤ ç¥ (5) á F = G � H�1,   ª ¨áå®¤­®© § ¤ ç¥ (1) ¨ ¯®íâ®¬ã ¯®¤®¡­ë¥ ¨â¥à æ¨¨ ¬¥â®¤ 
�ìîâ®­  áâ ­®¢ïâáï à¥ «¨§ã¥¬ë¬¨ ¤ ¦¥ ¯à¨ ­¥¤¨ää¥à¥­æ¨àã¥¬®áâ¨ (¬­®£®§­ ç­®áâ¨) ®â®-
¡à ¦¥­¨ï H�1. � ª¦¥ ¨§¢¥áâ­® (­ ¯à., [8], [10]), çâ® ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  H | â®¦¤¥áâ¢¥­­®¥
®â®¡à ¦¥­¨¥, ¯®¤®¡­ë¥ ¬¥â®¤ë ­¥ £ à ­â¨àãîâ áå®¤¨¬®áâ¨ ¢ ãá«®¢¨ïå (A1){(A5), ¢ â® ¦¥ ¢à¥-
¬ï ¬¥â®¤ 1, ¯®áâà®¥­­ë© ­  ®á­®¢¥ ª®¬¡¨­¨à®¢ ­­®£® à¥« ªá æ¨®­­®£® ¯®¤å®¤ , ®¡¥á¯¥ç¨¢ ¥â
áå®¤¨¬®áâì. �«¥¤ã¥â ®â¬¥â¨âì, çâ® á¨«ì­ ï H-¬®­®â®­­®áâì ®â®¡à ¦¥­¨ï Tk(x; �) ­¥ ®¡ï§ â¥«ì-
­® âà¥¡ã¥â á¨«ì­®© ¬®­®â®­­®áâ¨ Tk(x; �) (¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ Ak) ¨ H. � ¯à¨¬¥à,
¥á«¨ ®¯à¥¤¥«¨âì n = 2, H(x) = Bx, £¤¥

B =
�
0 1
1 0

�
;

â® ãá«®¢¨¥ á¨«ì­®© H-¬®­®â®­­®áâ¨ ¢ë¯®«­ï¥âáï ¯à¨

Ak � A =
�
1 2
2 1

�
;

¯®áª®«ìªã

hA(x0 � x00); B(x0 � x00)i = hBTA(x0 � x00); x0 � x00i =
��

2 1
1 2

�
(x0 � x00); x0 � x00

�
� kx0 � x00k2:

�à¨ íâ®¬ ®¡¥ ¬ âà¨æë A ¨ B ­¥ ï¢«ïîâáï ¤ ¦¥ ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨.
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  (10) íª¢¨¢ «¥­â­  ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î

H(zk;m) = �U [H(z
k;m)� (e��m)G(uk)� Tk(u

k; zk;m)] (13)

(­ ¯à., [7]). �ë¡®à Tk ¯®§¢®«ï¥â áãé¥áâ¢¥­­® ã¯à®áâ¨âì íâã § ¤ çã ¤ ¦¥ ¢ ®¡é¥¬ á«ãç ¥. � -
¯à¨¬¥à, ¯®« £ ï Tk(u; z) = H(z)�H(u) ¢ (13), ¯®«ãç ¥¬ ¨â¥à æ¨î ¯à®¥ªâ¨¢­®£® â¨¯ 

H(zk;m) := �U [H(uk)� (e��m)G(uk)]: (14)

� ¤ ç¨ (12){(14) ¯à¥¤áâ ¢«ïîâ á®¡®© ãà ¢­¥­¨ï (¢ ®¡é¥¬ á«ãç ¥ ­¥«¨­¥©­ë¥) á ®á­®¢­ë¬ ®â®-
¡à ¦¥­¨¥¬ H (­® ­¥ G). �¥â®¤ë ¨å à¥è¥­¨ï à §à ¡®â ­ë ¤®áâ â®ç­® å®à®è® (­ ¯à., [14]) ¨
§ ¢¨áïâ ®â á¯®á®¡  § ¤ ­¨ï ®â®¡à ¦¥­¨ï H ¨ ¬­®¦¥áâ¢ U ¨ Y . � ç áâ­®áâ¨, ¥á«¨ ®â®¡à ¦¥­¨¥
H  ää¨­­® ¨«¨ ªãá®ç­®- ää¨­­®, â® ¬®¦­® ­ ©â¨ â®ç­®¥ à¥è¥­¨¥ § ¤ ç (12) ¨ (14) á ¯®¬®éìî
ª®­¥ç­ëå  «£®à¨â¬®¢. �«ï á«ãç ï, ª®£¤  U ¥áâì ­¥®âà¨æ â¥«ì­ë© ®àâ ­â, à¥è¥­¨¥ § ¤ ç¨ (10)
(¨«¨ (13)) ¬®¦¥â ¡ëâì ­ ©¤¥­® á ¯®¬®éìî  ¯¯ à â  ®æ¥­®ç­ëå äã­ªæ¨© (­ ¯à., [15]). � ®¡é¥¬
á«ãç ¥ à¥è¥­¨¥ íâ¨å § ¤ ç ¬®¦­® ­ ©â¨ ¯à¨¡«¨¦¥­­®, çâ® ®¡ëç­® ­¥ áª §ë¢ ¥âáï ­  á¢®©áâ¢ å
áå®¤¨¬®áâ¨ ¬¥â®¤®¢ ¤ ­­®£® â¨¯ .

� ª¦¥ ®â¬¥â¨¬, çâ® ¯® áà ¢­¥­¨î á ¬¥â®¤®¬ ¯à®ªá¨¬ «ì­®£® â¨¯  ¨§ [16], áå®¤ïé¨¬áï ¯à¨
¡«¨§ª¨å ¯à¥¤¯®«®¦¥­¨ïå, ¬¥â®¤ 1 ­¥ âà¥¡ã¥â à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­ëå ­¥«¨­¥©­ëå § ¤ ç, á®-
¤¥à¦ é¨å ®â®¡à ¦¥­¨¥ G, â. ¥. ¥£® à¥ «¨§ æ¨ï áãé¥áâ¢¥­­® ¯à®é¥. �à¨ ®¡®á­®¢ ­¨¨ ¬¥â®¤  ¢
¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

wk = H(uk); tk = H(vk); w� = H(u�) ¯à¨ u� 2 U�: (15)
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4. �¡®á­®¢ ­¨¥ áå®¤¨¬®áâ¨

�­ ç «  à áá¬®âà¨¬ ãá«®¢¨¥ ®áâ ­®¢  ­  è £¥ 2.

�¥¬¬  2. �á«¨ uk = vk, â® uk 2 U�.

�®ª § â¥«ìáâ¢®. �á«¨ uk = vk, â® ¨§ (10) ¨ á¢®©áâ¢  (b) ¤«ï Tk ¯®«ãç ¥¬, çâ® uk 2 U�.

� ª¨¬ ®¡à §®¬, ®áâ ­®¢ ¬¥â®¤  1 ¢®§¬®¦¥­ «¨èì ¢ â®çª¥, ï¢«ïîé¥©áï à¥è¥­¨¥¬ § ¤ ç¨.
�®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ áç¨â ¥¬, çâ® ®áâ ­®¢  ­¥ ¯à®¨áå®¤¨â, â. ¥. uk 6= vk ¤«ï k = 0; 1; : : :
�¡®á­ã¥¬ â¥¯¥àì ª®­¥ç­®áâì ¯à®æ¥¤ãàë «¨­¥©­®£® ¯®¨áª .

�¥¬¬  3. a) �à®æ¥¤ãà  «¨­¥©­®£® ¯®¨áª  ­  è £¥ 1 ¢á¥£¤  ª®­¥ç­ .
b) �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fwkg ®£à ­¨ç¥­ , â® ®£à ­¨ç¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg,

fvkg ¨ ftkg,   â ª¦¥ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

�k � �0 > 0 ¤«ï k = 0; 1; : : : (16)

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ â®çªã eu 2 Rn â ªãî, çâ® H(eu) 2 U . �®£¤  ¤«ï «î¡®£®
j 2 Z+ ¨§ (10) á«¥¤ã¥â

hG(uk) + (e��j)�1Tk(uk; zk;j);H(eu)�H(zk;j)i � 0;

®âáî¤  á ãç¥â®¬ (A3) ¨ á¢®©áâ¢ Tk ¯®«ãç ¥¬

e�LHkG(uk)k keu � zk;jk � (e��j)hG(uk);H(eu)�H(zk;j)i �

� hTk(uk; zk;j)� Tk(uk; eu);H(zk;j)�H(eu)i+
+ hTk(uk; eu)� Tk(uk; uk);H(zk;j)�H(eu)i � � 0kzk;j � euk2 � � 00LHkeu� ukk kzk;j � euk;

¨«¨

� 0kzk;j � euk � LH(e�kG(uk)k+ � 00keu� ukk);

£¤¥ LH | ª®­áâ ­â  �¨¯è¨æ  ¤«ï H. �«¥¤®¢ â¥«ì­®,

kzk;j � ukk � kzk;j � euk+ keu� ukk � (e�LH=� 0)kG(uk)k+ (LH�
00=� 0 + 1)keu� ukk = �k: (17)

� á¨«ã (A2) áãé¥áâ¢ã¥â ª®­áâ ­â  �¨¯è¨æ  L(k)
G ¤«ï G ­  ¬­®¦¥áâ¢¥ fu 2 Rn

�� ku � ukk � �kg.
�®íâ®¬ã

hG(uk)�G(zk;j);H(uk)�H(zk;j)i � L
(k)
G LHku

k � zk;jk2 �

� (L(k)
G LH=�

0)hTk(uk; zk;j)� Tk(uk; uk);H(zk;j)�H(uk)i �

� (1� �)(e��j)�1hTk(uk; zk;j);H(zk;j)�H(uk)i;

¥á«¨ (1 � �)(e��j)�1 � L
(k)
G LH=�

0 ¨«¨ e��j � (1 � �)� 0=(L(k)
G LH). �®íâ®¬ã á®®â­®è¥­¨¥ (9) ¡ã¤¥â

¢ë¯®«­ïâìáï ¤«ï ¤®áâ â®ç­® ¡®«ìè®£® j = m, ¯à¨ íâ®¬

�k � minf�(1 � �)� 0=(L(k)
G LH); e�g > 0: (18)

�â¢¥à¦¤¥­¨¥ a) á¯à ¢¥¤«¨¢®. � á«ãç ¥ ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fwkg ¢ á¨«ã (A3) ¨
(15) ¯®á«¥¤®¢ â¥«ì­®áâì fukg â ª¦¥ ®£à ­¨ç¥­ , ¯®íâ®¬ã áãé¥áâ¢ãîâ ç¨á«  � < 1 ¨ LG < 1

â ª¨¥, çâ® �k � � <1 ¨ L(k)
G � LG <1 ¤«ï ¢á¥å k = 0; 1; : : : , ¨ ¨§ (18) â¥¯¥àì á«¥¤ã¥â (16),   ¨§

(17) | ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© fvkg ¨ ftkg, â. ¥. ãâ¢¥à¦¤¥­¨¥ b) á¯à ¢¥¤«¨¢®.
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�¥¬¬  4. � ¬¥â®¤¥ 1 ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

hgk; wk � tki � (�=�k)hTk(u
k; vk); tk � wki � (�� 0=�k)ku

k � vkk2 (19)

¨

kwk+1 � w�k2 � kwk �w�k2 � 
(2� 
)(!k=kg
kk)2 8w� 2W �; (20)

£¤¥ W � = fw� 2 U j w� = H(u�); u� 2 U�g.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï (9), (11) ¨ á¢®©áâ¢  Tk, ¨¬¥¥¬

hgk; wk � tki = hG(vk)�G(uk)� ��1k Tk(u
k; vk); wk � tki �

� ((1� �)=�k)hTk(u
k; vk); wk � tki � ��1k hTk(u

k; vk); wk � tki =

= (�=�k)hTk(u
k; vk); tk � wki � (�� 0=�k)ku

k � vkk2;

â. ¥. (19) ¢ë¯®«­ï¥âáï. � «¥¥, á«®¦¥­¨¥ (8) á u = vk ¨ (10) á w = w� ¤ ¥â

hG(vk)�G(uk)� ��1k Tk(u
k; vk); tk � w�i � 0

¤«ï «î¡®£® w� 2W �, ¯®íâ®¬ã

hgk; wk �w�i = hgk; wk � tki+ hgk; tk � w�i � !k � 0

¢ á¨«ã (11) ¨ (19). �á¯®«ì§ãï â¥¯¥àì á¢®©áâ¢  ¯à®¥ªæ¨¨, ¨¬¥¥¬

kwk+1 � w�k2 � kwk � 
(!k=kg
kk2)gk �w�k2 =

= kwk � w�k2 � 2
(!k=kg
kk2)hgk; wk � w�i+ (
!k=kg

kk)2 �

� kwk � w�k2 � 2
(!k=kg
kk)2 + (
!k=kg

kk)2;

â. ¥. (20) â ª¦¥ ¢ë¯®«­ï¥âáï.

�â¬¥â¨¬, çâ® ¢ á«ãç ¥, ª®£¤  ®áâ ­®¢ ­¥ ¯à®¨áå®¤¨â, â. ¥. ª®£¤  uk 6= vk, ¨§ (19) á«¥¤ã¥â
gk 6= 0, â. ¥. è £ 3 ¬¥â®¤  1 ª®àà¥ªâ¥­. �¥¯¥àì ­¥âàã¤­® ãáâ ­®¢¨âì áå®¤¨¬®áâì ¬¥â®¤ .

�¥®à¥¬  1. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fukg ¯®áâà®¥­  ¬¥â®¤®¬ 1, â® ®­  ¨¬¥¥â ¯à¥¤¥«ì-

­ë¥ â®çª¨, ¯à¨ç¥¬ ¢á¥ ®­¨ ­ å®¤ïâáï ¢ U�, ªà®¬¥ â®£®,

lim
k!1

wk = w� 2W �: (21)

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨§ (20) á«¥¤ã¥â ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ fwkg,   §­ ç¨â, ¯® «¥¬¬¥ 3 b) ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg, fvkg ¨ ftkg â ª¦¥ ®£à ­¨ç¥­ë
¨ ¢ë¯®«­ï¥âáï (16). �¥¯¥àì ¨§ (19) ¨ (20) á«¥¤ã¥â

lim
k!1

kuk � vkk = 0: (22)

� á¨«ã ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥© fukg ¨ fvkg ®­¨ á®¤¥à¦ â áå®¤ïé¨¥áï ¯®¤¯®á«¥¤®-
¢ â¥«ì­®áâ¨ fuksg ¨ fvksg, ¯à¨ íâ®¬ ¨§ (22) á«¥¤ã¥â lim

s!1
uks = lim

s!1
vks = u�, ªà®¬¥ â®£®, H(u�) 2 U

¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ H. � «¥¥, ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ w 2 U ¨§ (10) ¯®«ãç¨¬

hG(uks); w � tksi � hTks(u
ks ; vks); tks � wi=�ks � �� 00kuks � vksk ktks � wk=�0:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ s ! 1, á ãç¥â®¬ (22) ¯®«ãç ¥¬ hG(u�); w � H(u�)i � 0, â. ¥. u� 2 U�

¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  w, ¨ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á¯à ¢¥¤«¨¢®. � «¥¥, ¢ á¨«ã
­¥¯à¥àë¢­®áâ¨ H ¯®«ãç ¥¬

w0 = lim
s!1

wks = lim
s!1

H(uks) = H(u�) 2W �;

¨ á®®â­®è¥­¨¥ (21) á«¥¤ã¥â ¨§ (20).
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5. �ª®à®áâì áå®¤¨¬®áâ¨

�à¨ ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ® á¢®©áâ¢ å G ¬¥â®¤ 1 ¤®áâ¨£ ¥â «¨­¥©­®© áª®à®áâ¨
áå®¤¨¬®áâ¨.

�¥®à¥¬  2. �ãáâì ®â®¡à ¦¥­¨¥ G á¨«ì­® H-¬®­®â®­­® ­  ¬­®¦¥áâ¢¥ U á ª®­áâ ­â®© � .
�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fukg, ¯®áâà®¥­­ ï ¬¥â®¤®¬ 1, ¡¥áª®­¥ç­ , â® á®®â¢¥âáâ¢ãîé ï ¯®-
á«¥¤®¢ â¥«ì­®áâì fwkg áå®¤¨âáï «¨­¥©­® ª â®çª¥ w� = H(u�) â ª®©, çâ® u� | ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. �®£« á­® ¯à¥¤«®¦¥­¨î 3 § ¤ ç  (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ á¤¥-
« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå. C«®¦¥­¨¥ (1) á w = H(vk) ¨ (10) á w = H(u�) ¤ ¥â

hG(u�)�G(uk)� ��1k Tk(uk; vk);H(vk)�H(u�)i � 0;

¨«¨ á ãç¥â®¬ á¢®©áâ¢ Tk

hG(u�)�G(uk);H(u�)�H(uk)i � hG(u�)�G(uk);H(vk)�H(uk)i+

+ ��1k hTk(uk; vk);H(u�)�H(vk)i �

� hG(u�)�G(uk);H(vk)�H(uk)i+ ��1k hTk(uk; vk);H(u�)�H(uk)i:

�®£¤ , ãç¨âë¢ ï ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fwkg ¢ á¨«ã (20),   â ª¦¥ ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë 3 b), ¯®«ãç ¥¬

�kuk � u�k2 � hG(uk)�G(u�);H(uk)�H(u�)i �

� hG(u�)�G(uk);H(vk)�H(uk)i+ ��1k hTk(uk; vk);H(u�)�H(uk)i �

� LGLHku
k � u�kkuk � vkk+ (� 00LH=�0)kuk � u�k kuk � vkk;

£¤¥ LG ¨ LH { á®®â¢¥âáâ¢ãîé¨¥ ª®­áâ ­âë �¨¯è¨æ  ¤«ï G ¨ H. �âáî¤  á«¥¤ã¥â kuk � vkk2 �
�kwk � w�k2, £¤¥ � = (�=((LGLH + � 00LH=�

0)LH))2. � ¤àã£®© áâ®à®­ë, ¨á¯®«ì§ãï (11), (19) ¨
á¢®©áâ¢  Tk, ¨¬¥¥¬

(!kkgkk)2 � (�� 0)2kuk � vkk4=(�kkG(vk)�G(uk)� ��1k Tk(uk; vk)k)2 �

� (�� 0)2kuk � vkk2=(e�LG + � 00)2 = �0kuk � vkk2:

�¡ê¥¤¨­ïï ®¡  ­¥à ¢¥­áâ¢  ¢¬¥áâ¥ á (20), ¯®«ãç ¥¬

kwk+1 � w�k2 � kwk � w�k2 � 
(2� 
)��0kwk � w�k2 = �kwk �w�k2

¯à¨ � = 1� 
(2� 
)��0 2 (0; 1), çâ® ¨ âà¥¡®¢ «®áì.

� á«ãç ¥, ª®£¤  H | â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥, ¯®«ãç ¥¬ à¥§ã«ìâ â ® áª®à®áâ¨ áå®¤¨-
¬®áâ¨ ¬¥â®¤  ¤«ï ®¡ëç­ëå ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢ (­ ¯à., [10], â¥®à¥¬  1.4.5). � ¬¥â¨¬, çâ®
à¥§ã«ìâ â â¥®à¥¬ë 2 ­¥ âà¥¡ã¥â á¢®©áâ¢ £« ¤ª®áâ¨ ¨ ®¤­®§­ ç­®áâ¨ ®â®¡à ¦¥­¨ï H�1 ¢ ¯à®-
áâà ­áâ¢¥ Rn, â. ¥. ¯®«ãç ¥¬ áãé¥áâ¢¥­­®¥ ãá¨«¥­¨¥ à¥§ã«ìâ â®¢ áå®¤¨¬®áâ¨ ¯® áà ¢­¥­¨î á
¨§¢¥áâ­ë¬¨ à¥§ã«ìâ â ¬¨ ¤«ï à §«¨ç­ëå ¬¥â®¤®¢, ¯à¨¬¥­¥­­ëå ª ¯à¥®¡à §®¢ ­­®© íª¢¨¢ -
«¥­â­®© § ¤ ç¥ (5) á F = G �H�1.
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