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1. �¢¥¤¥­¨¥

� áá¬®âà¨¬ § ¤ çã ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï

h(x) # min; x 2 S; g(x) � 0; (P )

£¤¥ h(�), g(�) | ¢ë¯ãª«ë¥ ­  Rn äã­ªæ¨¨, S | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¨§ Rn , g(�) | ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ ï ­  ¢ë¯ãª«®¬ ®âªàëâ®¬ ¬­®¦¥áâ¢¥ 
 ¨§ Rn äã­ªæ¨ï, S � 
, fx 2 R

n j
g(x) = 0g � 
. �ãáâì

V(P ) , h� := inf(h;D) , inffh(x) j x 2 S; g(x) � 0g > �1: (1)

�¯¥æ¨ä¨ª  § ¤ ç¨ (P ) ®¯à¥¤¥«ï¥âáï ®¡à â­®-¢ë¯ãª«ë¬ ®£à ­¨ç¥­¨¥¬ g(x) � 0, ª®â®à®¥
§ ¤ ¥â ¤®¯®«­¥­¨¥ ¢ë¯ãª«®£® ®âªàëâ®£® ¬­®¦¥áâ¢  fx 2 Rn j g(x) < 0g. �áâ¥áâ¢¥­­® ¯à¥¤¯®« -
£ âì, çâ® g(x�) = 0, £¤¥ x� | à¥è¥­¨¥ § ¤ ç¨ (P ), â. ª. ¥á«¨ íâ® ¯à¥¤¯®«®¦¥­¨¥ ­¥ ¢ë¯®«­¥­®,
â® à¥è¥­¨¥ à¥« ªá¨à®¢ ­­®© § ¤ ç¨

h(x) # min; x 2 S; (PW )

ª®â®à ï ¯à®é¥, ç¥¬ (P ), ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (P ).
� ¯®¬®éìî äã­ªæ¨¨ V(P ), ®¯à¥¤¥«¥­­®© ¢ (1), ¬®¦­® ¯à¥¤«®¦¨âì ¨ ¤àã£ãî ä®à¬ã ãá«®¢¨ï

â®£®, çâ® ®¡à â­®-¢ë¯ãª«®¥ ®£à ­¨ç¥­¨¥  ªâ¨¢­® ­  à¥è¥­¨ïå § ¤ ç¨ (P ):

9v 2 S g(v) < 0 : h(v) < h� , V(P ): (2)

�¤­¨¬ ¨§ á«¥¤áâ¢¨© ãá«®¢¨ï (2) ï¢«ï¥âáï â®, çâ® ¯à¨ à¥è¥­¨¨ § ¤ ç¨ (PW ) ª ª¨¬-­¨¡ã¤ì ¨§
¬¥â®¤®¢ ®¯â¨¬¨§ æ¨¨ [1] á ¯à®¨§¢®«ì­®© ­ ç «ì­®© â®çª®© x0 2 S, g(x0) > 0, ¡ã¤¥â ­¥¯à¥¬¥­­®
­ ©¤¥­  â®çª  ex â ª ï, çâ® g(ex) = 0, h(v) < h(ex) < h(x0). �â  ¯à®æ¥¤ãà  ï¢«ï¥âáï á¯ãáª®¬ ­ 
¯®¢¥àå­®áâì ãà®¢­ï g(x) = 0.

�¤¨­ ¨§ ¬¥â®¤®¢ «®ª «ì­®£® ¯®¨áª  á¢ï§ ­ á ãá«®¢¨ï¬¨ £«®¡ «ì­®© ®¯â¨¬ «ì­®áâ¨ [2] ¨
§ ª«îç ¥âáï ¢ ®âëáª ­¨¨ â®çª¨ ­  ¯®¢¥àå­®áâ¨ ãà®¢­ï g(x) = 0,   â ª¦¥ ¢ ¯®á«¥¤®¢ â¥«ì­®¬
à¥è¥­¨¨ «¨­¥ à¨§®¢ ­­ëå § ¤ ç (ª®â®àë¥, ª ª ­¥âàã¤­® ¢¨¤¥âì, ï¢«ïîâáï § ¤ ç ¬¨ ¢ë¯ãª«®£®
¯à®£à ¬¬¨à®¢ ­¨ï):

(LQ(u; �)) : hrg(u); xi " max; x 2 S; h(x) � �; (3)

£¤¥ u ¨ � | ¯ à ¬¥âàë § ¤ ç¨ (3) [2].
�â®â ¬¥â®¤ ¢ [2] ­ §¢ ­ á¯¥æ¨ «ì­ë¬ ¬¥â®¤®¬ «®ª «ì­®£® ¯®¨áª  (����). � ¥£® ¯®¬®éìî

¯®«ãç ¥âáï (¯à¨¡«¨¦¥­­®) áâ æ¨®­ à­ ï â®çª  ¤«ï  áá®æ¨¨à®¢ ­­®© § ¤ ç¨ ¢ë¯ãª«®© ¬ ªá¨-
¬¨§ æ¨¨ (¯à¨ ­¥ª®â®à®¬ �) [3]

(Q(�)) : g(x) " max; x 2 S; h(x) � �;

  ­¥ ¤«ï ¨áå®¤­®© § ¤ ç¨ (P ).
� ¤ ­­®© áâ âì¥ ¨á¯®«ì§ã¥âáï ¯®¤å®¤ �®§¥­  [4], ®á­®¢ ­­ë© ­  «¨­¥ à¨§ æ¨¨ äã­ªæ¨¨ g(�),

§ ¤ îé¥© ®¡à â­®-¢ë¯ãª«®¥ ®£à ­¨ç¥­¨¥; ®¯¨áë¢ ¥âáï ¬¥â®¤ ®âëáª ­¨ï «®ª «ì­®£® à¥è¥­¨ï,

70



ï¢«ïîé¨©áï ¬®¤¨ä¨ª æ¨¥© ¬¥â®¤  �®§¥­ , ¨áá«¥¤ã¥âáï ¥£® áå®¤¨¬®áâì; ®¯¨áë¢ îâáï à¥§ã«ì-
â âë ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â .

2. �®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ �®§¥­ 

�®§¥­ ¢ [4] ¯à¥¤«®¦¨« ¬¥â®¤, ¨¤¥ï ª®â®à®£® § ª«îç ¥âáï ¢ ¯®á«¥¤®¢ â¥«ì­®¬ à¥è¥­¨¨ «¨-
­¥ à¨§®¢ ­­ëå (¢ â®çª¥ u) § ¤ ç

(PL(u)) : h(x) # min; x 2 S; hrg(u); x � ui+ g(u) � 0; (4)

â ª çâ® ª ¦¤ ï â®çª  xs+1 ï¢«ï¥âáï (â®ç­ë¬) à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© (¢ â®çª¥ xs) § ¤ ç¨
(PL(xs)) ¢¨¤  (4).

� ¬¥â¨¬, çâ® æ¥«¥¢ ï äã­ªæ¨ï h(�) § ¤ ç¨ (P ) ®áâ ¥âáï æ¥«¥¢®© ¨ ¢ § ¤ ç¥ (4), ¢ ®â«¨ç¨¥ ®â
á¯¥æ¨ «ì­®£® ¬¥â®¤  «®ª «ì­®£® ¯®¨áª  [2], £¤¥ äã­ªæ¨ï h(�) § ¤ ¥â ®£à ­¨ç¥­¨¥ ¢ § ¤ ç¥ (3).

� à ¡®â å [4], [5] ¡ë«  ¨§ãç¥­  áå®¤¨¬®áâì ¬¥â®¤  �®§¥­  ¢ ¯à¥¤¯®«®¦¥­¨¨ ® ª®¬¯ ªâ­®-
áâ¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢  § ¤ ç¨ (4) ¨ â®ç­®¬ à¥è¥­¨¨ íâ®© «¨­¥ à¨§®¢ ­­®© § ¤ ç¨. � «¥¥
¡ã¤¥â à áá¬®âà¥­  ¬®¤¨ä¨ª æ¨ï ¬¥â®¤  �®§¥­  ¨ ¨§ãç¥­  ¥¥ áå®¤¨¬®áâì ¡¥§ ¯à¥¤¯®«®¦¥­¨ï
® ª®¬¯ ªâ­®áâ¨ ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢  ¨ á ¯à¨¡«¨¦¥­­ë¬ à¥è¥­¨¥¬ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨
(4).

�ãáâì ¢ § ¤ ç¥ (P ) ¢ë¯®«­¥­® (¯à¨ ­¥ª®â®à®¬ { > 0) ãá«®¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨

8y 2 S g(y) = 0 9d = d(y) 2 S : hrg(y); d � yi � { > 0; (5)

  â ª¦¥ ãá«®¢¨¥ (2).
�à¥¤áâ ¢¨¬ ¬¥â®¤ «®ª «ì­®£® ¯®¨áª  ¤«ï § ¤ ç¨ (P ), á®áâ®ïé¨© ¨§ á«¥¤ãîé¨å ¤¢ãå ¯à®æ¥-

¤ãà.

�à®æ¥¤ãà  1, ­ ç¨­ ï á â®çª¨ y 2 S, g(y) � 0, áâà®¨â â®çªã x = x(y) á® á¢®©áâ¢ ¬¨ x 2 S,
g(x) = 0, h(x) � h(y), â. ¥.

| ¥á«¨ g(y) = 0, â® ¯®« £ ¥¬ x(y) = y;
| ¥á«¨ ¦¥ g(y) > 0, â® ¢ á¨«ã ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ g(�) ­ ©¤¥âáï � 2 ]0; 1[ â ª®¥, çâ®

g(x�) = 0, £¤¥ x� = �v + (1 � �)y, ¯®áª®«ìªã g(y) > 0 > g(v), £¤¥ v | ¢¥ªâ®à ¨§ ãá«®¢¨ï (2).
�®£¤  ¯®« £ ¥¬ x(y) = x�. �à¨ íâ®¬ ¢ á¨«ã ¢ë¯ãª«®áâ¨ h(�) á¯à ¢¥¤«¨¢  æ¥¯®çª  ­¥à ¢¥­áâ¢

h(x(y)) = h(x�) � �h(v) + (1� �)h(y) < �h� + (1� �)h(y) � h(y):

�à®æ¥¤ãà  2 ¯® ¤®¯ãáâ¨¬®© â®çª¥ ex 2 S, g(ex) = 0, áâà®¨â ¯®á«¥¤®¢ â¥«ì­®áâì furg â ªãî,
çâ® (r = 0; 1; 2; : : : )

ur 2 S; g(ur) � 0; h(ur) � h(ex); r = 0; 1; 2; : : : ; (6)

£¤¥ u0 := ex. �®á«¥¤®¢ â¥«ì­®áâì furg ä®à¬¨àã¥âáï ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã. �á«¨ ¨§¢¥áâ­ 
â®çª  ur, r � 0, ã¤®¢«¥â¢®àïîé ï (6), â® á«¥¤ãîé ï â®çª  ur+1 áâà®¨âáï ª ª ¯à¨¡«¨¦¥­­®¥
à¥è¥­¨¥ § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï

(PLr) : h(x) # min; x 2 S; g(ur) + hrg(ur); x� uri � 0: (7)

�àã£¨¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

h(ur+1) � inffh(x) j x 2 S; g(ur) + hrg(ur); x� uri � 0g+ �r; (8)

£¤¥ f�rg | ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª ï, çâ®

�r > 0; r = 0; 1; 2; : : : ;
1X
r=1

�r < +1: (9)

�¡®§­ ç¨¬ ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® § ¤ ç¨ (7) ç¥à¥§

Dr := D(ur) , fx 2 S j g(ur) + hrg(ur); x� uri � 0g:
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�ãáâì u0 2 S | ­¥ª®â®à ï â®çª .

�à¥¤«®¦¥­¨¥. i) �à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ (1),   äã­ªæ¨¨ h(�) ¨ g(�) ¢ë¯ãª«ë
¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ­  
. �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì furg, £¥­¥à¨àã¥¬ ï ¯à®æ¥¤ã-

à®© 2, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
r!1

[inffh(x) � h(ur+1) j x 2 Drg] = 0: (10)

ii) �à¨ íâ®¬, ¥á«¨ ¬­®¦¥áâ¢® F0 =
n
x 2 S j h(x) � h(u0) +

1P
r=1

�r

o
®£à ­¨ç¥­®, â® ¢áïª ï

¯à¥¤¥«ì­ ï â®çª  u� ¯®á«¥¤®¢ â¥«ì­®áâ¨ furg ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨

h(x) # min; x 2 D(u�): (11)

iii) � á«ãç ¥ § ¬ª­ãâ®áâ¨ ¬­®¦¥áâ¢  S íâ  ¯à¥¤¥«ì­ ï â®çª  u� ï¢«ï¥âáï ­®à¬ «ì­®

áâ æ¨®­ à­®© ¢ § ¤ ç¥ (P ).

�®ª § â¥«ìáâ¢®. i) �§ ­¥à ¢¥­áâ¢  (8) ¯®«ãç ¥¬

� �r � inffh(x) j x 2 Drg � h(ur+1) =

= inffh(x)� h(ur) j x 2 Drg+ h(ur)� h(ur+1) � h(ur)� h(ur+1): (12)

�âáî¤  ¨¬¥¥¬ h(ur+1) � �r � h(ur), â ª çâ® ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì fh(ur)g ï¢«ï¥âáï
¯®çâ¨ ¬®­®â®­­® ã¡ë¢ îé¥©. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (9) ¨ ®£à ­¨ç¥­­®áâì á­¨§ã äã­ªæ¨¨ h(�)
­  ¤®¯ãáâ¨¬®¬ ¬­®¦¥áâ¢¥ § ¤ ç¨ (P ), ¯® «¥¬¬¥ 2 ([1], á. 87, x 2.6) § ª«îç ¥¬, çâ® áãé¥áâ¢ã¥â
ª®­¥ç­ë© ¯à¥¤¥« ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fh(ur)g: lim

r!1
h(ur) = h�. �à¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã

¢ á®®â­®è¥­¨ïå (12) ¯®«ãç ¥¬ (10).
ii) �®£« á­® (8) ur+1 2 Dr � S ¨ h(ur+1) � h(ur) + �r, á«¥¤®¢ â¥«ì­®, furg � F0,   F0

®£à ­¨ç¥­®. �®íâ®¬ã á â®ç­®áâìî ¤® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬®¦­® áç¨â âì, çâ® ur ! u�.
� «¥¥ ¯®ª ¦¥¬ ¯®«ã­¥¯à¥àë¢­®áâì á¢¥àåã [6] ¢ â®çª¥ u� 2 S ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï

ur ! D(ur),   ¨¬¥­­®, çâ® x� 2 D�, ¥á«¨ ur ! u�, xr 2 Dr, xr ! x�.
�®áª®«ìªã xr 2 Dr, â® íâ® ®§­ ç ¥â xr 2 S ¨

g(ur) + hrg(ur); xr � uri � 0: (13)

� á¨«ã ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨¨ g(�) ¨ ­¥¯à¥àë¢­®áâ¨ áª «ïà­®£® ¯à®¨§¢¥-
¤¥­¨ï ¯à¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¢ (13) ¯à¨ r !1 ¯®«ãç ¥¬

g(u�) + hrg(u�); x� � u�i � 0:

�â® ®§­ ç ¥â ¯à¨­ ¤«¥¦­®áâì â®çª¨ x� ¬­®¦¥áâ¢ã D�,  , á«¥¤®¢ â¥«ì­®, ¨ ¯®«ã­¥¯à¥àë¢­®áâì
á¢¥àåã ¢ â®çª¥ u� 2 S ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï u! D(u).

�®â ä ªâ, çâ® ¯à¥¤¥«ì­ ï â®çª  u� ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (11), á«¥¤ã¥â ¨§ (10) ¯® ­¥¯à¥-
àë¢­®áâ¨ äã­ªæ¨¨ h(�) ¨ ¯®«ã­¥¯à¥àë¢­®áâ¨ á¢¥àåã ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï ur ! D(ur).

iii) �®áª®«ìªã u� ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (11), â® ­ ©¤ãâáï ¬­®¦¨â¥«¨ �0; � � 0, �0+� > 0,
¯à¨ ª®â®àëå

h�0rh(u�)� �rg(u�); x� u�i � 0 8x 2 S;

�g(u�) = 0:
(14)

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® (14) ï¢«ï¥âáï á¨áâ¥¬®© ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ (P ).
�®ª ¦¥¬, çâ® ¬­®¦¨â¥«¨ �0 ¨ � áâà®£® ¯®«®¦¨â¥«ì­ë ¢ (14).
�ãáâì �0 = 0. �®£¤  � > 0, ¨ ¨§ á¨áâ¥¬ë (14) á«¥¤ã¥â

hrg(u�); x� u�i � 0 8x 2 S; g(u�) = 0;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (5). �­ ç¨â, �0 > 0.
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�ãáâì â¥¯¥àì � = 0. �®£¤  �0 > 0, ¨ ¨§ á¨áâ¥¬ë (14) ¯®«ãç ¥¬

hrh(u�); x� u�i � 0 8x 2 S:

�âáî¤  ¢ á¨«ã ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ h(�) ¨¬¥¥¬

0 � hrh(u�); x� u�i � h(x)� h(u�) 8x 2 S;

¨«¨ h(u�) � h(x) 8x 2 S, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (2). �­ ç¨â, � > 0.

�¥¯¥àì à áá¬®âà¨¬ ¢®¯à®á ® â®¬, ª ª á ¯®¬®éìî ¯®á«¥¤®¢ â¥«ì­®áâ¨ furg, £¤¥ u0 = ex, ®¯à¥-
¤¥«¨âì â®çªã y(ex). �«ï íâ®£® § ¤ ¤¨¬ ç¨á«® " > 0. �®£¤ , ¥á«¨ �r � " ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

h(ur)� h(ur+1) � "; (15)

â® ¯®« £ ¥¬ y = y(ex; ") = ur+1, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ¨§ (12) ¢ëâ¥ª ¥â

inffh(x)� h(ur+1) j x 2 Drg � ";

â. ¥. ur+1 ï¢«ï¥âáï "-à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© § ¤ ç¨ (7).
�¡ê¥¤¨­ïï ¯à®æ¥¤ãàë 1 ¨ 2 ¢ ®¤¨­ ¬¥â®¤, § ¯¨è¥¬ ¥£® ¢ ä®à¬¥  «£®à¨â¬ .
�ãáâì § ¤ ­  ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì f"sg, "s > 0, s = 0; 1; 2; : : : , "s # 1.

�®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ �®§¥­  (���)

� £ 0 (¨­¨æ¨ «¨§ æ¨ï). �®«®¦¨âì s := 0, xs := x0.
� £ 1 (¯à®æ¥¤ãà  2). � ç¨­ ï á â®çª¨ xs, ¯®áâà®¨âì â®çªã ys = y(xs; "s), ï¢«ïîéãîáï

"s-à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© § ¤ ç¨ (7), â. ¥.

h(x) + "s � h(ys) 8x 2 S : hrg(ys); x� ysi+ g(ys) � 0:

� £ 2 (ªà¨â¥à¨© ®áâ ­®¢a). �á«¨ g(ys) � 0, â® st®à.
� £ 3 (¯à®æ¥¤ãà  1). � ¯®¬®éìî ys ¯®áâà®¨âì â®çªã u := x(ys),

u 2 S; g(u) = 0; h(u) < h(ys) � h(xs):

� £ 4. �®«®¦¨âì xs+1 := u, s := s+ 1 ¨ ¢¥à­ãâìáï ª è £ã 1. �

�¥¬¬ . �®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ �®§¥­ 

i) «¨¡® ª®­¥ç¥­, ¯à¨ç¥¬ g(yN ) = 0, £¤¥ N | ¨â¥à æ¨ï ®áâ ­®¢ ;
ii) «¨¡® £¥­¥à¨àã¥â ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxsg ¨ fysg á® á¢®©áâ¢ ¬¨

xs 2 S; g(xs) = 0; ys 2 S; g(ys) > 0; (16)

h(xs+1) < h(ys) � h(xs): (17)

�à¨ íâ®¬ á¯à ¢¥¤«¨¢®

lim
s!1

h(xs) = lim
s!1

h(ys): (18)

�®ª § â¥«ìáâ¢®. i) �®£« á­® ªà¨â¥à¨î ®áâ ­®¢  (è £ 3), ¥á«¨ N | ¨â¥à æ¨ï ®áâ ­®¢ , â®
g(yN ) � 0. �®áª®«ìªã ¤«ï ª ¦¤®© â®çª¨ yr+1, r = 0; 1; 2; : : : , ¢ë¯®«­¥­®

0 � g(yr) + hrg(yr); yr+1 � yri � g(yr) + g(yr+1)� g(yr) = g(yr+1); r = 0; 1; 2; : : : ;

â® ¨ g(ys) � 0, s = 0; 1; 2; : : : �®íâ®¬ã g(yN ) = 0.
ii) �á«¨ ¯à®æ¥áá áç¥â  ¡¥áª®­¥ç¥­, â® ¡« £®¤ àï ¢ë¯ãª«®áâ¨ h(�) ¨ ¯® ¯®áâà®¥­¨î xs+1 =

�sv + (1� �s)ys ¯®«ãç ¥¬ (17). � ¯®áª®«ìªã

�1 < h(v) < h(xs+1) < h(ys) � h(xs);

â® áãé¥áâ¢ã¥â ¯à¥¤¥« limh(xs) � h(v), ®âªã¤  ¯®«ãç ¥¬ (18).
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�¥®à¥¬ . �ãáâì äã­ªæ¨ï h(�) ¨ ¬­®¦¥áâ¢® S ¢ë¯ãª«ë,   ¬­®¦¥áâ¢®

F = fx 2 S j h(x) � h(x0)g

®£à ­¨ç¥­®, ¨, ªà®¬¥ â®£®, á¯à ¢¥¤«¨¢® ãá«®¢¨¥ (2).
�®£¤  ¬®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ �®§¥­ 

i) ¯à¨ ª®­¥ç­®¬ ç¨á«¥ ¨â¥à æ¨© ¯®«ãç ¥â â®çªã yN 2 S, g(yN ) = 0, ª®â®à ï ï¢«ï¥âáï

"N -à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© § ¤ ç¨ (7), £¤¥ N | ­®¬¥à ¨â¥à æ¨¨ ®áâ ­®¢ ;
ii) ¯à¨ ¡¥áª®­¥ç­®¬ ç¨á«¥ ¨â¥à æ¨© ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¥© fysg ¨ fxsg, ®¡« ¤ îé¨å á¢®©-

áâ¢ ¬¨ (16){ (18), á¯à ¢¥¤«¨¢ë ãá«®¢¨ï

0 = g(xs) = lim
s!1

g(ys); y� = lim
s!1

xs = lim
s!1

ys (19)

¤«ï ­¥ª®â®à®£® y� 2 R
n , g(y�) = 0.

�à®¬¥ â®£®, â®çª  y� ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© § ¤ ç¨

(PL�) : h(x) # min; x 2 S; g(y�) + hrg(y�); x� y�i � 0;

â. ¥. h(x) � h(y�) 8x 2 S : hrg(y�); x� y�i+ g(y�) � 0; (20)

¨ ­®à¬ «ì­® áâ æ¨®­ à­®© ¢ § ¤ ç¥ (P ).

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ i) ¢ëâ¥ª ¥â ¨§ «¥¬¬ë ¨ (16).
ii) �§ (17), (18) ¨ ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ h(�) á«¥¤ã¥â

h(xs+1) � �s[h(v) � h(ys)] + h(ys)

¨«¨

0 � �s[h� � h(v)] � �s[h(ys)� h(v)] � h(ys)� h(xs+1);

£¤¥ h� , V(P ), ¯®íâ®¬ã ¨§ (18), ¯®áª®«ìªã h(ys) � h� > h(v), ¯®«ãç ¥¬

lim
s!1

�s = 0; �s 2 ]0; 1[:

�® ¯®áâà®¥­¨î fxsg � F ,   F ®£à ­¨ç¥­®. �®íâ®¬ã á â®ç­®áâìî ¤® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨
¬®¦­® áç¨â âì, çâ® xs ! x�.

� «¥¥, ¯®áª®«ìªã xs+1 = ys + �s(v � ys), â®

kys � x�k = kxs+1 + �s(ys � v)� x�k � kxs+1 � x�k+ �sky
s � vk � kxs+1 � x�k+ �sK

¤«ï ­¥ª®â®à®£® K > 0 â ª®£®, çâ® kys � vk � K. �â  ®æ¥­ª  á¯à ¢¥¤«¨¢ , â. ª. ys 2 F0,
s = 0; 1; 2; : : : �®íâ®¬ã ¢ á¨«ã à ¢¥­áâ¢ g(xs) = 0, s = 0; 1; 2; : : : , ¨ ­¥¯à¥àë¢­®áâ¨ g(�) ¨¬¥¥¬
0 = g(xs) = lim

s!1
g(ys) = 0, â¥¬ á ¬ë¬ ãá«®¢¨ï (19) ¤®ª § ­ë.

� ª®­¥æ, ¯® ¯®áâà®¥­¨î (á¬. (17)) ¤«ï ª ¦¤®£® ys = y(xs; "s) á®£« á­® (12) ¨ (15) á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® inffh(x)�h(ys) j x 2 Dsg � "s, ®âªã¤  ¯à¨ s!1 ¯® ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ h(�) ¨
­¥¯à¥àë¢­®áâ¨ á¢¥àåã ¤«ï ª ¦¤®£® ys 2 S ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï ys ! D(ys) � Ds á«¥¤ã¥â
(20).

�®à¬ «ì­ ï áâ æ¨®­ à­®áâì â®çª¨ y� ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¢ ¯à¥¤«®¦¥­¨¨ ¢ëè¥ (á¬.
â ª¦¥ ¯à¥¤«®¦¥­¨¥ 5.2.1 ¨§ [2], á. 194).
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3. �¨á«¥­­ë© íªá¯¥à¨¬¥­â

Cà ¢­¥­¨¥ íää¥ªâ¨¢­®áâ¨ á¯¥æ¨ «ì­®£® ¬¥â®¤  «®ª «ì­®£® ¯®¨áª  (����) [2] ¨ ¬®¤¨-
ä¨æ¨à®¢ ­­®£® ¬¥â®¤  �®§¥­  (���) ¯à®¢¥¤¥­® ­  á¥à¨¨ â¥áâ®¢ëå § ¤ ç, ¯à¥¤®áâ ¢«¥­­ëå
�.Moshirvaziri (www.csulb.edu/emoshir/Test Problems):

h(x) = hc; xi # min; x 2 S = fx j Ax � b; x � 0g;

gl(x) � 0;
(Pl)

£¤¥ A 2Mm�n, b 2 Rm , c; x 2 Rn ,   gl(�) ¢ë¯ãª«  ¨ ¤¨ää¥à¥­æ¨àã¥¬  ­  Rn .
� ª ç¥áâ¢¥ ¯à¨¬¥à  äã­ªæ¨¨ gl(x), l = 1; 2, ¢ë¡¨à «¨áì ¢ ¢¨¤¥

g1(x) , kxk2 � hr; xi � 
;

g2(x) , hx;Qxi � hr; xi � 
; (21)

£¤¥ Q 2Mn�n, Q = QT > 0, r 2 Rn ¨ 
 2 R.
�®áª®«ìªã æ¥«¥¢ ï äã­ªæ¨ï § ¤ ç¨ (Pl) «¨­¥©­ , â® (LQ(u; �)) ¨ (PL(u)) ®ª § «¨áì § ¤ -

ç ¬¨ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï.
�®£« á­® â¥®à¥¬ ¬ áå®¤¨¬®áâ¨ ª ¦¤®£® ¬¥â®¤  ¢ ª ç¥áâ¢¥ ªà¨â¥à¨ï ®áâ ­®¢  ¡ë«® ¢ë¡à ­®

¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  g(ys) � � . �à¨ à áç¥â å § ¤ ¢ «®áì � = 10�4.
� ª ¢ëïá­¨«®áì, ��� à ¡®â ¥â ¡ëáâà¥¥, ­® ���� ¢ ­¥ª®â®àëå á«ãç ïå ­ å®¤¨â «ãçèãî

ªà¨â¨ç¥áªãî â®çªã. �à¥¢®áå®¤áâ¢® ���� ¬®¦¥â ®¡êïá­ïâìáï, ¯®-¢¨¤¨¬®¬ã, â¥¬, çâ® £à ¤¨¥­-
âë äã­ªæ¨¨ g(�) ¢ ­¥ª®â®àëå ªà¨â¨ç¥áª¨å â®çª å, ­ ©¤¥­­ëå  «£®à¨â¬ ¬¨ «®ª «ì­®£® ¯®¨áª ,
®ª § «¨áì ¡«¨§ª¨ ¯® ­ ¯à ¢«¥­¨î ª á®¡áâ¢¥­­ë¬ ¢¥ªâ®à ¬, á®®â¢¥âáâ¢ãîé¨¬ ¬¨­¨¬ «ì­ë¬
á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ ¯«®å® ®¡ãá«®¢«¥­­ëå ¬ âà¨æ Q, § ¤ îé¨å äã­ªæ¨¨ (21). �â®â ä ªâ
­¥ ¢«¨ï¥â ­  ª ç¥áâ¢® à¥è¥­¨ï «¨­¥ à¨§®¢ ­­ëå ¤¢®©áâ¢¥­­ëå ª (P2) § ¤ ç (LQ(u; �)), çâ®
ï¢«ï¥âáï ¯à¥¨¬ãé¥áâ¢®¬ ����.

�® à¥§ã«ìâ â ¬ ç¨á«¥­­®£® íªá¯¥à¨¬¥­â  ¬®¦­® á¤¥« âì § ª«îç¥­¨¥ ® â®¬, çâ® ¯à¨ à¥è¥-
­¨¨ § ¤ ç á «¨­¥©­®© æ¥«¥¢®© äã­ªæ¨¥© ¨ ª¢ ¤à â¨ç­ë¬ ®¡à â­®-¢ë¯ãª«ë¬ ®£à ­¨ç¥­¨¥¬ ¢
ª ç¥áâ¢¥ ¬¥â®¤  «®ª «ì­®£® ¯®¨áª  æ¥«¥á®®¡à §­® ¨á¯®«ì§®¢ âì ª®¬¡¨­ æ¨î ¤¢ãå ¬¥â®¤®¢. �­ -
ç «  ­ å®¤¨âì ªà¨â¨ç¥áªãî â®çªã ¯®áà¥¤áâ¢®¬ ���,   § â¥¬ ¯ëâ âìáï ¥¥ ã«ãçè¨âì á ¯®¬®éìî
���� [7].

�¨â¥à âãà 

1. � á¨«ì¥¢ �.�. �¥â®¤ë ®¯â¨¬¨§ æ¨¨. { �.: � ªâ®à¨ « �à¥áá, 2002. { 823 c.
2. �âà¥ª «®¢áª¨© �.�. �«¥¬¥­âë ­¥¢ë¯ãª«®© ®¯â¨¬¨§ æ¨¨. { �®¢®á¨¡¨àáª: � ãª , 2003. {

356 c.
3. Horst R., Tuy H. Global optimization (deterministic approach). { Berlin: Springer-Verlag, 1993. {

698 p.
4. Rosen J.B. Iterative solution of nonlinear optimal control problems // J. SIAM Control. { 1966. {

V. 4. { ò 1. { P. 223{244.
5. Meyer R.R. The validity of a family of optimization methods // J. SIAM Control. { 1970. | V. 8.

{ ò1. { P. 41{54.
6. �¥¬ìï­®¢ �.�., � á¨«ì¥¢ �.�. �¥¤¨ää¥à¥­æ¨àã¥¬ ï ®¯â¨¬¨§ æ¨ï. { �.: � ãª , 1981. { 383 c.
7. �âà¥ª «®¢áª¨© �.�., �ª®¢«¥¢  �.�. � «®ª «ì­®¬ ¨ £«®¡ «ì­®¬ ¯®¨áª¥ ¢ ­¥¢ë¯ãª«ëå § ¤ ç å

®¯â¨¬¨§ æ¨¨ // �¢â®¬ â¨ª  ¨ â¥«¥¬¥å ­¨ª . { 2004. { ò3. { �. 23{34.

�­áâ¨âãâ ¤¨­ ¬¨ª¨ á¨áâ¥¬ �®áâã¯¨« 

¨ â¥®à¨¨ ã¯à ¢«¥­¨ï 27.05.2004
�¨¡¨àáª®£® ®â¤¥«¥­¨ï

�®áá¨©áª®©  ª ¤¥¬¨¨ ­ ãª

75


