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� â¥®à¨¨ íªáâà¥¬ «ì­ëå § ¤ ç ¢ ¦­ãî à®«ì ¨£à îâ â¥®à¥¬ë, ­ §ë¢ ¥¬ë¥ â¥®à¥¬ ¬¨ ®â¤¥-
«¨¬®áâ¨. �¡ëç­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ ®â¤¥«¨¬®áâ¨ ¢ë¯ãª«®£® ¬­®¦¥áâ¢  D � Rn ¨ â®çª¨
x0 =2 D (­ ¯à., [1], á.200; [2]{[4]) á¢®¤¨âáï ª ¯®áâà®¥­¨î ®¤­®© ®â¤¥«ïîé¥© ¨å £¨¯¥à¯«®áª®áâ¨
¢¨¤ 

hd; x� x0i � kdk2 8x 2 D;

£¤¥ d = PD(x0)�x0, PD(x0) | ¯à®¥ªæ¨ï â®çª¨ x0 ­  ¬­®¦¥áâ¢® D. � ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï
­®¢ë© á¯®á®¡ ¯®áâà®¥­¨ï ¬­®¦¥áâ¢  ­®à¬ «ì­ëå ¢¥ªâ®à®¢ £¨¯¥à¯«®áª®áâ¥©, ª ¦¤ ï ¨§ ª®â®-
àëå á¨«ì­® ®â¤¥«ï¥â ¢ë¯ãª«ãî ª®¬¡¨­ æ¨î ª®­¥ç­®£® ç¨á«  â®ç¥ª ®â ­ã«ï ¯à®áâà ­áâ¢ . �
à ¡®â¥ â ª¦¥ ¤ ­® ¯à¨«®¦¥­¨¥ â¥®à¥¬ë ®â¤¥«¨¬®áâ¨, ®â­®áïé¥¥áï ª â¥®à¨¨ ­¥¤¨ää¥à¥­æ¨àã¥-
¬®© ®¯â¨¬¨§ æ¨¨, ¢ ç áâ­®áâ¨ ª § ¤ ç¥ ­ å®¦¤¥­¨ï ¯à®¥ªæ¨¨ ­ã«ï ¯à®áâà ­áâ¢  ­  ¢ë¯ãª«ë©
¬­®£®£à ­­¨ª ª®­¥ç­ë¬¨ ¬¥â®¤ ¬¨.

10. �¥®à¥¬  ®â¤¥«¨¬®áâ¨

�ãáâì J = f1; 2; : : : ;mg, zi 2 Rn, i 2 J ¨

L =
n
z 2 Rn : z =

X
i2J

�izi; �i � 0;
X
i2J

�i = 1
o
:

�ç¥¢¨¤­®, L ï¢«ï¥âáï ­¥¯ãáâë¬ § ¬ª­ãâë¬ ®£à ­¨ç¥­­ë¬ ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬. �®«®¦¨¬


i = fy 2 Rn : hzi; yi � kyk2g; i 2 J:

�¥¬¬  1. �­®¦¥áâ¢® 
i � Rn, i 2 J , ï¢«ï¥âáï n-¬¥à­ë¬ è à®¬ à ¤¨ãá  Ri = kzik=2 á

æ¥­âà®¬ ¢ â®çª¥ Oi = zi=2.

�®ª § â¥«ìáâ¢®. �à¨¡ ¢¨¢ ª ®¡¥¨¬ ç áâï¬ ­¥à ¢¥­áâ¢ , ®¯à¥¤¥«ïîé¥£® ¬­®¦¥áâ¢® 
i,
kzik

2=4, ¯®«ãç¨¬ ky � zi=2k2 � kzik
2=4.

� ª ª ª ¬­®¦¥áâ¢® 
i, i 2 J , ï¢«ï¥âáï ¢ë¯ãª«ë¬, § ¬ª­ãâë¬ ¨ ®£à ­¨ç¥­­ë¬, â® ¬­®¦¥áâ¢®


 =
\
i2J


i = fy 2 Rn : hzi; yi � kyk2 8i 2 Jg

ï¢«ï¥âáï ¢ë¯ãª«ë¬ ª®¬¯ ªâ®¬.

�¯à¥¤¥«¥­¨¥ 1 ([1], á. 198). �ãáâì D | ¬­®¦¥áâ¢® ¨§ Rn. �®¢®àïâ, çâ® £¨¯¥à¯«®áª®áâì
hc; ui = a á ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬ c 6= 0 ®â¤¥«ï¥â ¬­®¦¥áâ¢® D ®â â®çª¨ x0, ¥á«¨ hc; di � a
¯à¨ ¢á¥å d 2 D ¨ hc; x0i � a, â. ¥. ¥á«¨ ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  hc; x0i � a � inf

d2D
hc; di. �á«¨

hc; x0i < inf
d2D

hc; di, â® £®¢®àïâ, çâ® ¬­®¦¥áâ¢® D ¨ â®çª  x0 á¨«ì­® ®â¤¥«¨¬ë.

�¯à¥¤¥«¥­¨¥ 2 ([1], á. 200). �¨¯¥à¯«®áª®áâì hc; di = a ­ §ë¢ îâ ®¯®à­®© ª ¬­®¦¥áâ¢ã ¢
â®çª¥ D (D | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  D), ¥á«¨ hc; di � a ¯à¨ ¢á¥å d 2 D ¨ hc; yi = a, y 2 D.
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�¥®à¥¬  1. �ãáâì � = fz 2 Rn : hc; zi = ag, a > 0, ¨ hc; zi � a ¤«ï ¢á¥å z 2 L. �®£¤ 
£¨¯¥à¯«®áª®áâì � á¨«ì­® ®â¤¥«ï¥â ¬­®¦¥áâ¢® L ®â ­ã«ï ¯à®áâà ­áâ¢  Rn ¨ y = ac=kck2 2 
.

�®ª § â¥«ìáâ¢®. � ª ª ª a > 0, â® ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �®áª®«ìªã zi 2 L ¤«ï
¢á¥å i 2 J , â® hc; zii � a � 0 ¤«ï ¢á¥å i 2 J . �®£¤  hzi; yi � kyk2 =

a

kck2
(hc; zii � a) � 0 8i 2 J , â. ¥.

y 2 
.

� ¬¥ç ­¨¥ 1. �ç¥¢¨¤­®, £¨¯¥à¯«®áª®áâì �0 = fz 2 Rn : hy; zi = bg á®¢¯ ¤ ¥â á � ¯à¨
y = ac=kck2, b = a2=kck2.

�®áª®«ìªã '(z) = kzk2 áâà®£® ¢ë¯ãª« , L | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®, â® cãé¥áâ¢ã-
¥â ¥¤¨­áâ¢¥­­ ï â®çª  � 2 L â ª ï, çâ® min

z2L
kzk2 = k�k2. �®çªã � ­ §ë¢ îâ ¯à®¥ªæ¨¥© ­ã«ï

¯à®áâà ­áâ¢  Rn ­  ¬­®¦¥áâ¢® L, ¯®íâ®¬ã ¡ã¤¥¬ ã¯®âà¥¡«ïâì ¤ «¥¥ ®¡®§­ ç¥­¨¥ PL(0) = �.
�§ á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ ¯®«ãç¨¬, çâ® £¨¯¥à¯«®áª®áâì hc; zi = a ¯à¨ c = �, a = k�k2 á¨«ì­®

®â¤¥«ï¥â ¬­®¦¥áâ¢® L ®â â®çª¨ 0. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ �} 
 | £à ­¨æ  ¬­®¦¥áâ¢  
.

�¥®à¥¬  2. �®çª  PL(0) 2 �} 
.

�®ª § â¥«ìáâ¢®. �® ¨§¢¥áâ­®¬ã á¢®©áâ¢ã ¯à®¥ªæ¨¨ (­ ¯à., [1], c. 193{194) ¢ë¯®«­ï¥âáï
h�� 0; z � �i � 0 8z 2 L. �®£¤  hz; �i � k�k2 8z 2 L.

�®áª®«ìªã zi 2 L 8i 2 J , â® hzi; �i � k�k2 8i 2 J , â. ¥. � 2 
. �§¢¥áâ­®, çâ® min
i2J

hzi; �i = k�k2

([2], c. 337). �®£¤  ¬­®¦¥áâ¢® ¨­¤¥ªá®¢ J(�) = fi 2 J : hzi; �i = min
i2J

hzi; �i = k�k2g ­¥ ¯ãáâ® ¨

¢¥ªâ®à � 2 �} 
.

�¥¬¬  2. �á«¨ 0 =2 L, â® 
 6= f0g.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã 0 =2 L, â® PL(0) 6= 0. �âáî¤  á ãç¥â®¬ â¥®à¥¬ë 2 ¨¬¥¥¬

 6= f0g.

�¡®¡é¥­¨¥¬ ¨§¢¥áâ­ëå â¥®à¥¬ ®â¤¥«¨¬®áâ¨ ¢ë¯ãª«®£® ¬­®£®£à ­­¨ª  ¨ ­ã«ï ¯à®áâà ­áâ¢ 
ï¢«ï¥âáï

�¥®à¥¬  3. �á«¨ 0 =2 L, â® 8c 2 
, c 6= 0, £¨¯¥à¯«®áª®áâì hc; zi = kck2 á¨«ì­® ®â¤¥«ï¥â
¬­®¦¥áâ¢® L ®â ­ã«ï ¯à®áâà ­áâ¢  Rn.

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 2 ¬­®¦¥áâ¢® 
 6= f0g. � á¨«ã ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢  


hzi; ci � kck2 8i 2 J; 8c 2 
:

�âáî¤  ¤«ï «î¡®© â®çª¨ z 2 L ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ hc; zi =
D
c;
P
i2J

�izi
E
� kck2

P
i2J

�i =

= kck2 > 0, â. ª. �i � 0,
P
i2J

�i = 1. �®íâ®¬ã £¨¯¥à¯«®áª®áâì hc; zi = kck2 à §¤¥«ï¥â ¬­®¦¥áâ¢®

L ¨ â®çªã 0. �®áª®«ìªã inf
z2L

hc; zi � kck2 > 0 = hc;0i, â® ¬­®¦¥áâ¢® L ¨ ­ã«ì ¯à®áâà ­áâ¢  Rn

á¨«ì­® ®â¤¥«¨¬ë.

� ¬¥ç ­¨¥ 2. �®£« á­® â¥®à¥¬¥ 3

L � fz 2 Rn : hc; zi � kck2g; 0 2 fz 2 Rn : hc; zi < kck2g:
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20. �à¨«®¦¥­¨ï â¥®à¥¬ë ®â¤¥«¨¬®áâ¨

�«ï ä®à¬ã«¨à®¢ª¨ ®á­®¢­ëå à¥§ã«ìâ â®¢ ¯®áâ ¢¨¬ á«¥¤ãîé¨¥ ¤¢¥ § ¤ ç¨ ­¥«¨­¥©­®£® ¯à®-
£à ¬¬¨à®¢ ­¨ï:

max kyk2; (1)
hzi; yi � kyk2; i 2 J; (2)

min kyk2; (3)
hzi; yi � 1; i 2 J: (4)

�«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë ¤®ª §ë¢ îâ áãé¥áâ¢®¢ ­¨¥ ¢§ ¨¬®§ ¢¨á¨¬®áâ¥© ¬¥¦¤ã ¤®¯ãáâ¨¬ë¬¨
¨ ®¯â¨¬ «ì­ë¬¨ à¥è¥­¨ï¬¨ § ¤ ç (1){(2) ¨ (3){(4).

�¥¬¬  3. �ãáâì y� 6= 0 | à¥è¥­¨¥ á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (2), y | à¥è¥­¨¥ á¨áâ¥¬ë ­¥à -

¢¥­áâ¢ (4). �®£¤ 
1) ¢¥ªâ®à by = y=kyk2 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ (2),
2) ¢¥ªâ®à ey = y�=ky�k2 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ (4).

�¥¬¬  ¤®ª §ë¢ ¥âáï ¯ãâ¥¬ ¯®¤áâ ­®¢ª¨.

�¥¬¬  4. �ãáâì y� 6= 0 | à¥è¥­¨¥ § ¤ ç¨ (1){(2), y | à¥è¥­¨¥ § ¤ ç¨ (3){(4). �®£¤ 
1) ¢¥ªâ®à by = y=kyk2 ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1){(2),
2) ¢¥ªâ®à ey = y�=ky�k2 | à¥è¥­¨¥ § ¤ ç¨ (3){(4).

�®ª § â¥«ìáâ¢®. 1. �ç¥¢¨¤­®, y 6= 0. �® «¥¬¬¥ 3 ¢¥ªâ®à by ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ à¥è¥-
­¨¥¬ § ¤ ç¨ (1){(2). �à¥¤¯®«®¦¨¬, çâ® y0 | ¤®¯ãáâ¨¬®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(2) â ª®¥, çâ®
ky0k2 > kbyk2 = 1=kyk2. �®£¤  á®£« á­® «¥¬¬¥ 3 ¢¥ªâ®à �y = y0=ky0k2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ § -
¤ ç¨ (3){(4). �® k�yk2 = 1=ky0k2 < 1=kbyk2 = kyk2. �®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® y | à¥è¥­¨¥
§ ¤ ç¨ (3){(4).

2. �® «¥¬¬¥ 3 ¢¥ªâ®à ey | ¤®¯ãáâ¨¬®¥ à¥è¥­¨¥ § ¤ ç¨ (3){(4). �à¥¤¯®«®¦¨¬, çâ® �y | ¤®-
¯ãáâ¨¬®¥ à¥è¥­¨¥ § ¤ ç¨ (3){(4) â ª®¥, çâ® ¢ë¯®«­ï¥âáï k�yk2 < keyk2 = 1=ky�k2. �® â®£¤ 
¯® «¥¬¬¥ 3 ¢¥ªâ®à _y = �y=k�yk2 ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(2), ¤«ï ª®â®à®£®
k _yk2 = 1=k�yk2 > 1=keyk2 = ky�k2. �â® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î «¥¬¬ë.

�¢  á«¥¤áâ¢¨ï «¥£ª® ¤®ª §ë¢ îâáï ¬¥â®¤®¬ ®â ¯à®â¨¢­®£® á ¯®¬®éìî «¥¬¬ 3, 4.

�«¥¤áâ¢¨¥ 1. �á«¨ à¥è¥­¨¥ § ¤ ç¨ (1){(2) y� = 0, â® § ¤ ç  (3){(4) à¥è¥­¨© ­¥ ¨¬¥¥â.

�«¥¤áâ¢¨¥ 2. �á«¨ ®¡« áâì ¤®¯ãáâ¨¬ëå à¥è¥­¨© § ¤ ç¨ (3){(4) ¯ãáâ , â® à¥è¥­¨¥ § ¤ ç¨
(1){(2) y� = 0.

�­®¦¥áâ¢®, § ¤ ­­®¥ á¨áâ¥¬®© «¨­¥©­ëå ­¥à ¢¥­áâ¢ â¨¯  (4), ¢ë¯ãª«® ¨ § ¬ª­ãâ®. �á«¨ íâ®
¬­®¦¥áâ¢® ­¥¯ãáâ®, â® à¥è¥­¨¥ § ¤ ç¨ ¬¨­¨¬¨§ æ¨¨ á¨«ì­® ¢ë¯ãª«®© äã­ªæ¨¨ ­  ¬­®¦¥áâ¢¥,
§ ¤ ­­®¬ á¨áâ¥¬®© (4), áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ([5], á. 41). �«ï à¥è¥­¨ï ¢ë¯ãª«®© § ¤ ç¨
ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï â ª®£® â¨¯  áãé¥áâ¢ãîâ à §«¨ç­ë¥ ª®­¥ç­ë¥ ¬¥â®¤ë ([4],
á. 232), ­ ¯à¨¬¥à, ¢ë¯ãª«ë© á¨¬¯«¥ªá­ë© ¬¥â®¤, ¬¥â®¤ �¥¬ª¥ ®¯¨á ­ë ¢ ([6], áá. 15, 134).

� ¬¥ç ­¨¥ 3. �§ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (3){(4) ¯® ãâ¢¥à¦¤¥­¨î «¥¬¬ë 4 á«¥¤ã¥â
¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (1){(2).

�¡®§­ ç¨¬ ç¥à¥§ �(y) = fz 2 Rn : hy; zi � kyk2g 8y 2 
 § ¬ª­ãâ®¥ ¯®«ã¯à®áâà ­áâ¢®,
®¯à¥¤¥«ï¥¬®¥ £¨¯¥à¯«®áª®áâìî hy; zi = kyk2. � ¬¥â¨¬, çâ® 0 =2 �(y) ¯à¨ y 6= 0, â. ª. hy;0i < kyk2.
�«¥¤ãé¨¥ ¤¢¥ â¥®à¥¬ë ¤ îâ ®¡®á­®¢ ­¨¥ ¢®§¬®¦­®áâ¨ á¢¥¤¥­¨ï à¥è¥­¨ï § ¤ ç¨ ­ å®¦¤¥­¨ï
¯à®¥ªæ¨¨ ­ã«ï ­  ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª ª à¥è¥­¨î § ¤ ç¨ (3){(4).

�¥®à¥¬  4. �á«¨ y� | à¥è¥­¨¥ § ¤ ç¨ (1){(2), â® � = y�.
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® ¤«ï ¢á¥å y 2 
 § ¤ ç 

min
z2�(y)

kzk2

íª¢¨¢ «¥­â­  § ¤ ç¥ ­ å®¦¤¥­¨ï ¯à®¥ªæ¨¨ ­ã«ï ­  ¯®«ã¯à®áâà ­áâ¢® �(y), à¥è¥­¨¥ ª®â®à®©
®¯à¥¤¥«ï¥âáï ¯® ï¢­®© ä®à¬ã«¥ ([1], á. 196)

P�(y)(0) = 0+ (kyk2 � hy;0i)
y

kyk2
= y 8y 2 
: (5)

�ç¥¢¨¤­®, çâ® L � �(0) = Rn. �®£« á­® â¥®à¥¬¥ 3 8y 2 
, y 6= 0 £¨¯¥à¯«®áª®áâì hy; zi = kyk2

®â¤¥«ï¥â ¬­®¦¥áâ¢® L ¨ ­ã«ì ¯à®áâà ­áâ¢  Rn. �®£¤  8z 2 L ¢ë¯®«­ï¥âáï hy; zi � kyk2, â. ¥.
L � �(y) 8y 2 
. �«¥¤®¢ â¥«ì­®, min

z2L
kzk2 � min

z2�(y)
kzk2 8y 2 
, â. ¥. ¢ á¨«ã (5) ¢ë¯®«­ï¥âáï

á®®â­®è¥­¨¥

k�k2 � kyk2 8y 2 
: (6)

�®áª®«ìªã ¯® â¥®à¥¬¥ 2 � 2 
, â® ¨§ ­¥à ¢¥­áâ¢  (6) c«¥¤ã¥â

max
y2


kyk2 = k�k2:

�âáî¤  á ãç¥â®¬ § ¬¥ç ­¨ï 3 ¯®«ãç¨¬, çâ® ¤«ï à¥è¥­¨ï § ¤ ç¨ (1){(2) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
y� = �.

�¥®à¥¬  5. 1. �á«¨ ¢ § ¤ ç¥ (3){(4) ®¡« áâì ¤®¯ãáâ¨¬ëå à¥è¥­¨© ¯ãáâ , â® 0 2 L.

2. �á«¨ y | à¥è¥­¨¥ § ¤ ç¨ (3){(4), â® PL(0) = y=kyk2.

�®ª § â¥«ìáâ¢®. 1. � á¨«ã á«¥¤áâ¢¨ï 2 à¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ¡ã¤¥â y� = 0. � íâ®¬
á«ãç ¥ á®£« á­® â¥®à¥¬¥ 4 k�k2 = max

y2

kyk2 = 0, â. ¥. 0 2 L.

2. �® «¥¬¬¥ 4 ¢¥ªâ®à by = y=kyk2 ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1){(2). �«¥¤®¢ â¥«ì­®, ¯® â¥®-
à¥¬¥ 4 PL(0) = by.

�¥®à¥¬  6. �á«¨ y 2 �} 
, â® ¢¥ªâ®à y ¡ã¤¥â ®¯®à­ë¬ ¢¥ªâ®à®¬ ¬­®¦¥áâ¢  L ¢ â®çª å

z 2 L, ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨ï¬

z =
X
i2J(y)

�izi; �i � 0 8i 2 J(y) = fi 2 J : hzi; yi = kyk2g;
X
i2J(y)

�i = 1:

�®ª § â¥«ìáâ¢®. � ª ª ª y 2 �} 
, â® J(y) 6= ;. �®áª®«ìªã L � �(y) 8y 2 
, â® ¢ë¯®«-
­ï¥âáï hz; yi � kyk2 8z 2 L, ¯à¨ç¥¬ à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï ¢ â®çª å z = zi, i 2 J(y). �®£¤ 
£¨¯¥à¯«®áª®áâì hz; yi = kyk2 ï¢«ï¥âáï ®¯®à­®© ª ¬­®¦¥áâ¢ã L ¢ â®çª å z = zi, i 2 J(y). �«¥-
¤®¢ â¥«ì­®, ¢¥ªâ®à y, ï¢«ïîé¨©áï ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬ íâ®© £¨¯¥à¯«®áª®áâ¨, ¡ã¤¥â ®¯®à­ë¬
¢¥ªâ®à®¬ ¬­®¦¥áâ¢  L ¢ â®çª å z = zi, i 2 J(y). �ç¥¢¨¤­®, ¢¥ªâ®à y ï¢«ï¥âáï ®¯®à­ë¬ â ª¦¥
¢® ¢á¥å â®çª å z 2 L â ª¨å, çâ® z =

P
i2J(y)

�izi, �i � 0 8i 2 J(y),
P

i2J(y)

�i = 1.

� ¬¥ç ­¨¥ 4. �® â¥®à¥¬¥ 2 � 2 �} 
. �®£¤  á®£« á­® â¥®à¥¬¥ 6 ¢¥ªâ®à � ï¢«ï¥âáï ®¯®à­ë¬
¢¥ªâ®à®¬ ¬­®¦¥áâ¢  L ¢® ¢á¥å â®çª å z 2 L â ª¨å, çâ®

z =
X
i2J(�)

�izi; �i � 0 8i 2 J(�);
X
i2J(�)

�i = 1:

�«¥¤ãîé¨©  «£®à¨â¬ ï¢«ï¥âáï ®¤­¨¬ ¨§ ¢®§¬®¦­ëå ¯à¨«®¦¥­¨© â¥®à¥¬ë ®â¤¥«¨¬®áâ¨ ¨§
¤ ­­®© à ¡®âë.
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�«£®à¨â¬ 1 ¤«ï ­ å®¦¤¥­¨ï ¯à®¥ªæ¨¨ ­ã«ï ­  ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª

� £ 1. �ä®à¬ã«¨à®¢ âì § ¤ çã (3){(4) ¨ à¥è¨âì «î¡ë¬ ª®­¥ç­ë¬ ¬¥â®¤®¬.
� £ 2. �á«¨ ¬­®¦¥áâ¢® ¤®¯ãáâ¨¬ëå à¥è¥­¨© § ¤ ç¨ (3){(4)

D = fy 2 Rn : hzi; yi � 1, i 2 Jg = ;, â® PL(0) = 0. � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬
PL(0) = y�=ky�k2, £¤¥ y� | à¥è¥­¨¥ § ¤ ç¨ (3){(4).

�¥à¥¯¨è¥¬ ®£à ­¨ç¥­¨ï § ¤ ç¨ (3){(4) ¢ ¬ âà¨ç­®-¢¥ªâ®à­®© ä®à¬¥

min kyk2;
Cy + e � 0;

£¤¥ C | m � n-¬ âà¨æ , áâà®ª ¬¨ ª®â®à®© ï¢«ïîâáï ¢¥ªâ®àë �[zi]T , i 2 J ; e | m-¬¥à­ë©
¢¥ªâ®à, eT = (1; : : : ; 1).

�«ï à¥è¥­¨ï § ¤ ç¨ (3){(4) ¯®áâà®¨¬ äã­ªæ¨î � £à ­¦  �(y; u) = kyk2+hu;Cy+ei, y 2 Rn,
u � 0. �¥ á¥¤«®¢ ï â®çª  (y�; u�) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬ �(y�; u�) = min

y2Rn
max
u�0

�(y; u).

�âà®£ ï ¢ë¯ãª«®áâì ¨ ª¢ ¤à â¨ç­®áâì ¯® y äã­ªæ¨¨ �(y; u) ®¡¥á¯¥ç¨¢ ¥â ¤®áâ¨¦¥­¨¥ ¥¥

¬¨­¨¬ã¬  ¢ â®çª¥ y(u) â ª®©, çâ® �0
y(y; u) = 2y + CTu = 0 ) y(u) = �

1
2
CTu. �«¥¤®¢ â¥«ì­®,

�(y(u); u) = �
1
4
hu;CCTui + he; ui. �®£¤  ¤«ï ­ å®¦¤¥­¨ï y� ­¥®¡å®¤¨¬® à¥è¨âì § ¤ çã ¬¨­¨-

¬¨§ æ¨¨ ª¢ ¤à â¨ç­®© ¢ë¯ãª«®© äã­ªæ¨¨ ­  ¬­®¦¥áâ¢¥ ¯à®áâ®© áâàãªâãàë

max
u�0

�(y(u); u) «¨¡®

min
u�0

�
f(u) =

1
4
hu;CCTui � he; ui

�
: (7)

�¥®à¥¬  7 ([1], á. 173). �ãáâì U | ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¨§ Rn, intU 6= ;, f(u) 2 C2(U).
�®£¤  ¤«ï ¢ë¯ãª«®áâ¨ f(u) ­  U ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë hf 00(u)�; �i � 0 ¯à¨ ¢á¥å

� = (�1; : : : ; �n) 2 Rn ¨ ¢á¥å u 2 U .

�ëç¨á«¨¬ f 0(u) =
1
2
CCTu � e, f 00(u) =

1
2
CCT . �âáî¤  ¨¬¥¥¬ hf 00(u)�; �i =

1
2
hCCT�; �i =

=
1
2
kCT �k2 � 0 ¯à¨ ¢á¥å � 2 Rn, u 2 Rm. �®£¤  ¢ á¨«ã â¥®à¥¬ë 7 äã­ªæ¨ï f(u) ¢ § ¤ ç¥ (7)

¢ë¯ãª«  ¢ Rm. �®£« á­® â¥®à¥¬¥ 4.6 ¨§ ([4], á. 181) ¥á«¨ ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® § ¤ ç¨ (3){(4)
­¥¯ãáâ®, â® § ¤ ç  (7) ¨¬¥¥â à¥è¥­¨¥ u�,   à¥è¥­¨¥ § ¤ ç¨ (3){(4) ¬®¦­® ¢ë¯¨á âì ¢ ï¢­®¬ ¢¨¤¥

y� = �
1
2
CTu�. �®áª®«ìªã ¬­®¦¥áâ¢® D ¢ § ¤ ç¥ (3){(4) § ¤ ­® «¨­¥©­ë¬¨ ®£à ­¨ç¥­¨ï¬¨, â®

á®£« á­® â¥®à¥¬¥ �ã­ {� ªª¥à  ([5], á. 61) ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨
â®çª¨ y� 2 D á®áâ®¨â ¢ áãé¥áâ¢®¢ ­¨¨ â ª®£® u� � 0, çâ® ¯ à  (y�; u�) ï¢«ï¥âáï á¥¤«®¢®© â®çª®©
äã­ªæ¨¨ � £à ­¦  ­  ¬­®¦¥áâ¢¥ y 2 Rn, u � 0.

�«£®à¨â¬ 2 ¤«ï ­ å®¦¤¥­¨ï ¯à®¥ªæ¨¨ ­ã«ï ­  ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª

� £ 1. �ä®à¬ã«¨à®¢ âì § ¤ çã (7) ¨ à¥è¨âì ¥¥ «î¡ë¬ ª®­¥ç­ë¬ ¬¥â®¤®¬.
� £ 2. �á«¨ æ¥«¥¢ ï äã­ªæ¨ï § ¤ ç¨ (7) ­¥®£à ­¨ç¥­  á­¨§ã ­  ¬­®¦¥áâ¢¥ fu 2 Rm : u � 0g,

â® PL(0) = 0. � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬ PL(0) = y�=ky�k2, £¤¥ y� = �
1
2
CTu�, u� | à¥è¥­¨¥

§ ¤ ç¨ (7).
�  ¯à¨¬¥à¥ ¬¥â®¤  �¥¬ª¥ ¯®ª ¦¥¬, çâ® ¤«ï à¥ «¨§ æ¨¨ ®¤­®© ¨â¥à æ¨¨ ¬¥â®¤  ¯à¨ à¥è¥-

­¨¨ § ¤ ç¨ (7) âà¥¡ã¥âáï áãé¥áâ¢¥­­® ¬¥­ìè¥ ¢ëç¨á«¨â¥«ì­ëå § âà â, ç¥¬ ¯à¨ à¥è¥­¨¨ § ¤ ç¨
(3){(4). �â¬¥â¨¬, çâ® § ¤ ç  (7) ¯®áâ ¢«¥­  ¢ ª ­®­¨ç¥áª®© ¤«ï ¬¥â®¤  �¥¬ª¥ ä®à¬¥,   § ¤ çã
(3){(4) ­¥®¡å®¤¨¬® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®© ä®à¬¥ ¯ãâ¥¬ § ¬¥­ë, ­ ¯à¨¬¥à, ª ¦¤®© ¯¥à¥¬¥­-
­®© à §­®áâìî ¤¢ãå ¤®¯®«­¨â¥«ì­ëå ­¥®âà¨æ â¥«ì­ëå ¯¥à¥¬¥­­ëå. �®£¤  ¬ âà¨æ , ¯¥à¥áç¨-
âë¢ ¥¬ ï ­  ª ¦¤®© ¨â¥à æ¨¨ ¬¥â®¤  �¥¬ª¥, ¤«ï § ¤ ç¨ (3){(4) ¡ã¤¥â ¨¬¥âì m + 2n áâà®ª ¨
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2(m+2n+1) áâ®«¡æ®¢. �®®â¢¥âáâ¢ãîé ï ¬ âà¨æ  ¯¥à¥áç¥â  ¤«ï § ¤ ç¨ (7) ¡ã¤¥â ¨¬¥âì à §¬¥à-
­®áâì n� 2(n+ 1). �«¥¤®¢ â¥«ì­®, ¤«ï à¥ «¨§ æ¨¨ ®¤­®© ¨â¥à æ¨¨ ¬¥â®¤  �¥¬ª¥ ¯à¨ à¥è¥­¨¨
§ ¤ ç¨ (7) ¯®¤áç¨âë¢ ¥âáï ­  2(m+ n)2 ¬¥­ìè¥ ¢¥«¨ç¨­, ç¥¬ ¯à¨ à¥è¥­¨¨ § ¤ ç¨ (3){(4).
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