
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1998 ���������� ò 3 (430)

��� 517.958

�.�. ��������, �.�. �����

� ��������� ���������� � ������������ ��������
��������� �������� �������������� ��������. II

�à¥¤« £ ¥¬ ï áâ âìï ï¢«ï¥âáï ¢â®à®© ç áâìî à ¡®âë  ¢â®à®¢ [1], ¢ ª®â®à®© ¡ë«¨ ª« áá¨ä¨-
æ¨à®¢ ë ãà ¢¥¨ï, ®¯¨áë¢ îé¨¥ ¤¨ ¬¨ªã á¢®¡®¤®© ¯®¢¥àå®áâ¨ ¥ìîâ®®¢áª®© ¦¨¤ª®áâ¨
á® áâ¥¯¥ë¬ à¥®«®£¨ç¥áª¨¬ § ª®®¬ ¨ ¤®¯ãáª îé¨¥ £àã¯¯ã á¨¬¬¥âà¨©. �¤¥áì ¨§ãç îâáï ¨-
¢ à¨ âë¥ à¥è¥¨ï  ©¤¥ëå â ¬ ãà ¢¥¨©, á®åà ¥ë ¢á¥ ®¡®§ ç¥¨ï ¨§ [1], ã¬¥à æ¨ï
à §¤¥«®¢ ¨ ä®à¬ã« ¯à®¤®«¦ ¥â ¯à¨ïâãî â ¬ ã¬¥à æ¨î. �¯¨á®ª æ¨â¨à®¢ ®© «¨â¥à âãàë
¤«ï ã¤®¡áâ¢  ç¨â â¥«ï ¯à¨¢¥¤¥ ¢ [1].

3. �¢ à¨ âë¥ à¥è¥¨ï

6. �®áâà®¨¬ à¥è¥¨¥ ãà ¢¥¨ï (3.8), ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (3.9).
�â® à¥è¥¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

u = t�(l+s)�1(J); � = t�3s�2(J) (6.1)

£¤¥ ¨¢ à¨ â J = t(x�(ln t�1+"�1)��1). �®á«¥ ¯®¤áâ ®¢ª¨ ¢ëà ¦¥¨© (6.1) ¢ ãà ¢¥¨¥ (3.8)
¤«ï ¥¨§¢¥áâëå äãªæ¨© �1, �2 ¯®«ãç¨¬ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨©

(�21�
n
2 )
0 � (1 + ")J�01 + (l + s)�1 +  (�1; �2) = 0; �2 = �1�

0

1:

�à¨ " = �3l,  = 0 ¨¬¥¥¬ § ¬ªãâ®¥ à¥è¥¨¥ (n ¥ç¥â®)

u =

(
cnt

�(l+s)(�p0 � J
p)l�s; jJ j � �0; cn = (l�1(l + s)1=n)l�s;

0; jJ j > �0:
(6.2)

�¥è¥¨¥ (6.2) ®¯¨áë¢ ¥â â¥ç¥¨¥ ¯«¥ª¨ ¥ìîâ®®¢áª®© ¦¨¤ª®áâ¨ á ã«¥¢ë¬¨ áâ®ª ¬¨ ¢ â®ç-
ª å äà®â , ¤¢¨¦ãé¨åáï ¯® «®£ à¨ä¬¨ç¥áª®¬ã § ª®ã

x«f = ��1
�
ln t�

5n+ 4
3n+ 3

�
� �0t

�1; x¯f = ��1
�
ln t�

5n+ 4
3n+ 3

�
+ �0t

�1:

� ª¨¬ ®¡à §®¬, ¢áï ¬ áá  ¯«¥ª¨ ¯à¨ t!1 ¬¥¤«¥® ¤¢¨¦¥âáï ¢¯à ¢®, ¯à¨ç¥¬ è¨à¨  ¯«¥ª¨
(à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨ äà®â , à ¢®¥ 2�0t�1) ¡ëáâà® ã¬¥ìè ¥âáï. �ëáâà® á¯ ¤ ¥â á®
¢à¥¬¥¥¬ ¨ ¢ëá®â  ªã¯®«  ¯«¥ª¨

umax = cn�
l
0t
�(l+s);

¯à¨ç¥¬ á ¬ ªã¯®« â ª¦¥ ¤¢¨¦¥âáï ¢¯à ¢® ¯® § ª®ã

xk = ��1
�
ln t�

5n+ 4
3n+ 3

�
:

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ ã«¥¢®£® ¡ « á  ¬ ááë á¢®¡®¤®¥ à áâ¥ª ¨¥ ¯«¥ª¨ (à áâ¥ª ¨¥ á
ã«¥¢ë¬¨ â®çª ¬¨ ¢ â®çª å äà®â ) ®¯¨áë¢ ¥âáï à¥è¥¨¥¬ (2.5) ãà ¢¥¨ï (2.1). � íâ®¬ á«ãç ¥
ªã¯®« ¥¯®¤¢¨¦¥ (xk = 0), ¥£® ¢ëá®â  á¯ ¤ ¥â ¬¥¤«¥¥¥ (umax � t�r), â®çª¨ äà®â  ¤¢¨¦ãâáï

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò97-01-00346).
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ª 1 ¯® áâ¥¯¥®¬ã § ª®ã. �á¥ ãª § ë¥ ®á®¡¥®áâ¨ â¥ç¥¨ï, ®¯¨áë¢ ¥¬®£® à¥è¥¨¥¬ (6.2)
ãà ¢¥¨ï (3.8) á ¥ã«¥¢ë¬ ¡ « á®¬ ¬ ááë

g = "t�1(��1(ln t� 1)� x)�u�1 = �"(Jt�2 + ("�t)�1)�u�1; " = �3l < 0; (6.3)

¬®¦® ®¡êïá¨âì á«¥¤ãîé¨¬ ®¡à §®¬ (¯®« £ ï ¤«ï ®¯à¥¤¥«¥®áâ¨ � > 0). �§ (6.2) ¨¬¥¥¬
�u�1 > 0 ¯à¨ J < 0, â.¥. ¯à¨ x¯f < x < xk, ¨ �u�1 < 0 ¯à¨ J > 0, â.¥. ¯à¨ x¯f > x > xk. �âáî¤  ¨ ¨§
(6.3) ã¡¥¦¤ ¥¬áï, çâ® ¡ « á ¬ ááë g   à¥è¥¨¨ (6.3) ®âà¨æ â¥«¥ ¯à¨ x < xk, ¯®«®¦¨â¥«¥
¯à¨ xk < x < ��1(ln t� 1) ¨ á®¢  ®âà¨æ â¥«¥ ¯à¨ ��1(ln t� 1) < x < x¯f , ¯à¨ç¥¬ ¯à¨ ¡®«ìè¨å
t ¯®á«¥¤¨© á«ãç © ¥¢®§¬®¦¥. �âà¨æ â¥«ìë© ¡ « á g à ¢®á¨«¥ áâ®ªã   ¯®¢¥àå®áâ¨,  
¯®«®¦¨â¥«ìë© | ¨áâ®ç¨ªã. � «¨ç¨¥ áâ®ª    ¯®¢¥àå®áâ¨ á«¥¢  ®â xk ¨ ¯à¨¢®¤¨â ª â®¬ã,
çâ® ¯«¥ª  ¤¢¨¦¥âáï ¢¯à ¢®. �  ¢à¥¬¥ å t < �"��0 áâ®ª ¯à¥¢ «¨àã¥â  ¤ ¨áâ®ç¨ª®¬, çâ®
¯à¨¢®¤¨â ª ¡ëáâà®¬ã ®¯ãáª ¨î ªã¯®« .

�à¨ " = �1 ¢¬¥áâ® (6.2) ¥âàã¤® ¯®«ãç¨âì à¥è¥¨¥ ¢ ª¢ ¤à âãà å, ® á ¥ã«¥¢ë¬ áâ®ª®¬
  äà®â¥. � ª¨¥ à¥è¥¨ï §¤¥áì ¥ à áá¬ âà¨¢ îâáï.

�¥è¥¨¥ ãà ¢¥¨ï (3.10), ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (3.11), á«¥¤ã¥â
¨áª âì ¢ ¢¨¤¥

u = �1(J); � = t�2m�2(J); (6.4)

£¤¥ J = xt�2m+("m)�1t�m | ¨¢ à¨ â £àã¯¯ë (3.11). �®¤áâ ®¢ª  ¢ ãà ¢¥¨¥ (3.10) ¯à¨¢®¤¨â
ª ®¡ëª®¢¥ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ¤«ï ¥¨§¢¥áâëå äãªæ¨© �1, �2

(�21�
2
2)
0 + "(m2J2�01 +  (�1; �2) = 0; �2 = �1�

0

1: (6.5)

� á«ãç ¥  = 0, ¨«¨, ¡®«¥¥ ®¡é®,  = ���1�
�
2 , £¤¥

�+
3

n+ 2
� =

3(n+ 1)
n+ 2

;

ãà ¢¥¨¥ (6.5) ¤®¯ãáª ¥â £àã¯¯ã à áâï¦¥¨© á ®¯¥à â®à®¬

J
@

@J
+ (l + s)�1

@

@�1
;

á«¥¤®¢ â¥«ì®, ¤®¯ãáª ¥â ¯®¨¦¥¨¥ ¯®àï¤ª , â.¥. á¢®¤¨âáï ª ¤¨ ¬¨ç¥áª®© á¨áâ¥¬¥   ¯«®á-
ª®áâ¨, ª®â®à ï ¬®¦¥â ¡ëâì ¨áá«¥¤®¢   ¬¥â®¤ ¬¨ ª ç¥áâ¢¥®© â¥®à¨¨ ®¡ëª®¢¥ëå ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨©.

7. � áá¬®âà¨¬ ¨¢ à¨ âë¥ à¥è¥¨ï ãà ¢¥¨© ¯. 4. � á«ãç ¥ ãà ¢¥¨ï (4.11) à¥è¥¨¥,
¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (4.12), ¨¬¥¥â ¢¨¤

u = t��1(J); � = t����2(J); (7.1)

£¤¥ ¨¢ à¨ â J = xt��(2+�) � "tk�1=(k � 1),   äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0 + �(2 + �)J�01 � ��1 + " (�1; �2) = 0; �2 = �1�

0

1: (7.2)

�à¨  = 0, � = �3 ®® ¨¬¥¥â § ¬ªãâ®¥ à¥è¥¨¥, ª®â®à®¥ ¯®«ãç ¥âáï ¨§ à¥è¥¨ï (2.5) ãà ¢¥¨ï
(2.1), ¥á«¨ ¢ ¥¬ § ¬¥¨âì  ¢â®¬®¤¥«ìãî ¯¥à¥¬¥ãî � ¨¢ à¨ â®¬ J . �â® à¥è¥¨¥ ®¯¨áë¢ ¥â
à áâ¥ª ¨¥ ¯«¥ª¨ á ¯®¤¢¨¦ë¬ ªã¯®«®¬ ¨ ¯à¨ " = 0 ¯à¥¢à é ¥âáï ¢ à¥è¥¨¥ (2.5).

� ¨¡®«¥¥ ¨â¥à¥á® áà¥¤¨ ¨¢ à¨ âëå ãà ¢¥¨© ¯. 4 ãà ¢¥¨¥ (4.13). �£® à¥è¥¨¥, ¨-
¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (4.14), ¯®«ãç ¥âáï ¢ ¢¨¤¥

u = t� exp("l�(t))�1(J); � = t��� exp("s�(t))�2(J); (7.3)

£¤¥ �(t) = (k � 1)�1tk�1, J = xt��(2+�) exp(�"�(t)) | ¨¢ à¨ â £àã¯¯ë á ®¯¥à â®à®¬ (4.14),  
äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0 + �(2 + �)J�01 � ��1 + "J l (�1J

�l; �2J
�s) = 0; �2 = �1�

0

1: (7.4)
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� á«ãç ¥  = 0, � = �3 ãà ¢¥¨¥ (7.4) ¨¬¥¥â § ¬ªãâ®¥ à¥è¥¨¥ (  «®£ à¥è¥¨ï (2.5) ãà ¢-
¥¨ï (2.1))

u =

(
cnt

�r exp("l�(t))(�p0 � J
p)l�s; jJ j � �0;

0; jJ j � �0;
(7.5)

J = xt�r exp(�"�(t)):

�®áâ®ï ï cn ®¯à¥¤¥«¥  á®®â®è¥¨¥¬ (2.5). �ª §ë¢ ¥âáï, çâ® à¥è¥¨¥ (7.5) ãà ¢¥¨ï (4.13)
®¯¨áë¢ ¥â â¥ç¥¨¥ ¯«¥ª¨ ¨«¨ «¥¤¨ª , áãé¥áâ¢¥® ®â«¨ç îé¥¥áï ¯® á¢®¨¬ ä¨§¨ç¥áª¨¬ á¢®©-
áâ¢ ¬ ®â â¥ç¥¨ï, ®¯¨áë¢ ¥¬®£® à¥è¥¨¥¬ (2.5) ãà ¢¥¨ï á ã«¥¢ë¬ ¡ « á®¬ ¬ ááë (2.1).
�¥©áâ¢¨â¥«ì®, ¯ãáâì " < 0. �§ (7.5) ¨¬¥¥¬

x«f = ��0t
r exp("�(t)); x¯f = �0t

r exp("�(t)); (7.6)

uk = umax = u(0; t) = cn�
l
0t
�r exp("l�(t)): (7.7)

� áá¬®âà¨¬ âà¨ á«ãç ï.
1) k > 1. � íâ®¬ á«ãç ¥ x¯f (t) à áâ¥â (x

«
f (t) ã¡ë¢ ¥â)   ¨â¥à¢ «¥ 0 < t < t0 = (�r=")1=(k�1)

®â ã«ï ¤® ¬ ªá¨¬ «ì®£® § ç¥¨ï, à ¢®£® �0tr0 exp(�r(k � 1)�1), § â¥¬ á à®áâ®¬ t ã¡ë¢ ¥â ®â
á¢®¥£® ¬ ªá¨¬ «ì®£® § ç¥¨ï (x«f à áâ¥â ®â á¢®¥£® ¬¨¨¬ «ì®£® § ç¥¨ï) ¤® ã«ï. �à¨ íâ®¬
¢ëá®â  ªã¯®«  uk ã¡ë¢ ¥â limuk = 0 (t!1). � ª¨¬ ®¡à §®¬,   ¢à¥¬¥®¬ ¨â¥à¢ «¥ 0 < t < t0
¨¬¥¥¬ à áâ¥ª ¨¥ ¯«¥ª¨ ( áâã¯«¥¨¥ «¥¤¨ª ) ¨ ¯®á«¥¤ãîé¥¥ ¥¥ áå«®¯ë¢ ¨¥ (®âáâã¯«¥¨¥
«¥¤¨ª ).

2) k < 1. � íâ®¬ á«ãç ¥ ¢ á¨«ã (7.6) x¯f ! �1, x«f !1 ¯à¨ t!1, ¯à¨ç¥¬ ¨§ (7.7) ¯®«ãç ¥¬
uk ! 0 ¯à¨ t!1. �¥è¥¨¥ (7.5) á à®áâ®¬ t ¯à¨¡«¨¦ ¥âáï ª à¥è¥¨î (2.5) ¨ â ª¦¥ ®¯¨áë¢ ¥â
à áâ¥ª ¨¥ ¯«¥ª¨.

3) k = 1. � íâ®¬ á«ãç ¥ ¢¬¥áâ® ä®à¬ã« (7.3) ¯®«ãç ¥¬

u = t�+"l�1(J); � = t���+"s�2(J);

  äãªæ¨¨ �1, �2 á®¢  ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (7.4). � á«ãç ¥  = 0, � = �3 ¨¬¥¥¬ § ¬ªãâ®¥
à¥è¥¨¥

u =

(
cnt

�r+"l(�p0 � J
p)l�s; jJ j � �0;

0; jJ j � �0:
(7.8)

�®à¬ã«ë (7.6), (7.7) § ¬¥ïîâáï á®®â®è¥¨ï¬¨

x«f = ��0t
r+"; x¯f = �0t

r+"; uk = cn�
l
0t
�r+"l: (7.9)

�§ á®®â®è¥¨© (7. 9) á«¥¤ã¥â, çâ® à¥è¥¨¥ (7.8) ãà ¢¥¨ï (4.13) ®¯¨áë¢ ¥â à áâ¥ª ¨¥ ¯«¥ª¨
¯à¨ " > �r ¨ áå«®¯ë¢ ¨¥ ¯à¨ " < �r, ¯à¨ " = �r â®çª¨ äà®â  ¥¯®¤¢¨¦ë, ® ªã¯®«
®¯ãáª ¥âáï.

�â¬¥ç¥ë¥ ®á®¡¥®áâ¨ â¥ç¥¨ï á®¢  ¬®¦® ®¡êïá¨âì, à áá¬ âà¨¢ ï ¡ « á ¬ ááë g =
"tk�2(lu� x�u�1), " < 0,   § ¬ªãâëå à¥è¥¨ïå (7.5), (7.8). � « á g ®ª §ë¢ ¥âáï ®âà¨æ â¥«ì-
ë¬, â.¥. ¨£à ¥â à®«ì áâ®ª . �à¨ k > 1 ¨ k = 1, " < �r áâ®ª ¤®áâ â®ç® á¨«¥ ¨ ¯à¨¢®¤¨â ª
áå«®¯ë¢ ¨î ¯«¥ª¨,   ¢ á«ãç ¥ à áâ¥ª ¨ï  «¨ç¨¥ á« ¡®£® áâ®ª  á ¯®¢¥àå®áâ¨ ¯à¨¢®¤¨â ª
¡®«¥¥ ¡ëáâà®¬ã, ç¥¬ ¢ ®âáãâáâ¢¨¥ áâ®ª , ®á¥¤ ¨î ªã¯®«  ¨ § ¬¥¤«¥¨î ¤¢¨¦¥¨ï â®ç¥ª äà®-
â .

�ë ¯à¨¢¥«¨ ¯à¨¬¥à à¥è¥¨ï ãà ¢¥¨ï (4.13) ¢ í«¥¬¥â àëå äãªæ¨ïå | à¥è¥¨¥ (7.5).
�â® à¥è¥¨¥ ®¯¨áë¢ ¥â â¥ç¥¨¥ ¯«¥ª¨ á ã«¥¢ë¬¨ áâ®ª ¬¨ ¢ â®çª å äà®â . �¥âàã¤® ¯à¨¢¥-
áâ¨   «®£¨çë¥ ¯à¨¬¥àë ¨ ¤«ï àï¤  ¤àã£¨å ¨¢ à¨ âëå ãà ¢¥¨© ¢¨¤  (1.1), ¯®«ãç¥ëå
¢  áâ®ïé¥© à ¡®â¥. �ë §¤¥áì   íâ¨å ¯à¨¬¥à å ®áâ  ¢«¨¢ âìáï ¥ ¡ã¤¥¬,   ãª ¦¥¬ ¢®§¬®¦-
®áâì ¯®áâà®¥¨ï ¤«ï íâ¨å ãà ¢¥¨© à¥è¥¨© ¢ ª¢ ¤à âãà å á ¥ã«¥¢ë¬ áâ®ª®¬   äà®â¥. �
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¨¬¥®, ¥á«¨ á®¢  ¯®«®¦¨âì  = 0, ® � = �2 (á«¥¤®¢ â¥«ì®, � = �s), â® ¢ ãà ¢¥¨¨ (7.4) ¨á-
ç¥§ãâ á« £ ¥¬ë¥, á®¤¥à¦ é¨¥ ¥§ ¢¨á¨¬ãî ¯¥à¥¬¥ãî J . �®«ãç¥®¥ ¯®á«¥ íâ®£® ãà ¢¥¨¥
¤®¯ãáª ¥â ¯®¨¦¥¨¥ ¯®àï¤ª  ¨ ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å. �£® ¥®âà¨æ â¥«ì®¥ ¬®®â®®
¢®§à áâ îé¥¥ à¥è¥¨¥ �(1)1 ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï (n ¥ç¥â®)

J � �0 =
Z �1

0

v(n+2)=ndv

(�1 � lrv1=nr)1=(n+1)
=M(�1; �1); �0 � J � J1 = �0 +M((�1=(lr))

nr; �1);

�0, �1 > 0 | ª®áâ âë. �¥®âà¨æ â¥«ì®¥ ¬®®â®® ã¡ë¢ îé¥¥ à¥è¥¨¥ �(2)1 ®¯à¥¤¥«ï¥âáï ¨§
ãà ¢¥¨ï

�0 � J =
Z �1

0

v(n+2)=ndv

(�1 � lrv1=nr)1=(n+1)
=M(�1; �1); �0 �M(�1=(lr))nr; �1) = J2 � J � �0;

�0, �1 > 0 | ª®áâ âë. �¬¥¥¬

�
(1)
1 (J1) = (�1=(lr))

nr; �
(2)
1 (J2) = (�1=(lr))

nr;

(�(1)1 (J))0 = (�1 � lr(�
(1)
1 (J))1=(nr))1=(n+1)(�(1)1 (J))�(n+2)=n;

(�(2)1 (J))0 = �(�1 � lr(�
(2)
1 (J)1=(nr))1=(n+1)(�(2)1 (J))�(n+2)=n;

®âªã¤  ¯®«ãç ¥¬
lim

J!J1�0
(�(1)1 (J))0 = 0; lim

J!J2+0
(�(2)1 (J))0 = 0:

�®âà¥¡®¢ ¢ ¢ë¯®«¥¨ï à ¢¥áâ¢ J1 = J2 ¨ �
(1)
1 (J1) = �

(2)
1 (J1),  ©¤¥¬ �1 = �1, �0 = 2J1 � �0.

�¥¯¥àì   ¨â¥à¢ «¥ (�0; �0) ¡¥§ âàã¤  áâà®¨âáï ¥®âà¨æ â¥«ì®¥ ¥¯à¥àë¢®¥ ¢¬¥áâ¥ á ¯¥à¢®©
¯à®¨§¢®¤®© à¥è¥¨¥ �1 ãà ¢¥¨ï (7.4) á � = �2,  = 0 ¢ ¢¨¤¥

�1(J) =

(
�
(1)
1 (J); �0 � J � J1;

�
(2)
1 (J); J1 � J � �0:

�¥è¥¨¥ �1 ¯®«®áâìî ®¯à¥¤¥«ï¥âáï ¢ë¡®à®¬ ¯®áâ®ïëå �0, �1. �® ®¡à é ¥âáï ¢ ã«ì ¯à¨
J = �0 ¨ J = �0,   ¥£® ¯à®¨§¢®¤ ï à ¢  ã«î ¢ â®çª¥ J = J1. �¬¥ï à¥è¥¨¥ �1, á ¯®¬®éìî
á®®â®è¥¨ï (7.3) ¯®«ãç ¥¬ à¥è¥¨¥ ãà ¢¥¨ï (4.13) (á � = �s) á ¤¢ã¬ï â®çª ¬¨ äà®â .
�¥âàã¤® § ¬¥â¨âì, çâ® ¤«ï íâ®£® à¥è¥¨ï áâ®ª ¢ â®çª¥ äà®â  x¯f = (2J1��0) exp("�(t)) ®â«¨ç¥
®â ã«ï ¨ à ¢¥

q = �t�2l exp("s�(t)=r)�n=(n+1)1 ;

  ¢ â®çª¥ äà®â  x«f = �0 exp("�(t)) ¯®«ãç ¥¬ ®â«¨çë© ®â ã«ï ¨áâ®ç¨ª

q = t�2l exp("s�(t)=r)�n=(n+1)1 ;

¯à®¨§¢®¤ ï ux ¯à¨ x = xk = J1 exp("�(t)) (ª®®à¤¨ â  ªã¯®« ) ®¡à é ¥âáï ¢ ã«ì.
� «®£¨çë¥ à¥è¥¨ï ¥âàã¤® ¯®áâà®¨âì ¨ ¤«ï ¤àã£¨å ¨¢ à¨ âëå ãà ¢¥¨©.
�¢â®¬®¤¥«ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (4.16), ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë à áâï¦¥¨©

X0
�, ¨é¥¬ ¢ ¢¨¤¥ (2.3), ® ¤«ï ¥¨§¢¥áâëå äãªæ¨© �1, �2 ¨§ (4.16) ¢¬¥áâ® ãà ¢¥¨ï (2.4)

¯®«ãç ¥¬ ãà ¢¥¨¥

(�21�
n
2 )
0 + �(2 + �)I1�01 � ��1 + "I�(n+1)�=(2+�)1  (�1I

�1=(2+�)
1 ; �2I

2=(2+�)
1 ; �2 = �01�1:

�à ¢¥¨¥ (4.16)  ¨¡®«¥¥ ¨â¥à¥á® ¢ á«ãç ¥ � = �1 ¨ äãªæ¨¨  (p; q), § ¢¨áïé¥© «¨èì ®â
®â®è¥¨ï á¢®¨å  à£ã¬¥â®¢, â.¥. ¢ á«ãç ¥ ãà ¢¥¨ï

ut = (u2�n)x + "xn+1'(�=u); � = uux: (7.10)

�à ¢¥¨ï ¢¨¤  (7.10) ¨¬¨â¨àãîâ ¤¨ ¬¨ªã ¯®¢¥àå®áâ¨ «¥¤¨ª  ¢ á«ãç ¥, ª®£¤  ®á ¤ª¨   ¥£®
¯®¢¥àå®áâì ¯¥à¥®áïâáï ¢¥âà®¬ ¯®áâ®ï®£®  ¯à ¢«¥¨ï (¯à¨ç¥¬ ¢ë¡®à äãªæ¨¨ ' ®¯à¥¤¥«ï-
¥âáï ¨¬¥®  ¯à ¢«¥¨¥¬ ¢¥âà  ¨ ¬®é®áâìî ®á ¤ª®¢, ¯à¥¤¯®« £ ¥¬®© ¯®áâ®ï®©).
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�¥à¥©¤¥¬ ª ãà ¢¥¨î (4.21). �£® à¥è¥¨¥, ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬
(4.22), § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

u = �1(x)(t� "
p
�t2 + �2)

�s; � = �2(x)(t� "
p
�t2 + �2)

�2s;

¯à¨ç¥¬ äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0 + s(1� �"2)�1 + "�

2(n+1)
1  (x; �2=�

2
1); �2 = �1�

0

1:

� áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨¥ (4.26) ¯à¨ c3 = 0 ¨ �2 = 0. �à ¢¥¨¥ (4.25) ã¤®¢«¥â¢®àï¥âáï,  
äãªæ¨¨ ' ¨ �1 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (4.24). �¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬
X�(2.12) à¥è¥¨¥ ãà ¢¥¨ï (4.26) ¨é¥¬ ¢ ¢¨¤¥

u = �1(J) exp
�
�

Z
1 + "�1
t+ "�'

dt

�
; � = �2(J) exp

�
�

Z
��+ "�2
t+ "�'

dt

�
; (7.11)

£¤¥ ¨¢ à¨ â

J = x exp
�
��

Z
2 + �+ "�1
t+ "�'

dt

�
:

�®¤áâ ®¢ª  á®®â®è¥¨© (7.11) ¢ ãà ¢¥¨¥ (4.26) (c3 = �2 = 0) ¯®á«¥ ¤®áâ â®ç® £à®¬®§¤ª¨å
¯à¥®¡à §®¢ ¨©, ®á®¢ ëå   ¨á¯®«ì§®¢ ¨¨ á®®â®è¥¨© (4.27), ¯à¨¢®¤¨â ª ãà ¢¥¨î ¤«ï
�1, �2

(�21�
n
2 )
0 + (�(2 + �) + "(c2 + "�d2))J�01 � �[1 + "(l(��1c2 + "d2)� s({ + "�d1))]�1 = 0; �2 = �1�

0

1:

� á«ãç ¥ ãà ¢¥¨ï (4.29) à¥è¥¨¥, ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (4.30),
¯®«ãç ¥¬ ¢ ¢¨¤¥

u = t(�+"(l�s�))=(1+"�)�1(J); � = t("s(1�2�)���)=(1+"�)�2(J); J = xt�(�(2+�)+")=(1+"�):

�ãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0+
�
�(2 + �) + "

1 + "�
+ "c2

�
J�01�

�
�+ "(l � s�)

1 + "�
� "c1

�
�1+J l (�1J�l; �2J�s) = 0; �2 = �1�

0

1:

�à¨¢¥¤¥¬ ¨ ¯à¨¬¥à à¥è¥¨ï ãà ¢¥¨ï (4.29), ¨¢ à¨ â®£® ®â®á¨â¥«ì® ¤¢ã¯ à ¬¥âà¨-
ç¥áª®© £àã¯¯ë á ®¯¥à â®à ¬¨ (4.30) ¨ X0

�

u = m1t
�sxl; � = m2t

�2sxs;

¯à¨ç¥¬ ª®íää¨æ¨¥âë m1, m2 ¤®«¦ë ã¤®¢«¥â¢®àïâì  «£¥¡à ¨ç¥áª®© á¨áâ¥¬¥ ãà ¢¥¨©

sr�1m2
1m

n
2 + (s+ "c1)m1 + "c2m2m

�1
1 + " (m1;m2) = 0; m2 = lm2

1:

� «¥¥, á ¯®¬®éìî (4.32)  å®¤¨¬, çâ® ¨¢ à¨ â®¥ à¥è¥¨¥ ãà ¢¥¨ï (4.31) á«¥¤ã¥â ¨áª âì
¢ ¢¨¤¥

u = t��1(J); � = t����2(J); J = xt��(2+�) �
"�

1 + "�
ln t:

�«ï äãªæ¨© �1, �2 ¯®«ãç ¥¬ ãà ¢¥¨¥

(�21�
n
2 )
0 + �(2 + �)(1 + "�)J�01 + "

�
c3 +

�

1 + "�

�
�01 � (�� "c1)�1 + " (�1; �2) = 0; �2 = �1�

0

1:

� § ª«îç¥¨¥ ãª ¦¥¬  ¢â®¬®¤¥«ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (4.33), ®® § ¤ ¥âáï á®®â®è¥¨ï¬¨
(2.3), ® ¤«ï äãªæ¨© �1, �2 ¯®«ãç ¥¬ ãà ¢¥¨¥

(�21�
n
2 )
0 + [(�(2 + �) + "c2)� + "c3]�01 � (�� "c1)�1 + " (�; �1; �2) = 0; �2 = �1�

0

1:
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8. �¥à¥©¤¥¬ ª ¯®áâà®¥¨î ¨¢ à¨ âëå à¥è¥¨© ãà ¢¥¨© ¯. 5. �«ï ãà ¢¥¨ï (5.4), ¨-
¢ à¨ â®£® ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (5.5), à¥è¥¨¥ á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

u = �1(J) exp
�
"l

Z
�1dt

�
; � = �2(J) exp

�
"s

Z
�1dt

�
; (8.1)

£¤¥

J =
�
I1 � ��

�1
�Z

�1dt+ "�1
��

exp
�
�"

Z
�1dt

�
+ �("�)�1

| ¨¢ à¨ â £àã¯¯ë (5.5), à ¢ë© I1 = x + �t ¯à¨ " = 0. �®á«¥ ¯®¤áâ ®¢ª¨ (8.1) ¢ ãà ¢¥¨¥
(5.4) ¯®«ãç¨¬ ¤«ï ®¯à¥¤¥«¥¨ï ¥¨§¢¥áâëå äãªæ¨© �1, �2 ãà ¢¥¨¥

(�21�
n
2 )
0 + ("�J � �)�01 + "�1 (�1��n�12 ) = 0; �2 = �1�

0

1: (8.2)

�à¨ " = 0 ãà ¢¥¨¥ (8.2) ¯¥à¥å®¤¨â ¢ ãà ¢¥¨¥ ¤«ï à¥è¥¨© â¨¯  ¡¥£ãé¥© ¢®«ë ¥¢®§¬ãé¥-
®£® ãà ¢¥¨ï (2.1), ¨¬¥îé¨å ¢¨¤ (2.6). �â¬¥â¨¬, çâ® ãà ¢¥¨¥ (5.4) á®¤¥à¦¨â ¯à®¨§¢®«ìãî
äãªæ¨î ¢à¥¬¥¨ �1, çâ® ¯®§¢®«ï¥â ¯®«ãç âì à¥è¥¨ï (8.1) á ¤®áâ â®ç® à §®®¡à §ë¬¨ á¢®©-
áâ¢ ¬¨ ¨ ¯®¢¥¤¥¨¥¬   ¡®«ìè¨å ¢à¥¬¥ å. � á«ãç ¥  = � ¥âàã¤® ¯®áâà®¨âì § ¬ªãâ®¥
à¥è¥¨¥ ¤«ï ãà ¢¥¨ï (8.2),   § â¥¬ ¯®«ãç¨âì ¨ § ¬ªãâ®¥ à¥è¥¨¥ ãà ¢¥¨¥ (5.4)

u =

8<
:cn(�

p
0 � (J � �=("�))p)l�s exp

�
"l

Z
�1dt

�
; jJ � �=("�)j � �0; cn = ("�(l � s)�n)s;

0; jJ � �=("�)jj > �0:

�â® à¥è¥¨¥ ®¡à é ¥âáï ¢ ã«ì ¯à¨ " = 0.
�¥è¥¨¥ ãà ¢¥¨ï (5.6), ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (5.7), ¨¬¥¥â ¢¨¤

u = �1(J) exp
�
"l

�0t

1 + "'0

�
; � = �2(J) exp

�
"s

�0t

1 + "'0

�
; (8.3)

£¤¥ äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0 + "

�
� �

"'0�0
1 + "'0

��
J �

�

"�
+
�'0(� � �0)

�2

�
�01 +

+ "�1

�
 (�1�

�n�1
2 )�

l�0
1 + "'0

�
= 0; �2 = �1�

0

1; (8.4)

 

J =
�
I1 + ���1('0 � '0�0�

�1 � "�1 � �0t)�
"c'0

� + "'0(� � �0)
exp(�t='0)

�
�

� exp
�
�

"�0t

1 + "'0

�
+ ���1("�1 + '0�0�

�1 � '0):

�¢ à¨ â J á®¢  ¢ë¡à  â ª, çâ®¡ë ¨¬¥âì J = I1 ¯à¨ " = 0. �â¬¥â¨¬, çâ® ¢ á«ãç ¥

 = 0; �0 =
�(1 + "'0)
"'0 � l

ãà ¢¥¨¥ (8.4),   ¢¬¥áâ¥ á ¨¬ ¨ (5.6), ¨¬¥îâ § ¬ªãâ®¥ à¥è¥¨¥,   ¤¥â «ïå ¥£® ¯®áâà®¥¨ï
¥ ®áâ  ¢«¨¢ ¥¬áï.

�¥à¥©¤¥¬ ª ãà ¢¥¨î (5.8), ¨¢ à¨ â®¬ã ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬ (5.9). �£®
¨¢ à¨ â®¥ à¥è¥¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

u = (1 + "�t)��=��1(J); � = (1 + "�t)�(2�+1)�
�1

�2(J); (8.5)

£¤¥
J = (1 + "�t)�1=�(x� �"�1 � "b�t1=�) + �"�1
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| ¨¢ à¨ â £àã¯¯ë, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î J j"=0 = I1,   äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ
ãà ¢¥¨î

(�21�
n
2 )
0 + "((J � �"�1)�01 + ��1 +  (�1�

��(2�+1)�1

2 ) = 0; �2 = �1�
0

1: (8.6)

� á«ãç ¥ � = 1,  = 0 ãà ¢¥¨¥ (5.8) á®¢  à¥è ¥âáï ¢ § ¬ªãâ®© ä®à¬¥.
� § ª«îç¥¨¥ ãª ¦¥¬ ¨¢ à¨ â®¥ à¥è¥¨¥ ãà ¢¥¨ï (5.10), ¯®« £ ï á æ¥«ìî ã¯à®é¥¨ï

¢ëª« ¤®ª � = 0, c = b(2n + 2)�1 ¨ § ¬¥¨¢ ¯à®¨§¢®«ìãî ¯®áâ®ïãî �   ��. �®«ãç ¥¬
ãà ¢¥¨¥

ut = (u2�n)x � "
�

b

2(n+ 1)
t�1=2x+ dt�1=2 exp(2t1=2b�1)�u�1 + ��n+1

�
; � = uux; (8.7)

¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë á ®¯¥à â®à®¬

X = (1+"bt1=2)@t+"
�
x

�
1+

b

2(n+ 1)
t�1=2

�
+dt�1=2 exp(2t1=2b�1)

�
@x+"lu@u+"

�
s�

b

2(n+ 1)
t�1=2

�
�@�:

�¢ à¨ â®¥ à¥è¥¨¥ ãà ¢¥¨ï (8.7) ¨¬¥¥â ¢¨¤

u = �1(J)(1 + "bt1=2)�2l=("b
2) exp(2lt1=2b�1);

� = �2(J)(1 + "bt1=2)�(
1

n+1
+ 2s

"b2
) exp(2st1=2b�1);

£¤¥

J = (1 + "bt1=2)�
1

n+1
+ 2

"b2

�
x exp(�2t1=2b�1)�

2d
b(� 1

n+1
+ 2

"b2
)

�
;

  äãªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

(�21�
n
2 )
0 + "b

�
"b

2(n+ 1)
� b�1

�
J�01 � "l�1 � ��

n+1
2 = 0; �2 = �1�

0

1: (8.8)

� á«ãç ¥ � = 0, " > 0, b = �(2nl=")1=2 ãà ¢¥¨¥ (8.8) ¨¬¥¥â § ¬ªãâ®¥ à¥è¥¨¥, ¢ à¥§ã«ìâ â¥
¤«ï íâ¨å § ç¥¨© � ¨ b ¯®«ãç ¥¬ § ¬ªãâ®¥ à¥è¥¨¥ ãà ¢¥¨ï (8.7)

u =

(
cn(1 + "bt1=2)�1=n exp(2lt1=2=b)(Jp � �p0)

l�s; jJ j � �0;

0; jJ j < �0;
(8.9)

cn = ("l)1=nl�(l�s):

� áá¬®âà¨¬ ¤¢  á«ãç ï.
1) b > 0. �§ (8.9) «¥£ª® á«¥¤ã¥â, çâ® ¯«¥ª  à á¯ ¤ ¥âáï   ¤¢¥ ç áâ¨: ¯à ¢ãî

x � x¯f = [�0(1 + "bt1=2)�1=n + 2dnb�1] exp(2t1=2b�1)

¨ «¥¢ãî
x � x«f = [��0(1 + "bt1=2)�1=n + 2dnb�1] exp(2t1=2b�1):

�  ¡®«ìè¨å ¢à¥¬¥ å (t!1) ¢ á«ãç ¥ d > 0 x¯;«f !1, â.¥. ¯à ¢ ï ¯®«®¢¨  ¯«¥ª¨ ®âáâã¯ ¥â,
  «¥¢ ï  áâã¯ ¥â; ¢ á«ãç ¥ d < 0 ¨¬¥¥¬ ®¡à âãî ª àâ¨ã. �â®â à¥§ã«ìâ â ¥âàã¤® ®¡êïá¨âì,
à áá¬ âà¨¢ ï ¢â®à®¥ á« £ ¥¬®¥ (®á®¢®¥ ¯à¨ ¡®«ìè¨å t) ¢ ¡ « á¥ ¬ ááë ¢ ãà ¢¥¨¨ (8.7). � ª
ª ª �u�1 = ux ¡®«ìè¥ ã«ï ¯à¨ x > x¯f ¨ ¬¥ìè¥ ã«ï ¯à¨ x < x«f , â® ¢â®à®¥ á« £ ¥¬®¥ ¢ ¡ « á¥
¯à¨ " > 0, d > 0   à¥è¥¨¨ (8.9) ¨£à ¥â à®«ì ¨áâ®ç¨ª    «¥¢®© ¯®«®¢¨¥ ¯®¢¥àå®áâ¨ ¯«¥ª¨
¨ áâ®ª    ¯à ¢®©; ¯à¨ " > 0, d < 0 |  ®¡®à®â, ¨¬¥¥¬ ¨áâ®ç¨ª á¯à ¢  ¨ áâ®ª á«¥¢ .

2) b < 0. �¡®§ ç¨¢ t0 = ("b)�2,  ©¤¥¬, çâ® ¯à¨ t! t0�0 x¯f !1, x«f ! �1, â.¥. §  ª®¥ç®¥
¢à¥¬ï ¯à ¢ ï ¯®«®¢¨  ¯«¥ª¨ á ¡ëáâà® ¢®§à áâ îé¥© áª®à®áâìî ãå®¤¨â ¢1,   «¥¢ ï | ¢ �1.
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�§ (8.9) á«¥¤ã¥â, çâ® ¯«¥ª  á à®áâ®¬ t ¯ãç¨âáï. �â®â à¥§ã«ìâ â ®¡êïáï¥âáï â¥¬, çâ® ¢ ¡ « á¥
¬ ááë ®á®¢ãî à®«ì ¨£à ¥â ¯¥à¢®¥ á« £ ¥¬®¥

�"bt�1=2x�(2(n+ 1)u)�1;

ª®â®à®¥ ¤«ï ®¡¥¨å ¯®«®¢¨ ¯®¢¥àå®áâ¨ ¯«¥ª¨ ¨£à ¥â ¯à¨ b < 0, " > 0 à®«ì ¯®¢¥àå®áâ®£®
¨áâ®ç¨ª .

�®«ì§ãïáì á«ãç ¥¬,  ¢â®àë ¨áªà¥¥ ¡« £®¤ àïâ à¥æ¥§¥â®¢ áâ âì¨ [1] ¨ ¤ ®© à ¡®âë
§  áâ¨¬ã«¨àãîé¨¥ § ¬¥ç ¨ï ¨ �.�. � « ¬ â¨  ¨ �.�.�ã£ã®¢  §  ¢¨¬ ¨¥ ¨ ®¡áã¦¤¥¨ï
¯®«ãç¥ëå à¥§ã«ìâ â®¢.
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