
ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2014, Vol. 58, No. 9, pp. 36–40. c© Allerton Press, Inc., 2014.
Original Russian Text c© V.V. Men’shikh, V.F. Subbotin, 2014, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2014, No. 9, pp. 43–48.

Properties of the Coxeter Transformations
for the Affine Dynkin Cycle

V. V. Men’shikh1* and V. F. Subbotin †2

1Voronezh Institute of Ministry of Internal Affairs of Russia,
pr. Patriotov 53, Voronezh, 394065 Russia

2Voronezh State University, Universitetskaya pl. 1, Voronezh, 394006 Russia
Received March 11, 2013

Abstract—We study spectral properties of the Coxeter transformations for the affine Dynkin cycle
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Introduction. Let W be the Weyl group generated by the linear transformations in the vector
space EΓ associated to a graph Γ = (Γ0,Γ1) (Γ0 is the set of vertices, Γ1 is the set of edges) so that each
coordinate of a vector corresponds to a vertex of the graph and the set of generators S of the group W
consists of reflections sα associated to vertices α of Γ which act by the rule

∀x ∈ EΓ (sαx)β = xβ for α �= β; (sβx)β = −xβ +
∑

{α,β}∈Γ1

xα.

Let BΓ denote the quadratic form on the space EΓ defined by

BΓ(x) =
∑
α∈Γ0

(xα)2 −
∑

{α,β}∈Γ1

xαxβ.

The Coxeter transformations (CT) c = sn . . . s2s1 defined for bijections

S → {1, 2, . . . , n} (1)

play an important part in the study and use of the Weyl group. The properties of CT’s are well-studied
[1–4] for all connected Coxeter graphs with BΓ(x) > 0 (Dynkin graphs) and with BΓ(x) ≥ 0 (affine
(completed) Dynkin graphs) except for the affine cycle Ãn (simple cycle). In [1] (P. 146) it is proved
that all CT’s for graphs without cycles, independently of the choice of bijection (1), are conjugate in the
group W . Therefore, their spectral properties coincide. For the graph Ãn, it is not the case, which gives
no possibility to transfer completely the results from [1–4].

In this paper, we solve the problem of spectral properties of CT’s for the cycle Ãn, n ≥ 1.

10. For each graph Γ, bijection (1) defines its orientation Λ such that the arrow of an edge is directed
from the greater number to the smaller one. From Lemma 1.2 in [2] it follows that all CT’s corresponding
to the same orientation coincide. For this reason, we denote a CT by cΛ.

Let us introduce a direction of going around the cycle and denote by k(Λ) the number of arrows which
agree with the chosen direction. In what follows we consider only cycles for which 0 < k(Λ) < n + 1.

Lemma 1. If k(Λ) = k(Λ′), then cΛ and cΛ′ are conjugate in W .

†Deceased.
*E-mail: menshikh@list.ru.
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