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� § ¤ ç å ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï £à ¤¨¥âë¥ ¬¥â®¤ë (¯à®æ¥¤ãàë á« ¡®£® ¢ àì¨à®¢ -
¨ï) ¯®-¯à¥¦¥¬ã á®åà ïîâ á¢®î  ªâã «ì®áâì ¨ ®áâ îâáï  ¤¥¦ë¬ áà¥¤áâ¢®¬ ç¨á«¥®£®
à¥è¥¨ï [1]-[7]. �¥¬ ¥ ¬¥¥¥ ¢®§¬®¦®áâ¨ ¨å ã«ãçè¥¨ï ¨ ¬®¤¨ä¨ª æ¨© ¢ à ¬ª å ®¯à¥¤¥«¥-
ëå ª« áá®¢ § ¤ ç ¥é¥ ¤ «¥ª® ¥ ¨áç¥à¯ ë.

� ¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï àï¤ ¬®¤¨ä¨ª æ¨© áâ ¤ àâëå £à ¤¨¥âëå ¯à®æ¥¤ãà (£à -
¤¨¥âë© ¬¥â®¤ á ¯®áâ®ïë¬ è £®¬, ¬¥â®¤ ¯à®¥ªæ¨¨ £à ¤¨¥â )   ®á®¢¥ ¡®«¥¥ ª ç¥áâ¢¥ëå
 ¯¯à®ªá¨¬ æ¨© æ¥«¥¢®£® äãªæ¨® « . �®åà ïï ¢ æ¥«®¬ â¨¯®¢ãî áâàãªâãàã ãª § ëå ¬¥â®-
¤®¢, ®¢ë¥ ¯à®æ¥¤ãàë ï¢«ïîâáï ¯à¥¤¯®çâ¨â¥«ìë¬¨ ¢ á¨«ã á«¥¤ãîé¨å å à ªâ¥à¨áâ¨ª:

| ¢ § ¤ ç å ¡¥§ ®£à ¨ç¥¨©   ã¯à ¢«¥¨¥ ¨á¯®«ì§ã¥âáï á¯¥æ¨ «ì ï äãªæ¨ï ¢ àì¨à®-
¢ ¨ï (¢¬¥áâ® ª®áâ âë), çâ® ¯à¨¢®¤¨â ª ®¡®á®¢ ®© ¤¨ ¬¨ç¥áª®© ª®àà¥ªæ¨¨  ¯à -
¢«¥¨ï  â¨£à ¤¨¥â ;

| ¢ ¡¨«¨¥©ëå ¨ ª¢ ¤à â¨çëå § ¤ ç å ®¡¥á¯¥ç¨¢ ¥âáï ¥«®ª «ì®¥ ã«ãçè¥¨¥ ã¯à ¢«¥-
¨©, â. ¥.   ª ¦¤®© ¨â¥à æ¨¨ ¥ âà¥¡ã¥âáï à¥è âì § ¤ çã ¯®¨áª  ¯à¨¥¬«¥¬®£® § ç¥¨ï
¯ à ¬¥âà  ¢ àì¨à®¢ ¨ï;

| ¢ ¥¢ë¯ãª«ëå § ¤ ç å ¯®ï¢«ï¥âáï ¥§ ãàï¤ ï ¢®§¬®¦®áâì ã«ãçè¥¨ï áâ æ¨® àëå
ã¯à ¢«¥¨© ¢á«¥¤áâ¢¨¥ à §àë¢®£® å à ªâ¥à  ¯à®æ¥¤ãàë ¢ àì¨à®¢ ¨ï, çâ® ®âªàë¢ ¥â
®¢ë¥ ¯¥àá¯¥ªâ¨¢ë   ¯ãâ¨ ®âëáª ¨ï £«®¡ «ìëå à¥è¥¨©;

| ¢ ¢ë¯ãª«ëå ª¢ ¤à â¨çëå § ¤ ç å ¬¥â®¤ ¯à®¥ªâ¨à®¢ ¨ï à¥ «¨§ã¥â ¬¨¨¬¨§¨àãîéãî
¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© ¤«ï «î¡®£® § ç¥¨ï ¯ à ¬¥âà  ¢ àì¨à®¢ ¨ï.

�à®¢®¤¨âáï ®¡®á®¢ ¨¥ ¯®áâà®¥ëå ¯à®æ¥¤ãà ¢ ç áâ¨ ¯à®¢¥àª¨ á¢®©áâ¢ ã«ãçè¥¨ï ¨ ¤®-
ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ¤«ï ®¯à¥¤¥«¥ëå ª« áá®¢ § ¤ ç.

1. �®áâ ®¢ª  § ¤ ç¨. �¯¯à®ªá¨¬ æ¨¨ äãªæ¨® « 

�¯à¥¤¥«¨¬ ®á®¢ãî § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á®®â®è¥¨ï¬¨

� ¤ ç  (P): �(u) = '(x(t1)) +
Z
T

F (x; u; t)dt! min; (1)

_x = f(x; u; t); x(t0) = x0; (2)

u(t) 2 U; t 2 T; (3)

£¤¥ t 2 T = [t0; t1] | ¥§ ¢¨á¨¬ ï ¯¥à¥¬¥ ï, u(t) 2 Rr | ã¯à ¢«¥¨¥, x(t) 2 Rn | ä §®¢®¥
á®áâ®ï¨¥. �à¥¤¯®«®¦¨¬, çâ® ¢ § ¤ ç¥ (P)

1) äãªæ¨ï '(x) ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    Rn; ¨â¥£à â F (x; u; t) ¨
¢¥ªâ®à-äãªæ¨ï f(x; u; t) ¥¯à¥àë¢ë ¯® á®¢®ªã¯®áâ¨ á¢®¨å  à£ã¬¥â®¢   Rn � U � T
¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ ¯® ¯¥à¥¬¥®© x ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®;

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë ò99-01-00400, ò 00-01-81130) ¨ ¯à®£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨ | äã¤ ¬¥â «ìë¥ ¨áá«¥-
¤®¢ ¨ï" (¯à®¥ªâ ò 990345).
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2) áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ Fu(x; u; t), fu(x; u; t)   ¬®¦¥áâ¢¥ Rn � U � T .

�« áá ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© V ¢¢¥¤¥¬ ª ª ¬®¦¥áâ¢® ¨§¬¥à¨¬ëå ¨ ®£à ¨ç¥ëå   T
¢¥ªâ®à-äãªæ¨© u(t) á ®£à ¨ç¥¨¥¬ (3), £¤¥ U � Rr | ¢ë¯ãª«®¥, § ¬ªãâ®¥ ¬®¦¥áâ¢®.

�ë¤¥«¨¬ ¨§ ®¡é¥© ¯®áâ ®¢ª¨ (1){(3) â¨¯®¢ë¥ ª« ááë § ¤ ç, «¨¥©ëå ¯® ã¯à ¢«¥¨î ¨
«¨¥©®-ª¢ ¤à â¨çëå ¯® ä §®¢®¬ã á®áâ®ï¨î. �«ï «¨¥©®© ¯® (x; u) ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = A(t)x+B(t)u+ c(t); x(t0) = x0;

®¯à¥¤¥«¨¬ ¯à®áâ¥©èãî § ¤ çã

�(u) = hc; x(t1)i+
Z
T

(ha(t); xi + hb(t); ui) dt! min; u 2 V:

� ¡¨«¨¥©®© á¨áâ¥¬®©

_x = A(u; t)x+B(t)u+ c(t); x(t0) = x0; (4)

A(u; t) = A0(t) +
rX

j=1

Aj(t)uj

á¢ï¦¥¬ ¤¢  â¨¯  äãªæ¨® «®¢:
1) ¤«ï ¡¨«¨¥©®© § ¤ ç¨

�1(u) = hc; x(t1)i+
Z
T

(ha(u; t); xi + hb(t); ui)dt; (5)

a(u; t) = a0(t) +
rX

j=1

aj(t)uj ;

2) ¤«ï ¡¨«¨¥©®-ª¢ ¤à â¨ç®© § ¤ ç¨

�2(u) = �1(u) +
1
2
hx(t1); Dx(t1)i+

1
2

Z
T

hx;Q(u; t)xidt; (6)

Q(u; t) = Q0(t) +
rX

j=1

Qj(t)uj :

�¯à¥¤¥«¨¬ ¥®¡å®¤¨¬ë¥ ª®áâàãªæ¨¨ ¨ áä®à¬ã«¨àã¥¬ ¥ª®â®àë¥ ãâ¢¥à¦¤¥¨ï ¤«ï § ¤ -
ç¨ (P).

�¢¥¤¥¬ á®¯àï¦¥ãî ¯¥à¥¬¥ãî  2 Rn ¨ ®¡à §ã¥¬ äãªæ¨î �®âàï£¨ 

H( ; x; u; t) = h ; f(x; u; t)i � F (x; u; t):

�¯à¥¤¥«¨¬ á®¯àï¦¥ãî § ¤ çã

_ = �Hx( ; x; u; t);  (t1) = �'x(x(t1)) (7)

¨ áä®à¬ã«¨àã¥¬ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¢ § ¤ ç¥ (P).
�ãáâì u(t), t 2 T , | ¥ª®â®à®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥, x(t; u) | á®®â¢¥âáâ¢ãîé ï ¥¬ã

ä §®¢ ï âà ¥ªâ®à¨ï,  (t; u) | à¥è¥¨¥ á®¯àï¦¥®© á¨áâ¥¬ë (7) ¯à¨ u = u(t), x = x(t; u).
�ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨ïHu[t; u] = Hu( (t; u); x(t; u); u(t); t), t 2 T ; PU(�) | ®¯¥à â®à

¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢® U ¢ ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥.
�¨ää¥à¥æ¨ «ìë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ : ¤«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u(t), t 2 T , ¢ § -

¤ ç¥ (P) ¥®¡å®¤¨¬®, çâ®¡ë

u(t) = PU(u(t) + �Hu[t; u]); t 2 T; � > 0: (8)

�á«®¢¨¥ áâ æ¨® à®áâ¨: ¤«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u(t) 2 intU , t 2 T , ¢ § ¤ ç¥ (P)
¥®¡å®¤¨¬®, çâ®¡ë

Hu[t; u] = 0; t 2 T: (9)
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�â¬¥â¨¬, çâ® ¢¥ªâ®à-äãªæ¨ï Hu[t; u] ¥áâì  â¨£à ¤¨¥â äãªæ¨® «  �   ã¯à ¢«¥¨¨
u(t). �ª ¦¥¬ ª« áá¨ç¥áªãî  ¯¯à®ªá¨¬ æ¨î äãªæ¨® «  �,   ®á®¢¥ ª®â®à®© ¯®«ãç îâáï
¯à¨¢¥¤¥ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨.

�ãáâì u(t), w(t) = u(t) +�u(t), t 2 T , | ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï á ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨
x(t; u), x(t; w) = x(t; u) + �x(t).

�¯à¥¤¥«¨¬ äãªæ¨® « (á« ¡ ï ¢ à¨ æ¨ï äãªæ¨® «  �   ¯ à¥ u, w) �0�(u;w) =
�
R
T

hHu[t; u];�u(t)idt. �®£¤  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

�w�(u) = �0�(u;w) + �0 (10)

á ®áâ â®çë¬ ç«¥®¬

�0 = �

Z
T

oH(k�u(t)k)dt �
Z
T

h�w(t)Hx[t; u];�x(t)idt �
Z
T

oH(k�x(t)k) dt+ o'(k�x(t1)k): (11)

�¤¥áì ¨á¯®«ì§®¢ ë ®¡®§ ç¥¨ï

�w�(u) = �(w) ��(u);

�w(t)Hx[t; u] = Hx( (t; u); x(t; u); w(t); t) �Hx( (t; u); x(t; u); u(t); t);

oH , o' | ®áâ â®çë¥ ç«¥ë (¯®á«¥ «¨¥ à¨§ æ¨¨) ¯à¨à é¥¨© äãªæ¨© H, ' á®®â¢¥âáâ¢¥®,
k � k | ¥¢ª«¨¤®¢  ®à¬  ª®¥ç®¬¥à®£® ¯à®áâà áâ¢ .

� â®çª¨ §à¥¨ï ª ç¥áâ¢   ¯¯à®ªá¨¬ æ¨¨ ®â¬¥â¨¬, çâ® ¥¤®áâ âª®¬ ä®à¬ã«ë (10) ï¢«ï¥âáï
¯à¨áãâáâ¢¨¥ «¨¥©®£® ¯® �x ¢ëà ¦¥¨ï ¢ áâàãªâãà¥ ®áâ â®ç®£® ç«¥  �0. � ª¨¬ ®¡à §®¬,
á« ¡ ï ¢ à¨ æ¨ï �0� ¨¬¥¥â ¯¥à¢ë© ¯®àï¤®ª â®ç®áâ¨ ®â®á¨â¥«ì® ä §®¢®£® ¯à¨à é¥¨ï �0 �
k�xk. �¯¯à®ªá¨¬ æ¨ï (10) ï¢«ï¥âáï â®ç®© (�0 = 0) «¨èì ¤«ï ¯à®áâ¥©è¥© § ¤ ç¨ ®¯â¨¬ «ì®£®
ã¯à ¢«¥¨ï.

�à¨¢¥¤¥¬ ¥áâ ¤ àâë¥  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®£® äãªæ¨® «  ([7], cá. 99, 102), ¨¬¥îé¨¥
¡®«¥¥ ¢ëá®ª¨© ¯®àï¤®ª â®ç®áâ¨ ¨ á«ã¦ é¨¥ ®á®¢®© ¤«ï ¯®á«¥¤ãîé¨å ¬®¤¨ä¨ª æ¨© ¯à®æ¥-
¤ãàë £à ¤¨¥â®£® ã«ãçè¥¨ï.

�¯à¥¤¥«¨¬ äãªæ¨® «

�1�(u;w) = �

Z
T

hHu( (t; u); x(t; w); u(t); t); w(t) � u(t)idt: (12)

�¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

�w�(u) = �1�(u;w) + �1 (13)

á ®áâ â®çë¬ ç«¥®¬

�1 = o'(k�x(t1)k)�
Z
T

oH(k�x(t)k)dt �
Z
T

o(1)H (k�u(t)k)dt:

�¯¯à®ªá¨¬ æ¨î �1�(u;w)  §®¢¥¬ ¯¥à¢®© ª¢ §¨¢ à¨ æ¨¥© äãªæ¨® «  �   ¯ à¥ ã¯à -
¢«¥¨© u, w. � ®â«¨ç¨¥ ®â ª« áá¨ç¥áª®© ¢ à¨ æ¨¨ �0�(u;w) §¤¥áì ¯à®¨§¢®¤ ï Hu ¯®¤ § ª®¬
¨â¥£à «  ¯®¤áç¨â   ¢¤®«ì ¢®§¬ãé¥®© âà ¥ªâ®à¨¨ x(t; w). � à¥§ã«ìâ â¥  ¯¯à®ªá¨¬ æ¨ï (13)
¢ ¯®«®© ¬¥à¥ ®¡¥á¯¥ç¨¢ ¥â «¨¥ à¨§ æ¨î äãªæ¨® «  � ¯® �x: ®áâ â®çë© ç«¥ �1 ¨¬¥¥â
¯®àï¤®ª o(k�xk). �â® § ç¨â, çâ® ¢ ¡¨«¨¥©®© § ¤ ç¥ (4), (5) ä®à¬ã«  (13) ï¢«ï¥âáï â®ç®©:
�1 = 0.

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬ âà¨çãî á®¯àï¦¥ãî á¨áâ¥¬ã ®â®á¨â¥«ì® (n�n) á¨¬¬¥âà¨ç®©
¬ âà¨ç®© äãªæ¨¨ 	(t)

_	 = �fx[t; u]
T	�	fx[t; u]�Hxx[t; u]; 	(t1) = �'xx(x(t1; u)): (14)

�¯à¥¤¥«¨¬ ¢á¯®¬®£ â¥«ìãî ¢¥ªâ®à-äãªæ¨î

p(t; u; x) =  (t; u) + 	(t; u)(x � x(t; u));

57



£¤¥ 	(t; u) | à¥è¥¨¥ § ¤ ç¨ �®è¨ (14).
�¢ ¤à â¨ç ï  ¯¯à®ªá¨¬ æ¨ï äãªæ¨® «  � ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨

�w�(u) = �2�(u;w) + �2; (15)

�2�(u;w) = �

Z
T

hHu(p(t; u; x(t; w)); x(t; w); u(t); t); w(t) � u(t)idt; (16)

�2 = o'(k�x(t1)k
2)�

Z
T

oH(k�x(t)k
2)dt�

�

Z
T

h�x(t);	(t)of (k�x(t)k)idt �
Z
T

o
(2)
H (k�u(t)k)dt:

�¯¯à®ªá¨¬ æ¨î �2�(u;w)  §®¢¥¬ ¢â®à®© ª¢ §¨¢ à¨ æ¨¥© äãªæ¨® «  �   ¯ à¥ ã¯à -
¢«¥¨© u, w. �¤¥áì ¯à®¨§¢®¤ ï Hu à áá¬ âà¨¢ ¥âáï ¢¤®«ì ¢®§¬ãé¥®© ¯ àë âà ¥ªâ®à¨©
p(t; u; x(t; w)), x(t; w). �®à¬ã«  (15) ®¯à¥¤¥«ï¥â ä §®¢ãî ª¢ ¤à â¨çãî  ¯¯à®ªá¨¬ æ¨îäãªæ¨-
® «  �: ®áâ â®çë© ç«¥ �2 ¨¬¥¥â ¯®àï¤®ª o(k�xk2). �â® § ç¨â, çâ® ¢ ¡¨«¨¥©®-ª¢ ¤à â¨ç®©
§ ¤ ç¥ (4), (6)  ¯¯à®ªá¨¬ æ¨ï (15) ï¢«ï¥âáï â®ç®©: �2 = 0.

� § ª«îç¥¨¥ ãáâ ®¢¨¬ á¢ï§ì (®æ¥ªã) ¬¥¦¤ã ¢ à¨ æ¨¥© ã¯à ¢«¥¨ï �u(t) ¨ ä §®¢ë¬
¯à¨à é¥¨¥¬ �x(t), t 2 T .

�ãáâì U0 � U , X0 � Rn { ¢ë¯ãª«ë¥ ª®¬¯ ªâë¥ ¬®¦¥áâ¢ , á®¤¥à¦ é¨¥ ã¯à ¢«¥¨ï u(t),
w(t) ¨ âà ¥ªâ®à¨¨ x(t; u), x(t; w), t 2 T , á®®â¢¥âáâ¢¥®:

u(t); w(t) 2 U0; x(t; u); x(t; w) 2 X0; t 2 T:

�®£¤  ¢¥ªâ®à-äãªæ¨ï f(x; u; t) (¯à ¢ ï ç áâì ä §®¢®© á¨áâ¥¬ë (2)) ¢ á¨«ã ¯à¥¤¯®«®¦¥¨© 1),
2) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¢¨¤ 

kf(x(t; w); w(t); t) � f(x(t; u); u(t); t)k � L(k�x(t)k+ k�u(t)k); t 2 T;

¤«ï «î¡®© ¯ àë ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ (u(t); x(t; u)) 2 U0 �X0, (w(t); x(t; w)) 2 U0 �X0 á ª®-
áâ â®© L, § ¢¨áïé¥© ®â ¬®¦¥áâ¢ U0, X0.

�  íâ®¬ ®á®¢ ¨¨ á ¯®¬®éìî áâ ¤ àâ®© â¥å¨ª¨ ¯®«ãç ¥¬ ®æ¥ªã ä §®¢®£® ¯à¨à é¥¨ï

k�x(t)k � C

Z
T

k�u(t)k dt; t 2 T; (17)

¤«ï «î¡®© ¯ àë ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ ¨§ U0�X0. �à¨ íâ®¬ ¯®áâ®ï ï C ¥ § ¢¨á¨â ®â �u(t),
® á¢ï§   á ¬®¦¥áâ¢ ¬¨ U0, X0. �á«¨ ¬®¦¥áâ¢® U ®£à ¨ç¥®, â® ¯®« £ ¥¬ U0 = U .

2. �à®æ¥¤ãàë ã«ãçè¥¨ï ¢ § ¤ ç¥ ¡¥§ ®£à ¨ç¥¨©

� áá¬®âà¨¬ § ¤ çã (P), ª®£¤  U = Rr. � íâ®¬ á«ãç ¥ ¯à¨§ ª®¬ ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï
u(t), t 2 T , ï¢«ï¥âáï ãá«®¢¨¥ áâ æ¨® à®áâ¨ (9). �®áâà®¨¬ ¯à®æ¥¤ãàë ã«ãçè¥¨ï ã¯à ¢«¥¨ï
u(t) ¯® äãªæ¨® «ã �(u)   ®á®¢¥  ¯¯à®ªá¨¬ æ¨© (¢ à¨ æ¨©) �i�(u;w), i = 0; 1; 2, ®¯à¥¤¥«¥-
ëå à ¥¥.

� áá¬®âà¨¬ á« ¡ãî ¢ à¨ æ¨î �0�(u;w), ¢ à ¬ª å ª®â®à®© á ¯®¬®éìî ¨§¬¥à¨¬®© äãªæ¨¨
�(t), t 2 T , ®¯à¥¤¥«¨¬ ¯à®æ¥¤ãàã ¢ àì¨à®¢ ¨ï ¢ ¢¨¤¥

u�(t) = u(t) + �(t)Hu[t; u]; �(t) � 0; t 2 T: (18)

�à¨ íâ®¬

�0�(u; u�) = �

Z
T

�(t)g(t)dt;

£¤¥

g(t) = hHu[t; u];Hu[t; u]i = kHu[t; u]k2:
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�à®¢¥¤¥¬ ¯ à ¬¥âà¨§ æ¨î ¯à®æ¥¤ãàë (18). � íâ®© æ¥«ìî ¢¢¥¤¥¬ ¯ à ¬¥âà � > 0 ¨ ¡ã¤¥¬
¨á¯®«ì§®¢ âì ¤¢¥ ®à¬¨à®¢ª¨ ¤«ï äãªæ¨¨ ¢ àì¨à®¢ ¨ï

1) 0 � �(t) � � (L1(T ));

2) �(t) � 0;
Z
T

�2(t)dt = �2 (L2(T )):

�«ï § ¤ ®£® � > 0 ®¯à¥¤¥«¨¬ § ¤ çã ¯®¨áª  äãªæ¨¨ �(t) ãá«®¢¨¥¬ ¬¨¨¬ã¬  á« ¡®©
¢ à¨ æ¨¨ äãªæ¨® « : �0�(u; u�)! min ¯à¨ ®£à ¨ç¥¨ïå 1) ¨«¨ 2).

�¥à¢ ï § ¤ ç  ä®à¬ã«¨àã¥âáï ¢ ¢¨¤¥Z
T

�(t)g(t)dt! max; �(t) 2 [0; �];

¨ ¨¬¥¥â ®ç¥¢¨¤®¥ à¥è¥¨¥ ��(t) � �, t 2 T , ª®â®à®¥ ®¯à¥¤¥«ï¥â áâ ¤ àâãî ¯à®æ¥¤ãàã á« ¡®£®
¢ àì¨à®¢ ¨ï

u�(t) = u(t) + �Hu[t; u]; t 2 T; � > 0: (19)

�â®à ï ®à¬¨à®¢ª  ¯à¨¢®¤¨â ª § ¤ ç¥ «ï¯ã®¢áª®£® â¨¯ Z
T

�(t)g(t)dt! max; �(t) � 0;
Z
T

�2(t)dt = �2;

ª®â®à ï «¥£ª® à¥è ¥âáï á ¯®¬®éìî ¯à¨æ¨¯  ¬ ªá¨¬ã¬ 

�g(t)� ��2 ! max; � � 0 ) � > 0;

�(t; �) =
1
2�
g(t);

Z
T

�2(t; �)dt = �2:

� à¥§ã«ìâ â¥

��(t) = �
g(t)

kg(�)kL2

; t 2 T;

¨ ¯à®æ¥¤ãà  ¢ àì¨à®¢ ¨ï ¯à¨®¡à¥â ¥â ¢¨¤

v�(t) = u(t) + �
g(t)

kg(�)kL2

Hu[t; u]; t 2 T; � > 0: (20)

�â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â áâ ¤ àâ®© ¯à®æ¥¤ãàë (19) ¢ ¬®¤¨ä¨æ¨à®¢ ®¬ ¢ à¨ â¥ (20)
¬®¦¨â¥«¥¬ ¯à¨ Hu[t; u] ä¨£ãà¨àã¥â ª®àà¥ªâ¨àãîé ï äãªæ¨ï

g(t)
kg(�)kL2

¥¤¨¨ç®© L2-®à¬ë.

�®à®âª® ®¡áã¤¨¬ ¢®¯à®á ®¡ ã«ãçè¥¨¨. �®áª®«ìªã ¢ ®¡®¨å á«ãç ïå (19), (20) k��u(t)k �
C1�, t 2 T , â® k��x(t)k � C2�, t 2 T , ¢ á¨«ã ®æ¥ª¨ (17). �«¥¤®¢ â¥«ì®, ¢  ¯¯à®ªá¨¬ æ¨¨

�w�(u) = �0�(u;w) + �0; w = u� _ v�;

®áâ â®çë© ç«¥ �0 á®£« á® ¯à¥¤áâ ¢«¥¨î (11) ¨¬¥¥â ¯®àï¤®ª o(�). �âáî¤  ¯à¨å®¤¨¬ ª § -
ª«îç¥¨î: ¯à®æ¥¤ãàë (19), (20) ®¡¥á¯¥ç¨¢ îâ «®ª «ì®¥ (¤«ï ¬ «ëå � > 0) ã«ãçè¥¨¥ «î¡®£®
¥áâ æ¨® à®£® ã¯à ¢«¥¨ï u(t) ¢ § ¤ ç¥ (P) ¡¥§ ®£à ¨ç¥¨©

�0(u) =
Z
T

g(t)dt > 0 ) �(w) < �(u); w = u� _ v�; � 2 (0; �0):

�«ãçè¥¨¥ ¯à¨®¡à¥â ¥â ¥«®ª «ìë© å à ªâ¥à (¤«ï «î¡ëå � > 0) ¢ à ¬ª å ¯à®áâ¥©è¥© § ¤ ç¨
®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï.

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ª¢ §¨¢ à¨ æ¨© �i�(u;w), i = 1; 2, á ¯®§¨æ¨© ã«ãçè¥¨ï ã¯à ¢«¥-
¨ï u(t), t 2 T . � á®®â¢¥âáâ¢ãîé¨å ä®à¬ã« å (12), (16) ¯à®¨§¢®¤ ï Hu § ¢¨á¨â ®â ä §®¢®©
âà ¥ªâ®à¨¨ x(t; w), ¯®¤«¥¦ é¥© ®âëáª ¨î ¢ à¥§ã«ìâ â¥ ¢ àì¨à®¢ ¨ï. � íâ®© á¨âã æ¨¨ ¢¬¥áâ®
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¥¨§¢¥áâ®© ¢¥ªâ®à-äãªæ¨¨ x(t; w) ¢¢¥¤¥¬ ä §®¢ë© ¯ à ¬¥âà x 2 Rn ¨ ®à£ ¨§ã¥¬ ¢ àì¨à®¢ -
¨¥ á ¯®áâ®ïë¬ è £®¬ � > 0 ¯® ¯à ¢¨«ã:

1) u(1)� (t; x) = u(t) + �Hu( (t; u); x; u(t); t); t 2 T; ¤«ï �1�(u;w);

2) u(2)� (t; x) = u(t) + �Hu(p(t; u; x); x; u(t); t); t 2 T; ¤«ï �2�(u;w);

p(t; u; x) =  (t; u) + 	(t; u)(x� x(t; u)):

� «¥¥,  ©¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ âà ¥ªâ®à¨¨ x(i)� (t), t 2 T , i = 1; 2, ª ª à¥è¥¨ï § ¤ ç �®è¨
¤«ï ä §®¢®© á¨áâ¥¬ë

_x = f(x; u(i)� (t; x); t); x(t0) = x0: (21)

�®«®¦¨¬ v(i)� (t) = u(i)� (t; x(i)� (t)), t 2 T . �â® á¥¬¥©áâ¢® ã¯à ¢«¥¨© ¢ àì¨à®¢ ¨ï   ¢ëå®¤¥ ¯à®æ¥-
¤ãàë ã«ãçè¥¨ï, ¯à¨ç¥¬ á®£« á® ¯®áâà®¥¨î x(i)� (t) = x(i)� (t; v(i)� ) | á®®â¢¥âáâ¢ãîé¨¥ ä §®¢ë¥
âà ¥ªâ®à¨¨. �à¨ íâ®¬ ª¢ §¨¢ à¨ æ¨¨ ¨¬¥îâ ¯®àï¤®ª � ¨ ®âà¨æ â¥«ìë

�1�(u; v(1)� ) = ��

Z
T

kHu( (t; u); x(1)� (t); u(t); t)k2dt = ���(1)� (u);

�2�(u; v
(2)
� ) = ��

Z
T

kHu(p(t; u; x
(2)
� (t)); x(2)� (t); u(t); t)k2dt = ���(2)� (u):

�à®¢¥¤¥¬ ®¡®á®¢ ¨¥ á¢®©áâ¢ ã«ãçè¥¨ï.
�à¥¤¯®«®¦¨¬, çâ® á¥¬¥©áâ¢® ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ (v(i)� (t); x(i)� (t)) ®£à ¨ç¥® ¯à¨ � 2

(0; �0] (¤«ï ¬ «ëå � > 0). �®£¤  ¢ à¨ æ¨¨ �(i)
� u(t) = v(i)� (t) � u(t), i = 1; 2, ¢¬¥áâ¥ á ä §®¢ë-

¬¨ ¯à¨à é¥¨ï¬¨ �(i)
� x(t) = x(i)� (t)� x(t; u) (®æ¥ª  (17)) ¨¬¥îâ ¯®àï¤®ª �

k�(i)
� u(t)k � C1�; k�(i)

� x(t)k � C2�; t 2 T: (22)

�â® § ç¨â, çâ® ¢  ¯¯à®ªá¨¬ æ¨ïå

�w�(u) = �i�(u;w) + �i; i = 1; 2; w = v(1)� _ v(2)� ; (23)

®áâ âª¨ �i | ¢¥«¨ç¨ë ¯®àï¤ª  o(�).
�ãáâì ¡ §®¢®¥ ã¯à ¢«¥¨¥ u(t), t 2 T , ¥ ï¢«ï¥âáï áâ æ¨® àë¬, â. ¥. �0(u) > 0. �áâ ®¢¨¬

 á¨¬¯â®â¨ç¥áªãî á¢ï§ì ¬¥¦¤ã ¢¥«¨ç¨ ¬¨ �(i)� (u), i = 1; 2, ¨ ¥¢ï§ª®© áâ æ¨® à®áâ¨ �0(u).
�  ®á®¢ ¨¨ ¥¯à¥àë¢®áâ¨ ¯à®¨§¢®¤®© Hu( ; x; u; t) ¯® x á ãç¥â®¬ ®æ¥ª¨ (22) ¯®«ãç ¥¬

¯à¥¤áâ ¢«¥¨ï

Hu( (t; u); x
(1)
� (t); u(t); t) = Hu( (t; u); x(t; u); u(t); t) +O1(�);

Hu(p(t; u; x
(2)
� (t)); x(2)� (t); u(t); t) = Hu( (t; u); x(t; u); u(t); t) +O2(�);

£¤¥ Oi(�), i = 1; 2, | ¢¥«¨ç¨ë ¯®àï¤ª  �.
�«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

�(i)� (u) = �0(u) +O(i)(�); i = 1; 2; (24)

¢ á¨«ã ª®â®à®£®

�i�(u;w) = ���0(u) + oi(�); w = v(1)� _ v(2)� : (25)

� á®¢®ªã¯®áâ¨ á (23) § ª«îç ¥¬, çâ® ã¯à ¢«¥¨ï v(i)� (t), t 2 T , ®¡¥á¯¥ç¨¢ îâ «®ª «ì®¥ ã«ãç-
è¥¨¥ ¥áâ æ¨® à®£® ã¯à ¢«¥¨ï u(t) ¯® äãªæ¨® «ã �.

�ëïá¨¬ ¢®§¬®¦®áâ¨ ¥«®ª «ì®£® ã«ãçè¥¨ï ¢ à ¬ª å ¯à¥¤« £ ¥¬ëå ¯à®æ¥¤ãà.
� áá¬®âà¨¬ ¡¨«¨¥©ãî § ¤ çã (4), (5). � íâ®¬ á«ãç ¥ ª¢ §¨¢ à¨ æ¨ï �1�(u;w) ¤ ¥â â®çãî

 ¯¯à®ªá¨¬ æ¨î äãªæ¨® «  �, â. ¥.

�w�(u) = �1�(u;w) = ���(1)� (u) � 0; w = v(1)� ; � > 0:
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� «®£¨çë¬ á¢®©áâ¢®¬ ¤«ï ¡¨«¨¥©®-ª¢ ¤à â¨ç®© § ¤ ç¨ (4), (6) ®¡« ¤ ¥â ª¢ §¨¢ à¨ æ¨ï
�2�(u;w), â. ¥.

�w�(u) = �2�(u;w) = ���(2)� (u) � 0; w = v(2)� ; � > 0:

� ª¨¬ ®¡à §®¬, ¤«ï ãª § ëå ª« áá®¢ § ¤ ç ¯à¥¤áâ ¢«¥ë¥ ¯à®æ¥¤ãàë ®¡¥á¯¥ç¨¢ îâ ¥-
«®ª «ì®¥ ã«ãçè¥¨¥ (�w�(u) � 0, w = v(1)� _ v(2)� , � > 0) «î¡®£® ¥áâ æ¨® à®£® ã¯à ¢«¥¨ï.
�à®æ¥¤ãàë, á¢ï§ ë¥ á ª« áá¨ç¥áª®© ¢ à¨ æ¨¥© �0�(u;w), â ª¨¬ á¢®©áâ¢®¬ ¥ ®¡« ¤ îâ.

�®à®âª® ®¡áã¤¨¬ á¨âã æ¨î, ª®£¤  u(t), t 2 T , | áâ æ¨® à®¥ ã¯à ¢«¥¨¥. �®£¤  ¢ ¯à®æ¥-
¤ãà å ¢ àì¨à®¢ ¨ï 1), 2) ¯à¨ x = x(t; u) ¨¬¥¥¬ u(i)� (t; x(t; u)) = u(t), i = 1; 2. �â® § ç¨â, çâ®
âà ¥ªâ®à¨ï x(t; u) ï¢«ï¥âáï à¥è¥¨¥¬ ä §®¢®© á¨áâ¥¬ë (21), ¨ ¤àã£¨å à¥è¥¨© á¨áâ¥¬ , ¢®®¡é¥
£®¢®àï, ¥ ¨¬¥¥â ¢ á¨«ã ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¯® x ¯à ¢®© ç áâ¨. �â® § ç¨â, çâ® ã¯à ¢«¥¨¥
u(t) ï¢«ï¥âáï ¢ëå®¤ë¬ ¤«ï ãª § ëå ¯à®æ¥¤ãà, â. ¥. íää¥ªâ ã«ãçè¥¨ï ¢ ¤ ®¬ á«ãç ¥
®âáãâáâ¢ã¥â.

� ª¨¬ ®¡à §®¬, ¬®¤¨ä¨æ¨à®¢ ë¥ ¯à®æ¥¤ãàë 1), 2) â¥àïîâ á¢®©áâ¢® ã«ãçè¥¨ï, ª®£¤ 
u(t) | áâ æ¨® à®¥ ã¯à ¢«¥¨¥. �â® á¢ï§ ® á £« ¤ª¨¬ å à ªâ¥à®¬ ¢ àì¨à®¢ ¨ï: ã¯à ¢«¥¨ï
u(i)� (x; t) ¤¨ää¥à¥æ¨àã¥¬ë ¯® x.

3. � §àë¢ë¥ ¯à®æ¥¤ãàë ã«ãçè¥¨ï ¢ § ¤ ç¥ ¡¥§ ®£à ¨ç¥¨©

�«ï à áè¨à¥¨ï ¢®§¬®¦®áâ¥© ã«ãçè¥¨ï ¯®áâà®¨¬ à §àë¢ë¥ ¯® ä §®¢®¬ã á®áâ®ï¨î
¯à®æ¥¤ãàë ¢ àì¨à®¢ ¨ï ã¯à ¢«¥¨©   ®á®¢¥ ª¢ §¨¢ à¨ æ¨© �i�(u;w), i = 1; 2. �¡ê¥¤¨ïï
®¡  á«ãç ï, à áá¬®âà¨¬ ¨â¥£à «ìë© äãªæ¨® «

S(�u) =
Z
T

hs(t);�u(t)idt (26)

á ¨§¬¥à¨¬®©, ®£à ¨ç¥®© ¢¥ªâ®à-äãªæ¨¥© s(t), t 2 T .
�¤¥áì �u(t) = w(t) � u(t) | ¢ à¨ æ¨ï ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï u(t). �ãªæ¨® « S(�u)

®âà ¦ ¥â áâàãªâãàã ª¢ §¨¢ à¨ æ¨© �i�(u;w), ª®£¤  ¢¬¥áâ® x(t; w) ä¨£ãà¨àã¥â ¯à®¨§¢®«ì ï
ä §®¢ ï âà ¥ªâ®à¨ï x(t).

�«ï § ¤ ®£® � > 0 áä®à¬ã«¨àã¥¬ § ¤ çã ¯®¨áª  ¢ à¨ æ¨¨ �u(t) ¢ ¥ª®â®à®© ®à¬¥ ¯à®-
áâà áâ¢  Rr

S(�u)! max; k�u(t)k = �: (27)

�¬¥áâ® áâ ¤ àâ®© ¥¢ª«¨¤®¢®© ®à¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ç¥¡ëè¥¢áªãî ®à¬ã

k�u(t)k = max
1�j�r

j�uj(t)j: (28)

�®áª®«ìªã

S(�u) =
rX

j=1

Z
T

sj(t)�uj(t)dt;

â® § ¤ ç  (27) ¯¥à¥©¤¥â ¢ á¥à¨î ¯®ª®¬¯®¥âëå § ¤ ç á ¬®¤ã«ìë¬ ®£à ¨ç¥¨¥¬
Z
T

sj(t)�uj(t)dt! max; j�uj(t)j � �:

�¥è¥¨¥ ®ç¥¢¨¤® ¨ ¨¬¥¥â ¢¨¤ ��uj(t) = � sign sj(t), t 2 T , j = 1; r, ¯à¨ç¥¬ ¢ á«ãç ¥ sj(t) = 0
¢ à¨ æ¨ï ��uj(t) ¯à¨¨¬ ¥â «î¡®¥ § ç¥¨¥ ¨§ ®âà¥§ª  [��; �].

� ª¨¬ ®¡à §®¬, à¥è¥¨¥ § ¤ ç¨ (27) ¯à¨ ®à¬¨à®¢ª¥ (28) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ��u(t) =
� sign s(t), t 2 T , á ãª § ®© à áè¨äà®¢ª®©   á«ãç © ã«ï. �à¨ íâ®¬

S(��u) = �

Z
T

rX
j=1

jsj(t)jdt = �

Z
T

ks(t)k1dt:
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�à®¢¥¤¥¬ ª®ªà¥â¨§ æ¨î ¯®«ãç¥ëå á®®â®è¥¨© ¢ à ¬ª å ª¢ §¨¢ à¨ æ¨© �i�(u;w), i =
1; 2. � ¬¥ïï ¢ ä®à¬ã« å (12), (16) âà ¥ªâ®à¨î x(t; w) ¯à®¨§¢®«ì®©  ¡á®«îâ® ¥¯à¥àë¢®©
¢¥ªâ®à-äãªæ¨¥© x(t), ¯à¨å®¤¨¬ ª äãªæ¨® « ¬ â¨¯  (26)

S1(�u) =
Z
T

hHu( (t; u); x(t); u(t); t);�u(t)idt;

S2(�u) =
Z
T

hHu(p(t; u; x(t)); x(t); u(t); t);�u(t)idt:

�®£« á® ¯à¥¤ë¤ãé¥¬ã ¬ ªá¨¬¨§¨àãîé¨¥ ¢ à¨ æ¨¨ ¨¬¥îâ ¢¨¤

�(1)
� u(t; x(t)) = � signHu( (t; u); x(t); u(t); t);

�(2)
� u(t; x(t)) = � signHu(p(t; u; x(t)); x(t); u(t); t);

çâ® ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¯à®æ¥¤ãà ¬ ¢ àì¨à®¢ ¨ï:

u(1)� (t; x) = u(t) + � signHu( (t; u); x; u(t); t); (29)

u(2)� (t; x) = u(t) + � signHu(p(t; u; x); x; u(t); t): (30)

� «¥¥ ¤¥©áâ¢ã¥¬ ¯® áå¥¬¥ ¯à¥¤ë¤ãé¥£® à §¤¥«  |  å®¤¨¬ à¥è¥¨ï x(i)� (t) ä §®¢®© á¨áâ¥¬ë
(21) ¨ ä®à¬¨àã¥¬ ¯®à®¦¤ îé¨¥ ã¯à ¢«¥¨ï

v(i)� (t) = u(i)� (t; x(i)� (t)); t 2 T; i = 1; 2:

�®®â¢¥âáâ¢ãîé¨¥ § ç¥¨ï ª¢ §¨¢ à¨ æ¨© |

�1�(u; v(1)� ) = ��

Z
T

kHu( (t; u); x(1)� (t); u(t); t)k1dt = ���(1)� (u);

�2�(u; v
(2)
� ) = ��

Z
T

kHu(p(t; u; x
(2)
� (t)); x(2)� (t); u(t); t)k1dt = ���(2)� (u):

�¢®©áâ¢  ã«ãçè¥¨ï ¢ ¥áâ æ¨® à®¬ á«ãç ¥ ®¡®á®¢ë¢ îâáï ¢¯®«¥   «®£¨ç® ¯à¥¤ë-
¤ãé¥¬ã. �à¨ íâ®¬ ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¬®¤ã«ìãî ¥¢ï§ªã ãá«®¢¨ï áâ æ¨® à®áâ¨

�0(u) =
Z
T

kHu[t; u]k1dt:

�®£¤  á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï (24), (25), ª®â®àë¥ ®¡¥á¯¥ç¨¢ îâ «®ª «ì®¥ ã«ãçè¥¨¥ ã¯à -
¢«¥¨ï u(t) á ¯®¬®éìî á¥¬¥©áâ¢  v(i)� (t).

� ¤ ®© á¨âã æ¨¨ (ä §®¢ ï á¨áâ¥¬  (21) à §àë¢  ¯® x) ¥®¡å®¤¨¬® ¯à®ª®¬¬¥â¨à®¢ âì
®á®¡ë© á«ãç ©, ª®£¤  äãªæ¨ï ¯¥à¥ª«îç¥¨ï Hu ®¡à é ¥âáï ¢ ã«ì (âà ¥ªâ®à¨ï á¨áâ¥¬ë (21)
 å®¤¨âáï   ¯®¢¥àå®áâ¨ à §àë¢  ¯à ¢®© ç áâ¨).

�à¥¤¯®«®¦¨¬, çâ® ã¯à ¢«¥¨¥ u ï¢«ï¥âáï áª «ïàë¬ (r = 1), ¢®§ì¬¥¬ §  ®á®¢ã ¯à®æ¥¤ãàã
(29) ¨ ¢¢¥¤¥¬ ®¡®§ ç¥¨¥ ¤«ï äãªæ¨¨ ¯¥à¥ª«îç¥¨ï g(t; x) = Hu( (t; u); x; u(t); t).

�¥è¥¨¥ x�(t), t 2 T , á¨áâ¥¬ë (21)  §®¢¥¬ ®á®¡ë¬   ¯à®¬¥¦ãâª¥ T0 � T , ¥á«¨ g(t; x�(t)) = 0,
t 2 T0.

�à¨ íâ®¬ ¯®à®¦¤ îé¥¥ ã¯à ¢«¥¨¥ v�(t), t 2 T0,  å®¤¨âáï ¢ à¥§ã«ìâ â¥ ¤¨ää¥à¥æ¨à®¢ -
¨ï íâ®£® â®¦¤¥áâ¢  ¯® ¢à¥¬¥¨ t ¢ á¨«ã ä §®¢®© á¨áâ¥¬ë. � ª¨¬ ®¡à §®¬, á ãç¥â®¬ (29)  
®á®¡®¬ ãç áâª¥ ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

� sign 0 = v�(t)� u(t); t 2 T0;

ª®â®à®¥ ª®ªà¥â¨§¨àã¥â ¯à®æ¥¤ãàã (29) ¨ ¯à ¢ãî ç áâì á¨áâ¥¬ë (21) ¢ ®á®¡®¬ á«ãç ¥.
�â¬¥â¨¬, çâ® áâ æ¨® à ï ä §®¢ ï âà ¥ªâ®à¨ï x(t; u), t 2 T , ï¢«ï¥âáï ®á®¡ë¬ à¥è¥¨¥¬

á¨áâ¥¬ë (21) ¢áî¤ã   T , ¨¡® g(t; x(t; u)) = 0, t 2 T , ¯à¨ç¥¬ sign 0 = 0.
�á®¢®© íää¥ªâ ¯®áâà®¥ëå ¯à®æ¥¤ãà ¢ àì¨à®¢ ¨ï á¢ï§  á ¢®§¬®¦®áâìî ã«ãçè¥¨ï

áâ æ¨® àëå ã¯à ¢«¥¨©. � ª®¥ ¥§ ãàï¤®¥ á¢®©áâ¢® ®¡ãá«®¢«¥® à §àë¢ë¬ å à ªâ¥à®¬
¢ àì¨à®¢ ¨ï, çâ® ¯à¨¢®¤¨â, ¢ á¢®î ®ç¥à¥¤ì, ª à §àë¢®© ¯® á®áâ®ï¨î x ä §®¢®© á¨áâ¥¬¥
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(21). � à¥§ã«ìâ â¥ ¯®ï¢«ï¥âáï ¢®§¬®¦®áâì ¥ ¥¤¨áâ¢¥®£® à¥è¥¨ï. �â æ¨® à ï ä §®¢ ï
âà ¥ªâ®à¨ï x(t; u) ï¢«ï¥âáï ®á®¡ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (21) ¤«ï «î¡®£® � > 0 (�0(u) = 0), ®¤ ª®
¯à¨  «¨ç¨¨ ¤àã£¨å à¥è¥¨© x(i)� (t) á ãá«®¢¨¥¬ �(i)� (u) 6= 0, i = 1; 2, ¢®®¡é¥ £®¢®àï, ¯à®¨áå®¤¨â
ã«ãçè¥¨¥ (¯® ªà ©¥© ¬¥à¥, «®ª «ì®¥) áâ æ¨® à®£® à¥¦¨¬  (u(t); x(t; u)).

4. �à®¥ªâ¨¢ë¥ ¬¥â®¤ë ã«ãçè¥¨ï ¢ § ¤ ç¥ á ®£à ¨ç¥¨ï¬¨

� áá¬®âà¨¬ § ¤ çã (P) ¢ ¨áå®¤®© ¯®áâ ®¢ª¥ (U | ¢ë¯ãª«®¥, § ¬ªãâ®¥ ¬®¦¥áâ¢®) ¨
¯à®¢¥¤¥¬ ®¡®¡é¥¨¥ ¯®áâà®¥ëå à ¥¥ ¯à®æ¥¤ãà ¢ àì¨à®¢ ¨ï á ®¡®á®¢ ¨¥¬ á¢®©áâ¢  ã«ãç-
è¥¨ï ¨ ¤®ª § â¥«ìáâ¢®¬ áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥£® ¬¥â®¤ . � à ¬ª å ¤ ®© § ¤ ç¨ ¥áâ¥-
áâ¢¥® ¨á¯®«ì§®¢ âì ®¯¥à æ¨î ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢® U (PU | ®¯¥à â®à ¯à®¥ªâ¨à®-
¢ ¨ï ¢ ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥). �à¨ íâ®¬ ¡ §®¢ë¬ ãá«®¢¨¥¬ ®¯â¨¬ «ì®áâ¨ ï¢«ï¥âáï ¤¨ää¥à¥-
æ¨ «ìë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  (���) ¢ ¯à®¥ªâ¨¢®© ä®à¬¥ (8).

�ãáâì (u(t); x(t; u)), t 2 T , | ¤®¯ãáâ¨¬ ï ¯ à  ¢ § ¤ ç¥ (P),  (t; u), 	(t; u) | à¥è¥¨ï ¢¥ª-
â®à®© ¨ ¬ âà¨ç®© á®¯àï¦¥ëå á¨áâ¥¬, p(t; u; x) =  (t; u) + 	(t; u)(x � x(t; u)), x 2 Rn, |
¢á¯®¬®£ â¥«ì ï ¢¥ªâ®à-äãªæ¨ï.

�«ï � > 0 ®¯à¥¤¥«¨¬ ¯à®æ¥¤ãàë ¢ àì¨à®¢ ¨ï

u(1)� (t; x) = PU(u(t) + �Hu( (t; u); x; u(t); t)); (31)

u(2)� (t; x) = PU(u(t) + �Hu(p(t; u; x); x; u(t); t)): (32)

�â¬¥â¨¬, çâ® ¢¥ªâ®à-äãªæ¨¨ u(i)� (t; x), i = 1; 2, ¥¯à¥àë¢ë ¯® x 2 Rn (®¯¥à â®à PU á®åà ï¥â
á¢®©áâ¢® ¥¯à¥àë¢®áâ¨).

� «¥¥,  ©¤¥¬ à¥è¥¨¥ x(i)� (t), t 2 T , ä §®¢®© á¨áâ¥¬ë

_x = f(x; u(i)� (t; x); t); x(t0) = x0 (33)

¢¬¥áâ¥ á ã¯à ¢«¥¨¥¬ v(i)� (t) = u(i)� (t; x(i)� (t)), t 2 T , i = 1; 2.
�¯à¥¤¥«¨¬ § ¤ çã ¯®¨áª  ¯ à ¬¥âà  � ãá«®¢¨¥¬ ã«ãçè¥¨ï äãªæ¨® « 

�(v(i)� ) � �(u); � > 0:

�à®¢¥¤¥¬ ®¡®á®¢ ¨¥ á¢®©áâ¢  ã«ãçè¥¨ï ¤«ï ®¡é¥£® á«ãç ï á i = 2 (¢â®à ï ¯à®æ¥¤ãà ).
�à¥¤¯®«®¦¨¬, çâ® ¢ à ¬ª å § ¤ ç¨ �®è¨ (33) á¥¬¥©áâ¢® ¤®¯ãáâ¨¬ëå ¯ à (v(2)� (t); x(2)� (t)), t 2 T ,
®£à ¨ç¥® ¤«ï � 2 (0; �0]

v(2)� (t) 2 U0; x(2)� (t) 2 X0; t 2 T; � 2 (0; �0];

£¤¥ U0 � U , X0 � Rn | ¢ë¯ãª«ë¥ ª®¬¯ ªâë¥ ¬®¦¥áâ¢ .
�âáî¤  á«¥¤ã¥â ®£à ¨ç¥®áâì á¥¬¥©áâ¢  ¢á¯®¬®£ â¥«ìëå ¢¥ªâ®à-äãªæ¨© p�(t) =

p(t; u; x(2)� (t)), t 2 T , ¤«ï � 2 (0; �0].
�®£« á® ¯®áâà®¥¨î ¢á¯®¬®£ â¥«ì®¥ ã¯à ¢«¥¨¥ v(2)� (t) ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬

v(2)� (t) = PU(u(t) + �Hu(p�(t); x
(2)
� (t); u(t); t)); t 2 T: (34)

�á¯®«ì§ãï ¨§¢¥áâ®¥ á¢®©áâ¢® ®¯¥à â®à  PU (ãá«®¢¨¥ �¨¯è¨æ ), ¨¬¥¥¬

kv(2)� (t)� u(t)k = kPU(u(t) + �Hu(p�(t); x
(2)
� (t); u(t); t)) �PU(u(t))k �

� �kHu(p�(t); x
(2)
� (t); u(t); t)k � C�; t 2 T; � 2 (0; �0]:

�§ ®¡é¥© ®æ¥ª¨ (17) ¤«ï ¯à¨à é¥¨© �u(t) = v(2)� (t)� u(t), �x(t) = x(2)� (t)� x(t; u) á«¥¤ã¥â,
çâ® ¢¥«¨ç¨  k�x(t)k ¨¬¥¥â ¯®àï¤®ª �.

�«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

�(v(2)� )� �(u) = �2�(u; v(2)� ) + o(�); (35)

¯à¨ç¥¬ ª¢ §¨¢ à¨ æ¨ï �2�(u; v(2)� ) ¥áâì ¢¥«¨ç¨  ¯®àï¤ª  �.
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� ª ¨§¢¥áâ®, ¯à®¥ªâ¨¢®¥ á®®â®è¥¨¥ (34) íª¢¨¢ «¥â® ¥à ¢¥áâ¢ã

hv(2)� (t)� u(t)� �Hu(p�(t); x(2)� (t); u(t); t); v(2)� (t)� v(t)i � 0; v(t) 2 U; t 2 T:

�®«®¦¨¬ v(t) = u(t) ¨ ¯à®¨â¥£à¨àã¥¬ ¥à ¢¥áâ¢® ¯® t 2 T . � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®æ¥ªã
ã¬¥ìè¥¨ï ¢â®à®© ª¢ §¨¢ à¨ æ¨¨ äãªæ¨® « 

�2�(u; v
(2)
� ) � ��(2)� (u); (36)

�(2)� (u) =
1
�

Z
T

kv(2)� (t)� u(t)k2dt:

�ëïá¨¬ á¬ëá« ¢¥«¨ç¨ë �(2)� (u). �á«¨ �(2)� (u) = 0 ¤«ï ¥ª®â®à®£® � > 0, â®

v(2)� (t) = u(t); x(2)� (t) = x(t; u); p�(t) =  (t; u); t 2 T:

�®®â®è¥¨¥ (34) ¯à¨¨¬ ¥â ¢¨¤

u(t) = PU(u(t) + �Hu( (t; u); x(t; u); u(t); t)); t 2 T:

�â® ��� ¤«ï ã¯à ¢«¥¨ï u(t) ¢ § ¤ ç¥ (P), ¯®íâ®¬ã ¢¥«¨ç¨  �(2)� (u) ï¢«ï¥âáï ¥¢ï§ª®© ���
¤«ï ã¯à ¢«¥¨ï u(t). �â¬¥â¨¬, çâ® �(2)� (u) � �.

�ä®à¬ã«¨àã¥¬ ®á®¢®¥ ãâ¢¥à¦¤¥¨¥ ® «®ª «ì®¬ ã¬¥ìè¥¨¨ æ¥«¥¢®£® äãªæ¨® « : ¥á«¨
ã¯à ¢«¥¨¥ u 2 V ¥ ã¤®¢«¥â¢®àï¥â ��� ¢ § ¤ ç¥ (P), â® ¢â®à ï ¯à®æ¥¤ãà  ®¡¥á¯¥ç¨¢ ¥â

«®ª «ì®¥ ã«ãçè¥¨¥ �(v(2)� ) < �(u) ¤«ï ¬ «ëå � > 0.
�¥©áâ¢¨â¥«ì®, á®£« á®  ¯¯à®ªá¨¬ æ¨¨ (35) á ãç¥â®¬ ®æ¥ª¨ (36) ¯®«ãç ¥¬

�(v(2)� )� �(u) � ��(2)� (u) + o(�):

�® ãá«®¢¨î �(2)� (u) > 0 ¤«ï � > 0, ¯à¨ç¥¬ �(2)� (u) � C�. �«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® ãâ¢¥à¦¤¥¨¥
®¡ ã«ãçè¥¨¨.

�à¨ ¢â®à®© ¯à®æ¥¤ãà¥ ã«ãçè¥¨ï ¢ à ¬ª å ¡¨«¨¥©®-ª¢ ¤à â¨ç®© § ¤ ç¨ (4), (6)  ¯¯à®ª-
á¨¬ æ¨ï (35) ï¢«ï¥âáï â®ç®©, ¯®íâ®¬ã

�(v(2)� )� �(u) � ��(2)� (u); � > 0:

�â® ®§ ç ¥â ¥«®ª «ì®¥ ã«ãçè¥¨¥ ¤«ï «î¡®£® ã¯à ¢«¥¨ï u 2 V , ¥ ã¤®¢«¥â¢®àïîé¥£®
���: �(v(2)� ) < �(u) ¤«ï «î¡®£® � > 0.

� «®£¨çë¬ ®¡à §®¬ ¯à®¢®¤¨âáï ®¡®á®¢ ¨¥ ¯¥à¢®© ¯à®æ¥¤ãàë (i = 1) á ¥«®ª «ìë¬
ã«ãçè¥¨¥¬ ¤«ï ¡¨«¨¥©®© § ¤ ç¨.

� ¬¥ç ¨¥. �â ¤ àâ ï ¯à®æ¥¤ãà  ¯à®¥ªâ¨à®¢ ¨ï (¬¥â®¤ ¯à®¥ªæ¨¨ £à ¤¨¥â ) ¯®«ãç -
¥âáï ¨§ (31), (32) ¯à¨ x = x(t; u)

u�(t) = PU(u(t) + �Hu( (t; u); x(t; u); u(t); t)); t 2 T:

�à¨ íâ®¬ â¥àï¥âáï á¢®©áâ¢® ¥«®ª «ì®£® ã«ãçè¥¨ï ¤«ï ¡¨«¨¥©ëå ¨ ª¢ ¤à â¨çëå § ¤ ç,
â. ¥.   ª ¦¤®© ¨â¥à æ¨¨ ¥®¡å®¤¨¬® ¯à®¢®¤¨âì �-¯ à ¬¥âà¨ç¥áª¨© ¯®¨áª á æ¥«ìî ã¬¥ìè¥¨ï
äãªæ¨® « .

�à¥¤áâ ¢¨¬ ¢â®àãî ¯à®æ¥¤ãàã ã«ãçè¥¨ï ¢ ¨â¥à æ¨®®© ä®à¬¥ ¨ ¨áá«¥¤ã¥¬ ¢®¯à®á ® áå®-
¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥£® ¬¥â®¤ .

� áá¬®âà¨¬ ¡¨«¨¥©®-ª¢ ¤à â¨çãî § ¤ çã (4), (6).
� ä¨ªá¨àã¥¬ ¯ à ¬¥âà � > 0. �ãáâì k = 1; 2; : : : | ®¬¥à ¨â¥à æ¨¨, uk(t) | á®®â¢¥âáâ¢ãî-

é¥¥ ã¯à ¢«¥¨¥. �®áâà®¨¬ ã¯à ¢«¥¨¥ uk+1(t) á®£« á® ¢â®à®© ¯à®æ¥¤ãà¥ ã«ãçè¥¨ï (§ ¢¨á¨-
¬®áâì ®â � ¥ ¯®¤ç¥àª¨¢ ¥âáï). �æ¥ª  ã¬¥ìè¥¨ï ¯® äãªæ¨® «ã ¨¬¥¥â ¢¨¤

�(uk+1)� �(uk) � ���(u
k);

��(u
k) =

1
�

Z
T

kuk+1(t)� uk(t)k2dt:
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�ãáâì äãªæ¨® « �(u) ¢ ¤ ®© § ¤ ç¥ ®£à ¨ç¥ á¨§ã   ¬®¦¥áâ¢¥ V ¤®¯ãáâ¨¬ëå ã¯à -
¢«¥¨©. �®£¤  �(uk+1)��(uk)! 0, k !1, ¢ á¨«ã ¬®®â®®áâ¨ ¬¥â®¤ . � ãç¥â®¬ ¯à¥¤ë¤ãé¥©
®æ¥ª¨ ¯®«ãç ¥¬ á¢®©áâ¢® áå®¤¨¬®áâ¨ ¯® ¥¢ï§ª¥ ���, â. ¥. ��(uk)! 0, k !1.

�¥à¥©¤¥¬ ª ¢ë¯ãª«®-ª¢ ¤à â¨ç®© § ¤ ç¥, ª®â®à ï ®¯¨áë¢ ¥âáï á®®â®è¥¨ï¬¨

�(u) = hc; x(t1)i+
1
2
hx(t1);Dx(t1)i+

Z
T

�
ha(t); xi +

1
2
hx;Q(t)xi

�
dt;

_x = A(t)x+B(t)u+ c(t); x(t0) = x0;

u(t) 2 U; t 2 T;

á ãá«®¢¨¥¬ ¥®âà¨æ â¥«ì®© ®¯à¥¤¥«¥®áâ¨ ª¢ ¤à â¨çëå ä®à¬ D � 0, Q(t) � 0, t 2 T .
� íâ®¬ á«ãç ¥ ¯à®¨§¢®¤ ïHu ¥ § ¢¨á¨â ®â (u; x) ¨ ¨¬¥¥â ¢¨¤ Hu( ; t) = B(t)T . � âà¨ç ï

á®¯àï¦¥ ï á¨áâ¥¬  â ª¦¥ ¥ § ¢¨á¨â ®â (u; x)

_	 = �A(t)T	�	A(t) +Q(t); 	(t1) = �D: (37)

�ãáâì 	(t), t 2 T , | ¥¥ à¥è¥¨¥. �®£¤  ä®à¬ã«  ¯à¨à é¥¨ï äãªæ¨® «  � ¯à¨¨¬ ¥â
¢¨¤

�w�(u) = �

Z
T

h (t; u) + 	(t)(x(t; w) � x(t; u)); B(t)(w(t) � u(t))idt: (38)

�«ï ¢ë¯ãª«®© § ¤ ç¨ á¯à ¢¥¤«¨¢  ®æ¥ª 

�w�(u) � �

Z
T

h (t; u); B(t)(w(t) � u(t))idt:

�à ¢¨¢ ï á (38), ¯®«ãç ¥¬ ¢á¯®¬®£ â¥«ì®¥ ¥à ¢¥áâ¢®
Z
T

h	(t)(x(t; w) � x(t; u)); B(t)(w(t) � u(t))idt � 0: (39)

�ä®à¬ã«¨àã¥¬ ¨â¥à æ¨®ë© ¬¥â®¤   ®á®¢¥ ¢â®à®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï.
� ä¨ªá¨àã¥¬ ¥ª®â®à®¥ § ç¥¨¥ ¯ à ¬¥âà  � > 0 ( ¯à., � = 1) ¨  ©¤¥¬ à¥è¥¨¥ 	(t),

t 2 T , ¬ âà¨ç®© á®¯àï¦¥®© á¨áâ¥¬ë (37).
�ãáâì   k-© ¨â¥à æ¨¨ ¨¬¥¥âáï ¤®¯ãáâ¨¬ ï ¯ à  (uk(t); xk(t)), t 2 T . �ëç¨á«¨¬ à¥è¥¨¥

 k(t), t 2 T , á®¯àï¦¥®© á¨áâ¥¬ë

_ = �A(t)T +Q(t)xk(t);  (t1) = �(c+Dxk(t1)):

�ä®à¬¨àã¥¬ ¢¥ªâ®à-äãªæ¨î pk(t; x) =  k(t)+	(t)(x�xk(t)) ¨ ã¯à ¢«¥¨¥ vk(t; x) = PU(uk(t)+
�Hu(pk(t; x); t)).

� ©¤¥¬ à¥è¥¨¥ xk+1(t) ä §®¢®© á¨áâ¥¬ë

_x = A(t)x+B(t)vk(t; x) + c(t); x(t0) = x0

¢¬¥áâ¥ á ã¯à ¢«¥¨¥¬ uk+1(t) = vk(t; xk+1(t)), t 2 T .
� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¤®¯ãáâ¨¬ãî ¯ àã (uk+1(t); xk+1(t)), çâ® ¨ § ¢¥àè ¥â ¨â¥à æ¨î ¬¥â®¤ .
�â¬¥â¨¬ ¢ëç¨á«¨â¥«ìë¥ § âà âë   ¨â¥à æ¨î | ¤¢¥ § ¤ ç¨ �®è¨ (¤«ï á®¯àï¦¥®© ¨

ä §®¢®© á¨áâ¥¬). �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ®¯¥à æ¨ï ¯à®¥ªâ¨à®¢ ¨ï à¥ «¨§ã¥âáï   «¨-
â¨ç¥áª¨: ã¯à ¢«¥¨¥ vk(t; x)  å®¤¨âáï ¯® ï¢®© ä®à¬ã«¥.

�¡®§ ç¨¬ pk(t) =  k(t)+	(t)(xk+1(t)�xk(t)) ¨ ¯à¥¤áâ ¢¨¬ ¨â¥à æ¨®ãî ä®à¬ã«ã à áá¬ -
âà¨¢ ¥¬®£® ¬¥â®¤ 

uk+1(t) = PU(uk(t) + �Hu(pk(t); t)); t 2 T:

� íª¢¨¢ «¥â®© § ¯¨á¨ íâ® á®®â®è¥¨¥ ¨¬¥¥â ¢¨¤

huk+1(t)� uk(t)� �Hu(pk(t); t); uk+1(t)� v(t)i � 0; v(t) 2 U; t 2 T:
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�âáî¤  ¯®«ãç¨¬ ®æ¥ªã

hHu(p
k(t); t); v(t) � uk+1(t)i �

1
�
huk+1(t)� uk(t); v(t) � uk+1(t)i: (40)

�¥®à¥¬ . �ãáâì ¢ ¢ë¯ãª«®-ª¢ ¤à â¨ç®© § ¤ ç¥ ¬®¦¥áâ¢® U ®£à ¨ç¥®. �®£¤  ¬¥â®¤

¯à®¥ªâ¨à®¢ ¨ï ¯®à®¦¤ ¥â ¬¨¨¬¨§¨àãîéãî ¯®á«¥¤®¢ â¥«ì®áâì: �(uk) ! �(u�), k ! 1,

£¤¥ u� | ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥.

�®ª § â¥«ìáâ¢®. �®£« á® (38) ¯à¨ u = uk, w = u� ¨¬¥¥¬

0 � �(uk)��(u�) =
Z
T

h k(t) + 	(t)(x�(t)� xk(t)); B(t)(u�(t)� uk(t))idt:

�¤¥áì x�(t) = x(t; u�) | ®¯â¨¬ «ì ï ä §®¢ ï âà ¥ªâ®à¨ï.
�á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥¨¥

x�(t)� xk(t) = (x�(t)� xk+1(t)) + (xk+1(t)� xk(t)):

�®£¤ 

�(uk)� �(u�) =
Z
T

h	(t)(x�(t)� xk+1(t)); B(t)(u�(t)� uk(t))idt +
Z
T

hpk(t); B(t)(u�(t)� uk(t))idt:

� «®£¨çë¬ ®¡à §®¬

u�(t)� uk(t) = (u�(t)� uk+1(t)) + (uk+1(t)� uk(t)):

�®íâ®¬ã

�(uk)��(u�) = I1 + I2 + I3 + I4; (41)

£¤¥

I1 =
Z
T

h	(t)(x�(t)� xk+1(t)); B(t)(u�(t)� uk+1(t))idt;

I2 =
Z
T

h	(t)(x�(t)� xk+1(t)); B(t)(uk+1(t)� uk(t))idt;

I3 =
Z
T

hpk(t); B(t)(u�(t)� uk+1(t))idt;

I4 =
Z
T

hpk(t); B(t)(uk+1(t)� uk(t))idt:

� á¨«ã ¥à ¢¥áâ¢  (39) I1 � 0. �®£« á® ®æ¥ª¥ (40) ¯à¨ v(t) = u�(t) ¯®«ãç ¥¬

I3 �
1
�

Z
T

huk+1(t)� uk(t); u�(t)� uk+1(t)idt:

� ãç¥â®¬ ä®à¬ã«ë ¯à¨à é¥¨ï (38) I4 = �(uk)� �(uk+1). � à¥§ã«ìâ â¥ ¨§ (41)  ©¤¥¬

�(uk+1)� �(u�) � I2 +
1
�

Z
T

huk+1(t)� uk(t); u�(t)� uk+1(t)idt:

� á¨«ã ®£à ¨ç¥®áâ¨ ¬®¦¥áâ¢  U ¨¬¥¥¬ ku�(t) � uk+1(t)k � C1, t 2 T . �à¨ íâ®¬ á¥¬¥©áâ¢®
ä §®¢ëå âà ¥ªâ®à¨© (x(t; u); u 2 V ) â ª¦¥ ®£à ¨ç¥® («¨¥© ï ä §®¢ ï á¨áâ¥¬ ), ¯®íâ®¬ã
kx�(t) � xk+1(t)k � C2, t 2 T . � ª®¥æ, ¯® ¥¯à¥àë¢®áâ¨ k	(t)k � C3, kB(t)k � C4, t 2 T .
�«¥¤®¢ â¥«ì®,

I2 � C

Z
T

kuk+1(t)� uk(t)kdt; C = C2C3C4;
Z
T

huk+1(t)� uk(t); u�(t)� uk+1(t)idt � C1

Z
T

kuk+1(t)� uk(t)kdt:

66



� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥ªã ¤«ï ¯à¨à é¥¨ï äãªæ¨® « 

�(uk+1)� �(u�) � (C + C1=�)�k; (42)

�k =
Z
T

kuk+1(t)� uk(t)kdt:

� ãá«®¢¨ïå â¥®à¥¬ë äãªæ¨® « �(u) ®£à ¨ç¥ á¨§ã   V , ¯®íâ®¬ã ¨¬¥¥â ¬¥áâ® áå®¤¨-
¬®áâì ¯® ¥¢ï§ª¥ ��(uk), â. ¥. Z

T

kuk+1(t)� uk(t)k2dt! 0; k !1:

�®áª®«ìªã ¢ á¨«ã ¥à ¢¥áâ¢  ��¥«ì¤¥à 

�2k � (t1 � t0)
Z
T

kuk+1(t)� uk(t)k2dt;

â® �k ! 0, k !1. � ãç¥â®¬ ®æ¥ª¨ (42) ¯à¨å®¤¨¬ ª ãâ¢¥à¦¤¥¨î â¥®à¥¬ë.
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