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� àï¤ã á ¨áå®¤­®© «¨­¥©­®© ®¤­®à®¤­®© ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬®© _x = A(t)x, x 2 R
n ,

t 2 R, á ®£à ­¨ç¥­­ë¬ ªãá®ç­®-­¥¯à¥àë¢­ë¬ ®¯¥à â®à­ë¬ ª®íää¨æ¨¥­â®¬ A : R ! End(Rn) =:
Mn ¨ ¬ âà¨æ¥© �®è¨ X(t; s) à áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x+B(t)u; u 2 Rm ; (1)

£¤¥ ®¯¥à â®à-äã­ªæ¨ï B : R ! Hom(Rm ;Rn ) =: Mn;m â ª¦¥ ®£à ­¨ç¥­  ¨ ªãá®ç­®-­¥¯à¥àë¢­ .
�ãáâì e1; : : : ; en | ª ­®­¨ç¥áª¨© ¡ §¨á ¯à®áâà ­áâ¢  R

n . �®à¬ã ¢ Rn ¯à¥¤¯®« £ ¥¬ ¥¢ª«¨¤®-
¢®©,   ¢ Mk;l | ®¯¥à â®à­®©, ¨­¤ãæ¨àã¥¬®© ¥¢ª«¨¤®¢ë¬¨ ­®à¬ ¬¨ ¢ Rl ¨ R

k . �áî¤ã ¤ «¥¥ E
| ¥¤¨­¨ç­ ï ¬ âà¨æ , B�(P ) := fH 2 Mk;l : kH � Pk � �g, KCk;l(I) | ¯à®áâà ­áâ¢® ®£à ­¨-
ç¥­­ëå ªãá®ç­®-­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© U(�), ®¯à¥¤¥«¥­­ëå ­  ¯à®¬¥¦ãâª¥ I ç¨á«®¢®© ®á¨
¨ ¤¥©áâ¢ãîé¨å ¢ Mk;l, á à ¢­®¬¥à­®© ­®à¬®© kUkC = sup

t2I
kU(t)k. �«ï «î¡®£® ­ ¡®à  ¢¥ªâ®-

à®¢ �i 2 R
k , i = 1; : : : ; l, § ¯¨áì [�1; : : : ; �l] ¡ã¤¥â ®¡®§­ ç âì ¬ âà¨æã ¨§ Mk;l, ¨¬¥îéãî á¢®¨¬¨

áâ®«¡æ ¬¨ ¢¥ªâ®àë �i. �ãáâì â ª¦¥ a := sup
t
kA(t)k, b := sup

t
kB(t)k; Q(t; s) := X(t; s)B(s).

� ¯®¬­¨¬ [1], çâ® á¨áâ¥¬  (1) ­ §ë¢ ¥âáï �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ áã-
é¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® �, çâ® ¬ âà¨æ  ã¯à ¢«ï¥¬®áâ¨ (¬ âà¨æ  � «¬ ­ )

W (t0; t0 + �) =
t0+�R
t0

Q(t0; s)Q>(t0; s)ds ¯à¨ ¢áïª¨å t0 2 R ¨ � 2 R
n ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

�>W (t0; t0 + �)� � �k�k2 (> ®§­ ç ¥â âà ­á¯®­¨à®¢ ­¨¥).
�ãáâì ã¯à ¢«¥­¨¥ u(�) ¢ á¨áâ¥¬¥ (1) § ¤ ­® ¯® ¯à¨­æ¨¯ã «¨­¥©­®© ®¡à â­®© á¢ï§¨

u(t) = U(t)x; (2)

£¤¥ U 2 KCm;n(R). �®£¤  (1) ¯à¨­¨¬ ¥â ¢¨¤ «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë _x = (A(t)+B(t)U(t))x,
¤«ï ª®â®à®© ®¯à¥¤¥«¥­  ¬ âà¨æ  �®è¨ XU (t; s).

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (1) �-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ , ¥á«¨
¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï � > 0, ¯®§¢®«ïîé¥¥ ¤«ï ¢áïª®© ¬ âà¨æë H 2 B�(E) ¨ «î¡®£®
t0 2 R ­ ©â¨ ã¯à ¢«ïîéãî ¬ âà¨æã U(�) 2 KCm;n([t0; t0 + �]), kUkC � ", ª®â®à ï ®¡¥á¯¥ç¨¢ ¥â
à ¢¥­áâ¢®

XU (t0 + �; t0) = X(t0 + �; t0)H: (3)

�â¬¥â¨¬, çâ® ¢ [2], [3] ¡ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë
(1) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U � Mm;n. �® ®¯à¥¤¥«¥­¨î á¨áâ¥¬  (1) ­ §ë¢ ¥âáï �-à ¢­®¬¥à­®
«®ª «ì­® ¤®áâ¨¦¨¬®© (®â­®á¨â¥«ì­® U), ¥á«¨ áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï «î¡®© H 2 B�(E)
¨ «î¡®£® t0 2 R ­ ©¤¥âáï ªãá®ç­®-­¥¯à¥àë¢­®¥ ®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ U : [t0; t0 + �] ! U,

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­â ò99-01-00454) ¨ �®­-

ªãàá­ë¬ æ¥­âà®¬ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨¨ (£à ­â ò�00-1.0-5).
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£ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (3). �ç¥¢¨¤­®, á¢®©áâ¢® �-à ¢­®¬¥à­®© «®ª «ì­®© ¤®-
áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (1) à ¢­®á¨«ì­® á¢®©áâ¢ã �-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ íâ®©
á¨áâ¥¬ë ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = B"(0) ¯à¨ ª ¦¤®¬ " > 0.

�¢®©áâ¢® à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ ¯®§¢®«ï¥â ¯à¨¬¥­ïâì ª «¨­¥©­ë¬ ã¯à ¢«ï-
¥¬ë¬ á¨áâ¥¬ ¬ ¬¥â®¤ ¯®¢®à®â®¢ �.�.�¨««¨®­é¨ª®¢  [4] (á¬. â ª¦¥ [5]), á ¯®¬®éìî ª®â®à®£®
¢ àï¤¥ á«ãç ¥¢ ã¤ ¥âáï ¤®ª § âì ãâ¢¥à¦¤¥­¨ï ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨  á¨¬¯â®â¨ç¥áª¨å
¨­¢ à¨ ­â®¢ á¨áâ¥¬ë (1) ¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«¥­¨© ¢¨¤  (2) (¯®¤à®¡­ë© ®¡§®à à¥§ã«ìâ â®¢
á®¤¥à¦¨âáï ¢ [3]).

� [6] ¡ë«® ¯®ª § ­®, çâ® ¨§ �-à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1) á«¥¤ã¥â ¥¥
�-à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì. � íâ®© áâ âì¥ ¤®ª § ­  íª¢¨¢ «¥­â­®áâì á¢®©áâ¢ à ¢-
­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ ¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1).

�¥¬¬  1. �¨áâ¥¬  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

áãé¥áâ¢ã¥â â ª®¥ ç¨á«® 
 > 0, çâ® ¤«ï ¯à®¨§¢®«ì­ëå t0 2 R ¨ � 2 R
n ­ ©¤¥âáï ã¯à ¢«¥­¨¥

u 2 KCm;1([t0; t0+�]), kukC � 
k�k, £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 
t0+�R
t0

Q(t0; s)u(s)ds=�.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ªà¨â¥à¨¥¬ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨, ª®â®àë©
¡ë« ¯®«ãç¥­ ¢ [7]: á¨áâ¥¬  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
ª®£¤  ¯à¨ ­¥ª®â®à®¬ 
 > 0 ¤«ï ¯à®¨§¢®«ì­ëå t0 2 R ¨ x0 2 R

n ­ ©¤¥âáï ã¯à ¢«¥­¨¥ u(�) 2
KCm;1([t0; t0+�]), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î kukC � 
kx0k ¨ â ª®¥, çâ® à¥è¥­¨¥ x(�) § ¤ ç¨�®è¨
¤«ï á¨áâ¥¬ë (1) á ã¯à ¢«¥­¨¥¬ u = u(�) ¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t0) = x0 ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0+�
¯®¯ ¤ ¥â ¢ ­ ç «® ª®®à¤¨­ â. �¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ íâ®© § ¤ ç¨ �®è¨ ï¢«ï¥âáï äã­ªæ¨ï

x(t) = X(t; t0)
�
x0 +

Z t

t0

Q(t0; s)u(s)ds
�
:

�«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï x(t0+�) = 0 ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
t0+�R
t0

Q(t0; s)u(s) ds = �x0.

�®« £ ï � = �x0, ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  2. �ãáâì á¨áâ¥¬  (1) �-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ . �®£¤  ¤«ï «î¡®£® � > 0
áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï ¢áïª®£® ¢¥ªâ®à  � 2 B�(0) � R

n ¨ ª ¦¤®£® t0 2 R ­ ©¤¥âáï

ã¯à ¢«¥­¨¥ v(�) 2 KCm;1([t0; t0 + �]), kvkC � �, £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

Z t0+�

t0

Q(t0; s)v(s)ds = �: (4)

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® "0 > 0 ¨ ®¡®§­ ç¨¬ l = exp((a+ b"0)�), �0 = "0l.
�®§ì¬¥¬ «î¡®¥ � 2]0; �0], ¯®«®¦¨¬ " = �=l 2]0; "0] ¨ ¯® ¢¥«¨ç¨­¥ " ¢ á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬
à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ ­ ©¤¥¬ � > 0. �ãáâì t0 2 R ¨ � 2 B�(0) � R

n ¯à®-
¨§¢®«ì­ë. �®áª®«ìªã ¬ âà¨æ  H := E + [�; 0; : : : ; 0] ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î kH � Ek =
k(H � E)e1k = k�k � �, ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(�) 2 KCm;n([t0; t0 + �]), kUkC � ", ®¡¥á¯¥-
ç¨¢ îé¥¥ à ¢¥­áâ¢® (3) á ¢ë¡à ­­®© H. �¡®§­ ç¨¬ Z(t) = XU (t; t0), V (t) = U(t)Z(t). �®£¤ 
V (�) 2 KCm;n([t0; t0 + �]), kV kC � kUkCkZkC � " exp((a + b")�) � " exp((a + b"0)�) = "l = �,  
¬ âà¨ç­ ï äã­ªæ¨ï Z(�) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î _Z = (A(t)+B(t)U(t))Z = A(t)Z+B(t)V (t) ¨
­ ç «ì­®¬ã ãá«®¢¨î Z(t0) = XU (t0; t0) = E. �§ ä®à¬ã«ë �®è¨ á«¥¤ã¥â, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­-

áâ¢® Z(t0 + �) = XU (t0 + �; t0) = X(t0 + �; t0)(E +
t0+�R
t0

Q(t0; s)V (s) ds), ª®â®à®¥ ¢¬¥áâ¥ á (3) ¤ ¥â

á®®â­®è¥­¨¥ E+
t0+�R
t0

Q(t0; s)V (s) ds = H, â. ¥.
t0+�R
t0

Q(t0; s)V (s) ds = H�E. �®§ì¬¥¬ v(t) = V (t)e1.
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�®£¤ 
t0+�R
t0

Q(t0; s)v(s) ds =
� t0+�R

t0

Q(t0; s)V (s)ds
�
e1 = (H�E)e1 = �, â. ¥. à ¢¥­áâ¢® (4) ¢ë¯®«­¥­®.

�«ï kvkC ¨¬¥¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã kvkC = kV e1kC � kV kC � �.
�à¨ � > �0 ¡¥à¥¬ � = �("0).

�¥®à¥¬  1. �¨áâ¥¬  (1) �-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,

ª®£¤  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �®«ì§ãïáì «¥¬¬®© 1, ¤®ª ¦¥¬ à ¢­®¬¥à­ãî ¯®«­ãî
ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (1). �®§ì¬¥¬ ¢¥«¨ç¨­ã � = �0=2 (�0 | ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2) ¨
¯® ­¥© ­ ©¤¥¬ á®®â¢¥âáâ¢ãîé¥¥ � > 0. �ãáâì � 2 Rn | ¯à®¨§¢®«ì­ë© ­¥­ã«¥¢®© ¢¥ªâ®à, � 2 Rn

| á®­ ¯à ¢«¥­­ë© ¥¬ã ¢¥ªâ®à ¤«¨­ë �=2. �®£¤  ¨¬¥¥¬ ¯à¥¤áâ ¢«¥­¨¥ � = ��, £¤¥ � = 2k�k=�.
� ª ª ª � 2 B�=2(0) � B�(0), â® ¢ á¨«ã «¥¬¬ë 2 ­ ©¤¥âáï ã¯à ¢«¥­¨¥ v(�) 2 KCm;1([t0; t0 + �]),
kvkC � � = �0=2, ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (4) á ¢ë¡à ­­ë¬ ¢¥ªâ®à®¬ �. �®« £ ï

u(t) = �v(t), ¡ã¤¥¬ ¨¬¥âì á®®â­®è¥­¨ï
t0+�R
t0

Q(t0; s)u(s)ds = �
t0+�R
t0

Q(t0; s)v(s)ds = �� = �,   ¤«ï

kukC | ®æ¥­ª¨ kukC = �kvkC = 2k�k kvkC=� � k�k�0=� =: 
k�k. �á«¨ � = 0, â® ¢ë¡¨à ¥¬
u(t) � 0. � ª¨¬ ®¡à §®¬, ¤«ï ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  � 2 R

n áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ u(�) 2
KCm;1([t0; t0 + �]), ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ kukC � 
k�k á ­¥ § ¢¨áïé¥© ®â � ¨ ®â t0 ¢¥«¨ç¨­®©

 ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

Z t0+�

t0

Q(t0; s)u(s)ds = �:

�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .
�®áâ â®ç­®áâì á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ à¥§ã«ìâ â®¢ à ¡®âë [6].

�¥®à¥¬  2. �«ï �-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (1) ­¥®¡å®¤¨¬® ¨ ¤®-

áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª¨å 
 > 0 ¨ �0 > 0, çâ® ¤«ï «î¡ëå t0 2 R ¨ H 2 B�0(E) ­ ©¤¥âáï
ã¯à ¢«¥­¨¥ U 2 KCm;n([t0; t0+�]), ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ kUkC � 
kH�Ek ¨ ®¡¥á¯¥ç¨¢ îé¥¥

¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (1) à ¢¥­áâ¢® (3).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ á¨áâ¥¬  (1) �-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ ,
â® ¢ á¨«ã â¥®à¥¬ë 1 ®­  ï¢«ï¥âáï �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©,   ¨§ â¥®à¥¬ë à ¡®âë [8]
¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ á¢®©áâ¢®.

�®áâ â®ç­®áâì. �®«®¦¨¬ "0 = 
�0. �®§ì¬¥¬ «î¡®¥ " 2]0; "0] ¨ ¯®áâ ¢¨¬ ¥¬ã ¢ á®®â¢¥âáâ¢¨¥
¢¥«¨ç¨­ã � := "=
. �ãáâì t0 2 R ¨ H 2 B�(E) ¯à®¨§¢®«ì­ë. � ª ª ª B�(E) � B�0(E), â®
¤«ï ¢ë¡à ­­®© H ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(�) 2 KCm;n([t0; t0 + �]), £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢  (3), ¯à¨ç¥¬ kUkC � 
kH � Ek � 
� = ". �§ ®¯à¥¤¥«¥­¨ï ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (1)
�-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ .

� ª¨¬ ®¡à §®¬, à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì (¨ à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥-
¬®áâì) á¨áâ¥¬ë (1) íª¢¨¢ «¥­â­  áãé¥áâ¢®¢ ­¨î ã¯à ¢«¥­¨ï U(�), ®¡¥á¯¥ç¨¢ îé¥£® à ¢¥­áâ¢®
(3) ¨ ¨¬¥îé¥£® «¨¯è¨æ¥¢ã ®æ¥­ªã kUkC ¢ § ¢¨á¨¬®áâ¨ ®â kH �Ek.
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