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�ãáâì U ¨ F | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®àë L;M 2 L(U ;F). � á ¡ã¤ãâ ¨â¥à¥á®¢ âì
¢®¯à®áë à §à¥è¨¬®áâ¨ § ¤ ç¨ �®è¨

L _u(t) =Mu(t) + f(t); (1)

u(0) = u0; (2)

¯à¨ íâ®¬ ®¯¥à â®à L ¯à¥¤¯®« £ ¥âáï ¥®¡à â¨¬ë¬.
� ¤ ç¥ (1), (2) ¯®á¢ïé¥® ¡®«ìè®¥ ç¨á«® à ¡®â, ®¡§®à ª®â®àëå ¬®¦®  ©â¨ ¢ [1], ¯à¨ç¨®©

¥®¡à â¨¬®áâ¨ ¢ ¨å ï¢«ï¥âáï ¥âà¨¢¨ «ì®áâì ï¤à  ®¯¥à â®à  L. � ¤ ®© à ¡®â¥ à áá¬ âà¨-
¢ ¥âáï ¯à®â¨¢®¯®«®¦ë© á«ãç ©, ª®£¤  KerL = f0g ¨ ¯à¨ç¨®© ¥®¡à â¨¬®áâ¨ ®¯¥à â®à  L
ï¢«ï¥âáï ¥£® ¥áîàê¥ªâ¨¢®áâì. �¨âã æ¨ï â ª®£® à®¤  ¨¬¥¥â ¬¥áâ® ¢ á«ãç ¥ ¢â®à®© ªà ¥¢®©
§ ¤ ç¨ ¤«ï ãà ¢¥¨ï �®áá¡¨ [2], ª®â®àãî à áá¬®âà¨¬ ¢ ª®æ¥ áâ âì¨ (â¥®à¥¬  2).

�  ¯à®âï¦¥¨¨ ¢á¥© à ¡®âë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® U ¨ F á®¯àï¦¥ë ¡  å®¢ë¬ ¯à®-
áâà áâ¢ ¬ Y ¨ X ,   L ¨ M ï¢«ïîâáï á®¯àï¦¥ë¬¨ ®£à ¨ç¥ë¬ «¨¥©ë¬ ®¯¥à â®à ¬ A ¨
B : X ! Y.

�«¥¤ãîé ï ª®áâàãªæ¨ï ï¢«ï¥âáï ¯® áãé¥áâ¢ã ¯®áâà®¥¨¥¬ æ¥¯®ç¥ª \®â®á¨â¥«ì® ¯à¨á®-
¥¤¨¥ëå ¢¥ªâ®à®¢" ([1], [2]).

�®«®¦¨¬ ¯à¨ k 2 N [ f0g

Y0 = 0; Xk = A�1(Yk); Yk+1 = B(Xk); X1 =
1[
k=0

Xk; Y1 =
1[
k=0

Yk; (3)

£¤¥ á¨¬¢®«®¬ A�1(Yk) ®¡®§ ç¥ ¯®«ë© ¯à®®¡à § ¬®¦¥áâ¢  Yk. �«ï íâ¨å ¬®¦¥áâ¢ ¢¥à 

�¥¬¬  1. 1) Xk � Xk+1, Yk � Yk+1;
2) X1 = A�1(Y1);
3) B(X1) = Y1.

�®ª § â¥«ìáâ¢®. �á«¨ k = 0, â® ¢ª«îç¥¨¥ Y0 � Y1 ®ç¥¢¨¤®. �«¥¤®¢ â¥«ì®, X0 =
A�1(Y0) � A�1(Y1) = X1. � ª¨¬ ®¡à §®¬, ¯à¨ k = 0 ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë á¯à ¢¥¤«¨-
¢®. �ãáâì Yk�1 � Yk ¯à¨ ¥ª®â®à®¬ k. �®£¤  Xk�1 = A�1(Yk�1) � A�1(Yk) = Xk. �®íâ®¬ã
Yk = B(Xk�1) � B(Xk) = Yk+1. �â ª, ãâ¢¥à¦¤¥¨¥ ¯¥à¢®£® ¯ãªâ  ¤®ª § ®.

�â®à®¥ ãâ¢¥¦¤¥¨¥ «¥¬¬ë ¨ ¢ª«îç¥¨¥ B(X1) � Y1 ¥áâì ®¡é¥¥ â¥®à¥â¨ª®-¬®¦¥áâ¢¥®¥
á¢®©áâ¢®. � ª ª ª Yk = B(Xk�1) � B(X1), â® Y1 � B(X1).

�¥§¤¥ ¤ «¥¥ ®¡®§ ç¥¨ï E?F ¨ E? ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢ á¬ëá«¥ ä®à¬ë ¤¢®©áâ¢¥®áâ¨
  ¯à®áâà áâ¢ å X ¨ X � (Y ¨ Y�).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  07-01-96030-à ãà «  ).
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�¥¬¬  2. �«ï á«¥¤ãîé¨å ãâ¢¥à¦¤¥¨©:

1) u 2 Y?
1
; 2) A�u 2 X?

1
; 3) B�u 2 X?

1
:

á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï 1), 2)) 3).

�®ª § â¥«ìáâ¢®. 1)) 2). �ãáâì u 2 Y?
1
, â®£¤  ¢ á¨«ã «¥¬¬ë 1 ¤«ï ¢á¥å x 2 X1 á¯à ¢¥¤«¨¢®

hu;Axi = 0. �«¥¤®¢ â¥«ì®, hA�u; xi = 0, â. ¥. A�u 2 X?

1
.

2)) 3). �«ï «î¡®£® x 2 X1 ¢ á¨«ã «¥¬¬ë 1  ©¤¥âáï í«¥¬¥â x1 2 X1 â ª®©, çâ® Ax1 = Bx.
�®£¤  hB�u; xi = hu;Bxi = hu;Ax1i = hA�u; x1i = 0, â. ª. A�u 2 X?

1
.

2) ) 1). �ãáâì A�u 2 X?

1
. � ¤® ¯à®¢¥à¨âì, çâ® u?Y1, â. ¥. çâ® u?Yk ¤«ï ¢á¥å k. �â® ¢¥à®

¯à¨ k = 0, ¯®áª®«ìªã Y0 = 0.
�ãáâì u?Yk ¯à¨ ¥ªâ®à®¬ k. �á«¨ y 2 Yk+1, â® ¢ á¨«ã (3) y = Ax, x 2 Xk+1 � X1. �®£¤ 

hu; yi = hu;Axi = hA�u; xi = 0, ¯®áª®«ìªã A�u?X1.

�¥¬¬  3. �ãáâì ImA� § ¬ªãâ. �®£¤  A�(Y?
1
) = X?

1
.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ImA� § ¬ªãâ, â® ImA� = KerA?. KerA = X0 � X1. �«¥¤®¢ -
â¥«ì®, A�(Y?

1
) � X?

1
. �¡à â®¥ ¢ª«îç¥¨¥ ¯®«ãç ¥¬ ¨§ «¥¬¬ë 2.

�«¥¤áâ¢¨¥. �á«¨ KerA� = 0 ¨ ImA� § ¬ªãâ, â® A� ¡¨¥ªâ¨¢® ®â®¡à ¦ ¥â Y?
1

  X?

1
¨,

á«¥¤®¢ â¥«ì®, ®¯¥à â®à A��1 : X?

1
! Y?

1
®£à ¨ç¥.

�¥à¥¬áï â¥¯¥àì ª § ¤ ç¥ (1), (2). �á«¨ ¯®ª ¦¥¬, çâ® u(t) ¯à¨ ¢á¥å t 2 [0; T ] «¥¦¨â ¢ Y?
1
, â®

Mu(t) 2 X?

1
¢ á¨«ã «¥¬¬ë 2 ¨, § ç¨â, ¢ ¯à¥¤¯®«®¦¥¨ïå á«¥¤áâ¢¨ï ãà ¢¥¨¥ (1) íª¢¨¢ «¥â®

ãà ¢¥¨î

_u+ L�1Mu = 0:

� ª¨¬ ®¡à §®¬, ®áâ «®áì ¯®ª § âì, çâ® u(t) 2 Y?
1
¯à¨ t 2 [0; T ]. �¤¥« ¥¬ íâ® ¯à¨ ¤®áâ â®ç®

á« ¡ëå ¯à¥¤¯®«®¦¥¨ïå   ª« áá à áá¬ âà¨¢ ¥¬ëå à¥è¥¨©. � ¨¬¥®, äãªæ¨î u(t) : (0; T )
(á«ãç © T = +1 ¥ ¨áª«îç ¥âáï)  §®¢¥¬ á« ¡ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1), ¥á«¨ ¤«ï ¢á¥å v 2 F�

hu(t); vi 2 C1(0; T ) ¨

d

dt
hLu; vi+ hMu; vi = 0:

�¥¬¬  4. �ãáâì u(t) | á« ¡®¥ à¥è¥¨¥ ãà ¢¥¨ï (1)   (0; T ). �®£¤  u(t) 2 Y?
1

¤«ï ¢á¥å

t 2 (0; T ).

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® u(t) 2 Y?
k
¤«ï ¢á¥å t 2 (0; T ) ¨ ¤«ï ¢á¥å k. �à¨

k = 0 u(t) 2 Y?0 , â. ª. Y0 = 0.
�ãáâì u(t) 2 Y?

k
(¤«ï ¢á¥å t 2 (0; T )) ¨ y 2 Yk+1. �®£¤  ¢ á¨«ã (3) y = Bx, £¤¥ x 2 Xk,

á«¥¤®¢ â¥«ì®, Ax 2 Yk. �®íâ®¬ã hu(t); yi = hu(t); Bxi = hMu(t); xi = d

dt
hLu(t); xi = d

dt
hu(t); Axi.

�® ¯à¨ x 2 Xk ¨¬¥¥â ¬¥áâ® Ax 2 Yk ¨, § ç¨â, hu(t); Axi = 0.

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  1. �ãáâì U ¨ F | ¡  å®¢ë ¯à®áâà áâ¢ , á®¯àï¦¥ë¥ X ¨ Y á®®â¢¥âáâ¢¥-

®, L;M : U ! F | «¨¥©ë¥ ®£à ¨ç¥ë¥ ®¯¥à â®àë, á®¯àï¦¥ë¥ A;B : X ! Y, KerL = 0,
ImL § ¬ªãâ. �®£¤  ¤«ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï u(t) § ¤ ç¨ (1), (2) ª« áá  C1(0; T ) \ C[0; T )
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë (¢ ®¡®§ ç¥¨ïå (3)) u0 2 Y?1. �à¨ íâ®¬ à¥è¥¨¥ § ¤ ç¨ (1),
(2) ãª § ®£® ª« áá  ¥¤¨áâ¢¥® ¨ ¯à¨ ¢á¥å t 2 [0; T ) u(t) 2 Y?

1
.

� ¬¥ç ¨¥. � â¥à¬¨®«®£¨¨ [1] Y?
1
ï¢«ï¥âáï ä §®¢ë¬ ¯à®áâà áâ¢®¬ ãà ¢¥¨ï (1).
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� áá¬®âà¨¬ â¥¯¥àì ¢â®àãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨ï �®áá¡¨ ¢ ®£à ¨ç¥®© ®¡« áâ¨

 á £« ¤ª®© £à ¨æ¥© @


��ut + ux1 = 0; (4)

@ut
@�

���
�T

= 0; (5)

ru
��
t=0

= ru0; (6)

£¤¥ �T = (0; T ) � 
, � | ®à¬ «ì ª @
.
�â¬¥â¨¬, çâ® ¯à¨ § ¬¥¥ u   u + c (¨ ¤ ¦¥   u + c(t)) à ¢¥áâ¢  (4){(6) á®åà ïîâáï,

¯®íâ®¬ã ¥áâ¥áâ¢¥® ¢ ª ç¥áâ¢¥ U ¢ë¡à âì ¯à®áâà áâ¢® W 1
2 (
)= const = U = Y�. �®£¤  Y =

fv 2 (W 1
2 (
))

� : hv; 1i = 0g. �ãáâì F = (W 1
2 (
))

�, X = F� =W 1
2 (
).

�¬®¦¨¢ (4)   ¯à®¡ãî äãªæ¨î v, ¨ ¯à®¨â¥£à¨à®¢ ¢ ¯® 
, ¯®«ãç¨¬Z



(rutrv + ux1v)dx = 0:

� ª¨¬ ®¡à §®¬, § ¤ ç  (4){(6) à¥¤ãæ¨àã¥âáï ¤® § ¤ ç¨ (1), (2), ¥á«¨ ®¯¥à â®àë L : U ! F ¨
M : U ! F ®¯à¥¤¥«¨âì à ¢¥áâ¢ ¬¨

hLu; vi =
Z



rurv dx; hMu; vi =
Z



ux1v dx (7)

¤«ï «î¡®© äãªæ¨¨ v 2 X =W 1
2 (
).

�¥¬¬  5. �ãáâì Pk | ¬®¦¥áâ¢® ¬®£®ç«¥®¢ áâ¥¯¥¨ k ¯¥à¥¬¥®© x1. �®£¤  (¢ ®¡®-

§ ç¥¨ïå (3)) Xk = Pk= const.

�®ª § â¥«ìáâ¢®. �à¨ k = 0 ãâ¢¥à¦¤¥¨¥ «¥¬¬ë á¯à ¢¥¤«¨¢®, ¯®áª®«ìªã X0 = 0 ¨
P0= const = 0.

�ãáâì Xk = Pk= const ¯à¨ ¥ª®â®à®¬ k. � á¨«ã (3) ãá«®¢¨¥ v 2 Xk+1 íª¢¨¢ «¥â® ãá«®-
¢¨î Av 2 Yk+1 = B(Xk). � á¨«ã ¯à¥¤¯®«®¦¥¨ï ¨¤ãªæ¨¨ ¯®«ãç¨¬ Av = B(vk), £¤¥ vk(x1) |
¬®£®ç«¥ áâ¥¯¥¨ k.

�ç¨âë¢ ï, çâ® A ¨ B á®¯àï¦¥ë L ¨ M , ¨§ (7) ¯®«ãç¨¬ â®¦¤¥áâ¢®Z



rurv dx =
Z



ux1vk dx; (8)

á¯à ¢¥¤«¨¢®¥ ¤«ï ¢á¥å u 2 W 1
2 (
)= const. � ¢¥áâ¢ã (8) ¬®¦¥â ã¤®¢«¥â¢®àïâì ¥ ¡®«¥¥ ®¤®©

äãªæ¨¨ v 2 W 1
2 (
)= const (â. ª. â®¦¤¥áâ¢® (8) ®§ ç ¥â, çâ® �v = ', £¤¥ ' 2 (W 1

2 (
))
�, h'; ui =R




ux1vk dx).

�¥£ª® ¢¨¤¥âì, çâ® ¯¥à¢®®¡à § ï äãªæ¨¨ vk(x1) à ¢¥áâ¢ã (8) ã¤®¢«¥â¢®àï¥â. �«¥¤®¢ â¥«ì-
®, v ¥áâì ¬®£®ç«¥ áâ¥¯¥¨ k + 1.

�¥®à¥¬  2. �«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (4){(6) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¤«ï ¢á¥å

æ¥«ëå ¥®âà¨æ â¥«ìëå k ¢ë¯®«ï«®áì à ¢¥áâ¢®Z



u0x1x
k

1 dx = 0: (9)

�á«¨ (9) ¢ë¯®«¥®, â® à¥è¥¨¥ u(t; x) ¥¤¨áâ¢¥® ¢ ª« áá¥ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®-

¢¨î Z



u(t; x) dx = 0:

�à¨ íâ®¬ ¤«ï ¢á¥å t 2 [0; T ) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®Z



ux1(t; x)x
k

1 dx = 0:
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�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 5 à ¢¥áâ¢® (9) ®§ ç ¥â, çâ® B�u0 = Mu0 2 X?

1
. �«ï

â®£® çâ®¡ë ¯à¨¬¥¨âì â¥®à¥¬ã 1, ¥®¡å®¤¨¬® ¯à®¢¥à¨âì, çâ® u0 2 Y?1. � ª¨¬ ®¡à §®¬, ®áâ ¥âáï
ã¡¥¤¨âìáï, çâ® ¢á¥ âà¨ ãâ¢¥à¦¤¥¨ï «¥¬¬ë 2 ¢ ¤ ®¬ á«ãç ¥ íª¢¨¢ «¥âë.

�á«®¢¨¥ B�u 2 X?

1
®§ ç ¥â, çâ® ¤«ï «î¡®£® ¬®£®ç«¥  P (x1) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®Z




ux1P (x1) dx = 0: (10)

� ãá«®¢¨¥ A�u 2 X?

1
íª¢¨¢ «¥â® Z




rurP (x1) dx = 0: (11)

�®
R



rurP (x1) dx =
R



ux1P
0(x1) dx ¨, á«¥¤®¢ â¥«ì®, (10) ¢«¥ç¥â (11).

� ª¨¬ ®¡à §®¬, ä §®¢®¥ ¯à®áâà áâ¢® [1] § ¤ ç¨ (4){(6) ¨¬¥¥â ¡¥áª®¥çãî ª®à §¬¥à®áâì.

�¨â¥à âãà 
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