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1. �¢¥¤¥­¨¥

�®­ïâ¨¥ R-¤¥à¥¢  ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¯®­ïâ¨ï á¨¬¯«¨æ¨ «ì­®£® ¤¥à¥¢  ¨ ¢ª«îç ¥âáï ¢
¡®«¥¥ ®¡é¥¥ á¥¬¥©áâ¢® â ª ­ §ë¢ ¥¬ëå �-¤¥à¥¢ì¥¢. �¥®¤¥§¨ç¥áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X
­ §ë¢ ¥âáï R-¤¥à¥¢®¬, ¥á«¨ ¢ «î¡®¬ ¥£® âà¥ã£®«ì­¨ª¥ ª ¦¤ ï ¨§ áâ®à®­ á®¤¥à¦¨âáï ¢ ®¡ê-
¥¤¨­¥­¨¨ ¤¢ãå ¤àã£¨å áâ®à®­. � ¤ ­­®© áâ âì¥ ¢¢®¤¨âáï ¯®­ïâ¨¥ ¬¥âà¨ç¥áª®© ¯®«ãà¥è¥âª¨ ­ 
¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¨ ¤®ª §ë¢ ¥âáï á«¥¤ãîé¨© ªà¨â¥à¨©.

�¥®à¥¬  1. �ãáâì X | £¥®¤¥§¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �á«¨ X ï¢«ï¥âáï R-¤¥à¥¢®¬, â® ¤«ï

«î¡®© â®çª¨ o 2 X ­  X áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ç áâ¨ç­ë© ¯®àï¤®ª, ¯® ®â­®è¥­¨î ª

ª®â®à®¬ã íâ® ¯à®áâà ­áâ¢® ï¢«ï¥âáï ¢¥àå­¥ ¯®«ã«¨­¥©­®© ¬¥âà¨ç¥áª®© _-¯®«ãà¥è¥âª®© á

ª®à­¥¬ o. �® ®â­®è¥­¨î ª â ª®¬ã ¯®àï¤ªã ª ¦¤®¥ ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® A � X ¨¬¥¥â

â®ç­ãî ¢¥àå­îî £à ­ì. �¡à â­®, ¥á«¨ X ¤®¯ãáª ¥â ç áâ¨ç­ë© ¯®àï¤®ª, ¯à¥¢à é îé¨© X ¢

¯®«ã«¨­¥©­ãî ¬¥âà¨ç¥áªãî ¯®«ãà¥è¥âªã á ®¡é¨¬ ­ ¯à ¢«¥­¨¥¬ ¯®«ã«¨­¥©­®áâ¨ ¨ ¯®«ãà¥-

è¥âª¨, â® X | R-¤¥à¥¢®.

�§ãç ¥âáï ¬­®¦¥áâ¢® O+(X) ç áâ¨ç­ëå ¯®àï¤ª®¢ ­  ¯®«­®¬ «®ª «ì­® ª®¬¯ ªâ­®¬ R-¤¥à¥¢¥
X, § ¤ îé¨å ­  X ¢¥àå­¥ ¯®«ã«¨­¥©­ë¥ ¬¥âà¨ç¥áª¨¥ _-¯®«ãà¥è¥âª¨. �  O+(X) ¢¢®¤¨âáï â®-
¯®«®£¨ï. �  ¯®¤¯à®áâà ­áâ¢¥ Or

+(X) � O+(X), á®áâ®ïé¥¬ ¨§ ª®à­¥¢ëå ¯®àï¤ª®¢, íâ  â®¯®«®£¨ï
¯®à®¦¤ ¥âáï ¬¥âà¨ª®© � ãá¤®àä  ­  á¥¬¥©áâ¢¥ C(X�X) § ¬ª­ãâëå ¯®¤¬­®¦¥áâ¢ ¬¥âà¨ç¥áª®£®
ª¢ ¤à â  X�X. �à®¤®«¦¥­¨¥ â®¯®«®£¨¨ ­  ¢á¥ O+(X) áâà®¨âáï ¯à¨ ¯®¬®é¨ ¡ §ë ®ªà¥áâ­®áâ¥©
­¥ª®à­¥¢ëå ¯®àï¤ª®¢. �®ª §ë¢ ¥âáï

�¥®à¥¬  2. �¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® Or
+(X) ¨§®¬¥âà¨ç­® X,   â®¯®«®£¨ç¥áª®¥ ¯à®-

áâà ­áâ¢® O+(X) £®¬¥®¬®àä­® ¬¥âà¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨ Xm ¯à®áâà ­áâ¢  X.

� ª ç¥áâ¢¥ ¯à¨¬¥­¥­¨ï â¥®à¥¬ë 1 ¢ ¯ à £à ä¥ 5 áâà®¨âáï ¯à¨¬¥à, ¯®ª §ë¢ îé¨© áãé¥áâ¢¥­-
­®áâì ãá«®¢¨ï «®ª «ì­®© ª®¬¯ ªâ­®áâ¨ ¢ á«¥¤ãîé¥© £¨¯®â¥§¥, ª®â®à ï ¡ë«  áä®à¬ã«¨à®¢ ­ 
¢ [1].

�¨¯®â¥§ . �áïª®¥ «®ª «ì­® ª®¬¯ ªâ­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ ¬¥âà¨ç¥áª®¥ ¯à®-

áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© (X; �) £®¬¥®¬®àä­® â®¯®«®£¨ç¥áª®¬ã ¯à®¨§¢¥¤¥­¨î F �R+ ,

£¤¥ F | ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® ãà®¢­ï äã­ªæ¨¨ à ¤¨ãá  ¯®«­®âë ­  X. �®¯®«®£¨ç¥áª ï £àã¯-

¯  Sim(X) ¯®¤®¡¨© X £®¬¥®¬®àä­  ¯àï¬®¬ã â®¯®«®£¨ç¥áª®¬ã ¯à®¨§¢¥¤¥­¨î Isom(X)�R+ , £¤¥

Isom(X) � Sim(X) | ¯®¤£àã¯¯  ¨§®¬¥âà¨© X.

�¥à¥§ R+ ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¯®«®¦¨â¥«ì­ëå ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«. �®áâà®¥­­®¥ ¬¥-
âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ï¢«ï¥âáï R-¤¥à¥¢®¬ ¨ ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ £¨¯®â¥§ë § 
¨áª«îç¥­¨¥¬ ãá«®¢¨ï «®ª «ì­®© ª®¬¯ ªâ­®áâ¨. �­® ­¥ £®¬¥®¬®àä­® â®¯®«®£¨ç¥áª®¬ã ¯à®¨§-
¢¥¤¥­¨î F � R+ , ­® ¡ã¤¥â ¬¥âà¨ç¥áª¨¬ à áá«®¥­¨¥¬ ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï áâ âì¨ [2]. � ¦¤ ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â 04-01-00315-a, ¨ ¢¥¤®¬áâ¢¥­­®© ¯à®£à ¬¬ë \� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ë", ª®¤

¯à®¥ªâ  ò335.
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â®çª  ¯®áâà®¥­­®£® ¯à®áâà ­áâ¢  ï¢«ï¥âáï ¥£® â®çª®© ¢¥â¢«¥­¨ï. �àã¯¯  ¯®¤®¡¨© Sim(X) à á-
é¥¯«ï¥âáï á ¯®¬®éìî â®ç­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

0! Isom(X)! Sim(X)! R+ ! 0; (1)

­® ­¥ £®¬¥®¬®àä­  â®¯®«®£¨ç¥áª®© £àã¯¯¥ Isom(X)� R+ .

2. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

�ãáâì (X; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �à âç ©è¥© ¢ X ­ §ë¢ ¥âáï ®¡à § ¯à¨ ®â®¡à -
¦¥­¨¨ 
 : h�; �i ! X (­ âãà «ì­®© ¯ à ¬¥âà¨§ æ¨¨ ªà âç ©è¥©) ç¨á«®¢®£® ¯à®¬¥¦ãâª  h�; �i,
¯à¨ ª®â®à®¬ �(
(s)
(t)) = js� tj ¤«ï ¢á¥å s; t 2 h�; �i. �á«¨ h�; �i ¢ íâ®¬ ®¯à¥¤¥«¥­¨¨ ï¢«ï¥âáï
ç¨á«®¢ë¬ á¥£¬¥­â®¬, â® £®¢®àïâ, çâ® 
 ¥áâì ®âà¥§®ª, á®¥¤¨­ïîé¨© x = 
(�) ¨ y = 
(�). �á«¨
� 2 R ¨ � = +1, â® 
 | «ãç,   ¥á«¨ h�; �i = R, â® 
 | ¯àï¬ ï. � âãà «ì­ ï ¯ à ¬¥âà¨§ -
æ¨ï ¢áïª®© ªà âç ©è¥© ®¯à¥¤¥«¥­  á â®ç­®áâìî ¤® ¤®¡ ¢«¥­¨ï ª®­áâ ­âë ª® ¢á¥¬ §­ ç¥­¨ï¬
¯ à ¬¥âà  ¨ ¢ë¡®à  ®à¨¥­â æ¨¨.

�¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï £¥®¤¥§¨ç¥áª¨¬, ¥á«¨ «î¡ë¥ ¤¢¥ ¥£® â®çª¨ x; y 2 X
¬®¦­® á®¥¤¨­¨âì ®âà¥§ª®¬. � ®¡é¥¬ á«ãç ¥ â ª®© ®âà¥§®ª ­¥ ¥¤¨­áâ¢¥­­ë©. �à®áâà ­áâ¢® X
­ §ë¢ ¥âáï «®ª «ì­® ¯®«­ë¬, ¥á«¨ ¤«ï ª ¦¤®© â®çª¨ x 2 X áãé¥áâ¢ã¥â â ª®¥ ç¨á«® c(X) > 0,
çâ® ¢á¥ § ¬ª­ãâë¥ è àë á æ¥­âà®¬ x ¨ á à ¤¨ãá ¬¨, ¬¥­ìè¨¬¨ c(x), ¯®«­ë. � ªá¨¬ «ì­®¥
§­ ç¥­¨¥ ¢¥«¨ç¨­ë c(x), ®¡« ¤ îé¥¥ â ª¨¬ á¢®©áâ¢®¬, ­ §ë¢ ¥âáï à ¤¨ãá®¬ ¯®«­®âë ¢ â®çª¥
x. � ¤¨ãá ¯®«­®âë ­¥¯à¥àë¢­® § ¢¨á¨â ®â â®çª¨ x 2 X.

�â®¡à ¦¥­¨¥ f : X ! Y ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �X) ¢ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®
(Y; �Y ) ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥¬ ¯®¤®¡¨ï á ª®íää¨æ¨¥­â®¬ k > 0, ¥á«¨ ¤«ï ¢á¥å x; y 2 X
¢ë¯®«­ï¥âáï �Y (f(x); f(y)) = k�X(x; y). �à¨ k = 1 ®â®¡à ¦¥­¨¥ ¯®¤®¡¨ï ­ §ë¢ ¥âáï ¨§®¬¥âà¨-
ç¥áª¨¬ ®â®¡à ¦¥­¨¥¬. �â®¡à ¦¥­¨¥ ¯®¤®¡¨ï ¯à®áâà ­áâ¢  X ­  á¥¡ï ­ §ë¢ ¥âáï ¯®¤®¡¨¥¬,  
¨§®¬¥âà¨ç¥áª®¥ ®â®¡à ¦¥­¨¥ X ­  á¥¡ï | ¨§®¬¥âà¨¥© X.

�¥®¤¥§¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï R-¤¥à¥¢®¬, ¥á«¨ «î¡ë¥ ¤¢¥ ¥£® â®çª¨ ¬®¦­® á®-
¥¤¨­¨âì ¥¤¨­áâ¢¥­­ë¬ ®âà¥§ª®¬ ¨ ¤«ï «î¡ëå ¥£® âà¥å â®ç¥ª x; y; z 2 X ®âà¥§®ª [xy] á®¤¥à¦¨âáï
¢ [xz] [ [yz]. �­ «®£¨ç­®¥ ¢ª«îç¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï ®âà¥§ª®¢ [xz] ¨ [yz]. �á­®¢­ë¥ ä ªâë
â¥®à¨¨ R-¤¥à¥¢ì¥¢ ¬®¦­® ­ ©â¨ ¢ [3].

�«ï ¯à®¨§¢®«ì­®£® ¯®«­®£® «®ª «ì­® ª®¬¯ ªâ­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �) ®¯à¥-
¤¥«¥­  ¥£® ¬¥âà¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï Xm [4]. �­  ¬®¦¥â ¡ëâì ®¯¨á ­  á«¥¤ãîé¨¬ ®¡à -
§®¬. � áá¬®âà¨¬ ¢«®¦¥­¨¥ �ãà â®¢áª®£® ¯à®áâà ­áâ¢  X ¢ ¯à®áâà ­áâ¢® C(X;R) ­¥¯à¥àë¢­ëå
äã­ªæ¨© ­  X á ª®¬¯ ªâ­®-®âªàëâ®© â®¯®«®£¨¥©. � ¦¤®© â®çª¥ x 2 X á®¯®áâ ¢«ï¥âáï ¥¥ ¤¨-
áâ ­æ¨®­­ ï äã­ªæ¨ï

dx(y) = �(x; y)� �(o; x);

£¤¥ o 2 X | ®â¬¥ç¥­­ ï â®çª . �à¨ § ¬¥­¥ ®â¬¥ç¥­­®© â®çª¨ o ¢á¥ ¤¨áâ ­æ¨®­­ë¥ äã­ªæ¨¨
¬¥­ïîâáï ­  ª®­áâ ­âã, ¯®íâ®¬ã ãª § ­­®¥ ¢«®¦¥­¨¥ ¯à®¤®«¦ ¥âáï ¤® ¢«®¦¥­¨ï X ¢ ä ªâ®à-
¯à®áâà ­áâ¢® C�(X;R) = C(X;R)=fconstsg ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  C(X;R) ¯® ¥£® ®¤­®¬¥à­®¬ã
¯®¤¯à®áâà ­áâ¢ã ª®­áâ ­â. X ®â®¦¤¥áâ¢«ï¥âáï á ¥£® ®¡à §®¬ ¢ C�(X;R). �¥âà¨ç¥áª®© ª®¬¯ ª-

â¨ä¨ª æ¨¥© ¯à®áâà ­áâ¢  X ­ §ë¢ ¥âáï ¥£® § ¬ëª ­¨¥ ¢ C�(X;R),   £à ­¨æ  @mX = Xm n X
| ¬¥âà¨ç¥áª®© £à ­¨æ¥©. �à¥¤¥«ì­ë¥ äã­ªæ¨¨, ¯à¨­ ¤«¥¦ é¨¥ @mX, ­ §ë¢ îâáï ®à¨äã­ª-

æ¨ï¬¨.
�ª¢¨¢ «¥­â­®¥ ¯à¨¢¥¤¥­­®¬ã ¢ëè¥ ®¯à¥¤¥«¥­¨¥ ¬¥âà¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨ ª ª ¯à®-

áâà ­áâ¢  á®áâ®ï­¨© ã­¨â «ì­®© ª®¬¬ãâ â¨¢­®© C�- «£¥¡àë, ¯®à®¦¤¥­­®© ª®­áâ ­â ¬¨, äã­ª-
æ¨ï¬¨, à ¢­ë¬¨ ­ã«î ­  ¡¥áª®­¥ç­®áâ¨, ¨ à §­®áâï¬¨ ¤¨áâ ­æ¨®­­ëå äã­ªæ¨©, ¤ ­® ¢ [5].

�à®áâà ­áâ¢® X ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬ (á®®â¢¥âáâ¢¥­­® ¯®¤®¡­® ®¤­®à®¤­ë¬), ¥á«¨ £àã¯-
¯  ¨§®¬¥âà¨© (á®®â¢¥âáâ¢¥­­® ¯®¤®¡¨©) ¤¥©áâ¢ã¥â ­  X âà ­§¨â¨¢­®. � [1] ¨§ãç ¥âáï ¬¥âà¨ç¥-
áª®¥ áâà®¥­¨¥ «®ª «ì­® ¯®«­ëå ¯®¤®¡­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢
á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �áâ ­®¢«¥­®, çâ® ¢áïª®¥ â ª®¥ ¯à®áâà ­áâ¢® ª®­ä®à¬­® íª¢¨¢ «¥­â­®
¯®«­®¬ã ®¤­®à®¤­®¬ã ¯à®áâà ­áâ¢ã á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �ã­ªæ¨ï à ¤¨ãá  ¯®«­®âë ¢ íâ®¬
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á«ãç ¥ ï¢«ï¥âáï áã¡¬¥âà¨¥© ¯à®áâà ­áâ¢  X ­  R+ , â. ¥. ®â®¡à ¦ ¥â ¯à®¨§¢®«ì­ë© è à ¢ X ­ 
è à â®£® ¦¥ à ¤¨ãá  ¢ R+ .

�¢  ¯®¤¬­®¦¥áâ¢  F1, F2 ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ X ­ §ë¢ îâáï íª¢¨¤¨áâ ­â­ë¬¨, ¥á«¨
¤«ï ª ¦¤®© â®çª¨ xi 2 Fi, i = 1; 2, áãé¥áâ¢ã¥â â®çª  xj 2 Fj , j 6= i, ¤«ï ª®â®à®© à ááâ®ï­¨¥
�(xi; xj) à ¢­® à ááâ®ï­¨î ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ F1 ¨ F2. �¥âà¨ç¥áª®¥ à áá«®¥­¨¥ F ¯à®áâà ­-
áâ¢  X ¥áâì ¥£® à §¡¨¥­¨¥ ­  ¯®¯ à­® ¨§®¬¥âà¨ç­ë¥ ®â­®á¨â¥«ì­® ¬¥âà¨ª¨, ¨­¤ãæ¨à®¢ ­­®©
�, íª¢¨¤¨áâ ­â­ë¥ § ¬ª­ãâë¥ ¬­®¦¥áâ¢ . � ªâ®à-¬­®¦¥áâ¢® M=F ­ á«¥¤ã¥â ¥áâ¥áâ¢¥­­ãî ¬¥-
âà¨ªã �(F1; F2), F1; F2 2 F , ¤«ï ª®â®à®© ®â®¡à ¦¥­¨¥ ä ªâ®à¨§ æ¨¨ p : M ! M=F ï¢«ï¥âáï
áã¡¬¥âà¨¥©.

�«ï ¯à®¨§¢®«ì­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �) ­  á¥¬¥©áâ¢¥ C(X) § ¬ª­ãâëå ¯®¤¬­®-
¦¥áâ¢ ¢ X ®¯à¥¤¥«¥­  â ª ­ §ë¢ ¥¬ ï ¬¥âà¨ª  � ãá¤®àä  Hd, ª®â®à ï ¬®¦¥â ¯à¨­¨¬ âì ¢ â®¬
ç¨á«¥ §­ ç¥­¨¥ +1. �®¤ à ááâ®ï­¨¥¬ � ãá¤®àä  ¬¥¦¤ã § ¬ª­ãâë¬¨ ¬­®¦¥áâ¢ ¬¨ V;W � X
¯®­¨¬ ¥âáï ¢¥«¨ç¨­ 

Hd(V;W ) = inff" > 0 j V � N"(W ); W � N"(V )g;

£¤¥ N"(P ) | "-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  P � X, â. ¥.

N"(P ) = fy 2 X j 9x 2 P; �(x; y) < "g:

3. �à¨â¥à¨© R-¤¥à¥¢ 

� ¤¨¬ ®¯à¥¤¥«¥­¨¥ ¬¥âà¨ç¥áª®© ¯®«ãà¥è¥âª¨ ¨ ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �á­®¢-
­ë¥ ä ªâë â¥®à¨¨ à¥è¥â®ª ¨ ç áâ¨ç­® ã¯®àï¤®ç¥­­ëå ¬­®¦¥áâ¢ ¬®¦­® ­ ©â¨ ¢ [6].

�¯à¥¤¥«¥­¨¥ 1. �ãáâì ­  ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ (X; �) § ¤ ­® ®â­®è¥­¨¥ ç áâ¨ç­®£®
¯®àï¤ª  � ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ®â­®è¥­¨¥ áâà®£®£® ¯®àï¤ª  �. �à¥¤¯®«®¦¨¬, çâ® ã¯®àï¤®-
ç¥­­®¥ ¬­®¦¥áâ¢® (X;�) ï¢«ï¥âáï _-¯®«ãà¥è¥âª®© (^-¯®«ãà¥è¥âª®©), â. ¥. ¤«ï «î¡ëå ¤¢ãå â®-
ç¥ª x; y 2 X áãé¥áâ¢ã¥â ¨å â®ç­ ï ¢¥àå­ïï (á®®â¢¥âáâ¢¥­­® ­¨¦­ïï) £à ­ì x_y (á®®â¢¥âáâ¢¥­­®
x^y). �à®©ª  (X; �;�) ­ §ë¢ ¥âáï ¬¥âà¨ç¥áª®© _-¯®«ãà¥è¥âª®© (á®®â¢¥âáâ¢¥­­® ¬¥âà¨ç¥áª®©
^-¯®«ãà¥è¥âª®©), ¥á«¨

(1) ¤«ï «î¡ëå x; y; z 2 X ¨§ ®â­®è¥­¨© x � z � y á«¥¤ã¥â à ¢¥­áâ¢® �(x; z)+�(z; y) = �(x; y),
(2) ¤«ï «î¡ëå â®ç¥ª x; y 2 X ¢ë¯®«­¥­® à ¢¥­áâ¢®

�(x; y) = �(x; x _ y) + �(x _ y; y)

(á®®â¢¥âáâ¢¥­­®
�(x; y) = �(x; x ^ y) + �(x ^ y; y)):

�®áª®«ìªã, ¡« £®¤ àï ¯à¨­æ¨¯ã ¤¢®©áâ¢¥­­®áâ¨, ¢á¥ ãâ¢¥à¦¤¥­¨ï ® _-¯®«ãà¥è¥âª å ¯¥à¥-
­®áïâáï ­  ^-¯®«ãà¥è¥âª¨  ¢â®¬ â¨ç¥áª¨, ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® _-¯®«ã-
à¥è¥âª¨.

� ¯®¬­¨¬, çâ® ç áâ¨ç­ë© ¯®àï¤®ª � ­  ¬­®¦¥áâ¢¥ X ­ §ë¢ ¥âáï ¯®«ã«¨­¥©­ë¬ á¢¥àåã

(á­¨§ã), ¥á«¨ ¤«ï ª ¦¤®© â®çª¨ x 2 X ¥¥ ¢¥àå­¨© (á®®â¢¥âáâ¢¥­­® ­¨¦­¨©) ª®­ãá

Ux = fy 2 X j x � yg

(á®®â¢¥âáâ¢¥­­®
Lx = fz 2 X j z � xg)

«¨­¥©­® ã¯®àï¤®ç¥­.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãé¥áâ¢®¢ ­¨¥ ¯®àï¤ª . �ãáâì X | R-¤¥à¥¢®. �ë¡¥à¥¬ ¯à®-
¨§¢®«ì­ãî â®çªã o 2 X ¨ ®¯à¥¤¥«¨¬ ®â­®è¥­¨¥ �(o) ãá«®¢¨¥¬: ¤«ï â®ç¥ª x; y 2 X ¡ã¤¥¬ áç¨â âì,
çâ® y �(o) x ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ x 2 [oy]. �â­®è¥­¨¥ �(o) âà ­§¨â¨¢­®, â. ª. ¥á«¨
x 2 [oy] ¨ y 2 [oz], â® ¯® ®¯à¥¤¥«¥­¨î R-¤¥à¥¢  [oy] � [oz] ¨ x 2 [oz]. �­â¨á¨¬¬¥âà¨ç­®áâì
®â­®è¥­¨ï �(o) ®ç¥¢¨¤­ . �«¥¤®¢ â¥«ì­®, ®â­®è¥­¨¥ �(o) ¥áâì ®â­®è¥­¨¥ ç áâ¨ç­®£® ¯®àï¤ª .
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�®àï¤®ª �(o) ï¢«ï¥âáï ¢¥àå­¨¬ ¯®«ã«¨­¥©­ë¬: ¥á«¨ x �(o) y ¨ x �(o) z, â® y; z 2 [ox] ¨,
á«¥¤®¢ â¥«ì­®, «¨¡® y 2 [oz], «¨¡® z 2 [ox]. �®íâ®¬ã ¢á¥ ¬­®¦¥áâ¢  Ux ã¯®àï¤®ç¥­ë «¨­¥©­®.

� áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® B � X ¨ ¬­®¦¥áâ¢®

Z(B) =
\
b2B

[ob]:

�­®¦¥áâ¢® Z(B) ­¥¯ãáâ®, â. ª. o 2 Z(B). �®«¥¥ â®£®, Z(B) «¨¡® ï¢«ï¥âáï ®¤­®â®ç¥ç­ë¬, «¨¡®
£®¬¥®¬®àä­® ®âà¥§ªã. �¥©áâ¢¨â¥«ì­®, Z(B) á®¤¥à¦¨âáï ¢ ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [ob] ¨ «¨­¥©­®
á¢ï§­®, ¯®íâ®¬ã «¨¡® á®áâ®¨â ¨§ ®¤­®© â®çª¨ o, «¨¡® £®¬¥®¬®àä­® ç¨á«®¢®¬ã ¯à®¬¥¦ãâªã. �
¯®á«¥¤­¥¬ á«ãç ¥ à áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî â®çªã b 2 B ¨ â®çªã x ®âà¥§ª  [ob], ï¢«ïîéãîáï
­ ¨¡®«¥¥ ã¤ «¥­­®© ®â o ¯à¥¤¥«ì­®© â®çª®© ¯à®¬¥¦ãâª  Z(B). �á«¨ b0 2 B | â®çª , ®â«¨ç­ ï
®â b, â® [ox] � [ob] \ [ob0]. �®íâ®¬ã x 2 Z(B) ¨ Z(B) = [ox]. �®ç­®© ¢¥àå­¥© £à ­ìî

W
(o)B

¬­®¦¥áâ¢  B ¡ã¤¥â â®çª  o, ¥á«¨ Z(B) = fog, ¨«¨ x, ¥á«¨ Z(B) = [ox]. �®ç­ãî ¢¥àå­îî £à ­ì
â®ç¥ª a; b 2 X ¡ã¤¥¬ ®¡®§­ ç âì a _(o) b.

�®àï¤®ª �(o) ¬¥âà¨ç¥áª¨©. �¥©áâ¢¨â¥«ì­®, ãâ¢¥à¦¤¥­¨¥ (1) ¢ ®¯à¥¤¥«¥­¨¨ 1 ¢ë¯®«­ï¥âáï
 ¢â®¬ â¨ç¥áª¨. �à®¬¥ â®£®, ¤«ï a; b 2 X

Z(fa; bg) =

(
fog; ¥á«¨ a _(o) b = o;

[ox]; ¥á«¨ a _(o) b = x 6= o:

�§ ®¯à¥¤¥«¥­¨ï R-¤¥à¥¢  á«¥¤ã¥â, çâ® ¢ ¯¥à¢®¬ á«ãç ¥

�(a; b) = �(a; o) + �(o; b);

  ¢® ¢â®à®¬ |

�(a; b) = �(a; x) + �(x; b):

�¤¨­áâ¢¥­­®áâì. �ãáâì �| ¢¥àå­¨© ª®à­¥¢®© á ª®à­¥¬ o ¯®àï¤®ª ­  X, ã¤®¢«¥â¢®àïîé¨©
ãá«®¢¨ï¬ â¥®à¥¬ë. �à¥¤¯®«®¦¨¬, çâ® x � y. �®£¤  ¨§ (1) ¢ ®¯à¥¤¥«¥­¨¨ 1 á«¥¤ã¥â y 2 [ox], ¨
§­ ç¨â, x �(o) y. �¡à â­®, ¯ãáâì x �(o) y. �¡®§­ ç¨¬ ç¥à¥§ x _ y = w â®ç­ãî ¢¥àå­îî £à ­ì
â®ç¥ª x ¨ y ¢ á¬ëá«¥ ¯®àï¤ª  �. �«ï ­¥¥ ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

�(x;w) + �(w; o) = �(x; o);

�(y;w) + �(w; o) = �(y; o);

�(x;w) + �(y;w) = �(x; y):

� ª ª ª X | R-¤¥à¥¢®, ®âáî¤  á«¥¤ã¥â w = y ¨ x � y.

� ¬¥ç ­¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë ¯®«ãà¥è¥âª  (X;�(o)) ¬®¦¥â ¡ëâì à¥è¥âª®© «¨èì ¢
â®¬ á«ãç ¥, ¥á«¨ X | ®¤­®â®ç¥ç­®¥ ¬­®¦¥áâ¢®, ®âà¥§®ª ¨«¨ ¯®«ã¨­â¥à¢ «,   â®çª  o | ¥£®
ª®­æ¥¢ ï (â¥à¬¨­ «ì­ ï) â®çª . � íâ¨å á«ãç ïå X «¨­¥©­® ã¯®àï¤®ç¥­®.

�®áâ â®ç­®áâì. �ãáâì X | £¥®¤¥§¨ç¥áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, ­  ª®â®à®¬ § ¤ ­
¢¥àå­¥ ¯®«ã«¨­¥©­ë© ç áâ¨ç­ë© ¯®àï¤®ª �, ¯® ®â­®è¥­¨î ª ª®â®à®¬ã âà®©ª  (X; �;�) ï¢«ï¥â-
áï ¬¥âà¨ç¥áª®© _-¯®«ãà¥è¥âª®©. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë¥ â®çª¨ x; y 2 X, ¤«ï ª®â®àëå x � y.
�«ï ­¨å y = x _ y. �ãáâì z 2 [xy] ¨ ¯à¥¤¯®«®¦¨¬, çâ® ­¥ ¢ë¯®«­ï¥âáï ®¤­® ¨§ ¤¢ãå ®â­®è¥­¨©
x � z ¨«¨ z � y.

�á«¨ ­¥ ¢ë¯®«­¥­® ¯¥à¢®¥ ¨§ ¤¢ãå ®â­®è¥­¨©, ­® ¢ë¯®«­¥­® ¢â®à®¥, â®

x � x _ z � y

¨

�(x; z) + �(z; y) = �(x; x _ z) + 2�(z; x _ z) + �(x _ z; y) > �(x; x _ z) + �(x _ z; y) � �(x; y):
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�á«¨ ­¥ ¢ë¯®«­¥­® ¢â®à®¥ ¨§ ¤¢ãå ®â­®è¥­¨©, â®

x � y � x _ z;

�(x; z) > �(x; y):

� ®¡®¨å á«ãç ïå ¯®«ãç¥­­ë¥ ­¥à ¢¥­áâ¢  ¯à®â¨¢®à¥ç â à ¢¥­áâ¢ã

�(x; z) + �(z; y) = �(x; y);

­¥®¡å®¤¨¬®¬ã ¤«ï ¢ª«îç¥­¨ï z 2 [xy]. �«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å â®ç¥ª z ®âà¥§ª  [xy] ¢ë¯®«­¥­®

x � z � y:

�ãáâì â¥¯¥àì â®çª¨ x ¨ y ­¥áà ¢­¨¬ë ¯® ®â­®è¥­¨î �. �®£¤  ®­¨ á®¥¤¨­ïîâáï ®âà¥§ª®¬,
á®áâ®ïé¨¬ ¨§ ¯ àë ®âà¥§ª®¢ [xw] ¨ [wy], £¤¥ w = x _ y. �®ª ¦¥¬, çâ® ãª § ­­ë© ®âà¥§®ª
¥¤¨­áâ¢¥­­ë©, á®¥¤¨­ïîé¨© x ¨ y. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî â®çªã z 2 X. �«ï ­¥¥ «¨¡® á¯à -
¢¥¤«¨¢®, «¨¡® ­¥á¯à ¢¥¤«¨¢® ãá«®¢¨¥

z � w: (2)

�á«¨ ãá«®¢¨¥ (2) ­¥ ¢ë¯®«­ï¥âáï, â®

�(x; z) > �(x;w);

�(z; y) > �(w; y):

�ª« ¤ë¢ ï, ¯®«ãç ¥¬

�(x; z) + �(z; y) > �(x;w) + �(w; y) = �(x; y);

â. ¥. â®çª  z ­¥ ¯à¨­ ¤«¥¦¨â ­¨ª ª®¬ã ®âà¥§ªã á ª®­æ ¬¨ x ¨ y. �ãáâì ãá«®¢¨¥ (2) á¯à ¢¥¤«¨¢®.
�®£¤ 

�(x; z) + �(z; y) � �(x; x _ z) + �(x _ z; w) + �(w; z _ y) + �(z _ y; y) = �(x; y);

¯à¨ç¥¬ à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  â®çª  z ¯à¨­ ¤«¥¦¨â ®¤­®¬ã ¨§ ®â-
à¥§ª®¢ [xw] ¨«¨ [wy]. �âáî¤  á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì ®âà¥§ª  [xy] = [xw] [ [wy].

�®ª ¦¥¬, çâ® ¤«ï ¯à®¨§¢®«ì­ëå âà¥å à §«¨ç­ëå â®ç¥ª x; y; z 2 X ®âà¥§®ª [xy] á®¤¥à¦¨âáï
¢ ®¡ê¥¤¨­¥­¨¨ ®âà¥§ª®¢ [xz] [ [zy]. � áá¬®âà¨¬ ¢®§¬®¦­ë¥ (á â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨©)
á«ãç ¨.

1. x � z � y. � íâ®¬ á«ãç ¥ [xy] = [xz] [ [zy].
2. �®çª¨ x ¨ z ­¥áà ¢­¨¬ë ¨ x � w � y, £¤¥ w = x _ z. �®£¤ 

[xy] = [xw] [ [wy] � [xz] [ [zy];

[xz] = [xw] [ [wz] � [xy] [ [zy];

[zy] = [zw] [ [wy] � [zx] [ [zy]:

3. �®çª¨ x ¨ z ­¥áà ¢­¨¬ë ¨ x � y � x _ z = y _ z. �®£¤  [xz] = [xy] [ [yz].
4. �á¥ âà¨ â®çª¨ x, y ¨ z ¯®¯ à­® ­¥áà ¢­¨¬ë. �¡®§­ ç¨¬ v = x _ y ¨ w = x _ z. � á¨«ã

¢¥àå­¥© ¯®«ã«¨­¥©­®áâ¨ ¯®àï¤ª  � â®çª¨ v ¨ w áà ¢­¨¬ë. �ã¤¥¬ áç¨â âì, çâ® v � w. �®£¤ ,
ª ª «¥£ª® ¢¨¤¥âì, w = y _ z. �«¥¤®¢ â¥«ì­®,

[xy] = [xw] [ [vw] [ [wy] � [xz] [ [zy];

[xz] = [xw] [ [wz] � [xy] [ [yz];

[zy] = [zw] [ [vw] [ [wy] � [xz] [ [xy]:

�«ãç ¨ 1{4 ¨áç¥à¯ë¢ îâ ¢á¥ ¢®§¬®¦­ë¥ á¨âã æ¨¨ á â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨©. �

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â áãé¥áâ¢¥­­®áâì ãá«®¢¨ï ¢¥àå­¥© ¯®«ã«¨­¥©­®áâ¨ ¢ ¤®ª § ­-
­®© â¥®à¥¬¥.
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�à¨¬¥à 1. �  ª®®à¤¨­ â­®© ¯«®áª®áâ¨ A2 á ª®®à¤¨­ â ¬¨ (x; y) ¢¢¥¤¥¬ á«¥¤ãîé¥¥ ®â­®-
è¥­¨¥ ç áâ¨ç­®£® ¯®àï¤ª : (x1; y1) � (x2; y2) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ x1 � x2 ¨ y1 � y2.
�¥£ª® ¢¨¤¥âì, çâ® ¯ à  (A2;�) ï¢«ï¥âáï _-¯®«ãà¥è¥âª®© (¨ ¤ ¦¥ à¥è¥âª®©). � ª¦¥ à áá¬®âà¨¬
¬¥âà¨ªã � ­  A2, ¯®à®¦¤¥­­ãî ­®à¬®© k(x; y)k = jxj+ jyj. �à¨ â ª®© ¬¥âà¨ª¥ âà®©ª  (A2; �;�)
ï¢«ï¥âáï ¢¥àå­¥© ¬¥âà¨ç¥áª®© ¯®«ãà¥è¥âª®©, ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (A2; �) £¥®¤¥§¨ç¥áª®¥,
­® ­¥ ï¢«ï¥âáï R-¤¥à¥¢®¬. �®àï¤®ª � ­¥ ¯®«ã«¨­¥¥­.

4. �®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® O+(X)

�§ãç¨¬ áâà®¥­¨¥ ¯à®áâà ­áâ¢  O+(X) ç áâ¨ç­ëå ¯®àï¤ª®¢ ­  ¯®«­®¬ «®ª «ì­® ª®¬¯ ªâ-
­®¬ R-¤¥à¥¢¥ X, § ¤ îé¨å ­  X ¢¥àå­¥ ¯®«ã«¨­¥©­ë¥ ¬¥âà¨ç¥áª¨¥ _-¯®«ãà¥è¥âª¨. �¥à¥§ Or

+

®¡®§­ ç ¥âáï ¥£® ¯®¤¯à®áâà ­áâ¢®, á®áâ®ïé¥¥ ¨§ ª®à­¥¢ëå ¯®àï¤ª®¢. � ¯à¨­æ¨¯¥, ®á­®¢­ë¥ à¥-
§ã«ìâ âë íâ®£® ¯ à £à ä  à á¯à®áâà ­ïîâáï ¨ ­  á«ãç © ¯à®¨§¢®«ì­®£® R-¤¥à¥¢ , ­® ¯à¨ íâ®¬
­¥«ì§ï ¯®«ì§®¢ âìáï ¯®­ïâ¨¥¬ ¬¥âà¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨: ¥¥ ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­® «¨èì
¤«ï ¯®«­ëå «®ª «ì­® ª®¬¯ ªâ­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢.

�à®¨§¢®«ì­ë© ¯®àï¤®ª � , ª ª ¡¨­ à­®¥ ®â­®è¥­¨¥, ¥áâì § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® ¢ ¬¥âà¨-
ç¥áª®¬ ª¢ ¤à â¥ X �X. �  ¯à®¨§¢¥¤¥­¨¨ X �X ®¯à¥¤¥«¥­  áã¬¬ à­ ï ¬¥âà¨ª 

d+((x1; x2); (y1; y2)) = �(x1; y1) + �(x2; y2);

ª®â®à ï ¯®à®¦¤ ¥â à ááâ®ï­¨¥ � ãá¤®àä  ­  á¥¬¥©áâ¢¥ § ¬ª­ãâëå ¯®¤¬­®¦¥áâ¢.

�¥¬¬  1. �«ï ¤¢ãå ª®à­¥¢ëå ¯®àï¤ª®¢ �; � 2 Or
+ à ááâ®ï­¨¥ � ãá¤®àä  Hd(�; �) ª®­¥ç­® ¨

à ¢­® à ááâ®ï­¨î ¬¥¦¤ã ª®à­ï¬¨ ¤ ­­ëå ¯®àï¤ª®¢.

�®ª § â¥«ìáâ¢®. �á«¨ x | ª®à¥­ì ¯®àï¤ª  � ,   y | ª®à¥­ì ¯®àï¤ª  �, â®

Hd(�; �) � �(x; y): (3)

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï â®ç¥ª s; t 2 X ¢ë¯®«­ï¥âáï s�t, ­® ­¥ ¢ë¯®«­ï¥âáï s�t, â® â®çª 
t «¥¦¨â ­  ®âà¥§ª¥ [xs], ­® ­¥ «¥¦¨â ­  ®âà¥§ª¥ [ys]. � ááâ®ï­¨¥ ®â â®çª¨ t ¤® ®âà¥§ª  [ys] ­¥
¯à¥¢®áå®¤¨â �(t; s). �ë¡¥à¥¬ ­  [ys] â®çªã w, ¡«¨¦ ©èãî ª t. �®áª®«ìªã s�w ¨ d+((s; t); (s; w)) =
�(t; w) � �(s; t), â® ¤«ï «î¡®£® " > 0

(s; t) 2 N�(x;y)+"(�):

�­ «®£¨ç­®, ¥á«¨ ¢ë¯®«­¥­® s�t, ­® ­¥ ¢ë¯®«­¥­® s�t, â® ¤«ï «î¡®£® " > 0

(s; t) 2 N�(x;y)+"(�):

� ¤àã£®© áâ®à®­ë, ¤«ï ª®à­¥© ¢ë¯®«­ïîâáï ®â­®è¥­¨ï x�y ¨ y�x. �á«¨ " < �(x; y), â®
¬¥âà¨ç¥áª¨© § ¬ª­ãâë© è à B((y; x); ") ¢ ¬¥âà¨ª¥ d+ ­¥ ¯¥à¥á¥ª ¥â � � X � X: ¤«ï (p; q) 2
B((y; x); ") áã¬¬  à ááâ®ï­¨© �(y; p) + �(q; x) � ". �­ ç¨â,

�(x; y) � Hd(�; �): (4)

�§ ­¥à ¢¥­áâ¢ (3) ¨ (4) á«¥¤ã¥â âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.

� ª¨¬ ®¡à §®¬, ¯®¤¬­®¦¥áâ¢® Or
+(X) � O+(X) á ¬¥âà¨ª®© � ãá¤®àä  ¥áâì ¬¥âà¨ç¥áª®¥

¯à®áâà ­áâ¢®, ¨§®¬¥âà¨ç­®¥ X. �®íâ®¬ã Or
+ â ª¦¥ ï¢«ï¥âáï R-¤¥à¥¢®¬. �«ï ¯à®¨§¢®«ì­ëå ¯®-

àï¤ª®¢ ¢O+(X) à ááâ®ï­¨¥ � ãá¤®àä  ¬®¦¥â ¡ëâì ¨ ¡¥áª®­¥ç­ë¬, ¯®íâ®¬ã ¬¥âà¨ª  � ãá¤®àä 
­¥ ¯®à®¦¤ ¥â ­  O+(X) ®¤­®§­ ç­® ®¯à¥¤¥«¥­­®© â®¯®«®£¨¨. �à¥¢à â¨¬ O+(X) ¢ â®¯®«®£¨ç¥-
áª®¥ ¯à®áâà ­áâ¢®, § ¤ ¢ ¡ §ã B â®¯®«®£¨¨ á«¥¤ãîé¨¬ ®¡à §®¬. �«ï ¯ àë à §«¨ç­ëå â®ç¥ª
x; y 2 X ¯®«®¦¨¬

U(x;y) = f� 2 O+(X) j x�yg n f�(y)g:

� §ã B á®áâ ¢«ïîâ ¢á¥ ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ Or
+ ¨ ¢á¥¢®§¬®¦­ë¥

¬­®¦¥áâ¢  ¢¨¤  U(x;y) ¯à¨ x 6= y 2 X (§¤¥áì ¨£­®à¨àã¥¬ â®â ä ªâ, çâ® ¢®§¬®¦­® á®¢¯ ¤¥­¨¥

8



¬­®¦¥áâ¢ U(x;y) = U(x0;y) ¯à¨ x 6= x0). �®â ä ªâ, çâ® á¥¬¥©áâ¢® B ¤¥©áâ¢¨â¥«ì­® § ¤ ¥â â®¯®«®£¨î
­  O+(X), ®á­®¢ë¢ ¥âáï ­  á«¥¤ãîé¥© «¥¬¬¥.

�¥¬¬  2. �«ï ¯à®¨§¢®«ì­ëå ¤¢ãå ¬­®¦¥áâ¢ U1;U2 2 B ¨ ¤«ï «î¡®£® ¯®àï¤ª  � 2 U1 \ U2

áãé¥áâ¢ã¥â â ª®¥ ¬­®¦¥áâ¢® U 2 B, çâ®

� 2 U � U1 \ U2:

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ «¥¬¬ë ®ç¥¢¨¤­®, ¥á«¨ U1 ¨ U2 ®âªàëâë ¢ Or
+. �®áª®«ìªã

¯¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢  U(x;y) á Or
+ â ª¦¥ ®âªàëâ® ¢ Or

+, â® ãâ¢¥à¦¤¥­¨¥ ¢ë¯®«­ï¥âáï ¨ ¤«ï
«î¡®£® ª®à­¥¢®£® ¯®àï¤ª  �(x)2 U1\U2\O

r
+. �ãáâì � 2 U1\U2 | ­¥ª®à­¥¢®© ¯®àï¤®ª. �ç¨â ï,

çâ® U1 = U(x1;y1) ¨ U2 = U(x2;y2), ®¡®§­ ç¨¬ y = y1 _� y2. �®£¤ 

� 2 U(x1;y) = U(x2;y) � U(x1;y1) \ U(x2;y2);

®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  3. �®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® O+(X) å ãá¤®àä®¢®.

�®ª § â¥«ìáâ¢®. �®¤¯à®áâà ­áâ¢® Or
+(X) � O+(X) å ãá¤®àä®¢® ª ª ¬¥âà¨ç¥áª®¥. �ãáâì

� =�x2 Or
+(X) ¨ � 2 O+(X) nOr

+(X). �ë¡¥à¥¬ â®çªã y 2 X, ¤«ï ª®â®à®© x�y. �­®¦¥áâ¢  U(x;y)

¨ ¬¥âà¨ç¥áª¨© è à B(�; �(x; y)) ¢ ¬¥âà¨ª¥ � ãá¤®àä  ï¢«ïîâáï ­¥¯¥à¥á¥ª îé¨¬¨áï ®ªà¥áâ-
­®áâï¬¨ ¯®àï¤ª®¢ � ¨ �. � ª®­¥æ, ¯ãáâì ®¡  ¯®àï¤ª  � ¨ � ­¥ª®à­¥¢ë¥. �ë¡¥à¥¬ ¯ àã â®ç¥ª
x; y 2 X, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï x�y, ­® ­¥ ¢ë¯®«­ï¥âáï x�y. �¡®§­ ç¨¬ w = x _� y. �­®-
¦¥áâ¢  U1 = U(w;y) ¨ U2 = U(y;w) ï¢«ïîâáï ­¥¯¥à¥á¥ª îé¨¬¨áï ®ªà¥áâ­®áâï¬¨ ¯®àï¤ª®¢ � ¨ �
á®®â¢¥âáâ¢¥­­®.

�áïª®¥ R-¤¥à¥¢® ¥áâì CAT (0)-¯à®áâà ­áâ¢®, â. ¥. ®¤­®á¢ï§­®¥ ¯à®áâà ­áâ¢® ­¥¯®«®¦¨â¥«ì­®©
ªà¨¢¨§­ë ¢ á¬ëá«¥ �.�.�«¥ªá ­¤à®¢ . � ­ áâ®ïé¥¥ ¢à¥¬ï â¥®à¨ï ¯à®áâà ­áâ¢ �«¥ªá ­¤à®-
¢  ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ¨§ãç¥­  ¤®áâ â®ç­® £«ã¡®ª® (­ ¯à., [7]). �«ï ¯®«­ëå «®ª «ì­®
ª®¬¯ ªâ­ëå CAT (0)-¯à®áâà ­áâ¢ ¬¥âà¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï á®¢¯ ¤ ¥â á â ª ­ §ë¢ ¥¬®©
£¥®¤¥§¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¥© á ª®­¨ç¥áª®© â®¯®«®£¨¥©. �¢  «ãç  c; d : [0;+1)! X ­ §ë¢ -
îâáï  á¨¬¯â®â¨ç¥áª¨¬¨, ¥á«¨ äã­ªæ¨ï �(c(t); d(t)) ®£à ­¨ç¥­  ¯à¨ t 2 [0;+1), â. ¥. à ááâ®ï­¨¥
� ãá¤®àä  ¬¥¦¤ã «ãç ¬¨ c ¨ d ª®­¥ç­®:

Hd(c; d) < +1:

�â­®è¥­¨¥  á¨¬¯â®â¨ç­®áâ¨ ¥áâì ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ ­  ¬­®¦¥áâ¢¥ «ãç¥© ¢ X. �¥®¤¥§¨-
ç¥áª ï £à ­¨æ  @gX ®¯à¥¤¥«ï¥âáï ª ª ¬­®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ¯® íâ®¬ã ®â­®è¥­¨î.
�®­¨ç¥áª ï â®¯®«®£¨ï ­  Xg = X [@gX ¥áâì â®¯®«®£¨ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­  ®£à ­¨ç¥­-
­ëå ®¡« áâïå ­ âãà «ì­®© ¯ à ¬¥âà¨§ æ¨¨ ®âà¥§ª®¢ ¨ «ãç¥©. �­ ç¥ £®¢®àï, ¯®á«¥¤®¢ â¥«ì­®áâì
â®ç¥ª f�ng � Xg áå®¤¨âáï ¢ ª®­¨ç¥áª®© â®¯®«®£¨¨ ª â®çª¥ � 2 Xg ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ­ âãà «ì­ëå ¯ à ¬¥âà¨§ æ¨© ®âà¥§ª®¢ («ãç¥©) [o�n] á ­ ç «®¬ ¢ ®â-
¬¥ç¥­­®© â®çª¥ o 2 X à ¢­®¬¥à­® ­  ®£à ­¨ç¥­­ëå ®¡« áâïå § ¤ ­¨ï áå®¤¨âáï ª ­ âãà «ì­®©
¯ à ¬¥âà¨§ æ¨¨ ®âà¥§ª  («ãç ) [o�].

�®¢¯ ¤¥­¨¥ ¤¢ãå ª®¬¯ ªâ¨ä¨ª æ¨© ®§­ ç ¥â, çâ® â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ Id : X ! X
¯à®¤®«¦ ¥âáï ¤® £®¬¥®¬®àä¨§¬  Xm ! Xg. � «¥¥ ­¥ ¡ã¤¥¬ à §«¨ç âì ¬¥âà¨ç¥áªãî ¨ £¥®¤¥§¨-
ç¥áªãî ª®¬¯ ªâ¨ä¨ª æ¨¨ ¨ ¡ã¤¥¬ ®¡®§­ ç âì ¨å X = Xm = Xg. �à ­¨æ  ¯à®áâà ­áâ¢  X, â. ¥.
¥£® ¬­®¦¥áâ¢® ¡¥áª®­¥ç­® ã¤ «¥­­ëå â®ç¥ª X nX ®¡®§­ ç ¥âáï @1X. � ç áâ­®áâ¨, ¢áïª ï ®à¨-
äã­ªæ¨ï � ­  X ï¢«ï¥âáï äã­ªæ¨¥© �ã§¥¬ ­ , ®¯à¥¤¥«¥­­®© ¯® ­¥ª®â®à®¬ã «ãçã c : R+ ! X
à ¢¥­áâ¢®¬

�(y) = lim
t!+1

(�(y; c(t)) � t):

�áâ ­®¢¨¬ £®¬¥®¬®àä¨§¬ � â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  O+(X) ­  ª®¬¯ ªâ¨ä¨ª æ¨î X.
�ãáâì ç áâ¨ç­ë© ¯®àï¤®ª � ­  R-¤¥à¥¢¥ X ®¯à¥¤¥«ï¥â ¢¥àå­¥ ¯®«ã«¨­¥©­ãî ¬¥âà¨ç¥áªãî

_-¯®«ãà¥è¥âªã. �á«¨ ¯®àï¤®ª � ¢¥àå­¨© ª®à­¥¢®© á ª®à­¥¬ x� , ¯®«®¦¨¬ �(�) = x� . �á«¨ �
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­¥ ï¢«ï¥âáï ª®à­¥¢ë¬, â® ¨§ ¥£® ¢¥àå­¥© ¯®«ã«¨­¥©­®áâ¨ ¨ ¬¥âà¨ç¥áª®£® á¢®©áâ¢  á«¥¤ã¥â,
çâ® ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ x 2 X ¬­®¦¥áâ¢® Ux ¥áâì ®¡ê¥¤¨­¥­¨¥ ¢«®¦¥­­ëå ¤àã£ ¢ ¤àã£ 
®âà¥§ª®¢ ¢¨¤  [xy]. �®áª®«ìªã X ¯à¥¤¯®« £ ¥âáï ¯®«­ë¬,   ¯®àï¤®ª � | ­¥ª®à­¥¢®©, ¤«¨­ 
â ª¨å ®âà¥§ª®¢ ¡¥áª®­¥ç­® ¢®§à áâ ¥â. � ª®¥ ®¡ê¥¤¨­¥­¨¥ ¥áâì «ãç ¢ X á ­ ç «®¬ x. �«ï ¤¢ãå
à §«¨ç­ëå â®ç¥ª x; y 2 X ®¯à¥¤¥«¥­  ¨å â®ç­ ï ¢¥àå­ïï £à ­ì w = x _ y ¨ «ãç¨ Ux ¨ Uy

¯¥à¥á¥ª îâáï ¯® «ãçã Uw, â. ¥.  á¨¬¯â®â¨ç­ë. � íâ®¬ á«ãç ¥ ¯®«®¦¨¬ �(�) = [Ux] 2 @1X, â. ¥.
¨¬¥¥¬ ª« áá íª¢¨¢ «¥­â­®áâ¨ «ãç¥© ¢ X,  á¨¬¯â®â¨ç¥áª¨å á Ux.

�¥®à¥¬  3. �â®¡à ¦¥­¨¥ � : O+ ! X ¥áâì £®¬¥®¬®àä¨§¬.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨¥ � ¨­ê¥ªâ¨¢­®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ �1; �2 2 O+(X) | ¤¢ 
à §«¨ç­ëå ª®à­¥¢ëå ¯®àï¤ª  ­  X, â® ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï ¥¤¨­áâ¢¥­­®áâ¨ ¢ â¥®à¥¬¥ 1 ¨å
ª®à­¨ à §«¨ç­ë. �ãáâì ¯®àï¤ª¨ �1, �2 ­¥ ª®à­¥¢ë¥. � áá¬®âà¨¬ ¯ àã x; y 2 X, ¤«ï ª®â®à®©
¢ë¯®«­ï¥âáï x�1y, ­® ­¥ ¢ë¯®«­ï¥âáï x�2y. �­®¦¥áâ¢® X n fyg à §¡¨¢ ¥âáï ­  ª®¬¯®­¥­âë
«¨­¥©­®© á¢ï§­®áâ¨ â ª, çâ® â®çª  x ¨ ¬­®¦¥áâ¢® fz j y�1zg n fyg «¥¦ â ¢ à §­ëå ª®¬¯®­¥­â å.
�¡à § �(�1) ¯à¨­ ¤«¥¦¨â § ¬ëª ­¨î ¬­®¦¥áâ¢  fz j y�1zg ¢ X , â®£¤  ª ª �(�2) | § ¬ëª ­¨î
ª®¬¯®­¥­âë, á®¤¥à¦ é¥© â®çªã x.

�â®¡à ¦¥­¨¥ � áîàê¥ªâ¨¢­®. �¥©áâ¢¨â¥«ì­®, ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ x 2 X â¥®à¥¬  1
®¯à¥¤¥«ï¥â ¯®àï¤®ª � 2 O+, ¤«ï ª®â®à®£® �(�) = x. �«ï ¯à®¨§¢®«ì­®© â®çª¨ � 2 @X ¯®àï¤®ª
� ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¥© äã­ªæ¨¨ �ã§¥¬ ­  ��. �«ï ¯à®¨§¢®«ì­®© â®çª¨
y 2 X á®®â¢¥âáâ¢ãîé¨© ¥© ®à¨è à, â. ¥. ¬­®¦¥áâ¢® ¯®¤ãà®¢­ï

HB(�; y) = fz 2 X j ��(z) � ��(y)g

¥áâì ¢ë¯ãª«®¥ ¢ X ¬­®¦¥áâ¢®,   ¤«ï x 2 X ®¤­®§­ ç­® ®¯à¥¤¥«¥­  ¥¥ ¯à®¥ªæ¨ï ��;y(x) ­ 
HB(�; y), â. ¥. ¡«¨¦ ©è ï ª x â®çª , ¯à¨­ ¤«¥¦ é ï HB(�; y). �®«®¦¨¬ x��y â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ��;y(x) = y. �â­®è¥­¨¥ �� ¥áâì ¯®àï¤®ª, ¯à¨­ ¤«¥¦ é¨© O+(X), ¨ �(��) = �.

� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥­¨¥ � ¡¨¥ªâ¨¢­®. � á¨«ã «¥¬¬ë 3 ¨ ª®¬¯ ªâ­®áâ¨ X ¤«ï ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® ¯®ª § âì, çâ® � | ®âªàëâ®¥ ®â®¡à ¦¥­¨¥,   ¢ á¨«ã «¥¬¬ë 1 ¨
§ ¤ ­¨ï â®¯®«®£¨¨ ­  O+(X), ¤«ï íâ®£® ¤®áâ â®ç­® ã¡¥¤¨âìáï, çâ® ¤«ï «î¡®© ¯ àë x; y 2 X
®¡à § ¬­®¦¥áâ¢  U(x;y) ®âªàëâ ¢ X. �®ª ¦¥¬, çâ® ¤®¯®«­¥­¨¥ X n �(U(x;y) § ¬ª­ãâ®.

�«ï � 2 U(x;y) \ Or
+ ®¡®§­ ç¨¬ ç¥à¥§ z ª®à¥­ì � ¨ r = �(y; z). �á«¨ ¤«ï â®çª¨ t 2 X ¢ë-

¯®«­ï¥âáï �(z; t) < r, â® y 2 [xt] ¨ x �t y. �«¥¤®¢ â¥«ì­®, t 2 U(x;y),   � | ¢­ãâà¥­­ïï â®çª 
¬­®¦¥áâ¢  U(x;y). � ª¨¬ ®¡à §®¬, X n U(x;y) § ¬ª­ãâ® ¢ X ¨ á®¤¥à¦¨â ¢á¥ ¯à¥¤¥«ì­ë¥ â®çª¨,
¯à¨­ ¤«¥¦ é¨¥ X.

�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì f�ng � X n U(x;y) áå®¤¨âáï ª ¨¤¥ «ì­®© â®çª¥ � 2 @X. �®¦­®
áç¨â âì, çâ® ®â¬¥ç¥­­ ï â®çª  o =2 �(U(x;y)). �à¨ â ª®¬ ¯à¥¤¯®«®¦¥­¨¨ ¤«ï ¢á¥å n ¢ë¯®«­ï¥âáï
[o�n] \ �(U(x;y)) = ;. �ãáâì R > �(o; y) ¨ cn : [0; R] ! X | ­ âãà «ì­ë¥ ¯ à ¬¥âà¨§ æ¨¨ ®âà¥§-
ª®¢ ¨«¨ «ãç¥© [o�n]. �®£¤  â®çª¨ cn(R) áå®¤ïâáï ª â®çª¥ c(R), £¤¥ c : R+ ! X | ­ âãà «ì­ ï
¯ à ¬¥âà¨§ æ¨ï «ãç  [o�]. �â® ¦¥ ãâ¢¥à¦¤¥­¨¥ ®áâ ­¥âáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ ¢ë¡¥à¥¬ ¯à®¨§-
¢®«ì­®¥ ç¨á«® R0 > R. �® ¯®áª®«ìªã X | R-¤¥à¥¢®, â® â ª®¥ ¢®§¬®¦­® «¨èì ¢ â®¬ á«ãç ¥, ¥á«¨
cn(R) = c(R) ¯à¨ ¢á¥å n, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  N 2 N. �«¥¤®¢ â¥«ì­®, c(R) =2 �(U(x;y)).
�®áª®«ìªã, ¢ ç áâ­®áâ¨, c(R) 2 [y�], «ãç [y�] ­¥  á¨¬¯â®â¨ç¥­ ­¨ ®¤­®¬ã ¨§ «ãç¥©, ­ ç «® ª®â®-
àëå | ®âà¥§®ª [xy]. �­ ç¨â, � =2 �(U(x;y)) ¨ ¬­®¦¥áâ¢® X n�(U(x;y)) § ¬ª­ãâ®, â. ª. á®¤¥à¦¨â ¢á¥
á¢®¨ ¯à¥¤¥«ì­ë¥ â®çª¨.

5. �®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ R-¤¥à¥¢®

� íâ®¬ ¯ à £à ä¥ ¯à¨¢®¤¨¬ ª®­áâàãªæ¨î ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  X, ï¢«ïîé¥£®áï ¯®-
¤®¡­® ®¤­®à®¤­ë¬ ­¥®¤­®à®¤­ë¬ R-¤¥à¥¢®¬. �¥¬ á ¬ë¬ ¯®ª §ë¢ ¥âáï áãé¥áâ¢¥­­®áâì ãá«®¢¨ï
«®ª «ì­®© ª®¬¯ ªâ­®áâ¨ ¢ £¨¯®â¥§¥ �¥à¥áâ®¢áª®£®. � è ¯à¨¬¥à â¥á­® á¢ï§ ­ á ã­¨¢¥àá «ì­ë-
¬¨ R-¤¥à¥¢ìï¬¨ A� (� | ª à¤¨­ «ì­®¥ ç¨á«®), ¯®áâà®¥­­ë¬¨ ¢ [8]. �®áâà®¥­­®¥ ¯à®áâà ­áâ¢®
ª®­ä®à¬­® íª¢¨¢ «¥­â­® ã­¨¢¥àá «ì­®¬ã R-¤¥à¥¢ã A� ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï ª®­ä®à¬­®© íª¢¨-
¢ «¥­â­®áâ¨ ¨§ [1].
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�ã­ªæ¨ï y = f(x), § ¤ ­­ ï ­  ¨­â¥à¢ «¥ h�; �i, ­ §ë¢ ¥âáï ªãá®ç­®-¯®áâ®ï­­®© á«¥¢ , ¥á«¨
¤«ï «î¡®© â®çª¨ x 2 h�; �i áãé¥áâ¢ã¥â â ª®¥ " > 0, çâ® f j[x�";x] = const. �­®¦¥áâ¢® X | íâ®
¬­®¦¥áâ¢® ¯ à (f; af ), £¤¥ af > 0 | ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®, ¨ f : (af ;+1) ! G | ªãá®ç­®-
¯®áâ®ï­­ ï á«¥¢  äã­ªæ¨ï á® §­ ç¥­¨ï¬¨ ¢  ¤¤¨â¨¢­®© £àã¯¯¥ G, ¤«ï ª®â®à®© áãé¥áâ¢ã¥â
â ª®¥ bf � af , çâ® f j(bf ;+1) � 0.

�¢¥¤¥¬ ­  X ®â­®è¥­¨¥ ç áâ¨ç­®£® ¯®àï¤ª , ¯®«®¦¨¢ (f; af ) � (g; ag) ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ¥á«¨ af � ag ¨ f j(ag;+1) = g.

�¥¬¬  4. � à  (X;�) ï¢«ï¥âáï ¢¥àå­¥ ¯®«ã«¨­¥©­®© _-¯®«ãà¥è¥âª®©.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­ëå ¯ à (f; af ); (g; ag) 2 X ¨å â®ç­®© ¢¥àå­¥© £à ­ìî ï¢«ï-
¥âáï ¯ à  (h; ah), £¤¥

ah = inffx 2 R j f j(x;+1) = gj(x;+1)g

¨ h = f j(ah;+1) = gj(ah;+1). �«ï ¯ àë (f; af ) «¨­¥©­ ï ã¯®àï¤®ç¥­­®áâì ¢¥àå­¥£® ª®­ãá  U(f;af )

á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ¯®àï¤ª  �.

� «¥¥ ®¯à¥¤¥«¨¬ ¬¥âà¨ªã � ­  ¬­®¦¥áâ¢¥ X, ¯®«®¦¨¢

�((f; af ); (g; ag)) = jaf � agj;

¥á«¨ (f; af ) � (g; ag) ¨«¨ (g; ag) � (f; af ), ¨

�(p; q) = �(p; p _ q) + �(p _ q; q);

¥á«¨ í«¥¬¥­âë p; q 2 X ­¥áà ¢­¨¬ë.

�¥¬¬  5. �¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (X; �) £¥®¤¥§¨ç¥áª®¥. �à®©ª  (X; �;�) ï¢«ï¥âáï ¢¥àå-
­¥© ¬¥âà¨ç¥áª®© ¯®«ãà¥è¥âª®©.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¯®ª § âì, çâ® ¥á«¨ (f; af ) � (g; ag), â® íâ¨
â®çª¨ ¬®¦­® á®¥¤¨­¨âì ®âà¥§ª®¬. � ª®© ®âà¥§®ª § ¤ ¥âáï ¯ à ¬¥âà¨§ æ¨¥© 
 : [af ; ag]! X ¯®
ä®à¬ã«¥


(t) = (f j(t;+1); t):

�à¥¡®¢ ­¨ï (1) ¨ (2) ¢ ®¯à¥¤¥«¥­¨¨ 1 á«¥¤ãîâ ¨§ § ¤ ­¨ï ¬¥âà¨ª¨ �.

�«¥¤áâ¢¨¥ 1. �à®áâà ­áâ¢® X ï¢«ï¥âáï R-¤¥à¥¢®¬.

� R-¤¥à¥¢¥ X â®çª  x 2 X ­ §ë¢ ¥âáï â®çª®© ¢ «¥­â­®áâ¨ �, £¤¥ �| ª à¤¨­ «ì­®¥ ç¨á«®,
¥á«¨ ç¨á«® ª®¬¯®­¥­â ¯à®áâà ­áâ¢  X n fxg à ¢­® �.

�¥¬¬  6. � ¦¤ ï â®çª  R-¤¥à¥¢  X ï¢«ï¥âáï â®çª®© ¢ «¥­â­®áâ¨ jGj+ 1.

�®ª § â¥«ìáâ¢®. �«ï â®çª¨ x = (f; af ) ª®¬¯®­¥­â ¬¨ á¢ï§­®áâ¨ ¬­®¦¥áâ¢  X n fxg ï¢«ï-
îâáï

A = f(g; ag) j ­¥ ¢ë¯®«­ï¥âáï (g; ag) � (f; af )g

¨ ¤«ï ª ¦¤®£® í«¥¬¥­â  � 2 G

B� = f(g; ag) j (g; ag) � (f; af ) ¨ g(af ) = �g:

�á¥£® jGj+ 1 ª®¬¯®­¥­â .

�§ ®¯à¥¤¥«¥­¨ï ¬¥âà¨ª¨ � á«¥¤ã¥â

�¥¬¬  7. �â®¡à ¦¥­¨¥ ' : X ! R, § ¤ ­­®¥ à ¢¥­áâ¢®¬ '((f; af )) = af , ¥áâì áã¡¬¥âà¨ï.

�¥¬¬  8. R-¤¥à¥¢® X «®ª «ì­® ¯®«­®. � ¤¨ãá ¯®«­®âë ¢ â®çª¥ (f; af )2X à ¢¥­ rc(f; af )=af .
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�®ª § â¥«ìáâ¢®. �ãáâì f(fn; afn)g|äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª, ¯à¨­ ¤-
«¥¦ é¨å è àã B((f; af ); r) ¯à¨ r < af . �â® §­ ç¨â, çâ® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®©
­®¬¥à N 2 N1 , çâ® ¤«ï ¢á¥å m;n > N1 äã­ªæ¨¨ fm ¨ fn á®¢¯ ¤ îâ ­  «ãç¥ [afm + 1

3
"; +1). �

á¨«ã «¥¬¬ë 7 ¯®á«¥¤®¢ â¥«ì­®áâì fafng â ª¦¥ äã­¤ ¬¥­â «ì­ . �ãáâì ag = lim
n!1

an. �¯à¥¤¥-

«¨¬ äã­ªæ¨î g : (ag;+1) ! f0; 1g. �«ï ¯à®¨§¢®«ì­®£® t > ag ®¡®§­ ç¨¬ " = t � ag ¨ ¢ë¡¥à¥¬
â ª®¥ N2 2 N, çâ® afn � ag <

1
3
" ¤«ï ¢á¥å n > N2. �®£¤  ¯à¨ n > N = maxfN1; N2g §­ ç¥­¨ï

äã­ªæ¨© fn(t) áâ ¡¨«¨§¨àãîâáï: fn(t) = fN+1(t) ¨ áãé¥áâ¢ã¥â â ª®¥ "1 < 1
3
", çâ® fnj[t�"1] = fn(t).

�®«®¦¨¢ g(t) = lim
n!1

fn(t), ¯®«ãç¨¬ ª®àà¥ªâ­® ®¯à¥¤¥«¥­­ãî ªãá®ç­®-¯®áâ®ï­­ãî á«¥¢  äã­ª-

æ¨î g, § ¤ ­­ãî ­  «ãç¥ (ag;+1), ¯à¨ç¥¬ �((g; ag); (fn; afn)) áâà¥¬¨âáï ª ­ã«î ¯à¨ n ! 1.
�¥« ¥¬ ¢ë¢®¤, çâ® ¯ à  (g; ag) ï¢«ï¥âáï í«¥¬¥­â®¬ ¯à®áâà ­áâ¢  X ¨ ¯à¥¤¥«®¬ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ f(fn; afn)g. �à®¬¥ â®£®, ¨§ ¨§«®¦¥­­®£® á«¥¤ã¥â ®æ¥­ª  ­  à ¤¨ãá ¯®«­®âë rc(f; af ) � af .
�¡à â­®¥ ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­®.

� «¥¥ à áá¬®âà¨¬ á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï R-¤¥à¥¢  X.
�«ï ç¨á«  � > 0 ¯®«®¦¨¬ H�(f; af ) = (f�; �af ), £¤¥ f�(x) = f( 1

�
x). �à¥®¡à §®¢ ­¨¥ H� ¥áâì

¯®¤®¡¨¥ á ª®íää¨æ¨¥­â®¬ �, â. ¥. ¤«ï «î¡ëå í«¥¬¥­â®¢ x; y 2 X ¢ë¯®«­ï¥âáï

�(H�(x);H�(y)) = ��(x; y):

�à®¨§¢®«ì­ãî äã­ªæ¨î f : (af ;+1) ! G ¤®®¯à¥¤¥«¨¬ ¤® äã­ªæ¨¨ f : R+ ! G, ¯®«®¦¨¢
f(t) = 0 ¯à¨ t � af . � à  (f; af ) ¯®à®¦¤ ¥â ¯à¥®¡à §®¢ ­¨¥ Rf ¯à®áâà ­áâ¢  X ¯® ä®à¬ã«¥

Rf ((g; ag)) = (g + f j(ag;+1); ag):

�¢â®¬ â¨ç¥áª¨ ¯à®¢¥àï¥âáï, çâ® Rf | ¨§®¬¥âà¨ï ¨ ¤«ï äã­ªæ¨¨ 0, â®¦¤¥áâ¢¥­­® à ¢­®© ­ã«î,
¢ë¯®«­ï¥âáï Rf ((0; af )) = (f; af ). �à¥®¡à §®¢ ­¨ï Rf1 ¨ Rf2 á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  f1 = f2. � ¬¥â¨¬, çâ® Rf2 � Rf1 = Rf1 � Rf2 = Rf1+f2 ¨ (Rf )�1 = R�f , ¯®íâ®¬ã ¬­®¦¥áâ¢®
R ¨§®¬¥âà¨© ¢¨¤  Rf á®áâ ¢«ï¥â ª®¬¬ãâ â¨¢­ãî ¯®¤£àã¯¯ã ¢ Isom(X).

�¥®à¥¬  4. X | ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ R-¤¥à¥¢®. �­® ï¢«ï¥âáï ¬¥âà¨ç¥áª¨¬

à áá«®¥­¨¥¬ á® á«®ï¬¨ ¢¨¤ 

Fa = f(f; a)g:

�®ª § â¥«ìáâ¢®. �«ï â®ç¥ª (f; af ) ¨ (g; ag) ª®¬¯®§¨æ¨ï Rg �H� �(Rf )�1, £¤¥ � = ag=af , ¥áâì
¯®¤®¡¨¥, ¯¥à¥¢®¤ïé¥¥ (f; af ) ¢ (g; ag).

�­®¦¥áâ¢  Fa § ¬ª­ãâë, ¯®áª®«ìªã ®âªàëâë ¨å ¤®¯®«­¥­¨ï. �â®¡à ¦¥­¨¥ T(a;b) : Fa ! Fb,
®¯à¥¤¥«¥­­®¥ à ¢¥­áâ¢®¬

T(a;b)(f; a) = (Ta�bf; b);

£¤¥ äã­ªæ¨ï Ta�bf : (b;+1)! G ¤¥©áâ¢ã¥â ¯® ä®à¬ã«¥ Ta�bf(x) = f(x+ a� b), ¥áâì ¨§®¬¥âà¨ï
á«®ï Fa ­  á«®© Fb. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ a < b. �«ï â®çª¨ (f; a) 2 Fa ¡«¨¦ ©è¥© ª
­¥© â®çª®© á«®ï Fb ¡ã¤¥â â®çª  (f j(b;+1); b). � ª ï ¡«¨¦ ©è ï â®çª  ¥¤¨­áâ¢¥­­ . �«ï â®çª¨
(f; b) 2 Fb ¡«¨¦ ©è¨¬¨ â®çª ¬¨ á«®ï Fa ¡ã¤ãâ ¢á¥ â®çª¨ ¢¨¤  (g; a) ¯à¨ ãá«®¢¨¨ gj(b;+1) = f .
�¥¬ á ¬ë¬ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¢ ®¯à¥¤¥«¥­¨¨ ¬¥âà¨ç¥áª®£® à áá«®¥­¨ï.

�¥®à¥¬  2.1 áâ âì¨ [1] ãâ¢¥à¦¤ ¥â, çâ® «®ª «ì­® ¯®«­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ¬¥âà¨ç¥áª®¥
¯à®áâà ­áâ¢® ®¤­®à®¤­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® ¯®«­®. �®áâà®¥­­®¥ ¯à®áâà ­áâ¢® X
­¥¯®«­®, ¯®íâ®¬ã ®­® ­¥ ï¢«ï¥âáï ®¤­®à®¤­ë¬. � â®çª¥ x = (f; af ) 2 X à ¤¨ãá ¯®«­®âë c(x)
à ¢¥­ af . �à®áâà ­áâ¢® X ­¥ £®¬¥®¬®àä­® ¯à®¨§¢¥¤¥­¨î Fa � R+ : ®­® «¨­¥©­® á¢ï§­®, ¢ â®
¢à¥¬ï ª ª á®¬­®¦¨â¥«ì Fa ¯à®¨§¢¥¤¥­¨ï Fa � R+ , ¡ã¤ãç¨ ¢ ¬¥âà¨ª¥, ¨­¤ãæ¨à®¢ ­­®© ¨§ X,
ã«ìâà ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬, ­¥ «¨­¥©­® á¢ï§¥­.

� à áé¥¯«¥­¨¨ (1) £àã¯¯ë Sim(X) £®¬®¬®àä¨§¬ Isom(X) ! Sim(X) | íâ® £®¬®¬®àä¨§¬
¢«®¦¥­¨ï,   £®¬®¬®àä¨§¬ Sim(X)! R+ á®¯®áâ ¢«ï¥â ª ¦¤®¬ã ¯®¤®¡¨î ¥£® ª®íää¨æ¨¥­â. �à¨
íâ®¬ â ª®¥ à áé¥¯«¥­¨¥ ­¥ ¯®à®¦¤ ¥â ­  â®¯®«®£¨ç¥áª®© £àã¯¯¥ Sim(X) áâàãªâãàë â®¯®«®£¨-
ç¥áª®£® ¯à®¨§¢¥¤¥­¨ï Isom(X)�R+ : ¯®¤£àã¯¯  ¢ Sim(X), ¯®à®¦¤¥­­ ï ¢á¥¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨
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¢¨¤  H� ¨ Rf , «¨­¥©­® á¢ï§­ , ¢ â® ¢à¥¬ï ª ª Isom(X) ¤¥©áâ¢ã¥â ­  ã«ìâà ¬¥âà¨ç¥áª¨å ¯à®-
áâà ­áâ¢ å Fa ª ª ¢¯®«­¥ ­¥á¢ï§­ ï £àã¯¯ . �«¥¤®¢ â¥«ì­®, ª ¦¤ ï ª®¬¯®­¥­â  á¢ï§­®áâ¨ ¢
¯à®¨§¢¥¤¥­¨¨ Isom(X)� R+ ¨§®¬®àä­  R+ .
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