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�«£¥¡àã ®ªâ ¢ Ca ( «£¥¡àã ç¨á¥« �í«¨) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë: Ca =
R�1�V , £¤¥ V | ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ª ¥¤¨­¨æ¥, ª®â®à®¥ ï¢«ï¥âáï á¥¬¨¬¥à­ë¬ ¢¥ªâ®à­ë¬
¯à®áâà ­áâ¢®¬, ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ �¨ G2 ¨ COG2. � V áãé¥áâ¢ã¥â
¡ §¨á fe1; : : : ; e7g á â ¡«¨æ¥© ã¬­®¦¥­¨ï ª« áá¨ç¥áª®©  «£¥¡àë �í«¨ [1]

[e1; e2] = e3; [e1; e3] = �e2; [e1; e4] = e5; [e1; e5] = �e4;

[e1; e6] = �e7; [e1; e7] = e6; [e2; e3] = e1; [e2; e4] = e6;

[e2; e5] = e7; [e2; e6] = �e4; [e2; e7] = �e5; [e3; e4] = e7;

[e3; e5] = �e6; [e3; e6] = e5; [e3; e7] = �e4; [e4; e5] = e1;

[e4; e6] = e2; [e4; e7] = e3; [e5; e6] = �e3; [e5; e7] = e2;

[e6; e7] = �e1; [ei; ei] = 0; i =1; : : : ; 7:

�­®£®®¡à §¨ï á® áâàãªâãà­®© £àã¯¯®© G2 ¨§ãç «¨áì ¢ [2], [3] ¨ ¤à. �â¬¥â¨¬, çâ® £àã¯¯  COG2

ï¢«ï¥âáï ª®­ä®à¬­ë¬  ­ «®£®¬ £àã¯¯ë  ¢â®¬®àä¨§¬®¢ G2  «£¥¡àë ®ªâ ¢, â. ¥. COG2 = f� �A j
� 2 R+, A 2 G2g. � á¥¬¨¬¥à­®¬ ¯à®áâà ­áâ¢¥ ®ªâ ¢­ ï £¥®¬¥âà¨ï ­ ¨¡®«¥¥ ¯®¤å®¤ïé ï ¤«ï
¨áá«¥¤®¢ ­¨ï, â. ª. ¢ á«ãç ¥ ¬ «¥­ìª¨å áâàãªâãà­ëå £àã¯¯ ª á â¥«ì­ë¥ ¯à®áâà ­áâ¢  ¬­®£®-
®¡à §¨© ¨ ¯®¤¬­®£®®¡à §¨© çà¥§¬¥à­® ­¥¨§®âà®¯­ë. � â® ¦¥ ¢à¥¬ï ¢ á«ãç ¥ ¡®«ìè®© áâàãªâãà-
­®© £àã¯¯ë, ­ ¯à¨¬¥à, SL(7), ¨¬¥¥âáï ¬ «® ¨­¢ à¨ ­â®¢. � á«ãç ¥ ¯à®¨§¢®«ì­®© à §¬¥à­®áâ¨
®àâ®£®­ «ì­ ï ¨ ª®­ä®à¬­ ï £àã¯¯ë ­ ¨¡®«¥¥ ®¯â¨¬ «ì­ë ¢ íâ®¬ á¬ëá«¥. �® ¢ á¥¬¨¬¥à­®¬
¯à®áâà ­áâ¢¥ ¨áª«îç¨â¥«ì­®¥ §­ ç¥­¨¥ ¨¬¥îâ ª®¬¯ ªâ­ ï ä®à¬  ¨ ­®à¬ «ì­ ï ­¥ª®¬¯ ªâ­ ï
ä®à¬  £àã¯¯ë �¨ G2: �â  £àã¯¯  ã¤®¡­  â ª¦¥ á â®çª¨ §à¥­¨ï ¨á¯®«ì§®¢ ­¨ï ­¥®¡å®¤¨¬ëå
ª®¬¯ìîâ¥à­ëå ¢ëç¨á«¥­¨©, â. ª. ¤àã£¨¥ ®á®¡ë¥ £àã¯¯ë (â ª¨¥ ª ª F4 à §¬¥à­®áâ¨ 52 á® áâ ­-
¤ àâ­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ à §¬¥à­®áâ¨ 26) âà¥¡ãîâ §­ ç¨â¥«ì­® ¡®«¥¥ ¤®«£¨å ¨ á«®¦­ëå ¢ëç¨-
á«¥­¨©.

�¨ää¥à¥­æ¨ «ì­ ï £¥®¬¥âà¨ï á¥¬¨¬¥à­ëå ¬­®£®®¡à §¨© ¨ à §«¨ç­ëå ¯®¤¬­®£®®¡à §¨© ¢
¯à®áâà ­áâ¢ å á® áâàãªâãà­®© £àã¯¯®© Gn

2 (­®à¬ «ì­ ï ä®à¬  ª®¬¯«¥ªá­®© ®á®¡®© £àã¯¯ë �¨
Gc

2) ®ç¥­ì ¡®£ â  ¯® áà ¢­¥­¨î ¤ ¦¥ á ®¡ëç­®© ®ªâ ¢­®© £¥®¬¥âà¨¥©.
�¥®¬¥âà¨ç¥áª¨¥ ®¡ê¥ªâë á® áâàãªâãà­®© £àã¯¯®© COG2 ®â«¨ç îâáï á¢®¥®¡à §¨¥¬ á¢®©áâ¢

¨ ¯à¥¤áâ ¢«ïîâ §­ ç¨â¥«ì­ë© ¨­â¥à¥á ¤«ï ã£«ã¡«¥­­®£® ¨§ãç¥­¨ï ­¥ â®«ìª® ¢ ¬ â¥¬ â¨ª¥,
­® ¨ ¢ ä¨§¨ª¥ [4]. �®íâ®¬ã ¢¯®«­¥ ¥áâ¥áâ¢¥­­ë¬ ï¢«ï¥âáï ¨§ãç¥­¨¥ ¯à®áâà ­áâ¢ ­¥ â®«ìª® á
äã­¤ ¬¥­â «ì­®© £àã¯¯®© G2, ­® ¨ á äã­¤ ¬¥­â «ì­ë¬¨ £àã¯¯ ¬¨ Gn

2 ¨ COG2. �à®áâà ­áâ¢® á
äã­¤ ¬¥­â «ì­®© £àã¯¯®© Gn

2 ¡ã¤¥¬ ­ §ë¢ âì ¯á¥¢¤®®ªâ ¢­ë¬,   á äã­¤ ¬¥­â «ì­®© £àã¯¯®©
COG2 | ª®­ä®à¬­®-®ªâ ¢­ë¬.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¯®£àã¦¥­­ë¥ £« ¤ª¨¥ £¨¯¥à¯®¢¥àå­®áâ¨ ¢ íâ¨å ¯à®áâà ­-
áâ¢ å á ­¥¨§®âà®¯­ë¬¨ ­®à¬ «ï¬¨ ¨ ¤®ª §ë¢ îâáï  ­ «®£¨ ª« áá¨ç¥áª®© â¥®à¥¬ë �®­­¥ ¤«ï
­¨å.
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�®£àã¦¥­­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ ¯á¥¢¤®®ªâ ¢­®£® ¯à®áâà ­áâ¢ 

�ãáâì V | á¥¬¨¬¥à­®¥ ¯á¥¢¤®®ªâ ¢­®¥ ¯à®áâà ­áâ¢® á  ­â¨ª®¬¬ãâ â¨¢­ë¬ ã¬­®¦¥­¨¥¬

[e1; e2] = e3; [e1; e3] = �e2; [e1; e4] = �e5; [e1; e5] = e4;

[e1; e6] = �e7; [e1; e7] = e6; [e2; e3] = e1; [e2; e4] = �e6;

[e2; e5] = e7; [e2; e6] = e4; [e2; e7] = �e5; [e3; e4] = �e7;

[e3; e5] = �e6; [e3; e6] = e5; [e3; e7] = e4; [e4; e5] = e1;

[e4; e6] = e2; [e4; e7] = e3; [e5; e6] = e3; [e5; e7] = �e2;

[e6; e7] = e1; [ei; ei] = 0; i =1; : : : ; 7:

� ­­ ï â ¡«¨æ  ã¬­®¦¥­¨ï á®®â¢¥âáâ¢ã¥â ®¡®¡é¥­­®©  «£¥¡à¥ �í«¨{�¨ªá®­  [5]. �àã¯¯ 
¥¥  ¢â®¬®àä¨§¬®¢ ¥áâì ®á®¡ ï ­¥ª®¬¯ ªâ­ ï £àã¯¯  �¨ Gn

2 à §¬¥à­®áâ¨ 14. �© á®®â¢¥âáâ¢ã¥â
 «£¥¡à  �¨ gn2 .

�¥ªâ®à­®¥ ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨ï ¢ á¥¬¨¬¥à­®¬ ¯á¥¢¤®®ªâ ¢­®¬ ¯à®áâà ­áâ¢¥ ®¡à -
§ãîâ á¬¥è ­­®¥ ¯à®¨§¢¥¤¥­¨¥, ª®â®à®¥ ®¯à¥¤¥«ï¥â  ­â¨á¨¬¬¥âà¨ç­ãî âà¨«¨­¥©­ãî ä®à¬ã

(x;y; z) = h[x;y]; zi. �àã¯¯®©, á®åà ­ïîé¥© ä®à¬ã 
 2 ^3R7�, ï¢«ï¥âáï â ª¦¥ £àã¯¯  �¨ Gn

2 .
�ãáâì U � R6 | ®¡« áâì ¨ f : U ! V | ¯®£àã¦¥­¨¥, â ª çâ® S = f(U) | £¨¯¥à¯®¢¥àå-

­®áâì. �¨ää¥à¥­æ¨ « df ¨­¤ãæ¨àã¥â ¢­¥è­¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë  , h ¢â®à®© ¨ âà¥âì¥©
áâ¥¯¥­¨ ­  U â ª¨¥, çâ®

h(du;du0;du00) = 
(df(du);df(du0);df(du00));

 (du;du0) = 	(df(du);df(du0)) = 
(df(du);df(du0);N);

£¤¥ N | ­®à¬ «ì £¨¯¥à¯®¢¥àå­®áâ¨, du;du0;du00 2 TU 2 TR6.
�®à¬ã h(du;du0;du00), ª®â®à ï ¨­¤ãæ¨à®¢ ­  ä®à¬®© 
 ¯à¨ ¯®£àã¦¥­¨¨ f , ¡ã¤¥¬ ­ §ë¢ âì

¯¥à¢®© ¢­¥è­¥© äã­¤ ¬¥­â «ì­®© ä®à¬®© âà¥âì¥© áâ¥¯¥­¨; ä®à¬ã  (du;du0), ª®â®à ï ¨­¤ã-
æ¨à®¢ ­  ä®à¬®© 
 ¯à¨ ¯®£àã¦¥­¨¨ f ¯®á«¥ ¯®¤áâ ­®¢ª¨ ­®à¬ «ì­®£® ¢¥ªâ®à  ¢ 
, | ¢â®à®©
¢­¥è­¥© äã­¤ ¬¥­â «ì­®© ä®à¬®© ¢â®à®© áâ¥¯¥­¨.

� ª ¦¤®© â®çª¥ £¨¯¥à¯®¢¥àå­®áâ¨ ¢®§­¨ª ¥â à¥¯¥à ff1; : : : ; f6;Ng, £¤¥ fi =
@f

@ui
| ª á â¥«ì­ë¥

¢¥ªâ®àë, N | ­®à¬ «ì £¨¯¥à¯®¢¥àå­®áâ¨. �¥à¨¢ æ¨®­­ë¥ ä®à¬ã«ë ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

df = fidu
i;

dfi = �ji�fjdu
� + bijdu

jN;

dN = cjidu
ifj :

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï hijk = 
(fi; fj ; fk) = h[fi; fj ]; fki = (fi; fj ; fk),  ij = 	(fi; fj) = 
(fi; fj ;N) =
h[fi; fj ];Ni = (fi; fj ;N). �®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

@hijk
@um

= ��imh�jk + ��jmhi�k + ��kmhij� + bim jk + bjm ki + bkm ij ;

@ ij
@um

= ��im �j + ��jm i� + hij�c
�
m:

(1)

� áá¬®âà¨¬ ¤¢  á«ãç ï. 1) �ª «ïà­ë© ª¢ ¤à â ¢¥ªâ®à  ­®à¬ «¨ ¯®«®¦¨â¥«¥­. �ãáâì fe1; : : : ; e7g
| ­¥ª®â®àë© ®ªâ ¢­ë© à¥¯¥à (­¥ª ­®­¨ç¥áª¨©) ¢ ¯à®¨§¢®«ì­®© ¢ë¡à ­­®© â®çª¥ � â ª®©, çâ®
¢¥ªâ®à ­®à¬ «¨ N á®¢¯ ¤ ¥â á ¢¥ªâ®à®¬ e1, â. ¥. N2 = 1.

�¡®§­ ç¨¬ h0ijk = 
(ei; ej ; ek),  0
ij = 	(ei; ej), £¤¥ i; j; k 6= 1. �§ â ¡«¨æë ã¬­®¦¥­¨ï ¢¥ªâ®à®¢

feig ª®­áâ ­âë h0 2 ^3R6�,  0 2 ^2R6� ®¯à¥¤¥«¥­ë ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬: h0246 = 1, h0347 = 1,
h0356 = 1, h0257 = �1,  0

23 = 1,  0
45 = 1,  0

67 = 1,   h0ijk,  
0
ij , ­¥ á¢ï§ ­­ë¥ ãá«®¢¨¥¬ ª®á®á¨¬¬¥âà¨ç-

­®áâ¨, ­ã«¥¢ë¥.
�¥ªâ®àë fN = e1; fig ®¡à §ãîâ à¥¯¥à (­¥ª ­®­¨ç¥áª¨©, ­¥®ªâ ¢­ë©) ¢ â®çª¥ £¨¯¥à¯®¢¥àå­®-

áâ¨ S. � áá¬®âà¨¬ á¢ï§ë¢ îéãî íâ¨ ¤¢  à¥¯¥à  ¬ âà¨æã p = (pji ) 2 GL(6) â ªãî, çâ® fi = p�i e�,
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� = 2; 7. � ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â â ª®¥ ®â®¡à ¦¥­¨¥ p : U ! GL(6), çâ® h(u) = (h0)p(u),
 (u) = ( 0)p(u) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ u ¯®¢¥àå­®áâ¨ S. �àã¯¯  GL(6) ¤¥©áâ¢ã¥â ¥áâ¥-
áâ¢¥­­ë¬ ®¡à §®¬ ¢ ¯à®áâà ­áâ¢¥ ^3R6��^2R6�, à §¬¥à­®áâì ª®â®à®£® à ¢­  35. �ëïá­ï¥¬, çâ®
áâ æ¨®­ à­®© ¯®¤£àã¯¯®©, á®åà ­ïîé¥© ¯ àã ä®à¬ (h0;  0), ï¢«ï¥âáï £àã¯¯  SU(1; 2) à §¬¥à-
­®áâ¨ 8, ¨ ¬ âà¨æ  p ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®¦¨â¥«ï ¨§ SU(1; 2).

� ¨á¯®«ì§®¢ ­¨¥¬ ¨§¢¥áâ­ëå à §«®¦¥­¨© «¨­¥©­ëå £àã¯¯ áâà®¨âáï  «£®à¨â¬, ¯®§¢®«ïîé¨©
¢ë¤¥«ïâì ¯à¥¤áâ ¢¨â¥«ï ¢ ª ¦¤®¬ ª« áá¥ íª¢¨¢ «¥­â­®áâ¨ £àã¯¯ë GL(6) ¯® á¯¥æ¨ «ì­®© ã­¨-
â à­®© ¯®¤£àã¯¯¥ SU(1; 2) (¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ ¥¤¨­¨æë), çâ® ¯®§¢®«ï¥â ¨§¡ ¢¨âìáï
®â ¯à®¨§¢®«  ¢ ¢ë¡®à¥ ¬ âà¨æë p.

2) �ª «ïà­ë© ª¢ ¤à â ¢¥ªâ®à  ­®à¬ «¨ ®âà¨æ â¥«¥­. � íâ®¬ á«ãç ¥ ã¤®¡­¥¥ ¯®«ì§®¢ âìáï
¤àã£®© ¬ âà¨ç­®© à¥ «¨§ æ¨¥© £àã¯¯ë Gn

2 . �«ï íâ®£® ¢¢¥¤¥¬ ­®¢ë© ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ V

m1 = e1 + e5; m2 = e2 + e6; m3 = e3 + e7; m4 = e4;

m5 = e1 � e5; m6 = e2 � e6; m7 = e3 � e7:

�®«ãç¥­­ë© ¡ §¨á fmig ¡ã¤¥¬ ­ §ë¢ âì ¨§®âà®¯­ë¬ ¢ â®¬ á¬ëá«¥, çâ® ®­ á®¤¥à¦¨â ¬ ªá¨-
¬ «ì­® ¢®§¬®¦­®¥ ª®«¨ç¥áâ¢® ¨§®âà®¯­ëå ¢¥ªâ®à®¢, â. ¥.m2

i � 0, i 6= 4. �à¨ íâ®¬ m2
4 = �1, hm1,

m5i = 2, hm2, m6i = 2, hm3, m7i = 2, ®áâ «ì­ë¥ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï à ¢­ë ­ã«î.
�¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ [ ; ] ¢ ­®¢®¬ ¡ §¨á¥ fm1; : : : ;m7g § ¤ ¥âáï á«¥¤ãîé¥© â ¡«¨æ¥©

ã¬­®¦¥­¨ï:

[m1;m2] = 2m7; [m1;m3] = �2m6; [m1;m4] = �m1;

[m1;m5] = �2m4; [m1;m6] = 0; [m1;m7] = 0;

[m2;m3] = 2m5; [m2;m4] = �m2; [m2;m5] = 0;

[m2;m6] = �2m4; [m2;m7] = 0; [m3;m4] = �m3;

[m3;m5] = 0; [m3;m6] = 0; [m3;m7] = �2m4;

[m4;m5] = �m5; [m4;m6] = �m6; [m4;m7] = �m7;

[m5;m6] = 2m3; [m5;m7] = �2m2; [m6;m7] = 2m1;

[mi;mi] = 0; i =1; : : : ; 7:

�ãáâì fm1; : : : ;m7g | ­¥ª®â®àë© ¨§®âà®¯­ë© à¥¯¥à (­¥ª ­®­¨ç¥áª¨©) ¢ ¯à®¨§¢®«ì­®© ¢ë-
¡à ­­®© â®çª¥ � â ª®©, çâ® ¢¥ªâ®à ­®à¬ «¨ N á®¢¯ ¤ ¥â á ¢¥ªâ®à®¬ m4, â. ¥. N2 = �1.

�¡®§­ ç¨¬ h0ijk = 
(mi;mj ;mk),  0
ij = 	(mi;mj), £¤¥ i; j; k 6= 4. �§ â ¡«¨æë ã¬­®¦¥­¨ï

¢¥ªâ®à®¢ mi ª®­áâ ­âë h0ijk 2 ^3R6�,  0
ij 2 ^2R6� ®¯à¥¤¥«¥­ë ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ h0123 = 4,

h0567 = 4,  0
15 = 2,  0

26 = 2,  0
37 = 2,   h0ijk ,  

0
ij , ­¥ á¢ï§ ­­ë¥ ãá«®¢¨¥¬ ª®á®á¨¬¬¥âà¨ç­®áâ¨,

­ã«¥¢ë¥.
�¥ªâ®àë fN = m4; fig ®¡à §ãîâ à¥¯¥à (­¥ª ­®­¨ç¥áª¨©, ­¥®ªâ ¢­ë©) ¢ â®çª¥ £¨¯¥à¯®¢¥àå-

­®áâ¨ S. �¢®¤¨âáï ¬ âà¨æ  p = (pji ) 2 GL(6) â ª ï, çâ® fi = p�im�, i; � = 1; 2; 3; 5; 6; 7.
� íâ®¬ á«ãç ¥ áâ æ¨®­ à­®© ¯®¤£àã¯¯®©, á®åà ­ïîé¥© ¯ àã ä®à¬ (h0;  0), ï¢«ï¥âáï £àã¯-

¯  SL(3) à §¬¥à­®áâ¨ 8, ¤¥©áâ¢ãîé ï ¢ ¯à®áâà ­áâ¢¥ R3 � R3�, ¨ ¬ âà¨æ  p ®¯à¥¤¥«ï¥âáï á
â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®¦¨â¥«ï ¢¨¤ �

A 0
0 (AT )�1

�
;

£¤¥ A 2 SL(3), 0 | ­ã«¥¢ ï ¬ âà¨æ .
�­ «®£¨ç­® ¯¥à¢®¬ã á«ãç î ¯®áâà®¥­  «£®à¨â¬, ¯®§¢®«ïîé¨© ¢ë¤¥«ïâì ¯à¥¤áâ ¢¨â¥«ï ¢

ª ¦¤®¬ ª« áá¥ íª¢¨¢ «¥­â­®áâ¨ £àã¯¯ë GL(6) ¯® á¯¥æ¨ «ì­®© «¨­¥©­®© ¯®¤£àã¯¯¥ SL(3) (¢
¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ ¥¤¨­¨æë), çâ® ¯®§¢®«ï¥â ¨§¡ ¢¨âìáï ®â ¯à®¨§¢®«  ¢ ¢ë¡®à¥ ¬ -
âà¨æë p.
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�¡®§­ ç¨¬ ç¥à¥§ q ¬ âà¨æã, ®¡à â­ãî ª ¬ âà¨æ¥ p. �«¥¤®¢ â¥«ì­®, ¢ ®¡®¨å á«ãç ïå á¨áâ¥¬ã
ãà ¢­¥­¨© (1) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

habcd = e�xadh0xbc + e�ybdh0ayc + e�zcdh0abz + ebad 0
bc �

ebbd 0
ac + ebcd 0

ab;

 abd = e�xad 0
xb + e�ybd 0

ay + eczdh0abz; (2)

£¤¥ habcd =
P
i;j;k;l

@hijk

@ul
qiaq

j
bq
k
c q
l
d,  abd =

P
i;j;l

@ ij

@ul
qiaq

j
bq
l
d, ­¥¨§¢¥áâ­ë¥ e�xad = ��ilp

x
�q

i
aq
l
d, ebad = bilq

i
aq
l
d,

eczd = c�l p
z
�q

l
d. �ëà ¦¥­¨ï habcd,  abd ¢ «¥¢®© ç áâ¨ á¨áâ¥¬ë à áá¬ âà¨¢ ¥¬ ª ª á¨¬¢®«ì­ë¥ ¯ -

à ¬¥âàë. �®íää¨æ¨¥­âë ¢ ¯à ¢®© ç áâ¨ ï¢«ïîâáï ª®­áâ ­â ¬¨. �«ï ª ¦¤®£® á«ãç ï ®â¤¥«ì­®
à áá¬ âà¨¢ « áì á¨áâ¥¬  ãà ¢­¥­¨© (2). �­  «¨­¥©­  ®â­®á¨â¥«ì­® 183 ­¥¨§¢¥áâ­ëå e�xad, ebad, eczd
¨ á®¤¥à¦¨â 210 ãà ¢­¥­¨©.

� ­£ ®¤­®à®¤­®© á¨áâ¥¬ë á®¢¯ ¤ ¥â á ª®«¨ç¥áâ¢®¬ ­¥¨§¢¥áâ­ëå ¨ à ¢¥­ 183, á«¥¤®¢ â¥«ì­®,
áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£® à¥è¥­¨ï. �â® á¯à ¢¥¤«¨¢® ª ª ¢ ¯¥à¢®¬, â ª ¨ ¢® ¢â®à®¬ á«ãç ¥.

�â®¡ë á¨áâ¥¬  ¨¬¥«  à¥è¥­¨¥, ¤®«¦­ë áãé¥áâ¢®¢ âì 27 á®®â­®è¥­¨©, á®¤¥à¦ é¨å á¨¬¢®«ì-
­ë¥ ¯ à ¬¥âàë hijkl,  ijk, â. ¥. á¢®¡®¤­ë¥ ç«¥­ë á¨áâ¥¬ë. � [6] ¯®ª § ­®, çâ® íâ¨ 27 á®®â­®è¥­¨©
ï¢«ïîâáï â®¦¤¥áâ¢¥­­ë¬¨.

�¨áâ¥¬  (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ª ª ¢ ¯¥à¢®¬, â ª ¨ ¢® ¢â®à®¬ á«ãç ïå. �à¨¢¥¤¥¬
¤«ï ¯à¨¬¥à  ­¥áª®«ìª® ¢ëà ¦¥­¨©, ¯®«ãç¥­­ëå ¢ ¯¥à¢®¬ á«ãç ¥.

e�222 = 1
2
(2 232 +  452 +  672 � h3472 � h3562);

e�367 = 1
4
( 254 � 2 245 + 2 276 +  344 +  355 + 2 366 � 2 452 � 2 672 � h2365 +

+ h2374 � h2473 � h2563 + h3463 + 2h3472 + h3573 � h4565 � h4574 + 2h5676);

eb22 = 1
4
(� 246 +  257 +  264 �  275 +  347 +  356 �  365 �  374 � h2344 �

� h2355 � h2366 � h2377 + 2h2452 + 2h2672 + h4566 + h4577 + h4674 + h5675);

ec23 = 1
4
( 247 +  256 �  265 �  274 +  346 �  357 �  364 +  375 + 2 463 �

� 2 573 + h2453 + h2673 � h3452 � h3672):

�§ ¢ëè¥¯à¨¢¥¤¥­­ëå à ááã¦¤¥­¨© ¢ë¢®¤¨âáï

�¥¬¬ . �®íää¨æ¨¥­âë �kij , bij, c
j
i ¬®¦­® ¢ëà §¨âì ç¥à¥§ ä®à¬ë hijk,  ij ¨§ «¨­¥©­®©

á¨áâ¥¬ë ãà ¢­¥­¨© (1).

�¥®à¥¬  1. �¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë  ¨ h, ®¯à¥¤¥«¥­­ë¥ ¢ ®ªà¥áâ­®áâ¨ U ¯à®¨§¢®«ì­®©

¢ë¡à ­­®© â®çª¨ M , ã¤®¢«¥â¢®àïîé¨¥ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¨ á®¤¥à¦ é¨¥áï ¢ ®à¡¨â¥

£àã¯¯ë GL(6), ®¯à¥¤¥«ïîâ ¯®£àã¦¥­¨¥ f ®ªà¥áâ­®áâ¨ â®çª¨ M , ®¡à § ª®â®à®£® ï¢«ï¥âáï £¨-

¯¥à¯®¢¥àå­®áâìî á ¯®«®¦¨â¥«ì­® ¨«¨ ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®© ­®à¬ «ìî. �â® ¯®£àã¦¥-

­¨¥ ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  F (x) = Ax+ a, £¤¥ A 2 Gn
2 , x; a 2 V = R7.

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥, §­ ï ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë  ¨ h ­  U , á®¤¥à¦ é¨-
¥áï ¢ ®à¡¨â¥ ¯ àë (h0;  0), ¬®¦­® ¢ëç¨á«¨âì ª®íä¨æ¨¥­âë �kij , bij , c

j
i . �á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨

á¨áâ¥¬ë (1) á®¢¯ ¤ îâ á ãá«®¢¨ï¬¨ � ãáá  ¨ �¥â¥àá®­ {�®¤ ææ¨ ­  ª®íä¨æ¨¥­âë �kij , bij , c
j
i

¨ ¢®§­¨ª îâ ª ª à¥§ã«ìâ â ¯à¨à ¢­¨¢ ­¨ï á¬¥è ­­ëå ¯à®¨§¢®¤­ëå. � ª¨¬ ®¡à §®¬, ¥á«¨ ¢ë-
¯®«­ïîâáï ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë, â® á®£« á­® â¥®à¥¬¥ �à®¡¥­¨ãá  ®¯à¥¤¥«ï¥âáï
¯®£àã¦¥­¨¥ f : U ! V (®¯à¥¤¥«¥­­®¥ ¢ ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®© ¢ë¡à ­­®© â®çª¨ M 2 U) á
â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ .

� ª¨¬ ®¡à §®¬, ¤®ª §ë¢ ¥âáï  ­ «®£ â¥®à¥¬ë �®­­¥ ¤«ï è¥áâ¨¬¥à­ëå £¨¯¥à¯®¢¥àå­®áâ¥©:
¤¢¥ ¢­¥è­¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ¢â®à®© ¨ âà¥âì¥© áâ¥¯¥­¨ ®¯à¥¤¥«ïîâ ¯®£àã¦¥­¨¥ è¥-
áâ¨¬¥à­®£® ¬­®£®®¡à §¨ï ¢ á¥¬¨¬¥à­®¥ ¯à®áâà ­áâ¢® á ¯á¥¢¤®®ªâ ¢­®© áâàãªâãà®©.
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�®£àã¦¥­¨¥ £¨¯¥à¯®¢¥àå­®áâ¥© ¢ ª®­ä®à¬­®-®ªâ ¢­®¥ ¯à®áâà ­áâ¢®

� ª®­ä®à¬­®-®ªâ ¢­®¬ ¯à®áâà ­áâ¢¥ ¢¥ªâ®à­®¥ [ ; ] ¨ áª «ïà­®¥ h ; i ¯à®¨§¢¥¤¥­¨ï ®¯à¥¤¥-
«¥­ë á â®ç­®áâìî ¤® áª «ïà­®£® ¬­®¦¨â¥«ï.

�ãáâì S | ¯à®¨§¢®«ì­ ï £¨¯¥à¯®¢¥àå­®áâì ª®­ä®à¬­®-®ªâ ¢­®£® ¯à®áâà ­áâ¢ , U | ®âªàë-
â®¥ ¬­®¦¥áâ¢® ¢ R6 ¨ r = r(U) | ¯®£àã¦¥­¨¥ â ª®¥, çâ® r(U) = S. �®£¤  r = r(u1; u2; u3; u4; u5; u6)

| ¯ à ¬¥âà¨§ æ¨ï ¯®¢¥àå­®áâ¨ S ¨ dr =
6P
i=1

ruidui.

� ª ¨§¢¥áâ­®, ¢ ª« áá¨ç¥áª®© ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¯¥à¢ ï ª¢ ¤à â¨ç­ ï ä®à¬ 
£¨¯¥à¯®¢¥àå­®áâ¨ ®¯à¥¤¥«ï¥âáï ¢ ¢¨¤¥ I = dr2. � ª®­ä®à¬­®-®ªâ ¢­®¬ ¦¥ ¯à®áâà ­áâ¢¥ áª «ïà-
­®¥ ¯à®¨§¢¥¤¥­¨¥ ®¯à¥¤¥«¥­® á â®ç­®áâìî ¤® áª «ïà­®£® ¬­®¦¨â¥«ï �. �®íâ®¬ã §¤¥áì ­¥«ì§ï
áª § âì, çâ® ä®à¬  I ¨­¢ à¨ ­â­ , ®¤­ ª® ã¤®¡­® ¢¢¥áâ¨ á«¥¤ãîéãî ª¢ ¤à â¨ç­ãî ä®à¬ã:

eI = I
n2

=
dr2

n2
= Fii(du

i)2 + 2Fkjdu
kduj ; i; j; k = 1; 6; k < j;

£¤¥ n | ¢¥ªâ®à ­®à¬ «¨ ª £¨¯¥à¯®¢¥àå­®áâ¨, ª®â®àë© ®¤­®§­ ç­® å à ªâ¥à¨§ã¥âáï ãá«®¢¨ï¬¨

hrui ;ni = 0; i = 1; 6;

6P
k=1

r2uk

n2
= 1

(3)

¨ ¢ë¡à ­­®© ®à¨¥­â æ¨¥© £¨¯¥à¯®¢¥àå­®áâ¨ S. � ª ï ä®à¬  ã¦¥ ¡ã¤¥â ¨­¢ à¨ ­â­ , â. ª. áª -
«ïà­ë© ¬­®¦¨â¥«ì � ¢ ç¨á«¨â¥«¥ ¨ §­ ¬¥­ â¥«¥ á®ªà â¨âáï.

�­ «®£¨ç­® ®¯à¥¤¥«¨¬ á«¥¤ãîéãî ¨­¢ à¨ ­â­ãî ä®à¬ã:

eII = II
n2

= �
hdr; dni

n2
=Mii(dui)2 + 2Mkjdu

kduj ; i; j; k = 1; 6; k < j: (4)

� ª¦¥ ®ª §ë¢ ¥âáï ã¤®¡­® ¢§ïâì ¥é¥ ®¤­ã ¨­¢ à¨ ­â­ãî «¨­¥©­ãî ä®à¬ã

fIV =
hdn;ni

n2
= K�du

�; � = 1; 6:

�à¨á®¥¤¨­¨¬ ª ª ¦¤®© â®çª¥ £¨¯¥à¯®¢¥àå­®áâ¨ S à¥¯¥à ff1; : : : ; f7g á«¥¤ãîé¨¬ ®¡à §®¬: ¯®«®-
¦¨¬ fi = rui , i = 1; 6,   ¢¥ªâ®à f7 = n.

�§ ãá«®¢¨© (3) ¢ëâ¥ª ¥â § ¢¨á¨¬®áâì ¬¥¦¤ã ª®íää¨æ¨¥­â ¬¨ ¯¥à¢®© ª¢ ¤à â¨ç­®© ä®à¬ë eI
6X
i=1

Fii = 1:

�¥à¨¢ æ¨®­­ë¥ ä®à¬ã«ë ¯à¨­¨¬ îâ á«¥¤ãîé¨© ¢¨¤:

dr = f�du
� ; dfi = ��i�f�du

�; � = 1; 6; i; � = 1; 7:

�â ª, dfk = druk =
6P
j=1

rukujdu
j , k = 1; 6. � ª ª ª ruiuj = rujui , â®

��ij = ��ji; i; j = 1; 6; � = 1; 7: (5)

�à®¬¥ â®£®, ¤¨ää¥à¥­æ¨àãï à ¢¥­áâ¢® hfi; f7i = 0, i = 1; 6, ¯®«ãç ¥¬ hdfi; f7i + hfi; df7i = 0.
�«¥¤®¢ â¥«ì­®, hdf7; fii = �hdfi; f7i, i = 1; 6, ¨

�j7i = ��7ji; i; j = 1; 6: (6)

�ç¨âë¢ ï (5) ¨ (6), ¯®¤áç¨â ¥¬ ª®«¨ç¥áâ¢® ­¥¨§¢¥áâ­ëå �kij

6 � 7|{z}
df1

+5 � 7|{z}
df2

+4 � 7|{z}
df3

+3 � 7|{z}
df4

+2 � 7|{z}
df5

+1 � 7|{z}
df6

+ 6|{z}
df7

= 42 + 35 + 28 + 21 + 14 + 7 + 6 = 153:
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�®áª®«ìªã

I = dr2 =
6X
i=1

hrui ; ruii+ 2
X
i<j

hrui ; ruj idu
iduj ;

d2r =
6X
j=1

6X
i=1

ruiujdu
iduj =

6X
i=1

ruiui(du
i)2 + 2

X
i<j

ruiujdu
iduj ;

II = hd2r; f7i =
6X
i=1

hruiui ; f7i(du
i)2 + 2

X
i<j

hruiuj ; f7idu
iduj ;

â® hr
ui
;r
uj

i

f
2

7

= Fij ;
hr

uiuj
;f7i

f
2

7

=Mij . �¬¥¥¬

hdfk; f7i

f 27
=

6X
j=1

hrukuj ; f7i

f 27
duj =

6X
j=1

Mkjdu
j ; k = 1; 6;

£¤¥ Mkj | ª®íää¨æ¨¥­âë ª¢ ¤à â¨ç­®© ä®à¬ë eII (á¬. (4)). � ¤àã£®© áâ®à®­ë,

hdfk; f7i

f 27
=

6X
j=1

�7kjdu
j ; k = 1; 6:

�à ¢­¨¢ ¯à ¢ë¥ ç áâ¨ ¤¢ãå ¯®á«¥¤­¨å à ¢¥­áâ¢, ¯®«ãç¨¬

6X
j=1

Mkjdu
j =

6X
j=1

�7kjdu
j ; k = 1; 6:

�à¨à ¢­ï¢ ¢ ¯®á«¥¤­¥¬ â®¦¤¥áâ¢¥ ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå duj , ­ ©¤¥¬ ­¥¨§¢¥áâ­ë¥

�7kj =Mkj ; k; j = 1; 6; k � j:

� â¥¬ ã¬­®¦¨¢ áª «ïà­® ­  fk (k = 1; 6) à ¢¥­áâ¢® ruiuj = ��ijf�, £¤¥ i � j � 6, � = 1; 7, ¯®«ãç¨¬

hruiuj ; fki = ��ijhf�; fki:

� §¤¥«¨¬ íâ® à ¢¥­áâ¢® ­  f 27

hruiuj ; ruk i

f 27
= ��ijF�k; �; k = 1; 6; � � k:

�¡®§­ ç¨¢
hruiuj ; ruk i

f 27
= Xk

ij ; i; j; k = 1; 6; i � j;

£¤¥ Xk
ij = Xk

ji, ¯®«ãç¨¬ á¨áâ¥¬ã ¨§ 126 «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® 126 ­¥¨§¢¥áâ­ëå ��ij :

Xk
ij = ��ijF�k: (7)

� ª¨¬ ®¡à §®¬, ¢á¥ ��ij , ¢å®¤ïé¨¥ ¢ á¨áâ¥¬ã ãà ¢­¥­¨© (7), ¢ëà ¦¥­ë ç¥à¥§ Xk
ij ¨ F�k.

�áâ ¥âáï ­ ©â¨ Xk
ij ¨ �

7
7j . �«ï íâ®£® à áá¬®âà¨¬ «¨­¥©­ãî ä®à¬ã fIV

hdf7; f7i

f 27
= �77�du

� = K�du
�; � = 1; 6:

�âáî¤  �77j = Kj ; j = 1; 6, â. ¥. ­ ©¤¥­® ¥é¥ è¥áâì ­¥¨§¢¥áâ­ëå �kij .
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� «¥¥ ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯® uj (j = 1; 6) ª®íää¨æ¨¥­âë ¯¥à¢®© ª¢ ¤à â¨ç­®© ä®à¬ë
hr

ui
;r
uk

i

f2
7

= Fik:

(hruiuj ; ruki+ hrui ; rukuj i) f 27 � hrui ; ruk i2h@f7=@uj ; f7i
f 47

=
@Fik
@uj

¨«¨
(hruiuj ; ruki+ hrui ; rukuj i)f 27 � 2hrui ; ruki�77jf

2
7

f 47
=
@Fik
@uj

:

�ª®­ç â¥«ì­® ¨¬¥¥¬ Xk
ij+X

i
kj�2Fik�

7
7j =

@Fik
@uj

, £¤¥ i; j; k = 1; 6, Xk
ij = Xk

ji, i � k. �¡®§­ ç¨¢ P k
ij =

@Fik
@uj

+ 2Fik�77j , ¯®«ãç¨¬ á¨áâ¥¬ã 126 «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® 126 ­¥¨§¢¥áâ­ëå Xk
ij :

Xk
ij +X i

kj = P k
ij ; £¤¥ i; j; k = 1; 6; Xk

ij = Xk
ji; i � k:

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥­ë ¢á¥ ª®íää¨æ¨¥­âë ¤¥à¨¢ æ¨®­­ëå ä®à¬ã« £¨¯¥à¯®¢¥àå­®áâ¨ ¤«ï
¯à®¨§¢®«ì­®© ¯ à ¬¥âà¨§ æ¨¨ ¨ á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  2. �®íää¨æ¨¥­âë ¤¥à¨¢ æ¨®­­ëå ä®à¬ã«

dr = f�du
� ;

dfi = ��i�f�du
�; � = 1; 6; � = 1; 7;

¯à®¨§¢®«ì­®© £« ¤ª® ¯ à ¬¥âà¨§®¢ ­­®© ¯®¢¥àå­®áâ¨ ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ç¥à¥§ ª®íää¨-

æ¨¥­âë ª¢ ¤à â¨ç­ëå ä®à¬ eI = dr2

n2
, eII = � hdr;dni

n2
, ª®íää¨æ¨¥­âë «¨­¥©­®© ä®à¬ë fIV = hdn;ni

n2

¨ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ª¢ ¤à â¨ç­®© ä®à¬ë eI.
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