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B áâ âì¥ ¯®ª § ­®, çâ® ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¢®§¬®¦­® ¯®áâà®¥­¨¥ ¯à®áâëå ¨ íª®­®¬¨ç­ëå
­¥ï¢­ëå ¢ëç¨á«¨â¥«ì­ëå  «£®à¨â¬®¢ ¯®è £®¢®£® ¨­â¥£à¨à®¢ ­¨ï ¡¥§ ®à£ ­¨§ æ¨¨ âàã¤®¥¬ª¨å
¨â¥à æ¨®­­ëå ¯à®æ¥¤ãà, ®á­®¢ ­­ëå ­  ¯à®æ¥áá å ¯® â¨¯ã ¨â¥à æ¨© �ìîâ®­ {� äá®­ . �à¥¤¢ -
à¨â¥«ì­® ¨áå®¤­ ï § ¤ ç  ¤®«¦­  ¡ëâì ¯à¥®¡à §®¢ ­  ª ­®¢®¬ã  à£ã¬¥­âã | ¤«¨­¥ ¨­â¥£à «ì-
­®© ªà¨¢®©. � ª®¥ ¯à¥®¡à §®¢ ­¨¥ ®áãé¥áâ¢«ï¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨ï, á¢ï§ë¢ îé¥£®
¨áå®¤­ë©  à£ã¬¥­â § ¤ ç¨ á ¤«¨­®© ¨­â¥£à «ì­®© ªà¨¢®©. �  ¯à¨¬¥à¥ ¬¥â®¤  «¨­¥©­®£® ãáª®-
à¥­¨ï ¯®ª § ­  áå¥¬  ¯®áâà®¥­¨ï ­¥ï¢­®£®  «£®à¨â¬  á ¨á¯®«ì§®¢ ­¨¥¬ ¯à®áâëå ¨â¥à æ¨© ¤«ï
ç¨á«¥­­®£® à¥è¥­¨ï ¯à¥®¡à §®¢ ­­®© § ¤ ç¨ �®è¨. �ä®à¬ã«¨à®¢ ­ë ¨ ¤®ª § ­ë ãâ¢¥à¦¤¥­¨ï
® ¢ëç¨á«¨â¥«ì­ëå á¢®©áâ¢ å ¨â¥à æ¨®­­®£® ¯à®æ¥áá . �ää¥ªâ¨¢­®áâì ¯à¥¤«®¦¥­­®© ¬¥â®¤®«®-
£¨¨ ¯à®¤¥¬®­áâà¨à®¢ ­  ­  ç¨á«¥­­®¬ à¥è¥­¨¨ ¤¢ãå § ¤ ç. �«ï ­¨å ¤ ­ áà ¢­¨â¥«ì­ë©  ­ «¨§
ç¨á«¥­­ëå à¥è¥­¨©, ¯®«ãç¥­­ëå á ¨á¯®«ì§®¢ ­¨¥¬ ¨ ¡¥§ ¨á¯®«ì§®¢ ­¨ï ¯ à ¬¥âà¨§ æ¨¨ ¨áå®¤-
­ëå § ¤ ç. � ª ç¥áâ¢¥ â¥áâ®¢®© à áá¬®âà¥­  § ¤ ç  � £à ­¦  ® à á¯à®áâà ­¥­¨¨ §¢ãª  ¨ ® ª®-
«¥¡«îé¥©áï áâàã­¥. �â®à®© ¯à¨¬¥à á¢ï§ ­ á ¬®¤¥«¨à®¢ ­¨¥¬ ­¥«¨­¥©­®© ¤¨­ ¬¨ª¨ à áªàëâ¨ï
£¨¡ª®© áâ¥à¦­¥¢®© á¨áâ¥¬ë, ¢à é îé¥©áï á¢®¡®¤­® ¢ ¯à®áâà ­áâ¢¥ ®â­®á¨â¥«ì­® ­¥¯®¤¢¨¦­®©
â®çª¨.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£®
¯®àï¤ª , à §à¥è¥­­®© ®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®©,

�u = f(t; u; _u); u(t0) = u0; _u(t0) = v0: (1.1)

�¤¥áì u(t) | ­¥¨§¢¥áâ­ ï ¢¥ªâ®à-äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï ¯¥à¥¬¥é¥­¨¥ â®çª¨ ¢ n-¬¥à­®¬ ¥¢ª«¨-
¤®¢®¬ ¯à®áâà ­áâ¢¥, t 2 R ®¡®§­ ç ¥â ¢à¥¬ï, ¢¥ªâ®à-äã­ªæ¨ï f = f(t; u; v), ¤¥©áâ¢ãîé ï ª ª
®¯¥à â®à f : R2n+1 ! Rn , ¯à¥¤áâ ¢«ï¥â á®¡®© ãáª®à¥­¨¥ â®çª¨ ¢ ¯à®áâà ­áâ¢¥ Rn , § ¢¨áïé¥¥ ®â
¢à¥¬¥­¨, ¯¥à¥¬¥é¥­¨ï ¨ áª®à®áâ¨ v = _u.

� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¬­®£¨å ä¨§¨ç¥áª¨å ï¢«¥­¨© á¢®¤¨âáï ª á¨áâ¥¬¥ ãà ¢­¥­¨©
(1.1). � ç áâ­®áâ¨, ª ãà ¢­¥­¨ï¬ (1.1) ¯à¨¢®¤ïâ ¯à¨ª« ¤­ë¥ ¨áá«¥¤®¢ ­¨ï ¢ ®¡« áâ¨ ç¨á«¥­­®-
£® ¬®¤¥«¨à®¢ ­¨ï ¤¨­ ¬¨ç¥áª¨å ¯à®æ¥áá®¢, ¯à®â¥ª îé¨å ¢ ª®­áâàãªæ¨ïå ¨ á¯«®è­ëå áà¥¤ å
(­ ¯à., [1]{[6]).

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äã­ªæ¨ï f 2 C 2(D), £¤¥ D � R2n+1 | ­¥ª®â®à ï ®¡« áâì ¢ ¥¢ª«¨-
¤®¢®¬ ¯à®áâà ­áâ¢¥ R2n+1 . �®£¤ , ª ª ¨§¢¥áâ­® [7], [8], ¢ ®¡« áâ¨ D áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¯à¨ § ¤ ­­ëå ­ ç «ì­ëå §­ ç¥­¨ïå y0 = [u0; v0; t0]T 2 D. � ª¨¬ ®¡à §®¬,
¯à¨ áä®à¬ã«¨à®¢ ­­ëå ãá«®¢¨ïå ç¥à¥§ «î¡ãî â®çªã ®¡« áâ¨ D ¯à®å®¤¨â ¥¤¨­áâ¢¥­­ ï £« ¤ª ï
¨­â¥£à «ì­ ï ªà¨¢ ï y(t) = [u(t); v(t); t]T , ã¤®¢«¥â¢®àïîé ï á¨áâ¥¬¥ ãà ¢­¥­¨© (1.1), ¨ à¥è¥­¨¥

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâë òò03-01-00071, 01-01-00038).
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§ ¤ ç¨ (1.1) á¢®¤¨âáï ª ¯®áâà®¥­¨î ¢ ®¡« áâ¨ D ¨­â¥£à «ì­®© ªà¨¢®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã
y0.

�«ï ¤ «ì­¥©è¥£® ®¡®§­ ç¨¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ äã­ªæ¨© f , g ¨ ­®à¬ã äã­ªæ¨¨ f ¨§
­¥ª®â®à®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  á®®â¢¥âáâ¢¥­­® ç¥à¥§ fg ¨ kfk = (ff)1=2.

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨§ãç¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (1.1) á ¯®§¨æ¨¨ ¬¥â®¤  ¯à®¤®«-
¦¥­¨ï à¥è¥­¨ï ¯® ¯ à ¬¥âàã [9] ¨ ¯®áâà®¥­¨¥ ¤«ï ­¥¥ íää¥ªâ¨¢­ëå ­¥ï¢­ëå ¢ëç¨á«¨â¥«ì­ëå
áå¥¬ à¥è¥­¨ï ¯à¨ ­¥ª®â®à®© ¤®¯®«­¨â¥«ì­®© § ¬¥­¥ ¯¥à¥¬¥­­ëå, ­ §ë¢ ¥¬®© ­ ¨«ãçè¥© ¯ -
à ¬¥âà¨§ æ¨¥© [10]{[15].

2. � à ¬¥âà¨§ æ¨ï ãà ¢­¥­¨©

�¢¥¤¥¬ ¢ ®¡« áâ¨ D ¢¥é¥áâ¢¥­­ãî £« ¤ªãî äã­ªæ¨î � = �(y) = �(u; v; t) 2 C
3(D) ¨ ¯à®-

¨§¢¥¤¥¬ § ¬¥­ã ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© t ­  ¯ à ¬¥âà �. �à¨ íâ®¬ ¢ ¦­®¥ §­ ç¥­¨¥ ¨¬¥¥â
¤¨ää¥à¥­æ¨ «ì­ ï å à ªâ¥à¨áâ¨ª  J äã­ªæ¨¨ � | ¥¥ ¯®«­ ï ¯à®¨§¢®¤­ ï ¯® ¢à¥¬¥­¨ ¢¤®«ì
¨­â¥£à «ì­®© ªà¨¢®©: J(y) = J(u; v; t) = _�[y(t)]. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® J(y) 6= 0 ¢ ®¡« áâ¨
D. �®£¤  äã­ªæ¨ï �(y) ¬®¦¥â ¡ëâì ¢®ááâ ­®¢«¥­  ¢¤®«ì ­¥ª®â®à®© ¨­â¥£à «ì­®© ªà¨¢®© ¯® ¥¥

¤¨ää¥à¥­æ¨ «ì­®© å à ªâ¥à¨áâ¨ª¥ ¢ ¢¨¤¥ ®¯à¥¤¥«¥­­®£® ¨­â¥£à «  �(y) = �0 +
Z t

t0

J [y(t)]dt.

�¥à¥å®¤ ª ¯ à ¬¥âàã � ¯®§¢®«ï¥â ¯à¥®¡à §®¢ âì á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1.1)
ª  ¢â®­®¬­®© á¨áâ¥¬¥ ¯¥à¢®£® ¯®àï¤ª  ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ R2n+1

y0 = F (y); y(�0) = y0; F = J�1[v; f; 1]T 2 C
2(D): (2.1)

�¤¥áì ¨ ¤ «¥¥ èâà¨å ®¡®§­ ç ¥â ¯®«­ãî ¯à®¨§¢®¤­ãî ¯® ¯ à ¬¥âàã �.
�ã­ªæ¨ï J ¨¬¥¥â á¬ëá« ¤¨ää¥à¥­æ¨ «ì­®£® ­®à¬¨àãîé¥£® ¬­®¦¨â¥«ï ¯à¨ ¯¥à¥å®¤¥ ®â

¢à¥¬¥­¨ t ª ¯ à ¬¥âàã �. � ç áâ­®áâ¨, ¥á«¨ J � 1, â® � = t+ (�0 � t0). � ¯®¬®éìî ¯ à ¬¥âà¨-
§ æ¨¨ ¬®¦­® ã«ãçè¨âì ¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (2.1). � à ¡®â å [9]{[14]
¯®ª § ­®, çâ® ®¯â¨¬ «ì­®¥ ã«ãçè¥­¨¥ (â. ¥. ­ ¨«ãçè ï ¯ à ¬¥âà¨§ æ¨ï) ¤®áâ¨£ ¥âáï ¢ á«ãç ¥,
ª®£¤  ¢ ª ç¥áâ¢¥ � ¢ë¡¨à ¥âáï ¤«¨­  ¨­â¥£à «ì­®© ªà¨¢®© ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ R2n+1 .
�â®¬ã á®®â¢¥âáâ¢ã¥â ãà ¢­¥­¨¥ ¢ ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬¥

d�2 = dt2 + du du+ dv dv (2.2)

¨«¨ ãà ¢­¥­¨¥ ¤«ï ­®à¬¨àãîé¥£® ¬­®¦¨â¥«ï

J(y) = [1 + vv + f(y)f(y)]1=2: (2.3)

�ç¥¢¨¤­®, J�1(y) = t0.
�§ ä®à¬ã« (2.1){(2.3) á«¥¤ã¥â, çâ® ¢ á«ãç ¥ ­ ¨«ãçè¥© ¯ à ¬¥âà¨§ æ¨¨ ¢ë¯®«­ï¥âáï ¢ ¦­®¥

á¢®©áâ¢® ¤«ï ­®à¬ë ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (2.1): ¢ ®¡« áâ¨ D kFk = 1. �¥à¥å®¤ ª  à£ã¬¥­âã
� ®¡¥á¯¥ç¨¢ ¥â â ª¦¥ ­ ¨«ãçèãî ®¡ãá«®¢«¥­­®áâì «¨­¥ à¨§®¢ ­­ëå á¨áâ¥¬ ãà ¢­¥­¨©, ¯®«ã-
ç îé¨åáï ¯à¨ à¥ «¨§ æ¨¨ ¯®è £®¢ëå ¯à®æ¥¤ãà ç¨á«¥­­®£® ¯®áâà®¥­¨ï ¨­â¥£à «ì­®© ªà¨¢®©
§ ¤ ç¨ (1.1) ¬¥â®¤®¬ ¯à®¤®«¦¥­¨ï à¥è¥­¨ï ¯® ¯ à ¬¥âàã, ¨ ¢ íâ®¬ á¬ëá«¥ ¯¥à¥å®¤ ª  à£ã¬¥­âã
� ­ §¢ ­ ­ ¨«ãçè¥© ¯ à ¬¥âà¨§ æ¨¥©,    à£ã¬¥­â � | ­ ¨«ãçè¨¬.

3. �¨á«¥­­ ï áå¥¬  à¥è¥­¨ï § ¤ ç¨ �®è¨

�«ï à¥è¥­¨ï § ¤ ç¨ (1.1) ¨«¨ (2.1) ¬®£ãâ ¯à¨¬¥­ïâìáï à §«¨ç­ë¥ ¯à¨¡«¨¦¥­­ë¥ ç¨á«¥­-
­ë¥ áå¥¬ë ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [16]{[18], ­ ¯à¨¬¥à, ¬¥â®¤ë
�ã­£¥{�ãââë, �¤ ¬á {�®ã«â®­ , �¨«­  ¨ ¤à. �à¥¤¨ ­¨å ®â¬¥â¨¬ ¬¥â®¤ë ¢â®à®£® ¨ âà¥âì¥£®
¯®àï¤ª®¢ â®ç­®áâ¨, ª®â®àë¥, ª ª ¯à ¢¨«®, ¯à¨¢®¤ïâ ª ­¥ï¢­ë¬ áå¥¬ ¬ ¨­â¥£à¨à®¢ ­¨ï, ­ ¯à¨-
¬¥à, ¬¥â®¤ë æ¥­âà «ì­ëå à §­®áâ¥©, � ¡®«â , �ìî¬ àª , �¨«á®­  [2]{[4]. �  ¯à ªâ¨ª¥ è¨à®-
ª®¥ à á¯à®áâà ­¥­¨¥ ¤«ï à¥è¥­¨ï § ¤ ç ¢ëç¨á«¨â¥«ì­®© ¬¥å ­¨ª¨ ¯®«ãç¨« ¬¥â®¤ �¨«á®­ ,
¯à¥¤áâ ¢«ïîé¨© á®¡®© ­¥ª®â®àãî ¬®¤¨ä¨ª æ¨î ¬¥â®¤  «¨­¥©­®£® ãáª®à¥­¨ï, ¢ ª®â®à®¬ ¯à¨
¨­â¥£à¨à®¢ ­¨¨ ãà ¢­¥­¨ï (1.1) ãáª®à¥­¨¥ �u § ¬¥­ï¥âáï ªãá®ç­®-«¨­¥©­®© äã­ªæ¨¥© ­  ¬ «®¬
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¨­â¥à¢ «¥ ¢à¥¬¥­¨ (è £¥ ¨­â¥£à¨à®¢ ­¨ï). �«¥¤®¢ â¥«ì­®, áª®à®áâì v = _u ¨ á ¬® ¯¥à¥¬¥é¥­¨¥
u ¯à¨¡«¨¦ îâáï á®®â¢¥âáâ¢¥­­® á¯« ©­ ¬¨ ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª®¢.

� áá¬®âà¨¬ ®¡®¡é¥­¨¥ ¬¥â®¤  «¨­¥©­®£® ãáª®à¥­¨ï ­  á¨áâ¥¬ã ãà ¢­¥­¨© (2.1), ¯ à ¬¥âà¨-
§®¢ ­­ãî ­ ¨«ãçè¨¬ ®¡à §®¬ [15], [19].

�«ï íâ®£® ¯à¥¤áâ ¢¨¬ ­¥¨§¢¥áâ­ë© ¢¥ªâ®à y ¢ ¢¨¤¥ y = [u; x]T , £¤¥ x = [v; t]T 2 Rn+1 , â. ¥.
¢ë¤¥«¨¬ ¨§ y ¢¥ªâ®à x, ¯® ª®â®à®¬ã ®¤­®§­ ç­® ¢®ááâ ­ ¢«¨¢ ¥âáï ãáª®à¥­¨¥ �u = Jv0. �®®â¢¥â-
áâ¢¥­­® íâ®¬ã ¯à¥¤áâ ¢¨¬ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (2.1) ¢ ¢¨¤¥ F = J�1[v; g]T , £¤¥ g = [f; 1]T .

�§ (2.2), (2.3) á«¥¤ã¥â à ¢¥­áâ¢® J�2 + u0u0 + v0v0 = 1, ®âªã¤ , á ãç¥â®¬ ä®à¬ã«ë v0 = J�1f ,
¯®«ãç ¥¬ J�1 = (1�u0u0)1=2=(1+ff)1=2. �®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¯®§¢®«ï¥â ¯¥à¥¯¨á âì (2.1) ¢ ¢¨¤¥
á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

u0 = J�1v; (3.1)

x0 = J�1g = (1� u0u0)1=2e(u; x); (3.2)

£¤¥ e(u; x) = g=(1 + ff)1=2 = g=(gg)1=2 | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢ ¯à®áâà ­áâ¢¥ Rn+1 , ª®««¨­¥ à­ë©
¢¥ªâ®àã g. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯¥à¢®¥ à ¢¥­áâ¢® (3.2) ¢ ¢¨¤¥

x0 = bg;
£¤¥ bg = J�1g = [ bf; J�1]T , bf = J�1f .

� §®¡ì¥¬ ®¡« áâì ¨§¬¥­¥­¨ï ¯ à ¬¥âà  ¨­â¥£à¨à®¢ ­¨ï � ­  ¨­â¥à¢ «ë â®çª ¬¨ �0 < �1 <
� � � < �n < � � � ¨ ¯à¨¡«¨§¨¬ ¯¥à¥¬¥­­ãî x0 (¢ ¯ à ¬¥âà¨§®¢ ­­®¬ ¢¨¤¥) ­  ª ¦¤®¬ ¨­â¥à¢ «¥
� 2 (�n; �n+1) «¨­¥©­®© äã­ªæ¨¥©

x0(�) = x0n +
�

��n
(x0n+1 � x0n): (3.3)

�¤¥áì � = �� �n, ��n = �n+1 � �n.
�­â¥£à¨àãï (3.3) ¯® ¯ à ¬¥âàã � ¨ ãç¨âë¢ ï ¯à¥¤áâ ¢«¥­¨¥ x = [v; t]T , ¯®«ãç¨¬

v(�n + �) = vn + �v0n +
� 2

2��n
(v0n+1 � v0n); (3.4)

t(�n + �) = tn + �t0n +
� 2

2��n
(t0n+1 � t0n): (3.5)

�«ï ®¯à¥¤¥«¥­¨ï u(�n + �) ®¡à â¨¬áï ª ãà ¢­¥­¨î (3.1). � ¬¥­ïï J�1 «¨­¥©­ë¬ ¯à¨¡«¨-
¦¥­¨¥¬ ­  ®á­®¢¥ ä®à¬ã«ë (3.3) ¨ ¨á¯®«ì§ãï (3.4), ¯®«ãç¨¬ ¯à¨¡«¨¦¥­¨¥ âà¥âì¥£® ¯®àï¤ª 
â®ç­®áâ¨ ¤«ï u0(�) ¢ ¢¨¤¥

u0(�n + �) = t0(�n + �)v(�n + �) = J�1n vn + �

�
J�1n v0n +

vn
��n

(J�1n+1 � J�1n )
�
+

+
� 2

��n

�
J�1n

2
(v0n+1 � v0n) + (J�1n+1 � J�1n )v0n

�
+

� 3

2��2n
(J�1n+1 � J�1n )(v0n+1 � v0n):

�âáî¤ , ¨­â¥£à¨àãï ¯® � , ­ å®¤¨¬ ¯à¨¡«¨¦¥­¨¥ ¨ ¤«ï u(�)

u(�n + �) = un + �J�1n vn +
� 2

2

�
J�1n v0n +

vn
��n

(J�1n+1 � J�1n )
�
+

+
� 3

3��n

�
J�1n

2
(v0n+1 � v0n) + v0n(J

�1
n+1 � J�1n )

�
+

� 4

8��2n
(J�1n+1 � J�1n )(v0n+1 � v0n): (3.6)
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�®« £ ï ¢ (3.4){(3.6) � = ��n, ¯®«ãç¨¬ á«¥¤ãîéãî ­¥ï¢­ãî ç¨á«¥­­ãî áå¥¬ã ¤«ï ®¯à¥¤¥-
«¥­¨ï ¢¥«¨ç¨­ un+1 = u(�n+1) ¨ xn+1 = x(�n+1):

un+1 = un +
��n
2

vn(J
�1
n+1 + J�1n ) +

(��n)2

24
[ bfn+1(3J�1n+1 + J�1n ) + bfn(5J�1n+1 + 3J�1n )]; (3.7)

xn+1 = xn +
��n
2

(bgn+1 + bgn); (3.8)

£¤¥ bfn = bf(un; xn), ­ ç «ì­ë¥ §­ ç¥­¨ï u0 ¨ x0 = [v0; t0]T ¨§¢¥áâ­ë. �¨á«¥­­ ï áå¥¬  (3.7), (3.8)
¨¬¥¥â ¢â®à®© ¯®àï¤®ª â®ç­®áâ¨ ¤«ï ¢¥ªâ®à  x = [v; t]T ¨ ¢¥ªâ®à  ¯¥à¥¬¥é¥­¨ï u, ¯®áª®«ìªã
 ¯¯à®ªá¨¬¨à®¢ «¨ ¨áª®¬ë© ¢¥ªâ®à x á¯« ©­®¬ ¢â®à®£® ¯®àï¤ª ,   ¯¥à¥¬¥é¥­¨¥ | ªãá®ç­®-
£« ¤ª¨¬ ¯®«¨­®¬®¬ ç¥â¢¥àâ®£® ¯®àï¤ª , ¨¬¥îé¨¬ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥.

4. �â¥à æ¨®­­ë© ¯à®æ¥áá

�®«ãç¥­­ ï ç¨á«¥­­ ï áå¥¬  (3.7), (3.8) ï¢«ï¥âáï ­¥ï¢­®© ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­®© yn+1 =
[un+1; xn+1]T 2 R

2n+1 , ¯®íâ®¬ã ­  ª ¦¤®¬ è £¥ âà¥¡ã¥âáï à¥è âì á¨áâ¥¬ã ¨§ 2n+ 1 ­¥«¨­¥©­ëå
ãà ¢­¥­¨©. �â® à¥è¥­¨¥ ¬®¦­® âà ªâ®¢ âì á ¯®§¨æ¨¨ â¥®à¨¨ £« ¤ª¨å ®â®¡à ¦¥­¨© [8] ¥¢ª«¨¤®-
¢  ¯à®áâà ­áâ¢  R

2n+1 , ¯®áª®«ìªã ®­® ï¢«ï¥âáï ­¥¯®¤¢¨¦­®© â®çª®© ¤«ï ­¥ª®â®à®£® £« ¤ª®£®
¤¨ää¥®¬®àä­®£® ®â®¡à ¦¥­¨ï, ®¯à¥¤¥«ï¥¬®£® ¨â¥à æ¨®­­®© áå¥¬®© (3.7), (3.8), ¤¥©áâ¢ãîé¥£®
­  ª®¬¯ ªâ­®¬ ¬­®¦¥áâ¢¥ ¢ R2n+1 . �â®¡ë ¯®ª § âì ¯®á«¥¤­¥¥, ¯¥à¥¯¨è¥¬ (3.7), (3.8) ¢ ¢¨¤¥

y = �(y); �(y) = yn+1=2 +��n	(y): (4.1)

�¥è¥­¨¥¬ (4.1) ï¢«ï¥âáï ­¥¨§¢¥áâ­ ï yn+1,   ¯à®¬¥¦ãâ®ç­®¥ §­ ç¥­¨¥ yn+1=2 ¨ äã­ªæ¨ï 	(y)
®¯à¥¤¥«ïîâáï ¯® ¤ ­­ë¬ ¯à¥¤ë¤ãé¥£® è £  á®®â¢¥âáâ¢¥­­® ä®à¬ã« ¬¨

yn+1=2 =

"
un +��nJ�1n vn=2 + (��n)2J�1n

bfn=8
xn +��nbgn=2

#
;

	(y) =
1
2

"
J�1(y)vn +��n

�
(3J�1(y) + J�1n ) bf(y) + 5J�1(y) bfn�=12bg(y)

#
:

(4.2)

�®£¤  à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (4.1) íª¢¨¢ «¥­â­® ¯®¨áªã ­¥¯®¤¢¨¦­ëå â®ç¥ª ®â®¡à -
¦¥­¨ï

ey = �(y); � 2 C
2(D); (4.3)

¤¥©áâ¢ãîé¥£® ¢ ¯à®áâà ­áâ¢¥ R2n+1 .

�¥¬¬ . �«ï á¨áâ¥¬ë (2:1), (2:2), ¯ à ¬¥âà¨§®¢ ­­®© ­ ¨«ãçè¨¬ ®¡à §®¬, ®â®¡à ¦¥­¨¥

(4:3) ¤¥©áâ¢ã¥â ¢ ¡¨è à¥ Br;A(yn+1=2) c æ¥­âà®¬ ¢ â®çª¥ yn+1=2 = [un+1=2; xn+1=2]T , £¤¥

Br;A(yn+1=2) = fy = [u; x]T : ku� un+1=2k � A; kx� xn+1=2k � rg; (4.4)

r = r(��n) = ��n=2; A = A(vn;��n) =
��n
2

�
kvnk+

3
4
��n

�
: (4.5)

�®ª § â¥«ìáâ¢®. �æ¥­¨¬ ­®à¬ë ª®¬¯®­¥­â®¢ ¢¥ªâ®à-äã­ªæ¨¨ 	(y), ®â¢¥ç îé¨å §  ­®à¬ë
ku�un+1=2k ¨ kx�xn+1=2k á®®â¢¥âáâ¢¥­­®. �ëç¨á«ïï ª¢ ¤à â ­®à¬ë ¯¥à¢®© ª®¬¯®­¥­âë, ¨¬¥¥¬

ku� un+1=2k
2 def=





J�1(y)vn + ��n
12

[(3J�1(y) + J�1n ) bf(y) + 5J�1(y) bfn]



2 �
� J�2(y)kvnk2 +

��n
6

J�1(y)vn[(3J�1(y) + J�1n ) bf(y) + 5J�1(y) bfn] +
+
�
��n
12

�2

k(3J�1(y) + J�1n ) bf(y) + 5J�1(y) bfnk2:
17



�§ (2.3) á«¥¤ã¥â, çâ® J�1(y) = 1=
p
1 + vv + f(y)f(y) � 1 ¯à¨ «î¡ëå §­ ç¥­¨ïå y. �á¯®«ì§ãï

¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢®,   â ª¦¥ ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª , ¤ «¥¥ ¯®«ãç¨¬

ku� un+1=2k
2 � kvnk

2 +
2��n
3

vn

� bf + 5
4
bfn�+ (��n)2

9





 bf + 5
4
bfn



2 =

=




vn + ��n

3

� bf + 5
4
bfn�



2 � �

kvnk+
��n
3





 bf + 5
4
bfn



�2

:

�®áª®«ìªã bf = f=
p
1 + vv + f(y)f(y) � 1, â® k bf + 5=4 bfnk � 9=4. �®íâ®¬ã ku � un+1=2k �

kvnk+ 3
4
��n. �â® ¯®§¢®«ï¥â á ãç¥â®¬ (4.1), (4.2) ¤ âì ®æ¥­ªã

ku� un+1=2k �
��n
2

�
kvnk+

3
4
��n

�
:

�c¯o«ì§yï ®æ¥­ªã kbgk � 1, bg = J�1g = g=
p
vv + g(y)g(y), ¤«ï ¢â®à®© ª®¬¯®­¥­âë ¢¥ªâ®à-

äã­ªæ¨¨ 	(y), ¯®«ãç ¥¬ kx� xn+1=2k �
��n
2
.

B ¨â®£¥ ¯à¨å®¤¨¬ ª ä®à¬ã« ¬ (4.4), (4.5).

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (4.1) íª¢¨¢ «¥­â­® ¯®¨áªã ­¥¯®¤¢¨¦­ëå
â®ç¥ª ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®£® ®â®¡à ¦¥­¨ï ey = �(y), ¤¥©áâ¢ãîé¥£® ­  ª®¬-
¯ ªâ­®¬ ¬­®¦¥áâ¢¥ (4.4), (4.5).

� ¬¥ç ­¨¥. �­®£®®¡à §¨¥ (4.4), (4.5) ï¢«ï¥âáï ­¥¨§®âà®¯­ë¬ ¢ ¯®¤¯à®áâà ­áâ¢ å ¢¥ªâ®à®¢
x ¨ u: ¤«ï ¢¥ªâ®à  x ¨¬¥¥¬ ®æ¥­ªã, ­¥ § ¢¨áïéãî ï¢­® ®â ¯à¥¤ë¤ãé¥© â®çª¨ ¨­â¥£à¨à®¢ ­¨ï
yn = [un; vn; tn]T ,   ¤«ï ¢¥ªâ®à  ¯¥à¥¬¥é¥­¨© u â ª ï ®æ¥­ª  § ¢¨á¨â ®â vn ï¢­®. �â® ®¡áâ®ï-
â¥«ìáâ¢® ®âà ¦ ¥â ­¥à ¢­®¯à ¢­®áâì ¯®áâà®¥­­®© à §­®áâ­®© áå¥¬ë ¯® ®â­®è¥­¨î ª áª®à®áâ¨
¨ ¯¥à¥¬¥é¥­¨î, çâ® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬  ¤ ¯â æ¨¨ à¥è¥­¨ï ª  ­ «¨â¨ç¥áª¨¬ ®á®¡¥­­®áâï¬
à ááç¨âë¢ ¥¬®© ¨­â¥£à «ì­®© ªà¨¢®© ¨ á¢ï§ ­® á ­ ¨«ãçè¥© ¯ à ¬¥âà¨§ æ¨¥©. �¤­ ª® íâ®
á¢®©áâ¢® ­¥ ï¢«ï¥âáï ¯à¥¯ïâáâ¢¨¥¬ ¤«ï ¯®áâà®¥­¨ï íää¥ªâ¨¢­ëå ¢ëç¨á«¨â¥«ì­ëå ¯à®æ¥¤ãà.

�¨¦¥ ¤®ª §ë¢ ¥âáï á¢®©áâ¢® á¦¨¬ ¥¬®áâ¨ ®â®¡à ¦¥­¨ï ey = �(y) ¨ ä®à¬ã«¨àã¥âáï ãá«®¢¨¥,
¯à¨ ª®â®à®¬ ¢ë¯®«­ï¥âáï íâ® á¢®©áâ¢®.

�¥®à¥¬ . �á¥£¤  ­ ©¤¥âáï â ª®¥ §­ ç¥­¨¥ ¢¥«¨ç¨­ë ��n, çâ® à¥è¥­¨¥ ­¥«¨­¥©­®£® ãà ¢-
­¥­¨ï (4:1) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ ¬®¦¥â ¡ëâì ¯®áâà®¥­® ¯à¨ ¯®¬®é¨ ¨â¥à æ¨®­­®£®

¯à®æ¥áá 

yk+1 = �(yk); y0 = yn+1=2; (4.6)

ª ª ¯à¥¤¥« yn+1 = y = lim yk, k !1.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ (4.3), ¤«ï ª®â®à®£® á®£« á­® «¥¬¬¥ y 2
Br;A(yn+1=2), ¨ ®æ¥­¨¬ à §­®áâ­®¥ ®â­®è¥­¨¥ !(�; y1; y2) = key1 � ey2k=ky1 � y2k ¤«ï ¤¢ãå ¯à®-
¨§¢®«ì­ëå ¢¥ªâ®à®¢ y1; y2 2 Br;A(yn+1=2). �á¯®«ì§ãï (4.1), (4.2),   â ª¦¥ â® ®¡áâ®ïâ¥«ìáâ¢®, çâ®
	 2 C 2(Br:A(yn+1=2)), ¯®«ãç ¥¬ !(�; y1; y2) � C, £¤¥ C = ��nM(vn;��n), ¯à¨ç¥¬ M(vn;��n) !
k	0(yn)k ¯à¨ ��n ! 0. �«¥¤®¢ â¥«ì­®, ¯à¨ ¤®áâ â®ç­® ¬ «®¬ ��n ª®­áâ ­â  C < 1, ¯®áª®«ìªã
ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®£à ­¨ç¥­­®© ¨ ¬ «®© ¢¥«¨ç¨­ë, ¨ ¨§ ®¯à¥¤¥«¥­¨ï ®æ¥­¨¢ ¥¬®£® à §-
­®áâ­®£® ®â­®è¥­¨ï ¯®«ãç ¥¬ key1 � ey2k � Cky1 � y2k, C < 1, â. ¥. ®â®¡à ¦¥­¨¥ (4.3) ï¢«ï¥âáï
á¦¨¬ îé¨¬ ¢ ¡¨è à¥ Br;A(yn+1=2). �âáî¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë ® á¦¨¬ îé¥¬ ®â®¡à ¦¥­¨¨,
¤¥©áâ¢ãîé¥¬ ­  ª®¬¯ ªâ­®¬ ¬­®¦¥áâ¢¥ ¢ ¯®«­®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ [8], [7], á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (4.1).
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�â¬¥â¨¬, çâ®, ¨á¯®«ì§ãï (3.8), ¬®¦­® ¯à¥®¡à §®¢ âì ä®à¬ã«ã (3.7) ª ¢¨¤ã, ¢ ª®â®à®¬ un+1
¢ëà ¦ ¥âáï ç¥à¥§ ¨§¢¥áâ­ë¥ §­ ç¥­¨ï ­  ¯à¥¤ë¤ãé¥¬ è £¥ ¨ §­ ç¥­¨ï ª®¬¯®­¥­â®¢ ¢¥ªâ®à 
x = [v; t]T ­  â¥ªãé¥¬ è £¥. �¥©áâ¢¨â¥«ì­®, ¨§ (3.9) ¯®«ãç¨¬

J�1n+1 + J�1n = (2=��n)(tn+1 � tn); (4.7)bfn+1 + bfn = (2=��n)(vn+1 � vn): (4.8)

�®¤áâ ­®¢ª  (4.7), (4.8) ¢ (3.7) ¯®§¢®«ï¥â ¯¥à¥¯¨á âì ä®à¬ã«ã (3.7) ¢ ¢¨¤¥

un+1 = un +
1
6
(tn+1 � tn)(vn+1 + 5vn) +

��n
6

[ bfn(tn+1 � tn) + J�1n+1(vn+1 � vn)]:

� ª®­¥æ, ¨á¯®«ì§ãï ¢ëâ¥ª îé¥¥ ¨§ (4.7) ¢ëà ¦¥­¨¥ J�1n+1 = 2=��n(tn+1 � tn) � J�1n , ¯à¨å®¤¨¬
®ª®­ç â¥«ì­® ª ä®à¬ã«¥

un+1 = un +
1
2
(vn+1 + vn)(tn+1 � tn) +

��n
6

[ bfn(tn+1 � tn)� J�1n (vn+1 � vn)]: (4.9)

� á¢ï§¨ á íâ¨¬ ¢ë¤¥«¨¬ ¢¥ªâ®à x 2 R
n+1 ¨ à áá¬®âà¨¬ ¤«ï ­¥£® ¯à®¥ªæ¨î ¨â¥à æ¨®­­®£®

¯à®æ¥áá  (4.6) ­  ¯®¤¯à®áâà ­áâ¢® Rn+1 . � á®®â¢¥âáâ¢¨¨ á (4.1) ¨ (4.6) ¢¢¥¤¥¬ ¨â¥à æ¨®­­ãî
äã­ªæ¨î �(x) = xn+1=2 + ��nbg(u; x)=2, £¤¥ ¯¥à¥¬¥­­ ï u ï¢«ï¥âáï ¯ à ¬¥âà®¬. � áá¬®âà¨¬
¨â¥à æ¨®­­ë© ¯à®æ¥áá ¢ ¯®¤¯à®áâà ­áâ¢¥ Rn+1

xk+1 = �k = �(xk); xn+1 = x = lim
k!1

xk+1 = lim
k!1

�k; x0 = xn +��nbgn=2: (4.10)

�ã¤¥¬ ¢à¥¬ï ®â ¢à¥¬¥­¨ (¨«¨ ­  ª ¦¤®¬ è £¥, ¨«¨ ¢ ª®­æ¥ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ­  ¢à¥¬¥­-
­®¬ á«®¥) ®¯à¥¤¥«ïâì ¯ à ¬¥âà ¨ ¯® ä®à¬ã«¥, á®£« á®¢ ­­®© á (4.9), ¢ëç¨á«ïâì

uk+1 = un +
1
2
(vk+1 + vn)(tk+1 � tn) +

��n
6

[ bfn(tk+1 � tn)� J�1n (vk+1 � vn)]: (4.11)

�â¥à æ¨®­­ë© ¯à®æ¥áá (4.10), (4.11), ®ç¥¢¨¤­®, áå®¤¨âáï ¯à¨ ãá«®¢¨¨ á¦¨¬ ¥¬®áâ¨ ®â®¡à ¦¥­¨ïex = �(x), ¤¥©áâ¢ãîé¥£® ¢ è à¥ Br(xn+1=2), r = ��n=2.

5. �à¨¬¥àë

�¨¦¥ à áá¬®âà¥­ë ¤¢¥ § ¤ ç¨. �«ï ­¨å ¤ ­® á®¯®áâ ¢«¥­¨¥ ç¨á«¥­­ëå à¥è¥­¨©, ¯®«ãç¥­-
­ëå á ¨á¯®«ì§®¢ ­¨¥¬ ¨ ¡¥§ ¨á¯®«ì§®¢ ­¨ï ¯à®æ¥¤ãàë ­ ¨«ãçè¥© ¯ à ¬¥âà¨§ æ¨¨. �®ª § ­ 
íää¥ªâ¨¢­®áâì ­¥ï¢­®© áå¥¬ë ¨­â¥£à¨à®¢ ­¨ï ¤«ï ¯ à ¬¥âà¨§®¢ ­­ëå ãà ¢­¥­¨© ¯® áà ¢­¥-
­¨î á à¥è¥­¨¥¬, ¯®«ãç¥­­ë¬ ¯® â®© ¦¥ ­¥ï¢­®© áå¥¬¥, ­® ¤«ï ¨áå®¤­ëå (­¥¯ à ¬¥âà¨§®¢ ­-
­ëå) ãà ¢­¥­¨©. �«ï â¥áâ®¢®© § ¤ ç¨ � £à ­¦  à¥è¥­¨¥ ¯à®¢®¤¨«®áì ¤«ï àï¤  §­ ç¥­¨© è £ 
¨­â¥£à¨à®¢ ­¨ï, ¯®áâ®ï­­®£® ¯® ¤«¨­¥ ­¥ª®â®à®£® ¨­â¥à¢ «  ¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®©, ¨«¨
¨­â¥à¢ «  ¨§¬¥­¥­¨ï ¨áå®¤­®£®  à£ã¬¥­â  § ¤ ç¨. �«ï ¢â®à®© § ¤ ç¨ à¥è¥­¨¥ ®áãé¥áâ¢«ï-
«®áì á  ¢â®¬ â¨ç¥áª¨¬ ã¯à ¢«¥­¨¥¬ ¤«¨­®© è £  ¨­â¥£à¨à®¢ ­¨ï ¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®©
à¥è¥­¨ï: è £ ¢ë¡¨à «áï ¨§ ãá«®¢¨ï, çâ®¡ë «®ª «ì­ ï ¯®£à¥è­®áâì ¨­â¥£à¨à®¢ ­¨ï, ¢ëç¨á«¥­-
­ ï á ¨á¯®«ì§®¢ ­¨¥¬ íªáâà ¯®«ïæ¨¨ �¨ç à¤á®­  [16], ­¥ ¯à¥¢ëè «  ¯à¥¤¯¨á ­­®© ¢¥«¨ç¨­ë
� = 10�8. �å®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ª®­âà®«¨à®¢ « áì ¯® ¢¥«¨ç¨­¥ ¯®£à¥è­®áâ¨ ¢ë-
ç¨á«¥­¨© "(k) = max

i
(ju(k)i � u

(k�1)
i j=di), £¤¥ k | ­®¬¥à ¨â¥à æ¨¨, i | ­®¬¥à ª®¬¯®­¥­âë ¢¥ªâ®à 

à¥è¥­¨ï u, di = max(ju(k)i j; 1) | ª®íää¨æ¨¥­â á¬¥è ­­®£® ¬ áèâ ¡¨à®¢ ­¨ï. �â¥à æ¨¨ ¯à¥ªà -
é «¨áì ¯à¨ ãá«®¢¨¨ "(k) � 10�10.
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5.1. � ¤ ç  � £à ­¦  ® à á¯à®áâà ­¥­¨¨ §¢ãª  ¨ ® ª®«¥¡«îé¥©áï áâàã­¥ [16]

�¯àã£ ï áà¥¤  ¬®¤¥«¨àã¥âáï ª ª ¯®á«¥¤®¢ â¥«ì­®áâì ¬ â¥à¨ «ì­ëå â®ç¥ª, á®¥¤¨­¥­­ëå ­¥-
¢¥á®¬®©, ­® ã¯àã£®© ­¨âìî. �à ¢­¥­¨ï, ®¯¨áë¢ îé¨¥ ¤¨­ ¬¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ¬¥å ­¨ç¥áª®©
á¨áâ¥¬ë, ¨¬¥îâ ¢¨¤

�y1 = K2(�2y1 + y2);

�y2 = K2(y1 � 1y2 + y3)

: : : : : : : : :

�yn = K2(yn�1 � 2yn):

(5.1)

�¤¥áì y1; y2; : : : ; yn | ®âª«®­¥­¨ï â®ç¥ª ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï, K | ­¥ª®â®àë© ª®íää¨-
æ¨¥­â, n| ç¨á«® ¬ â¥à¨ «ì­ëå â®ç¥ª. �à ¢­¥­¨ï (5.1) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã à §­®áâ­ëå
ãà ¢­¥­¨©, ®¡é¥¥ à¥è¥­¨¥ ª®â®à®© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ [16]

yi =
nX

k=1

(ak cos rkt+ bk sin rkt) sin
ik�

n+ 1
;

£¤¥

rk = 2K sin
�k

2n+ 2
; ak =

2
n+ 1

nX
j=1

sin
jk�

n+ 1
yj(0); bk =

1
rk

2
n+ 1

nX
j=1

sin
jk�

n+ 1
_yj(0):

�«ï à áç¥â®¢ ¡ë«® ¯à¨­ïâ®: n = 19, K2 = 105. �­â¥£à¨à®¢ ­¨¥ ¯® t ¯à®¢®¤¨«®áì ¢ ¨­â¥à¢ «¥
0 � t � 5 á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

yi(0) = 0; i = 1; : : : ; 19;

_yi(0) = 0; i = 1; : : : ; 9; 11; : : : ; 19; _y10(0) = 1:
(5.2)

�¥§ã«ìâ âë à áç¥â®¢ ¯à¥¤áâ ¢«¥­ë ­  à¨á. 1. �  à¨á. 1a) ¨ 1¡) ¤ ­® á®¯®áâ ¢«¥­¨¥  ­ «¨â¨-
ç¥áª®£® à¥è¥­¨ï § ¤ ç¨ (á¯«®è­ ï «¨­¨ï ¨§®¡à ¦ ¥â ¯¥à¥¬¥é¥­¨¥ á¥à¥¤¨­­®© â®çª¨ áâàã­ë
y10 ª ª äã­ªæ¨¨ t) ¨ à¥§ã«ìâ â®¢ ¨­â¥£à¨à®¢ ­¨ï ¯ à ¬¥âà¨§®¢ ­­ëå ãà ¢­¥­¨© (â®çª¨) ¯à¨
¤¢ãå §­ ç¥­¨ïå è £  �� = 0;1; 1;0.

� ¦¤®¬ã ®âà¥§ªã �� ¯à¨ ¯®è £®¢®¬ ¨­â¥£à¨à®¢ ­¨¨ ¯ à ¬¥âà¨§®¢ ­­ëå ãà ¢­¥­¨© á®®â-
¢¥âáâ¢ã¥â ­¥ª®â®àë© ®âà¥§®ª �t, ¬¥­ïîé¨© á¢®î ¤«¨­ã ¯à¨ ¤¢¨¦¥­¨¨ ¯® ¨­â¥£à «ì­®© ªà¨-
¢®©. � ª¨¬ ®¡à §®¬, ¯ à ¬¥âà¨§ æ¨ï  ¢â®¬ â¨ç¥áª¨  ¤ ¯â¨àã¥â è £ �t ª å à ªâ¥àã ¨§¬¥­¥­¨ï
¨­â¥£à «ì­®© ªà¨¢®© à¥è¥­¨ï. �â®â ä ªâ ®âà ¦¥­ ­  à¨á. 1¢) ¨ 1£), £¤¥ â®çª ¬¨ ¯®ª § ­ë § -
¢¨á¨¬®áâ¨ �t(t) ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯ à ¬¥âà¨§®¢ ­­ëå ãà ¢­¥­¨© § ¤ ç¨ (5.1), (5.2) á è £®¬
¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®© �� = 0;1 ¨ 1;0 á®®â¢¥âáâ¢¥­­®. �ã­ªâ¨à­ ï «¨­¨ï ­  à¨á. 1£) |
­¥ª®â®à®¥ ¯®£à ­¨ç­®¥ §­ ç¥­¨¥ è £  �t, ¢ëè¥ ª®â®à®£® ¨â¥à æ¨¨ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ § ¤ ç¨
(5.1), (5.2) ¡¥§ ¨á¯®«ì§®¢ ­¨ï ¯ à ¬¥âà¨§ æ¨¨ à áå®¤¨«¨áì. � ª®­¥æ, ­  à¨á. 1¤), 1¥) ¯®ª § ­ë
ç¨á«  ¨â¥à æ¨© ¢ § ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯ à ¬¥âà¨§®¢ ­­ëå ãà ¢­¥­¨©
á è £®¬ �� = 0;1 ¨ �� = 1;0 á®®â¢¥âáâ¢¥­­®.

5.2. �®¤¥«¨à®¢ ­¨¥ ¤¨­ ¬¨ª¨ à áªàëâ¨ï ¢à é îé¥©áï á¨áâ¥¬ë, á®áâ®ïé¥©
¨§ è¥áâ¨ £¨¡ª¨å áâ¥à¦­¥© ¨ ®¤­®£® ¦¥áâª®£® áâ¥à¦­ï

� áá¬ âà¨¢ ¥âáï ã¯àã£ ï á¨áâ¥¬  ¨§ 7 ¯®á«¥¤®¢ â¥«ì­® á®¥¤¨­¥­­ëå è à­¨à ¬¨ áâ¥à¦­¥©,
ª®â®à ï ¨§¬¥­ï¥â á¢®î ª®­ä¨£ãà æ¨î ¢ à¥§ã«ìâ â¥ ¯à¥¤¯¨á ­­®£® ¨§¬¥­¥­¨ï ã£«®¢ ¬¥¦¤ã á®-
á¥¤­¨¬¨ áâ¥à¦­ï¬¨. �¨¤ á¨áâ¥¬ë ¯®ª § ­ ­  à¨á. 2.
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�¨á. 1. �¥§ã«ìâ âë à áç¥â®¢ § ¤ ç¨ � £à ­¦ 
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�¨á. 2. �å¥¬  âà ­áä®à¬¨àã¥¬®© ã¯àã£®© ª®­áâàãªæ¨¨

�â¥à¦¥­ì 1, ¨¬¨â¨àãîé¨© ­¥ª®â®à®¥ ­¥áãé¥¥ â¥«®, áç¨â ¥âáï  ¡á®«îâ­® ¦¥áâª¨¬. �«¨­  ¦¥áâ-
ª®£® áâ¥à¦­ï L1 = 5 ¬. �«¨­ë £¨¡ª¨å áâ¥à¦­¥© (¢ ¯®àï¤ª¥ ¨å á«¥¤®¢ ­¨ï ®â ¦¥áâª®£® áâ¥à¦­ï)
L2 = 1 ¬, L3 = L4 = L5 = L6 = 2 ¬, L7 = 1 ¬. �®¯¥à¥ç­ë¥ á¥ç¥­¨ï áâ¥à¦­¥© ¨¬¥îâ ®¤­¨ ¨ â¥
¦¥ £¥®¬¥âà¨ç¥áª¨¥ ¨ ¦¥áâª®áâ­ë¥ å à ªâ¥à¨áâ¨ª¨: ¯«®é ¤ì ¯®¯¥à¥ç­®£® á¥ç¥­¨ï F = 10�4 ¬2;
£¥®¬¥âà¨ç¥áª¨© ¬®¬¥­â ¨­¥àæ¨¨ á¥ç¥­¨ï Jz = 8;3333 �10�10 ¬4; ¦¥áâª®áâì ­  à áâï¦¥­¨¥-á¦ â¨¥
EF = 7;2 � 106 �, ¨§£¨¡­ ï ¦¥áâª®áâì EJ = 60 H�¬2; á¤¢¨£®¢ ï ¦¥áâª®áâì GF = 2;7692 � 106 �.
�¤¥áì E = 7;2 � 1010 �/¬2 | ¬®¤ã«ì �­£ , G = 2;7692 � 1010 �/¬2 | ¬®¤ã«ì á¤¢¨£ . �ç¨â ¥âáï
â ª¦¥, çâ® áâ¥à¦­¨ ¢ë¯®«­¥­ë ¨§ ®¤­®£® ¬ â¥à¨ «  á ¬ áá®¢®© ¯«®â­®áâìî � = 2800 ª£/¬3.

B ­ ç «ì­®¬ á®áâ®ï­¨¨ (¤® à áªàëâ¨ï) á¨áâ¥¬  ¨¬¥¥â �-®¡à §­ë© ¢¨¤, ¯®ª § ­­ë© ­  à¨á. 4
ª ª ­ ç «ì­ ï ª®­ä¨£ãà æ¨ï 1. � íâ®¬ á®áâ®ï­¨¨ £¨¡ª¨¥ áâ¥à¦­¨ à á¯®« £ îâáï ¯¥à¯¥­¤¨ªã-
«ïà­® ¦¥áâª®¬ã áâ¥à¦­î ¨ ¯ à ««¥«ì­® £«®¡ «ì­®© ®á¨ OX. � ­ ç «ì­®¬ á®áâ®ï­¨¨ ã£«ë
à áªàëâ¨ï '1(0) = �=2, 'k(0) = 0, k = 2; 6. �¨¡ª ï ç áâì áâ¥à¦­¥¢®© á¨áâ¥¬ë á®¥¤¨­ï¥âáï á
¦¥áâª¨¬ áâ¥à¦­¥¬ ç¥à¥§ è à­¨à.

�à¨­¨¬ ¥âáï, çâ® ¤® à áªàëâ¨ï á¨áâ¥¬  á¢®¡®¤­® ¢à é ¥âáï ®â­®á¨â¥«ì­® ­ ç «  ª®®à¤¨-
­ â OXY á ¯®áâ®ï­­®© ã£«®¢®© áª®à®áâìî ! = �=3 à ¤¨ ­ ¢ á¥ªã­¤ã. � ç «ã ¨­â¥£à¨à®¢ ­¨ï
á¨áâ¥¬ë ®â¢¥ç ¥â ­ ç «® à áªàëâ¨ï á¨áâ¥¬ë. � ¯à®æ¥áá¥ à áªàëâ¨ï ã£«ë 'k(t), k = 1; 6, ­ ç¨-
­ îâ ¬®­®â®­­® ã¢¥«¨ç¨¢ âìáï ¯® ¯à¥¤¯¨á ­­®¬ã § ª®­ã à áªàëâ¨ï ¢® ¢à¥¬¥­¨ t:

¯à¨ 0 � t � 10 '1 = (1 + t=10)�=2; '2 = �'3 = '4 = �'5 = '6 = �(t=10)�=2;

¯à¨ t > 10 '1 = �; '2 = �'3 = '4 = �'5 = '6 = ��=2:

� ¤ ç  à¥è « áì ¢ ª®­¥ç­®-í«¥¬¥­â­®© ¯®áâ ­®¢ª¥ [3], [4], [20]. �¨«ë £à ¢¨â æ¨¨ ¨ ¤¥¬¯ä¨-
à®¢ ­¨¥ ª®«¥¡ ­¨© ¢ à áç¥â å ­¥ ãç¨âë¢ «¨áì.

� ¦¤ë© ª®­¥ç­ë© í«¥¬¥­â (à¨á. 3) á¢ï§ë¢ ¥âáï á «®ª «ì­®© (í«¥¬¥­â­®©) á¨áâ¥¬®© ª®®à-
¤¨­ â oxy â ª¨¬ ®¡à §®¬, çâ®¡ë ®¤­  ¨§ ®á¥© (­ ¯à., ®áì ox) ¯à®å®¤¨«  ç¥à¥§ ã§«ë í«¥¬¥­-
â  0; 1. �¥à¥¬¥é¥­¨ï, ã£«ë ¯®¢®à®â®¢, ¯®áâã¯ â¥«ì­ë¥ ¨ ¢à é â¥«ì­ë¥ áª®à®áâ¨ í«¥¬¥­â­ëå
®á¥©, á®¢¥àè îé¨å ¤¢¨¦¥­¨¥ ®â­®á¨â¥«ì­® ­¥¯®¤¢¨¦­®© á¨áâ¥¬ë ª®®à¤¨­ â OXY , ãç¨âë¢ îâ-
áï áâà®£®. � ª ç¥áâ¢¥ äã­ªæ¨© ä®à¬ë ¯à¨­¨¬ îâáï ª¢ §¨áâ â¨ç¥áª¨¥  ¯¯à®ªá¨¬ æ¨¨ «®ª «ì-
­ëå ¯¥à¥¬¥é¥­¨© ¨ ã£«®¢ ¯®¢®à®â®¢ á¥ç¥­¨© áâ¥à¦­¥¢®£® í«¥¬¥­â  ¢ ¯¥à¥¬¥­­ëå í«¥¬¥­â­®©
á¨áâ¥¬ë ª®®à¤¨­ â. �­¨ áâà®ïâáï ­  ®á­®¢¥ à¥è¥­¨ï ®¤­®à®¤­®© «¨­¥©­®© áâ â¨ç¥áª®© § ¤ ç¨
¢ § ¢¨á¨¬®áâ¨ ®â ã£«®¢ ¯®¢®à®â  ã§«®¢ëå á¥ç¥­¨© í«¥¬¥­â  �0, �1 ª ª äã­ªæ¨© ¢à¥¬¥­¨ t.
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�¨á. 3. �â¥à¦­¥¢®© ª®­¥ç­ë© í«¥¬¥­â ®â­®á¨â¥«ì­® «®ª «ì­®©
¨ £«®¡ «ì­®© á¨áâ¥¬ ª®®à¤¨­ â

�â¥à¦­¥¢®© í«¥¬¥­â áç¨â ¥âáï à áâï¦¨¬ë¬. �à¨­¨¬ ¥âáï â ª¦¥, çâ® ¯®¯¥à¥ç­ë¥ á¥ç¥­¨ï í«¥-
¬¥­â®¢ ¬®£ãâ ¯®¢®à ç¨¢ âìáï ¨ á¤¢¨£ âìáï ¤àã£ ®â­®á¨â¥«ì­® ¤àã£ , â. ¥. ãç¨âë¢ îâáï ¤¥ä®à-
¬ æ¨¨ ®áà¥¤­¥­­®£® á¤¢¨£ . �«ï ã¯à®é¥­¨ï ¢ëç¨á«¥­¨© à á¯à¥¤¥«¥­­ë¥ ¬ áá®¢ë¥ å à ªâ¥à¨-
áâ¨ª¨ áâ¥à¦­ï (¬ áá , ¬®¬¥­âë ¨­¥àæ¨¨) ¨ ­ £àã§ª  ¯à¨¢®¤ïâáï ª ã§« ¬ ª®­¥ç­®-í«¥¬¥­â­®©
¬®¤¥«¨. � ª ç¥áâ¢¥ ®¡®¡é¥­­ëå ª®®à¤¨­ â ¯à¨­¨¬ îâáï  ¡á®«îâ­ë¥ ª®®à¤¨­ âë ã§«®¢ ¨ ã£«ë
¯®¢®à®â®¢ ¯®¯¥à¥ç­ëå á¥ç¥­¨© áâ¥à¦­ï,  áá®æ¨¨à®¢ ­­ëå á íâ¨¬¨ ã§« ¬¨, ®â­®á¨â¥«ì­® á¨áâ¥-
¬ë ª®®à¤¨­ â OXY .

�¥«¨­¥©­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï § ¯¨áë¢ îâáï ¢ ®¡®¡é¥­­ëå ª®®à¤¨­ â å ¢ ä®à¬¥ ãà ¢-
­¥­¨© � £à ­¦  ¢â®à®£® à®¤  ¢¨¤ 

mi�qi + @U�=@qi = Qi; i = 1; : : : ; n:

�¤¥áì mi | i-© í«¥¬¥­â ¤¨ £®­ «ì­®© ¬ âà¨æë ¬ áá; U� =
nP

k=1
U (k) | ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï

á¨áâ¥¬ë, £¤¥ U (k) | ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï k-£® í«¥¬¥­â ; Qi | ®¡®¡é¥­­ ï á¨« , á®®â¢¥âáâ¢ã-
îé ï ®¡®¡é¥­­®© ª®®à¤¨­ â¥ qi á ­®¬¥à®¬ i, n | ç¨á«® ®¡®¡é¥­­ëå ª®®à¤¨­ â. � ¤ «ì­¥©è¥¬
¤«ï ¯à®áâ®âë § ¯¨á¨ ¢¥àå­¨¥ ¨­¤¥ªáë ¡ã¤¥¬ ®¯ãáª âì, ¯®¤à §ã¬¥¢ ï, çâ® ¢á¥ ®¡®§­ ç¥­¨ï ®â-
­®áïâáï ª í«¥¬¥­âã á ­®¬¥à®¬ k.

�®â¥­æ¨ «ì­ ï í­¥à£¨ï í«¥¬¥­â  ¯à¨ ª®­¥ç­ëå ¤¥ä®à¬ æ¨ïå (á ãç¥â®¬ ª¢ ¤à â¨ç­ëå ç«¥-
­®¢ ¯® ã£«ã ¯®¢®à®â  ¯®¯¥à¥ç­ëå á¥ç¥­¨©) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

U =
1
2

�
EJ

l
[(�1 � �0)

2 + 3{(�1 + �0 � 2�)2] +
N 2l

EF

�
;

£¤¥ ¯à®¤®«ì­ ï á¨«  N , ¯®áâ®ï­­ ï ¯® ¤«¨­¥ í«¥¬¥­â , ®¯à¥¤¥«ï¥âáï ¢ ä®à¬¥

N = EF

�
u1
l
+
1
8

�
1
3
(�1 � �0)

2 +
{2

5
(�1 + �0 � 2�)2

��
;

¯à®¤®«ì­®¥ ¯¥à¥¬¥é¥­¨¥ ã§«  \1" ¢ ­ ¯à ¢«¥­¨¨ ®á¨ ox ®â­®á¨â¥«ì­® ã§«  \0" à ¢­®
u1 =

q
(X1 �X0)2 + (Y1 � Y))2 � l, l | ¤«¨­  í«¥¬¥­â  ¤® ¤¥ä®à¬ æ¨¨; � | ã£®« ¯®¢®à®â 

¯®¤¢¨¦­®© í«¥¬¥­â­®© á¨áâ¥¬ë ª®®à¤¨­ â oxy ®â­®á¨â¥«ì­® ¨­¥àæ¨ «ì­®© á¨áâ¥¬ë ª®®à¤¨­ â
OXY ; ¡¥§à §¬¥à­ë© ª®íää¨æ¨¥­â { = 1=[1 + 12EJ=(l2GFc)].

�¯àã£ ï ç áâì ª®­áâàãªæ¨¨ ¡ë«  à §¡¨â  ­  40 ª®­¥ç­ëå í«¥¬¥­â®¢ à ¢­®© ¤«¨­ë l = 0;25 ¬.
�¥áâª¨© áâ¥à¦¥­ì ¯à¨­¨¬ «áï ª ª ®¤¨­ ª®­¥ç­ë© í«¥¬¥­â.

�­â¥£à¨à®¢ ­¨¥ ¯à®¢®¤¨«®áì ®â 0 ¤® 20 á (á=á¥ª.) ¤¢¨¦¥­¨ï á¨áâ¥¬ë. �¥ª®â®àë¥ à¥§ã«ìâ -
âë ¨­â¥£à¨à®¢ ­¨ï ¯à¥¤áâ ¢«¥­ë ­  à¨á. 4.
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�¨á. 4. �¥§ã«ìâ âë à áç¥â®¢ § ¤ ç¨ ® à áªàëâ¨¨ ¢à é îé¥©áï áâ¥à¦­¥¢®© á¨áâ¥¬ë

�®­ä¨£ãà æ¨¨ á¨áâ¥¬ë ¢ à §«¨ç­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ á è £®¬ 0,5 á ®â 0 ¤® 16,5 á ¤¢¨-
¦¥­¨ï ¨§®¡à ¦¥­ë ­  à¨á. 4a), 4¡). �  à¨á. 4¢), 4£) ¯®ª § ­ë ª®®à¤¨­ âë Xk, Yk ª ª äã­ªæ¨¨
¢à¥¬¥­¨ t ¤«ï ¢ë¡à ­­®£® àï¤  §­ ç¥­¨© ­®¬¥à  ã§«®¢ k, ®â¬¥ç¥­­ëå ­  à¨á. 2 àï¤®¬ æ¨äà
(5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45). �  à¨á. 4¤) ¯®ª § ­ë §­ ç¥­¨ï è £  ¨­â¥£à¨à®¢ ­¨ï ¢¤®«ì
¨­â¥£à «ì­®© ªà¨¢®© à¥è¥­¨ï. �à¥¤­¨© è £ ¨­â¥£à¨à®¢ ­¨ï ®ª § «áï à ¢­ë¬ ¯à¨¬¥à­® 0,01.
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�®«¨ç¥áâ¢  ¨â¥à æ¨©, ­¥®¡å®¤¨¬ëå ¤«ï ¯®«ãç¥­¨ï à¥è¥­¨ï ­  ª ¦¤®¬ è £¥ ¨­â¥£à¨à®¢ ­¨ï,
¤ ­ë ­  à¨á. 4¥). �à¥¤­¥¥ ç¨á«® ¨â¥à æ¨© | 5 ¨«¨ 6 ­  è £ ¨­â¥£à¨à®¢ ­¨ï ­¥«¨­¥©­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤¢¨¦¥­¨ï.

�­â¥£à¨à®¢ ­¨¥ ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ¯® ¯à¥¤«®¦¥­­®¬ã  «£®à¨â¬ã, ­® ¡¥§ ¨á¯®«ì§®¢ ­¨ï
¯à®æ¥¤ãàë ¯ à ¬¥âà¨§ æ¨¨ ®ª § «®áì ¯à ªâ¨ç¥áª¨ ­¥¢®§¬®¦­ë¬: ¨â¥à æ¨®­­ë© ¯à®æ¥áá à á-
å®¤¨«áï ¢ ­ ç «¥ ¨­â¥£à¨à®¢ ­¨ï ¯à¨ ¢á¥å §­ ç¥­¨ïå è £ , ¯à¨¥¬«¥¬ëå ¤«ï ãá¯¥è­®£® § ¢¥à-
è¥­¨ï à áç¥â .

6. �ë¢®¤ë

B ¤ ­­®© à ¡®â¥ áä®à¬ã«¨à®¢ ­ë ®¡é¨¥ ãâ¢¥à¦¤¥­¨ï ® ¢ëç¨á«¨â¥«ì­ëå á¢®©áâ¢ å ¨â¥à æ¨-
®­­ëå ¯à®æ¥áá®¢, ¨á¯®«ì§ã¥¬ëå ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ­¥ï¢­ë¬¨ ¬¥â®¤ ¬¨ á¨áâ¥¬ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª , ¯ à ¬¥âà¨§®¢ ­­ëå ®â­®á¨â¥«ì­® ­ ¨«ãçè¥£®
 à£ã¬¥­â  § ¤ ç¨. �®ª § ­ë ãâ¢¥à¦¤¥­¨ï ® áãé¥áâ¢®¢ ­¨¨ ¨ ¢®§¬®¦­®áâ¨ ¯®áâà®¥­¨ï à¥è¥­¨ï
á ¨á¯®«ì§®¢ ­¨¥¬ ¯à®áâ¥©è¨å ¨â¥à æ¨®­­ëå  «£®à¨â¬®¢ ¡¥§ ¢ëç¨á«¥­¨ï ¬ âà¨æ �ª®¡¨ ¨ à¥è¥-
­¨ï «¨­¥ à¨§®¢ ­­ëå á¨áâ¥¬ ãà ¢­¥­¨© ¢ ¯à®æ¥áá¥ ¨â¥à æ¨© (ª ª ¢ ¬¥â®¤¥ �ìîâ®­ {� äá®­ ).
�  ç¨á«¥­­ëå ¯à¨¬¥à å ¯®ª § ­  íää¥ªâ¨¢­®áâì ¯à®áâ®£® ­¥ï¢­®£®  «£®à¨â¬  (¯® áå¥¬¥ ¬¥â®-
¤  «¨­¥©­®£® ãáª®à¥­¨ï) ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï ¯à¨ª« ¤­ëå § ¤ ç ¤¨­ ¬¨ª¨ ¤¥ä®à¬¨àã¥¬ëå
á¨áâ¥¬.
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