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1. �¢¥¤¥¨¥

�¥çì ¨¤¥â ® à¥§ã«ìâ â¥ � ¯¨à® ¨�¨«¤á  [1], ¢®áå®¤ïé¥¬ ¯® á«®¢ ¬  ¢â®à®¢ ª �¥©¬ ã (å®âï
¨å ááë«ª    [2] ¥ ¯à¥¤áâ ¢«ï¥âáï ®¡®á®¢ ®©) ¨ ¯à¨¢®¤¨¬®¬ §¤¥áì ¢ á«¥¤ãîé¥© ¥áª®«ìª®
ãá¨«¥®© ä®à¬ã«¨à®¢ª¥.

�¥®à¥¬ . �á«¨   «¨â¨ç¥áª ï äãªæ¨ï f(z), jzj < 1, ¨¬¥¥â ®£à ¨ç¥¨¥   à®áâ

log+ jf(z)j = O((1� jzj)��); jzj ! 1� 0; (1)

á ª®áâ â®© � < 1, â® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng ã«¥© íâ®© äãªæ¨¨, ¥ª á â¥«ì-

® áå®¤ïé¥©áï ª ¥ª®â®à®© â®çª¥ �, j�j = 1, ¢ë¯®«ï¥âáï ãá«®¢¨¥ �«ïèª¥

X
n

(1� jznj) < +1: (2)

� ª â¥à¬¨®«®£¨ç¥áª¨© ª®¬¬¥â à¨©  ¤«¥¦¨â ®â¬¥â¨âì á«¥¤ãîé¥¥:
a) áç¨â ¥âáï, çâ® ª ¦¤®¬ã ¢ª«îç¥®¬ã ¢ ¯®á«¥¤®¢ â¥«ì®áâì fzng ã«î äãªæ¨¨ f(z) á®-

®â¢¥âáâ¢ã¥â áâ®«ìª® ¦¥ á« £ ¥¬ëå ¢ (2), ª ª®¢  ¥£® ªà â®áâì;
b) áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng ª â®çª¥ �, j�j = 1, áç¨â ¥âáï ¥ª á â¥«ì®© ª ¥¤¨-

¨ç®© ®ªàã¦®áâ¨, ¥á«¨ j� � znj = O(1 � jznj), â. ¥. ¯à¨ fzng ! � â®çª¨ zn ®áâ îâáï ¢ãâà¨
ä¨ªá¨à®¢ ®£® ã£«  á ¢¥àè¨®© �, ¢¯¨á ®£® ¢ ¥¤¨¨çãî ®ªàã¦®áâì;

c) log+ a =

(
log a; ¥á«¨ a > 1;

0; ¥á«¨ 0 � a � 1:
�®ª § â¥«ìáâ¢® áä®à¬ã«¨à®¢ ®© â¥®à¥¬ë ¤ ® ¢ [1] «¨èì ¢ ¯à¥¤¯®«®¦¥¨¨ � < 1=2 ®â-

®á¨â¥«ì® ¯®ª § â¥«ï ¢ (1); âà¥¡ãîé¨© ¦¥ ªã¤  ¡®«¥¥ á«®¦®© â¥å¨ç¥áª®© à ¡®âë á«ãç ©
1=2 < � < 1 à §®¡à  ¥ ¡ë« (¥¬ã ¢ [1] ã¤¥«¥® «¨èì ¥áª®«ìª® ®¡é¨å á«®¢). �§-§  ®¡à §®¢ ¢è¥-
£®áï § §®à  ¬¥¦¤ã § ï¢«¥ë¬ ãâ¢¥à¦¤¥¨¥¬ ¨ ä ªâ¨ç¥áª¨ ¤®ª § ®© ¥£® ç áâìî ááë«ª¨  
¥£® ( ¯à., ¢ [3], [4]) ª ª   ¤®áâ®¢¥à® ãáâ ®¢«¥ë© ä ªâ ¥«ì§ï áç¨â âì ¢¯®«¥ ª®àà¥ªâ-
ë¬¨. �¯à ¢¥¤«¨¢®áâ¨ à ¤¨ á«¥¤ã¥â áª § âì, çâ® ¢ [4]  ¢â®àë, ¢§ï¢ §  ®á®¢ã ¡®«¥¥ ®¡é¨©, ç¥¬
(1), ¢¨¤ ®£à ¨ç¥¨ï   à®áâ äãªæ¨©, ¯à¥¤«®¦¨«¨ ¢ ª ç¥áâ¢¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ááë«ª¨
  ¯®«ãç¥ë¥ ¨¬¨ à ¥¥ [5] à¥§ã«ìâ âë ¢ªã¯¥ á ª®¬¬¥â à¨¥¬, ª ª ¨å á íâ®© æ¥«ìî  ¤«¥¦¨â
¬®¤¨ä¨æ¨à®¢ âì.

�  ï áâ âìï ¯à¥¤¯®« £ ¥â, ¢®-¯¥à¢ëå, ¤ âì ¯àï¬®¥ ¨ í«¥¬¥â à®¥ | ¡¥§ ¢ëå®¤  ¢ á¯¥-
æ¨ «ìë¥ à §¤¥«ë â¥®à¨¨ ¬¥à®¬®àäëå äãªæ¨© | ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë,   ¢®-¢â®àëå,
¯®ª § âì   ¯à¨¬¥à å, çâ® ¢ ¥¥ ä®à¬ã«¨à®¢ª¥ ®¡  âà¥¡®¢ ¨ï | áâà®£®£® ¥à ¢¥áâ¢  � < 1 ¨
¥ª á â¥«ì®© áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng ª ¥¤¨¨ç®© ®ªàã¦®áâ¨ | áãé¥áâ¢¥ë.
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2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

�¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦® áç¨â âì � = 1. �ãáâì ç¨á«  " ¨ � ¨§ ¨â¥à¢ «  (0; 1)
 áâ®«ìª® ¬ «ë, çâ®

(1 + �)� < 1;   " < 2�1�� cos
�

2 + �
; (3)

¨ ¯ãáâì ®¤®§ ç ï ¢¥â¢ì   «¨â¨ç¥áª®© äãªæ¨¨

z = w + "(1 � w)1+�; jwj < 1; (4)

®¯à¥¤¥«¥  ãá«®¢¨¥¬ j arg(1� w)j < �=2.
�à ¢¥¨¥  ¯à ¢«¥¨© ¨ ¤«¨ ¢¥ªâ®à®¢, ¨§®¡à ¦ îé¨å ç¨á«  1 � w ¨ z � w, ¯®ª §ë¢ ¥â,

çâ® äãªæ¨ï (4) ®â®¡à ¦ ¥â ¥¤¨¨çë© ªàã£ ¢ á¥¡ï,    «¨ç¨¥ ¯à®¨§¢®¤®© z0(1) = 1 ®¡¥á¯¥ç¨-
¢ ¥â ª®ä®à¬®áâì íâ®£® ®â®¡à ¦¥¨ï ¢ £à ¨ç®© â®çª¥ 1. �â® ¯®§¢®«ï¥â á¤¥« âì á«¥¤ãîé¨¥
¢ë¢®¤ë:

a) á®®â®è¥¨¥ g(w) = f(z) ®¯à¥¤¥«ï¥â   «¨â¨ç¥áªãî äãªæ¨î ¯¥à¥¬¥®£® w, jwj < 1;
b) ª ¦¤ ï â®çª  zn ( ç¨ ï á ¥ª®â®à®£® ®¬¥à  n) ¨¬¥¥â ¢ ¯¥à¥á¥ç¥¨¨ ¥¤¨¨ç®£® ªàã£  á

ä¨ªá¨à®¢ ®© ®ªà¥áâ®áâìî â®çª¨ 1 ¥¤¨áâ¢¥ë© ¯à®®¡à § wn, ï¢«ïîé¨©áï ã«¥¬ äãªæ¨¨
g(w) â®© ¦¥ ªà â®áâ¨, ª ª®¢  ªà â®áâì ã«ï zn äãªæ¨¨ f(z);

c) ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¥© fzng ¨ fwng ¢ë¯®«ïîâáï ®â®è¥¨ï á« ¡®© íª¢¨¢ «¥â®áâ¨

1� jznj � j1� znj � j1� wnj � 1� jwnj: (5)

�¢¨¤ã á®®â®è¥¨© (5) ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç® ãáâ ®¢¨âì ¯à¨ ¤«¥¦®áâì
äãªæ¨¨ g(w), jwj < 1, ª« ááã �¥¢ «¨ë N ([6], c. 18; [7], cá. 60, 75):Z �

��

log+ jg(�eit)jdt � C < +1; 0 < � < 1:

�®áª®«ìªã ¨â¥£à « ¢ «¥¢®© ç áâ¨ ¥áâì ¥ã¡ë¢ îé ï äãªæ¨ï � 2 (0; 1),  

log+ jg(w)j = log+ jf(z)j � C(1� jzj)��; jwj < 1;

¤«ï íâ®£® ¢ á¢®î ®ç¥à¥¤ì ¤®áâ â®ç® ã¡¥¤¨âìáï, çâ®Z �

0
(1� jzj)��dt � C < +1 ¯à¨ �! 1� 0; (6)

¢áî¤ã ¯à¥¤¯®« £ ¥âáï, çâ® z ¨ w = �eit á¢ï§ ë á®®â®è¥¨¥¬ (4),   § ç¥¨¥ C ¥ § ¢¨á¨â ®â
� (å®âï ¬®¦¥â ¬¥ïâìáï ®â ¢ëà ¦¥¨ï ª ¢ëà ¦¥¨î).

�ãáâì ' = '(�) ¨  =  (�), 0 < ' <  < �=2, |  à£ã¬¥âë â®ç¥ª ¯¥à¥á¥ç¥¨ï «ãç 
fw : arg(1�w) = ��=(2 + �)g ¨ ®ªàã¦®áâ¨ fw : jwj = �g, sin(�=(2 + �)) < � < 1. �«ï ¢¥«¨ç¨ '
¨  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¯à¥¤¥«ìë¥ á®®â®è¥¨ï ¯à¨ �! 1� 0:

'(�)
1� �

! tg
�

2 + �
;  (�)!

��

2 + �
� 0: (7)

�á«¨ t 2 [0; '], â® § ¢¥¤®¬® 1� jzj > (1� �)=2, ¯®íâ®¬ãZ '

0

(1� jzj)��dt < C(1� �)1�� ! 0 ¯à¨ �! 1� 0: (8)

�á«¨ ¦¥ t 2 ['; �], â®  ¤«¥¦ éãî ®æ¥ªã á¨§ã ¢¥«¨ç¨ë 1 � jzj ¬®¦® ¯®«ãç¨âì ¨§ á®®â®-
è¥¨ï áâ®à® ¢ âà¥ã£®«ì¨ª¥ á ¢¥àè¨ ¬¨ w, 0, z. �¬¥®, ¥á«¨ ®¡®§ ç¨âì ç¥à¥§ � ã£®« ¯à¨
¢¥àè¨¥ w, â® ¯® â¥®à¥¬¥ ª®á¨ãá®¢ jzj2 = jwj2 + "2j1� wj2(1+�) � 2jwj"j1 � wj1+� cos � , ®âªã¤ 

1� jzj >
1� jzj2

2
>
1
2
"j1 � wj1+�(2� cos � � "j1� wj1+�): (9)

76



�áâ ¥âáï ãáâ ®¢¨âì, çâ® ¥á«¨ " ¨ � ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬ (3), â® à ¢®¬¥à® ®â®á¨-

â¥«ì® �! 1� 0 ¢ë¯®«ï¥âáï ®æ¥ª 

1� jzj � Cj1� wj1+�; ' � t � �; (10)

£¤¥ ¯®-¯à¥¦¥¬ã w = �eit ¨ z á¢ï§ ë á®®â®è¥¨¥¬ (4).
�«ï ¯®«ãç¥¨ï ®æ¥ª¨ (10) ®âà¥§®ª ['; �] ã¤®¡¥¥ à §¡¨âì   ¤¢  | ['; ] ¨ [ ; �] | ¨ ¢¢¥áâ¨

®¡®§ ç¥¨¥ � = �(�; t) = � arg(1� w).
�á«¨ t 2 ['; ], â® �=(2 + �) � � < �=2, ¯®íâ®¬ã

� = � � t� (1 + �)� � � � '� (1 + �)
�

2 + �
<

�

2 + �
: (11)

B á«ãç ¥ t 2 [ ; �] ¬®¦® ¢®á¯®«ì§®¢ âìáï ¥à ¢¥áâ¢®¬ � < arg(1�w)� arg(0�w), ¯à ¢ ï
ç áâì ª®â®à®£® ¯à¨ ä¨ªá¨à®¢ ®¬ � < 1 ¤®áâ¨£ ¥â ¬ ªá¨¬ «ì®£® § ç¥¨ï, à ¢®£® ���=(2+
�)�  , ª®£¤  w = �ei (â. ¥. ¯à¨ t =  ). �®íâ®¬ã á ãç¥â®¬ ¢â®à®£® ¨§ á®®â®è¥¨© (7)

lim
�!1�0

� � lim
�!1�0

�
� �

�

2 + �
�  

�
=
(1 + �)�
2 + �

�

�
��

2 + �
� 0

�
=

�

2 + �
+ 0: (12)

�¡ê¥¤¨¥¨¥ (3), (9), (11) ¨ (12) ¤ ¥â âà¥¡ã¥¬ãî ®æ¥ªã (10), ¯®áª®«ìªã

2� cos � � "j1� wj1+� > 2� cos
�

2 + �
�

����1� w

2

����
1+�

cos
�

2 + �
� C > 0

¤«ï w = �eit, ª®£¤  ' � t � �,   �! 1� 0.
� á®®â¢¥âáâ¢¨¨ á ®æ¥ª®© (10) ¨ ¯¥à¢ë¬ ¨§ ¥à ¢¥áâ¢ (3) ¢¥«¨ç¨ 

Z �

'

(1� jzj)��dt < C

Z �

0
j1� �eitj��(1+�)dt = C

Z �

0

�
(1� �)2 + 4� sin2

t

2

���(1+�)
2

dt

®áâ ¥âáï ®£à ¨ç¥®© ¯à¨ �! 1� 0, çâ® ¢¬¥áâ¥ á (8) ®¡¥á¯¥ç¨¢ ¥â ®æ¥ªã (6),   á«¥¤®¢ â¥«ì®,
¨ ¯à¨ ¤«¥¦®áâì äãªæ¨¨ g(w) ª« ááã �¥¢ «¨ë N .

3. �à¨¬¥àë

�¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì fzng â®ç¥ª ¥¤¨¨ç®£® ªàã£ 
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

P
n

(1� jznj)2 < +1, â® ¯à®¨§¢¥¤¥¨¥

Y
n

�
1�

�
1� jznj2

1� znz

�2�
; jzj < 1; (13)

áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ å ¥¤¨¨ç®£® ªàã£  ª   «¨-
â¨ç¥áª®© äãªæ¨¨ P (z; zn), ¨¬¥îé¥© (¯à®áâ®©) ã«ì ¢ ª ¦¤®© â®çª¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng.

1. �ãáâì zn = 1� 1=n, n = 1; 2; : : : � íâ®¬ á«ãç ¥

log+ jP (z; zn)j = log+
+1Y
n=2

����1�
�
1� jznj2

1� znz

�2���� �
+1X
n=2

log
�
1 +

����1� jznj21� znz

����
2�
�

�
+1X
n=2

�
1� jznj2

1� jznzj

�2
<

+1X
n=2

�
2n�1

(1� jzj) + jzjn�1

�2
<

<
X

n� 1
1�jzj

�
2
jzj

�2
+

4
(1� jzj)2

X
n> 1

1�jzj

1
n2

<
16

1� jzj
+

4
(1� jzj)2

(1� jzj):
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�ãªæ¨ï f(z) = P (z; zn) ã¤®¢«¥â¢®àï¥â â ª¨¬ ®¡à §®¬ ãá«®¢¨î (1) á � = 1, ®¤ ª® ãá«®¢¨¥

�«ïèª¥ (2) ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fzng ¥¥ ¯®«®¦¨â¥«ìëå ã«¥© ¥ ¢ë¯®«¥®.

2. �ãáâì ¯à®¨§¢¥¤¥¨¥ (13) ¯®áâà®¥® ¯® â®çª ¬

zn;k = rn exp
�
i� sgn k

2jkj � 1
2n

�
; k = �1; : : : ;�n; rn = 1�

1
n2
; n = 2; 3; : : :

�®áª®«ìªã X
n;k

����1� jzn;kj21� zn;kz

����
2

�
X
n

2n
�
2n�2

1� jzj

�2
; jzj < 1;

íâ® ¯à®¨§¢¥¤¥¨¥ áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¢ãâà¨ ¥¤¨¨ç®£® ªàã£  ª   «¨â¨ç¥áª®©
äãªæ¨¨ P (z; zn;k) á (¯à®áâë¬¨) ã«ï¬¨ zn;k. � ãç¥â®¬ â®£®, çâ® ¯à¨ ä¨ªá¨à®¢ ®¬ n â®çª¨ zn;k
®¡à §ãîâ ¢¥àè¨ë ¯à ¢¨«ì®£® 2n-ã£®«ì¨ª  (¢¯¨á ®£® ¢ ®ªàã¦®áâì à ¤¨ãá  rn = 1�n�2),  
â ª¦¥ á ãç¥â®¬ ¥à ¢¥áâ¢  sin('=2) > '=�, 0 < ' < �, ¤«ï «î¡®© â®çª¨ z, jzj < 1, ¢ë¯®«ïîâáï
á®®â®è¥¨ï

log+ jP (z; zn;k)j = log+
� +1Y
n=2

nY
jkj=1

����1�
�
1� jzn;kj2

1� zn;kz

�2����
�
�

�
+1X
n=2

nX
jkj=1

����1� jzn;kj21� zn;kz

����
2

�
+1X
n=2

nX
jkj=1

(1� r2n)
2

1 + r2njzj
2 � 2rnjzj cos

jkj�1

n
�
=

=
+1X
n=2

nX
k=1

2(1� r2n)
2

(1� rnjzj)2 + 4rnjzj sin
2 k�1

2n
�
�

�
+1X
n=2

nX
k=1

2(1� r2n)
2n2

(1� rnjzj)2n2 + 4rnjzj(k � 1)2
:

� §¤¥«¥¨¥ ¢ãâà¥¥© áã¬¬ë   ¤¢¥ | ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¯®«¥¨ï ¥à ¢¥áâ¢  (1 �
rnjzj)2n2 � 4rnjzj(k � 1)2 ¨«¨ ¥¬ã ¯à®â¨¢®¯®«®¦®£® | á á®åà ¥¨¥¬ ¢ § ¬¥ â¥«¥ «¨èì
¤®¬¨¨àãîé¥£® á« £ ¥¬®£® ¯à¨¢®¤¨â ª ®æ¥ª¥

log+ jP (z; zn;k)j � C
+1X
n=2

(1� r2n)n
2

(1� rnjzj)n
� C

+1X
n=2

n�3

(1� jzj) + jzjn�2

(ª ª ¨ à ìè¥, ª®áâ â  C ¬®¦¥â ¬¥ïâìáï ®â ¢ëà ¦¥¨ï ª ¢ëà ¦¥¨î), ¨§ ª®â®à®© ¯®á«¥
  «®£¨ç®£® à §¤¥«¥¨ï áã¬¬ë ®ª®ç â¥«ì® ¢ëâ¥ª ¥â

log+ jP (z; zn;k)j � C log
1

1� jzj
; jzj ! 1� 0:

�â® ¦¥ ª á ¥âáï ã«¥© zn;k äãªæ¨¨ P (z; zn;k), â®

X
n;k

(1� jzn;kj) =
+1X
n=2

2n(1� rn) =
+1X
n=2

2n�1 = +1:

�¢â®à ¯à¨§ â¥«¥ à¥æ¥§¥âã §  ¡¨¡«¨®£à ä¨ç¥áª¨¥ ãª § ¨ï.
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