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�®à®è® ¨§¢¥áâ­  ¢ ¦­ ï à®«ì £¥®¬¥âà¨¨ ¯«®áª®áâ¥©, ¤¨ £à ¬¬ ¨ ¬­®£®£à ­­¨ª®¢ �ìîâ®-
­  [1], [2] ¢  á¨¬¯â®â¨ç¥áª®¬  ­ «¨§¥ § ¤ ç â¥®à¨¨ ¢¥â¢«¥­¨ï ([1]{[5] ¨ ¤à.). �à¨ ¯®áâà®¥­¨¨
à §¢¥â¢«ïîé¨åáï à¥è¥­¨© ¨â¥à æ¨®­­ë¬¨ ¬¥â®¤ ¬¨ ¨á¯®«ì§®¢ «¨áì ï¢­ ï ¨ ­¥ï¢­ ï ¯ à ¬¥-
âà¨§ æ¨¨ [6]{[12],   ¢ á«®¦­ëå á«ãç ïå [10], [13]{[15] | ãª § ­­ë¥ ¢ëè¥ £¥®¬¥âà¨ç¥áª¨¥ ª®­-
áâàãªæ¨¨. � [6], [7], [9]{[12] à¥è îé¥¥ §­ ç¥­¨¥ ¤«ï áå®¤¨¬®áâ¨ ¬¥â®¤®¢ ¨¬¥«¨ ¦¥áâª¨¥ ãá«®-
¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¢ëå®¤ ­  £« ¢­ãî ç áâì ãà ¢­¥­¨ï à §¢¥â¢«¥­¨ï (ã .à.) ã¦¥ ­  ¯¥à¢®©
¨â¥à æ¨¨. � ç áâ­ëå á«ãç ïå ãª §ë¢ «áï á¯®á®¡ ¯®áâà®¥­¨ï ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï ¨ ¢ë¡®-
à  ¯ à ¬¥âà¨§ æ¨¨ ¨áª®¬®© ¢¥â¢¨. � [6], [7], [9], [11], [12] ¯ à ¬¥âà ã­¨ä®à¬¨§ æ¨¨ ¢ë¡¨à «áï
­¥¯®áà¥¤áâ¢¥­­® ¯® ¢¨¤ã ¤¨ £à ¬¬ �ìîâ®­  ª®íää¨æ¨¥­â®¢ ¯à®¥ªæ¨¨ QF . �®íâ®¬ã ­  ª ¦¤®©
¨â¥à æ¨¨ à¥è «®áì ®¤­® «¨­¥©­®¥ ãà ¢­¥­¨¥. �â¥à æ¨®­­ë¥ ¬¥â®¤ë ¤«ï ¡®«¥¥ á«®¦­ëå á¨âã-
 æ¨© ¢ [6]{[12] ­¥ ¡ë«¨ à §à ¡®â ­ë, â. ª. ­¥ïá­® ¡ë«®, ª ª ¢ë¡¨à âì ¯ à ¬¥âà ã­¨ä®à¬¨§ æ¨¨
¢¥â¢¥© ¨ ®à£ ­¨§®¢ âì ¨â¥à æ¨®­­ë© ¯à®æ¥áá ¢ ®¡é¥¬ á«ãç ¥.

� [13], [14] ¯®ª § ­®, çâ® áãé¥áâ¢¥­­®¥ à áè¨à¥­¨¥ ª« áá  § ¤ ç, á®§¤ ­¨¥ ¡®«¥¥ £¨¡ª¨å  «-
£®à¨â¬®¢ ¢®§¬®¦­ë §  áç¥â ¯à¨¢«¥ç¥­¨ï N -áâã¯¥­ç âëå ¬¥â®¤®¢, ª®£¤  ­  ª ¦¤®© ¨â¥à æ¨¨
à¥è ¥âáï N «¨­¥©­ëå ãà ¢­¥­¨© ¨ ¯à¨¬¥­ïîâáï à §­ë¥ ¯ à ¬¥âàë ã­¨ä®à¬¨§ æ¨¨ á®£« á­®
[2]. � [13] ¯à¥¤«®¦¥­ N -áâã¯¥­ç âë© ¨â¥à æ¨®­­ë© ¬¥â®¤, áå®¤ïé¨©áï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ ¢¥-
â¢«¥­¨ï ¯à¨ ¡®«¥¥ á« ¡ëå ãá«®¢¨ïå, ç¥¬ ¤àã£¨¥ ¬¥â®¤ë. �¥â®¤ ®¡« ¤ ¥â ¤®áâ®¨­áâ¢ ¬¨ ï¢­®©
¨ ­¥ï¢­®© ¯ à ¬¥âà¨§ æ¨© [12], â. ª. ¤ ¥â ®¯à¥¤¥«¥­­ãî á¢®¡®¤ã ¢ë¡®à  ¯ à ¬¥âà  ã­¨ä®à¬¨-
§ æ¨¨. �¤­ ª® ¨â¥à æ¨®­­ ï áå¥¬ , ¯à¥¤«®¦¥­­ ï ­  ¥£® ®á­®¢¥ ¢ ([13], x 2), ¢ ®¡é¥¬ á«ãç ¥
âà¥¡ã¥â ¯à¥¤¢ à¨â¥«ì­®£® ¯®áâà®¥­¨ï í«¥¬¥­â  bx0 ¨§ ¯®¤¯à®áâà ­áâ¢  E1�n1 ; ¨á¯®«ì§ã¥¬®£® ¢
­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨. �¯®á®¡ ¯®áâà®¥­¨ï í«¥¬¥­â  bx0 ¤ ­ ¢ ([13], «¥¬¬a 2). �¥¬ ­¥ ¬¥­¥¥,
¯à¥¤¢ à¨â¥«ì­®¥ ¢ëç¨á«¥­¨¥ bx0 ãá«®¦­ï¥â ¢ëç¨á«¥­¨ï ¨ á ¬ã ¨â¥à æ¨®­­ãî áå¥¬ã.

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ­¥ â®«ìª® ¬®¤¨ä¨ª æ¨ï ¨ à áè¨à¥­¨¥ ¢®§¬®¦­®áâ¥© ¨â¥à -
æ¨®­­ëå ¬¥â®¤®¢ à ¡®â [11], [12], [16], ­® ¨ ¢ë¢®¤ ¨â¥à æ¨®­­ëå ä®à¬ã«, ã¤®¡­ëå ¤«ï â¥®à¨¨
¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ ¨ ¥¥ ¯à¨«®¦¥­¨©. �à¥¤«®¦¥­  ¡®«¥¥ ã¤®¡­ ï ¨â¥à æ¨®­­ ï áå¥¬  á
ã¯à®é¥­­ë¬ ¢ë¡®à®¬ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï.

1. �à ¢­¥­¨¥ à §¢¥â¢«¥­¨ï ¨ ¢ë¡®à ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï

� ¯ à £à ä¥ ¯à¨¢¥¤¥­ë ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ¨§ [1], [2], [12], [13] ¯® ¢ë¡®àã ¯ à ¬¥âà 
ã­¨ä®à¬¨§ æ¨¨ ¨ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï.

�ãáâì E1, E2 | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ . � áá¬®âà¨¬ ãà ¢­¥­¨¥

Bx�R(x; �) = 0; (1)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ INTAS, £à ­â 2000-15.
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£¤¥ B : D(B) � E1 ! E2 | § ¬ª­ãâë© äà¥¤£®«ì¬®¢ ®¯¥à â®à á ¯«®â­®© ¢ E1 ®¡« áâìî ®¯à¥¤¥-
«¥­¨ï, dimN(B) = n � 1; ®¯¥à â®à R(x; �) = R01�+

P
i+k�2

Rik(x)�k  ­ «¨â¨ç¥áª¨© ¢ ®ªà¥áâ­®áâ¨

â®çª¨ x = 0, � = 0. �à¥¡ã¥âáï ¯®áâà®¨âì à¥è¥­¨¥ x! 0 ¯à¨ �! 0.
�ãáâì f'ig

n
1 | ¡ §¨á ¢ N(B), f ig

n
1 | ¡ §¨á ¢ N(B�), f
ign1 , fzig

n
1 | á®®â¢¥âáâ¢ãîé¨¥ ¡¨-

®àâ®£®­ «ì­ë¥ á¨áâ¥¬ë ¨§ E�1 ¨ E2, P =
nP
1
h�; 
ii'i, Q =

nP
1
h�;  iizi, � =

�
B +

nP
1
h�; 
iizi

��1
.

�£à ­¨ç¥­­ë© ®¯¥à â®à � ­ §ë¢ îâ ¯á¥¢¤®à¥§®«ì¢¥­â®© äà¥¤£®«ì¬®¢  ®¯¥à â®à  B [1].
�®« £ ï ¢ ãà ¢­¥­¨¨ (1)

x = �'+ �y; (2)

£¤¥

Qy = 0; �' =
nX
1

�i'i;

¯®«ãç¨¬ ¤«ï ®¯à¥¤¥«¥­¨ï � ¨ y á¨áâ¥¬ã

y = R(�'+ �y; �); (3)

hy;  ii = 0; i = 1; : : : ; n: (4)

�  ®á­®¢ ­¨¨ â¥®à¥¬ë ® ­¥ï¢­ëå ®¯¥à â®à å [4] ãà ¢­¥­¨¥ (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¬ «®¥ à¥è¥-
­¨¥

y =
X
m�2

ym0(�') +
X
m�0

X
n�1

ymn(�')�n: (5)

�¥ªãàà¥­â­ë¥ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ ymn ¯®áâà®¥­ë ¢ [13]. �¤¥áì ¯à¨¢¥¤¥¬
¤àã£ãî, ¡®«¥¥ íª®­®¬­ãî ¢ ¢ëç¨á«¥­¨ïå à¥ªãàà¥­â­ãî ä®à¬ã«ã

yn�j;j =
1

(n� j)!j!
@n

@�j@�n�j

nX
i+k=2

�kRik

� n+1�i�kX
r+s=1

�yrs�
r�s

�����
�=0;�=0

;

j = 0; 1; : : : ; n, n = 2; 3; : : : , £¤¥ y01 = R01, y01 , �1z1 + � � � + �nzn. �®¤áâ ¢«ïï à¥è¥­¨¥ (5) ¢ (4),
¯®«ãç¨¬ ãà ¢­¥­¨¥ à §¢¥â¢«¥­¨ï

Lj(�; �) def=
X
m�2

Lj
mo(�)�+

X
m�0

X
��1

Lj
m�(�)�

� = 0; j = 1; : : : ; n; (6)

£¤¥
Lj
m� = hym�(�');  ji =

X
m1+:::+mn=m

Lj
m1;:::;mn;�

�m1

1 : : : �mn

n :

�ãáâì L(�1; : : : ; �n+1) =
P

i Li�
i, �i = �i11 : : : �

in+1
n+1 , | ®¤­  ¨§ «¥¢ëå ç áâ¥© á¨áâ¥¬ë (6).

�«ï á¨¬¬¥âà¨¨ ¢ ®¡®§­ ç¥­¨ïå ¯®«®¦¥­® � = �n+1. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, áç¨â ¥¬, çâ®
L(�1; : : : ; Oi; : : : ; �n+1) 6= 0 ¯à¨ i = 1; : : : ; n + 1. � ¯à®â¨¢­®¬ á«ãç ¥ ¬ë ¡ë á®ªà â¨«¨ á®®â¢¥â-
áâ¢ãîé¥¥ ãà ¢­¥­¨¥ ¢ (6) ­  ­¥ª®â®àãî áâ¥¯¥­ì �i.

�ãáâì suppL = fi j i 2 Nn+1
+ ; Li 6= 0g, N+ | ¬­®¦¥áâ¢® æ¥«ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥«.

�¯à¥¤¥«¥­¨¥ 1. �¨¯¥à¯«®áª®áâì

l : (� 2 Rn+1
+ j (�; �) = �); � 2 Nn+1

+ ; � 2 N+;

­ §®¢¥¬ ®¯®à­®© ¤«ï suppL, ¥á«¨:

1) (�; �) � � ¯à¨ � 2 suppL;
2) l \ suppL 6= 0.

60



�á«®¢¨¥ 1 [13]. � N+ ­ ©¤¥­ë ç¨á«  �1; : : : ; �n+1, �1; : : : ;�n â ª¨¥, çâ® ¯ à ««¥«ì­ë¥ £¨-

¯¥à¯«®áª®áâ¨ lj : (� 2 Rn+1
+ j (�; �) = �j), j = 1; : : : ; n, ï¢«ïîâáï ®¯®à­ë¬¨ á®®â¢¥âáâ¢¥­­®

¤«ï suppLj, j = 1; : : : ; n.

�­ «¨â¨ç¥áª¨ ãá«®¢¨¥ 1 ®§­ ç ¥â, çâ® ¯à¨ �i = "�i�i, i = 1; : : : ; n+ 1, ¨ "! 0

Lj = "�j lj(�1; : : : ; �n+1) + rj(�; "); (7)

£¤¥
lj =

X
(i;�)=�j

Lj
i�

i 6� 0; rj = o("�j ); j = 1; : : : ; n:

�¥ªâ®à-äã­ªæ¨î l(�) ­ §ë¢ îâ £« ¢­®© ç áâìî ã. à.
�à®¡«¥¬  ¢ë¡®à  ¢¥ªâ®à  � à¥è¥­  ¢ [2]. �á«¨ �1 = � � � = �m, �m+1 = � � � = �n+1, â®

£¨¯¥à¯«®áª®áâ¨ lj á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­® ®á¥© �1; : : : ; �m ¨ ®á¥© �m+1; : : : ; �n+1. � â ª®© á¨¬-
¬¥âà¨ç­®© á¨âã æ¨¨ ¢¥ªâ®àë � ¨ � «¥£ª® áâà®ïâáï ¬¥â®¤®¬ ¤¨ £à ¬¬ �ìîâ®­  [1], [16].

�á«®¢¨¥ 2 [13]. �¨áâ¥¬ 

lj(�1; : : : ; �n+1) = 0; j = 1; : : : ; n; (8)

¨¬¥¥â à¥è¥­¨¥ �0 = (�0; : : : ; �0n+1), ¯à¨ç¥¬ det


@lj(�0)

@�i




j=1;n; i=1;n+1 n�

6= 0.

�¥è¥­¨¥ �0 6= 0 ­ §®¢¥¬ à¥è¥­¨¥¬ ¯®«­®£® à ­£  á¨áâ¥¬ë (8),   á®®â¢¥âáâ¢ãîéãî ¯ àã (x("),
�(")), ã¤®¢«¥â¢®àïîéãî (1), ¯à®áâë¬ à¥è¥­¨¥¬ [17] ¯®«­®£® à ­£  ãà ¢­¥­¨ï (1).

�ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1, 2. �®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë ® ­¥ï¢­®© äã­ªæ¨¨ ã. à. (6)
¨¬¥¥â à¥è¥­¨¥

�i = "�i(�0i + o(1)); �� = "���0�; i = (1; : : : ; n+ 1) n �;

£¤¥ �n+1 , �("). �®¤áâ ¢«ïï íâ® à¥è¥­¨¥ ¢ (2) á ãç¥â®¬ (5), ¯®«ãç¨¬ ¨áª®¬®¥ à¥è¥­¨¥ ¯®«­®£®
à ­£  x(")! 0, �(")! 0 ¯à¨ "! 0 ãà ¢­¥­¨ï (1).

�¥ªâ®à �0 = ("�1�01 ; : : : ; "
�n+1�0n+1) ¡ã¤¥â ¨á¯®«ì§®¢ ­ ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥ ¯à¨ ¯®áâà®¥­¨¨

­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï íâ®£® à¥è¥­¨ï ¢ ¨â¥à æ¨®­­®¬ ¬¥â®¤¥.

2. �â¥à æ¨®­­ ï áå¥¬ 

�ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1, 2. �¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

x =
nX
1

�i'i + "r�y; � = "�n+1�n+1(") , �n+1 (9)

á ãá«®¢¨¥¬ Qy = 0. �¤¥áì �i = "�i�i("), i = 1; : : : ; n, r = min(�1; : : : ; �n+1), �i(0) = �0i , ��(") � �0�,
� 2 (1; : : : ; n+ 1),

y(0) =

(
0; r < �n+1;

R01�n+1(0); r = �n+1:

�â¬¥â¨¬, çâ® ¯à¥¤áâ ¢«¥­¨¥ (9) ã¤®¡­¥¥ ¨á¯®«ì§®¢ ­­®£® à ­¥¥ (á¬. (19) ¢ [13]), â. ª. ­¥ á®¤¥à-
¦¨â ¤®¯®«­¨â¥«ì­®£® ç«¥­  bx0, ãá«®¦­ï¢è¥£® ¬¥â®¤. �¥¨§¢¥áâ­ë¥ y(") ¨ �i("), i = 1; n+ 1 n �,
­¥¯à¥àë¢­ë¥ ¢ ­ã«¥, ®¯à¥¤¥«¨¬ ¨§ á¨áâ¥¬ë

"ry = R(�'+ "r�y; �n+1) , �(y); (10)

hy;  ii = 0; i = 1; : : : ; n: (11)

�â¬¥â¨¬, çâ® lim
"!0

"�r�(y) = y(0), �� = �0�. �«¥¤ãï [13], ¯à¥®¡à §ã¥¬ á¨áâ¥¬ã (10), (11) â ª,

çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï â¥®à¥¬ë ® ­¥ï¢­®¬ ®¯¥à â®à¥ [4] ¢ ®ªà¥áâ­®áâ¨ â®çª¨ y0 = y(0),
�0i = �i(0), i = 1; n+ 1 n �.
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� íâ®© æ¥«ìî, ¢¢¥¤ï ¨â¥à æ¨¨ ¢ á¨áâ¥¬ã (10), (11), ¯¥à¥©¤¥¬ ª á¨áâ¥¬¥

y = "�r �(� : : : (�(y))| {z }
N

: : : ) def= "�r�N(y); (12)

"��j

�
R

� nX
i=1

"�i�i'i + ��N(y); "�n+1�n+1

�
;	j

�
= 0; j = 1; n: (13)

�¤¥áì �� = �0�,

�N(y) def= R(�'+ �R(�'+ � � �+ �R(�'+ "r�y; �n+1); : : : ; )�n+1):

�î¡®¥ à¥è¥­¨¥ (y; �1; : : : ; ���1; ��+1; : : : ; �n+1) á¨áâ¥¬ë (12), (13) ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (10), (11)
¨ ãá«®¢¨î Qy = 0.

�¨áâ¥¬ã (12), (13) à áá¬®âà¨¬ ª ª ®¤­® ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

K(u; ") = 0; (14)

£¤¥ K : Y � R1 ! Y , Y = E2 � Rn, kuk , kyk + j�j, u = (y("); �1("); : : : ; ���1("); : : : ; �n+1("))0,
��(") � �0�.

�  ®á­®¢ ­¨¨ ãá«®¢¨© 1, 2 ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ N � N0 ®¯¥à â®à K(u; ") ¡ã¤¥â ­¥¯à¥-
àë¢­ë¬ ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (u0; 0), £¤¥ u0 = (y(0); �0), K(u0; 0) = 0. �á¯®«ì§ãï à §«®¦¥­¨¥
¯à ¢®© ç áâ¨ ä®à¬ã« (12), (13) ¢ àï¤ë �¥©«®à  ¢ ®ªà¥áâ­®áâ¨ â®çª¨ " = 0, ¬®¦­® ¯®ª § âì, çâ®
¤®áâ â®ç­® ¢§ïâì N0 = max

1�j�n
(�j � min(�1; : : : ; �n)). �â  ®æ¥­ª  ï¢«ï¥âáï £àã¡®© ¨ ¢ ¡®«¥¥ ª®­-

ªà¥â­®© á¨âã æ¨¨ «¥£ª® ¬®¦¥â ¡ëâì ã«ãçè¥­ . �¬®âà¨, ­ ¯à¨¬¥à, ­¨¦¥ ãá«®¢¨¥ 3, ¯à¨ ª®â®à®¬
¬®¦­® ¢§ïâì N0 = 1.

�à¨ N � N0 ®¯¥à â®à K(u; ") ¨¬¥¥â ¯à®¨§¢®¤­ãî �à¥è¥ Ku(u; "), ­¥¯à¥àë¢­ãî ¢ â®çª¥
(u0; 0),

Ku(u0; 0) =
�
J 0
0 D

�
:

�¤¥áì

D =




@lj(�0)@�i





 j=1;n

i=1;n+1 n�

:

� á¨«ã ãá«®¢¨ï 2 detD 6= 0 ¨, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ë© ®¡à â­ë© ®¯¥à â®à

K�1
u (u0; 0) =

�
J 0
0 D�1

�
:

�®íâ®¬ã ãà ¢­¥­¨¥ (14) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë ® ­¥ï¢­®¬ ®¯¥à â®à¥ [4].
�áª®¬®¥ à¥è¥­¨¥ u = (y; �) ¬®¦­® ­ ©â¨ ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©

ym = "�rR(�m�1'+ �R(�m�1'+ � � � +�R(�m�1'+ "r�ym�1; �
m�1
n+1 ); : : : ; )�

m�1
n+1 ); (15)

�m = �m�1 �D�1hR(�m�1'+ "r�ym; �m�1n+1 ); E(") i; m = 1; 2; : : : : (16)

�¤¥áì E , ("��1 1; : : : ; "
��n n)0, � , ("�1�1; : : : ; "�n�n)0, �n+1 = "�n+1�n+1, �� � �0�. � ç «ì­®¥

¯à¨¡«¨¦¥­¨¥ (y0; �0) ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

y0 = y(0); �0 = (�01 ; : : : ; �
0
��1; �

0
�+1; : : : ; �

0
n+1)

0;

£¤¥ �0 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (8), (0) | §­ ª âà ­á¯®­¨à®¢ ­¨ï.
�à¥®¡à §ã¥¬ (15) ª ¡®«¥¥ ã¤®¡­®¬ã ¢¨¤ã. �¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨

xm = �m'+ "r�ym; (17)

�m = �mn+1 , "�n+1�mn+1; (18)
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£¤¥ �m' =
nP
i=1

"�i�mi 'i, m = 1; 2; : : : �¢¥¤¥¬ ¥é¥ ¢á¯®¬®£ â¥«ì­ë¥ í«¥¬¥­âë

x0m�1 = �m�1'+ "r�ym�1 , xm�1; (19)

xim�1 = �m�1'+ �R(xi�1m�1; �m�1); i = 1; : : : ; N � 1: (20)

�®£¤  ¨â¥à æ¨®­­ ï áå¥¬  (15), (16) ¯à¨¬¥â ¢¨¤

ym = ��rR(xN�1m�1; �m�1);

�m = �m�1 �D�1hR(�m�1'+ "r�ym; �m�1); E(")	i; m = 1; 2; : : :
(21)

� ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï á«¥¤ã¥â ¢§ïâì y0 = y(0), �0i = "�i�0i , i = 1; n+ 1 n �.
�§ ¨§«®¦¥­­®£® ¢ëâ¥ª ¥â

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1, 2. �®£¤  ãà ¢­¥­¨¥ (1) ¨¬¥¥â à¥è¥­¨¥ x = x(")! 0,
� = �(")! 0 ¯à¨ "! 0, £¤¥

Px(") =
nX
i=1

"�i(�0i + o(1))'i;

�(") � "�n+1�0n+1: �®á«¥¤®¢ â¥«ì­®áâì fxm; �mg, ®¯à¥¤¥«ï¥¬ ï ä®à¬ã« ¬¨ (17){(21), áå®¤¨âáï
ª íâ®¬ã à¥è¥­¨î ¢ ®ªà¥áâ­®áâ¨ ­ã«ï.

� ¬¥ç ­¨¥ 1. �à ¢ë¥ ç áâ¨ ä®à¬ã«ë (21) á®¤¥à¦ â ®âà¨æ â¥«ì­ë¥ áâ¥¯¥­¨ ". �® íâ®
ãáâà ­¨¬ë¥ ®á®¡¥­­®áâ¨. � á«ãç ¥ ¯®«¨­®¬¨ «ì­ëå ­¥«¨­¥©­®áâ¥© ®â ­¨å «¥£ª® ¨§¡ ¢¨âìáï,
á®ªà â¨¢ ¯à ¢ë¥ ç áâ¨ ¢ (21) ­  á®®â¢¥âáâ¢ãîé¨¥ áâ¥¯¥­¨ " (á¬. ­¨¦¥ ¯à¨¬¥à). �®á«¥ íâ®£®
áå®¤¨¬®áâì ¡ã¤¥â à ¢­®¬¥à­®© ¯® " ¢ ®ªà¥áâ­®áâ¨ j"j � �. �á«¨ á®ªà é¥­¨¥ ­¥«ì§ï á¤¥« âì ï¢-
­®, â® ¤«ï ®¡¥á¯¥ç¥­¨ï ãáâ®©ç¨¢®áâ¨ á®£« á­® [17] ¬®¦­® ¢ ®âà¨æ â¥«ì­ëå áâ¥¯¥­ïå " ¢ ¯à ¢ëå
ç áâïå (21) á¤¥« âì § ¬¥­ã " ) " + sign "�� , £¤¥ 0 < � < 1

2p
, p = max

1�j�n
(�j � min(�1; : : : ; �n)),

� | ¬ ªá¨¬ «ì­ ï  ¡á®«îâ­ ï ¯®£à¥è­®áâì ¢ëç¨á«¥­¨©. �®£¤  à áá¬®âà¥­­ë© ¨â¥à æ¨®­­ë©
¬¥â®¤ ¡ã¤¥â à¥£ã«ïà¨§ãîé¨¬  «£®à¨â¬®¬ ¢ á¬ëá«¥ �.�. �¨å®­®¢ .

3. �¤­®áâã¯¥­ç âë© ¢ à¨ ­â áå¥¬ë (17){(21)

�á«®¢¨¥ 3.�ãáâì ¤¨ £à ¬¬ë �ìîâ®­  ª®íää¨æ¨¥­â®¢ ¯à®¥ªæ¨¨ QF ¨¬¥îâ ¯ à ««¥«ì­ë¥

£à ­¨ pi+ qk = �j, j = 1; : : : ; n; p; q;�j 2 N
+, R0i = 0 ¯à¨ i < p

q
, QR p

q
= 0.

�®£¤  ­  ®á­®¢ ­¨¨ «¥¬¬ë 3 ¨§ [13] ãá«®¢¨¥ 1 ¡ã¤¥â ¢ë¯®«­¥­® ¯à¨ �1 = � � � = �n = p,
�n+1 = q.

�®«®¦¨¬ �i = "p�i, i = 1; : : : ; n, � = "q�n+1. �à¨ íâ®¬ á¨áâ¥¬  (8) ¨¬¥¥â ¢¨¤

lj ,
X

pi+qk=�j

�
Rik

� nX
s=1

�s's + x0(�n+1)
�
;  j

�
�kn+1 = 0; j = 1; n; (22)

£¤¥

x0 =

8<:0;
p

q
=2 N+;

�R0p
q
�

p

q

n+1;
p

q
2 N+:

�ãáâì á¨áâ¥¬  (22) ¨¬¥¥â à¥è¥­¨¥ �0 ¯®«­®£® à ­£ . �®£¤  ãá«®¢¨ï â¥®à¥¬ë ¡ã¤ãâ ¢ë¯®«­¥­ë.

� ¨â¥à æ¨®­­ëå ä®à¬ã« å (17){(21) ¢ íâ®¬ á«ãç ¥ ­ ¤® ¯®«®¦¨âì N = 1; r =

(
p; ¥á«¨ p � q;

q; eá«¨ p > q:

�à¨¬¥à. � áá¬®âà¨¬ ãà ¢­¥­¨¥

Bx = �Ax+ Fl(x); (23)
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£¤¥ A 2 L(E1 ! E2), l � 2. �ãáâì QA 6= 0, QFl(�' 6� 0:) �®£¤  ãá«®¢¨¥ 3 ¢ë¯®«­ï¥âáï ¯à¨ p = 1,
q = l � 1, �1 = � � � = �n = l. �«£¥¡à ¨ç¥áª ï á¨áâ¥¬  (22) ¯à¨¬¥â ¢¨¤

lj(�1; : : : ; �n+1) , �n+1

nX
k=1

hA'k;  ji�k + hFl(�');  j i = 0; j = 1; n: (24)

�ãáâì �0 | à¥è¥­¨¥ ¯®«­®£® à ­£  á¨áâ¥¬ë (24), ¯à¨ç¥¬

D =




@lj(�0)@�i






i;j=1;n

; detD 6= 0:

�®£¤  ¬®¦­® ¨á¯®«ì§®¢ âì áå¥¬ã (17){(21) ¯à¨ r = 1, N = 1, y0 = 0, � = n+ 1, � = "l�1�0n+1.
�®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì xm = "(�m' + bxm), £¤¥ bxm | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

«¨­¥©­®£® ãà ¢­¥­¨ï

Bbxm = "l�1f�0n+1A(�
m�1'+ bxm�1) + Fl(�

m�1'+ bxm�1)g
c ­¥¯à¥àë¢­® ®¡à â¨¬ë¬ ®¯¥à â®à®¬ B = B +

nP
1
h�; 
iizi, ¨ �m = �m�1 � h�0n+1A(�

m�1' + bxm) +
Fl(�m�1'+bxm);D�1	i,m = 1; 2; : : : , �0 = (�01 ; : : : ; �

0
n)
0, cx0 = 0, cå®¤¨âáï ª à¥è¥­¨î x(") ãà ¢­¥­¨ï

(23) ¯à¨ j"j < �.
�ãáâì ¢ íâ®¬ ¯à¨¬¥à¥ E1 = E2 = H, ®¯¥à â®àë B, A á ¬®á®¯àï¦¥­­ë¥ hFl(�'); 'ii = @V

@�i
,

i = 1; : : : ; n, ¨ ¬ âà¨æ  khA'i; 'kik
n
i;k=1 ®¯à¥¤¥«¥­­® ¯®«®¦¨â¥«ì­ ï (¨«¨ ®¯à¥¤¥«¥­­® ®âà¨-

æ â¥«ì­ ï). �®£¤  £ à ­â¨à®¢ ­® áãé¥áâ¢®¢ ­¨¥ ­¥­ã«¥¢ëå ¢¥é¥áâ¢¥­­ëå à¥è¥­¨© á¨áâ¥¬ë
(24). � ¨¬¥­­®, §  (�01 ; : : : ; �

0
n) ¬®¦­® ¡à âì â®çª¨ íªáâà¥¬ã¬®¢ ¯®â¥­æ¨ «  V (�) ­  ª®¬¯ ªâ¥

1
2

nP
i;j=1

hA'i; 'ji�i�j = 1 (¨«¨ ­  1
2

nP
i;j=1

hA'i; 'ji�i�j = �1),   §  �0n+1 | á®®â¢¥âáâ¢ãîé¨¥ ¬­®¦¨â¥-

«¨ � £à ­¦ .
�à¨¬¥àë à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ®¤­®áâã¯¥­ç âë¬ ¢ à¨ ­â®¬ ¯®¤®¡­®© áå¥¬ë

á¬. ¢ [13]{[15].

� ¬¥ç ­¨¥ 2. � ®¡é¥¬ á«ãç ¥ á¨áâ¥¬  (24) ¬®¦¥â ­¥ ¨¬¥âì à¥è¥­¨© ¯®«­®£® à ­£ . �®®â-
¢¥âáâ¢ãîé¨¥ à §¢¥â¢«ïîé¨¥ à¥è¥­¨ï \­¥¯®«­®£® à ­£ " âà¥¡ãîâ ¯à¨¢«¥ç¥­¨ï ¤àã£¨å ¬¥â®¤®¢
¨ ¯®ª  ¨§ãç¥­ë á« ¡®. � ãá«®¢¨ïå £àã¯¯®¢®© á¨¬¬¥âà¨¨ [18] ãà ¢­¥­¨ï (1) ¢ íâ®¬ á«ãç ¥ ¤«ï
¯®áâà®¥­¨ï ¨â¥à æ¨®­­ëå áå¥¬ ¬®¦­® ¯à¨¢«¥çì à¥§ã«ìâ âë ¨§ [11], [13], [15]. �¬®âà¨ â ª¦¥ ¯. 3,
¯à¨¬¥à ¢ [13], à ¡®âë [19], [15].

� ª«îç¥­¨¥

� ¯à®æ¥áá¥ ¨â¥à æ¨© (17){(21) ¢ ®¡é¥¬ á«ãç ¥ áâà®ïâáï âà¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨

f"r�ymg; f�m'g ¨ f�mg: (25)

�¥à¢ ï ¨§ ­¨å áå®¤¨âáï ª ¯à®¥ªæ¨¨ (J �P )x("), ¢â®à ï | ª ¯à®¥ªæ¨¨ Px(") ¨áª®¬®£® à¥è¥­¨ï,
lim
m!1

�m = �("). � á«ãç ¥ N � 2 ¯à¨ ¯®áâà®¥­¨¨ ym âà¥¡ã¥âáï à¥è¨âì N�1 «¨­¥©­®¥ ãà ¢­¥­¨¥ á

­¥¯à¥àë¢­® ®¡à â¨¬ë¬ ®¯¥à â®à®¬. �¥ªâ®à �m (�m, ¥á«¨ � 6= n+ 1) ®¯à¥¤¥«ï¥âáï ¯® ¢ëç¨á«¥­-
­®¬ã �ym. � ª¨¬ ®¡à §®¬, ¢á¥£® ¤«ï ®¯à¥¤¥«¥­¨ï m-å ç«¥­®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¥© (25) ­ ¤®
à¥è¨âì N «¨­¥©­ëå ãà ¢­¥­¨©.

�å¥¬  (17){(21) à¥ «¨§ã¥â ¢ ¨â¥à æ¨®­­®¬ ¢¨¤¥ à §¢¨â¨¥ ¨¤¥©  ­ «¨â¨ç¥áª®£® ¬¥â®¤ 
�ï¯ã­®¢ {�¬¨¤â  [1]. � ¤®¯®«­¥­¨¥ ª íâ¨¬ ¨¤¥ï¬ ¤®¯ãáª ¥âáï á¬¥­  ¯ à ¬¥âà  ã­¨ä®à¬¨-
§ æ¨¨ ¢¥â¢¥©. � ¯à¨¬¥à, ­ àï¤ã á ¯ à ¬¥âà®¬ �, ¢å®¤ïé¨¬ ¢ ãà ¢­¥­¨¥, ¬®¦­® ¨á¯®«ì§®¢ âì
«î¡®© ¨§ ª®íää¨æ¨¥­â®¢ ¯à®¥ªæ¨¨ Px ¨áª®¬®£® à¥è¥­¨ï. �â® ¤ ¥â ¢®§¬®¦­®áâì \®¡å®¤¨âì"
­¥ª®â®àë¥ â¨¯ë â®ç¥ª ¢¥â¢«¥­¨ï ¨ ¢ á®ç¥â ­¨¨ á à¥§ã«ìâ â ¬¨ à ¡®âë [20] à áè¨à¨âì ®¡« áâì
áå®¤¨¬®áâ¨ ¬¥â®¤ .
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