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� ¡®â  ¯®á¢ïé¥  ¢®¯à®á ¬ ¯®áâà®¥¨ï à §®áâëå áå¥¬ ¨ ¨â¥à æ¨®ëå ¬¥â®¤®¢ ¤«ï à¥-
è¥¨ï (u; v; P )-á¨áâ¥¬ ¢ï§ª®© ¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨. �á®¢®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï à¥è¥¨î
«¨¥ à¨§®¢ ëå ãà ¢¥¨© � ¢ì¥{�â®ªá  á ¨á¯®«ì§®¢ ¨¥¬ ¨¤¥¨ ¬®£®ª®¬¯®¥â®£® ¬¥â®-
¤  ¯¥à¥¬¥ëå  ¯à ¢«¥¨© (����) [1]{[4], ¯à¨¬ëª îé¥£® ª ¬¥â®¤ ¬ à áé¥¯«¥¨ï [5], [7] ¨
®¡« ¤ îé¥£® ¯®«®©  ¯¯à®ªá¨¬ æ¨¥© [8], [9]. � ª ç¥áâ¢¥ ¡ §®¢ëå à §®áâëå áå¥¬ ¨á¯®«ì§ãîâáï
í¥à£¥â¨ç¥áª¨ ¥©âà «ìë¥ áå¥¬ë, ¯à¥¤«®¦¥ë¥ ¤«ï ãà ¢¥¨© � ¢ì¥{�â®ªá  ¢ [10]. �ë¡®à
áå¥¬ â ª®£® ¢¨¤  ®¡êïáï¥âáï ¢®§¬®¦®áâìî ¯à®¨§¢®¤¨âì ¢ëç¨á«¥¨ï ¡¥§ ¯®áâ ®¢ª¨ ¤®¯®«-
¨â¥«ìëå ãá«®¢¨© ¤«ï ¤ ¢«¥¨ï   £à ¨æ¥ ¨«¨ ¢ ¥à áç¥â®© ®¡« áâ¨ (çâ®, ¢®®¡é¥ £®¢®àï,
¥áâ¥áâ¢¥®) [11], [12] á â®çë¬ ã¤®¢«¥â¢®à¥¨¥¬ ãá«®¢¨ï¬ ¯à¨«¨¯ ¨ï   £à ¨æ¥ ¨ à §®áâ®-
¬ã ãà ¢¥¨î ¥à §àë¢®áâ¨. �à¨ ¯®áâà®¥¨¨ íª®®¬¨çëå ¬¥â®¤®¢ á®åà ¨âì íâ¨ ãá«®¢¨ï ¥
¢á¥£¤  ã¤ ¥âáï. �â® ª á ¥âáï ª ª ¬¥â®¤  à áé¥¯«¥¨ï [6], [7], â ª ¨ ¬¥â®¤  ¯¥à¥¬¥ëå  ¯à -
¢«¥¨© [13]. � á¢ï§¨ á íâ¨¬ á«¥¤ã¥â ®â¬¥â¨âì à ¡®âë [14], [15], ¢ ª®â®àëå   à §¥á¥ëå á¥âª å
à áá¬ âà¨¢ ¥âáï ï¢ ï áå¥¬  à áé¥¯«¥¨ï ¯® ä¨§¨ç¥áª¨¬ ä ªâ®à ¬, ¯®§¢®«ïîé ï ã¤®¢«¥â¢®-
à¨âì ãá«®¢¨ï ¯à¨«¨¯ ¨ï á ¢ëá®ª®© â®ç®áâìî.

�¥à£¥â¨ç¥áª¨ ¥©âà «ìë¥ à §®áâë¥ áå¥¬ë ï¢«ïîâáï ¥ï¢ë¬¨  «£®à¨â¬ ¬¨ ¤®¢®«ì®
á«®¦®© ª®áâàãªæ¨¨, ¯®íâ®¬ã ¤«ï ¨å à¥ «¨§ æ¨¨ âà¥¡ã¥âáï ¯®áâà®¥¨¥ íª®®¬¨çëå ¬¥â®¤®¢,
ª®â®àë¥ á®åà ï«¨ ¡ë ¨å á¢®©áâ¢  ª®á¥à¢ â¨¢®áâ¨ ¨ ¯®«®©  ¯¯à®ªá¨¬ æ¨¨.

� ¤ ®© à ¡®â¥ ¯à¥¤«®¦¥ë íª®®¬¨çë¥ ¬¥â®¤ë ¯®«®©  ¯¯à®ªá¨¬ æ¨¨ ¤«ï à áé¥¯«¥¨ï
ãà ¢¥¨© ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¨ ¯® à §¬¥à®áâ¨,   â ª¦¥ ¬¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨
[16]. �§ãç¥ë ª ª ¡¥§¨â¥à æ¨®ë¥ ¬¥â®¤ë ¤«ï ¥áâ æ¨® àëå § ¤ ç, â ª ¨ ¨â¥à æ¨®ë¥
¯à®æ¥ááë ¤«ï à¥è¥¨ï áâ æ¨® àëå ¨ ¥áâ æ¨® àëå ãà ¢¥¨© ¤¨ ¬¨ª¨ ¢ï§ª®© ¥á¦¨¬ -
¥¬®© ¦¨¤ª®áâ¨. �®«ìè®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï ¢®¯à®á ¬ à á¯ à ««¥«¨¢ ¨ï ¢ëç¨á«¨â¥«ì®£®
 «£®à¨â¬  [17], [18].

� ®¡« áâ¨ GT = G � [0; T ], G = fx = (x1; x2); 0 � x� � l�; � = 1; 2g | ¯àï¬®ã£®«ì¨ª á
£à ¨æ¥© �, à áá¬®âà¨¬ «¨¥ à¨§®¢ ãî ¤¢ã¬¥àãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨© � ¢ì¥{
�â®ªá  ¢ ¯¥à¥¬¥ëå áª®à®áâì{¤ ¢«¥¨¥
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; (x; t) 2 G� (0; T ]; � > 0; k = 1; 2; (1)
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@x�

= 0; (x; t) 2 G� (0; T ]; (2)

uk(x; 0) = 'k(x); x 2 G; uk(x; t) = 0; (x; t) 2 �� (0; T ]: (3)

� ãà ¢¥¨¨ (1) ª®íää¨æ¨¥âë a�, � = 1; 2, | ¥ª®â®àë¥ ®£à ¨ç¥ë¥ ª®áâ âë. � ¤ ®©
¯®áâ ®¢ª¥ ¨§ [19] á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ (1){(3) (¤ ¢«¥¨¥ P
®¯à¥¤¥«ï¥âáï á â®ç®áâìî ¤®  ¤¤¨â¨¢®© ¯®áâ®ï®©).

�«ï ¯®áâà®¥¨ï ç¨á«¥®£®  «£®à¨â¬  ¢ ®¡« áâ¨ GT ¢¢¥¤¥¬ ¤¢¥ à ¢®¬¥àë¥ ¯® ª ¦¤®¬ã
 ¯à ¢«¥¨î ¯à®áâà áâ¢¥ë¥ á¥âª¨: á¥âªã æ¥«ëå ã§«®¢ !h = fx = (x(i1)1 ; x

(i2)
2 ) = (i1h1; i2h2);
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i� = 0; : : : ; N�; h� = l�=N�; � = 1; 2g á £à ¨æ¥© h = !h n!h ¨ á¥âªã ¯®«ãæ¥«ëå ã§«®¢ 
h = fx =
(x(i1�0;5)1 ; x

(i2�0;5)
2 ) = ((i1 � 0; 5)h1; (i2 � 0; 5)h2); i� = 1; : : : ; N�; h� = l�=N�; � = 1; 2g; ¢à¥¬¥ãî

á¥âªã ®¯à¥¤¥«¨¬ áâ ¤ àâë¬ ®¡à §®¬ !� = ftn = n�; n = 0; 1; : : : g. �à®¬¥ â®£®, à §®¡ì¥¬ 
h  
¤¢  á¥â®çëå ¯®¤¬®¦¥áâ¢ : 
h = Sh [ Th, Sh = fx = (x(i1�0;5)1 ; x

(i2�0;5)
2 ); i� = 2; : : : ; N� � 1; � =

1; 2g, Th = fx = (x(i1�0;5)1 ; x
(i2�0;5)
2 ); i1 = 1; N1; i2 = 1; : : : ; N2; i2 = 1; N2; i1 = 2; : : : ; N2 � 1g.

�ãáâì H1 | ¯à®áâà áâ¢® á¥â®çëå äãªæ¨©, ®¯à¥¤¥«¥ëå   !h ¨ ®¡à é îé¨åáï ¢ ã«ì
  h, á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (u; v)H1

=
P
x2!h

h1h2u(x)v(x) ¨ ®à¬®© kuk1 = (u; u)1=2H1
.

� «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢® H2 á¥â®çëå äãªæ¨©, § ¤ ëå   á¥âª¥

h, á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ [u; v]H2

=
P

x2
h

h1h2u(x)v(x) ¨ ®à¬®© kuk2 = [u; u]1=2H2
, £¤¥

h� =

(
h�; i� = 2; : : : ; N� � 1;

0; 5h�; i� = 1; N�; � = 1; 2:
� «¥¥ ¢ H1 ¡ã¤¥¬ à áá¬ âà¨¢ âì á¥â®çë¥   «®£¨ áª®-

à®áâ¥© u1, u2,   ¢ H2 | á¥â®çë¥   «®£¨ ¤ ¢«¥¨ï P .
�®¬¨¬® ®¡é¥¯à¨ïâëå ®¡®§ ç¥¨© â¥®à¨¨ à §®áâëå áå¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥ á«¥-

¤ãîé¨¥ ®¡®§ ç¥¨ï (¤«ï ã¯à®é¥¨ï § ¯¨á¨ ¢¬¥áâ® i1, i2 áâ®¨â i, j):

ui;jbx1 = (ui+1=2;j+1=2 + ui+1=2;j�1=2 � ui�1=2;j+1=2 � ui�1=2;j�1=2)=(2h1); u 2 
h;

ui;jbx2 = (ui+1=2;j+1=2 + ui�1=2;j+1=2 � ui+1=2;j�1=2 � ui�1=2;j�1=2)=(2h2); u 2 
h;

v
i�1=2;j�1=2ex1 = (vi;j + vi;j�1 � vi�1;j � vi�1;j�1)=(2h1); v 2 !h;

vi�1=2;j�1=2ex2 = (vi;j + vi�1;j � vi;j�1 � vi�1;j�1)=(2h2); v 2 !h:

� ¬¥ïï äãªæ¨¨ u1, u2, P ¨å á¥â®çë¬¨   «®£ ¬¨ y1, y2 � u1, z1, z2 � u2, q � P ,  ¯¯à®ª-
á¨¬¨àã¥¬ § ¤ çã (1){(3) á«¥¤ãîé¥© à §®áâ®© áå¥¬®© ����:

Y1t = � gradh bQ+ LY2; (x; t) 2 !h � !� ;

Y2t = � gradh bQ+ LbY2; (x; t) 2 !h � !� ;

divh bY1 � by1ex1 + bz1ex2 = 0; (x; t) 2 
h � !� ;
y�(x; 0) = '1(x); z�(x; 0) = '2(x); x 2 !h; � = 1; 2;
y�(x; t) = z�(x; t) = 0; (x; t) 2 h � !� ; � = 1; 2;

(4)

£¤¥ Y� = (y�; z�)�, � = 1; 2, gradhQ = (qbx1 ; qbx2)�, LY2 = (�y2;�z2)�, �v = �(vx1x1 + vx2x2)� a1v�

x1
�

a2v�

x2
(á¨¬¢®« � §¤¥áì ®¡®§ ç ¥â âà á¯®¨à®¢ ¨¥).

�«£®à¨â¬ (4) à¥ «¨§ã¥âáï ¢ ¤¢  íâ ¯ . �  ¯¥à¢®¬ íâ ¯¥ ¤«ï ®¯à¥¤¥«¥¨ï ¤ ¢«¥¨ï bq ¯®¤-
áâ ¢¨¬ ¢ëà ¦¥¨ï ¤«ï ª®¬¯®¥â ¢¥ªâ®à  áª®à®áâ¨ by1; bz1 ¨§ ¯¥à¢®£® ãà ¢¥¨ï (4) ¢ ãà ¢¥¨¥
¥à §àë¢®áâ¨, ¯®á«¥ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬ á«¥¤ãîéãî § ¤ çã:

bqbx1ex1 + bqbx2ex2 = F (y2; z2); x 2 Sh; bqn = f(y2; z2); x 2 Th; (5)

£¤¥

bq i�1=2;1=2n = 0; 25(bq i+1=2;1=2x2
+ 2bq i�1=2;1=2x2

+ bq i�3=2;1=2x2
) + 0; 25h2(bq i�1=2;3=2x1x1

+ bq i�1=2;1=2x1x1
);

bq i�1=2;N2�1=2
n = 0; 25(�bq i+1=2;N2�1=2

x2
� 2bq i�1=2;N2�1=2

x2
� bq i�3=2;N2�1=2

x2
) +

+ 0; 25h2(bq i�1=2;N2�3=2
x1x1

+ bq i�1=2;N2�1=2
x1x1

);

bq 1=2;j�1=2n = 0; 25(bq 1=2;j+1=2x1
+ 2bq 1=2;j�1=2x1

+ bq 1=2;j�3=2x1
) + 0; 25h1(bq 3=2;j�1=2x2x2

+ bq 1=2;j�1=2x2x2
);

bqN1�1=2;j�1=2
n = 0; 25(�bqN1�1=2;j+1=2

x1
� 2bqN1�1=2;j�1=2

x1
� bqN1�1=2;j�3=2

x1
) +

+ 0; 25h1(bqN1�3=2;j�1=2
x2x2

+ bqN1�1=2;j�1=2
x2x2

);bq 1=2;1=2n = 0; 5h2(bq 1=2;3=2x1
+ bq 1=2;1=2x1

)=(h1 + h2) + 0; 5h1(bq 3=2;1=2x2
+ bq 1=2;1=2x2

)=(h1 + h2);
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bq 1=2;N2�1=2
n = 0; 5h2(bq 1=2;N2�3=2

x1
+ bq 1=2;N2�1=2

x1
)=(h1 + h2) +

+ 0; 5h1(�bq 3=2;N2�1=2
x2

� bq 1=2;N2�1=2
x2

)=(h1 + h2);bqN1�1=2;N2�1=2
n = 0; 5h2(�bqN1�1=2;N2�3=2

x1
� bqN1�1=2;N2�1=2

x1
)=(h1 + h2) +

+ 0; 5h1(�bqN1�3=2;N2�1=2
x2

� bqN1�1=2;N2�1=2
x2

)=(h1 + h2);bqN1�1=2;1=2
n = 0; 5h2(�bqN1�1=2;3=2

x1
� bqN1�1=2;1=2

x1
)=(h1 + h2) +

+ 0; 5h1(bqN1�3=2;1=2
x2

+ bqN1�1=2;1=2
x2

)=(h1 + h2);

x 2 Th; F (y2; z2) = (�y2)ex1 + (�z2)ex2 ; x 2 Sh;

  äãªæ¨î f ¥¯®áà¥¤áâ¢¥® ¯®«ãç ¥¬ ¨§ ãà ¢¥¨ï ¥à §àë¢®áâ¨ ¢ ã§« å x 2 Th ¨ ¯¥à¢ëå
¤¢ãå ãà ¢¥¨© ¤¢¨¦¥¨ï ¢ (4).

� ª¨¬ ®¡à §®¬, ¯®á«¥ ¯¥à¢®£® íâ ¯  à¥ «¨§ æ¨¨  «£®à¨â¬  (4) ¨¬¥¥¬   á¥âª¥ 
h § ç¥¨ïbq (á â®ç®áâìî ¤® ¯à®¨§¢®«ì®£® á« £ ¥¬®£®), ª®â®àë¥, ª ª ¡ã¤¥â ¯®ª § ® ¨¦¥, ®¯à¥¤¥«ïîâ
¥¤¨áâ¢¥ë¬ ®¡à §®¬   !h gradh bQ. �â®à®¥ ¢¥ªâ®à®¥ ãà ¢¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢¥ ¯ï-
â¨â®ç¥çë¥ à §®áâë¥ áå¥¬ë ¤«ï by2, bz2, ¯à¨¨¬ ¥¬ë¥ ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ª
ª®¬¯®¥â ¬ ¢¥ªâ®à  áª®à®áâ¨ u1; u2. �â¨ áå¥¬ë ¬®¦® à¥è âì ª ª ¯àï¬ë¬¨, â ª ¨ ¨â¥à æ¨®-
ë¬¨ ¬¥â®¤ ¬¨.

�§ãç¨¬ ¢®¯à®áë à §à¥è¨¬®áâ¨ § ¤ ç¨ ¤«ï ¤ ¢«¥¨ï. � áá¬®âà¨¬ à §®áâãî áå¥¬ã

�y � ybx1ex1 + ybx2ex2 = F; x 2 Sh; yn = f; x 2 Th; (6)

ï¢«ïîéãîáï   «®£®¬ áå¥¬ë (5). �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: U | ¬®¦¥áâ¢® ã£«®¢ëå
â®ç¥ª 
h; �0 (�00) | ¬®¦¥áâ¢® ã§«®¢ ¨§ ¤ ®£® ¬®¦¥áâ¢ , ¤«ï ª®â®àëå i+j ç¥â®¥ (¥ç¥â®¥);
S0
h (S

00
h) | ¬®¦¥áâ¢® ç¥âëå (¥ç¥âëå) ã§«®¢ Sh; T1h |¬®¦¥áâ¢® ã§«®¢ «¥¢®© ¨ ¯à ¢®© £à ¨æ

Th, T2h | ¬®¦¥áâ¢® ã§«®¢ ¨¦¥© ¨ ¢¥àå¥© £à ¨æ Th.

�¥¬¬ . �«ï § ¤ ç¨ (6) ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ X
Sh

h1h2F +
X
T1hnU

h2f +
X
T2hnU

h1f +
X
U

0; 5(h1 + h2)f = 0;

X
S0

h

h1h2F +
X

T 0

1h
nU 0

h2f +
X

T 0

2h
nU 0

h1f +
X
U 0

0; 5(h1 + h2)f = 0;

X
S00

h

h1h2F +
X

T 00

1h
nU 00

h2f +
X

T 00

2h
nU 00

h1f +
X
U 00

0; 5(h1 + h2)f = 0:

�¯à ¢¥¤«¨¢®áâì «¥¬¬ë ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®© ¢ à áá¬ âà¨¢ ¥¬ë¥ à -
¢¥áâ¢  ¢¬¥áâ® F ¨ f ¨å ¢ëà ¦¥¨© ¨§ (5) ¨ ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ á®®â®è¥¨©X


h

(uex1 + vex2) = 0;
X

0

h

(uex1 + vex2) = 0;
X

00

h

(uex1 + vex2) = 0; u; v 2 H1:

� «¥¥, § ¯¨è¥¬ § ¤ çã (6) ¢ ®¯¥à â®à®¬ ¢¨¤¥

Ay = g; (7)

£¤¥ A = �� | «¨¥©ë© ®£à ¨ç¥ë© á ¬®á®¯àï¦¥ë© ®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ª®¥ç-
®¬¥à®¬ ¯à®áâà áâ¢¥ H2 [20]. �¡à â¨¬áï ª â¥®à¨¨ ®¯¥à â®àëå ãà ¢¥¨©. �ãáâì KerA |
ï¤à® ®¯¥à â®à  A, ImA | ¥£® ®¡à §. �®£¤  ¯à®áâà áâ¢® H2 ¥áâì ¯àï¬ ï áã¬¬  ®àâ®£® «ìëå
¯®¤¯à®áâà áâ¢: H2 = KerA + ImA�, H2 = KerA� + ImA. �§¢¥áâ®, çâ® ãà ¢¥¨¥ (7) ®¤®-
§ ç® à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ g 2 H2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  KerA = 0. �á«¨
KerA 6= 0, â® ¤«ï à §à¥è¨¬®áâ¨ ¥®¤®à®¤®£® ãà ¢¥¨ï (7) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë
¯à ¢ ï ç áâì g ¡ë«  ®àâ®£® «ì  ¯®¤¯à®áâà áâ¢ã KerA�. � íâ®¬ á«ãç ¥ à¥è¥¨¥ ¥¥¤¨áâ¢¥-
® ¨ ®¯à¥¤¥«ï¥âáï á â®ç®áâìî ¤® ¯à®¨§¢®«ì®£® í«¥¬¥â , ¯à¨ ¤«¥¦ é¥£® KerA: y = y1+ y2,
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y1 2 KerA, Ay2 = g, y2 2 ImA�. �®áâà®¥®¥ â ª¨¬ ®¡à §®¬ à¥è¥¨¥ y § ¤ ç¨ (7)  §ë¢ ¥âáï
ª« áá¨ç¥áª¨¬. �á«¨, ªà®¬¥ â®£®, y ¨¬¥¥â  ¨¬¥ìèãî ®à¬ã (KerA 6= 0, g ®àâ®£® «ì  KerA�),
â® â ª®¥ à¥è¥¨¥ ¥¤¨áâ¢¥®, ¯à¨ ¤«¥¦¨â ImA� ¨  §ë¢ ¥âáï ®à¬ «ìë¬.

�ä®à¬ã«¨àã¥¬ â¥¯¥àì â¥®à¥¬ã áãé¥áâ¢®¢ ¨ï ª« áá¨ç¥áª®£® à¥è¥¨ï ®¯¥à â®à®£® ãà ¢¥-
¨ï (7),   § ç¨â, ¨ à §®áâ®© § ¤ ç¨ (5), ¢®§¨ª îé¥©   ¯¥à¢®¬ íâ ¯¥ à¥ «¨§ æ¨¨  «£®à¨â¬ 
(4).

�¥®à¥¬  1. �¥¬¬  £ à â¨àã¥â áãé¥áâ¢®¢ ¨¥ ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥ à¥è¥¨ï § ¤ ç¨

(7).

�¥®à¥¬  1 ¤®ª §ë¢ ¥âáï ¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© á ¯®¬®éìî à ¢¥áâ¢ [g; �11]H2
= 0 ¨

[g; �N1N2
]H2

= 0, £¤¥ �11; �N1N2
| á®¡áâ¢¥ë¥ äãªæ¨¨ ®¯¥à â®à  A § ¤ ç¨ (7), ®¡à §ãîé¨¥

¡ §¨á ¢ ¯®¤¯à®áâà áâ¢¥ KerA (¢á¥ ®áâ «ìë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ®¡à §ãîâ ¡ §¨á ¢ ¯®¤¯à®-
áâà áâ¢¥ ImA).

�®áª®«ìªã ¡ §¨á ¯®¤¯à®áâà áâ¢  KerA á®áâ®¨â ¨§ ¤¢ãå äãªæ¨© �11 ¨ �N1N2
,   ¯à®¨§¢®«ì-

ë© í«¥¬¥â, á â®ç®áâìî ¤® ª®â®à®£® ®¯à¥¤¥«ï¥âáï à¥è¥¨¥ § ¤ ç¨ (7), ¯à¨ ¤«¥¦¨â ¤ -
®¬ã ¯®¤¯à®áâà áâ¢ã, â® íâ®â í«¥¬¥â ï¢«ï¥âáï ¥ª®â®à®© «¨¥©®© ª®¬¡¨ æ¨¥© äãªæ¨©
�11; �N1N2

. � ¬®¦¥â à á¯ ¤ âìáï   ¤¢¥ à §«¨çë¥ ª®áâ âë, ®¤  ¨§ ª®â®àëå ¡ã¤¥â ®¯à¥-
¤¥«¥  ¢ ã§« å á¥âª¨ 
0

h,   ¤àã£ ï | ¢ ã§« å á¥âª¨ 
00
h. �¤ ª® ¯à¨ íâ®¬ £à ¤¨¥âë ybx1; ybx2 ,

¯®«ãç¥ë¥   ïç¥©ª å á¥âª¨ 
h, ¡ã¤ãâ ®¯à¥¤¥«ïâìáï ¥¤¨áâ¢¥ë¬ ®¡à §®¬. �¤¨áâ¢¥®¥
®à¬ «ì®¥ à¥è¥¨¥ y 2 ImA ¬®¦®  ©â¨   «®£¨ç® [20].

� ª¨¬ ®¡à §®¬, à §®áâ ï áå¥¬  (4) ï¢«ï¥âáï ¯à¨¬¥à®¬ ¯à¨¬¥¥¨ï ���� ¤«ï à áé¥¯«¥-
¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬, ¯à¨ íâ®¬ á®åà ï¥âáï ¯®« ï  ¯¯à®ªá¨¬ æ¨ï ¨áå®¤®© § ¤ ç¨ ¨
¢ë¯®«ïîâáï ª« áá¨ç¥áª¨¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨.

�¡®§ ç¨¬ kuk2(1) = kux1 ]j
2
1 + j[ux1k

2
1 + kux2 ]j

2
1 + j[ux2k

2
1. �«ï ãáâ®©ç¨¢®áâ¨ à §®áâ®© áå¥¬ë

(4) ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. � §®áâ ï áå¥¬  (4) ¡¥§ãá«®¢® ãáâ®©ç¨¢  ¯®  ç «ìë¬ ¤ ë¬, ¨ ¤«ï ¥¥

à¥è¥¨ï á¯à ¢¥¤«¨¢  ®æ¥ª 

B(Y;Q) � C2(k'1k
2
(1) + k'2k

2
(1) + k�'1k

2 + k�'2k
2);

£¤¥ B(Y;Q) = ky2k
2
(1) + kz2k

2
(1) + C1(k�y2 � qbx1k2 + k�z2 � qbx2k2), C1 > 0, C2 > 0 | ¯®áâ®ïë¥,

¥ § ¢¨áïé¨¥ ®â á¥â®çëå è £®¢.

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ¨á¯®«ì§ã¥âáï â¥å¨ª , ¯à¨¬¥ï¥¬ ï ¤«ï ¯®«ãç¥¨ï   «®£¨ç-
ëå ®æ¥®ª ãáâ®©ç¨¢®áâ¨ ���� [1]{[4]. � ª ª ª à §®áâ ï áå¥¬  (4) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
¯®«®©  ¯¯à®ªá¨¬ æ¨¨, â® ¥âàã¤® ¯®ª § âì, çâ® ¯à¨ ¤®áâ â®ç®© £« ¤ª®áâ¨ ¨áª®¬®£® à¥è¥¨ï
áå¥¬  ¨¬¥¥â áª®à®áâì áå®¤¨¬®áâ¨ ¯®àï¤ª  O(h2+ �). �åã¤è¥¨¥ á¢®©áâ¢ £« ¤ª®áâ¨ ¥áâ¥áâ¢¥®
¯à¨¢¥¤¥â ª ã¬¥ìè¥¨î áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤ .

�®¬¨¬® à §®áâ®© áå¥¬ë (4) ¤«ï à¥è¥¨ï § ¤ ç¨ (1){(3) ¬®¦® â ª¦¥ ¨á¯®«ì§®¢ âì  «£®-
à¨â¬  á¨åà®®£® â¨¯ 

Y1t = �� gradh( bQ�Q)� gradhQ+ LY2;

Y2t = �L(bY2 � Y2)� gradhQ+ LY2; divh bY1 = 0:
(8)

�«ï ãáâ®©ç¨¢®áâ¨ à §®áâ®© áå¥¬ë (8) ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 2 á®åà ï¥âáï ¯à¨ � � 1. �ç¥-
¢¨¤®, ¯à¨¬¥¥¨¥ áå¥¬ë (8) ã¢¥«¨ç¨¢ ¥â ¢®§¬®¦®áâ¨ à á¯ à ««¥«¨¢ ¨ï ¢ëç¨á«¨â¥«ì®£®
¯à®æ¥áá .

�  ¡ §¥ áå¥¬ë (4) ¥á«®¦® ¯®áâà®¨âì íª®®¬¨çë¥ âà¥åª®¬¯®¥âë¥ ¬¥â®¤ë,  ¯à¨¬¥à,
¢¨¤ 

Y1t = � gradh bQ+ L2Y2 + L3Y3; Y2t = � gradh bQ+ L2
bY2 + L3Y3;

Y3t = � gradh bQ+ L2
bY2 + L3

bY3; divh bY1 = 0;
(9)
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¨«¨

Y1t = �� gradh( bQ�Q) +M(Q;Y2; Y3);
Y�t = �L�(bY� � Y�) +M(Q;Y2; Y3); � = 2; 3; divh bY1 = 0;

(10)

£¤¥ M(Q;Y2; Y3) = � gradhQ + L2Y2 + L3Y3, L�+1Y�+1 = (��+1y�+1;��+1z�+1)�, Y� = (y�; z�)�,
��+1y�+1 = �y�+1;x�x��a�y�+1;�x�

, ��+1z�+1 = �z�+1;x�x��a�z�+1;�x�
, � = 1; 2, gradhQ = (qbx1 ; qbx2)�.

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. � §®áâë¥ áå¥¬ë (9), (10) ¡¥§ãá«®¢® ãáâ®©ç¨¢ë ¯®  ç «ìë¬ ¤ ë¬ (áå¥¬ 
(10) ãáâ®©ç¨¢  ¯à¨ � � 3=2), ¨ ¤«ï ¨å à¥è¥¨ï ¢ë¯®«ï¥âáï ®æ¥ª 

2X
�=1

(ky�x� ]j
2
� + kz�x� ]j

2
�) + C3

�
ky3tk

2 + kz3tk
2 +

 2X
�=1

��y� � qbx1
2 +  2X

�=1

��z� � qbx2
2� �

� C4

� 2X
�=1

(k'1x� ]j
2
� + k'2x� ]j

2
�) +

 2X
�=1

��'1 � q0bx1
2 +  2X

�=1

��'2 � q0bx2
2�;

£¤¥ C3; C4 = const > 0.

�¥â®¤ë (8), (10) ¨¬¥îâ ¥ª®â®àë¥ ®£à ¨ç¥¨ï, á¢ï§ ë¥,  ¯à¨¬¥à, á ª®«¨ç¥áâ¢®¬ ¯à®-
áâà áâ¢¥ëå ¯¥à¥¬¥ëå. �«ï ®âëáª ¨ï Q ¨á¯®«ì§ã¥âáï, ª ª ¯à ¢¨«®, ¯àï¬®© ¬¥â®¤, ®á®-
¢ ë©   ¡ëáâà®¬ ¯à¥®¡à §®¢ ¨¨ �ãàì¥. �â® ª á ¥âáï § ¤ ç¨ ®¯à¥¤¥«¥¨ï ª®¬¯®¥âë Y2, â®
¤®¯®«¨â¥«ìë¥ ¢®§¬®¦®áâ¨ ¢ íâ®¬  ¯à ¢«¥¨¨ ¨¬¥¥â ¬¥â®¤ ¤¥ª®¬¯®§¨æ¨¨ ¯à®áâà áâ¢¥®©
®¡« áâ¨. � áá¬®âà¨¬ ¥ª®â®àë¥ ¢ à¨ âë íâ®£® ¬¥â®¤  ¯à¨¬¥¨â¥«ì® ª à¥è¥¨î á¨áâ¥¬ë (8)
¯à¨ � = 1.

� §®¡ì¥¬ ®¡« áâì G   ¯®¤®¡« áâ¨ ¯àï¬ë¬¨ x1i, i = 1; : : : ; N , ¯ à ««¥«ìë¬¨ ®á¨ Ox2, â ª,
çâ®¡ë ã§«ë á¥âª¨ xi1 = i1h1, i1 = 0; : : : ; N1, «¥¦ «¨   á®®â¢¥âáâ¢ãîé¨å ¯àï¬ëå. �¥¬ á ¬ë¬
á¥âª  !h à §¡¨¢ ¥âáï   ¯®¤®¡« áâ¨ ! i

h (à¨á. 1).

-

6

x1;0

x2

l2

x1l1x1;i+1x1;ix1;i�1 x1

i+1ii�1

� � � ! i�1
h ! i

h ! i+1
h

� � �

�¨á. 1. �à £¬¥â à §¡¨¥¨ï ®¡« áâ¨

�ãáâì Y (i)
2 (x) ®¯à¥¤¥«¥ë ¯à¨ x 2 ! i

h. � ¯®¤®¡« áâ¨ ! i
h ®¯à¥¤¥«¨¬ á¥â®çë¥ ®¯¥à â®àë L1u =

��h�11 ux1+0; 5ux2x2+0; 5h
�1
1 a1u

(�11)�0; 5a2u�

x2
, L2u = �h�11 ux1+0; 5ux2x2�0; 5h

�1
1 a1u

(+11)�0; 5a2u�

x2
.

�®£¤  ¬¥â®¤ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¤«ï ¢ëç¨á«¥¨ï ª®¬¯®¥â áª®à®áâ¨ ¬®¦® § ¯¨á âì á«¥-
¤ãîé¨¬ ®¡à §®¬:

Y1t = � gradh bQ+ LY2; Y2t = � gradhQ+ LbY2; divh bY1 = 0; (x; t) 2 !ih � !� ;bY (i)
2 � 0; 5(Y (i�1)

2 + Y
(i)
2 )

�
= � gradhQ+ �L2(bY (i)

2 � Y
(i)
2 ) + L1Y

(i�1)
2 + L2Y

(i)
2 ; (x; t) 2 i�1 � !� ;

(11)bY (i)
2 � 0; 5(Y (i+1)

2 + Y
(i)
2 )

�
= � gradhQ+ �L2(bY (i)

2 � Y
(i)
2 ) + L1Y

(i)
2 + L2Y

(i+1)
2 ; (x; t) 2 i � !� :

�«ï ãáâ®©ç¨¢®áâ¨  «£®à¨â¬  (11) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  4. �¥â®¤ ¤¥ª®¬¯®§¨æ¨¨ (11) ¡¥§ãá«®¢® ãáâ®©ç¨¢ ¯à¨ � � 1, ¨ ¤«ï ®æ¥ª¨ ¥£®

à¥è¥¨ï ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

N�1X
i=0

(B(i)(Y;Q) + b(i)) � C5(k'1k
2
(1) + k'2k

2
(1) + k�'1k

2 + k�'2k
2);

£¤¥ B(i)(Y;Q)| ®à¬  B(Y;Q) ¤«ï ¯®¤®¡« áâ¨ !(i)
h , bi = kY i+1

2 �Y
(i)
2 k2 ¯à¨ x 2 i, C5 = const > 0:

�á«¨ ª®«¨ç¥áâ¢® ¯®¤®¡« áâ¥© ª®¥ç® ¨ ¥ § ¢¨á¨â ®â è £®¢ á¥âª¨, â® ¬¥â®¤ (11) áå®¤¨âáï
  £« ¤ª¨å à¥è¥¨ïå á® áª®à®áâìî O(h2 + �). �â® ã«ãçè ¥â ¨§¢¥áâë¥ à¥§ã«ìâ âë ¯® ¬¥â®¤ã
¤¥ª®¬¯®§¨æ¨¨, ¯®áâà®¥ë¥   ®á®¢¥ ���� ¢ à ¡®â å [21]{[23],   â ª¦¥ ª« áá¨ç¥áª®£® ¤¢ãå-
ª®¬¯®¥â®£® ¬¥â®¤  ¯¥à¥¬¥ëå  ¯à ¢«¥¨©, ¢ ª®â®àëå ®æ¥ª  â®ç®áâ¨ ¨¬¥«  ¯®àï¤®ª
h2 + h�1=2� . � §¡¨¥¨¥   ¯®¤®¡« áâ¨ ¢ ¬¥â®¤¥ (11) ¢®§¬®¦® ®¤®¢à¥¬¥® ¨ ¯® ¢â®à®© ¯¥à¥-
¬¥®©. �á«¨ ª®«¨ç¥áâ¢® ¯®¤®¡« áâ¥© áãé¥áâ¢¥® ¢®§à áâ ¥â ¨ ¯® ¯®àï¤ªã ¯à¨¡«¨¦ ¥âáï ª
ç¨á«ã ã§«®¢ ¯à®áâà áâ¢¥®© á¥âª¨, â® â®ç®áâì ¬¥â®¤  ãåã¤è ¥âáï, ® ¢á¥£¤  ¨¬¥¥â ¯®àï¤®ª
h2 + h�1=2� .

� «¨§ ¯®£à¥è®áâ¨ à §«¨çëå íª®®¬¨çëå ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨© � ¢ì¥{�â®ªá 
¯®ª §ë¢ ¥â, çâ® ¨¬ ¯à¨áãé¨ ®¯à¥¤¥«¥ë¥ ¤¨á¡ « áë,  «¨ç¨¥ ª®â®àëå ¢¥¤¥â ª  àãè¥¨î
¥áâ¥áâ¢¥®© ª®á¥à¢ â¨¢®áâ¨ ¨áå®¤®© § ¤ ç¨. �®íâ®¬ã ®¡ëçë¥ ¥ï¢ë¥ áå¥¬ë, á ¢ëá®ª®©
áâ¥¯¥ìî  ¤¥ª¢ â®áâ¨  ¯¯à®ªá¨¬¨àãîé¨¥ ¤¨ää¥à¥æ¨ «ìãî § ¤ çã, ¨¬¥îâ ¯à¥¨¬ãé¥áâ¢®
(®á®¡¥® ¯à¨ ¨á¯®«ì§®¢ ¨¨ \£àã¡ëå" á¥â®ª). � á¢ï§¨ á íâ¨¬ ¢®§¨ª ¥â ¢®¯à®á ® ¯®áâà®¥¨¨
íää¥ªâ¨¢ëå ¬¥â®¤®¢ à¥ «¨§ æ¨¨ ¥ï¢ëå áå¥¬. �ª §ë¢ ¥âáï, ¢ à ¬ª å ¯à¥¤«®¦¥ëå ¢ë-
è¥  «£®à¨â¬®¢ ¬®¦® ª®áâàã¨à®¢ âì íª®®¬¨çë¥ ¨â¥à æ¨®ë¥ ¬¥â®¤ë, á®åà ïîé¨¥ ¢á¥
á¢®©áâ¢  ¨áå®¤®© ¬®¤¥«¨ ¨ ¤®¯ãáª îé¨¥  ¤ ¯â æ¨î   ¬®£®¯à®æ¥áá®àë¥ ���.

� áá¬®âà¨¬ ¤«ï ãà ¢¥¨ï (1) ç¨áâ® ¥ï¢ãî à §®áâãî áå¥¬ã ¯®àï¤ª  O(h2 + �)

Yt = � gradh bQ+ LbY ; divh bY = 0; (12)

á ¥áâ¥áâ¢¥ë¬¨  ç «ìë¬¨ ¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨. �«ï à¥è¥¨ï (12) ¯®áâà®¨¬ á«¥¤ãîé¨¥
¨â¥à æ¨®ë¥ ¯à®æ¥ááë:

k+1

Y 1t = � gradh
k+1

Q + L
k

Y2;
k+1

Y 2t = � gradh
k+1

Q + L
k+1

Y 2; divh
k+1

Y2 = 0; (13)
k+1

Y1t = �� gradh(
k+1

Q �
k

Q)� gradh
k

Q+ L
k

Y2;

k+1

Y 2t = �L(
k+1

Y2 �
k

Y 2)� gradh
k

Q+ L
k

Y2; divh
k+1

Y 2 = 0; (14)

£¤¥
k+1

Y�t = (
k+1

Y� � Y )=� . �ç¥¢¨¤®, ¯®áâà®¥¨¥ ¨â¥à æ¨®ëå ¬¥â®¤®¢ ¤«ï ¡®«ìè¥£® ç¨á«  ª®¬-
¯®¥â à §¡¨¥¨ï, ¢ â®¬ ç¨á«¥ ¤«ï ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨, ¯®¢â®àï¥â  «£®à¨â¬ë (9){(11).

�å®¤¨¬®áâì ¨â¥à æ¨®ëå ¯à®æ¥áá®¢ (13), (14) ¤®ª §ë¢ ¥âáï   «®£¨ç® [24]. �ãáâì
k+1
�� =bY �

k+1

Y�,
k+1

D = �( bQ�
k+1

Q ). �¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �â¥à æ¨®ë¥ ¯à®æ¥ááë (13), (14) áå®¤ïâáï ª à¥è¥¨î ¥ï¢®© à §®áâ®©

áå¥¬ë (12) á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, ¨ ¤«ï ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¨¬¥¥â

¬¥áâ® ¥à ¢¥áâ¢®

k+1

Z � zk+1
0

Z; (15)

£¤¥
k+1

Z = k
k+1
� 1k

2
(1) + k

k+1
� 2k

2
(1) + k gradh

k+1

Q � L
k+1
�2k

2, z = 1=(1 + C6h
2��1), C6 > 0 | ®£à ¨ç¥ ï

ª®áâ â , ¥ § ¢¨áïé ï ®â h, � .
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�§ ®æ¥ª¨ (15) á«¥¤ã¥â, çâ® ®¯â¨¬ «ì ï áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  ¤®áâ¨£ ¥âáï ¯à¨ � � h.
�â® ãá«®¢¨¥ å à ªâ¥à® ¨ ¤«ï ®¡ëç®£® ¬¥â®¤  ¯¥à¥¬¥ëå  ¯à ¢«¥¨©. � «®£¨çë¥ ¨â¥à -
æ¨®ë¥ ¯à®æ¥ááë ¬®¦® ¯®áâà®¨âì ¤«ï  «£®à¨â¬  ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ (11).

�ç¥¢¨¤®, ¥ï¢ ï à §®áâ ï áå¥¬  ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ¨â¥à æ¨®ë© ¬¥â®¤ à¥-
è¥¨ï áâ æ¨® à®© § ¤ ç¨ ¤«ï ãà ¢¥¨© � ¢ì¥{�â®ªá 

�
2X

�=1

@2uk
@x2�

+
2X

�=1

a�
@uk
@x�

= �
@P

@xk
+ fk(x); k = 1; 2;

2X
�=1

@u�
@x�

= 0; x 2 G; uk(x) = 0; x 2 �:

�«£®à¨â¬ë (13), (14) ¯à¨ íâ®¬ á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª ¢ãâà¥¨¥ ¨â¥à æ¨®ë¥ ¯à®æ¥á-
áë. �â¬¥â¨¬, çâ® ã¢¥«¨ç¥¨¥ à §¬¥à®áâ¨ § ¤ ç¨ ¥ á®§¤ ¥â ¯à¨æ¨¯¨ «ìëå âàã¤®áâ¥© ¯à¨
¯®áâà®¥¨¨ ¯®¤®¡ëå  «£®à¨â¬®¢, â.ª. ª®«¨ç¥áâ¢® à §¡¨¥¨© ¯à¨ ¨á¯®«ì§®¢ ¨¨ ���� ¬®¦¥â
¡ëâì ¯à®¨§¢®«ì®.

� «®£¨çë¥ à¥§ã«ìâ âë ¬®¦® ¯®«ãç¨âì ¤«ï ¥«¨¥©®© § ¤ ç¨ [3]

@uk
@t

� ��uk +
2X

�=1

@

@x�
(u�uk) = �

@P

@xk
;

2X
�=1

@u�
@x�

= 0 (16)

á ãá«®¢¨ï¬¨ (3). �  ®á®¢¥ í¥à£¥â¨ç¥áª¨ ¥©âà «ìëå à §®áâëå áå¥¬ [10] ¤«ï ç¨á«¥®£®
à¥è¥¨ï § ¤ ç¨ (16) (¢ â®¬ ç¨á«¥ ¨ ¤«ï áâ æ¨® à®©) áâà®ïâáï íää¥ªâ¨¢ë¥ íª®®¬¨çë¥
¨â¥à æ¨®ë¥ ¬¥â®¤ë, ¯®¤®¡ë¥ ¢ëè¥ãª § ë¬.

� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ®¤® ¨§ ¤®áâ®¨áâ¢ ���� á®áâ®¨â ¢ â®¬, çâ® ¯à¨ ¨á¯®«ì§®¢ ¨¨
íâ®£® ¯®¤å®¤  ¢ § ¤ ç å ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¯à ªâ¨ç¥áª¨ ¥ ¢®§¨ª ¥â ®£à ¨ç¥¨©   ª®«¨-
ç¥áâ¢® ¯®¤®¡« áâ¥© à §¡¨¥¨ï. �« £®¤ àï íâ®¬ã á¢®©áâ¢ã   ®á®¢¥ ���� ¢®§¬®¦® ¯®áâà®¥-
¨¥  «£®à¨â¬®¢ ¯à®áâà áâ¢¥®© ¤¥ª®¬¯®§¨æ¨¨, ¢ ª®â®àëå ¯®¤®¡« áâ¨ à §¡¨¥¨ï ®â®¦¤¥áâ¢«ï-
îâáï á í«¥¬¥â àë¬¨ ïç¥©ª ¬¨ á¥âª¨. � ë© ¯®¤å®¤ ¯à¥¤áâ ¢«ï¥âáï ¢¥áì¬  ¯¥àá¯¥ªâ¨¢ë¬
¯à¨ ¨á¯®«ì§®¢ ¨¨ ¢ ª ç¥áâ¢¥ ¨â¥à æ¨®®£® ¯à®æ¥áá  à¥ «¨§ æ¨¨ ¥ï¢ëå à §®áâëå áå¥¬ ¨
à¥è¥¨ï áâ æ¨® àëå § ¤ ç ¬¥â®¤®¬ ãáâ ®¢«¥¨ï. � áá¬®âà¨¬ ª« áá ¨â¥à æ¨®ëå  «£®à¨â-
¬®¢, ®á®¢ ëå   ¯®ïç¥¥ç®© ¤¥ª®¬¯®§¨æ¨¨ § ¤ ç¨.

�«ï áè¨¢ª¨ à §®áâëå à¥è¥¨© ¢ ª ¦¤®© ¨§ ç¥âëà¥å ¢¥àè¨ ¯àï¬®ã£®«ì®© á¥â®ç®©
ïç¥©ª¨ ¨á¯®«ì§ã¥¬  ¤¤¨â¨¢®¥ ¯à¥¤áâ ¢«¥¨¥ à §®áâ®£® ®¯¥à â®à  § ¤ ç¨. �à¨ íâ®¬ ¢ ®â«¨-
ç¨¥ ®â âà ¤¨æ¨®®£® ¬¥â®¤  ¯¥à¥¬¥ëå  ¯à ¢«¥¨© ¨á¯®«ì§ã¥âáï ¥ ¯®ª®®à¤¨ â®¥ à á-
é¥¯«¥¨¥ ®¯¥à â®à ,   à áé¥¯«¥¨¥ ¯® ¤¨ £® «ìë¬  ¯à ¢«¥¨ï¬. � § ¢¨á¨¬®áâ¨ ®â ¢ë¡®-
à  ¤¨ £® «ì®£®  ¯à ¢«¥¨ï áãé¥áâ¢ã¥â ¤¢  ¢ à¨ â  â ª®£® à áé¥¯«¥¨ï L = Lm + Lm+2,
m = 1; 2,

L1u = �(h�11 ux1 + h�12 ux2)� 0; 5(h�11 a1u
(+11) + h�12 a2u

(+12));

L3u = ��(h�11 ux1 + h�12 ux2) + 0; 5(h�11 a1u
(�11) + h�12 a2u

(�12));

L2u = ��(h�11 ux1 � h�12 ux2) + 0; 5(h�11 a1u
(�11) � h�12 a2u

(+12));

L4u = �(h�11 ux1 � h�12 ux2)� 0; 5(h�11 a1u
(+11) � h�12 a2u

(�12)):

�à®ã¬¥à®¢ ¢ ã§«ë ïç¥¥ª ¢  ¯à ¢«¥¨¨ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨,  ç¨ ï á ¨¦¥£® «¥¢®£®,
¤«ï á®¢®ªã¯®áâ¨ ¢¥àè¨ ïç¥©ª¨ ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨© ¤«ï ¢ëç¨á«¥¨ï áª®à®áâ¥©  
(k + 1)-© ¨â¥à æ¨¨

k+1

Y (i)
2 � 0; 5

� eY (i+2)
2 + Y (i)

2

�
�

= � gradhQ+ �Li

�k+1
Y

(i)
2 �

k

Y
(i)

2

�
+ Li

k

Y
(i)

2 + Li+2

keY (i+2)
2 ; (17)

i = 1; : : : ; 4, Li+4 � Li, Y
(i+4)
2 � Y

(i)
2 . �¤¥áì eY (i+2)

2 | à¥è¥¨ï § ¤ ç ¢ ¤¨ £® «ì® ¯à¨¬ëª îé¨å
ª à áá¬ âà¨¢ ¥¬®© ïç¥©ª¥ ¯®¤®¡« áâïå ¢ ã§« å á¥âª¨, ¨¬¥îé¨å ¯®àï¤ª®¢ë¥ ®¬¥à  i = 1; : : : ; 4.
�¥âàã¤® § ¬¥â¨âì, çâ® ¯à¨ ®¤®â¨¯®¬ ¯®àï¤ª¥ ã¬¥à æ¨¨ ã§«®¢ á ª ¦¤ë¬ ¢ãâà¥¨¬ ã§«®¬
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¡ã¤ãâ á®®â¥á¥ë ¤¢  à §®áâëå à¥è¥¨ï, ¯à¨ ¤«¥¦ é¨å ¤¢ã¬ ¤¨ £® «ì® ¯à¨¬ëª îé¨¬
ª ¥¬ã ïç¥©ª ¬ Y

(i)
2 ; eY (i+2)

2 .
�®«¨ç¥áâ¢® ãà ¢¥¨© ¢ (17) á®¢¯ ¤ ¥â á ª®«¨ç¥áâ¢®¬ ¥¨§¢¥áâëå á¥â®çëå äãªæ¨©  

(k + 1)-© ¨â¥à æ¨¨. � á¨«ã íâ®£®  «£®à¨â¬ § ¬ëª ¥âáï   ®â¤¥«ì®© à áá¬ âà¨¢ ¥¬®© ïç¥©ª¥,
çâ® ¯®§¢®«ï¥â ®áãé¥áâ¢«ïâì à áç¥âë ¢ ª ¦¤®© ¨§ ¯®¤®¡« áâ¥© ¥§ ¢¨á¨¬® ®â ¤àã£¨å. � ª¨¬
®¡à §®¬, ¯®áâà®¥ ¨â¥à æ¨®ë©  «£®à¨â¬ ï¢®£® â¨¯  à¥ «¨§ æ¨¨ á ¬ ªá¨¬ «ìë¬¨ ¢®§¬®¦-
®áâï¬¨ ¤«ï ¥£® à á¯ à ««¥«¨¢ ¨ï.

�à¨ ¨á¯®«ì§®¢ ¨¨ ¨â¥à æ¨®®£®  «£®à¨â¬  (17) ¤«ï ®âëáª ¨ï áâ æ¨® à®£® à¥è¥¨ï
§ ¤ ç¨ ¬¥â®¤®¬ ãáâ ®¢«¥¨ï áª®à®áâì áå®¤¨¬®áâ¨  «£®à¨â¬  ¢ æ¥«®¬ (áã¬¬  ¨â¥à æ¨© (17) ¯®
¢á¥¬ ¢à¥¬¥ë¬ á«®ï¬) ¯à ªâ¨ç¥áª¨ ¥ § ¢¨á¨â ®â â®ç®áâ¨ ¢ãâà¥¨å ¨â¥à æ¨© (17), ¤®áâ¨£-
ãâ®©   ¯à®¬¥¦ãâ®çëå á«®ïå. �â® ¯®§¢®«ï¥â ®£à ¨ç¨âìáï   ª ¦¤®¬ í¢®«îæ¨®®¬ è £¥
®¤®© ¨â¥à æ¨¥©, çâ® ¯à¨¢®¤¨â ª ¨â¥à æ¨®®¬ã  «£®à¨â¬ã áª¢®§®£® áç¥â .

� § ª«îç¥¨¥ ª®à®âª® ®áâ ®¢¨¬áï   ®æ¥ª¥ ¢ëç¨á«¨â¥«ìëå ª ç¥áâ¢ ¬®£®ª®¬¯®¥âëå
¨â¥à æ¨®ëå  «£®à¨â¬®¢, ®á®¢ ëå   ¯®ïç¥¥ç®© ¤¥ª®¬¯®§¨æ¨¨ § ¤ ç¨ � ¢ì¥{�â®ªá . � ¨-
¡®«¥¥ áãé¥áâ¢¥ë¬ ¯à¥¤áâ ¢«ï¥âáï ¢ëï¢«¥¨¥ § ¢¨á¨¬®áâ¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¨â¥à æ¨© ®â
è £®¢ ¯à®áâà áâ¢¥®© á¥âª¨, ¢¥«¨ç¨ë ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢,   â ª¦¥ ®â ç¨á«  �¥©-
®«ì¤á . �ç¨â ¥âáï ¯à¨¥¬«¥¬ë¬, ¥á«¨ ¤«ï ¤®áâ¨¦¥¨ï § ¤ ®© â®ç®áâ¨ ¢ à áç¥â å áâ æ¨®-
 à®© ª àâ¨ë ¤¢ã¬¥àëå ¢ï§ª¨å â¥ç¥¨© ç¨á«® ¨â¥à æ¨© ¢®§à áâ ¥â ¥ ¡ëáâà¥¥ ç¥¬ O(��1).
�ëç¨á«¨â¥«ìë© íªá¯¥à¨¬¥â ¤«ï ¬®¤¥«ì®© § ¤ ç¨ ª®¢¥ªæ¨¨-¤¨ääã§¨¨ ¯®ª § « [25], çâ®
¤«ï à áá¬®âà¥®£® ª« áá  ¬¥â®¤®¢ ¤¥ª®¬¯®§¨æ¨®®£® â¨¯  (17) ª®«¨ç¥áâ¢® ¨â¥à æ¨© ¤«ï ¯®-
«ãç¥¨ï á § ¤ ®© â®ç®áâìî áâ æ¨® à®£® à¥è¥¨ï ®æ¥¨¢ ¥âáï ª ª O(��1=2). �à¨ íâ®¬
 ¨¡®«ìè ï áª®à®áâì áå®¤¨¬®áâ¨ â ª¨å ¨â¥à æ¨®ëå ¬¥â®¤®¢ ¯® à¥§ã«ìâ â ¬ ç¨á«¥®© ¯à®-
¢¥àª¨ ¤®áâ¨£ ¥âáï ¯à¨ § ç¥¨¨ ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ � = 1 ¨ � � h [25], çâ® á®¢¯ ¤ ¥â á
®æ¥ª®© â¥®à¥¬ë 5.
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