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�¢¥¤¥­¨¥

� áâ âì¥ ¨áá«¥¤ã¥âáï § ¤ ç  �®è¨ ¤«ï ¡¥áª®­¥ç­ëå ¨­â¥£à¨àã¥¬ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬,
á¢ï§ ­­ëå á ®¡à â­®© á¯¥ªâà «ì­®© § ¤ ç¥© ¤«ï à §­®áâ­ëå ­¥á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢
¢¨¤ 

(ly)n =
q+1X
�=0

an;��qyn+��q; an1 6= 0; an;�q = 1; q � 1: (1)

�­â¥£à¨àã¥¬ë¥ ¤¨­ ¬¨ç¥áª¨¥ á¨áâ¥¬ë, á¢ï§ ­­ë¥ á à §­®áâ­ë¬¨ ®¯¥à â®à ¬¨ ¢â®à®£® ¯®-
àï¤ª  (q = 1), â ª¨¥, ª ª æ¥¯®çª  �®¤ë, «¥­£¬îà®¢áª ï æ¥¯®çª  ¨ ¤àã£¨¥, ¤®áâ â®ç­® ¯®«­®
¨§ãç¥­ë ¢ à ¡®â å ¬­®£¨å  ¢â®à®¢ (á¬. [1]{[5] ¨ ¡¨¡«¨®£à ä¨î ª ­¨¬). � íâ¨å à ¡®â å ¯à¨¬¥-
­ï«áï ¬¥â®¤ ®¡à â­®© § ¤ ç¨ â¥®à¨¨ à áá¥ï­¨ï, ª®£¤  an0, an1 � 1 \¬ «ë" ­  ¡¥áª®­¥ç­®áâ¨.
� [6] ¨áá«¥¤®¢ « áì § ¤ ç  �®è¨ ¤«ï ¯®«ã¡¥áª®­¥ç­®© æ¥¯®çª¨ �®¤ë ¢ ¡®«¥¥ è¨à®ª®¬ ª« áá¥
®£à ­¨ç¥­­ëå ¯à¨ ª ¦¤®¬ §­ ç¥­¨¨ ¢à¥¬¥­¨ ª®íää¨æ¨¥­â®¢. �­â¥£à¨àã¥¬ë¥ ¤¨­ ¬¨ç¥áª¨¥ á¨-
áâ¥¬ë, á¢ï§ ­­ë¥ á à §­®áâ­ë¬¨ ®¯¥à â®à ¬¨ ¢ëáè¨å ¯®àï¤ª®¢ (q > 1), ¨§ãç¥­ë ¢¥áì¬  ¬ «®,
â. ª. ¯®áâ ­®¢ª  ¨ à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨ ¢ íâ®¬ á«ãç ¥ áâ «ª¨¢ ¥âáï á âàã¤­®áâï¬¨, ®á®¡¥­­®
¢ á«ãç ¥ ­¥®£à ­¨ç¥­­ëå ­  ¡¥áª®­¥ç­®áâ¨ ª®íää¨æ¨¥­â®¢.

� ­­®¥ ¨áá«¥¤®¢ ­¨¥ ¡ë«® áâ¨¬ã«¨à®¢ ­®, á ®¤­®© áâ®à®­ë, à ¡®â ¬¨ [7], [8], ¢ ª®â®àëå
¢¯¥à¢ë¥ ¡ë«¨ ãª § ­ë ¢ ¦­ë¥ ¨­â¥£à¨àã¥¬ë¥ ¤¨­ ¬¨ç¥áª¨¥ á¨áâ¥¬ë, á¢ï§ ­­ë¥ á ¤¢ãç«¥­­ë-
¬¨ à §­®áâ­ë¬¨ ®¯¥à â®à ¬¨ ¢¨¤  (1) ¯à¨ q > 1, ª®£¤  an;�j = 0 ¯à¨ j = 0; q � 1 (­ ¯à., á¨áâ¥¬ë

_an = an
� qQ
k=1

an+k�
qQ

k=1
an�k

�
),   á ¤àã£®© áâ®à®­ë, | à ¡®â ¬¨ [9], [10], ¢ ª®â®àëå ¨áá«¥¤®¢ « áì

®¡à â­ ï § ¤ ç  ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¢ëáè¨å ¯®àï¤ª®¢ ¨ ¡ë« ¯à¥¤«®¦¥­ ¬¥â®¤
à¥è¥­¨ï ®¡à â­®© § ¤ ç¨ ¯® § ¤ ­­®© ¬ âà¨æ¥ �¥©«ï ®¯¥à â®à .

�à¨ ä¨ªá¨à®¢ ­­®¬ q � 1 à áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã �®è¨ ¤«ï ¯®«ã¡¥áª®­¥ç­®© á¨-
áâ¥¬ë ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_anj(t) = an1(t)an+1;j�1(t)� an+j�1;1(t)an;j�1(t); (2)

anj(0) = a0nj : (3)

�¤¥áì �q + 1 � j � 1; n � q ¯à¨ j = 1; n � q � j ¯à¨ j � 0; an;�q = 1, aq�1;1 = 0, aq+j�1;�j =
0 ¯à¨ j = 1; q � 1; a0nj | ª®¬¯«¥ªá­ë¥ ç¨á« , a0n1 6= 0. � ç áâ­®áâ¨, ¯à¨ q = 1 á¨áâ¥¬  (2)
¯à¥¤áâ ¢«ï¥â á®¡®© æ¥¯®çªã �®¤ë. �¨áâ¥¬  (2) ï¢«ï¥âáï à §­®áâ­ë¬  ­ «®£®¬ ãà ¢­¥­¨© â¨¯ 
�¤� ¨ à ¢­®á¨«ì­  ãà ¢­¥­¨î � ªá  _L = [A;L], £¤¥ L = [Lnj ]n;j�q, A = [Anj ]n;j�q , Anj =
an1�n;j�1, Lnj = an;j�n; anj = 0 ¯à¨ j > 1 ¨ j < �q, �ni | á¨¬¢®« �à®­¥ª¥à . � ª¨¬ ®¡à §®¬,
¨­â¥£à¨à®¢ ­¨¥ § ¤ ç¨ �®è¨ (2), (3) á¢ï§ ­® á ¨áá«¥¤®¢ ­¨¥¬ á¯¥ªâà «ì­ëå á¢®©áâ¢ ¨ à¥è¥­¨¥¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ £à ­â  ò 96-1.7-4 �� �� ¯® ¢ëáè¥¬ã ®¡à §®¢ ­¨î (ª®­-
ªãàá­ë© æ¥­âà äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï).
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®¡à â­®© § ¤ ç¨ ¤«ï à §­®áâ­ëå ®¯¥à â®à®¢ ¢¨¤  (1). �â¬¥â¨¬, çâ® ­¨ª ª¨å ®£à ­¨ç¥­¨© ­ 
à®áâ ª®íää¨æ¨¥­â®¢ anj ®¯¥à â®à  l ­  ¡¥áª®­¥ç­®áâ¨ ­¥ ­ ª« ¤ë¢ ¥âáï, ¨ ¯®íâ®¬ã ¤ ¦¥ ¯à¨
q = 1 ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¬®£ãâ ¯à¥¤áâ ¢«ïâì ¨­â¥à¥á, â. ª. ®­¨ ®¡®¡é îâ ¨ ãá¨«¨¢ îâ
à¥§ã«ìâ âë à ¡®âë [6].

� ¤ ­­®© áâ âì¥ ¢ x 1 ¨áá«¥¤ãîâáï à §­®áâ­ë¥ ®¯¥à â®àë ¢¨¤  (1). � ª ç¥áâ¢¥ ®á­®¢­®© á¯¥ª-
âà «ì­®© å à ªâ¥à¨áâ¨ª¨ ¢¢®¤¨âáï ¬ âà¨æ  �¥©«ï, ª®â®à ï ï¢«ï¥âáï  ­ «®£®¬ å®à®è® ¨§¢¥áâ-
­®© äã­ªæ¨¨ �¥©«ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ �âãà¬ {�¨ã¢¨««ï. �®«ãç¥­® à¥è¥­¨¥
®¡à â­®© § ¤ ç¨ ­ å®¦¤¥­¨ï ª®íää¨æ¨¥­â®¢ anj ®¯¥à â®à  l ¯® § ¤ ­­®© ¬ âà¨æ¥ �¥©«ï. � x 2
­ ©¤¥­  í¢®«îæ¨ï ¬ âà¨æë �¥©«ï ¢® ¢à¥¬¥­¨ ¢ á¨«ã á¨áâ¥¬ë (2), ¤®ª § ­  ¨­â¥£à¨àã¥¬®áâì
í¢®«îæ¨®­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ª®¬¯®­¥­â ¬ âà¨æë �¥©«ï ¨ ¯à¨¢¥¤¥­  «-
£®à¨â¬ à¥è¥­¨ï § ¤ ç¨ �®è¨ (2), (3) ¬¥â®¤®¬ ®¡à â­®© á¯¥ªâà «ì­®© § ¤ ç¨. � x 3 ¯®«ãç¥­ë
­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (2), (3) ¢ ª« áá å  ­ «¨â¨ç¥áª¨å ¨
¬¥à®¬®àä­ëå äã­ªæ¨©.

�â¬¥â¨¬, çâ®  ­ «®£¨ç­ë¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¨ ¤«ï á¨áâ¥¬ë (2) ­  ¢á¥©
®á¨. � ­­ë© ¬¥â®¤ ¯®§¢®«ï¥â ¨áá«¥¤®¢ âì â ª¦¥ ¨ ¡®«¥¥ ®¡é¨¥ ¤¨­ ¬¨ç¥áª¨¥ á¨áâ¥¬ë, ª®£¤ 
¬ âà¨æë L ¨ A ¨¬¥îâ ¡®«¥¥ á«®¦­ãî áâàãªâãàã.

1. � §­®áâ­ë¥ ®¯¥à â®àë ¢ëáè¨å ¯®àï¤ª®¢

�à¨ ä¨ªá¨à®¢ ­­®¬ q � 1 à áá¬®âà¨¬ ãà ¢­¥­¨¥

(ly)n �
q+1X
�=0

an;��qyn+��q = �yn; n � q; (4)

£¤¥ y = [yn]n�0, anj | ª®¬¯«¥ªá­ë¥ ç¨á« , an;�q = 1, an1 6= 0 ¯à¨ n � q; an;�j = 0 ¯à¨
n � q + 1 � j � q � 1, q � n � 2q � 2. � íâ®¬ ¯ à £à ä¥ áâà®¨âáï ¬ âà¨æ  �¥©«ï ¤«ï ­¥á -
¬®á®¯àï¦¥­­®£® ®¯¥à â®à  l, ¨áá«¥¤ãîâáï ¥¥ á¢®©áâ¢  ¨ à áá¬ âà¨¢ ¥âáï ®¡à â­ ï § ¤ ç  ¢®á-
áâ ­®¢«¥­¨ï ª®íää¨æ¨¥­â®¢ ®¯¥à â®à  ¯® ¬ âà¨æ¥ �¥©«ï. �®«ãç¥­  «£®à¨â¬ à¥è¥­¨ï ®¡à â­®©
§ ¤ ç¨, ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¥¥ à §à¥è¨¬®áâ¨, ¤®ª § ­  ¥¤¨­áâ¢¥­­®áâì.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï. �ãáâì AR (MR) | ¬­®¦¥áâ¢®  ­ «¨â¨ç¥áª¨å (¬¥à®¬®àä­ëå) ¢ ªàã£¥
jtj < R äã­ªæ¨©; A =

S
R>0

AR,M =
S
R>0

MR; A0 | ¬­®¦¥áâ¢® ¯®á«¥¤®¢ â¥«ì­®áâ¥© f�kgk�1 â ª¨å,

çâ® áãé¥áâ¢ã¥â � > 0 (á¢®¥ ¤«ï ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâ¨), ¯à¨ ª®â®à®¬ �k = O((k=�)k).
� ¯¨áì ffk(t)gk�1 2 A (A0) ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â R > 0 â ª®¥, çâ® fk(t) 2 AR (fk(t) 6= 0,
jtj < R) ¯à¨ ¢á¥å k.

�ãáâì � | ¬­®¦¥áâ¢® ¬­®£®ç«¥­®¢ ¢¨¤ 

F (�) =
jX

k=�i

Fk�
k

(i; j � 0 á¢®¨ ¤«ï ª ¦¤®£® ¬­®£®ç«¥­ ). �¡®§­ ç¨¬ ç¥à¥§ F ¬­®¦¥áâ¢® «¨­¥©­ëå äã­ªæ¨®­ «®¢
­  �. �«¥¬¥­âë F ¡ã¤¥¬ ­ §ë¢ âì ®¡®¡é¥­­ë¬¨ äã­ªæ¨ï¬¨ (��). �á«¨ P 2 F , â® ç¨á« 
Pk+1 = (�k; P ) ­ §ë¢ îâáï ¬®¬¥­â ¬¨ P . �¤¥áì (�; P ) ®¡®§­ ç ¥â ¤¥©áâ¢¨¥ P . �á­®, çâ® ��
P 2 F á¢®¨¬¨ ¬®¬¥­â ¬¨ ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­® ¯® ä®à¬ã«¥ (F (�); P ) =

P
k

FkPk+1, F (�) 2 �.

�� P 2 F ã¤®¡­® § ¯¨áë¢ âì ¢ ¢¨¤¥ ä®à¬ «ì­®£® àï¤ 

P (�) =
X
k

Pk=�
k:

�� P 2 F ¬®¦­® ã¬­®¦ âì ­  í«¥¬¥­âë � ¯® ä®à¬ã«¥ (F (�); G(�)P ) = (F (�)G(�); P ),
F (�); G(�) 2 �. �â® á®®â¢¥âáâ¢ã¥â ä®à¬ «ì­®¬ã ã¬­®¦¥­¨î àï¤  ­  G(�). �¥à¥§ Fl ®¡®§­ ç¨¬
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¬­®¦¥áâ¢® �� P 2 F , ¤«ï ª®â®àëå Pk = 0 ¯à¨ k � l. �á«¨ fPkgk�1 2 A0, â® ¬®¦­® ®¯à¥¤¥«¨âì
�� �(�; t) = e�tP (�) á ¬®¬¥­â ¬¨

�k(t) =
1X
j=0

Pk+j

tj

j !
:

�ãáâì �n(�) = [�i
n(�)]

>
i=1;q

, n � 0, | à¥è¥­¨¥ ãà ¢­¥­¨ï (4) ¯à¨ ãá«®¢¨ïå

�i
n(�) = �i;n+1 (n = 0; q � 1); �i

n(�) =
1X
k=0

1
�k
�i
kn 2 F0: (5)

�¤¥áì > | §­ ª âà ­á¯®­¨à®¢ ­¨ï (â. ¥. [�i
n(�)]

>
i=1;q

| ¢¥ªâ®à-áâà®ª ). �¥è¥­¨ï �i
n(�) ¡ã¤¥¬

­ §ë¢ âì à¥è¥­¨ï¬¨ �¥©«ï ®¯¥à â®à  l.
�®¤áâ ¢«ïï (5) ¢ (4), ¯®«ãç ¥¬ á®®â­®è¥­¨ï

�i
k+1;n =

q+1X
�=0

an;��q�
i
k;n+��q; n � q; i = 1; q; k � 0; (6)

�i
0n = 0; n � q; (7)

�i
0n = �i;n+1; �i

kn = 0; k � 1; n = 0; q � 1: (8)

�âáî¤  ¯®á«¥¤®¢ â¥«ì­® ¯à¨ k = 0; 1; 2; : : : ­ å®¤¨¬ �i
kn. � ª¨¬ ®¡à §®¬, à¥è¥­¨¥ �¥©«ï

f�n(�)gn�1 áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ ¬®¦¥â ¡ëâì ¯®áâà®¥­® á ¯®¬®éìî á®®â­®è¥­¨© (6){(8).
� ç áâ­®áâ¨,

�i
kn = 0 ¯à¨ n � q(k + 1): (9)

�¡®§­ ç¨¬ s = [n=q], £¤¥ [ � ] | æ¥« ï ç áâì ç¨á« . �®£¤  n = qs + m, 0 � m � q � 1, ¨
á®®â­®è¥­¨ï (6), (9) ¯à¨­¨¬ îâ ¢¨¤

�i
k+1;qs+m =

q+1X
�=0

aqs+m;��q�
i
k;q(s�1)+m+�; s � 1; k � 0; i = 1; q; m = 0; q � 1; (10)

�i
k;qs+m = 0 ¯à¨ k < s (11)

¨, á«¥¤®¢ â¥«ì­®,

�i
qs+m(�) =

1X
k=s

1
�k
�i
k;qs+m 2 Fs:

�§ (10) ¯à¨ k = s� 1 ¢ëç¨á«ï¥¬

�i
s;qs+m =

i�1�mX
�=0

aqs+m;��q�
i
s�1;q(s�1)+m+�; m � i� 1; (12)

�i
s;qs+i�1 = 1; �i

s;qs+m = 0; i � m: (13)

�¢¥¤¥¬ ¬ âà¨æã M(�) = [Mi(�)]>
i=1;q

¯® ä®à¬ã«¥ Mi(�) = �i
q(�). � âà¨æã M(�) ¡ã¤¥¬ ­ §ë-

¢ âì ¬ âà¨æ¥© �¥©«ï ®¯¥à â®à  l. �á­®, çâ®

M
i(�) =

1X
k=1

1
�k
M

i
k 2 F1; M

i
1 = �i1; i = 1; q:

�¡à â­ ï § ¤ ç  áâ ¢¨âáï á«¥¤ãîé¨¬ ®¡à §®¬: ¯® § ¤ ­­®© ¬ âà¨æ¥ �¥©«ï M(�) ¯®áâà®¨âì
®¯¥à â®à l.
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�¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ­¨î ¤ ­­®© ®¡à â­®© § ¤ ç¨. �ãáâì Pn(�), Qi
n(�), i = 1; q, n � 0, |

à¥è¥­¨ï ãà ¢­¥­¨ï (4) ¯à¨ ­ ç «ì­ëå ãá«®¢¨ïå Pn(�) = �nq, Qi
n(�) = �n+1;i, n = 0; q. �®£¤ 

Pk+q(�) =
kX

i=0

cik�
i; k � 0; ckk 6= 0; c00 = 1: (14)

�®¤áâ ¢«ïï (14) ¢ ãà ¢­¥­¨¥ (4) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ �i, ­ å®¤¨¬

q+1X
�=0

ak+q;��qci;k+��q = ci�1;k; i = 0; k + 1:

�¤¥áì ¤®®¯à¥¤¥«¥­® cik = 0 ¯à¨ i < 0 ¨ i > k. �âáî¤  ¯®«ãç ¥¬ à¥ªãàà¥­â­ë¥ ä®à¬ã«ë ¤«ï
®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ anj ç¥à¥§ cik:

anj = (cn+j�q;n+j�q)
�1
�
cn+j�q�1;n�q �

1X
�=j+1

an�cn+j�q;n+��q
�
; (15)

£¤¥ �q+1 � j � 1; n � q ¯à¨ j = 1; n � q�j ¯à¨ j � 0. � ç áâ­®áâ¨, an1 = (cn+1�q;n+1�q)�1cn�q;n�q.
�¡®§­ ç¨¬ Rn(�) = [Ri

n(�)]i=1;q ; R
i
qs+m(�) = �i;m+1�

s, m = 0; q � 1.

�¥¬¬  1. �¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

(1; Pk+q(�)M(�)Rn(�)) = �nk; 0 � n � k; (16)

(1; Pk+q(�)M(�)Rn(�)) = 0; 0 � k < n � q � 1: (17)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ Qn(�) = [Qi
n(�)]

>
i=1;q

, zn(�) = �n(�)�Qn(�)�Pn(�)M(�), n � 0.
�á­®, çâ® fzn(�)gn�0 | à¥è¥­¨¥ ãà ¢­¥­¨ï (4) ¨ ¯à¨ íâ®¬ z0(�) = z1(�) = � � � = zq(�) = 0. �âáî¤ 
¢ëâ¥ª ¥â, çâ® zn(�) = 0 ¯à¨ ¢á¥å n � 0 ¨, á«¥¤®¢ â¥«ì­®,

�n(�) = Qn(�) + Pn(�)M(�); n � 0: (18)

� «¥¥, ¨á¯®«ì§ãï (18), ¨¬¥¥¬ ¯à¨ n = 0; q � 1, k � 0

(1; Pk+q(�)M(�)Rn(�)) = (1;�k+q(�)Rn(�)) = (1;�n+1
k+q (�)) = �n+1

1;k+q

¨, á«¥¤®¢ â¥«ì­®, ¢ á¨«ã (11){(13) ¯®«ãç ¥¬ á®®â­®è¥­¨ï (17) ¨ (16) ¯à¨ n = 0; q � 1. �®á-
¯®«ì§ã¥¬áï â¥¯¥àì ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �à¥¤¯®«®¦¨¬, çâ® (16) ¤®ª § ­® ¤«ï
n = 0; �� 1; � � q. �®£¤  ¯à¨ k � � ¨¬¥¥¬

(1; Pk+q(�)M(�)R�(�)) = (1; �Pk+q(�)M(�)R��q(�)) =

=
q+1X
�=0

ak+q;��q(1; Pk+�(�)M(�)R��q(�)) = (1; Pk(�)M(�)R��q(�)) = �k�: �

�¥¬¬  2. �ãáâì T (�) = [T i(�)]>
i=1;q

, T i(�) 2 F1, ¨ (1; Pk+q(�)T (�)Rn(�)) = 0 ¯à¨ k � 0,

n = 0; q � 1. �®£¤  T (�) = 0.

� á ¬®¬ ¤¥«¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1, ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ¯®-
«ãç ¥¬ (1; Pk+q(�)T (�)Rn(�)) = 0 ¯à¨ ¢á¥å k; n � 0. �âáî¤  ¨ ¨§ (14) ¢ëâ¥ª ¥â à ¢¥­áâ¢®
(1; �iT (�)Rn(�)) = 0 ¯à¨ ¢á¥å i; n � 0 ¨, á«¥¤®¢ â¥«ì­®, T (�) = 0.

�¡®§­ ç¨¬ �k = det[�in]i;n=0;k, �in = (1; �iM(�)Rn(�)), i; n � 0. � á¨«ã «¥¬¬ë 1 �in = 0 ¯à¨
0 � i < n � q � 1, �00 = 1 ¨«¨, çâ® â® ¦¥ á ¬®¥, M1

1 = 1, Mi
k = 0 ¯à¨ 1 � k < i � q. �à®¬¥ â®£®,

­¥âàã¤­® ¢ëç¨á«¨âì

M
i
i =

i�2Y
j=0

aq+j;1; i = 2; q:
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�®¤áâ ¢«ïï (14) ¢ (16), ¯®«ãç ¥¬

kX
i=0

cik�i� = ��k; 0 � � � k: (19)

�à¨ ä¨ªá¨à®¢ ­­®¬ k � 0 (19) | «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  ®â­®á¨â¥«ì­® cik á ®¯à¥-
¤¥«¨â¥«¥¬ �k. �®ª ¦¥¬, çâ® �k 6= 0 ¯à¨ ¢á¥å k � 0. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ­¥ª®â®à®¬ k � 1
�j 6= 0 (j = 0; k � 1), �k = 0. � ª ª ª �k�1 6= 0, â® à ­£ à áè¨à¥­­®© ¬ âà¨æë á¨áâ¥¬ë (19)
à ¢¥­ k+ 1, çâ® ¯à®â¨¢®à¥ç¨â á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë (19). � ª ª ª �0 = 1, â® ®âáî¤  ¢ëâ¥ª ¥â,
çâ® �k 6= 0 ¯à¨ ¢á¥å k � 0. �¥è ï á¨áâ¥¬ë (19), ¯®«ãç ¥¬

cik =
(�1)k�i

�k

det[�j� ]j=0;kni; �=0;k�1; i = 0; k: (20)

� ç áâ­®áâ¨, ckk = �k�1=�k, c00 = 1.
�¡®§­ ç¨¬ ç¥à¥§ M 0 ¬­®¦¥áâ¢® ¬ âà¨æ ¢¨¤  M(�) = [Mi(�)]>

i=1;q
, Mi(�) 2 F1, ¤«ï ª®â®àëå

�00 = 1, �in = 0 (0 � i < n � q � 1).

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¬ âà¨æ  M(�) 2M 0 ¡ë«  ¬ âà¨æ¥© �¥©«ï ®¯¥à â®à  l ¢¨¤ 
(4), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë �k 6= 0 ¯à¨ ¢á¥å k � 0. �à¨ íâ®¬ ®¯¥à â®à l ®¯à¥¤¥«ï¥âáï
¬ âà¨æ¥© �¥©«ï ®¤­®§­ ç­® ¨ ¬®¦¥â ¡ëâì ­ ©¤¥­ ¯® á«¥¤ãîé¥¬ã  «£®à¨â¬ã.

�«£®à¨â¬ 1. � ­  ¬ âà¨æ  M(�).

1) �âà®¨¬ cik (0 � i � k) ¯® ä®à¬ã« ¬ (20).
2) �ëç¨á«ï¥¬ anj ¯® ä®à¬ã« ¬ (15).

�¥®¡å®¤¨¬®áâì â¥®à¥¬ë ¤®ª § ­  ¢ëè¥. �®ª ¦¥¬ ¤®áâ â®ç­®áâì. �ãáâì § ¤ ­  ¬ âà¨æ 
M(�) 2 M 0 â ª ï, çâ® �k 6= 0 ¯à¨ ¢á¥å k � 0. �®áâà®¨¬ cik, anj á®£« á­®  «£®à¨â¬ã 1. �¥¬
á ¬ë¬ ¯®áâà®¥­ ®¯¥à â®à l ¢¨¤  (4). �®áâà®¨¬ â ª¦¥ ¬­®£®ç«¥­ë Pn(�) ¯® ä®à¬ã«¥ (14) ¯à¨
n � q; Pn(�) = 0 ¯à¨ n = 0; q � 1. �®ª ¦¥¬, çâ® ¬­®£®ç«¥­ë Pn(�) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î
(4). �¥©áâ¢¨â¥«ì­®, â. ª. ckk 6= 0, â®

�Pk(�) =
k+1X
j=q


jkPj(�); 
k+1;k 6= 0: (21)

� «¥¥, ¯® ¯®áâà®¥­¨î ç¨á«  cik ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (19). �âáî¤  ¨ ¨§ (14) ¯®«ãç ¥¬
á®®â­®è¥­¨ï (16). �á¯®«ì§ãï (16) ¨ (21), ¯®á«¥¤®¢ â¥«ì­® ¯à¨ � = q; q + 1; : : : ; k � q ­ å®¤¨¬

��;k�q = (1; Pk(�)M(�)R�(�)) = (1; �Pk(�)M(�)R��q(�)) =
k+1X
j=�


jk(1; Pj(�)M(�)R��q(�)) = 
�k:

� ª¨¬ ®¡à §®¬,

�Pk(�) =
q+1X
j=0

eak;j�qPk+j�q(�);

â. ¥. Pn(�) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î (ely)n = �yn á ­¥ª®â®àë¬¨ ª®íää¨æ¨¥­â ¬¨ eanj . �«¥¤®¢ -
â¥«ì­®,

Pk+q(�) =
kX

i=0

ecik�i; k � 0:

�à ¢­¨¢ ï á (14), ¯®«ãç ¥¬ ecik = cik (0 � i � k) ¨ ¢ á¨«ã (15) eanj = anj . � ª¨¬ ®¡à §®¬,
¬­®£®ç«¥­ë Pn(�) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î (4).
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�ãáâì fM(�) | ¬ âà¨æ  �¥©«ï ¤«ï ¯®áâà®¥­­®£® ®¯¥à â®à  l. �®£¤  ¯® «¥¬¬¥ 1

(1; Pk+q(�)fM(�)Rn(�)) = �kn; 0 � n � k;

(1; Pk+q(�)fM(�)Rn(�)) = 0; 0 � k < n � q � 1:

�à ¢­¨¢ ï íâ¨ á®®â­®è¥­¨ï á (16), (17) ¨ ¨á¯®«ì§ãï «¥¬¬ã 2, ¯®«ãç ¥¬ fM(�) =M(�) �.

�«¥¤áâ¢¨¥ 1. �«ï â®£® çâ®¡ë ¬ âà¨æ M(�) 2M 0 ¡ë«  ¬ âà¨æ¥© �¥©«ï ¤«ï ®¯¥à â®à  l á
¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, an1 > 0, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë �in ¡ë«¨ ¢¥é¥áâ¢¥­-
­ë¬¨ ¨ �k > 0 ¯à¨ ¢á¥å k � 0.

�à¨¬¥à. �ãáâì q = 1. �®£¤ 

M(�) =
1X
k=1

1
�k
Mk 2 F1; M1 = 1; �in =Mn+i+1:

� á«ãç ¥, ¥á«¨ an1 > 0, an0 ¢¥é¥áâ¢¥­­ë, áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­  á¯¥ªâà «ì­ ï äã­ª-
æ¨ï ®¯¥à â®à  l â ª ï, çâ®

Mk+1 = (�k;M(�)) =
Z 1

�1
�kd�(�); k � 0:

� ª¨¬ ®¡à §®¬, ç¨á«  fMkgk�1 ï¢«ïîâáï ¬®¬¥­â ¬¨ á¯¥ªâà «ì­®© äã­ªæ¨¨. �®íâ®¬ã á«¥¤áâ¢¨¥
1 ¯à¨ q = 1 á®¢¯ ¤ ¥â á â¥®à¥¬®© ® à §à¥è¨¬®áâ¨ ¯à®¡«¥¬ë ¬®¬¥­â®¢ [11].

2. �­â¥£à¨à®¢ ­¨¥ ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¬¥â®¤®¬ ®¡à â­®© § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã �®è¨ (2), (3). �ãáâì
�

M(�) = [
�

Mi(�)]>
i=1;q

| ¬ âà¨æ  �¥©«ï ®¯¥à â®à  l0

¢¨¤  (4), ¯®áâà®¥­­®£® ¯® ­ ç «ì­ë¬ ¤ ­­ë¬ fa0njg; f
�

Mi
jgj�1 | ¬®¬¥­âë

�

Mi(�). �à¥¤¯®«®¦¨¬,
çâ® áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª®¥ ¢ â®çª¥ t = 0 à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2), (3) fanj(t)g 2 A. � áá¬®-
âà¨¬ á®®â¢¥âáâ¢ãîé¨© à §­®áâ­ë© ®¯¥à â®à l = l(t) ¢¨¤  (4). �ãáâì �n(t; �),M(t; �) | à¥è¥­¨¥
�¥©«ï ¨ ¬ âà¨æ  �¥©«ï ¤«ï l(t). �§ (2) ¯à¨ j = 1, ¢ ç áâ­®áâ¨, ¢ëâ¥ª ¥â, çâ® an1(t) 6= 0 ¨, á«¥-
¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ 1 �k(t) 6= 0, k � 0. �®«ãç¨¬ í¢®«îæ¨®­­ë¥ ãà ¢­¥­¨ï ¤«ï ª®¬¯®­¥­â
¬ âà¨æë �¥©«ï M(t; �).

�¥®à¥¬  2. �¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

_M1 = (�� aq0)M1 � 1; (22)

_Mi = (�� aq0)M
i � aq+i�2;1M

i�1; i = 2; q: (23)

�®ª § â¥«ìáâ¢®. �® ¯®áâà®¥­¨î à¥è¥­¨ï �¥©«ï �i = [�i
n]n�q, i = 1; q, ã¤®¢«¥â¢®àïîâ

ãà ¢­¥­¨ï¬

L�i + �i = ��i; i = 1; q; (24)

£¤¥ �i = [�n;i+q�1]n�q. �¨ää¥à¥­æ¨àãï (24) ¯® t, ¯®«ãç ¥¬ _L�i + L _�i = � _�i. � ª ª ª fanj(t)g |
à¥è¥­¨ï á¨áâ¥¬ë (2), â® _L = [A;L] ¨, á«¥¤®¢ â¥«ì­®,

L( _�i �A�i) = �( _�i �A�i) +A�i; i = 1; q: (25)

�¡®§­ ç¨¬  i = _�i�A�i,  i = [ i
n]n�q. �ëç¨á«ï¥¬  

i
n = _�i

n� an1�
i
n+1, n � q. �á­®, çâ®  i

n 2 F0.
�®®â­®è¥­¨ï (25) ¯à¨­¨¬ îâ ¢¨¤

L i = � i +A�i; i = 1; q: (26)

�¤®¡­® ¤®®¯à¥¤¥«¨âì  i
n ¯à¨ n = 0; q � 1 á«¥¤ãîé¨¬ ®¡à §®¬

 1
n = 0;  i

n = �aq+i�2;1�
i�1
n ; i = 2; q: (27)
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�®£¤  ¢ á¨«ã (26) ¨¬¥¥¬

q+1X
�=0

an;��q 
i
n+��q = � i

n; n � q; i = 1; q:

� ª ª ª  i
n 2 F0 ¨ ã¤®¢«¥â¢®àïîâ ­ ç «ì­ë¬ ãá«®¢¨ï¬ (27) ¯à¨ n = 0; q � 1, â® ¢ á¨«ã

¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© �¥©«ï ¯®«ãç ¥¬, çâ® á®®â­®è¥­¨ï (27) ¢¥à­ë â ª¦¥ ¨ ¯à¨ n � q.
�¥¬ á ¬ë¬ ¯à¨å®¤¨¬ ª í¢®«îæ¨®­­ë¬ ãà ¢­¥­¨ï¬ ¤«ï à¥è¥­¨© �¥©«ï _�1

n = an1�1
n+1, _�i

n =
an1�i

n+1 � aq+i�2;1�i�1
n , i = 2; q, n � q. � ç áâ­®áâ¨, ¯à¨ n = q ¨¬¥¥¬

_M1 = aq1�
1
q+1;

_Mi = aq1�
i
q+1 � aq+i�2;1M

i�1; i = 2; q: (28)

� ª ª ª aq1�1
q+1 = (��aq0)�1

q�1, aq1�
i
q+1 = (��aq0)�i

q, i = 2; q, â® ¨§ (28) ¯®«ãç ¥¬ á®®â­®è¥­¨ï
(22) ¨ (23).

� ª ª ª

M
i(�) =

1X
k=1

Mi
k

�k
2 F1;

â® à ¢¥­áâ¢  (22), (23) à ¢­®á¨«ì­ë á®®â­®è¥­¨ï¬ ¤«ï ¬®¬¥­â®¢

_M1
k =M

1
k+1 � aq0M

1
k;

_Mi
k =M

i
k+1 � aq0M

i
k � aq+i�2;1M

i�1
k ; i = 2; q:

(29)

�âáî¤ , ¢ ç áâ­®áâ¨, ¢ëç¨á«ï¥¬

M
1
1 = 1; M

i
k = 0 (1 � k < i � q); M

i
i =

i�2Y
j=0

aq+j;1; i = 2; q: (30)

�à®¨­â¥£à¨àã¥¬ í¢®«îæ¨®­­ë¥ ãà ¢­¥­¨ï (22), (23) ¯à¨ ­ ç «ì­ëå ãá«®¢¨ïå Mi(0; �) =
�

Mi(�). �â¬¥â¨¬, çâ® ¢ (22), (23), ªà®¬¥ Mi(t; �), ­¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï â ª¦¥ ¨ äã­ªæ¨¨
aq0(t), aq+i�2;1(t), i = 2; q.

�¡®§­ ç¨¬

B(t) = exp
� Z t

0

aq0(s)ds
�
:

�®£¤  ¨§ (22), (23) ¯®«ãç ¥¬

B(t)M1(t; �) = e�t
�

M
1(�)�

Z t

0

e�(t��)B(�)d�; (31)

B(t)Mi(t; �) = e�t
�

M
i(�)�

Z t

0

e�(t��)B(�)aq+i�2;1(�)M
i�1(�; �)d�; i = 2; q: (32)

�­â¥£à « ¢ (31) ï¢«ï¥âáï æ¥«®©  ­ «¨â¨ç¥áª®© ¯® � äã­ªæ¨¥©. �®íâ®¬ã B(t)(1;M1(t; �)) =

(1; e�t
�

M1(�)). � ª ª ª ¢ á¨«ã (30) (1;M1(t; �)) = M1
1(t) = 1, â® ®âáî¤  ¯®«ãç ¥¬ ä®à¬ã«ã

B(t) = (1; e�t
�

M1(�)) ¨«¨

B(t) =
1X
j=0

�

M
1
j+1

tj

j !
: (33)

�®â ¦¥ à¥§ã«ìâ â ¬®¦­® ¯®«ãç¨âì, ¨áå®¤ï ¨§ (29). � á ¬®¬ ¤¥«¥, ¨§ (29) ¢ëâ¥ª ¥â

d

dt
(M1

k(t)B(t)) =M
1
k+1(t)B(t)

¨, á«¥¤®¢ â¥«ì­®, M1
k(t) = B(k�1)(t)=B(t), B(k�1)(0) =

�

M1
k. � ç áâ­®áâ¨, ¨¬¥¥¬ f

�

M1
kgk�1 2 A

0.

77



�®á¯®«ì§ã¥¬áï â¥¯¥àì á®®â­®è¥­¨ï¬¨ (32). � ª ª ª ¢ á¨«ã (30) (�i�2;Mi(t; �)) =Mi
i�1(t) =

0, i = 2; q, â® ¨§ (32) á«¥¤ã¥â

(�i�2; e�t
�

M
i(�)) =

Z t

0
B(�)aq+i�2;1(�)(�

i�2; e�(t��)Mi�1(�; �))d�:

�âáî¤ , ãç¨âë¢ ï (30), ¯®«ãç ¥¬

d

dt
(�i�2; e�t

�

M
i(�)) = B(t)aq+i�2;1(t)(�i�2;Mi�1(t; �)) =

= B(t)aq+i�2;1(t)M
i�1
i�1(t) = B(t)aq+i�2;1(t)

i�3Y
j=0

aq+j;1(t):

�«¥¤®¢ â¥«ì­®,

aq+i�2;1(t) =
�
B(t)

i�3Y
j=0

aq+j;1(t)
��1 1X

j=0

�

M
i
j+i

tj

j !
; i = 2; q; (34)

¨ ¯à¨ íâ®¬ f
�

Mi
j+igj�0 2 A0. �á¯®«ì§ãï ä®à¬ã«ë (34), ¯®á«¥¤®¢ â¥«ì­® ¯à¨ i = 2; 3; : : : ; q ¢ëç¨-

á«ï¥¬ äã­ªæ¨¨ aq+i�2;1(t),   § â¥¬ ¨§ (31), (32) ­ å®¤¨¬Mi(t; �), i = 1; q. � ª ª ª �k(t) 6= 0, k � 0,
â®, à¥è ï ®¡à â­ãî § ¤ çã ¨§«®¦¥­­ë¬ ¢ x 1 ¬¥â®¤®¬, ¢ëç¨á«ï¥¬ fanj(t)g. � ª¨¬ ®¡à §®¬, ¯®-
«ãç ¥¬ á«¥¤ãîé¨©  «£®à¨â¬ à¥è¥­¨ï § ¤ ç¨ �®è¨ (2), (3) ¬¥â®¤®¬ ®¡à â­®© á¯¥ªâà «ì­®©
§ ¤ ç¨.

�«£®à¨â¬ 2. � ­ë fa0njg, a
0
n1 6= 0.

1) �âà®¨¬ f
�

Mi
jgj�1, i = 1; q.

2) �ëç¨á«ï¥¬ B(t), aq+i�2;1(t), i = 2; q, ¯® ä®à¬ã« ¬ (32), (34).
3) � å®¤¨¬Mi(t; �), i = 1; q, ¯® ä®à¬ã« ¬ (31), (32) ¨ ¢ëç¨á«ï¥¬ �k(t), k � 0, ¯® ä®à¬ã« ¬

�k(t) = det[�in(t)]i;n=0;k, �in(t) = (1; �iM(t; �)Rn(�)).
4) �¥è ï ®¡à â­ãî § ¤ çã á ¯®¬®éìî  «£®à¨â¬  1, áâà®¨¬ äã­ªæ¨¨ fanj(t)g.

� ¬¥ç ­¨¥. �«£®à¨â¬ 2 à ¡®â ¥â ¨ ¢ á«ãç ¥, ª®£¤  anj(t) 2M , â. ¥. ¢ ª« áá¥ ¬¥à®¬®àä­ëå
äã­ªæ¨©.

3. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï

�ã¤¥¬ ¨áª âì à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2), (3) ¢ ª« áá¥M . �ç¥¢¨¤­®, çâ® ¥á«¨ à¥è¥­¨¥ § ¤ ç¨ ¢
ª« áá¥ M áãé¥áâ¢ã¥â, â® ®­® ¥¤¨­áâ¢¥­­®. �ä®à¬ã«¨àã¥¬ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï
áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (2), (3) ¢ ª« áá¥ ¬¥à®¬®àä­ëå äã­ªæ¨©.

�¥®à¥¬  3. �«ï â®£® çâ®¡ë § ¤ ç  �®è¨ (2), (3) ¨¬¥«  à¥è¥­¨¥ anj(t) 2M , ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë f
�

Mi
jgj�1 2 A

0, i = 1; q. �à¨ íâ®¬ ¨áª®¬®¥ à¥è¥­¨¥ ¬®¦¥â ¡ëâì ¯®áâà®¥­®

¯®  «£®à¨â¬ã 2. �à®¬¥ â®£®, anj(t) 2MR â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

Ni(t) �
1X
j=0

�

M
i
j+i

tj

j !
2MR; i = 1; q:

�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¢ ¡®«¥¥ ã§ª¨å
ª« áá å A ¨ AR.

�¥®à¥¬  4. �«ï â®£® çâ®¡ë § ¤ ç  �®è¨ (2), (3) ¨¬¥«  à¥è¥­¨¥ fanj(t)g 2 A, ­¥®¡å®¤¨¬®

¨ ¤®áâ â®ç­®, çâ®¡ë f
�

Mi
jgj�1 2 A0, i = 1; q; f�k(t)gk�0 2 A0. �à®¬¥ â®£®, anj(t) 2 AR â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  Ni(t) 2 AR, Ni(t) 6= 0, �k(t) 6= 0, jtj < R, i = 1; q, k � 0.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ 3 ¨ 4. �¥®¡å®¤¨¬®áâì ¤®ª § ­  ¢ x 2.

�®áâ â®ç­®áâì. �® § ¤ ­­ë¬ ­ ç «ì­ë¬ ¤ ­­ë¬ fa0njg ¯®á«¥¤®¢ â¥«ì­® ¯®áâà®¨¬
�

M(�),
B(t), aq+i�2;1(t), i = 2; q, M(t; �), �k(t), fanj(t)g á®£« á­®  «£®à¨â¬ã 2. �® ¯®áâà®¥­¨î äã­ªæ¨¨
anj(t) ¯à¨­ ¤«¥¦ â á®®â¢¥âáâ¢ãîé¨¬ ª« áá ¬ äã­ªæ¨©, ãª § ­­ë¬ ¢ ä®à¬ã«¨à®¢ª å â¥®à¥¬,
¨ M(t; �) ï¢«ï¥âáï ¬ âà¨æ¥© �¥©«ï ®¯¥à â®à  l(t). �à®¬¥ â®£®, anj(0) = a0nj .

�®ª ¦¥¬, çâ® ¯®áâà®¥­­ë¥ äã­ªæ¨¨ fanj(t)g ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë (2). �«ï íâ®£®
à áá¬®âà¨¬ ¬ âà¨æã 
 = [
nj]n;j�q , ®¯à¥¤¥«ï¥¬ãî ä®à¬ã«®© 
 = _L � [A;L], £¤¥ A = [Anj ]n;j�q,
L = [Lnj ]n;j�q, Anj = an1�n;j�1, Lnj = an;j�n; anj = 0 ¯à¨ j > 1 ¨ j < �q. �á­®, çâ® 
nj = 0 ¯à¨
j > n+ 1 ¨ j < n� q + 1. �®®¯à¥¤¥«¨¬ 
nj = 0 ¯à¨ j < q.

�ãáâì f�i
n(t; �)g | à¥è¥­¨ï �¥©«ï ¤«ï l(t). �¡®§­ ç¨¬  i = _�i � A�i,  i = [ i

n]n�q, �
i =

[�i
n]n�q. �®£¤   

i
n = _�i

n � an1�i
n+1, n � q. �®®¯à¥¤¥«¨¬  i

n ¯à¨ n = 0; q � 1 ¯® ä®à¬ã«¥

 1
n = 0;  i

n = �aq+i�2;1�
i�1
n ; i = 2; q: (35)

� ª ª ª ¯® ¯®áâà®¥­¨î ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (22), (23), â® _�1
q = aq1�1

q+1, _�i
q = aq1�i

q+1 �

aq+i�2;1�i�1
q , i = 2; q, ¨, á«¥¤®¢ â¥«ì­®,

 1
q = 0;  i

q = �aq+i�2;1�
i�1
q ; i = 2; q; (36)

â. ¥. (35) ¢¥à­® ¨ ¯à¨ n = q.
� «¥¥, ¤¨ää¥à¥­æ¨àãï à ¢¥­áâ¢® L�i + �i = ��i, i = 1; q, £¤¥ �i = [�n;i+q�1]n�q, ¯® t ¨

¨á¯®«ì§ãï á®®â­®è¥­¨¥ _L = [A;L] + 
, ¯®«ãç ¥¬

L i � � i �A�i +
�i = 0; i = 1; q: (37)

�®®â­®è¥­¨ï (37) á ãç¥â®¬ (35) ¯à¨ n = 0; q � 1 ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

q+1X
�=0

an;��q 
i
n+��q � � i

n +
qX

�=0


n;n�q+1+��i
n�q+1+� = 0; n � q; i = 1; q: (38)

�á¯®«ì§ãï ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨, ¯®ª ¦¥¬, çâ® ¯à¨ k � q á¯à ¢¥¤«¨¢ë á®®â­®-
è¥­¨ï


k� = 0; � = k � q + 1; k + 1; (39)

 1
k = 0;  i

k = �aq+i�2;1�
i�1
k ; i = 2; q: (40)

� á ¬®¬ ¤¥«¥, ¢ á¨«ã (35), (36) á®®â­®è¥­¨ï (40) ¢¥à­ë ¯à¨ k = 0; q. � ä¨ªá¨àã¥¬ n � q ¨
¯à¥¤¯®«®¦¨¬, çâ® (40) ¢¥à­® ¯à¨ k � n. �®£¤  à ¢¥­áâ¢  (38) ¯à¨­¨¬ îâ ¢¨¤

8>>>><
>>>>:
an1 

1
n+1 +

qX
�=0


n;n�q+1+��
1
n�q+1+� = 0;

an1 
i
n+1 +

qX
�=0


n;n�q+1+��i
n�q+1+� + aq+i�2;1

�
��i�1

n �
qX

�=0

an;��q�i�1
n+��q

�
= 0; i = 2; q:

(41)

�¡®§­ ç¨¬ s = [n=q], â. ¥. n = qs +m, 0 � m � q � 1. �®£¤  á®®â­®è¥­¨ï (41) ¬®¦­® § ¯¨á âì
á«¥¤ãîé¨¬ ®¡à §®¬:

aqs+m;1 
1
qs+m+1 + aq+i�2;1J

i�1
m;s + I im;s = 0; i = 1; q; (42)

79



£¤¥

J0m;s = 0; J i
m;s = ��i

qs+m �
qX

�=0

aqs+m;��q�
i
qs+m+��q; i = 1; q � 1; (43)

I im;s =
qX

�=0


qs+m;(s�1)q+m+�+1�i
(s�1)q+m+�+1; i = 1; q: (44)

�á«®¢¨¬áï, çâ® ®¤­¨¬ ¨ â¥¬ ¦¥ á¨¬¢®«®¬ {l(�) ¡ã¤¥¬ ®¡®§­ ç âì à §«¨ç­ë¥ �� ¨§ ª« áá  Fl.
�à¥®¡à §ã¥¬ J i

m;s, i = 1; q � 1, ¨á¯®«ì§ãï (43), (10){(13)

J i
m;s = ��i

qs+m �
qX

�=q�m

aqs+m;��q�
i
qs+m+��q �

q�m�1X
�=0

aqs+m;��q�
i
(s�1)+q+�+m =

=
1

�s�1

�
�i
s;qs+m �

q�m�1X
�=0

aqs+m;��q�i
s�1;(s�1)q+m+�

�
+

+
1
�s

�
�i
s+1;qs+m �

qX
�=0

aqs+m;��q�
i
s;(s�1)q+�+m

�
+ {s+1(�):

� á¨«ã (12), (13) ª®íää¨æ¨¥­â ¯à¨ 1=�s�1 à ¢¥­ 0. �¥©áâ¢¨â¥«ì­®, ¯à¨ i � m+ 1

�i
s;qs+m �

q�m�1X
�=0

aqs+m;��q�
i
s�1;(s�1)q+�+m = �i

s;qs+m �
i�m�1X
�=0

aqs+m;��q�
i
s�1;(s�1)q+�+m = 0;

  ¯à¨ i � m ª ¦¤®¥ á« £ ¥¬®¥ ¢ áã¬¬¥, á®áâ ¢«ïîé¥© ª®íää¨æ¨¥­â ¯à¨ 1=�s�1, à ¢­® ­ã«î.
� «¥¥ ¢ á¨«ã (10) ª®íää¨æ¨¥­â ¯à¨ 1=�s à ¢¥­ aqs+m;1�i

s;qs+m+1. � ª¨¬ ®¡à §®¬,

J i
m;s =

1
�s
aqs+m;1�

i
s;qs+m+1 + {s+1(�); i = 1; q � 1; m = 0; q � 1; s � 1: (45)

� ª ª ª  i
n = _�i

n � an1�i
n+1, â® á®£« á­® (11), (13) ¨¬¥¥¬

 i
qs+m+1 2 Fs; i�m+3;  i

qs+m+1 2 Fs+1; i�m+2;  i
qs+m+1 2 Fs+2; i=1; m=q�1: (46)

�¥¯¥àì ¨§ (42) ­ ©¤¥¬ I im;s = �aqs+m;1 
i
qs+m+1 � aq+i�2;1J

i�1
m;s ¨ ¢®á¯®«ì§ã¥¬áï á®®â­®è¥­¨ï¬¨

(45), (46), (13). �®«ãç¨¬

I im;s 2 Fs; i � m+ 3; I im;s 2 Fs+1; i � m+ 2; I1q�1;s 2 Fs+2:

� ¤àã£®© áâ®à®­ë, ¢®á¯®«ì§ã¥¬áï á®®â­®è¥­¨ï¬¨ (44). �ëç¨á«¥­¨ï á«¥¤ã¥â ¯à®¢®¤¨âì ®â-
¤¥«ì­® ¤«ï m = 0; q � 2 ¨ m = q � 1. �ãáâì á­ ç «  0 � m � q � 2. �®£¤ , ¨á¯®«ì§ãï (44), (11),
(13), ¯®á«¥ ¢ëç¨á«¥­¨© ¨¬¥¥¬

1) Im+2
m;s = 
qs+m;(s�1)q+m+1(1=�s�1 + {s(�)) +

q�1X
�=1


qs+m;(s�1)q+m+�+1{s(�)+

+
qs+m;qs+m+1(1=�s + {s+1(�)) ¯à¨ i = m+ 2;

2) I im;s =
i�m�3X
�=0


qs+m;(s�1)q+m+�+1{s�1(�) + 
qs+m;(s�1)q+i�1(1=�
s�1 + {s(�))+

+
qX

�=i�m�1


qs+m;(s�1)q+m+�+1{s(�) ¯à¨ i > m+ 2;

3) I im;s =
q+i�m�3X

�=0


qs+m;(s�1)q+m+�+1{s(�) + 
qs+m;qs+i�1(1=�
s + {s+1(�)) +

m+1X
�=i


qs+m;qs+�{s+1(�):

¯à¨ 1 � i �m+ 1.
� á«ãç ¥ m = q � 1 ¯®á«¥  ­ «®£¨ç­ëå ¢ëç¨á«¥­¨© ¯®«ãç¨¬
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1) I1q�1;s = 
qs+q�1;qs(1=�s+{s+1(�))+
q�1X
�=1


qs+q�1;qs+�{s+1(�)+
qs+q�1;(s+1)q(1=�s+1+{s+2(�)) ¯à¨

i = 1,

2) I iq�1;s =
i�2X
�=0


qs+q�1;qs+�{s(�) +
qs+q�1;qs+i�1(1=�s +{s+1(�)) +
qX

�=i


qs+q�1;qs+�{s+1(�) ¯à¨ i > 1.

�à ¢­¨¢ ï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï á (47), ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ ¬ 
n� = 0 ¯à¨ � =
n� q + 1; n+ 1. �¥¬ á ¬ë¬ á®®â­®è¥­¨ï (39) ¢¥à­ë ¯à¨ k = n. �® â®£¤  à ¢¥­áâ¢  (41) ¯à¨­¨-
¬ îâ ¢¨¤

an1 
1
n+1 = 0;

an1 
i
n+1 = �aq+i�2;1

�
��i�1

n �
qX

�=0

an;��q�i�1
n+��q

�
= �aq+i�2;1an1�i�1

n+1; i = 2; q;

¨, á«¥¤®¢ â¥«ì­®, á®®â­®è¥­¨ï (40) ¢¥à­ë ¯à¨ k = n+ 1.
� ª¨¬ ®¡à §®¬, à ¢¥­áâ¢  (39), (40) á¯à ¢¥¤«¨¢ë ¯à¨ ¢á¥å k � q. � ç áâ­®áâ¨, íâ® ®§­ ç ¥â


 = 0, â. ¥. _L = [A;L] ¨, á«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ fanj(t)g ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë (2). �

�¨â¥à âãà 
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