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§ ¤ çã �®è¨{�¨à¨å«¥

u(x; 0) = u0(x); x 2 
; (0.1)

u(x; t) = 0; (x; t) 2 @
� R (0.2)

¤«ï ­¥ª« áá¨ç¥áª®£® ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå

(1� {�)ut = ��u� jujq�2u+ f; q � 2: (0.3)

�à ¢­¥­¨¥ (0.3) ®¯¨áë¢ ¥â ¤¨­ ¬¨ªã ¤ ¢«¥­¨ï ­¥­ìîâ®­®¢®© ¦¨¤ª®áâ¨, ä¨«ìâàãîé¥©áï ¢
¯®à¨áâ®© áà¥¤¥ [1]. � [2] § ¤ ç  (0.1){(0.3) à áá¬®âà¥­  ¯à¨ ãá«®¢¨¨ ¯®«®¦¨â¥«ì­®áâ¨ ¯ à ¬¥-
âà®¢ {, �, ®â¢¥ç îé¨å §  ã¯àã£¨¥ ¨ ¢ï§ª¨¥ á¢®©áâ¢  ¦¨¤ª®áâ¨ á®®â¢¥âáâ¢¥­­®. �¤­ ª® ¢ [3]
¯®ª § ­®, çâ® ®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï ¯ à ¬¥âà  { ­¥ ¯à®â¨¢®à¥ç â ä¨§¨ç¥áª®¬ã á¬ëá«ã. �®-
íâ®¬ã æ¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¨§ãç¥­¨¥ à §à¥è¨¬®áâ¨ § ¤ ç¨ (0.1){(0.3) ¯à¨ ãá«®¢¨¨
{ 2 R n f0g ¨ � 2 R+ .

�®áª®«ìªã ¯à¨ { 2 R� ®¯¥à â®à ¯à¨ ¯à®¨§¢®¤­®© ¯® t ¢ ãà ¢­¥­¨¨ (0.3) ã¦¥ ­¥ ¡ã¤¥â, ¢®®¡é¥
£®¢®àï, ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬, â® ¯à¨¤¥âáï ¨á¯®«ì§®¢ âì ¨­ë¥, ç¥¬ ¢ [2], ¬¥â®¤ë. � è
¯®¤å®¤ § ª«îç ¥âáï ¢ à¥¤ãªæ¨¨ § ¤ ç¨ (0.1){(0.3) ª § ¤ ç¥ �®è¨

u(0) = u0 (0.4)

¤«ï ¯®«ã«¨­¥©­®£® ®¯¥à â®à­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï c®¡®«¥¢áª®£® â¨¯  [4]

L _u =Mu+N(u); (0.5)

£¤¥ ®¯¥à â®à L ¬®¦¥â ­¥ ¡ëâì ­¥¯à¥àë¢­® ®¡à â¨¬ë¬, ¢ ç áâ­®áâ¨, ¥£® ï¤à® kerL 6= f0g. � -
â¥¬, ®¯¨à ïáì ­  à¥§ã«ìâ âë â¥®à¨¨ ®â­®á¨â¥«ì­® �-®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ [5], à áé¥¯¨¬
ãà ¢­¥­¨¥ (0.5) ­  á¨­£ã«ïà­ãî ¨ à¥£ã«ïà­ãî á®áâ ¢«ïîé¨¥, ª ¦¤ãî ¨§ ª®â®àëå ¨§ãç¨¬ ¯®
®â¤¥«ì­®áâ¨. �á­®¢­ ï æ¥«ì áâ âì¨ | ¨§ãç¥­¨¥ ¬®àä®«®£¨¨ (â. ¥. áâàãªâãàë, áâà®¥­¨ï, ãáâà®©-
áâ¢ ) ä §®¢®£® ¯à®áâà ­áâ¢  ãà ¢­¥­¨ï (0.5) [6].

�â âìï á®¤¥à¦¨â ç¥âëà¥ ç áâ¨. � ¯¥à¢ëå ¤¢ãå ¯à¨¢®¤ïâáï ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ¨§ [5],
[7], ­¥®¡å®¤¨¬ë¥ ­ ¬ ¢ ¤ «ì­¥©è¥¬. � âà¥âì¥© ç áâ¨ ¯à¨¢®¤¨âáï à¥¤ãªæ¨ï § ¤ ç¨ (0.1){(0.3) ª
§ ¤ ç¥ (0.4), (0.5). � ¯®á«¥¤­¥© ç áâ¨ ¨§ãç ¥âáï ä §®¢®¥ ¯à®áâà ­áâ¢®.

�§ãç¥­¨ï ¯à®¢®¤ïâáï ¢ ¢¥é¥áâ¢¥­­ëå ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å, ­® ¯à¨ à áá¬®âà¥­¨¨ \á¯¥ª-
âà «ì­ëå" ¢®¯à®á®¢ ¢¢®¤¨âáï ¨å ¥áâ¥áâ¢¥­­ ï ª®¬¯«¥ªá¨ä¨ª æ¨ï. �á¥ ª®­âãàë ®à¨¥­â¨à®¢ ­ë
¤¢¨¦¥­¨¥¬ \¯à®â¨¢ ç á®¢®© áâà¥«ª¨" ¨ ®£à ­¨ç¨¢ îâ ®¡« áâì, «¥¦ éãî \á«¥¢ " ¯à¨ â ª®¬
¤¢¨¦¥­¨¨. �¨¬¢®« ¬¨ I ¨ O ®¡®§­ ç¥­ë á®®â¢¥âáâ¢¥­­® \¥¤¨­¨ç­ë©" ¨ \­ã«¥¢®©" ®¯¥à â®àë,
®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ª®â®àëå ïá­ë ¨§ ª®­â¥ªáâ .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨¨, è¨äà �� 02-1.1-82

¨ £à ­â®¬ £ã¡¥à­ â®à  �¥«ï¡¨­áª®© ®¡« áâ¨ ¤«ï ¬®«®¤ëå ãç¥­ëå ò03-01-¡.
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1. �â­®á¨â¥«ì­® �-®£à ­¨ç¥­­ë© ®¯¥à â®à

�ãáâì U ¨ F| ¡ ­ å®¢ë ¯à®áâà ­áâ¢ ; ®¯¥à â®àë L;M 2 L(U;F) (â. ¥. «¨­¥©­ë ¨ ­¥¯à¥àë¢-
­ë). �¢¥¤¥¬ L-à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® �L(M) = f� 2 C : (�L �M)�1 2 L(F;U)g ¨ L-á¯¥ªâà
�L(M) = C n �L(M) ®¯¥à â®à  M .

�¯à¥¤¥«¥­¨¥ 1.1. �¯¥à â®à M ­ §ë¢ ¥âáï �-®£à ­¨ç¥­­ë¬ ®â­®á¨â¥«ì­® ®¯¥à â®à  L
(¨«¨ ¯à®áâ® (L; �)-®£à ­¨ç¥­­ë¬), ¥á«¨

9a > 0 8� 2 C (j�j > a)) (� 2 �L(M)):

�ãáâì �L(M) 6= 0, ç¥à¥§ RL
� (M) = (�L�M)�1L ¨ LL

�(M) = L(�L�M)�1 ®¡®§­ ç¨¬ á®®â¢¥â-
áâ¢¥­­® ¯à ¢ãî ¨ «¥¢ãî L-à¥§®«ì¢¥­âë ®¯¥à â®à  M .

�¥¬¬  1.1. �ãáâì ®¯¥à â®à M (L; �)-®£à ­¨ç¥­. �®£¤  ®¯¥à â®àë

P =
1
2�i

Z
�
RL
�(M)d� 2 L(U); Q =

1
2�i

Z
�
LL
�(M)d� 2 L(F) (1.1)

ï¢«ïîâáï ¯à®¥ªâ®à ¬¨.

�¤¥áì ª®­âãà � = f� 2 C : j�j = r > ag.
�®«®¦¨¬ U0 = kerP , F0 = kerQ, U1 = ImP , F1 = ImQ. �¡®§­ ç¨¬ ç¥à¥§ Mk (Lk) áã¦¥­¨¥

®¯¥à â®à  M (L) ­  ¯®¤¯à®áâà ­áâ¢® Uk, k = 0; 1.

�¥®à¥¬  1.1. �ãáâì ®¯¥à â®à M (L; �)-®£à ­¨ç¥­. �®£¤ 

(i) Lk;Mk 2 L(Uk; Fk); k = 0; 1;
(ii) áãé¥áâ¢ã¥â ®¯¥à â®à M�1

0 2 L(F0;U0);
(iii) áãé¥áâ¢ã¥â ®¯¥à â®à L�11 2 L(F1;U1).

�®«®¦¨¬ H =M�1
0 L0 2 L(U0)(� L(U0;U0)), S = L�11 M1 2 L(U1).

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë 1.1 ¯à¨ «î¡®¬ � 2 C (j�j > a)

(�L�M)�1 = �
1X
k=0

�kHkM�1
0 (I�Q) +

1X
k=0

��k�1SkL�11 Q:

�¯à¥¤¥«¥­¨¥ 1.2. �«ï L-à¥§®«ì¢¥­âë (�L�M)�1 ®¯¥à â®à  M â®çª  1 ­ §ë¢ ¥âáï

(i) ãáâà ­¨¬®© ®á®¡®© â®çª®©, ¥á«¨ H � O ;
(ii) ¯®«îá®¬ ¯®àï¤ª  p 2 N, ¥á«¨ Hp 6= O ,   Hp+1 � O ;
(iii) áãé¥áâ¢¥­­® ®á®¡®© â®çª®©, ¥á«¨ 8q 2 N Hq 6= O .

� ¤ «ì­¥©è¥¬ ãáâà ­¨¬ãî ®á®¡ãî â®çªã ¡ã¤¥¬ ­ §ë¢ âì ¯®«îá®¬ ¯®àï¤ª  ­ã«ì.
�¥¬­®£® ®âå®¤ï ®â áâ ­¤ àâ , ¡ã¤¥¬ ­ §ë¢ âì '0 2 kerL n f0g á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ®¯¥-

à â®à  L, ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® ¢¥ªâ®à®¢ f'1; '2; : : : g | æ¥¯®çª®© M -¯à¨á®¥¤¨­¥­­ëå ¢¥ª-

â®à®¢ á®¡áâ¢¥­­®£® ¢¥ªâ®à  '0, ¥á«¨

L'q+1 =M'q; q = 0; 1; : : : ; 'l =2 kerL n f0g; l = 1; 2; : : :

�¥¯®çª  ¬®¦¥â ¡ëâì ¡¥áª®­¥ç­®© (¢ ç áâ­®áâ¨, ®­  ¬®¦¥â ¡ëâì § ¯®«­¥­  ­ã«ï¬¨, ¥á«¨ '0 2
kerL \ kerM), ®¤­ ª® ®­  ®¡ï§ â¥«ì­® ª®­¥ç­ , ¥á«¨ ¢ ­¥© ­ ©¤¥âáï ¢¥ªâ®à 'p â ª®©, çâ® «¨¡®
'p =2 domM , «¨¡® M'p 62 ImL. �®àï¤ª®¢ë© ­®¬¥à ¢¥ªâ®à  ¢ æ¥¯®çª¥ ¡ã¤¥¬ ­ §ë¢ âì ¥£®
¢ëá®â®©,   ¯®àï¤ª®¢ë© ­®¬¥à ¯®á«¥¤­¥£® ¢¥ªâ®à  ¢ ª®­¥ç­®© æ¥¯®çª¥ | ¤«¨­®© íâ®© æ¥¯®çª¨.

�¥®à¥¬  1.2. �ãáâì ®¯¥à â®à L äà¥¤£®«ì¬®¢ (indL = 0). �®£¤  íª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥

ãâ¢¥à¦¤¥­¨ï :

(i) ®¯¥à â®à M (L; �)-®£à ­¨ç¥­, ¯à¨ç¥¬ 1 | ¯®«îá ¯®àï¤ª  p 2 f0g [ N L-à¥§®«ì¢¥­âë
®¯¥à â®à  M ;

(ii) ¤«¨­ë ¢á¥å æ¥¯®ç¥ª M -¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ «î¡®£® á®¡áâ¢¥­­®£® ¢¥ªâ®à  ®¯¥à â®-

à  L ®£à ­¨ç¥­ë ­¥ª®â®àë¬ ç¨á«®¬ p 2 N.
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2. �¢ §¨áâ æ¨®­ à­ë¥ âà ¥ªâ®à¨¨

�ãáâì U ¨ F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®àë L;M 2 L(U;F),   ®¯¥à â®à N 2 Ck(U;F),
k 2 N [ f1g. � áá¬®âà¨¬ § ¤ çã (0.4), (0.5). �¥è¥­¨¥¬ § ¤ ç¨ (0.4), (0.5) ­ §®¢¥¬ ¢¥ªâ®à-
äã­ªæ¨î u 2 Ck((�T; T );U), ã¤®¢«¥â¢®àïîéãî (0.4), (0.5) ¯à¨ ­¥ª®â®à®¬ T 2 R+ :

�à¨¬¥à. �ãáâì U = F = R
2
(�;�) , ®¯¥à â®àë L;M ¨ N § ¤ ¤¨¬ ä®à¬ã« ¬¨

L =
�
0 1
0 0

�
; M = I; N : u!

�
�

� � �2

�
; u 2 (�; �):

�®«®¦¨¬ u0 = (0; 0), â®£¤  § ¤ ç  (0.4), (0.5) ¨¬¥¥â ¤¢  à¥è¥­¨ï: u1 = (0; 0) ¨ u2 = (t=2; t2=4).

�à®áâ¥©è¨© ¯à¨¬¥à ãáâ ­ ¢«¨¢ ¥â ­¥ª®àà¥ªâ­®áâì § ¤ ç¨ (0.4), (0.5) ¢ ®¡é¥¬ á«ãç ¥. �®-
íâ®¬ã ¢¢¥¤¥¬ ­®¢®¥ ¯®­ïâ¨¥ à¥è¥­¨ï § ¤ ç¨ (0.4), (0.5). �ãáâì ®¯¥à â®à M (L; �)-®£à ­¨ç¥­,
â®£¤  ãà ¢­¥­¨¥ (0.5) ¯à¥®¡à §ã¥âáï ¢ á¨áâ¥¬ã

H _u0 = u0 +M�1
0 (I�Q)N(u); (2.1)

_u1 = Su1 + L�11 QN(u); (2.2)

£¤¥ u1 = Pu, u0 = u� u1.

�¯à¥¤¥«¥­¨¥ 2.1. �¥è¥­¨¥ u = u(t) § ¤ ç¨ (0.4), (0.5) ­ §ë¢ ¥âáï ª¢ §¨áâ æ¨®­ à­®© âà -
¥ªâ®à¨¥© ãà ¢­¥­¨ï (0.5), ¯à®å®¤ïé¥© ç¥à¥§ â®çªã u0, ¥á«¨ H _u0(t) � 0 ¯à¨ ¢á¥å t 2 (�T; T ).

�¥âàã¤­® ¢¨¤¥âì, çâ® «î¡®¥ áâ æ¨®­ à­®¥ à¥è¥­¨¥ ¡ã¤¥â ª¢ §¨áâ æ¨®­ à­®© âà ¥ªâ®à¨¥©,
®¤­ ª® ®¡à â­®¥ ­¥¢¥à­®. � ¯à¨¬¥à¥ ª¢ §¨áâ æ¨®­ à­®© âà ¥ªâ®à¨¥©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã
u0, ï¢«ï¥âáï â®«ìª® áâ æ¨®­ à­®¥ à¥è¥­¨¥.

� ¤ «ì­¥©è¥¬ ®£à ­¨ç¨¬áï ¯®¨áª®¬ â®«ìª® ª¢ §¨áâ æ¨®­ à­ëå âà ¥ªâ®à¨©. �«ï íâ®£® ¢¢¥-
¤¥¬ ¬­®¦¥áâ¢®M = fu 2 U : (I�Q)(Mu+N(u)) = 0g. �§ (2.1) ¨ â¥®à¥¬ë 1.1 ¢ëâ¥ª ¥â, çâ® ¥á«¨
u = u(t) | ª¢ §¨áâ æ¨®­ à­ ï âà ¥ªâ®à¨ï ãà ¢­¥­¨ï (0.5), â® ®­  á ­¥®¡å®¤¨¬®áâìî «¥¦¨â ¢
¬­®¦¥áâ¢¥ M, â. ¥. u(t) 2M ¯à¨ ¢á¥å t 2 (�T; T ).

�ãáâì â®çª  u0 2 M. O¡®§­ ç¨¬ ç¥à¥§ O0 � U ­¥ª®â®àãî ®ªà¥áâ­®áâì íâ®© â®çª¨. �¢¥¤¥¬
¬­®¦¥áâ¢® OM0 = O0 \M ¨ O1

0 = P [OM0 ] � U1. �ã¤¥¬ £®¢®à¨âì, çâ® ¬­®¦¥áâ¢® M ¢ â®çª¥
u0 ï¢«ï¥âáï ¡ ­ å®¢ë¬ Ck-¬­®£®®¡à §¨¥¬, ¥á«¨ áãé¥áâ¢ã¥â Ck-¤¨ää¥®¬®àä¨§¬ � : O1

0 ! OM0
â ª®©, çâ® ��1 = P , k 2 N [ f1g. �­®¦¥áâ¢® M ­ §ë¢ ¥âáï ¡ ­ å®¢ë¬ Ck-¬­®£®®¡à §¨¥¬, ¬®-
¤¥«¨àã¥¬ë¬ ¯®¤¯à®áâà ­áâ¢®¬ U1, ¥á«¨ ®­® ï¢«ï¥âáï ¡ ­ å®¢ë¬ Ck-¬­®£®®¡à §¨¥¬ ¢ ª ¦¤®©
á¢®¥© â®çª¥. (�¥âàã¤­® § ¬¥â¨âì ­¥ª®â®à®¥ ­¥áãé¥áâ¢¥­­®¥ ¢ ¤ ­­®¬ á«ãç ¥ ®â«¨ç¨¥ ®â áâ ­-
¤ àâ  [7].) �¢ï§­®¥ ¡ ­ å®¢® Ck-¬­®£®®¡à §¨¥ M ­ §ë¢ ¥âáï ¯à®áâë¬, ¥á«¨ «î¡®© ¥£®  â« á
íª¢¨¢ «¥­â¥­  â« áã, á®¤¥à¦ é¥¬ã ¥¤¨­áâ¢¥­­ãî ª àâã.

�¥®à¥¬  2.1. �ãáâì ®¯¥à â®àM (L; �)-®£à ­¨ç¥­, ¯à¨ç¥¬1| ¯®«îá ¯®àï¤ª  p 2 f0g[N.
�ãáâì ¬­®¦¥áâ¢®M ¢ â®çª¥ u0 ï¢«ï¥âáï ¡ ­ å®¢ë¬ Ck-¬­®£®®¡à §¨¥¬. �®£¤  ¤«ï ­¥ª®â®à®£®

T 2 R+ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ª¢ §¨áâ æ¨®­ à­ ï âà ¥ªâ®à¨ï ãà ¢­¥­¨ï (0:5), ¯à®å®¤ï-
é ï ç¥à¥§ â®çªã u0.

�à¨¢¥¤¥¬ áå¥¬ã ¤®ª § â¥«ìáâ¢ . �ãáâì u10 = Pu0, ¢ ®ªà¥áâ­®áâ¨ O1
0 â®çª¨ u

1
0 ãà ¢­¥­¨¥ (2.2)

¨¬¥¥â ¢¨¤ _u1 = F (u1), £¤¥ ®¯¥à â®à F = S + L�11 QN� 2 Ck(O1
0;U

1). �ãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­-
­®£® à¥è¥­¨ï u1 2 Ck((�T; T );U1) § ¤ ç¨ �®è¨ u1(0) = u10 ¯à¨ ­¥ª®â®à®¬ T 2 R+ | ª« áá¨-
ç¥áª¨© à¥§ã«ìâ â [7]. �áª®¬ ï ª¢ §¨áâ æ¨®­ à­ ï âà ¥ªâ®à¨ï ¨¬¥¥â ¢¨¤ u(t) = �(u1(t)) + u1(t),
t 2 (�T; T ).

� ¬¥ç¥­¨¥ 2.1. �á«¨1| áãé¥áâ¢¥­­® ®á®¡ ï â®çª , â® â¥®à¥¬  2.1 ­¥¢¥à­  ¤ ¦¥ ¢ á«ãç ¥
N � O [5].
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3. �®áâ ­®¢ª  § ¤ ç¨

�¥¤ãæ¨àã¥¬ § ¤ çã (0.1){(0.3) ª § ¤ ç¥ (0.4), (0.5). �«ï íâ®£® ¯®«®¦¨¬ U =
0

W 1
2 \ Lq

(¢á¥ äã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢  ®¯à¥¤¥«¥­ë ­  ®¡« áâ¨ 
). � ¤¥«¥­¨¥ U ­®à¬®© k � kU =
k � k 0

W 1

2

+ k � kLq ¯à¥¢à é ¥â U ¢ ¡ ­ å®¢® ¯à®áâà ­áâ¢®. � ¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë ¢«®¦¥-

­¨ï �®¡®«¥¢  U �
0

W 1
2 ¯à¨ n � 3 ¨ 2 � q � 4=(n � 2) + 2. � ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  F ¢®§ì¬¥¬

W�1
2 + Lq0 ; q�1 + (q0)�1 = 1, ­ ¤¥«¥­­®¥ á¨«ì­®© â®¯®«®£¨¥© ¯à®áâà ­áâ¢ , á®¯àï¦¥­­®£® ª U.

�¯¥à â®àë L, M ¨ N ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨

hLu; vi =
Z



(uv + {uxivxi)dx; hMu; vi = ��

Z



uxivxidx; hN(u); vi = �

Z



jujq�2uv dx;

£¤¥ u; v 2 U, h�; �i| áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2. (� ¬¥â¨¬, çâ® ¢áî¤ã ¢ë¯®«­ï¥âáï á®£« è¥­¨¥
�©­èâ¥©­  ® áã¬¬¨à®¢ ­¨¨ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬.) �® ¯®áâà®¥­¨î ®¯¥à â®àë L, M
¯à¨­ ¤«¥¦ â L(U;F), N : U! F.

�¥®à¥¬  3.1. (i) �¯¥à â®à M (L; �)-®£à ­¨ç¥­, ¯à¨ç¥¬ 1 | ¯®«îá ¯®àï¤ª  ­ã«ì.

(ii) �¯¥à â®à N ¯à¨­ ¤«¥¦¨â C1(U;F).

�®ª § â¥«ìáâ¢®. (i) �¡®§­ ç¨¬ ç¥à¥§ f�kg § ­ã¬¥à®¢ ­­®¥ ¯® ­¥¢®§à áâ ­¨î á ãç¥â®¬ ªà â-
­®áâ¨ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¤­®à®¤­®© § ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  �
¢ ®¡« áâ¨ 
,   ç¥à¥§ f'kg | ®àâ®­®à¬¨à®¢ ­­®¥ ¢ á¬ëá«¥ L2 ¬­®¦¥áâ¢® á®®â¢¥âáâ¢ãîé¨å á®¡-
áâ¢¥­­ëå äã­ªæ¨©. � á¨«ã £« ¤ª®áâ¨ £à ­¨æë @
 ¬­®¦¥áâ¢® f'kg � C1

0 (
).
�á«¨ {�1 =2 f�kg, â® áãé¥áâ¢ãîâ ®¯¥à â®àë L�1;M�1 2 L(F;U), ¨ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®.

�ãáâì {�1 2 f�kg, â®£¤  kerL = spanf'l : {�1 = �lg.
�®§ì¬¥¬ ¢¥ªâ®à ' 2 kerL n f0g, ' = al'l, al 2 R. �®£¤  M' = �{�1al'l =2 ImL, â. ¥. ¢¥ªâ®à '

­¥ ¨¬¥¥â M -¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢. �âáî¤  ¢ á¨«ã â¥®à¥¬ë 1.2 á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥.
(ii) �ãáâì u 2 Lq. �®£¤  ¤«ï ¯à®¨§¢®¤­®© �à¥è¥ N 0

u ®¯¥à â®à  N ¢ â®çª¥ u ¨ ¢ á¨«ã ­¥à -
¢¥­áâ¢  ��¥«ì¤¥à  ¨¬¥¥¬

jhN 0
uv; wij = (q � 1)j

Z



jujq�2vw dxj � (q � 1)kukq�2Lq kvkLqkwkLq : �

� ª¨¬ ®¡à §®¬, L-á¯¥ªâà ®¯¥à â®à  M ¨¬¥¥â ¢¨¤

�L(M) =
�

��k
1� {�k

: k 2 N n fl : {�1 = �lg

�
:

� á¨«ã íâ®£® ¯® ä®à¬ã« ¬ (1.1) ¬®¦­® ¯®áâà®¨âì ¯à®¥ªâ®àë

P = I�
X

{
�1=�l

h�; 'ki'k; Q = I�
X

{
�1=�l

h�; 'ki'k: (3.1)

�®§ì¬¥¬ â®çªã f 2 F ¨ ¯®áâà®¨¬ ¬­®¦¥áâ¢®

Mf =

(
U; ¥á«¨ {�1 62 f�kg;

fu 2 U : h(Mu+N(u) + f); 'li = 0; {�1 = �lg:

�¥®à¥¬  3.2. (i) �ãáâì {�1 =2 f�kg. �®£¤  ¤«ï «î¡ëå � 2 R+ , f 2 F, u0 2 U ¨ ­¥ª®â®à®£®

T 2 R+ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 C1((�T; T );U) § ¤ ç¨ (0:1){(0:3).
(ii) �ãáâì {�1 2 f�kg. �®£¤  ¤«ï «î¡ëå � 2 R+ , f 2 F, ­¥ª®â®à®£® T 2 R+ ¨ ­¥ª®â®à®©

â®çª¨ u0 2 Mf â ª®©, çâ® ¢ ­¥© ¬­®¦¥áâ¢® Mf ï¢«ï¥âáï ¡ ­ å®¢ë¬ C1-¬­®£®®¡à §¨¥¬,

áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 C1((�T; T );Mf ) § ¤ ç¨ (0:1){(0:3).
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�®ª § â¥«ìáâ¢®. (i) � íâ®¬ á«ãç ¥ ¬­®¦¥áâ¢® Mf á ®ç¥¢¨¤­®áâìî ï¢«ï¥âáï ¯à®áâë¬ ¡ -
­ å®¢ë¬ C1-¬­®£®®¡à §¨¥¬, ¯®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ 3.1 ¨ 2.1.

(ii) � íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® «î¡®¥ à¥è¥­¨¥ u 2 C1((�T; T );U) § ¤ ç¨ (0.1){
(0.3) á ­¥®¡å®¤¨¬®áâìî ¡ã¤¥â «¥¦ âì ¢ ¬­®¦¥áâ¢¥Mf (u(t) 2Mf 8t 2 (�T; T )) ¨ ¯®íâ®¬ã ¡ã¤¥â
ª¢ §¨áâ æ¨®­ à­®© âà ¥ªâ®à¨¥©. �áâ ¥âáï á®á« âìáï ­  â¥®à¥¬ë 3.1 ¨ 2.1.

4. � §®¢®¥ ¯à®áâà ­áâ¢®

�¥à­¥¬áï ª  ¡áâà ªâ­®¬ã ãà ¢­¥­¨î (0.5). �¥ªâ®à-äã­ªæ¨î u 2 Ck((�T; T );U), k 2 N[f1g,
ã¤®¢«¥â¢®àïîéãî ¥¬ã, ­ §®¢¥¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (0.5).

�¯à¥¤¥«¥­¨¥ 4.1. �­®¦¥áâ¢® B � U ­ §ë¢ ¥âáï ä §®¢ë¬ ¯à®áâà ­áâ¢®¬ ãà ¢­¥­¨ï (0.5),
¥á«¨

(i) «î¡®¥ à¥è¥­¨¥ u = u(t) ãà ¢­¥­¨ï (0.5) «¥¦¨â ¢ B, â. ¥. u(t) 2B ¯à¨ ¢á¥å t 2 (�T; T );
(ii) ¤«ï «î¡®© â®çª¨ u0 2B áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.4), (0.5).

� ª á«¥¤ã¥â ¨§ â¥®à¥¬ë 3.2, ¬­®¦¥áâ¢® Mf ¯à¨ ¢á¥å f 2 F, { 2 R n f0g, � 2 R+ ï¢«ï¥â-
áï ä §®¢ë¬ ¯à®áâà ­áâ¢®¬ ãà ¢­¥­¨ï (0.3) ¯à¨ ãá«®¢¨¨ (0.2). �á«¨ {

�1 =2 f�kg, â® Mf � U.
�§ãç¨¬ ¬®àä®«®£¨î ¬­®¦¥áâ¢  Mf ¢ á«ãç ¥ {�1 2 f�kg. �«ï íâ®£® ¢¢¥¤¥¬ â¥à¬¨­®«®£¨î,
ä®à¬ «¨§®¢ ­­ãî ¢ [8].

�ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ®á­ é¥­­®¥ ¤ã «ì­®© ¯ à®© à¥ä«¥ªá¨¢­ëå ¡ ­ å®-
¢ëå ¯à®áâà ­áâ¢, â. ¥. B � H � B�. �¯¥à â®à A 2 C1(B;B�) ­ §ë¢ ¥âáï s-¬®­®â®­­ë¬, ¥á«¨
[A0

uv; v] > 0 ¤«ï ¢á¥å u; v 2 B n f0g (§¤¥áì [�; �] | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ H), ¨ á¨«ì­® ª®íàæ¨-
â¨¢­ë¬, ¥á«¨

lim
kvkB!1

[A(u+ v); v]
kvkB

= +1

¯à¨ ¢á¥å u 2 B. �¥âàã¤­® § ¬¥â¨âì, çâ® á¨«ì­® ª®íàæ¨â¨¢­ë© ®¯¥à â®à ï¢«ï¥âáï ª®íàæ¨â¨¢­ë¬.
� [8] ¯®ª § ­®, çâ® «î¡®© s-¬®­®â®­­ë© ®¯¥à â®à ï¢«ï¥âáï áâà®£® ¬®­®â®­­ë¬,   «î¡®© á¨«ì­®
¬®­®â®­­ë© £« ¤ª¨© ®¯¥à â®à { s-¬®­®â®­­ë¬ (á¬. â¥à¬¨­®«®£¨î ¢ [9]).

�áâ ­®¢¨¬ á­ ç « , çâ® Mf 6= 0. �«ï íâ®£® ¯®«®¦¨¬ U0 = kerL, U1 = fu 2 U : hu; 'li = 0,
{�1 = �lg. �ç¥¢¨¤­®, U0 = kerP , U1 = ImP , £¤¥ P ¨§ (3.1).

�¥¬¬  4.1. �à¨ «î¡ëå {�1 2 f�kg, � 2 R+ , f 2 F, u1 2 U1 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë©

¢¥ªâ®à u0 2 U0 â ª®©, çâ® u0 + u1 2Mf .

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ � 2 R+ ¨ f 2 F ¨ ¯®áâà®¨¬ ®¯¥à â®à A = �M �N � f . � á¨«ã
â¥®à¥¬ë 3.1 ®¯¥à â®à A ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã C1(U;F). �® ¯®áâà®¥­¨î ¯à®áâà ­áâ¢  U,
F ï¢«ïîâáï ¤ã «ì­®© ¯ à®© à¥ä«¥ªá¨¢­ëå ¡ ­ å®¢ëå ¯à®áâà ­áâ¢, ®á­ é îé¨å £¨«ì¡¥àâ®¢®
¯à®áâà ­áâ¢® L2.

�¯¥à â®à A s-¬®­®â®­¥­. �¥©áâ¢¨â¥«ì­®, ¯à¨ «î¡ëå u; v 2 Lq ¨¬¥¥¬

�hN 0
uv; vi = (q � 1)

Z



jujq�2v2dx:

�¯¥à â®à A á¨«ì­® ª®íàæ¨â¨¢¥­. �¥©áâ¢¨â¥«ì­®, ¯à¨ «î¡ëå u; v 2 Lq ¨¬¥¥¬

� hN(u+ v); vi =
Z


ju+ vjq�2(u+ v)vdx �

� ku+ vkqLq + hN(u+ v); ui � ku+ vkq�1Lq (ku+ vkLq � kukLq ):

�¤¥áì ¤«ï ®¯¥à â®à  �M s-¬®­®â®­­®áâì ¨ á¨«ì­ ï ª®íàæ¨â¨¢­®áâì ®ç¥¢¨¤­ë, ¢¥ªâ®à f ­¥áã-
é¥áâ¢¥­.

�¥¯¥àì ä¨ªá¨àã¥¬ {�1 2 f�kg, u1 2 U1 ¨ ¯®áâà®¨¬ ®¯¥à â®à A0 : kerL ! kerL á«¥¤ãîé¨¬
®¡à §®¬: A0u

0 = col(hA(u0+u1); 'li'l), £¤¥ {�1 = f�lg, u0 = al'l. �¢¨¤ã ¤®ª § ­­®£® ®¯¥à â®à A0

s-¬®­®â®­¥­ ¨ ª®íàæ¨â¨¢¥­. � á¨«ã â¥®à¥¬ë �¨è¨ª {�¨­â¨{�à ã¤¥à  (á¬., ­ ¯à., [9]) ãà ¢­¥­¨¥
A0u

0 = 0 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
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�¥®à¥¬  4.1. �à¨ «î¡ëå { 2 R n f0g, � 2 R+ , f 2 F ä §®¢ë¬ ¯à®áâà ­áâ¢®¬ ãà ¢­¥­¨ï

(0:3) ¯à¨ ãá«®¢¨¨ (0:2) á«ã¦¨â ¯à®áâ®¥ ¡ ­ å®¢® C1-¬­®£®®¡à §¨¥Mf , ¬®¤¥«¨àã¥¬®¥ ¯à®áâà ­-

áâ¢®¬ U1.

�®ª § â¥«ìáâ¢®. �á«¨ {�1 =2 f�kg, â®Mf � U ¨ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë
3.2 (i). �á«¨ {

�1 2 f�kg, â® ¢ á¨«ã s-¬®­®â®­­®áâ¨ ®¯¥à â®à  A0 ¨ â¥®à¥¬ë ® ­¥ï¢­®© äã­ªæ¨¨
¬­®¦¥áâ¢®Mf ï¢«ï¥âáï ¯à®áâë¬ ¡ ­ å®¢ë¬ C1-¬­®£®®¡à §¨¥¬. � á¨«ã â¥®à¥¬ë 3.2 (ii) ¬­®¦¥-
áâ¢® Mf | ä §®¢®¥ ¯à®áâà ­áâ¢®.

� ¬¥ç¥­¨¥ 4.1. � áá¬®âà¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥

L _u =Mu: (4.1)

�ãáâì � � C | ª®­âãà â ª®©, ª ª ¢ (1.1). �®£¤ , ª ª ¯®ª § ­® ¢ [5], áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï
à §à¥è îé ï £àã¯¯  ãà ¢­¥­¨ï (4.1), ª®â®à ï, ª â®¬ã ¦¥, ¨¬¥¥â ¢¨¤

U t =
1
2�i

Z
�

RL
�(M)e�td�; t 2 R:

�ç¥¢¨¤­®, ¥¤¨­¨æ¥© íâ®© £àã¯¯ë ï¢«ï¥âáï ¯à®¥ªâ®à P . �®íâ®¬ã ¬®¦­® ®¯à¥¤¥«¨âì ®¡à § ImU�

£àã¯¯ë fU t : t 2 Rg, ¯®«®¦¨¢ ImU� = ImP = U1. �âáî¤  á«¥¤ã¥â, çâ® ¯à®áâ®¥ ¡ ­ å®¢® C1-¬­®-
£®®¡à §¨¥ ¬®¤¥«¨àã¥âáï ®¡à §®¬ à §à¥è îé¥© £àã¯¯ë «¨­¥©­®£® ãà ¢­¥­¨ï.
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