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��� 517.518

�.�. ����������

��������������� ����, ����������� ������� ������

�¢¥¤¥¨¥. �ãáâì D | ªàã£®¢®© á¥ªâ®à, ®£à ¨ç¥ë© ®âà¥§ª ¬¨ l1 ¨ l3 ¯àï¬ëå Re z =
� Im z á®®â¢¥âáâ¢¥® ¨ ¤ã£®© l2 ®ªàã¦®áâ¨ jzj = 1, j arg zj < �=4. �á«¨ ¨§ § ¬ëª ¨ï D ã¤ -
«¨âì ç áâì ¯®«®¦¨â¥«ì® ®à¨¥â¨à®¢ ®© £à ¨æë @D, â® ¯®«ãç¨¬ äã¤ ¬¥â «ìãî ®¡« áâì
ç áâ®£® á«ãç ï ª®¥ç®© £àã¯¯ë ¤¨í¤à  ([1], £«. 7, x 6). �®à®¦¤ îé¨¥ ¯à¥®¡à §®¢ ¨ï £àã¯¯ë
�1(z) = iz, �2(z) = z�1 ¨¤ãæ¨àãîâ £®¬¥®¬®àä¨§¬ �(t) : @D ! @D,

�(t) = t; , �(t) = f�j(t); t 2 ljg; �3 = ��11 ; �(�(t)) � t;

¨§¬¥ïîé¨© ®à¨¥â æ¨î £à ¨æë @D. �à®¨§¢®¤ ï �0(t) à §àë¢  ¢ ¢¥àè¨ å t1 = 0, t2;3 =p
2=2� i

p
2=2.

�á®¢®© æ¥«ìî à ¡®âë ï¢«ï¥âáï ¨§ãç¥¨¥  ¯¯à®ªá¨¬¨àãîé¨å á¢®©áâ¢ âà¥å á¨áâ¥¬: á¨áâ¥¬ë
à æ¨® «ìëå äãªæ¨©

 k(z) = �k(�z)� �k(z); k = 1; 2; : : : ; (1)

£¤¥ �k(z) = i(iz �p2=2)�k�1 � z�2(z�1 �p2=2)�k�1; á¨áâ¥¬ë ¨â¥£à «®¢ â¨¯  �®è¨

fm(z) =
1
2�i

Z
@D0

�m(t)(z � t)�1dt; z =2 D0; m = 1; 2; : : : ; (2)

£¤¥ �m(t) = (�(t) �p2=2)m; á¨áâ¥¬ë æ¥«ëå äãªæ¨© íªá¯®¥æ¨ «ì®£® â¨¯  (æ. ä. í. â.)

Fm(z) =
1
2�i

Z
@D0

�m(t) exp(zt)dt; (3)

 áá®æ¨¨à®¢ ëå ¯® �®à¥«î á ¨â¥£à « ¬¨ (2). �¡« áâì D0 ®£à ¨ç¥  ¤ã£ ¬¨ ®ªàã¦®áâ¥© jz�p
2i=2j = p

2=2 ¨ ®âà¥§ª®¬ Re z =
p
2=2, ¯à¨ç¥¬ D0 � D ¨ �(t) : @D0 ! jt�p2=2j = p

2=2. � âà¥å
á¥£¬¥â å, ¤®¯®«ïîé¨å ®¡« áâì D0 ¤® ®¡« áâ¨ D, ¤®®¯à¥¤¥«¨¬ äãªæ¨î �(z)   «¨â¨ç¥áª¨¬
¯à®¤®«¦¥¨¥¬ �(t) á á®®â¢¥âáâ¢ãîé¥© £« ¤ª®© ª®¬¯®¥â®© £à ¨æë @D. �â âìï á®¤¥à¦¨â ¤¢¥
ç áâ¨. � x 1 ¯®«ãç¥ë ¤¢  ®á®¢ëå à¥§ã«ìâ â .

�¥®à¥¬  1. �ãáâì �(z) 2 A(D0) ¨ �+(t) 2 C2(@D0), ¯à¨ç¥¬

�(tj) = 0; j = 1; 3: (4)

�®£¤ 

�(z) =
1X
k=1

�k k(z); z 2 D0; (5)

£¤¥

�k =
1
2�i

Z
@D0

�+(t)f�k (t)dt: (6)

�ï¤ (5) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   § ¬ëª ¨¨ D0.
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�¥®à¥¬  2. �ãáâì 
(z) 2 A[cD0]. �®£¤ 


(z) =
1X
k=1

�kfk(z); z 2 cD0; (7)

£¤¥

�k =
1
2�i

Z
@D0


(t) k(t)dt: (8)

�ï¤ (7) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   § ¬ëª ¨¨ cD0.

�â®á¨â¥«ì® á¢®©áâ¢ ®à¬¨à®¢ ëå ¨ áç¥â®®à¬¨à®¢ ëå ¯à®áâà áâ¢   «¨â¨ç¥áª¨å
äãªæ¨© A[cD], eA(D), A(D) á¬. [2].

� x 2 ¨áá«¥¤ãîâáï á¢®©áâ¢  á¨áâ¥¬ë æ.ä. í. â. (3). �®áâà®¥  á¨áâ¥¬  äãªæ¨©, ¡¨®àâ®£® «ì-
® á®¯àï¦¥ ï ª á¨áâ¥¬¥ (3)   ª®®à¤¨ âëå ®áïå. � áá¬®âà¥  ¢®§¨ª îé ï ¢ á¢ï§¨ á íâ¨¬
á®®â¢¥âáâ¢ãîé ï ¯à®¡«¥¬  ¬®¬¥â®¢. �®«ãç¥ë ä®à¬ã«ë áã¬¬¨à®¢ ¨ï àï¤  (5).

1. �¨áâ¥¬ë (1) ¨ (2) ¡¨®àâ®£® «ìë   @D, â. ¥.

1
2�i

Z
@D

 k(t)fm(t)dt = �m;k: (9)

� á ¬®¬ ¤¥«¥, ¯¥à¥¯¨è¥¬ á®®â®è¥¨ï (9) ¢ ¢¨¤¥

� 1
2�i

Z
jt�p2=2j=p2=2

�0(t) k(�(t))(t �
p
2=2)mdt = �m;k;

¨á¯®«ì§ãï § ¬¥ã ¯¥à¥¬¥®© ¨â¥£à¨à®¢ ¨ï. �® �t�2 k(t�1) = i k(it), ¨ ¯®á«¥¤¨© ¨â¥£à «
¢ëç¨á«ï¥âáï á ¯®¬®éìî ¢ëç¥â®¢. �¨®àâ®£® «ì ï á®¯àï¦¥®áâì íâ¨å á¨áâ¥¬ á®åà ï¥âáï ¨
  @D0 á § ¬¥®© äãªæ¨© (2)   ¨å £à ¨çë¥ § ç¥¨ï f�m(t) (ä®à¬ã«ë �®å®æª®£®).

�®ïá¨¬, ª ª¨¬ ®¡à §®¬ \ã£ ¤  " ¡¨®àâ®£® «ì®áâì á¨áâ¥¬ (1) ¨ (2). � ([3], x 1) ¡ë«¨
¯®«ãç¥ë à¥§ã«ìâ âë, ¯®§¢®«ïîé¨¥ âà áä®à¬¨à®¢ âì § ¤ ë¥ ¡¨®àâ®£® «ìë¥ á¨áâ¥¬ë á
¯®¬®éìî ¥ª®â®àëå «¨¥©ëå ®¯¥à â®à®¢. �ãáâì 'm(z) = (z�p2=2)m ¨ bk(z) = (z�p2=2)�k�1.
�¢¥¤¥¬ ®¯¥à â®àë

(V f)(z) �
4X

k=1

f(�k(z)); ( eV b)(z) � 4X
k=1

(��1k (z))0b(�k(z));

£¤¥ �4(z) = �z�1. �®£¤  á¨áâ¥¬ë äãªæ¨©

fm(z) : (V fm)(z) = 'm(z); z 2 D; (10)

¨  k(z) � ( eV bk)(z) â ª¦¥ ¡¨®àâ®£® «ìë   @D. �à¨ íâ®¬ ãà ¢¥¨¥ (10) à¥è ¥âáï ¢ § ¬ªãâ®¬
¢¨¤¥ (á¬. ¤ «¥¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2) ¢ ª« áá¥ äãªæ¨©, £®«®¬®àäëå ¢¥ D, ¨áç¥§ îé¨å
  ¡¥áª®¥ç®áâ¨, ¨ f�m(t) 2 C(@D).

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. �¬¥¥¬ (6) () �k = � 1
2�i

Z
@D0

�+(t)�k(t)dt. �¢ ¦¤ë

¨â¥£à¨àãï ¯® ç áâï¬, á ãç¥â®¬ (4) ¯®«ãç¨¬

�k = (k + 1)�1(k + 2)�1
��

�+(t)
�0(t)

�0
�k+2(t)

���
@D0

�
Z
@D0

�
�+(t)
�0(t)

�00
�k+2(t)(�0(t))�1dt

�
:

�®áª®«ìªã j�0(t)j = 1 ¨ j�00(t)j � 2,   j�k(t)j < A12�k=2, â® á ãç¥â®¬ ®£à ¨ç¥®áâ¨ ¯¥à¢®© ¨
¢â®à®© ¯à®¨§¢®¤ëå äãªæ¨¨ �+(t) ¨¬¥¥¬ 8k 9� : j�kj � �(k + 1)�1(k + 2)�12�k=2, § ç¨â, àï¤
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áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¢ § ¬ëª ¨¨ @D0. �®«®¦¨¬

 (z) = �(z)�
1X
k=1

�k k(z) =)
Z
@D0

 +(t)�k(t)dt = 0 =)

=)
Z

jt�p2=2j=p2=2

�0(t) +(�(t))(t �
p
2=2)kdt = 0:

�®£¤  ([4], á. 74) äãªæ¨ï �0(t) +(�(t)) £®«®¬®àä  ¢ ªàã£¥ jz �p2=2j < p
2=2, á«¥¤®¢ â¥«ì®,

 +(t) ¨ �0(t) +(�(t)) ®¤®¢à¥¬¥® £®«®¬®àä® ¯à®¤®«¦¨¬ë ¢ D á @D. � á ¬®¬ ¤¥«¥, äãªæ¨ï
 +
1 (t) =  +(t) + �0(t) +(�(t)) £®«®¬®àä  ¢ D ¨  +

1 (t) = �0(t) +
1 (�(t)). � ¯®¬®éìî ¯à¨æ¨¯ 

«®ª «ì®-ª®ä®à¬®£® áª«¥¨¢ ¨ï [5] § ¤ ç  � à«¥¬   á¢®¤¨âáï ª § ¤ ç¥ «¨¥©®£® á®¯àï-
¦¥¨ï, ®âªã¤   1(z) � 0, â. ¥.  (z) � 0.

� ¬¥ç ¨¥ 1. �£à ¨ç¥¨ï (4) ï¢«ïîâáï ¥¨§¡¥¦ë¬¨, ¯®áª®«ìªã 8k, 8j = 1; 3 :  k(tj) = 0.

�à¨áâã¯¨¬ ª ¢ë¢®¤ã â¥®à¥¬ë 2. �á¯®«ì§ãï ä®à¬ã«ë �®å®æª®£® ¨ ¨â¥£à¨àãï ¯® ç áâï¬
®á®¡ë© ¨â¥£à «, ¨¬¥¥¬

f�m(t) =
�m(t)
2

� m

2�i

Z
@D0

�0(�)�m�1(�) ln(� � t)d�;

â. ¥. 8m 9�1 : max
t2@D0

jf�m(t)j � �1m2�m=2, â. ª.
Z
@D0

jln(� � t)jjd� j < A2, £¤¥ A2 | ¥ª®â®à ï ¯®áâ®-

ï ï. � ¤àã£®© áâ®à®ë, ª®íää¨æ¨¥âë (8) | íâ® ª®íää¨æ¨¥âë àï¤  �¥©«®à  á æ¥âà®¬ ¢
â®çª¥ z0 =

p
2=2 äãªæ¨¨ (V 
)(z) = 
(iz) + 
(�iz) + 
(z�1) + 
(�z�1); à ¤¨ãá áå®¤¨¬®áâ¨ ª®-

â®à®£® R >
p
2=2. �®íâ®¬ã àï¤ (7) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¢ § ¬ëª ¨¨ cD0. �¢¥¤¥¬

äãªæ¨î


1(z) = 
(z)�
1X
k=1

�kfk(z);

ã¤®¢«¥â¢®àïîéãî ¯® á¢®¥¬ã ®¯à¥¤¥«¥¨î äãªæ¨® «ì®¬ã ãà ¢¥¨î

(V 
1)(z) = 0; z 2 D:
�¥è¥¨¥ íâ®£® äãªæ¨® «ì®£® ãà ¢¥¨ï ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¨â¥£à «  â¨¯  �®è¨


1(z) =
1
2�i

Z
@D
'(�)(� � z)�1d�; z =2 D; (11)

á ¥¨§¢¥áâ®© ¯«®â®áâìî '(�) = a+(�)�
�1 (�). �®¦® áç¨â âì, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ®

'(�) + '(�(�)) = 0; � 2 @D: (12)

�¥«® ¢ â®¬, çâ® ¯«®â®áâì ¨â¥£à «  (11) ®¯à¥¤¥«¥  á â®ç®áâìî ¤® £®«®¬®àä® ¯à®¤®«¦¨¬®£®
¢ D á« £ ¥¬®£® a+(�), ª®â®à®¥ ¬®¦® ¯®¤®¡à âì â ª, çâ®¡ë ¢ë¯®«ï«®áì (12). �®£¤ , ¯®«®¦¨¢
�4(z) = �z�1, ¯®«ãç¨¬

F (z) � 1
2�i

Z
@D

'(�)E(z; �)d� = 0; z 2 D; E(z; �) =
4X

j=1

(� � �j(z))�1:

�¯à ¢¥¤«¨¢   «®£ ä®à¬ã«ë �®å®æª®£® F+(t) = �'(�(t))=2 + F (t), ®âªã¤ 

(T')(t) = F+(t)� F+(�(t)) = '(t) +
1
2�i

Z
@D

'(t)K(t; �)d� = 0;

£¤¥ K(t; �) = E(t; �)� �0(�)E(�(t); �(�)). �®

K(t; �) =

(
0; � =2 l2;
��1; � 2 l2;

=) '(�) � 0 =) 
1 � 0:
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� ¬¥ç ¨¥ 2. �®«ãç¥ë© à¥§ã«ìâ â ¯®§¢®«ï¥â áïâì ®£à ¨ç¥¨ï (4), ® à ¢¥áâ¢® (5)
¢ë¯®«ï¥âáï ã¦¥ â®«ìª®, ¥á«¨ K | ª®¬¯ ªâ ¢ D0, ¯à¨ç¥¬ àï¤ (5) áå®¤¨âáï â ¬ ¨  ¡á®«îâ®
¨ à ¢®¬¥à®. �®ª § â¥«ìáâ¢® ®á®¢ ®   áâ ¤ àâ®¬ ¯à¨¥¬¥ | à §«®¦¥¨¨ ï¤à  �®è¨ ¢
¡¨®àâ®£® «ìë© àï¤ ([6], £«. IV, x 6).

2. �¥§ã«ìâ âë x 1 ¯®§¢®«ïîâ ¯¥à¥©â¨ ª ¨§ãç¥¨î á¢®©áâ¢ á¨áâ¥¬ë æ.ä. í. â. (3). �ç¥¢¨¤®,
2�iFm(z) = im exp(�iz=p2)G(m)

1 (z) + (�i)m exp(zi=
p
2)G(m)

2 (z) + �m(z), m = 1; 2; : : : , £¤¥

G1(z) = z�1(exp(z=
p
2)� exp(iz=

p
2));

G2(z) = �iG1(�iz);
�m(z) =

Z
l2

(��1 �
p
2=2)m exp(z�)d�:

�â¨ ¨â¥£à «ë ¢ëç¨á«ïîâáï ¯® à¥ªãàà¥âë¬ ä®à¬ã« ¬

�m+1(z) = (m�1z �
p
2)�m(z)� 2�1�m�1(z)�m�1(i=

p
2)m �

� exp(z=
p
2)
�
(�1)m exp

�
izp
2

�
� exp

�
� izp

2

��
; m = 1; 2; : : : ;

�0(z) = 2iz�1 exp(z=
p
2) sin(z=

p
2);

�1(z) = e�(z) �p2=2�0(z):
�¤¥áì e�0(z) = �0(z) ¨ e�(0) = �i=2. �®áª®«ìªã

(V fm)(z) = (z �
p
2=2)m; z 2 D;

â®, ¯¥à¥å®¤ï ª á®®â¢¥âáâ¢ãîé¨¬ ¢¥àå¨¬ äãªæ¨ï¬, ¨¬¥¥¬Z 1

�1
Fm(t) exp(�tz�1 sgn t)dt+

Z 1i

�1i

Fm(t) exp(�tiz sgn(it))dt = 2�i(z �
p
2=2)m; jz �

p
2=2j < ";

£¤¥ ç¨á«® " > 0 ¤®áâ â®ç® ¬ «®. �«¥¤®¢ â¥«ì®, äãªæ¨¨eFm(z) = (2�im!)�1Fm(z)

ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

L( eFm(t); k) �
Z 1

�1
eFm(t)

dk

dzk
(�tz�1 sgn t)jz=p2=2dt+

+
Z 1i

�1i

eFm(t)(�ti sgn(ti))k exp(�ti sgn(it)=
p
2)dt = �m;k:

�¥¯¥àì â¥®à¥¬ã 2 § ¯¨è¥¬ ¢ ¤àã£®© ä®à¬¥.

�¥®à¥¬  3. �ãáâì F (z) | æ.ä. í.â. ¨  áá®æ¨¨à®¢  ï á ¥© ¯® �®à¥«î ¨¦ïï äãªæ¨ï

f(z) 2 A[cD0]. �®£¤ 

F (z) =
1X

m=1

�m eFm(z); (13)

£¤¥

�m = L(F;m): (14)

�ï¤ (13) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   «î¡®¬ ª®¬¯ ªâ¥ ¢ C.
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�®à¬ã«ã (13) ¬®¦® âà ªâ®¢ âì ª ª à¥è¥¨¥ ¨â¥à¯®«ïæ¨®®© § ¤ ç¨ (14) ¢ ª« áá¥
æ.ä. í. â. F (z), ®¯¨áë¢ ¥¬ëå ¢ â¥®à¥¬¥ 3. � ¡®«¥¥ ®¡é¥¬ á«ãça¥ ¢¢¥¤¥¬ äãªæ¨î

g(z) =
1X

m=1

�m
m!

(z �
p
2=2)m

¨ ¯®âà¥¡ã¥¬, çâ®¡ë g(z) 2 eA(D). �®á«¥¤¥¥ § ¢¥¤®¬® ¢ë¯®«¥®, ¥á«¨ à ¤¨ãá áå®¤¨¬®áâ¨ áâ¥-
¯¥®£® àï¤  R >

p
2=2. �ã¤¥¬ £®¢®à¨âì, çâ® F (z) 2 B, ¥á«¨ 1) á®¯àï¦¥®© ¨¤¨ª â®à®©

¤¨ £à ¬¬®© F (z) ï¢«ï¥âáï á¥ªâ®à D; 2) ¨¦ïï äãªæ¨ï f(z) ¥¯à¥àë¢® ¯à®¤®«¦¨¬    @D.
�à®¡«¥¬ã ¬®¬¥â®¢ (14) ¢ ª« áá¥ B á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �®à¥«ï á¢¥¤¥¬ ª äãªæ¨® «ì-
®¬ã ãà ¢¥¨î

(V f)(z) = g(z); z 2 D;
à §à¥è¨¬®¬ã ¢ § ¬ªãâ®© ä®à¬¥,

f(z) =
1
2�i

Z
@D
g+(�(t))(z � t)�1dt; F (z) =

1
2�i

Z
@D
g+(�(t)) exp(zt)dt:

� § ª«îç¥¨¥ ¢¥à¥¬áï ª ¨áá«¥¤®¢ ¨î á¢®©áâ¢ á¨áâ¥¬ë à æ¨® «ìëå äãªæ¨© (2). �à¥¤¯®-
«®¦¨¬, çâ® ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1. � àï¤  (5) ¬®¦¥áâ¢® â®ç¥ª áå®¤¨¬®áâ¨ à á-
¯ ¤ ¥âáï   ç¥âëà¥ á¢ï§ë¥ ª®¬¯®¥âë, ¢ëà¥§ ¥¬ë¥ ªàã£ ¬¨ jz � i

p
2=2j � p

2=2 ¨§ ¯®«®áë
jRe zj < p2=2. � ®¡« áâ¨ D1 = �D0 áã¬¬  àï¤  (5) à ¢  ��(�z). �ã¬¬®© àï¤  (5) ¢¥ ãª § -
ëå ªàã£®¢ ¡ã¤¥â äãªæ¨ï

�(z) =
Z
@D0

�+(�)fK(z; �)d�;

£¤¥ fK(z; �) = �1(�)
�
(iz�p2=2)�1(z+i�(t))�1�(iz+p2=2)�1(z�i�(t))�1�z�2(z�1�p2=2)�1(z�1�

�(t))�1 + z�2(z�1 +
p
2=2)�1(z�1 + �(t))�1

�
.
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