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�­®£¨¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨, ¢ ç áâ­®áâ¨, § ¤ ç¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ¨
¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ä®à¬¥ § ¤ ç¨ �®è¨

u0(t) = Au(t); t � 0; u(0) = x; (1)

¢ ­¥ª®â®à®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥X. �ãé¥áâ¢ã¥â á¢ï§ì ¬¥¦¤ã à¥è¥­¨¥¬ § ¤ ç¨ (1) ¨ â¥®à¨¥©
¯®«ã£àã¯¯ «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢. �§¢¥áâ­®, çâ® ¤«ï è¨à®ª®£® ª« áá  ®¯¥à â®à®¢
A á¥¬¥©áâ¢® ®¯¥à â®à®¢ fU(t); t � 0g â ª¨å, çâ® u(t) = U(t)x, ®¡à §ã¥â ¯®«ã£àã¯¯ã. � § ¢¨á¨¬®-
áâ¨ ®â á¢®©áâ¢ ®¯¥à â®à  A ¯®«ãç îâáï ¯®«ã£àã¯¯ë á à §«¨ç­ë¬¨ á¢®©áâ¢ ¬¨ ¨, á«¥¤®¢ â¥«ì­®,
à §«¨ç­ë¥ à¥è¥­¨ï § ¤ ç¨ (1) (ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ­  D � D(A) ¨áå®¤­®© § ¤ ç¨ ¨«¨ ¥¥ ®¡-
®¡é¥­­®¥ à¥è¥­¨¥ ­  X, ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ¯à®¨­â¥£à¨à®¢ ­­®© § ¤ ç¨). � ¨«ãçè¨¬ ¯®
®â­®è¥­¨î ª à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (1) ï¢«ï¥âáï á«ãç ©, ª®£¤  ®¯¥à â®à A ¯®à®¦¤ ¥â á¨«ì-
­® ­¥¯à¥àë¢­ãî ¯à¨ t � 0 ¯®«ã£àã¯¯ã (â. ¥. ¯®«ã£àã¯¯ã ª« áá  C0). � íâ®¬ á«ãç ¥ § ¤ ç  �®è¨
à ¢­®¬¥à­® ª®àà¥ªâ­  ­  D(A), â. ¥. ¤«ï «î¡®£® x 2 D(A) áãé¥áâ¢ã¥â ¥¤¨­câ¢¥­­®¥ à¥è¥­¨¥,
ãáâ®©ç¨¢®¥ à ¢­®¬¥à­® ¯® t 2 [0; T ] ®â­®á¨â¥«ì­® ­ ç «ì­ëå ¤ ­­ëå: sup

0�t�T
ku(t)k �Mkxk.

� ¯®á«¥¤­¥¥ ¢à¥¬ï ­ àï¤ã á â¥®à¨¥© ¯®«ã£àã¯¯ ª« áá  C0 ¤«ï ¨áá«¥¤®¢ ­¨ï ª®àà¥ªâ­®áâ¨
§ ¤ ç¨ (1) è¨à®ª® ¨á¯®«ì§ã¥âáï â¥®à¨ï ¨­â¥£à¨à®¢ ­­ëå ¨ C-¯®«ã£àã¯¯ (á¬., ­ ¯à., [1]). �
[2], [3] ãª § ­ë ¬­®¦¥áâ¢  ­ ç «ì­ëå ¤ ­­ëå, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
§ ¤ ç¨ (1) á ®¯¥à â®à®¬ A, ¯®à®¦¤ îé¨¬ n à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã ¨ C-¯®«ã£àã¯¯ã
á®®â¢¥âáâ¢¥­­®, ¨ ¯®ª § ­®, çâ® ­ ©¤¥­­ë¥ à¥è¥­¨ï ãáâ®©ç¨¢ë ®â­®á¨â¥«ì­® ­ ç «ì­ëå ¤ ­­ëå
x ¯® ¡®«¥¥ á¨«ì­®© ­®à¬¥, ç¥¬ ­®à¬  ¨áå®¤­®£® ¯à®áâà ­áâ¢ .

� àï¤ã á ã¯®¬ï­ãâë¬¨ ¯®«ã£àã¯¯ ¬¨ áãé¥áâ¢ãîâ ¯®«ã£àã¯¯ë, ª®â®àë¥ ï¢«ïîâáï á¨«ì­®
­¥¯à¥àë¢­ë¬¨ ¯à¨ t > 0, ­® ¨¬¥îâ ®á®¡¥­­®áâì ¢ ®ªà¥áâ­®áâ¨ ­ã«ï. � â ª¨¬ ¯®«ã£àã¯¯ ¬
®â­®áïâáï ¯®«ã£àã¯¯ë à®áâ  �. �à¨ ¨áá«¥¤®¢ ­¨¨ ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (1) á ®¯¥à â®à®¬, ¯®à®-
¦¤ îé¨¬ ¯®«ã£àã¯¯ã à®áâ  �, ¢®§­¨ª ¥â ¢®¯à®á ® á¢ï§¨ â ª¨å ¯®«ã£àã¯¯ á ¯®«ã£àã¯¯ ¬¨, ¤«ï
ª®â®àëå ã¦¥ ¯®«ãç¥­ë à¥§ã«ìâ âë ® ª®àà¥ªâ­®áâ¨ à §­®£® à®¤  § ¤ ç¨ (1).

� ¤ ­­®© à ¡®â¥ ¯®ª § ­®, çâ® £¥­¥à â®à ¯®«ã£àã¯¯ë à®áâ  � ¯à¨ 0 < � < 1 ï¢«ï¥âáï
£¥­¥à â®à®¬ ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë,   ¯à¨ � � 1 £¥­¥à â®à®¬ C-¯®«ã£àã¯¯ë; ¯à¨¢¥¤¥­
¯à¨¬¥à á¥¬¥©áâ¢  ¬ âà¨ç­ëå ®¯¥à â®à®¢ A(
), § ¢¨áïé¨å ®â ­¥ª®â®à®£® ¯ à ¬¥âà  
 > 0 ¨
¯®à®¦¤ îé¨å ¯®«ã£àã¯¯ã à®áâ  �(
) � 0.

� ®¡§®à¥ [1]  ¢â®à ¬¨ ¡ë«  ¢ëáª § ­  £¨¯®â¥§  ® â®¬, çâ® £¥­¥à â®à ¯®«ã£àã¯¯ë à®áâ  � = n,
n 2 N, ï¢«ï¥âáï £¥­¥à â®à®¬ n à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë. �®«ãç¥­­ë¥ à¥§ã«ìâ âë ®
á¢ï§¨ ¯®«ã£àã¯¯ à®áâ  � ¨ ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯, ¯à¨¬¥­¥­­ë¥ ª á¥¬¥©áâ¢ã ®¯¥à â®à®¢
A(
), ¯®¬®£ îâ ¯®­ïâì, çâ® ¢ë¤¢¨­ãâ ï £¨¯®â¥§  ¢¥à­  â®«ìª® ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, £à ­â ò97-0-1.7-

72 ¨ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â ò 99-01-00142.
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áãé¥áâ¢®¢ ­¨ï à¥£ã«ïà­®© â®çª¨ ã ®¯¥à â®à  A. � à ¡®â¥ ¯®ª § ­®, çâ® ¯à¨ ®¤­¨å §­ ç¥­¨-
ïå ¯ à ¬¥âà  
 ®¯¥à â®à A(
) ¯®à®¦¤ ¥â C-¯®«ã£àã¯¯ã á ®¯¥à â®à®¬ C, à ¢­ë¬ à¥§®«ì¢¥­â¥
®¯¥à â®à  A(
) ¨ ¯®à®¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã; ¯à¨ ¤àã£¨å §­ ç¥­¨ïå ¯ à ¬¥âà  

®¯¥à â®à A(
) ¯®à®¦¤ ¥â C-¯®«ã£àã¯¯ã, ­® ¨¬¥¥â ¯ãáâ®¥ à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ¨ ­¥ ¯®à®-
¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã. �à®¬¥ â®£®, ¢ à ¡®â¥ ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¯ à ¡®«¨ç¥áª¨å
¯® �¨«®¢ã á¨áâ¥¬ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ®¯¥à â®àë à¥è¥­¨ï ª®â®àëå ®¡à -
§ãîâ ¯®«ã£àã¯¯ë à®áâ  � � 0.

� àï¤ã á ¯®«ã£àã¯¯ ¬¨, ®¯à¥¤¥«¥­­ë¬¨ ¨ ¨¬¥îé¨¬¨ ®á®¡¥­­®áâì ­  ¢¥é¥áâ¢¥­­®© ¯®«ã-
®á¨ R+, ¢ ¦­ë¬¨ ¤«ï ¯à¨«®¦¥­¨© ï¢«ïîâáï ¯®«ã£àã¯¯ë, ®¯à¥¤¥«¥­­ë¥ ¢ ­¥ª®â®à®¬ á¥ªâ®à¥
ª®¬¯«¥ªá­®© ¯«®áª®áâ¨, á®¤¥à¦ é¥¬ R+, ª®â®àë¥ £®«®¬®àä­ë ¢ íâ®¬ á¥ªâ®à¥, ­® ¨¬¥îâ ®á®-
¡¥­­®áâì ¯à¨ ¯®¤å®¤¥ ª £à ­¨æ¥ £®«®¬®àä­®áâ¨. � à ¡®â¥ ¯®ª § ­®, çâ® ¥á«¨ ®¯¥à â®à A ¯®-
à®¦¤ ¥â £®«®¬®àä­ãî ¯®«ã£àã¯¯ã fU(z); Re z > 0g ã£«  �=2, ª®â®à ï ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥
kU(z)k � M

� jzj
Re z

��
, â® ¤«ï ¢á¥å æ¥«ëå r > � ®¯¥à â®à iA ¯®à®¦¤ ¥â r à § ¨­â¥£à¨à®¢ ­­ãî

¯®«ã£àã¯¯ã. �  ®á­®¢¥ íâ®£® ¬®¦­® á¤¥« âì ¢ë¢®¤ ® áãé¥áâ¢®¢ ­¨¨ ¨ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï
§ ¤ ç¨ (1) á ®¯¥à â®à®¬ iA. �à¨¬¥à®¬ ¯®«ã£àã¯¯ë, ã¤®¢«¥â¢®àïîé¥© ¤ ­­ë¬ ®æ¥­ª ¬, á«ã-
¦¨â £®«®¬®àä­ ï ¯®«ã£àã¯¯  fG(z); Re z > 0g ã£«  �=2, ¯®à®¦¤ ¥¬ ï ®¯¥à â®à®¬ � ¯« á  �
¢ ¯à®áâà ­áâ¢ å Lp(RN ), 1 � p < 1. �à¨ à §«¨ç­ëå §­ ç¥­¨ïå 1 � p < 1, ãª § ­­ ï ¯®«ã-
£àã¯¯  ¨¬¥¥â à §«¨ç­ë¥ ®á®¡¥­­®áâ¨. �â ¯®àï¤ª  íâ®© ®á®¡¥­­®áâ¨ § ¢¨á¨â á¢®©áâ¢® ®¯¥à â®à 
�à¥¤¨­£¥à  i� ¯®à®¦¤ âì âã ¨«¨ ¨­ãî ¯®«ã£àã¯¯ã. �§¢¥áâ­®, çâ® íâ®â ®¯¥à â®à ¯®à®¦¤ ¥â
¯®«ã£àã¯¯ã ª« áá  C0 â®«ìª® ¢ ¯à®áâà ­áâ¢¥ L2(RN ). �  ®á­®¢¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢, ¢ à -
¡®â¥ ¯®ª § ­®, çâ® ¢ ®áâ «ì­ëå ¯à®áâà ­áâ¢ å Lp(RN ), 1 � p <1, p 6= 2, ®¯¥à â®à �à¥¤¨­£¥à 
i� ¯®à®¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

1. �¢ï§ì ¯®«ã£àã¯¯ à®áâ  � ¨ ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯

�¯à¥¤¥«¥­¨¥ 1 ([4]). �ãáâì � > 0. �¥¬¥©áâ¢® «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ fT (t),
t � 0g ­ §ë¢ ¥âáï ¯®«ã£àã¯¯®© à®áâ  �, ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

(T1) T (t+ s) = T (t)T (s) ¤«ï ¢á¥å t; s � 0, T (0) = I;
(T2) ¤«ï ¢á¥å x 2 X äã­ªæ¨ï T (t)x ­¥¯à¥àë¢­  ¯à¨ t > 0;
(T3) X0 =

S
t>0

T (t)[X] ¯«®â­® ¢ X;

(T4) ¥á«¨ T (t)x = 0 ¤«ï ¢á¥å t > 0, â® x = 0;
(T5) kt�T (t)k ®£à ­¨ç¥­  ¯à¨ t! 0.

�¨á«® ! = lim
t!1

t�1 log kT (t)k ­ §ë¢ ¥âáï â¨¯®¬ ¯®«ã£àã¯¯ë fT (t); t � 0g. � [5] ¯®ª § ­®,

çâ® ! ï¢«ï¥âáï «¨¡® ª®­¥ç­ë¬ ¯®«®¦¨â¥«ì­ë¬ ç¨á«®¬, «¨¡® à ¢­® �1.

�¯à¥¤¥«¥­¨¥ 2 ([4]). �¯¥à â®à Ax = lim
t!0

1
t
[T (t)x � x], D(A) = fx 2 X : 9 lim

t!0

1
t
[T (t)x � x]g,

­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £¥­¥à â®à®¬ ¯®«ã£àã¯¯ë fT (t); t � 0g à®áâ  �.

� [4] ¯®ª § ­®, çâ® £¥­¥à â®à ¯®«ã£àã¯¯ë à®áâ  � > 0 § ¬ëª ¥¬ ¨ ¯«®â­® ®¯à¥¤¥«¥­. � ¬ë-
ª ­¨¥ ®¯¥à â®à  A ­ §ë¢ ¥âáï ¯®«­ë¬ ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £¥­¥à â®à®¬ (¤ «¥¥ ¯à®áâ® £¥­¥-
à â®à®¬).

�¥¬¬  1. �ãáâì ®¯¥à â®à A ¯®à®¦¤ ¥â ¯®«ã£àã¯¯ã fT (t); t � 0g à®áâ  0 < � < 1. �®£¤ 
à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ®¯¥à â®à  A ­¥¯ãáâ® ¨ (!;1) � �(A).

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï (T5) ¢ ®¯à¥¤¥«¥­¨¨ 1 á«¥¤ã¥â, çâ® ¤«ï ­¥ª®â®à®£® M > 0

kt�T (t)k �Me!t; t > 0:

�¢¥¤¥¬ ®¯¥à â®à

R(�) :=
Z 1

0
e��tT (t)dt: (2)
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�à¨ � > ! ®¯¥à â®à R(�) ®¯à¥¤¥«¥­ ¤«ï ¢á¥å x 2 X ¨, ¨á¯®«ì§ãï ®æ¥­ª¨ ­  ¯®«ã£àã¯¯ã, ®â¬¥â¨¬,
çâ® ®­ ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

kR(�)xk �M

Z 1

0
e(!��)tt��kxkdt �

Mkxk

(�� !)1��

Z 1

0
e�tt��dt; x 2 X:

�à¨ 0 < � < 1 ¯®á«¥¤­¨© ¨­â¥£à « ï¢«ï¥âáï áå®¤ïé¨¬áï ¨

kR(�)k �
M

(�� !)1��
�(1� �); � > !:

�®ª ¦¥¬, çâ® ¯à¨ � > ! ®¯¥à â®à R(�) á®¢¯ ¤ ¥â á à¥§®«ì¢¥­â®© £¥­¥à â®à  A, â. ¥.

R(�)(�I �A)x = x; x 2 D(A);

(�I �A)R(�)x = x; x 2 X:

�ãáâì x 2 D(A), â®£¤ 

R(�)(�I �A)x = �R(�)x�
Z 1

0

e��tT (t) lim
h!0

1
h
(T (h)x� x) dt =

= �R(�)x�
Z 1

0

e��t lim
h!0

1
h
(T (h+ t)x� T (t)x) dt =

= �R(�)x�
Z 1

0

e��t
d

dt
T (t)x = �R(�)x+ x� �R(�)x = x:

�á¯®«ì§ãï § ¬ª­ãâ®áâì ®¯¥à â®à  A,  ­ «®£¨ç­® ¯®ª §ë¢ ¥¬, çâ® (�I � A)R(�)x = x ¤«ï x 2
D(A). � á¨«ã D(A) = X ¤«ï «î¡®£® x 2 X áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì fxng 2 D(A),
çâ® lim

n!1
xn = x. �®£¤  (�I � A)R(�)xn = xn: �¥à¥å®¤ï ¢ íâ®¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ n ! 1,

¯®«ãç ¥¬ (�I �A)R(�)x = x, x 2 X. � ª¨¬ ®¡à §®¬, (!;1) � �(A).

�¥®à¥¬  1. �ãáâì ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ ¯®«ã£àã¯¯ë fT (t); t � 0g à®áâ 

0 < � < 1, â®£¤  ®¯¥à â®à A ¯®à®¦¤ ¥â ®¤¨­ à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 1 �(A) 6= ; ¨ ®¯¥à â®à R(�)x =
1R
0

e��tT (t)x dt, � > !, á®¢¯ ¤ -

¥â á à¥§®«ì¢¥­â®© ®¯¥à â®à  A. �¡®§­ ç¨¬ ç¥à¥§ n æ¥«ãî ç áâì �. � [6] ¤®ª § ­®, çâ® ¥á«¨
fT (t), t � 0g ï¢«ï¥âáï ¯®«ã£àã¯¯®© à®áâ  �, â® á¥¬¥©áâ¢® ®¯¥à â®à®¢ fS(t); t � 0g, £¤¥
S(t) = T (t)C ¨

Cx :=
1
n!

Z 1

0

tne��tT (t)xdt; x 2 X; � > !; (3)

®¡à §ã¥â C-¯®«ã£àã¯¯ã á £¥­¥à â®à®¬, à ¢­ë¬ £¥­¥à â®àã ¯®«ã£àã¯¯ë fT (t); t � 0g. � ­ è¥¬

á«ãç ¥ n = 0. �«¥¤®¢ â¥«ì­®, ®¯¥à â®à C ¨¬¥¥â ¢¨¤ Cx =
1R
0

e��tT (t)x dt. � ª¨¬ ®¡à §®¬, ¯®«ã-

ç ¥¬ C = (�I � A)�1, á¥¬¥©áâ¢® ®¯¥à â®à®¢ fS(t); t � 0g ®¡à §ã¥â C-¯®«ã£àã¯¯ã á ®¯¥à â®à®¬
C = (�I �A)�1, ¨ £¥­¥à â®à®¬ íâ®© ¯®«ã£àã¯¯ë ï¢«ï¥âáï ®¯¥à â®à A.

�¯¥à â®à A ï¢«ï¥âáï ¯«®â­® ®¯à¥¤¥«¥­­ë¬, ¨ ¥£® à¥§®«ì¢¥­â®¥ ¬­®¦¥áâ¢® ­¥¯ãáâ®. � [7] ¤®-
ª § ­®, çâ® ¥á«¨ â ª®© ®¯¥à â®à ¯®à®¦¤ ¥â n à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã, â® ®­ ¯®à®¦¤ ¥â
C-¯®«ã£àã¯¯ã á ®¯¥à â®à®¬ C = (�I � A)�n, � 2 �(A). �¥à­® ¨ ®¡à â­®e. � á¨«ã íâ®£® ãâ¢¥à-
¦¤¥­¨ï ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ ®¤¨­ à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë fV (t); t � 0g,

£¤¥ V (t)x = (�I �A)
tR
0

S(�)x d� , x 2 X.

�á¯®«ì§ãï à¥§ã«ìâ âë [2] ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï § ¤ ç¨ (1) á ®¯¥à â®à®¬ A, ¯®à®¦¤ î-
é¨¬ ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã, ¯®«ãç ¥¬
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�«¥¤áâ¢¨¥. �«ï «î¡ëå x 2 D(A2) § ¤ ç  �®è¨ (1) á ®¯¥à â®à®¬ A, ¯®à®¦¤ îé¨¬ ¯®«ã-
£àã¯¯ã à®áâ  0 < � < 1, ¨¬¥¥â â ª®¥ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, çâ® ku(t)k �Me!t(kxk+ kAxk).

� ¬¥ç ­¨¥. �®«ã£àã¯¯ã à®áâ  � � 1, â ª ¦¥, ª ª ¨ ¯®«ã£àã¯¯ã à®áâ  0 < � < 1, ¬®¦­®
à¥£ã«ïà¨§®¢ âì á ¯®¬®éìî ®¯¥à â®à  C ¨§ ä®à¬ã«ë (3). � ª ¯®ª § ­® ¢ [4], íâ®â ®¯¥à â®à C
á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ (�I�A)�(n+1), £¤¥ n = [�], ¯à¨ íâ®¬ ®¯¥à â®à (�I�A)�(n+1) ®£à ­¨ç¥­, ­®
­¥ ï¢«ï¥âáï (n+1)-© áâ¥¯¥­ìî à¥§®«ì¢¥­âë ®¯¥à â®à  A, â. ª. ®¯¥à â®à (�I �A)�1 ­¥®£à ­¨ç¥­.
�¥£ã«ïà¨§®¢ ­­®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ ®¡à §ã¥â C-¯®«ã£àã¯¯ã á £¥­¥à â®à®¬ A. �á¯®«ì§ãï
à¥§ã«ìâ âë ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï § ¤ ç¨ (1) á ®¯¥à â®à®¬ A, ¯®à®¦¤ îé¨¬ C-¯®«ã£àã¯¯ã
[3], ¯®«ãç ¥¬, çâ® ¤«ï «î¡®£® x 2 R(C) áãé¥áâ¢ã¥â â ª®¥ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) á
®¯¥à â®à®¬ A, ¯®à®¦¤ îé¨¬ ¯®«ã£àã¯¯ã à®áâ  � � 1, çâ® sup

0�t�T
ku(t)k � KkC�1xk.

�¥¯¥àì à áá¬®âà¨¬ ¯à¨¬¥à á¥¬¥©áâ¢  ®¯¥à â®à®¢ A(
), § ¢¨áïé¨å ®â ­¥ª®â®à®£® ¯ à ¬¥âà 

 > 0 ¨ ¯®à®¦¤ îé¨å ¯®«ã£àã¯¯ã à®áâ  � � 0. �á¯®«ì§ãï ¤®ª § ­­ë¥ ¢ â¥®à¥¬¥ 1 à¥§ã«ìâ âë
® á¢ï§¨ ¯®«ã£àã¯¯ à®áâ  � c ¨­â¥£à¨à®¢ ­­ë¬¨ ¨ C-¯®«ã£àã¯¯ ¬¨, ¯®ª ¦¥¬, çâ® ¯à¨ ®¤­¨å
§­ ç¥­¨ïå ¯ à ¬¥âà  
 ®¯¥à â®à A(
) ¯®à®¦¤ ¥â C-¯®«ã£àã¯¯ã, ¨¬¥¥â ­¥¯ãáâ®¥ à¥§®«ì¢¥­â­®¥
¬­®¦¥áâ¢® ¨ ¯®à®¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã; ¯à¨ ¤àã£¨å §­ ç¥­¨ïå ¯ à ¬¥âà  
 ®¯¥-
à â®à A(
) å®âï ¨ ¯®à®¦¤ ¥â C-¯®«ã£àã¯¯ã, ­® ¨¬¥¥â ¯ãáâ®¥ à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ¨ ­¥
¯®à®¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

� áá¬®âà¨¬ á¥¬¥©áâ¢® ®¯¥à â®à®¢ A = A(
) [8], [1]

Au =
�
�g �f
0 �g

�
u; (4)

g(x) = 1 + x2; f(x) = x2
 ; 
 > 0;

¢ ¯à®áâà ­áâ¢¥ E = fL1(R)� L1(R); kukE = ku1k1 + ku2k1g c ®¡« áâìî ®¯à¥¤¥«¥­¨ï

D(A) =

(
u =

 
u1
u2

!
2 L1(R) � L1(R) : gu1 + fu2; gu2 2 L1(R)

)
:

�®áâà®¨¬ ä®à¬ «ì­® ®¯¥à â®à-äã­ªæ¨î U(t) = eAt = I + tA + t2A2

2!
+ � � � �â®â ®¯¥à â®à ¯à¥¤-

áâ ¢¨¬ ¢ ¢¨¤¥

U(t)u = e�tg
�
1 �tf
0 1

�
u:

�®£¤ 
kU(t)kL(E) = 2max

x2R
[e�t(1+x

2)tjx2
 j] = 2t1�


e�t�
 = O(t1�
) ¯à¨ t! 0:

�à¨ 0 < 
 � 1 ¯®«ãç ¥¬ ®æ¥­ª¨ ¤«ï à¥§®«ì¢¥­âë ®¯¥à â®à  A



 dnd�nRA(�)




 � Mn!

(�� !)n+1
; M > 0; � > !;

ª®â®àë¥ ®§­ ç îâ, çâ® ®¯¥à â®à A ¯®à®¦¤ ¥â ¯®«ã£àã¯¯ë ª« áá  C0. �«¥¤®¢ â¥«ì­®, ¯à¨ 0 <

 � 1 á¥¬¥©áâ¢® ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ fU(t); t � 0g ®¡à §ã¥â ¯®«ã£àã¯¯ã ª« áá  C0.

�ãáâì 1 < 
 < 2, â®£¤  kt�U(t)k � M , £¤¥ � := 
 � 1. �«¥¤®¢ â¥«ì­®, ¯à¨ íâ¨å §­ ç¥­¨ïå
¯ à ¬¥âà  
 á¥¬¥©áâ¢® ®¯¥à â®à®¢ fU(t); t � 0g ï¢«ï¥âáï ¯®«ã£àã¯¯®© à®áâ  0 < � < 1. �®£¤ 
¯® â¥®à¥¬¥ 1 ®¯¥à â®à A ¯®à®¦¤ ¥â ®¤¨­ à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã fV (t); t � 0g, £¤¥

V (t)x =
tR
0

U(�)x d� .

�ãáâì 2 � 
 < 3, â®£¤  fU(t); t � 0g ï¢«ï¥âáï ¯®«ã£àã¯¯®© à®áâ  �, £¤¥ 1 � � < 2. �á¯®«ì-
§ãï à¥§ã«ìâ âë à ¡®âë [6] ® á¢ï§¨ ¯®«ã£àã¯¯ à®áâ  � ¨ C-¯®«ã£àã¯¯, ¯®«ãç ¥¬, çâ® á¥¬¥©áâ¢®

®¯¥à â®à®¢ fS(t); t � 0g, £¤¥ S(t) := U(t)C ¨ Cx :=
1R
0

te��tU(t)x dt, ®¡à §ã¥â C-¯®«ã£àã¯¯ã.
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�¤­ ª® ¯à¨ íâ¨å §­ ç¥­¨ïå ¯ à ¬¥âà  
 ®¯¥à â®à A ¨¬¥¥â ¯ãáâ®¥ à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢®.
�¥©áâ¢¨â¥«ì­®,

(�I �A)�1 =
1

(�+ g)2

�
�+ g �f
0 �+ g

�
=

1
(�+ 1 + x2)2

�
�+ 1 + x2 �x2


0 �+ 1 + x2

�
;

¨ ¯à¨ 2 < 
 < 3 äã­ªæ¨ï �x2
=(� + 1 + x2)2 ­¥ ï¢«ï¥âáï ®£à ­¨ç¥­­®©. �­ ç¨â, ®¯¥à â®à A ­¥
¨¬¥¥â à¥£ã«ïà­ëå â®ç¥ª ¨, á«¥¤®¢ â¥«ì­®, ­¥ ¬®¦¥â ¯®à®¦¤ âì ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

�­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® ¯à¨ 
 � 3 á¥¬¥©áâ¢® ®¯¥à â®à®¢ fU(t),
t � 0g ï¢«ï¥âáï ¯®«ã£àã¯¯®© à®áâ  �, ­® à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ®¯¥à â®à  A ®áâ ¥âáï ¯ã-
áâë¬. � ª¨¬ ®¡à §®¬, ¯à¨ 
 > 2 ®¯¥à â®à A ­¥ ¯®à®¦¤ ¥â ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

�á«¥¤®¢ ­­ë© ®¯¥à â®à A, ®¯à¥¤¥«ï¥¬ë© äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥© (4), á¢ï§ ­ á ¯ à ¡®-
«¨ç¥áª¨¬¨ ¯® �¨«®¢ã á¨áâ¥¬ ¬¨, ¤«ï ª®â®àëå ®¯¥à â®àë à¥è¥­¨ï ®¡à §ãîâ ¯®«ã£àã¯¯ã à®áâ 
� > 0.

� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

@u(t; x)
@t

= A(D)u(t; x); t � 0; x = (x1; x2; : : : ; xn) 2 Rn; u(0; x) = f; (5)

£¤¥ u = (u1; u2; : : : ; um) | ¢¥ªâ®à-äã­ªæ¨ï, x = (x1; x2; : : : ; xn) | ¢¥ªâ®à ­ ç «ì­ëå ¤ ­­ëå ¨
A(D) | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯®àï¤ª  r:

A(D) =
X
j�j�r

A�D
�; j�j = �1 + �2 + � � �+ �n;

D� = D�1
1 D�2

2 : : : D�n
n ; Dk = i@=@xk; k = 1; 2; : : : ; n;

£¤¥ A� | ¬ âà¨æë à §¬¥à m�m. � áá¬ âà¨¢ ï ¤«ï ¯à®áâ®âë äã­ªæ¨¨ u(t; �) ¨ f(�) ª ª í«¥¬¥­-
âë ¯à®áâà ­áâ¢  L2(Rn), ¯à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ á¨áâ¥¬ë ãà ¢­¥­¨© ¨§ § ¤ ç¨ (5) ¯à¥®¡à -
§®¢ ­¨¥ �ãàì¥ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x. �¡®§­ ç¨¬ ®¡à §ë �ãàì¥ äã­ªæ¨© u(t; �)
¨ f(�) ç¥à¥§ eu(t; �) ¨ ef(�) á®®â¢¥âáâ¢¥­­®. �®£¤  § ¤ ç  (5) § ¯¨è¥âáï ¢ ¢¨¤¥ § ¤ ç¨ �®è¨ ¤«ï
á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

deu(t; �)
dt

= A(�)eu(t; �); t � 0; eu(0; �) = ef(�);
¢ ¯à®áâà ­áâ¢¥ ¢¥ªâ®à-äã­ªæ¨© á ª®®à¤¨­ â ¬¨ ¨§ L2(Rn) ¨ ¬ âà¨æ¥© A(�), í«¥¬¥­âë ª®â®à®©
¯®«¨­®¬¨ «ì­® § ¢¨áïâ ®â �. �¥è¥­¨¥ íâ®© § ¤ ç¨ ¨¬¥¥â ¢¨¤

eu(t; �) = eA(�)t ef(�):
�« £®¤ àï â¥®à¥¬¥ �« ­è¥à¥«ï, ®æ¥­ª¨ ­  ¬ âà¨æã eA(�)t á®¢¯ ¤ îâ á ®æ¥­ª ¬¨ ­  ®¯¥à â®à
à¥è¥­¨ï U(t) ¨áå®¤­®© § ¤ ç¨ (5), ¯®íâ®¬ã ®¯¥à â®à à¥è¥­¨ï U(t) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬
t > 0 ¡ã¤¥â ®£à ­¨ç¥­­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

9M > 0 : sup
�2Rn

ketA(�)km �M:

�ãáâì �1(�);�2(�); : : : ;�n(�) | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë A(�). �¨áâ¥¬  (5) ­ §ë¢ ¥âáï
¯ à ¡®«¨ç¥áª®© ¯® �¨«®¢ã [9], ¥á«¨

9a; h > 0; b 2 R : <�k(�) � �aj�jh + b:

� [10] ¡ë«® ¯®ª § ­®, çâ® ¤«ï ¯ à ¡®«¨ç¥áª¨å ¯®�¨«®¢ã á¨áâ¥¬ á¯à ¢¥¤«¨¢  ®æ¥­ª  ketA(�)km� c
t

,


 = (r�h)(m�1)

h
, c > 0. � ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, íâ  ¦¥ ®æ¥­ª  á¯à ¢¥¤«¨¢  ¨ ¤«ï ®¯¥à â®à®¢

à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨. �®£¤  ¯à¨ r < h á¥¬¥©áâ¢® ®¯¥à â®à®¢ à¥è¥­¨ï ®¡à §ãeâ ¯®«ã£àã¯¯ã
à®áâ  
.

�¥âàã¤­® ¯®ª § âì, çâ®, ­ ¯à¨¬¥à, ¯à¨ k > 0 á¨áâ¥¬  @u1
@t

= �@2u1
@x2

, @u2
@t

= @ku1
@xk

� @u2
@x2

¯ à ¡®-
«¨ç­  ¯® �¨«®¢ã, ¨ ¤«ï ®¯¥à â®à®¢ à¥è¥­¨ï íâ®© á¨áâ¥¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª  kU(t)k = c(t)=t
 ,

73



£¤¥ c(t) | ®£à ­¨ç¥­­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  [0;1), 
 = maxfk=2�1; 0g [9]. �âáî¤  á«¥¤ã¥â,
çâ® ¤«ï ¢á¥å k > 2 ¤ ­­®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ ï¢«ï¥âáï ¯®«ã£àã¯¯®© à®áâ  
 > 0.

2. �¢ï§ì ¬¥¦¤ã ¯®à®¦¤¥­¨¥¬ ®¯¥à â®à®¬ A £®«®¬®àä­®© ¯®«ã£àã¯¯ë á

®á®¡¥­­®áâìî ¨ ¯®à®¦¤¥­¨¥¬ ®¯¥à â®à®¬ iA ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë

�¯à¥¤¥«¥­¨¥ 3 ([11]). �¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®-
à®¢ fU(z); Re z > 0g ­ §ë¢ ¥âáï £®«®¬®àä­®© C0-¯®«ã£àã¯¯®© ã£«  �=2, ¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

(i) äã­ªæ¨ï z ! U(z) £®«®¬®àä­  ¯à¨ Re z > 0;
(ii) U(z1 + z2) = U(z1)U(z2), Re z1;Re z2 > 0;
(iii) á¥¬¥©áâ¢® ®¯¥à â®à®¢ fU(t); t � 0g ®¡à §ã¥â C0-¯®«ã£àã¯¯ã, £¤¥ z = t+ is.

�¥®à¥¬  2. �ãáâì ®¯¥à â®à A ¯®à®¦¤ ¥â £®«®¬®àä­ãî C0-¯®«ã£àã¯¯ã fU(z); Re z > 0g
ã£«  �=2 ¨ áãé¥áâ¢ãîâ � � 0, M > 0 â ª¨¥, çâ® kU(z)k � M

� jzj
Re z

��
. �®£¤  ¤«ï ¢á¥å r > �

®¯¥à â®à iA ¯®à®¦¤ ¥â r à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

�®ª § â¥«ìáâ¢®. �«ï r > �, ª ª ¯®ª § ­® ¢ [9], ®¯à¥¤¥«¥­ ®¯¥à â®à (I � A)�r, ¨ ¤«ï ­¥£®
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

(I �A)�rx =
1

�(r)

Z 1

0

e�uur�1U(u)x du: (6)

� ª ª ª r > 0, â® ®¯¥à â®à (I � A)�r ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬. �«¥¤®¢ â¥«ì­®, à¥§®«ì¢¥­â­®¥
¬­®¦¥áâ¢® ®¯¥à â®à  A ­¥¯ãáâ® ¨ 1 2 �(A). � áá¬®âà¨¬ ­®¢®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ fV (z),
Re z > 0g, £¤¥ V (z)x := (I � A)�rU(z)x, Re z > 0. �à¨ r > � á¥¬¥©áâ¢® ®¯¥à â®à®¢ fV (z),
Re z > 0g ®£à ­¨ç¥­® [12]. �á¯®«ì§ãï à ¢¥­áâ¢® (6), ¯®«ãç ¥¬ U(z)(I �A)�rx = (I �A)�rU(z)x,
x 2 X. �®ª ¦¥¬, çâ® ¤«ï ¢á¥å Re z1; z2 > 0

(I �A)�rV (z1 + z2) = V (z1)V (z2) ¨ V (0) = (I �A)�r:

�ãáâì x 2 X, â®£¤ 

(I �A)�rV (z1 + z2)x = (I �A)�r(I �A)�rU(z1 + z2)x =

= (I �A)�rU(z1)(I �A)�rU(z2)x = V (z1)V (z2)x:

V (0)x = (I �A)�rU(0)x = (I �A)�rx:

�âáî¤  á«¥¤ã¥â, çâ® á¥¬¥©áâ¢® ®¯¥à â®à®¢ fV (z); Re z > 0g ®¡à §ã¥â £®«®¬®àä­ãî C-¯®«ã£àã¯¯ã
á ®¯¥à â®à®¬ C = (I � A)�r. �¯¥à â®à Gx := C�1 d

dt
V (t)xjs=0 á ¬ ªá¨¬ «ì­®© ®¡« áâìî ®¯à¥-

¤¥«¥­¨ï ­ §ë¢ ¥âáï £¥­¥à â®à®¬ C-¯®«ã£àã¯¯ë fV (z); Re z > 0g [12]. �§¢¥áâ­® [3], çâ® íâ®â
®¯¥à â®à § ¬ª­ãâ. �®ª ¦¥¬, çâ® G = A. �¥©áâ¢¨â¥«ì­®, ¤«ï x 2 D(A)

(I �A)r
d

dt
V (t)xjt=0 = (I �A)r

d

dt
(I �A)�rU(t)xjt=0 =

d

dt
U(t)xjt=0 = Ax:

� áá¬®âà¨¬ £à ­¨ç­®¥ §­ ç¥­¨¥ íâ®© ¯®«ã£àã¯¯ë

Wr(s)x := lim
t!0

(I �A)�rU(t+ is)x; s 2 R: (7)

�â®â ¯à¥¤¥« áãé¥áâ¢ã¥â ¤«ï ¢á¥å x 2 X0 =
S
t>0

U(t)[X]. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2 X0, â®£¤ 

áãé¥áâ¢ãîâ â ª¨¥ h > 0, y 2 X, çâ® x = U(h)y. �«¥¤®¢ â¥«ì­®,

lim
t!0

(I �A)�rU(t+ is)x = lim
t!0

(I �A)�rU(t+ is)U(h)y =

= lim
t!0

(I �A)�rU(t+ h+ is)y = (I �A)�rU(h+ is)y:
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� á¨«ã â®£®, çâ® ­  ¢¥é¥áâ¢¥­­®© ®á¨ á¥¬¥©áâ¢® fU(t); t � 0g ®¡à §ã¥â ¯®«ã£àã¯¯ã ª« áá  C0,
¬­®¦¥áâ¢® X0 ¯«®â­® ¢ X. �¥âàã¤­® ¯®ª § âì, çâ® ¯®«ã£àã¯¯  fV (z); Re z > 0g à ¢­®¬¥à­®
®£à ­¨ç¥­  ¢ á¥ªâ®à¥ ft + is, 0 < t < 1, jsj < a, a > 0g. �âáî¤  ¢ á¨«ã â¥®à¥¬ë � ­ å {
�â¥©­£ ã§  ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (7) áãé¥áâ¢ã¥â ¤«ï ¢á¥å x 2 X. �®ª ¦¥¬, çâ®
á¥¬¥©áâ¢® ®¯¥à â®à®¢ fWr(s); s 2 Rg ®¡à §ã¥â C-£àã¯¯ã á ®¯¥à â®à®¬ C = (I �A)�r. �¥©áâ¢¨-
â¥«ì­®,

Wr(0)x = lim
t!0

(I �A)�rU(t)x = (I �A)�rx;

Wr(s1)Wr(s2)x = lim
t!0

(I �A)�rU(t+ is1)(I �A)�rU(t+ is2)x =

= lim
t!0

(I �A)�r(I �A)�rU(2t+ i(s1 + s2))x = (I �A)�rWr(s1 + s2)x:

�§ ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à®¢ U(z) ¨ ¨å á¨«ì­®© ­¥¯à¥àë¢­®áâ¨ á«¥¤ãîâ  ­ «®£¨ç­ë¥ á¢®©-
áâ¢  ®¯¥à â®à®¢ Wr(s), s 2 R. � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢® ®¯¥à â®à®¢ fWr(s); s 2 Rg ®¡à §ãeâ
C-£àã¯¯ã. �¡®§­ ç¨¬ ç¥à¥§ B £¥­¥à â®à íâ®© ¯®«ã£àã¯¯ë. �®ª ¦¥¬, çâ® B = iA. � á¨«ã £®«®-
¬®àä­®áâ¨ ¯®«ã£àã¯¯ë fU(z); Re z > 0g ¯à¨ t > 0 ¯®«ãç ¥¬

@

@t
U(t+ is) = �i

@

@s
U(t+ is): (8)

�®ª ¦¥¬, çâ® ¯à¨ t > 0 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

AU(t+ is)x =
@

@t
U(t+ is)x; x 2 D(A); (9)

BU(t+ is)x =
@

@s
U(t+ is); x 2 D(B): (10)

�ãáâì x 2 D(A), â®£¤  ¯à¨ t > 0

AU(t+ is)x = lim
h!0

1
h
[U(h)U(t + is)x� U(t+ is)x] =

= lim
h!0

1
h
[U(h + t+ is)x� U(t+ is)x] =

@

@t
U(t+ is)x:

�ãáâì x 2 D(B) ¨ t > 0, â®£¤ , ¨á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ £¥­¥à â®à  C-¯®«ã£àã¯¯ë, ¯®«ãç ¥¬

BU(t+ is)x = (I �A)r lim
h!0

1
h
[Wr(h)U(t+ is)x� (I �A)�rU(t+ is)x] =

= (I �A)r lim
h!0

1
h
[ lim
t1!0

(I �A)�rU(t1 + ih)U(t + is)x� (I �A)�rU(t+ is)x] =

= (I �A)r lim
h!0

1
h
[ lim
t1!0

(I �A)�rU(t1 + t+ i(h+ s))x� (I �A)�rU(t+ is)x] =

= (I �A)r lim
h!0

1
h
[(I �A)�rU(t+ i(h+ s))x� (I �A)�rU(t+ is)x] =

@

@s
U(t+ is)x:

�ãáâì x 2 D(B), â®£¤ , ¨á¯®«ì§ãï à ¢¥­áâ¢  (8) ¨ (10), ¯®«ãç ¥¬

iAU(t)x = i
@

@t
U(t)x =

@

@s
U(t+ is)xjs=0 = BU(t)x = U(t)Bx! Bx ¯à¨ t! 0:

� ª ª ª iA | § ¬ª­ãâë© ®¯¥à â®à ¨ U(t)x ! x, â® iAx = Bx, â. ¥. B � iA. �ãáâì x 2 D(B),
â®£¤ , ¨á¯®«ì§ãï à ¢¥­áâ¢  (8) ¨ (9), ¯®«ãç ¥¬

�iBU(t)x = �i
@

@s
U(t+ is)xjs=0 =

@

@t
U(t)x = AU(t)x = U(t)Ax! Ax

¯à¨ t ! 0. �®áª®«ìªã B | § ¬ª­ãâë© ®¯¥à â®à ¨ U(t)x ! x, â® �iBx = Ax, â. ¥. iA � B. �«¥-
¤®¢ â¥«ì­®, iA = B. � ª¨¬ ®¡à §®¬, £¥­¥à â®à®¬ C-£àã¯¯ë fWr(s); s 2 Rg ï¢«ï¥âáï ®¯¥à â®à
iA.
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� áá¬®âà¨¬ ­®¢®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ S(s) := (i)�rWr(s), â. ¥. S(s)x = lim
t!0

(iI � iA)�r�

�U(t+ is)x, x 2 X. � á¨«ã â®£®, çâ® i 2 �(iA), ®¯¥à â®à (iI� iA)�r ¯à¨ æ¥«ëå §­ ç¥­¨ïå r á®¢¯ -
¤ ¥â á r-© áâ¥¯¥­ìî à¥§®«ì¢¥­âë ®¯¥à â®à  iA. �¥¬¥©áâ¢® ®¯¥à â®à®¢ fS(s); s 2 Rg ®¡à §ã¥â
(iI � iA)�r-£àã¯¯ã. �¥©áâ¢¨â¥«ì­®,

S(0)x = (i)�r lim
t!0

(I �A)�rWr(t)x = (i)�r(I �A)�rx = (iI � iA)�rx;

S(s1)S(s2)x = (i)�r(i)�rWr(s1)Wr(s2)x = (i)�r(i)�r(I �A)�rWr(s1 + s2)x =

= (i)�r(I �A)�r(i)�rWr(s1 + s2)x = (i)�r(I �A)�rS(s1 + s2)x =

= (iI � iA)�rS(s1 + s2)x; x 2 X:

� á¨«ã â®£®, çâ® ¯®«ã£àã¯¯  fWr(s); s 2 Rg á¨«ì­® ­¥¯à¥àë¢­  ¨ ®£à ­¨ç¥­ , á¥¬¥©áâ¢® ®¯¥à -
â®à®¢ fS(s); s 2 Rg â®¦¥ á¨«ì­® ­¥¯à¥àë¢­® ¨ ®£à ­¨ç¥­®. � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢® ®¯¥à â®-
à®¢ fS(s); s 2 Rg ®¡à §ã¥â (iI�iA)�r-£àã¯¯ã. �ãáâì B| £¥­¥à â®à (iI�iA)�r-à¥£ã«ïà¨§®¢ ­­®©
£àã¯¯ë fS(s); s 2 Rg. �®§ì¬¥¬ x 2 D(A), â®£¤  ¯® ®¯à¥¤¥«¥­¨î

Bx = (iI � iA)r
d

ds
S(s)x = (iI � iA)r(i)�r

d

ds
Wr(s)x =

= (i)�r(i)�r(i)r(iI � iA)r
d

ds
Wr(s)x = (i)�2r(I �A)r

d

ds
Wr(s)x = �iAx:

� ª¨¬ ®¡à §®¬, £¥­¥à â®à®¬ £àã¯¯ë fS(s); s 2 Rg ï¢«ï¥âáï ®¯¥à â®à �iA.
� cá¬®âà¨¬ ­®¢®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ fS1(s); s 2 Rg, £¤¥ S1(s)x := S(�s)x. �â® á¥¬¥©áâ¢®

ï¢«ï¥âáï (iI � iA)�r-à¥£ã«ïà¨§®¢ ­­®© £àã¯¯®©, ¨ ¢ á¨«ã â®£®, çâ® £¥­¥à â®à®¬ fS(s); s 2 Rg
ï¢«ï¥âáï ®¯¥à â®à �iA, £¥­¥à â®à®¬ fS1(s); s 2 Rg ï¢«ï¥âáï ®¯¥à â®à iA. �®£¤  ¢ á¨«ã à¥§ã«ì-
â â  à ¡®âë [7] ® á¢ï§¨ ¨­â¥£à¨à®¢ ­­ëå ¨ C-¯®«ã£àã¯¯ ®¯¥à â®à iA ¯à¨ æ¥«ëå r > � ¯®à®¦¤ ¥â
r à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã.

�§¢¥áâ­® [11], çâ® ®¯¥à â®à � ¯« á  � ¢ ¯à®áâà ­áâ¢ å Lp(RN), 1 � p < 1, ¯®à®¦¤ ¥â
£®«®¬®àä­ãî ¯®«ã£àã¯¯ã fG(z); Re z > 0g ã£«  �=2 ¨, ª ª ¯®ª § ­® ¢ [12], íâ  ¯®«ã£àã¯¯ 
ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

kGp(z)kp �
�
jzj

Re z

�Nj1=p�1=2j
; Re z > 0:

�®£¤  ¨§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¢ ¯à®áâà ­áâ¢ å Lp(RN ), 1 � p < 1, ¤«ï ¢á¥å æ¥«ëå
r > N j1=p� 1=2j ®¯¥à â®à �à¥¤¨­£¥à  i� ¯®à®¦¤ ¥â r à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã. �­ -
ç¨â, ¤«ï ¢á¥å x 2 D((i�)r+1) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) c ®¯¥à â®à®¬ A = i� ¨
ku(t)k �Me!tkxkr, £¤¥ kxkr | £à ä-­®à¬  ¯®àï¤ª  r ®¯¥à â®à  A. � ç áâ­®áâ¨, ¯à¨ p = 2 ¯®«ã-
ç ¥¬ ¨§¢¥áâ­ë© à¥§ã«ìâ â ® â®¬, çâ® ¢ ¯à®áâà ­áâ¢¥ L2(RN ) ®¯¥à â®à i� ¯®à®¦¤ ¥â ¯®«ã£àã¯¯ã
ª« áá  C0 ¨ § ¤ ç  (1) á íâ¨¬ ®¯¥à â®à®¬ à ¢­®¬¥à­® ª®àà¥ªâ­  ­  D(A).
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