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x(t) +
Z 1

�1

g(t; �)x(�)
� � t

ln�m
c

j� � tj
d� = y(t); t 2 [�1; 1]; (1)

£¤¥ g(t; �), y(t) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨, x(t) | ¨áª®¬ ï äã­ªæ¨ï, 0 < m < 1, c | ®¯à¥¤¥«ï¥¬ ï
­¨¦¥ ¯®áâ®ï­­ ï.

�à¨¡«¨¦¥­­®¬ã à¥è¥­¨î á¨­£ã«ïà­ëå ¨ á« ¡® á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯®-
á¢ïé¥­® ¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â (á¬., ­ ¯à, ®¡§®àë ¢ [1]{[4]). �à ¢­¥­¨¥ (1) ï¢«ï¥âáï ¢ ­¥-
ª®â®à®¬ á¬ëá«¥ ¯à®¬¥¦ãâ®ç­ë¬ ¬¥¦¤ã á¨­£ã«ïà­ë¬¨ ¨ á« ¡® á¨­£ã«ïà­ë¬¨ ¨­â¥£à «ì­ë¬¨
ãà ¢­¥­¨ï¬¨. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ª®««®ª æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï ãà ¢­¥­¨ï
(1). �­ ç «¥, á«¥¤ãï [5], ¨áá«¥¤ã¥¬ á¢®©áâ¢  á®®â¢¥âáâ¢ãîé¥£® á¨­£ã«ïà­®£® ¨­â¥£à « . � â¥¬,
®¯¨à ïáì ­  ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ¨§ ª®­áâàãªâ¨¢­®© â¥®à¨¨ äã­ªæ¨© ¨ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨-
¦¥­­ëå ¬¥â®¤®¢ ([6], á. 19), ¯à®¢®¤¨¬ ®¡®á­®¢ ­¨¥ ¬¥â®¤®¢ â¨¯  ª®««®ª æ¨© ­  ®á­®¢¥ ¯®«¨­®¬®¢
¨ á¯« ©­®¢ ¯¥à¢®£® ¯®àï¤ª . �¡®á­®¢ ­¨¥ íâ¨å ¬¥â®¤®¢ ¯à®¢¥¤¥­® ¢ ®¡®¡é¥­­ëå ¯à®áâà ­áâ¢ å
��¥«ì¤¥à  [5].

1. � á¢®©áâ¢ å á¨­£ã«ïà­®£® ¨­â¥£à «  ­  à §®¬ª­ãâ®¬ ª®­âãà¥. �¢¥¤¥¬ ¬­®¦¥áâ¢® � =
f'g ¯®«®¦¨â¥«ì­ëå äã­ªæ¨© ', ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

 ) lim
�!0+

'(�) = 0;

¡) '(�) ¯®çâ¨ ¢®§à áâ ¥â;

¢) sup
�>0

1
'(�)

�R
0

'(t)
t
dt <1;

£) sup
�>0

�
'(�)

lR
0

'(t)
t2
dt <1, l = const > 0.

�ã­ªæ¨ï x(t) ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã H', ' 2 �, ¥á«¨

!(x; �) � dx'(�); 0 < � < b� a;

£¤¥ ç¥à¥§ !(x; �) ®¡®§­ ç¥­ ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ x(t), t 2 [a; b], ®¯à¥¤¥«¥­­ë© ¯®
ä®à¬ã«¥

!(x; �) = sup
jt�� j��

jx(t)� x(�)j; 0 < � < b� a:

� H' ¢¢¥¤¥¬ ­®à¬ã

kxkH' = kxkc +H(x; '); H(x; ') = sup
�

!(x; �)
'(�)

;

á ª®â®à®© H' áâ ­®¢¨âáï ¯à®áâà ­áâ¢®¬ � ­ å .
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�ãáâì äã­ªæ¨ï x(t) ­¥¯à¥àë¢­  ­  [a; b]. �¢¥¤¥¬ ¤«ï ­¥¥ ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ­  «î¡®¬
®âà¥§ª¥ [c; d], á®¤¥à¦ é¥¬áï ¢ (a; b),

!(x; �; [c; d]) = sup
c�t1;t2�d; jt1�t2j��

jx(t1)� x(t2)j:

�«ï ­¥¯à¥àë¢­®© ¢ [a; b] � [a; b] äã­ªæ¨¨ f(u; t)  ­ «®£¨ç­® [3] ¢¢¥¤¥¬ ç áâ­ë¥ ¬®¤ã«¨ ­¥¯à¥-
àë¢­®áâ¨

!(f; �1; 0; [c1; d1]; [c2; d2]) = sup jf(u1; t)� f(u2; t)j;

£¤¥ sup ¡¥à¥âáï ¯® u1; u2 2 [c1; d1], t 2 [c2; d2] ¯à¨ ju1 � u2j � �1;

!(f; 0; �2; [c1; d1]; [c2; d2]) = sup jf(u; t1)� f(u; t2)j;

£¤¥ sup ¡¥à¥âáï ¯® u 2 [c1; d1], t1; t2 2 [c2; d2] ¯à¨ jt1�t2j � �2; §¤¥áì a < c1 < d1 < b, a < c2 < d2 < b.
�«ï á¨­£ã«ïà­®£® ¨­â¥£à « 

S(u) =
Z b

a

f(u; s)
s� u

ln�m
���� c

s� u

����ds; 0 < m � 1; u 2 [a; b]; (2)

£¤¥ ¤«ï ¯à®áâ®âë ¢ëª« ¤®ª ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¯à¥¤¯®« £ ¥âáï c > em(b�a), á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì f(u; s) ­¥¯à¥àë¢­  ­  [a; b] � [a; b], f(a; a) = f(b; b) = 0 ¨ ¢ë¯®«­¥­ë

ãá«®¢¨ï Z b

a
jf(u; t)jdt <1 8u 2 (a; b);

Z (b�a)=2

0

!(f; 0; t; [(a + u1)=2; (b + u2)=2]; [(a + u1)=2; (b + u2)=2])
t

dt <1

¤«ï «î¡ëå u1; u2 2 [a; b].
�®£¤  ¤«ï ¨­â¥£à «  (2) ¢¥à­ë ®æ¥­ª¨

jS(u)j � 8
Z l=2

0

!(f; t; 0)
t

ln�m
c

t
dt+ 7

Z l=2

0

!(f; 0; t)
t

ln�m
c

t
dt; (3)

!(S(u); �) �
�
6 + 2m+2 ln�m

c

�

�Z �

0

!(f; t; 0)
t

ln�m
c

t
dt+

+�
�
86 + 30 ln�m

c

�

�Z l=2

0

!(f; 0; t)
t(t+ h)

ln�m
c

t
dt+ 2!(f; �; 0)�(�);

£¤¥ l = b� a, �(�) = ln ln c=� ¯à¨ m = 1, �(�) = ln1�m c=� ¯à¨ 0 < m < 1, 0 < � < c.

�  [0; 1] ¢¢¥¤¥¬ äã­ªæ¨î

w('; �) =
Z �

0

'(�)
�

ln�m
c

�
d� + �

Z 2

�

'(�)
� 2

ln�m
c

�
d� + �

Z 2

�

'(�)
� 2

ln�m�1 c

�
d�:

�¥¬¬  1. �ãáâì äã­ªæ¨ï ' 2 � ã¤®¢«¥â¢®àï¥â ãá«®¢¨îZ 2

0

'(�)
�

ln�m
c

�
d� <1:

�®£¤  á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï

1) w('; �) ¢®§à áâ ¥â;
2) lim

�!0
w('; �) = 0;

3) w(';�)

�
ã¡ë¢ ¥â;

4) eá«¨ '1(�) = o('2(�)), â® w('1; �) = o(w('2; �)), � ! 0;
5) eá«¨ '1 � '2, â® w('1; �) � w('2; �);
6) eá«¨ '1 = O('2), â® w('1; �) = O(w('2; �)), � ! 0.
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�¡®§­ ç¨¬ ç¥à¥§ �H ¬­®¦¥áâ¢® ¢á¥å '(�) 2 �, ¤«ï ª®â®àëå ¢ë¯®«­¥­ë ãá«®¢¨ï

Z 1

0

'(�)
�

ln�m
c

�
d� <1; w('; �) = O

�
'(�) ln�m

c

�

�
; � 2 (0; 1):

� áá¬®âà¨¬ ¨­â¥£à «ì­ë© ®¯¥à â®à á «®£ à¨ä¬¨ç¥áª¨ ®á« ¡«¥­­®© ®á®¡¥­­®áâìî ¢¨¤ 

Sgx =
Z 1

�1

g(u; t)x(t)
t� u

dt: (4)

�ãáâì !(t) 2 �H, g(u; t) ®¯à¥¤¥«¥­  ¢ [�1; 1] � [1; 1] ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

 )
Z �

0

!(g; t; 0)
t

ln�m
c

t
dt = O

�
!(�) ln�m

c

�

�
;

¡)
Z �

0

!(g; 0; t)
t

ln�m
c

t
dt+ �

Z l=2

�

!(g; 0; t)
t2

ln�m
c

t
= O

�
!(�) ln�m

c

�

�
;

¢) !(g; �; 0)�(�) = O

�
!(�) ln�m

c

�

�
;

£) g(�1;�1) = g(1; 1) = 0:

�¥®à¥¬  2. �á«¨ g(u; t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬  ){£), â® ®¯¥à â®à (4) ¤¥©áâ¢ã¥â ¨§ H!

¢ H , £¤¥  (t) = !(t) ln�m c
t
.

2. �®««®ª æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.
1) �®«¨­®¬¨ «ì­ë© ¬¥â®¤ â¨¯  ª®««®ª æ¨©. �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨é¥âáï

¢ ¢¨¤¥

xn(t) =
nX
k=0

�kTk(t); (5)

£¤¥ Tk(t) | ¯®«¨­®¬ë �¥¡ëè¥¢  I-£® à®¤ . �¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë f�kg
n
k=0 ¡ã¤¥¬ ¨áª âì

¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

�k +
�k

(n+ 1)2

nX
j=0

�j

nX
l=0

Tl(�k)
Z 1

�1

g(�k; �)
� � �k

ln�m
c

j� � �kj
d� =

�k
n+ 1

nX
l=0

y(�l)Tl(�k); k = 0; n; (6)

£¤¥ �k | ã§«ë �¥¡ëè¥¢  I-£® à®¤ 

�k = cos
2k + 1
2n+ 2

�; k = 0; n; (7)

a �k = �
(n)
k , k = 1; n, ®¯à¥¤¥«ïîâáï ¯® «î¡®© ¨§ á«¥¤ãîé¨å ä®à¬ã«:

�
(n)
k = cos

k�

2n+ 1
; k = 1; n;

�
(n)
k =

k�

2n+ 2
ctg

k�

2n+ 2
; k = 1; n;

�
(n)
k =

n� k + 1
n+ 2

cos
k�

n+ 2
+

sin[(k + 1)�=(n + 2)]
(n+ 2) sin[�=(n+ 2)]

; k = 1; n:

�â­®á¨â¥«ì­® ¬¥â®¤  (5){(7) ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  3. �ãáâì g(t; �) 2 H';', y(t) 2 H', £¤¥ H' � H!(1) , '; !(1) 2 �H, g(t; �) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬  ){£) â¥®à¥¬ë 2, ¨ ãà ¢­¥­¨¥ (1) ®¤­®§­ ç­® à §à¥è¨¬®. �®£¤  á¨áâ¥¬ 

(6) à §à¥è¨¬  ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å n ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï xn, ­ ©¤¥­­ë¥ ãª § ­­ë¬
¬¥â®¤®¬, áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ãà ¢­¥­¨ï (1) á® áª®à®áâìî

kx� � xnk!(1) = O

�
1

lnm n
+

'(1=n)
!(1)(1=n)

�
:

2) �®«¨£®­ «ì­ë© ¬¥â®¤ à¥è¥­¨ï. �ãáâì eH!(1) | ¬­®¦¥áâ¢® ¯®«¨£®­®¢ ex(t), ¯à®å®¤ïé¨å
ç¥à¥§ â®çª¨ (t0; x0); : : : ; (tn; xn), xk = x(tk) = ex(tk), £¤¥

tk = �1 + 2k=n; k = 0; n: (8)

�¥¬¬  2. �á«¨ x 2 H!, H! � H!(1) , â®

kx� exkC[�1;1] = O(!(h)H(x; !));

H(x� ex; !(1)) = O

�
!(h)
!(1)(h)

H(x; !)
�
;

£¤¥ h = 2=n.

�ãáâì â¥¯¥àì S1
n | ®¯¥à â®à, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã í«¥¬¥­âã x 2 H!(1) ¥£®

¯®«¨£®­ ex ¯® ãª § ­­®¬ã ¢ëè¥ á¯®á®¡ã.
�¥¬¬  3. �«ï «î¡®£® !(1) à ¢­®¬¥à­® ®â­®á¨â¥«ì­® n 2 N á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

kS1
nk!(1) = O(1); n!1:

�â¨ «¥¬¬ë ¨á¯®«ì§ãîâáï ¤«ï ®¡®á­®¢ ­¨ï ¯®«¨£®­ «ì­®£® ¬¥â®¤  à¥è¥­¨ï ãà ¢­¥­¨ï (1).
�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

xn(t) =
nX
k=0

ckqk(t); (9)

£¤¥ qk(t) | äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë ¯¥à¢®£® ¯®àï¤ª  ¯® ã§« ¬ (8). �¥¨§¢¥áâ­ë¥ ª®íää¨æ¨-
¥­âë c0; : : : ; cn ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©

Kxn(ti) = y(ti); i = 0; n: (10)

�«ï ¬¥â®¤  (8){(10) ¢¥à­ 

�¥®à¥¬  4. �ãáâì g(t; �) 2 H';', y(t) 2 H', £¤¥ H' � H!(1) , '; !(1) 2 �H, g(t; �) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬  ){£) â¥®à¥¬ë 1 ¨ ãà ¢­¥­¨¥ (1) ®¤­®§­ ç­® à §à¥è¨¬®. �®£¤  á¨áâ¥¬  (10)
à §à¥è¨¬  ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å n ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï xn, ­ ©¤¥­­ë¥ ãª § ­­ë¬ ¬¥-

â®¤®¬, áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ãà ¢­¥­¨ï (1) á® áª®à®áâìî

kx� � xnk!(1) = O

�
1

lnm n
+

'(1=n)
!(1)(1=n)

�
:
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