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�  ï áâ âìï ¯®á¢ïé¥   å®¦¤¥¨î ãá«®¢¨© ®âáãâáâ¢¨ï ¥âà¨¢¨ «ìëå à¥è¥¨© ¯®«ã«¨-
¥©ëå ¤¨ää¥à¥æ¨ «ìëå ¥à ¢¥áâ¢ ¨ á¨áâ¥¬ ¥à ¢¥áâ¢ í««¨¯â¨ç¥áª®£® â¨¯  ¢ ®ªà¥áâ®áâ¨
ª®¨ç¥áª®© â®çª¨ £à ¨æë. �à¨¢®¤¨âáï â ª¦¥ à¥§ã«ìâ â ¤«ï á®®â¢¥âáâ¢ãîé¥© ¯ à ¡®«¨ç¥áª®©
§ ¤ ç¨. �âáãâáâ¢¨¥ à¥è¥¨ï ï¢«ï¥âáï á«¥¤áâ¢¨¥¬  «¨ç¨ï ¢ à áá¬ âà¨¢ ¥¬ëå ¥à ¢¥áâ¢ å
á¨£ã«ïà®áâ¨ ¢¨¤  1=jxj� , � > 2.

�¥®à¨ï «¨¥©ëå ªà ¥¢ëå § ¤ ç ¢ ª®¨ç¥áª¨å ®¡« áâïå ¢¥¤¥â á¢®© ®âáç¥â á ª« áá¨ç¥áª®©
à ¡®âë �.�.�®¤à âì¥¢  [1]. �®¢à¥¬¥®¥ á®áâ®ï¨¥ ¨áá«¥¤®¢ ¨© ¬®¦®  ©â¨ ¢ [2] (á¬. â ª¦¥
«¨â¥à âãàã â ¬). �§ãç¥¨¥ ¯®«ã«¨¥©ëå ¨ ¥«¨¥©ëå ãà ¢¥¨© ¯à®¢®¤¨âáï ¯à¥¨¬ãé¥áâ¢¥-
®   ®á®¢¥ ¨§¢¥áâëå ãâ¢¥à¦¤¥¨© ¤«ï á®®â¢¥âáâ¢ãîé¨å «¨¥©ëå § ¤ ç. �à¨ íâ®¬ ¯®«ãç îâ
¤®áâ â®ç® â®ª¨¥ ®æ¥ª¨   à®áâ à¥è¥¨© [3], [4]. �«¥¤áâ¢¨¥¬ íâ¨å ®æ¥®ª ï¢«ï¥âáï, ¢ ç áâ®-
áâ¨, ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì®£® à¥è¥¨ï ¯à¨ ¥ª®â®àëå ¤®¯®«¨â¥«ìëå ãá«®¢¨ïå.

� ¤ ®© à ¡®â¥ ¤«ï ¤®ª § â¥«ìáâ¢  ®âáãâáâ¢¨ï à¥è¥¨ï ¯à¨¬¥ï¥âáï ¬¥â®¤ ¯à®¡ëå äãª-
æ¨© [5]{[8] ¡¥§ ¨á¯®«ì§®¢ ¨ï ª ª¨å-«¨¡® á¢¥¤¥¨© ¨§ «¨¥©®© â¥®à¨¨. � «®£¨çë¥ à¥§ã«ìâ -
âë ¤«ï ®£à ¨ç¥®© ®¡« áâ¨ (¡¥§ ª®¨ç¥áª®© â®çª¨) ¤àã£¨¬ ¬¥â®¤®¬ ¤®ª § ë ¢ [9], ¬¥â®¤®¬
¯à®¡ëå äãªæ¨© ¢ [10], [11] (à áá¬®âà¥ë â ª¦¥ í¢®«îæ¨®ë¥ § ¤ ç¨). �âáãâáâ¢¨¥ à¥è¥¨©
¢ ¥®£à ¨ç¥ëå ª®¨ç¥áª¨å ®¡« áâïå ¬¥â®¤®¬ ¯à®¡ëå äãªæ¨© ¨§ãç «®áì ¢ [12].

�ãáâì K! | ®¡« áâì   ¥¤¨¨ç®© áä¥à¥ SN�1 � R
N , N � 3, á ¤®áâ â®ç® £« ¤ª®© £à ¨æ¥©

@K!. �®ãá®¬ K  §ë¢ ¥âáï ¬®¦¥áâ¢®

K = fx = x(r; !) : 0 < r < +1; ! 2 K!g;

£¤¥ (r; !) | áä¥à¨ç¥áª¨¥ ª®®à¤¨ âë â®çª¨ x ¢ RN . �®ª®¢ãî ¯®¢¥àå®áâì ª®ãá  ®¡®§ ç¨¬ @K.
�«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® ª®¨ç¥áª ï â®çª  á®¢¯ ¤ ¥â á x = 0. �®¤ ®ªà¥áâ®áâìî

KR ª®¨ç¥áª®© â®çª¨ ¯®¨¬ ¥âáï ®¡« áâì fx 2 K : jxj < Rg á ¯®«®© £à ¨æ¥© @KR.
�ãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ RN á ªãá®ç®-£« ¤ª®© £à ¨æ¥©. � «¥¥ ¨á¯®«ì§ãîâáï

¯à®áâà áâ¢  �.�. �®¡®«¥¢  W 1
q (
), W

2
q (
),   â ª¦¥ «®ª «ì®¥ ¯à®áâà áâ¢® Lq;loc(
), í«¥¬¥-

âë ª®â®à®£® ¯à¨ ¤«¥¦ â Lq(
0) ¤«ï «î¡®£® ª®¬¯ ªâ®£® ¯®¤¬®¦¥áâ¢  
0 : 
0 � 
. �¥à¥§
C(
) ®¡®§ ç ¥âáï ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨©, ç¥à¥§ Cm(
) | ¯à®áâà áâ¢® £« ¤ª¨å
äãªæ¨©. �à¨ ¨§ãç¥¨¨ ¯ à ¡®«¨ç¥áª®© § ¤ ç¨ ¨á¯®«ì§ãîâáï  ¨§®âà®¯ë¥ ¢ à¨ âë á®®â¢¥â-
áâ¢ãîé¨å ¯à®áâà áâ¢. �¨¬¢®« � ®¡®§ ç ¥â ®¯¥à â®à � ¯« á . �«ï ¤¢ãå ¤¨ää¥à¥æ¨àã¥¬ëå

äãªæ¨© u(x) ¨ '(x) ¯®« £ ¥¬ rur' =
NP
i=1

@u
@xi

@'
@xi

. �ëà ¦¥¨¥
R

@KR

@u
@n

dx ®§ ç ¥â ¨â¥£à « ®â

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ INTAS (¯à®¥ªâ 971-30551), ¯à®£à ¬¬ë \�¥¤ãé¨¥  ãç-
ë¥ èª®«ë" (¯à®¥ªâ 00-15-96047) ¨ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ 01-01-
00884).

50



¯à®¨§¢®¤®© äãªæ¨¨ u ¯®  ¯à ¢«¥¨î ¢¥è¥© ®à¬ «¨ n ª £à ¨æ¥ ®¡« áâ¨ @KR. �¥à¥§ c á
¨¤¥ªá ¬¨ ¡ã¤¥¬ ®¡®§ ç âì ¯®áâ®ïë¥.

� ¯®¬¨¬, çâ® ®¯¥à â®à � ¯« á  � ¢ áä¥à¨ç¥áª¨å ª®®à¤¨ â å (r; !) ¨¬¥¥â ¢¨¤

� =
1

rN�1

@

@r

�
rN�1 @

@r

�
+

1
r2
�! =

@2

@r2
+
N � 1
r

@

@r
+

1
r2
�!;

£¤¥ �! | ®¯¥à â®à �¥«ìâà ¬¨{� ¯« á    ¥¤¨¨ç®© áä¥à¥ SN�1 � R
N .

� ¤ «ì¥©è¥¬ ¯®áâ®ï® ¨á¯®«ì§ãîâáï  ¨¬¥ìè¥¥ (¯¥à¢®¥) á®¡áâ¢¥®¥ § ç¥¨¥ �! �
�1(K!) > 0 ¨ á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥ ï äãªæ¨ï �(!) ®¯¥à â®à  �!, ï¢«ïîé¨¥áï à¥è¥¨¥¬
§ ¤ ç¨

�!�+ �� = 0 ¢ K!;

�j@K!
= 0:

�®à®è® ¨§¢¥áâ®, çâ® �(!) > 0 ¤«ï ! 2 K!. �à¥¤¯®« £ ¥âáï, çâ® �(!) � 1.

1. �««¨¯â¨ç¥áª®¥ ¥à ¢¥áâ¢®

�ãáâì R | ä¨ªá¨à®¢ ®¥ ç¨á«®. � áá¬®âà¨¬ ¯à®¡«¥¬ã ®âáãâáâ¢¨ï á« ¡ëå à¥è¥¨© § ¤ ç¨

��u � uq=jxj� ¢ KR; q > 1; � > 2;

u � 0; u 6� 0:
(1)

� «¥¥ á« ¡®¥ à¥è¥¨¥ ¡ã¤¥â ¯®¨¬ âìáï ¢ á«¥¤ãîé¥¬ á¬ëá«¥.

�¯à¥¤¥«¥¨¥ 1. �ãáâì u(x) 2 C(KR nf0g). �¥®âà¨æ â¥«ì ï äãªæ¨ï u(x)  §ë¢ ¥âáï á« -
¡ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), ¥á«¨ ¤«ï «î¡®© ¥®âà¨æ â¥«ì®© ¯à®¡®© äãªæ¨¨ '(x) 2 W 2

1(KR)
â ª®©, çâ® 'j@KR

= 0 ¨ '(x) � 0 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ x = 0, ¢ë¯®«¥® ¨â¥£à «ì®¥
¥à ¢¥áâ¢® Z

@KR

u
@'

@n
dx�

Z
KR

u�'dx �
Z
KR

uq

jxj�
'dx: (2)

�« £®¤ àï  «®¦¥ë¬ ãá«®¢¨ï¬ ¢á¥ ¢å®¤ïé¨¥ ¢ ¥à ¢¥áâ¢® (2) ¨â¥£à «ë ¨¬¥îâ á¬ëá«.
�á«®¢¨¥ u(x) 2 C(KR nf0g) ¯à¥¤¯®« £ ¥â, çâ® äãªæ¨ï u(x) ¨¬¥¥â ¥¯à¥àë¢ë© á«¥¤   ¯®¢¥àå-
®áâ¨ ®¡« áâ¨ KR §  ¨áª«îç¥¨¥¬ â®çª¨ x = 0. �â® ®¡¥á¯¥ç¨¢ ¥â, ¢ ç áâ®áâ¨, áãé¥áâ¢®¢ ¨¥
¯¥à¢®£® ¨â¥£à «  ¢ «¥¢®© ç áâ¨ (2). �® ¨ç¥£® ¥ ¯à¥¤¯®« £ ¥¬ ® ¯®¢¥¤¥¨¨ à¥è¥¨ï ¢ ¢¥àè¨-
¥ ª®ãá . �®¦® § ¯¨á âì,  ¯à¨¬¥à, çâ® u(x) 2 C(KR nKr) ¤«ï ¢á¥å r < R. �¬¥® ¢ â ª®¬
á¬ëá«¥ ã¦® ¯®¨¬ âì ¯à®¢®¤¨¬ë¥ ¤ «¥¥ ¢ëª« ¤ª¨.

� ¬¥â¨¬, çâ® ®¯à¥¤¥«¥¨¥ ®¡®¡é¥®£® à¥è¥¨ï ¬®¦¥â ¡ëâì à áè¨à¥®, ¢ ç áâ®áâ¨, à á-
á¬®âà¥¨¥¬ ¢¬¥áâ® ¯à®áâà áâ¢  ¥¯à¥àë¢ëå äãªæ¨© ¯à®áâà áâ¢  «®ª «ì® áã¬¬¨àã¥¬ëå
äãªæ¨© Lq;loc(KR n f0g).

�à¨¢¥¤¥¬ ¯à¨¬¥à à¥è¥¨ï § ¤ ç¨ (1) ¤«ï á«ãç ï â ª  §ë¢ ¥¬®© áã¯¥àªà¨â¨ç¥áª®© á¨£ã-
«ïà®áâ¨, ª®£¤  áâ¥¯¥ì � > 2.

� áá¬®âà¨¬ äãªæ¨î

u(r; !) = "rs�(!);

£¤¥ �(x) | ¢¢¥¤¥ ï ¢ëè¥ á®¡áâ¢¥ ï äãªæ¨ï ®¯¥à â®à  �¥«ìâà ¬¨{� ¯« á , " > 0.
�á¯®«ì§ãï ¢ëà ¦¥¨ï ¤«ï ®¯¥à â®à  � ¯« á  ¢ áä¥à¨ç¥áª¨å ª®®à¤¨ â å ¨ ãç¨âë¢ ï, çâ®
��!� = �!�, ¯®«ãç¨¬

��u = �"
�
s(s� 1)rs�2�(!) + s

N � 1
r

rs�1�(!) +
rs

r2
�!�

�
= �"�rs�2fs2 + s(N � 2)� �!g:
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�®àï¬¨ ¢ëà ¦¥¨ï ¢ ä¨£ãàëå áª®¡ª å ï¢«ïîâáï

s� = �
N � 2
2

�

s�
N � 2
2

�2

+ �! < 0; s� = �
N � 2
2

+

s�
N � 2
2

�2

+ �! > 0; (3)

¯®íâ®¬ã ®® ¬¥ìè¥ ã«ï, ¥á«¨
s� < s < s�:

�ë¡¥à¥¬ ¯ à ¬¥âà s â ª, çâ®¡ë s2 + s(N � 2)� �! = �� < 0, s� 2 = sq � � ¨ " = �1=(q�1). �®£¤ 

�"�rs�2(��) = "��rsq�� =
("rs)q

jxj�
�:

�®áª®«ìªã ¯à¥¤¯®« £ ¥¬ � � 1, â® � � �q, ¨ ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ®æ¥¨¢ ¥âáï ¢ ¢¨¤¥

��u =
("rs)q

jxj�
� �

("rs�)q

jxj�
=

uq

jxj�
:

� ¬¥â¨¬, çâ® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯®«ãç¥® ¯à¨ ¤¢ãå ãá«®¢¨ïå:(
s� < s < s�;

s� 2 = sq � �;
)

(
s� <

��2
q�1

< s�;

s = ��2
q�1

:

�®áª®«ìªã ¤«ï ¨§ãç ¥¬®£® §¤¥áì á«ãç ï � > 2 ¨ q > 1, â® ¢ á¨«ã s� < 0 ¢á¥£¤  ¢ë¯®«¥®
¥à ¢¥áâ¢® s� < ��2

q�1
. �áâ ¥âáï â®«ìª® ãá«®¢¨¥

� � 2
q � 1

< s� ) q > 1 +
� � 2
s�

= q�:

�â ª, ¯à¨ � > 2, q > q� ¢¢¥¤¥ ï äãªæ¨ï u(x) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1).
�à¨¢¥¤¥¬ ®¤¨ ¨§ ®á®¢ëå à¥§ã«ìâ â®¢ à ¡®âë.

�¥®à¥¬  1. �à¨ � > 2 ¨

1 < q � q� = 1 +
� � 2
s�

§ ¤ ç  (1) ¥ ¨¬¥¥â ¥âà¨¢¨ «ì®£® à¥è¥¨ï.

�¥à¥¤ ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ¯®áâà®¥¨ï. � ª ®â-
¬¥ç «®áì ¢ëè¥, ¢ ¨á¯®«ì§ã¥¬®¬ ¬¥â®¤¥ £« ¢ë¬ ï¢«ï¥âáï ¯®¤å®¤ïé¨© ¢ë¡®à ¯à®¡ëå äãªæ¨©.
�¢¥¤¥¬ äãªæ¨î

�(x) � �(r; !) =
�
rs� �

s�R
s��2

2
r2 +

s� � 2
2

Rs�

�
�(!);

£¤¥ s� < 0 ®¯à¥¤¥«¥® ä®à¬ã«®© (3). �ç¥¢¨¤®, �(R;!) = 0, @�=@r(R;!) = 0 ¨ ¢áî¤ã, ªà®¬¥
x = 0, ¢ KR ¢ë¯®«ï¥âáï á®®â®è¥¨¥

�� =
@2�

@r2
+
N � 1
r

@�

@r
�
�!�

r2
= Rs��2

�
�
Ns�
R2

�
�!s�
2

�
1
r2
�

1
R2

�
+
�!
r2

�
�(!) > 0;

â. ª. s� < 0 ¨ r � R.
�à®¡ãî äãªæ¨î ¡ã¤¥¬ ¡à âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï

'�(x) = ��(x)�(x): (4)

�¤¥áì ��(x) � ��(jxj) = ��(r) 2 C2[0;1) | áà¥§ îé ï (¢ ã«¥) äãªæ¨ï â ª ï, çâ® ��(r) = 0 ¤«ï
0 � r � �, ��(r) � 1 ¤«ï r > 2� ¨ ¯à¨ ¤®áâ â®ç® ¬ «ëå �

�p�

�p�1�

= �� � c�;
jd��=drj

p

�p�1�

�
c�
�p
;

j���jp

�p�1�

�
c�
�2p

;

£¤¥ c� ¥ § ¢¨á¨â ®â �. �®§¬®¦®áâì ¯®áâà®¥¨ï â ª®© äãªæ¨¨ �� ¨§¢¥áâ  ¨§ à ¡®â [7], [8].
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�ç¥¢¨¤ë â ª¦¥ ¥à ¢¥áâ¢  (¯à¨ ¤®áâ â®ç® ¬ «ëå � ¨ x 2 K2� nK�)

c�0�(!)�s� � �(r; !) � c�1�(!)�s� ;
����@�@r (r; !)

���� � c�1�(!)�s��1; j��j � c�1�(!)�s��2;

£¤¥ c�0, c�1 § ¢¨áïâ ®â R, ® ¥ § ¢¨áïâ ®â � ¨ r.
� ¤ «ì¥©è¥¬ ¯® ¤®¡¨âáï ®æ¥ª  ¨â¥£à « Z

K2�nK�

j�'�jp

'p�1�

jxj�(p�1) dx

¯à¨ p > 1, § ¢¨áïé ï ®â �. �«ï ¥¥ ¯®«ãç¥¨ï ¢®á¯®«ì§ã¥¬áï ¯à¨¢¥¤¥ë¬¨ ¢ëè¥ ¥à ¢¥áâ¢ ¬¨
¨ ¨§¢¥áâ®© ä®à¬ã«®©

�'� = �(���) = ���� + 2(r��;r�) + ���� = ���� + 2
d��
dr

@�

@r
+ ����:

�®£¤  ¢ ®¡« áâ¨ � < jxj < 2� ¨¬¥¥¬

j�'�jp

'p�1�

=
j�(���)jp

�p�1� �p�1
� cp

j���jp

�p�1�

�p

�p�1
+ cp

jd��=drj
p

�p�1�

j@�=@rjp

�p�1
+ cp

j��j
p

�p�1�

j��jp

�p�1
�

� cpc�
cp�1

cp�1�0

�(!)�s��2p:

Oâáî¤  ¤«ï ¨áª®¬®£® ¨â¥£à «  ¯®«ãç ¥¬
Z
K2�nK�

j�'�jp

'p�1�

jxj�(p�1) dx � cpc�
cp�1

cp�1�0

�s��2p
Z 2�

�
r�(p�1)rN�1dr

Z
K!

�(!) d! �

� cNp���
p(��2)+s�+N��; (5)

£¤¥ ¯®áâ®ï ï cNp�� ¥ § ¢¨á¨â ®â �.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �â ¯à®â¨¢®£®. �ãáâì u(x) | à¥è¥¨¥ § ¤ ç¨ (1) á � > 2 ¨
1 < q � q�. � è  æ¥«ì | ¯®ª § âì, çâ® â®£¤  u � 0. �®£« á® ®¯à¥¤¥«¥¨î 1 á ¯à®¡®© äãªæ¨¥©
'(x) = '�(x) (£¤¥ ¢§ïâ® p = q0 > 1) íâ® ®§ ç ¥âZ

KR

uq

jxj�
'� dx �

Z
@KR

u
@'�
@n

dx�

Z
KR

u�'� dx =

=
Z
fjxj=Rg\@KR

u
@'�
@r

dx+
Z
fjxj<Rg\@KR

u
@'�
@n

dx�

Z
K2�nK�

u�'� dx�
Z
KRnK2�

u�'� dx: (6)

� áá¬®âà¨¬ ¨â¥£à «ë ¢ ¯à ¢®© ç áâ¨. �® ¯®áâà®¥¨î ¯à¨ jxj = R ¨¬¥¥¬ @'�
@r

= @�
@r

= 0, ¯®íâ®-
¬ã ¯¥à¢ë© ¨â¥£à « à ¢¥ ã«î. �§ ¯à¥¤¯®«®¦¥¨ï u � 0 ¢ KR ¢ á¨«ã ¥à ¢¥áâ¢  �� � 0
§ ª«îç ¥¬, çâ® ¯®á«¥¤¨© ¨â¥£à « ¬¥ìè¥ ã«ï. � ª®¥æ,   ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá  KR

¨¬¥¥¬
@'�
@n

= �(r)
@�(!)
@n!

� 0;

£¤¥ �(r) | ¥ § ¢¨áïé ï ®â ! ¥®âà¨æ â¥«ì ï äãªæ¨ï, n! | ¢¥èïï ®à¬ «ì ª £à ¨æ¥
®¡« áâ¨ K!. �ë¢®¤ ® ¥®âà¨æ â¥«ì®áâ¨ ¯à®¨§¢®¤®© @�(!)=@n! á¤¥«    â®¬ ®á®¢ ¨¨, çâ®
�(w) � 0 ¢ K! ¨ �(!)j@K!

= 0 ¯® ¯®áâà®¥¨î. � ª¨¬ ®¡à §®¬, ¨ ¢â®à®© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨
¥à ¢¥áâ¢  (6) ¥¯®«®¦¨â¥«¥. � á®¢®ªã¯®áâ¨ ¨§ ¯à¨¢¥¤¥ëå à ááã¦¤¥¨© á«¥¤ã¥â, çâ®Z

KR

uq

jxj�
'� dx �

Z
K2�nK�

uj�'�j dx:
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�«ï ®æ¥ª¨ ¯à ¢®© ç áâ¨ íâ®£® ¥à ¢¥áâ¢  ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à . �®«ãç¨¬Z
KR

uq

jxj�
'� dx =

Z
K2�nK�

uq

jxj�
'� dx+

Z
KRnK2�

uq

jxj�
� dx �

�

Z
K2�nK�

uj�'�j dx �

 Z
K2�nK�

uq

jxj�
'� dx

!1=q Z
K2�nK�

j�'�jq
0

'q
0�1
�

jxj�(q
0�1) dx

!1=q0

; (7)

®âªã¤  á ãç¥â®¬ ®æ¥ª¨ (5) ¤«ï ¢â®à®£® ¨â¥£à «  á¯à ¢  ¡ã¤¥¬ ¨¬¥âì

Z
KRnK2�

uq

jxj�
� dx �

Z
K2�nK�

j�'�jq
0

'q
0�1
�

jxj�(q
0�1) dx � c0�

q0(��2)+s�+N��: (8)

� ª ª ª ¯®¤¨â¥£à «ì®¥ ¢ëà ¦¥¨¥ ¢ «¥¢®© ç áâ¨ ¥ § ¢¨á¨â ®â �, ¬®¦¥¬ ¯¥à¥©â¨ ª ¯à¥¤¥«ã
¯® �! 0. � á«ãç ¥ q0(�� 2) + s�+N � � � 0 íâ® ¯à¨¢®¤¨â ª á®®â®è¥¨î

R
KR

uq

jxj�
� dx � c0. �®£¤ 

¢ á¨«ã à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ ¨â¥£à «  ¯® ¬¥à¥ ¨ ¢¢¨¤ã ®æ¥ª¨ '� � �Z
K2�nK�

uq

jxj�
'� dx �

Z
K2�nK�

uq

jxj�
� dx = "(�)! 0 ¯à¨ �! 0:

�®§¢à é ïáì ª ¥à ¢¥áâ¢ã (7), ¯®«ãç¨¬Z
KRnK2�

uq

jxj�
� dx � "1=q(�)c1=q

0

0 ! 0

¯à¨ �! 0, â. ¥. ¢ ¯à¥¤¥«¥ Z
KR

uq

jxj�
� dx = 0;

®âªã¤  ¢ á¨«ã ¯®«®¦¨â¥«ì®áâ¨ � ¢KR á«¥¤ã¥â u � 0, çâ® ¯à®â¨¢®à¥ç¨â  è¥¬ã ¯à¥¤¯®«®¦¥¨î
® áãé¥áâ¢®¢ ¨¨ ¥âà¨¢¨ «ì®£® à¥è¥¨ï (â¥å¨ª  ¨áá«¥¤®¢ ¨ï ªà¨â¨ç¥áª®£® á«ãç ï q0(� �
2) + s� +N � � = 0 § ¨¬áâ¢®¢   ¨§ [7], [8]).

�«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¨§ ¥à ¢¥áâ¢ 

q0(� � 2) + s� +N � � � 0

¯®«ãç ¥¬ ãá«®¢¨¥ ®âáãâáâ¢¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï: 1 < q � q�.

� ®â«¨ç¨¥ ®â ¨§¢¥áâ®£® á«ãç ï   «®£¨ç®© § ¤ ç¨ á á¨£ã«ïà®áâìî ¢ ®¡« áâ¨, á®¤¥à¦ -
é¥© ¬ «ë© è à á æ¥âà®¬ ¢ ã«¥ [9]{[11], ª®£¤  ¯à¨ � � 2 à¥è¥¨ï ¥â ¯à¨ «î¡ëå q > 1, ¤«ï
ª®ãá  ®¯à¥¤¥«¥ ªà¨â¨ç¥áª¨© ¯®ª § â¥«ì q� > 1. �®íâ®¬ã ¬ë ¥ à áá¬ âà¨¢ ¥¬ \ªà¨â¨ç¥áª¨©"
¤«ï ¢ëà®¦¤¥¨ï á«ãç © � = 2,   ®£à ¨ç¨¢ ¥¬áï á«ãç ¥¬ � > 2.

2. �¨áâ¥¬  ¥à ¢¥áâ¢

�®ª ¦¥¬   «®£¨çë© ¯à¥¤ë¤ãé¥¬ã à¥§ã«ìâ â ¤«ï á¨áâ¥¬ë ¥à ¢¥áâ¢

��u � vq1=jxj�1 ¢ KR; q1 > 1; �1 > 2;

��v � uq2=jxj�2 ¢ KR; q2 > 1; �2 > 2; (9)

u � 0; v � 0; u 6� 0; v 6� 0:

�¯à¥¤¥«¥¨¥ 2. �ãáâì u(x); v(x) 2 C(KR n f0g). � à  ¥®âà¨æ â¥«ìëå äãªæ¨© u(x), v(x)
 §ë¢ ¥âáï á« ¡ë¬ à¥è¥¨¥¬ § ¤ ç¨ (9), ¥á«¨ ¤«ï «î¡®© ¥®âà¨æ â¥«ì®© ¯à®¡®© äãªæ¨¨
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'(x) 2W 2
1(KR) â ª®©, çâ® 'j@KR

= 0 ¨ '(x) � 0 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ x = 0, ¢ë¯®«¥ë
¨â¥£à «ìë¥ ¥à ¢¥áâ¢ 

Z
@KR

u
@'

@n
dx�

Z
KR

u�'dx �
Z
KR

vq1

jxj�1
'dx;

Z
@KR

v
@'

@n
dx�

Z
KR

v�'dx �
Z
KR

uq2

jxj�2
'dx:

�¥®à¥¬  2. �à¨ �1 > 2, �2 > 2, q1 > 1, q2 > 1 ¨ maxf1; 2g � 0, £¤¥ 1 = q1(�2�2)+�1�2�
s�(q1q2�1), 2 = q2(�1�2)+�2�2�s�(q1q2�1), § ¤ ç  (9) ¥ ¨¬¥¥â (¥âà¨¢¨ «ì®£®) à¥è¥¨ï.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨ï á« ¡®£® à¥è¥¨ï, ¤¥©áâ¢ãï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã
â¥®à¥¬ë 1, ¯®«ãç ¥¬

Z
KR

vq1

jxj�1
'� dx �

 Z
K2�nK�

uq2

jxj�2
'� dx

!1=q2 Z
K2�nK�

j�'�jq
0

2

'
q0
2
�1

�

jxj�2(q
0

2
�1) dx

!1=q0
2

�

�

 Z
K2�nK�

uq2

jxj�2
'� dx

!1=q2

J
1=q0

2

2 ; (10)

¨ â ª¦¥

Z
KR

uq2

jxj�2
'� dx �

 Z
K2�nK�

vq1

jxj�1
'� dx

!1=q1

J
1=q0

1

1 ; (11)

£¤¥ ¤«ï ®¯à¥¤¥«¥ëå ®ç¥¢¨¤ë¬ ®¡à §®¬ ¨â¥£à «®¢ J1 ¨ J2 ¨§ (5), á p = q01 ¨ p = q02 á®®â¢¥â-
áâ¢¥® ¨¬¥¥¬ ®æ¥ª¨

Ji � c�q
0

i(�i�2)+s�+N��i ; i = 1; 2:

�®¤áâ ¢«ïï ¥à ¢¥áâ¢® (11) ¢ (10), ¯à¨å®¤¨¬ ª ®æ¥ª¥

Z
KR

vq1

jxj�1
'� dx �

 �Z
K2�nK�

vq1

jxj�1
'� dx

�1=q1

J
1=q0

1

1

!1=q2

J
1=q0

2

2 ;

â. ¥. Z
KR

vq1

jxj�1
'� dx �

�
J
1=(q0

1
q2)

1 J
1=q0

2

2

�q1q2=(q1q2�1) = �Jq1�11 J
q1(q2�1)
2

�1=(q1q2�1)
� c�1=(q1q2�1):

�âáî¤  ¯à¨ 1 � 0 á«¥¤ã¥â ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì®£® à¥è¥¨ï v(x). � «®£¨ç®, ¯®¤áâ -
¢«ïï (10) ¢ (11), ¯®«ãç¨¬ Z

KR

uq2

jxj�2
'� dx � c�2=(q1q2�1);

çâ® ¤ ¥â ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì®£® à¥è¥¨ï u(x) ¯à¨ 2 � 0.
� ¬¥â¨¬, çâ® ¥á«¨ u � 0, â® ¢ á¨«ã ¥à ¢¥áâ¢  (10) ¯®«ãç ¥¬ v � 0, ¨  ®¡®à®â (¯® ¥à -

¢¥áâ¢ã (11)). �¡ê¥¤¨ïï ¯®«ãç¥ë¥ ãá«®¢¨ï ®âáãâáâ¢¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï ¤«ï u(x) ¨
v(x), ¯à¨å®¤¨¬ ª ãâ¢¥à¦¤¥¨î â¥®à¥¬ë.
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3. �¢®«îæ¨® ï § ¤ ç 

�¢¥¤¥¬ ä¨ªá¨à®¢ ®¥ ç¨á«® R0 ¨ ª®¨ç¥áªãî ®¡« áâì K0 � KR0
= fx 2 K : jxj < R0g.

� áá¬®âà¨¬ í¢®«îæ¨®®¥ (¯ à ¡®«¨ç¥áª®¥) ¥à ¢¥áâ¢®

@u

@t
��u � uq=jxj� ¢ K0 � R+ ; u � 0; u 6� 0;

u(x; 0) = u0(x) � 0:
(12)

�¯à¥¤¥«¥¨¥ 3. �¥®âà¨æ â¥«ì ï äãªæ¨ï u(x; t) 2 C(K0 n f0g � R+)  §ë¢ ¥âáï á« ¡ë¬
à¥è¥¨¥¬ § ¤ ç¨ (12), ¥á«¨ ¤«ï «î¡®£® ª®ãá  KR, R � R0, ç¨á¥« t1 > t0 � 0 ¨ ¥®âà¨æ â¥«ì®©
äãªæ¨¨ '(x; t) 2 W 2

1(KR � R) â ª®©, çâ® '(x; t)j@KR
= 0 ¨ '(x; t) � 0 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨

â®çª¨ x = 0 ¤«ï ¢á¥å t � 0, ¢ë¯®«¥® ¨â¥£à «ì®¥ ¥à ¢¥áâ¢®

Z t1

t0

Z
KR

uq

jxj�
'dx dt � �

Z t1

t0

Z
KR

u

�
@'

@t
+�'

�
dx dt+

+
Z
KR

u(x; t1)'(x; t1) dx�
Z
KR

u(x; t0)'(x; t0) dx+
Z t1

t0

Z
@KR

u
@'

@n
dx dt: (13)

�¡¥¤¨¬áï, çâ® ¢¢¥¤¥ë© à ¥¥ ªà¨â¨ç¥áª¨© ¯®ª § â¥«ì q� ¤«ï í««¨¯â¨ç¥áª®£® ¥à ¢¥áâ¢ 
¥ ¬¥ï¥âáï ¨ ¢ á«ãç ¥ í¢®«îæ¨®®© § ¤ ç¨ (12).

�ãáâì u(x; t) | à¥è¥¨¥ § ¤ ç¨ (12). � ä¨ªá¨àã¥¬ ¥ª®â®àë¥ t0 ¨ t1, t1 � t0 = � ¨ ¢ë¡¥à¥¬
¯à®¡ãî äãªæ¨î

'�;� (x; t) = T�(t)'�(x);

£¤¥ '�(x) ®¯à¥¤¥«¥® ä®à¬ã«®© (4), T� | áâ ¤ àâ ï áà¥§ îé ï äãªæ¨ï, T� (t) 2 C2[t0; t1] ¨
T� (t) = 1 ¯à¨ t0 � t � t0 + �=2, T� (t1) = T 0

� (t1) = 0, 0 � T� (t) � 1,

Z t1

t0+�=2

jT 0
� j
q0

T q0�1
�

dt � cT �
1�q0 ;

£¤¥ cT ¥ § ¢¨á¨â ®â � . � ª ¨§¢¥áâ®, â ª®© ¢ë¡®à ¢®§¬®¦¥ [6], [7].
�®£¤  ¯® ®¯à¥¤¥«¥¨î à¥è¥¨ï ¤«ï ¥ª®â®à®£® R < R0

Z t1

t0

Z
KR

uq

jxj�
'�;�dx dt � �

Z
KR

u(x; t0)'� dx�
Z
supp jT 0� j

Z
KR

uT 0
�'� dx dt�

�

Z t1

t0

Z
�'�<0

uT��'� dx dt+
Z t1

t0

Z
@KR

u
@'�
@n

T� dx dt:

�à¨ ãª § ®¬ ¢ë¡®à¥ äãªæ¨¨ '� ¯®á«¥¤¨© ¨â¥£à « ï¢«ï¥âáï ¥¯®«®¦¨â¥«ìë¬, ¯®íâ®¬ã
¬®¦® § ¯¨á âì â ª®¥ ¥à ¢¥áâ¢®

Z
KR

u(x; t0)'� dx+
Z t1

t0

Z
KR

uq

jxj�
'�;�dx dt �

Z t1

t0+�=2

jT 0
� j

Z
KR

u'� dx dt+
Z t1

t0

T�

Z
K2�nK�

uj�'�j dx dt:
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�à¨¬¥ïï ¤«ï ®æ¥ª¨ ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢® ��¥«ì¤¥à 

Z
K2�nK�

u(x; t0)'� dx+
Z
KRnK2�

u(x; t0)� dx+
Z t0+�=2

t0

Z
K2�nK�

uq

jxj�
'� dx dt+

+
Z t0+�=2

t0

Z
KRnK2�

uq

jxj�
� dx dt+

Z t1

t0+�=2

Z
K2�nK�

uq

jxj�
'�;�dx dt+

Z t1

t0+�=2

Z
KRnK2�

uq

jxj�
�T� dx dt �

�

 Z t1

t0+�=2

Z
KR

uq

jxj�
'�T� dx dt

!1=q Z t1

t0+�=2

jT 0
� j
q0

T q0�1
�

dt

Z
KR

'�jxj
�(q0�1)dx

!1=q0

+

+

 Z t1

t0

Z
K2�nK�

uq

jxj�
'�T� dx dt

!1=q Z t1

t0

T� dt

Z
K2�nK�

j�'�jq
0

'q
0�1
�

jxj�(q
0�1)dx

!1=q0

; (14)

¯®«ãç¨¬

Z
KRnK2�

u(x; t0)� dx+
Z t0+�=2

t0

Z
KRnK2�

uq

jxj�
� dx dt �

�

Z t1

t0+�=2

jT 0
� j
q0

T q0�1
�

dt

Z
KR

'�jxj
�(q0�1)dx+

Z t1

t0

T� dt

Z
K2�nK�

j�'�jq
0

'q
0�1
�

jxj�(q
0�1)dx: (15)

�â®à®© ¨â¥£à « á¯à ¢  ®æ¥¨¬   «®£¨ç® í««¨¯â¨ç¥áª®¬ã á«ãç î (8):

Z t1

t0

T� dt

Z
K2�nK�

j�'�jq
0

'q
0�1
�

jxj�(q
0�1) dx � c0��

q0(��2)+s�+N��:

�«ï ¯¥à¢®£® ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (15) ¡ã¤¥¬ ¨¬¥âì

Z t1

t0+�=2

jT 0
� j
q0

T q0�1
�

dt

Z
KR

'�jxj
�(q0�1)dx � cT c1�

1�q0R�(q0�1)+s�+N ;

£¤¥ ¯®áâ®ï ï c1 ¢®§¨ª ¥â ¯à¨ ¨â¥£à¨à®¢ ¨¨ äãªæ¨¨ '� ¨, ª ª ¬®¦® ã¡¥¤¨âìáï, ¥ § ¢¨á¨â
®â R.

�®£¤  ¨§ (15) á«¥¤ã¥â ®æ¥ª 

Z
KRnK2�

u(x; t0)� dx+
Z t0+�=2

t0

Z
KRnK2�

uq

jxj�
� dx dt �

� cT c1�
1�q0R�(q0�1)+s�+N + c0��

q0(��2)+s�+N��:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯® �! 0 ¯à¨ ä¨ªá¨à®¢ ëå t0 ¨ � , ¢ á«ãç ¥

q0(� � 2) + s� +N � � � 0

¯®«ãç¨¬

Z
KR

u(x; t0)� dx+
Z t0+�=2

t0

Z
KR

uq

jxj�
� dx dt � cT c1�

1�q0R�(q0�1)+s�+N + c0�: (16)

� «®£¨ç® í««¨¯â¨ç¥áª®¬ã á«ãç î ¨§ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ ¨â¥£à «  ¢ëâ¥ª ¥â á®-
®â®è¥¨¥ (¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ � §¤¥áì ¬®¦® ¢§ïâì ¢ ª ç¥áâ¢¥ ¢¥àå¥£® ¯à¥¤¥«  ¨â¥£à¨-
à®¢ ¨ï t1) Z t1

t0

Z
K2�nK�

uq

jxj�
� dx dt! 0; �! 0:
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�®£¤ , ¢á¯®¬¨ ï ¥à ¢¥áâ¢® (14) ¨ § ¬¥ç ï, çâ® ¯®á«¥¤¨© ¨â¥£à « ¢ ¥¬ áâà¥¬¨âáï ª ã«î
¯à¨ �! 0, ¯®¢â®àïï ¯®á«¥¤ãîé¨¥ ¢ëª« ¤ª¨, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¯à¨ q0(��2)+s�+N�� � 0
¢¬¥áâ® ®æ¥ª¨ (16) ¨¬¥¥¬

Z
KR

u(x; t0)� dx+
Z t0+�=2

t0

Z
KR

uq

jxj�
� dx dt � cT c1�

1�q0R�(q0�1)+s�+N : (17)

�®áª®«ìªã ¢ ¥à ¢¥áâ¢¥ (17) ¢á¥ á« £ ¥¬ë¥ á«¥¢  ¯®«®¦¨â¥«ìë,   á¯à ¢  ¨¬¥¥¬ ä¨ªá¨à®-
¢ ®¥ R ¨ 1

�q0�1
! 0 ¯à¨ � !1, â® ®âáî¤  áà §ã á«¥¤ã¥â

�¥®à¥¬  3. �à¨ q > 1, � > 2 ¨ 1 < q � q� = 1 + ��2
s�

§ ¤ ç  (12) ¥ ¨¬¥¥â à¥è¥¨ï.

�®«ãç¥®¥ ãâ¢¥à¦¤¥¨¥ ãª §ë¢ ¥â   â®, çâ® à¥è¥¨¥ ¥ áãé¥áâ¢ã¥â ¢ ®£à ¨ç¥®© ¯® x
®¡« áâ¨ KR (â. ¥. ¨¬¥¥â ¬¥áâ® â ª  §ë¢ ¥¬®¥ \¯®«®¥" à §àãè¥¨¥ à¥è¥¨ï). � â® ¦¥ ¢à¥¬ï ¯®
t ¤®ª § ® ®âáãâáâ¢¨¥ £«®¡ «ì®£® à¥è¥¨ï. �  á ¬®¬ ¤¥«¥ (á¬. [9] ¢ á«ãç ¥ ®ªà¥áâ®áâ¨ ã«ï)
¢ ¤ ®¬ á«ãç ¥ ¥ áãé¥áâ¢ã¥â ¤ ¦¥ «®ª «ì®£® ¯® t à¥è¥¨ï, â. ¥. à §àãè¥¨¥ ®á¨â \¯®«ë©"
¨ \¬£®¢¥ë©" å à ªâ¥à.

�¯à¥¤¥«¥¨¥ 4. �ãªæ¨ï u(x; t)  §ë¢ ¥âáï «®ª «ìë¬ á« ¡ë¬ à¥è¥¨¥¬ § ¤ ç¨

@u

@t
��u � uq=jxj� ; u � 0; u 6� 0;

u(x; 0) = u0(x) � 0 ¢ K0;
(18)

¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® T0 > 0, çâ® u(x; t) 2 C(K0nf0g�[0; T0)) ¨ ¤«ï «î¡ëå 0 � t0 < t1 < T0
¢ë¯®«¥ë ¯à¥¤¯®«®¦¥¨ï ® äãªæ¨¨ '(x; t) ¨§ ®¯à¥¤¥«¥¨ï 3 ¨ ¨â¥£à «ì®¥ ¥à ¢¥áâ¢® (13)
(§ ¬¥â¨¬, çâ® ¢ ¤ ®¬ á«ãç ¥ ¢¬¥áâ® R+ ¡¥à¥¬ ¨â¥à¢ « (0; T0)).

�¥®à¥¬  4. � ¤ ç  (18) ¥ ¨¬¥¥â «®ª «ì®£® à¥è¥¨ï ¯à¨ q > 1, � > 2 ¨ 1 < q � q�.

�®ª § â¥«ìáâ¢®. �ãáâì áãé¥áâ¢ãîâ T0 > 0 ¨ «®ª «ì®¥ à¥è¥¨¥ u(x; t). �®£¤  ¨§ (17) ¯à¨
t0 < T0 ¨ t0 + � < T0 ¨¬¥¥¬ Z

KR

u(x; t0)� dx � cT c1�
1�q0R�(q0�1)+s�+N : (19)

� «¥¥ ¨á¯®«ì§ã¥¬ á¢®©áâ¢® ¡¥áª®¥ç®© áª®à®áâ¨ à á¯à®áâà ¥¨ï ¢®§¬ãé¥¨© ¤«ï ¯ à ¡®«¨-
ç¥áª¨å ãà ¢¥¨© ¨ ¥à ¢¥áâ¢ (¤®ª §ë¢ ¥¬®¥, ¨áå®¤ï ¨§ ¯®«®¦¨â¥«ì®áâ¨ äã¤ ¬¥â «ì®£®
à¥è¥¨ï), ª®â®à®¥ ®§ ç ¥â, çâ® ¥á«¨ @u

@t
� �u � 0 ¨ u0 � 0 (u0 6� 0), â® ¤«ï «î¡®£® ¬®¬¥â 

¢à¥¬¥¨ t0 > 0 áãé¥áâ¢ã¥â â ª®¥ " > 0, çâ® u(x; t0) � " > 0 ¤«ï ¢á¥å x 2 K0 (  «®£¨çë¥
 à£ã¬¥âë ¨á¯®«ì§ãîâáï ¢ à ¡®â¥ [9]).

�®£¤  ¨§ (19) ¯®«ãç¨¬

cT c1�
1�q0R�(q0�1)+s�+N �

Z
KR

u(x; t0)� dx � "c�R
s�+N ;

£¤¥ c� | ª®áâ â , ¢®§¨ª îé ï ¯à¨ ¨â¥£à¨à®¢ ¨¨ äãªæ¨¨ � ¨ ¥ § ¢¨áïé ï ®â R. �âáî¤ 

c�"

cT c1� 1�q
0
� R�(q0�1):

�¥¢ ï ç áâì áâà®£® ¡®«ìè¥ ã«ï ¨ ¥ § ¢¨á¨â ®â R, â®£¤  ª ª ¯à ¢ ï ç áâì áâà¥¬¨âáï ª ã«î ¯à¨
R ! 0. �®«ãç¥® ¯à®â¨¢®à¥ç¨¥, ¨§ ª®â®à®£® ¢ëâ¥ª ¥â ®âáãâáâ¢¨¥ ¤ ¦¥ «®ª «ì®£® ¯® ¢à¥¬¥¨
à¥è¥¨ï § ¤ ç¨ (12).

� § ª«îç¥¨¥  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì �.�.�®å®¦ ¥¢ã §  ¯®áâ ®¢ªã § ¤ ç¨ ¨ �.�.�ãà-
â¥ §  ¯®«¥§®¥ ®¡áã¦¤¥¨¥ à¥§ã«ìâ â®¢.
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