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� áá¬ âà¨¢ ¥âáï «¨­¥©­®¥ ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (���) ¢¨¤ 

Ax � x(t)
qY

j=1

(t� tj)
mj +

pX
j=0

Z 1

�1
Kj(t; s)x

(j)(s)ds = y(t); �1 � t � 1; (1)

£¤¥ tj 2 (�1; 1), mj 2 N, j = 1; q; Kj , j = 0; p, ¨ y | ¨§¢¥áâ­ë¥ £« ¤ª¨¥ äã­ªæ¨¨,   x { ¨áª®¬ ï
äã­ªæ¨ï. �áá«¥¤®¢ ­¨¥ â ª¨å ãà ¢­¥­¨© ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ª ª á â®çª¨ §à¥­¨ï â¥®à¨¨ (¢
ç áâ­®áâ¨, ��� (1) ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ àï¤  ª« áá®¢ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© â¨¯  �à¥¤-
£®«ì¬ ), â ª ¨ ¯à¨«®¦¥­¨©. � â ª®£® à®¤  ãà ¢­¥­¨ï¬ ¯à¨¢®¤¨â àï¤ ¢ ¦­ëå § ¤ ç â¥®à¨¨
¯¥à¥­®á , ã¯àã£®áâ¨, à áá¥ï­¨ï (á¬., ­ ¯à., [1] ¨ ¡¨¡«¨®£à ä¨î ª ­¥©; [2]), â¥®à¨¨ ãà ¢­¥­¨©
á¬¥è ­­®£® â¨¯  [3],   â ª¦¥ â¥®à¨¨ ­¥ª®â®àëå ­ £àã¦¥­­ëå ��� [4]. �®áª®«ìªã ¨§ãç ¥¬ë¥
��� â®ç­® à¥è îâáï «¨èì ¢ ®ç¥­ì à¥¤ª¨å á«ãç ïå, ®á®¡¥­­®  ªâã «ì­®© ï¢«ï¥âáï à §à ¡®âª 
íää¥ªâ¨¢­ëå ¬¥â®¤®¢ ¨å ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï á á®®â¢¥âáâ¢ãîé¨¬ â¥®à¥â¨ç¥áª¨¬ ®¡®á­®¢ -
­¨¥¬. �ï¤ à¥§ã«ìâ â®¢ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¯®«ãç¥­ ¢ à ¡®â å [5]{[16], ¢ ª®â®àëå ¯à¥¤«®¦¥­ë ¨
®¡®á­®¢ ­ë á¯¥æ¨ «ì­ë¥ ¯àï¬ë¥ ¬¥â®¤ë à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© âà¥âì¥£® à®¤  (â. ¥.
��� (1) ¯à¨ p = 0) ¨ ãà ¢­¥­¨© ¢â®à®£® à®¤  (��� (1) ¯à¨ mj = 0, j = 1; q, Kj = 0, j = 1; p). �
[17] ­  ®á­®¢¥ áâ ­¤ àâ­ëå ¯®«¨­®¬®¢ ¯®áâà®¥­ ¯àï¬®© ¯à®¥ªæ¨®­­ë© ¬¥â®¤ à¥è¥­¨ï ��� (1)
¢ ª« áá¥ ®¡®¡é¥­­ëå äã­ªæ¨©.

� ¤ ­­®© áâ âì¥ ¯à¥¤«®¦¥­ë ­®¢ë¥ ¢ à¨ ­âë ¬¥â®¤  ª®««®ª æ¨¨, ¯à¨á¯®á®¡«¥­­ë¥ ª à¥-
è¥­¨î ��� (1). �á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«¥­® ®¡®á­®¢ ­¨î ¨áá«¥¤ã¥¬ëå ¬¥â®¤®¢ ¢ á¬ëá«¥ £«. I
¬®­®£à ä¨¨ [18]. �¬¥­­®, ¤®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï á®®â-
¢¥âáâ¢ãîé¥£® ¯à¨¡«¨¦¥­­®£® ãà ¢­¥­¨ï, ãáâ ­®¢«¥­ë ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥-
è¥­¨ï ¨ ¤®ª § ­  áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ª â®ç­®¬ã à¥è¥­¨î
¢ ­¥ª®â®à®¬ ¯à®áâà ­áâ¢¥ ®¡®¡é¥­­ëå äã­ªæ¨©. �áá«¥¤®¢ ­ë â ª¦¥ ¢®¯à®áë ãáâ®©ç¨¢®áâ¨ ¨
®¡ãá«®¢«¥­­®áâ¨  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢­¥­¨©.

1. �á­®¢­ë¥ ¯à®áâà ­áâ¢ . �ãáâì C � C(I) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  I � [�1; 1]
äã­ªæ¨© á ®¡ëç­®© max-­®à¬®© ¨m 2 N. �«¥¤ãï [19], áª ¦¥¬, çâ® äã­ªæ¨ï f 2 C ¯à¨­ ¤«¥¦¨â
ª« ááã Cfm; 0g � C

fmg
0 (I), ¥á«¨ ¢ â®çª¥ t = 0 áãé¥áâ¢ã¥â â¥©«®à®¢áª ï ¯à®¨§¢®¤­ ï ffmg(0)

¯®àï¤ª  m (¥áâ¥áâ¢¥­­® áç¨â ¥¬, çâ® Cf0; 0g � C). �® ­®à¬¥

kfkCfm;0g � kTfkC +
m�1X
i=0

jffig(0)j;

£¤¥

Tf �

�
f(t)�

m�1X
i=0

ffig(0)ti=i!
�
t�m � F(t) 2 C; F(0) � lim

t!0
F(t);

¯à®áâà ­áâ¢® Cfm; 0g ¯®«­® ¨ ­®à¬ «ì­® ¢«®¦¥­® ¢ C [7].
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� «¥¥, ®¡®§­ ç¨¬ ç¥à¥§ C(p) � C(p)(I) ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® p à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­-
æ¨àã¥¬ëå ­  I äã­ªæ¨©. � ¤¥«¨¬ ¥£® ­®à¬®©

kzk(p) � kDzkC +
p�1X
i=0

jz(i)(�1)j; z 2 C(p); (2)

£¤¥ Dz � z(p)(t) 2 C.

�¥¬¬  1 ([20]). �à®áâà ­áâ¢® C(p) á ­®à¬®© (2) ¯®«­® ¨ ¢«®¦¥­® ¢ C.

�«¥¤áâ¢¨¥ 1. �à ¤¨æ¨®­­ ï ­®à¬  ¢ C(p) ¨ (2) íª¢¨¢ «¥­â­ë, â. ¥.

8z 2 C(p) 9d > 0 : kzk(p) � kzkC(p) � dkzk(p);

£¤¥ kzkC(p) �
pP

i=0
kz(i)kC .

�¥¯¥àì ®¡à §ã¥¬ ®á­®¢­®¥ ¤«ï ­ è¨å ¨áá«¥¤®¢ ­¨© ¯à®áâà ­áâ¢®

Y � C
fmg;(p)
0 � C

fmg;(p)
0 (I) � fy 2 Cfm; 0g j Ty 2 C(p)g:

� ª ç¥áâ¢¥ ­®à¬ë ¢ ­¥¬ ¢ë¡¥à¥¬ ¢¥«¨ç¨­ã

kykY � kTyk(p) +
m�1X
i=0

jyfig(0)j; y 2 Y: (3)

�à®áâà ­áâ¢® Y ¢ ­®à¬¥ (3) ¯®«­® ¨ ¢«®¦¥­® ¢ Cfm; 0g [17].
� áá¬®âà¨¬ ­  ®á­®¢­®¬ ¯à®áâà ­áâ¢¥ Y á¥¬¥©áâ¢® X � V (p)fm; 0g ®¡®¡é¥­­ëå äã­ªæ¨©

x(t) ¢¨¤ 

x(t) � z(t) +
m�1X
i=0

�i P:F: t
�i�1; (4)

£¤¥ t 2 I, z 2 C(p), �i 2 R | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   P:F: t�k, k = 1;m, | ®¡®¡é¥­­ë¥
äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ­  ¯à®áâà ­áâ¢¥ Y ®á­®¢­ëå äã­ªæ¨© ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã:

(P:F: t�k; y) � P:F:
Z 1

�1

y(t)t�kdt; y 2 Y; k = 1;m:

�¤¥áì §­ ª \P:F:" ãª §ë¢ ¥â ­  ª®­¥ç­ãî ç áâì ¨­â¥£à «  ¯® �¤ ¬ àã ([21], á. 144{150) (¢ ¤ «ì-
­¥©è¥¬ ¤«ï ªà âª®áâ¨ íâ®â §­ ª ¡ã¤¥¬ ®¯ãáª âì). �á­®, çâ® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® X ®â­®á¨-
â¥«ì­® ­®à¬ë

kxkX � kzk(p) +
m�1X
i=0

j�ij

ï¢«ï¥âáï ¡ ­ å®¢ë¬.

2. �¥â®¤ ª®««®ª æ¨¨, ®á­®¢ ­­ë© ­  ¯à¨¬¥­¥­¨¨ ¯®«¨­®¬  �¥à­èâ¥©­ . �ãáâì ¤ ­® ���
(1). � ¤¨ ¯à®áâ®âë ¢ëª« ¤®ª ¨ ä®à¬ã«¨à®¢®ª ¡ã¤¥¬ áç¨â âì q = 1, t1 = 0, â. ¥. à áá¬®âà¨¬
ãà ¢­¥­¨¥ ¢¨¤ 

Ax � (Ux)(t) + (Kx)(t) = y(t); t 2 I; (5)

Ux � tmx(t); Kx �
pX

j=0

Z 1

�1
Kj(t; s)x

(j)(s)ds;
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£¤¥ m 2 N; y 2 Y , Kj , j = 0; p, | ¨§¢¥áâ­ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

Kj(t; �) 2 Y; Kj(�; s) 2 Cfm+ p; 0g; j = 0; p;

'jl(s) � (Kj)
flg
t (0; s) 2 Cfm+ p; 0g; j = 0; p; l = 0;m� 1; (6)

 jl(t) � (Kj)
flg
s (t; 0) 2 Y; j = 0; p; l = 0;m+ p� 1;

  x 2 X | ¨áª®¬ ï ®¡®¡é¥­­ ï äã­ªæ¨ï. �à¥¤£®«ì¬®¢®áâì ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­¥¯à¥àë¢­®©
®¡à â¨¬®áâ¨ ®¯¥à â®à  A : X ! Y ãáâ ­®¢«¥­ë ¢ [17], â ¬ ¦¥ ãª § ­ ¬¥â®¤ ®âëáª ­¨ï â®ç­®£®
à¥è¥­¨ï ��� (1) ¢ ª« áá¥ X.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5) ¨é¥¬ ¢ ¢¨¤¥ ®¡à §®¢ ­¨ï

xn � xn(t; fcig) � gn(t) +
m�1X
i=0

ci+p+n+1t
�i�1; (7)

gn(t) � (Jzn)(t) +
p�1X
i=0

ci+n+1(t+ 1)i; (8)

zn(t) � 2�n
nX
i=0

ci

 
n

i

!
(t+ 1)i(1� t)n�i; n 2 N; (9)

£¤¥

Jz � (Jp�1z)(t) � ((p� 1)!)�1
Z t

�1

(t� s)p�1z(s)ds;

( ni ) = n!=(i!(n� i)!), i = 0; n, | ¡¨­®¬¨ «ì­ë¥ ª®íää¨æ¨¥­âë. �¥¨§¢¥áâ­ë¥ ¯ à ¬¥âàë ci = c(n)i ,
i = 0;m+ p+ n, ®¯à¥¤¥«ï¥¬ á®£« á­® ­ è¥¬ã ¬¥â®¤ã ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨© (����)

ci = (DTy �DTKxn)(ti); i = 0; n;

(TAxn � Ty)(i)(�1) = 0; i = 0; p� 1; (10)

(Axn � y)fig(0) = 0; i = 0;m� 1;

£¤¥ ã§«ë ª®««®ª æ¨¨ ti = t
(n)
i 2 I ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥

ti = �1 + 2i=n; i = 0; n: (11)

�«ï ¢ëç¨á«¨â¥«ì­®£®  «£®à¨â¬  (5){(11) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �á«¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ Ax = 0 ¨¬¥¥â ¢ X «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥, â®

¯à¨ ¢á¥å n 2 N, n � n0, ���� (10) ®¡« ¤ ¥â ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ fc�i g, ¨ ¯®á«¥¤®¢ â¥«ì-

­®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© x�n � xn(t; fc�i g) áå®¤¨âáï ª â®ç­®¬ã à¥è¥­¨î x� = A�1y ¯®

­®à¬¥ ¯à®áâà ­áâ¢  X á® áª®à®áâìî

kx�n � x�k = O

� pX
j=0

�
!t(hj ;n�1=2)+

m�1X
i=0

!(�ji;n�1=2) +
j+m�1X
k=0

!(�jk;n�1=2)
�
+!(DTy;n�1=2)

�
; (12)

£¤¥ !(f ;�) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f 2 C ¢ â®çª¥ �, 0 < � � 2,

hj � DtTtKj ; �ji � DTGji; �jk � DT jk 2 C; i = 0;m� 1; k = 0; j +m� 1; j = 0; p;

Gji(t) �
Z 1

�1

(T i+j+1
s Kj)(t; s)ds;

T i+j+1
s Kj �

�
Kj(t; s)�

i+jX
l=0

 jl(t)s
l=l!
�
s�i�j�1;

  !t(h;�) | ç áâ­ë© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ h(t; s) ¯® ¯¥à¥¬¥­­®© t.
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�®ª § â¥«ìáâ¢®. ��� (5) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª «¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

Ax � Ux+Kx = y; x 2 X � V (p)fm; 0g; y 2 Y � Cfmg;(p)
0 : (13)

�¡®§­ ç¨¬ ç¥à¥§ Xn � X (m + p+ n+ 1)-¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® í«¥¬¥­â®¢ ¢¨¤  (7),   § 
Yn � Y ¯à¨¬¥¬ ª« áá �m+p+n  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ m + p + n. � «¥¥,
¢¢¥¤¥¬ «¨­¥©­ë© ®¯¥à â®à �n � �m+p+n : Y ! Yn, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ «î¡®© äã­ªæ¨¨
y 2 Y ¯®«¨­®¬

�ny � �m+p+n(y; t) � (UJBnDTy)(t) +
p�1X
j=0

(Ty)(j)(�1)tm(t+ 1)j=j! +
m�1X
i=0

yfig(0)ti=i!; (14)

£¤¥ Bn : C ! �n | ®¯¥à â®à �¥à­èâ¥©­  [22] ¯® á¨áâ¥¬¥ ã§«®¢ (11). �®ª ¦¥¬ ¯à¥¤¢ à¨â¥«ì­®,
çâ® á¨áâ¥¬  (7){(10) íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î:

Anxn � Uxn + �nKxn = �ny; xn 2 Xn; �ny 2 Yn: (15)

�¥©áâ¢¨â¥«ì­®, ¯ãáâì x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (15), â. ¥. Ux�n + �n(Kx�n � y) = 0. � á¨«ã (7)
¨ (14) ¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ®

(UJ(z�n +BnDT (Kx�n � y)))(t) +
p�1X
i=0

[c�i+n+1 + (TKx�n � Ty)(i)(�1)=i!]tm(t+ 1)i +

+
m�1X
i=0

[c�m+p+n�i + (Kx�n � y)fig(0)=i!]ti � 0: (16)

�  ®á­®¢ ­¨¨ «¥¬¬ë 2 [17] ïá­®, çâ® â®¦¤¥áâ¢® (16) à ¢­®á¨«ì­® á«¥¤ãîé¥© á¨áâ¥¬¥:

z�n(t) � (Bn(DTy �DTKx�n))(t);

(TKx�n � Ty)(i)(�1) = �c�i+n+1i!; i = 0; p� 1; (17)

(Kx�n � y)fig(0) = �c�m+p+n�ii!; i = 0;m� 1:

� «¥¢®© ¨ ¯à ¢®© ç áâïå ¯¥à¢®£® à ¢¥­áâ¢  á¨áâ¥¬ë (17) ­ å®¤ïâáï ¯®«¨­®¬ë �¥à­èâ¥©­  ­¥-
ª®â®àëå äã­ªæ¨© á®®â¢¥âáâ¢¥­­® á® §­ ç¥­¨ï¬¨ c�i ¨ (DTy�DTKx�n)(ti), i = 0; n, ¢ ã§« å (11).
�«¥¤®¢ â¥«ì­®, á ãç¥â®¬ (13)

(TAx�n � Ty)(i)(�1) = c�i+n+1i! + (TKx�n � Ty)(i)(�1);

i = 0; p� 1, ¨ (Ax�n � y)fig(0) = c�m+p+n�ii! + (Kx�n � y)fig(0), i = 0;m� 1, á¨áâ¥¬  (17) ®§­ ç ¥â,
çâ®

c�i = (DTy �DTKx�n)(ti); i = 0; n;

(TAx�n � Ty)(i)(�1) = 0; i = 0; p� 1; (18)

(Ax�n � y)fig(0) = 0; i = 0;m� 1:

�â ª, ���� (10) ¨¬¥¥â à¥è¥­¨¥ ci = c�i , i = 0;m+ p+ n, â. ¥. à¥è¥­¨¥ ãà ¢­¥­¨ï (15) ï¢«ï-
¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (7){(10).

�¡à â­®¥ áâ ­®¢¨âáï ¢¯®«­¥ ®ç¥¢¨¤­ë¬, ¥á«¨ á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï ¢ (18) ã¬­®¦¨âì
­  ¢ëà ¦¥­¨ï

2�n
 
n

i

!
(t+ 1)i(1� t)n�i; i = 0; n;

á®®â¢¥âáâ¢¥­­® ¨ ¯®ç«¥­­® á«®¦¨âì.
� ª¨¬ ®¡à §®¬, ¤«ï ¯®«ãç¥­¨ï ãâ¢¥à¦¤¥­¨© â¥®à¥¬ë 1 ¤®áâ â®ç­® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥

¨ áå®¤¨¬®áâì à¥è¥­¨© ãà ¢­¥­¨© (15). � ¤«ï íâ®£® ¯®­ ¤®¡¨âáï

27



�¥¬¬  2. �«ï «î¡®© äã­ªæ¨¨ y 2 Y á¯à ¢¥¤«¨¢  ®æ¥­ª  (§¤¥áì ¨ ¤ «¥¥ di, i = 1; 3, | ¢¯®«­¥

®¯à¥¤¥«¥­­ë¥ ª®­áâ ­âë, §­ ç¥­¨ï ª®â®àëå ­¥ § ¢¨áïâ ®â n)

ky � �nykY � d1!(DTy;n�1=2):

�áâ¨­­®áâì «¥¬¬ë 2 «¥£ª® á«¥¤ã¥â ¨§ «¥¬¬ë 2 [17], (14), (3) ¨ ®æ¥­ª¨ [22]

kf �BnfkC � d1!(f ;n�1=2); f 2 C: (19)

� ©¤¥¬ â¥¯¥àì ¬¥àã ¡«¨§®áâ¨ ®¯¥à â®à®¢ A ¨ An ­  Xn. �á¯®«ì§ãï (5), (15), «¥¬¬ã 2 [17],
(14) ¨ (3), ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ xn 2 Xn ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kAxn �AnxnkY = kKxn � �nKxnkY = kDTKxn �BnDTKxnkC : (20)

� ¬¥â¨¬, çâ® (á¬., ­ ¯à., [23], á. 432)

(P:F: t�k)(j) = �k;j P:F: t
�k�j ; (21)

£¤¥

�k;j � (�1)j
jY

l=1

(k + l � 1); �k;0 � 1:

�  ®á­®¢ ­¨¨ (5), (6), (4) ¨ (21) ¨¬¥¥¬

(Kx)(t) = (Kz)(t) +
pX

j=0

m�1X
i=0

�i�i+1;j

�
Gji(t) +

i+jX
l=0

 jl(t)
jil(l!)
�1

�
;

£¤¥


jil � P:F:
Z 1

�1

sl�i�j�1ds; l = 0; i + j; i = 0;m� 1; j = 0; p:

�«¥¤®¢ â¥«ì­®,

DTKxn =
pX

j=0

Z 1

�1
hj(t; s)g

(j)
n (s)ds+

pX
j=0

m�1X
i=0

ci+p+n+1�i+1;j

�
�ji(t) +

i+jX
l=0

(l!)�1
jil�jl(t)
�
: (22)

� á¨«ã (22) ¨ (19) ¯®á«¥¤®¢ â¥«ì­® ¢ë¢®¤¨¬

kDTKxn �BnDTKxnkC = max
t2I

����X
j

Z 1

�1

(hj �Bt
nhj)(t; s)g

(j)
n (s)ds+

+
X
j

X
i

ci+p+n+1�i+1;j

�
(�ji �Bn�ji)(t) +

X
l

(l!)�1
jil(�jl �Bn�jl)(t)
����� �

� 2d1kgnkC(p)

X
j

!t(hj ;n�1=2) +
X
j

X
i

jci+p+n+1j j�i+1;j j

�
d1!(�ji;n�1=2) +

+ d1
X
l

j
jilj!(�jl;n�1=2)
�
� 2dd1kxnkX

X
j

!t(hj ;n�1=2) +

+ �d1kxnkX
X
j

X
i

!(�ji;n
�1=2) + 2�d1mkxnkX

X
j

j+m�1X
k=0

!(�jk;n
�1=2) �

� d2

�X
j

�
!t(hj ;n

�1=2) +
X
i

!(�ji;n
�1=2) +

X
k

!(�jk;n
�1=2)

��
kxnkX : (23)
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�¤¥áì ¨á¯®«ì§®¢ ­ë á®®â­®è¥­¨ï � � max
i;j

j�i+1;j j = m
p�1Q
l=1

(m+ l), 
 � max
l;i;j

j
jilj = 2 ¨ ®¡®§­ ç¥­¨¥

d2 � maxf2dd1; 2d1�mg. �§ (20) ¨ (23) á«¥¤ã¥â, çâ®

"n � kA�AnkXn!Y � d2

pX
j=0

�
!t(hj ;n�1=2) +

m�1X
i=0

!(�ji;n�1=2) +
j+m�1X
k=0

!(�jk;n�1=2)
�
: (24)

�  ®á­®¢ ­¨¨ ­¥à ¢¥­áâ¢  (24) ¨ «¥¬¬ë 2 ¨§ â¥®à¥¬ë 7 ([18], á. 19) ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨ï
â¥®à¥¬ë 1 á ®æ¥­ª®© (12).

�«¥¤áâ¢¨¥ 2. �á«¨ áãé¥áâ¢ãîâ ®£à ­¨ç¥­­ë¥ ¯à®¨§¢®¤­ë¥ (hj)
(r)
t , � (r)ji , �

(r)
jk , (DTy)

(r), �1 �
t; s � 1, r � 2, â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¢¥à­  ®æ¥­ª  kx�n � x�k = O(1=n).

3. �¥â®¤ ª®««®ª æ¨¨, ®á­®¢ ­­ë© ­  ¯à¨¬¥­¥­¨¨ ¨­â¥à¯®«ïæ¨®­­®£® ¯®«¨­®¬  �à¬¨â {

�¥©¥à . �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (5), (6) ¨é¥¬ ¢ ¢¨¤¥

xn(t) �
�
J

� 2n�1X
i=0

cit
i

��
(t) +

p�1X
i=0

ci+2n(t+ 1)i +
m�1X
i=0

ci+p+2nt
�i�1; (25)

£¤¥ ci = c
(n)
i , i = 0;m+ p+ 2n� 1, | ¯®¤«¥¦ é¨¥ ®¯à¥¤¥«¥­¨î ª®íää¨æ¨¥­âë. �å ­ å®¤¨¬ ¨§

����:

(DTAxn �DTy)(�i) = 0; i = 1; n;

(d(DTUxn)=dt)(�i) = 0; i = 1; n;

(TAxn � Ty)(i)(�1) = 0; i = 0; p� 1;

(Axn � y)fig(0) = 0; i = 0;m� 1;

(26)

£¤¥ f�ig | á¨áâ¥¬  ã§«®¢ �¥¡ëè¥¢  ¯¥à¢®£® à®¤ .
�ãáâì Fn � Fm+p+2n�1 : Y ! �m+p+2n�1 | «¨­¥©­ë© ®¯¥à â®à, á®¯®áâ ¢«ïîé¨© «î¡®©

äã­ªæ¨¨ y 2 Y ¯®«¨­®¬ Fny, ®¤­®§­ ç­® ®¯à¥¤¥«ï¥¬ë© ãá«®¢¨ï¬¨

(DTFny �DTy)(�i) = 0; i = 1; n;

(d(DTFny)=dt)(�i) = 0; i = 1; n;

(TFny � Ty)(i)(�1) = 0; i = 0; p� 1;

(Fny � y)fig(0) = 0; i = 0;m� 1:

�¥á«®¦­® ¢¨¤¥âì, çâ®

Fny � Fm+p+2n�1(y; t) = (UJ�nDTy)(t) +
p�1X
j=0

(Ty)(j)(�1)tm(t+ 1)j=j! +
m�1X
i=0

yfig(0)ti=i!; (27)

£¤¥ �n � �2n�1 : C ! �2n�1 | ®¯¥à â®à �à¬¨â {�¥©¥à  [22] ¯® á¨áâ¥¬¥ f�ig.

�¥¬¬  3. �ãáâì y 2 Y , ¯à¨ç¥¬ DTy 2 Lip�, 0 < � � 1. �®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

ky � FnykY � d3n
��=2:

�®ª § â¥«ìáâ¢® «¥£ª® á«¥¤ã¥â ¨§ «¥¬¬ë 2 [17], à ¢¥­áâ¢ (27), (3) ¨ ®æ¥­ª¨ (á¬., ­ ¯à., [24])

kf � �nfkC � d3n
��=2; f 2 Lip�; 0 < � � 1:

�â­®á¨â¥«ì­®  «£®à¨â¬  (5), (6), (25), (26) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  2. �ãáâì ãà ¢­¥­¨¥ Ax = 0 ¨¬¥¥â ¢ X «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥, hj � DtTtKj

(¯® t), �ji � DTGji, �jk � DT jk, i = 0;m� 1, k = 0; j +m� 1, j = 0; p, DTy 2 Lip�, 0<��1.
�®£¤  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï x�n, ¯®áâà®¥­­ë¥ á®£« á­® (25), (26),
áãé¥áâ¢ãîâ, ¥¤¨­áâ¢¥­­ë ¨ áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î x� = A�1y ¢ á¬ëá«¥ ¬¥âà¨ª¨ ¯à®-

áâà ­áâ¢  X á® áª®à®áâìî

kx�n � x�k = O(n��=2):

�¥©áâ¢¨â¥«ì­®, ¤«ï ¯®«ãç¥­¨ï âà¥¡ã¥¬ëå ãâ¢¥à¦¤¥­¨© ¤®áâ â®ç­® ¯®¢â®à¨âì áå¥¬ã ¤®ª -
§ â¥«ìáâ¢  â¥®à¥¬ë 1 á ãç¥â®¬ â®£®, çâ® ¢ ¤ ­­®¬ á«ãç ¥ ���� (26) à ¢­®á¨«ì­  «¨­¥©­®¬ã
®¯¥à â®à­®¬ã ãà ¢­¥­¨î

Anxn � FnAxn = Fny; xn 2 Xn; Fny 2 Yn;

£¤¥ Xn | ¬­®¦¥áâ¢® ¢á¥å ®¡à §®¢ ­¨© xn ¢¨¤  (25) â ª¨å, çâ® (d(DTUxn)=dt)(�i) = 0, i = 1; n,
  ¯®¤¯à®áâà ­áâ¢® Yn á®áâ®¨â ¨§ ¢á¥å ¯®«¨­®¬®¢ yn 2 �m+p+2n�1, ®¡« ¤ îé¨å á¢®©áâ¢®¬

(d(DTyn)=dt)(�i) = 0; i = 1; n:

4. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï.

� ¬¥ç ­¨¥ 1. � á¨«ã ®¯à¥¤¥«¥­¨ï ­®à¬ë ¢ X � V (p)fm; 0g ­¥âàã¤­® ¢¨¤¥âì, çâ® ¨§ áå®-
¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (x�n) ª x� = A�1y ¢ ¬¥âà¨ª¥ X á«¥¤ã¥â ®¡ëç­ ï áå®¤¨¬®áâì ¢
¯à®áâà ­áâ¢¥ ®¡®¡é¥­­ëå äã­ªæ¨©, â. ¥. á« ¡ ï áå®¤¨¬®áâì.

� ¬¥ç ­¨¥ 2. �à¨ ¯à¨¡«¨¦¥­¨¨ à¥è¥­¨© ®¯¥à â®à­ëå ãà ¢­¥­¨© Ax = y ¢®§­¨ª ¥â ¥áâ¥-
áâ¢¥­­ë© ¢®¯à®á ® áª®à®áâ¨ áå®¤¨¬®áâ¨ ­¥¢ï§ª¨ �An (t) � (Ax�n � y)(t) ¨áá«¥¤ã¥¬ëå ¬¥â®¤®¢.
�¤¨­ ¨§ à¥§ã«ìâ â®¢ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ «¥£ª® ¯®«ãç¨âì ¨§ â¥®à¥¬ 1 ¨ 2,   ¨¬¥­­®, ¨§ ­¨å
¢ëâ¥ª îâ á®®â¢¥âáâ¢ãîé¨¥ ¯à®áâë¥ á«¥¤áâ¢¨ï: 1) ¥á«¨ ¨áå®¤­ë¥ ¤ ­­ë¥ (hj ; �ji; �jk; DTy) ãà ¢-
­¥­¨ï (5) ¯à¨­ ¤«¥¦ â ª« ááã C(r), r � 1 2 N, â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 á¯à ¢¥¤«¨¢  ®æ¥­ª 
k�AnkY = O(n�1); 2) ¥á«¨ ¦¥ ¨áå®¤­ë¥ ¤ ­­ë¥ ¨§ ª« áá  Lip�, 0 < � � 1, â® ¯à¨ ¢ë¯®«­¥­¨¨
ãá«®¢¨© â¥®à¥¬ë 2 ¢¥à­  ®æ¥­ª  k�An kY = O(n��=2).

� ¬¥ç ­¨¥ 3. �à¨ p = 0 à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ (5) ¯à¥®¡à §ã¥âáï ¢ ¨­â¥£à «ì­®¥
ãà ¢­¥­¨¥ âà¥âì¥£® à®¤  á ®¯¥à â®à®¬ A : V fm; 0g ! Cfm; 0g,   ¯àï¬®© ¬¥â®¤ (10) | ¢ á¯¥æ¨-
 «ì­ë© ¤«ï ãà ¢­¥­¨ï âà¥âì¥£® à®¤  ¢ à¨ ­â ¬¥â®¤  ª®««®ª æ¨¨, ¯à¨ç¥¬

DTy � Ty; h0 � TtK0;

G0i(t) �
Z 1

�1
(T i+1

s K0)(t; s)ds;  0i(t) � (K0)
fig
s (t; 0); i = 0;m� 1:

�®íâ®¬ã â¥®à¥¬  1 á®¤¥à¦¨â ¢ á¥¡¥ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ([13], á. 186) ¯® ®¡®á­®¢ ­¨î á¯¥æ¨-
 «ì­®£® ¢ à¨ ­â  ¬¥â®¤  ª®««®ª æ¨¨ ¤«ï à¥è¥­¨ï ãà ¢­¥­¨© âà¥âì¥£® à®¤  ¢ ª« áá¥ V fm; 0g
®¡®¡é¥­­ëå äã­ªæ¨©.

� ¬¥ç ­¨¥ 4. �®áª®«ìªã C
f0g;(p)
0 �C(p)�V (p)f0; 0g, â® ¯à¨ m=0, K1 = K2 = � � � = Kp =

0 ��� (5) ¯à¥¢à é ¥âáï ¢ ãà ¢­¥­¨¥ ¢â®à®£® à®¤  ¢ C(p),   ¯à¥¤«®¦¥­­ë© ¬¥â®¤ (10) | ¢
á®®â¢¥âáâ¢ãîé¨© ¢ à¨ ­â ¬¥â®¤  ª®««®ª æ¨¨, ¯à¨ç¥¬ DTy � Dy ¨ h0 � DtK0. �«¥¤®¢ â¥«ì­®,
¢ íâ®¬ ç áâ­®¬ á«ãç ¥ ®æ¥­ª  (12) ¯à¨­¨¬ ¥â ¢¨¤

kx�n � x�k(p) = Of!t(DtK0;n�1=2) + !(Dy;n�1=2)g:

� ¬¥ç ­¨¥ 5. �á«¨ m = p = 0, â® ¨§ ��� (5) ¯®«ãç ¥âáï ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£®
à®¤  ¢ C. �à¨ íâ®¬ ¬¥â®¤ (10) áâ ­®¢¨âáï ¨§¢¥áâ­ë¬ ¢ à¨ ­â®¬ ¬¥â®¤  ª®««®ª æ¨¨ [25], ¯à¨ç¥¬
DTy � y ¨ h0 � K0. �®íâ®¬ã ¢ ¤ ­­®¬ á«ãç ¥ ®æ¥­ª  â¥®à¥¬ë 1 á®¢¯ ¤ ¥â á á®®â¢¥âáâ¢ãîé¥©
ãà ¢­¥­¨î ¢â®à®£® à®¤  ¢ C ®æ¥­ª®© [25].
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� ¬¥ç ­¨¥ 6. �ãâì ¯à¥¤ë¤ãé¨å § ¬¥ç ­¨© 3{5 ®áâ ¥âáï ¢ á¨«¥ ¨ ¢ á«ãç ¥ ¯àï¬®£® ¬¥â®¤ 
(26).

� ¬¥ç ­¨¥ 7. � ª ª ª ¢ ãá«®¢¨ïå â¥®à¥¬ 1 ¨ 2 á®®â¢¥âáâ¢ãîé¨¥  ¯¯à®ªá¨¬¨àãîé¨¥ ®¯¥-
à â®àë An ®¡« ¤ îâ á¢®©áâ¢®¬ ¢¨¤ 

kA�1n k = O(1) (A�1n : Yn ! Xn; n � n1);

â® ®ç¥¢¨¤­® ([18], á. 23{24), çâ® ¯à¥¤«®¦¥­­ë¥ ¢ ¤ ­­®© à ¡®â¥ ¯àï¬ë¥ ¬¥â®¤ë ¤«ï ãà ¢­¥­¨ï
(5) ãáâ®©ç¨¢ë ®â­®á¨â¥«ì­® ¬ «ëå ¢®§¬ãé¥­¨© ¨áå®¤­ëå ¤ ­­ëå. �®«¥¥ â®£®, ¥á«¨ ��� (5)
å®à®è® ®¡ãá«®¢«¥­®, â® å®à®è® ®¡ãá«®¢«¥­­ë¬¨ ï¢«ïîâáï â ª¦¥ ���� (10) ¨ (26).
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