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� ¬ â¥¬ â¨ç¥áª®© «¨â¥à âãà¥ £¥®¬¥âà¨ï ¯à®áâà ­áâ¢ ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ ¨ ¢«®¦¥­­ëå
¢ ­¨å à §«¨ç­ëå ¯®¤¬­®£®®¡à §¨© à §à ¡®â ­  ¤®áâ â®ç­® ¯®«­®, ¢®¯à®áë ¦¥ ¯à®áâà ­áâ¢ 
¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ ¨ ¢«®¦¥­­ëå ¢ ­¨å ¯®¤¬­®£®®¡à §¨© ¤® ­ áâ®ïé¥£® ¢à¥¬¥­¨
®áâ ¢ «¨áì ¯®çâ¨ ­¥ ¨§ãç¥­­ë¬¨.

� ¤ ­­®© à ¡®â¥ ­ ©¤¥­® ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ¯à®áâà ­áâ¢®
¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n

[1] á ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå  ¡á®«îâ®¢ (£¨¯¥àª¢ ¤à¨ª), ®â«¨ç­ëå ®â á¤¢®¥­­ëå £¨-
¯¥à¯«®áª®áâ¥©; ¨§ãç îâáï ­¥ª®â®àë¥ ¢®¯à®áë ¢­ãâà¥­­¥© £¥®¬¥âà¨¨ ¯®«ïà­®© ­®à¬ «¨§ æ¨¨
¯à®áâà ­áâ¢  Kn;n.

�  ¯à®âï¦¥­¨¨ ¢á¥£® ¨§«®¦¥­¨ï ¨­¤¥ªáë ¯à®¡¥£ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:

i; j; k; s; t = 0; n; i; j; k; l; s; t = 1; n; u; v; w = 1; r; J = n+ 1; n+N:

1. � áá¬®âà¨¬ à áá«®¥­­®¥ ¬­®£®®¡à §¨¥ W á n-¬¥à­®© ¡ §®© Bn, N -¬¥à­ë¬¨ á«®ï¬¨ EN
¨ r-ç«¥­­®© £àã¯¯®© �¨ Gr. �®£« á­® â¥®à¥¬¥ � àâ ­ {� ¯â¥¢  [1], [2] á¨áâ¥¬  ¯ä ää®¢ëå
ä®à¬ !u ¢ à áá«®¥­­®¬ ¬­®£®®¡à §¨¨ W ãáâ ­ ¢«¨¢ ¥â äã­¤ ¬¥­â «ì­®-£àã¯¯®¢ãî á¢ï§­®áâì
á® áâàãªâãà­®© £àã¯¯®© Gr, ®¯à¥¤¥«¥­­®© ¨­¢ à¨ ­â­ë¬¨ ä®à¬ ¬¨ !u, â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ä®à¬ë !u á¢ï§ ­ë áâàãªâãà­ë¬¨ ãà ¢­¥­¨ï¬¨

D!u =
1
2
cuvw!

v ^ !w +
1
2
Ru
ij�

i ^ �j; (1)

£¤¥ cuvw = �cuwv = const, Ru
ij = �Ru

ji, D�
i = �j ^ �ij , �

i = aijdu
j | ¡ §®¢ë¥ ä®à¬ë �ä ää  ­  Bn,

ui | ª®®à¤¨­ âë â®çª¨ ¡ §ë Bn.
�á«¨ xJ(u) | á«®¥¢ë¥ ª®®à¤¨­ âë â®çª¨ á«®ï EN(u), â® ®¯à¥¤¥«ïîé¥¥ á¢ï§­®áâì ®â®¡à ¦¥-

­¨¥  á®á¥¤­¥£® á«®ï EN(u+ du) ­  ¨áå®¤­®¥ ¯à®áâà ­áâ¢® EN (u) ¨¬¥¥â ¢¨¤ [1]

xJ(u+ du)
 
�! xJ(u; du) = xJ(u)� �Ju (u)!

u(u; du) + �"J ; (2)

¯à¨ç¥¬ lim
�!0

"J = 0.

�®«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ XJ ¯à®áâà ­áâ¢ W ­ §ë¢ ¥âáï [1] ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì-
­® á¢ï§­®áâ¨ ¯à®áâà ­áâ¢ , ¥á«¨ ¯à¨ ®¯à¥¤¥«ïîé¥¬ á¢ï§­®áâì ¨­ä¨­¨â¥§¨¬ «ì­®¬ ®â®¡à ¦¥-
­¨¨ (2) «®ª «ì­ë© ®¡ê¥ªâ á®á¥¤­¥£® á«®ï EN(u + du) ®â®¡à ¦ ¥âáï (¢ £« ¢­®¬) ¢ «®ª «ì­ë©
®¡ê¥ªâ ¨áå®¤­®£® á«®ï EN(u). �®£« á­® [1] ¯®«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  XJ ¨­¢ à¨ ­â­® ®â-
­®á¨â¥«ì­® á¢ï§­®áâ¨ â®«ìª® â®£¤ , ª®£¤  ®¯à¥¤¥«ïîé ï ¥£® á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© ¨¬¥¥â ¢¨¤

dXJ = �Ju (X)!
u; (3)

£¤¥ �Ju (X) | á¨áâ¥¬  ®á­®¢­ëå äã­ªæ¨©, ®¯à¥¤¥«ïîé¨å ®¡ê¥ªâ XJ , !u | ä®à¬ë á¢ï§­®áâ¨
¯à®áâà ­áâ¢ .

�¥ ¢áïª®¥ ¯à®áâà ­áâ¢® W á® á¢ï§­®áâìî ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® á¢ï§­®áâ¨
£¥®¬¥âà¨ç¥áª¨¬ ®¡ê¥ªâ®¬; ­ «¨ç¨¥ ¨­¢ à¨ ­â­®£® ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ ®¡ê¥ªâ  XJ ¯à¨¢®-
¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬ ¤«ï ª®¬¯®­¥­â Ru

ij â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï.
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2. �ãáâì à áá«®¥­­®¥ ¯à®áâà ­áâ¢® W á äã­¤ ¬¥­â «ì­®-£àã¯¯®¢®© á¢ï§­®áâìî ï¢«ï¥âáï
¯à®áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n; ¡ §®© ¯à®áâà ­áâ¢  Pn;n á«ã¦¨â ¬­®£®®¡à §¨¥ Bn,
á«®ï¬¨ | ¯à®¥ªâ¨¢­ë¥ ¯à®áâà ­áâ¢  Pn à §¬¥à­®áâ¨ n, áâàãªâãà­ ï £àã¯¯  Gr ¨¬¥¥â ¯®àï¤®ª
r = n(n+ 2). �®à¬ë á¢ï§­®áâ¨ f!ug � f!j

i
g, !k

k
= 0 ¯®¤ç¨­¥­ë áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ (áà. á

(1))

D!j
i
= !k

i
^ !j

k
+
1
2
Rj

ist
!s0 ^ !

t
0;

!k
k
= 0;

(4)

¯à¨ íâ®¬ ­¥§ ¢¨á¨¬ë¥ ¯¥à¢ë¥ ¨­â¥£à «ë u1; u2; : : : ; un ¢¯®«­¥ ¨­â¥£à¨àã¥¬®© á¨áâ¥¬ë «¨­¥©­®
­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨© !i0 = 0 ï¢«ïîâáï «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨ â®çª¨ A(u) ¡ §ë Bn. �
â¥ªãé¥© â®çª®© A(u) 2 Bn á¢ï§ë¢ ¥âáï n-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn, ®â­¥á¥­­®¥ ª
â®ç¥ç­®¬ã à¥¯¥àã fAi(u)g, ¯à¨ç¥¬ A0(u) � A(u). �®à¬ë !j

i
®¯à¥¤¥«ïîâ £« ¢­ãî ç áâì ®â®¡à -

¦¥­¨ï «®ª «ì­®£® ¯à®áâà ­áâ¢  Pn(u+ du) ­  ¨áå®¤­®¥ Pn(u):

Ai(u+ du)
 
�! Ai(u; du) = Ai(u) + !k

i
Ak(u) + �"k

i
Ak; (5)

£¤¥ � =
p
(!1

0)2 + � � �+ (!n0 )2, lim
�!0

"l
i
= 0. �âàãªâãà­ë¥ ãà ¢­¥­¨ï (4) ®¡¥á¯¥ç¨¢ îâ ¨­¢ à¨ ­â-

­®áâì £« ¢­®© ç áâ¨ ®â®¡à ¦¥­¨ï (5) ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¥¬¥©áâ¢  à¥¯¥à®¢.

� áâàãªâãà­ëå ãà ¢­¥­¨ïå (4) äã­ªæ¨¨ Rj

ist
ª®á®á¨¬¬¥âà¨ç­ë ¯® s, t ¨ ¨å á®¢®ªã¯­®áâì

¯à¥¤áâ ¢«ï¥â á®¡®© â¥­§®à ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Pn;n:

r�R
j

ist
+ 2Rj

ist
�0
0 = 0; (6)

£¤¥ �| á¨¬¢®« ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯ à ¬¥âà ¬ æ¥­âà®¯à®¥ªâ¨¢­®© £àã¯¯ë ä¨ªá¨à®¢ ­­®£®
á«®ï, â. ¥. ¯à¨ !i0 = 0,   �j

i
= !j

i
j!k

0
=0.

�¥¦¤ã ª®¬¯®­¥­â ¬¨ â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï áãé¥áâ¢ã¥â «¨­¥©­ ï § ¢¨á¨¬®áâì

R0
0st +Rk

kst = 0; (7)

ª®â®à ï ï¢«ï¥âáï à¥§ã«ìâ â®¬ § ¬ëª ­¨ï ãà ¢­¥­¨ï !k
k
= 0 (á¬. (4)).

�¨áâ¥¬  äã­ªæ¨© Rj
0st á®£« á­® ãà ¢­¥­¨ï¬ (6) ®¡à §ã¥â ¯®¤â¥­§®à â¥­§®à  Rj

ist
,   ¨¬¥­­®,

â¥­§®à ªàãç¥­¨ï ¯à®áâà ­áâ¢  Pn;n. �«ï ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨
0

P n;n ¡¥§ ªàãç¥­¨ï
¨§ (4) á«¥¤ã¥â ãà ¢­¥­¨¥ D!j0 = !l0 ^ (!

j
l � �jl !

0
0), § ¬ëª ï ª®â®à®¥, ¯®«ãç¨¬

Rj

(ikt) = �j(iR
0
j0jkt): (8)

�®®â­®è¥­¨ï (8) ¯à¥¤áâ ¢«ïîâ á®¡®©  ­ «®£¨ ¨§¢¥áâ­ëå â®¦¤¥áâ¢ �¨çç¨.

�«ï ¯à®áâà ­áâ¢ 
0

P n;n ¯®  ­ «®£¨¨ á ¯à®áâà ­áâ¢®¬  ää¨­­®© á¢ï§­®áâ¨
0

An;n ¡¥§ ªàãç¥­¨ï

â¥­§®à Rik
def= Rj

ikj ­ §®¢¥¬ â¥­§®à®¬ �¨çç¨; ¢ á«ãç ¥ á¨¬¬¥âà¨¨ â¥­§®à  �¨çç¨ Rik ¯à®áâà ­áâ¢®
0

P n;n ­ §®¢¥¬ íª¢¨¯à®¥ªâ¨¢­ë¬.
�§ â®¦¤¥áâ¢ (8) ­ å®¤¨¬

Rj
jik + 2R[ik] = (n� 2)R0

0ik;

®âªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ (7) ¯®«ãç¨¬

2R[ik] = (n� 1)R0
0ik: (9)

�á«¨ Rj

ikt
� 0, â® ¯à®áâà ­áâ¢® Pn;n ¯à¥¤áâ ¢«ï¥â á®¡®© n-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­-

áâ¢® Pn; ¯à¨ íâ®¬ ä®à¬ë !j
i
¯®¤ç¨­¥­ë áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ D!j

i
= !k

i
^ !j

k
¨ «¨­¥©­®¬ã

á®®â­®è¥­¨î !k
k
= 0.
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3. �®£« á­® ([1], á. 339) ¯à®áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n ­ §ë¢ ¥âáï
¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n, ®¡« ¤ îé¥¥ ¨­¢ à¨ ­â­ë¬ (¢ á¬ëá«¥ ¯. 1) ¯®«¥¬
«®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª Qn�1 («®ª «ì­ëå  ¡á®«îâ®¢).

�®¯ãáâ¨¬, çâ® ¯à®áâà ­áâ¢® Pn;n ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå £¨¯¥àª¢ ¤à¨ª
Qn�1:

gi jx
ixj = 0; gi j = gj i; (10)

�gi j � gi k�
k

j
� gk j�

k

i
= � � gi j ; D� = � ^ �00: (11)

� ãà ¢­¥­¨ïå (10) ª®íää¨æ¨¥­âë gi j ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® áª «ïà­®£® ¬­®¦¨â¥«ï

� 6= 0: egi j = �gi j ; ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (11) â¥¯¥àì § ¯¨èãâáï ¢ ¢¨¤¥ �egi j � egi k�kj �
egk j�ki = �(ln �+ �)egi j . � ª ª ª ä®à¬  � ¥áâì ¯®«­ë© ¤¨ää¥à¥­æ¨ «, â. ¥. � = �F , â® ¢ ¯®á«¥¤­¨å

ãà ¢­¥­¨ïå §  áç¥â á®®â¢¥âáâ¢ãîé¥£® ¢ë¡®à  � ¬®¦­® áç¨â âì e� def= � ln�+ � = 0.
�¨¦¥ ¯à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­­ë¬ â ª®¥ ­®à¬¨à®¢ ­¨¥ ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï «®ª «ì-

­®£®  ¡á®«îâ  (10); ¯à¨ íâ®¬ ãà ¢­¥­¨ï (11) ¯à¨¬ãâ ¢¨¤

( ) �gij � gik�
k
j � gkj�

k
i � gi0�

0
j � g0j�

0
i = 0;

(¡) �gi0 � gi0�
0
0 � gk0�

k
i � g00�

0
i = 0; (12)

(¢) �g00 � 2g00�0
0 = 0:

�ç¨â ï A =2 Qn�1, ¨¬¥¥¬ g00 6= 0; á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥. �à ¢­¥­¨¥ (12(¢)) ¢ á¨«ã g00 6= 0
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

� ln g00 � 2�0
0 = 0: (13)

�à®¢¥¤¥¬ ­®à¬¨à®¢ªã ¢¥àè¨­ë A0 à¥¯¥à  R = fAig: eA0 = �A0, � 6= 0; á ¨á¯®«ì§®¢ ­¨¥¬ (13)
¨¬¥¥¬ � eA0 = (� ln� + �0

0) eA0 = (� ln� + 1
2
� ln g00) eA0. �®¤¡¨à ï ¬­®¦¨â¥«ì � á®®â¢¥âáâ¢ãîé¨¬

®¡à §®¬, ¯®«ãç¨¬ e�0
0

def= � ln� + 1
2
� ln g00 = 0, â. ¥. §  áç¥â ¯®¤¡®à  ­®à¬¨àãîé¥£® ¬­®¦¨â¥«ï �

¬®¦­® ä®à¬ã �0
0 ¯à¨¢¥áâ¨ ª ­ã«î:

�0
0 = 0: (14)

�§ á®®â­®è¥­¨© (13), (14) á«¥¤ã¥â

( ) d ln g00 = mk!
k
0 ;

(¡) !0
0 = pk!

k
0 :

(15)

�à®¤®«¦ ï ãà ¢­¥­¨ï (15), ­ å®¤¨¬

( ) dmk �ml!
l
k = ( emkl �mkpl +

1
2
mjR

j
0kl)!

l
0; em[kl] = 0;

(¡) dpk � pl!
l
k + !0

k = pkl!
l
0; 2p[kl] =

2
c
p[kgl]0 + pjR

j
0kl �R0

0kl:

(16)

�á«¨ ¢ ª ç¥áâ¢¥ ¯®«ï mk (á¬. (16( )) ¢§ïâì ¯®«¥ ­ã«¥¢®£® â¥­§®à , â® ¨§ á®®â­®è¥­¨ï (15(a))
­ å®¤¨¬ g00 = c = const 6= 0.

�®§ì¬¥¬ ®å¢ â

aij
def= gij �

gi0gj0
c

; a[ij] = 0;
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ãà ¢­¥­¨¥ «®ª «ì­®£®  ¡á®«îâ  (10) ¨ ãà ¢­¥­¨ï (12( ), (¡)) ¥£® ¨­¢ à¨ ­â­®áâ¨ â¥¯¥àì § ¯¨-
èãâáï á®®â¢¥âáâ¢¥­­® ¢ ¢¨¤¥

aijx
ixj +

1
c
(gi0x

i + cx0)2 = 0; c = const 6= 0; (17)

�gi0 � gk0�
k
i � c�0

i = 0; �aij � aik�
k
j � akj�

k
i = 0: (18)

�§ (18) á«¥¤ã¥â, çâ® ª®¬¯®­¥­âë ¯®«¥© ª¢ §¨â¥­§®à  gi0 ¨ á¨¬¬¥âà¨ç­®£® â¥­§®à  aij ã¤®¢«¥-
â¢®àïîâ á®®â¢¥âáâ¢¥­­® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

dgi0 � gk0!
k
i � c!0

i = Gik!
k
0 ; (19)

daij � aik!
k
j � akj!

k
i = Aijk!

k
0 : (20)

� §®¡ì¥¬ ¨áá«¥¤®¢ ­¨ï ­  ¤¢  á«ãç ï:
 ) â¥­§®à aij ­¥­ã«¥¢®©; ¡) â¥­§®à aij ­ã«¥¢®©.

�â¬¥â¨¬, çâ® ¢ á«ãç ¥ ¡) «®ª «ì­ë©  ¡á®«îâ (17) ¢ëà®¦¤ ¥âáï ¢ á¤¢®¥­­ãî £¨¯¥à¯«®áª®áâì
(g0ixi + cx0)2 = 0; á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥.

�¨¦¥ (¯¯. 3, 4) ®£à ­¨ç¨¬áï á«ãç ¥¬  ), â. ¥. ¯à¥¤¯®« £ ï, çâ® «®ª «ì­ë©  ¡á®«îâ (17) ­¥
¢ëà®¦¤ ¥âáï ¢ á¤¢®¥­­ãî £¨¯¥à¯«®áª®áâì; ®â¬¥â¨¬, çâ® £¥®¬¥âà¨ï ¯à®áâà ­áâ¢  Pn;n, ¢ ª®â®à®¬
§ ¤ ­® ¯®«¥ ª¢ §¨â¥­§®à  v0k = � 1

c
gk0, â. ¥. § ¤ ­® ¯®«¥ ­®à¬ «¨§ãîé¥© £¨¯¥à¯«®áª®áâ¨ gi0xi +

cx0 = 0, ¨§ãç « áì ¢ [3].
�à®¤®«¦ ï ãà ¢­¥­¨ï (19), (20), á ¨á¯®«ì§®¢ ­¨¥¬ (4), (15) ¯®«ãç¨¬

dGij �Gil!
l
j �Glj!

l
i + (gj0 + cpj)!0

i = Gijl!
l
0; (21)

dAijk �Aijt!
t
k �Aitk!

t
j �Atjk!

t
i + aik!

0
j + akj!

0
i = Aijkl!

l
0; (22)

£¤¥

2Gi[jl] = �2Gi[jpl] + gt0R
t
ijl + cR0

ijl +GitR
t
0jl; (23)

2Aij[kl] = �2Aij[kpl] + aitR
t
jkl + atjR

t
ikl +AijtR

t
0kl: (24)

�®£« á­® ãà ¢­¥­¨ï¬ (16(¡)), (19){(22), ¢ ª ç¥áâ¢¥ äã­ªæ¨© pk, Gik, Aijk ¬®¦­® ¢§ïâì ®å¢ âë

( ) pk = �
1
c
gk0 ; Gik = aik;

(¡) Aijk = �
1
c
(aikgj0 + ajkgi0);

(25)

¯à¨ íâ®¬ ¢ ãà ¢­¥­¨ïå (16(¡)) ¢ á¨«ã (19), (25) ¨¬¥¥â ¬¥áâ® pkl = � 1
c
akl, çâ® ¢ á¨«ã á¨¬¬¥âà¨¨

akl á®£« á­® (16(¡)) ¯à¨¢®¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬

R0
0jk +

1
c
gt0R

t
0jk = 0: (26)

� ãà ¢­¥­¨ïå (20), (21) ¢ á¨«ã á®®â­®è¥­¨© (25) á¯à ¢¥¤«¨¢® Gijk = Aijk, çâ® á®£« á­® (23)
¯à¨¢®¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬

gt0R
t
ijk + aitR

t
0jk + cR0

ijk = 0: (27)

�¨ää¥à¥­æ¨àãï (25(¡)), á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨© (19), (20) ¨ á®®â­®è¥­¨© (25( )) ¯®«ã-
ç¨¬

dAijk �Aijt!
t
k �Aitk!

t
j �Atjk!

t
i + aik!

0
j + akj!

0
i = �

1
c
(Aiklgj0 + aikajl +Ajklgi0 + ajkail)!

l
0:

�à ¢­¨¢ ï ¯®á«¥¤­¨¥ ãà ¢­¥­¨ï á (22), ¨¬¥¥¬ Aijkl = � 1
c
(Aiklgj0+aikajl+Ajklgi0+ajkail), ®âªã¤ 

­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

Aij[kl] = �
1
c
(Ai[kl]gj0 +Aj[kl]gi0);
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¯®á«¥¤­¨¥ á®®â­®è¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ (25(¡)) § ¯¨èãâáï ¢ ¢¨¤¥

Aij[kl] = �
1
c2
(ai[kgl]0gj0 + aj[kgl]0gi0): (28)

�à ¢­¥­¨¥ (24) ¨ (28) á ¨á¯®«ì§®¢ ­¨¥¬ (25) ¯à¨¢®¤¨â ª ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬

aitR
t
jkl + atjR

t
ikl �

1
c
(aitgj0 + ajtgi0)Rt

0kl = 0: (29)

�â ª, ¥á«¨ ¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n ®¡« ¤ ¥â ¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì-
­ëå £¨¯¥àª¢ ¤à¨ª Qn�1, ®â«¨ç­ëå ®â á¤¢®¥­­ëå £¨¯¥à¯«®áª®áâ¥©, â® ãà ¢­¥­¨¥ «®ª «ì­®£®  ¡-
á®«îâ  § ¯¨è¥âáï ¢ ¢¨¤¥ (17), £¤¥ ª®¬¯®­¥­âë ¯®«¥© ª¢ §¨â¥­§®à  gi0 ¨ á¨¬¬¥âà¨ç­®£® â¥­§®à 
aij ¢ á¨«ã (19), (20), (25) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

dgi0 � gk0!
k
i � c!0

i = aik!
k
0 ; (30)

daij � aik!
k
j � akj!

k
i = �

1
c
(aikgj0 + ajkgi0)!k0 ; (31)

¯à¨ç¥¬

!0
0 = �

1
c
g0k!

k
0 (32)

¨ á¯à ¢¥¤«¨¢ë ª®­¥ç­ë¥ á®®â­®è¥­¨ï (26), (27), (29).
�¡à â­®, ¥á«¨ ª®íää¨æ¨¥­âë aij , gi0 ãà ¢­¥­¨ï £¨¯¥àª¢ ¤à¨ª¨ (17) ã¤®¢«¥â¢®àïîâ ãà ¢­¥-

­¨ï¬ (30), (31), â® ®¡ê¥¤¨­¥­­ ï á¨áâ¥¬  (30), (31) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ¢¨¤  (3) ¤«ï ®¡ê-
¥ªâ  fXJg � faij ; gi0g. � á¨«ã íâ®£® ¯®«¥ £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  faij ; gi0g, â. ¥. ¯®«¥ «®ª «ì­ëå
 ¡á®«îâ®¢ (17), ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  Pn;n; ¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ®
Pn;n ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n. �®ª § ­ 

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¯à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n ®¡« ¤ «® ¨­¢ à¨-

 ­â­ë¬ ¯®«¥¬ £¨¯¥àª¢ ¤à¨ª (17), ®â«¨ç­ëå ®â á¤¢®¥­­ëå £¨¯¥à¯«®áª®áâ¥©, â. ¥. çâ®¡ë ®­®

ï¢«ï«®áì ¯à®áâà ­áâ¢®¬ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n á ¯®«¥¬ «®ª «ì­ëå  ¡á®«î-

â®¢ (17), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ª®íää¨æ¨¥­âë aij, gi0 ãà ¢­¥­¨ï (17) ã¤®¢«¥â¢®àï-
«¨ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (30), (31).

� ¬¥â¨¬, çâ® ­ «¨ç¨¥ ¨­¢ à¨ ­â­®£® ¯®«ï «®ª «ì­ëå  ¡á®«îâ®¢ (17) ¯à¨¢®¤¨â ª ª®­¥ç­ë¬
á®®â­®è¥­¨ï¬ (26), (27), (29) ¤«ï ª®¬¯®­¥­â â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Pn;n; ®¤-
­®¢à¥¬¥­­®¥ ¢ë¯®«­¥­¨¥ íâ¨å á®®â­®è¥­¨© ¥áâì ãá«®¢¨¥ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ ®¡ê¥¤¨­¥­­®©
á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (30){(32).

� ¬¥ç ­¨¥ 1. � ¦¤ë© á«®© Pn(A0) ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n

ï¢«ï¥âáï ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ Kn(A0) á á®®â¢¥âáâ¢ãîé¨¬ «®ª «ì­ë¬  ¡á®-
«îâ®¬ Qn�1(A0). � á«ãç ¥ Rj

ist
� 0 ¯à®áâà ­áâ¢® Kn;n ¢ëà®¦¤ ¥âáï ¢ ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®¥

¯à®áâà ­áâ¢® Kn á  ¡á®«îâ®¬ (17), à áá¬®âà¥­­®¥ ¢ [4].

� ¬¥ç ­¨¥ 2. �á«¨ ¯®¤â¥­§®àë Rj
0kt, fR

j
ikt; R

j
0ktg â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ïR

j

ist
¯à®áâà ­-

áâ¢  ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n ®¤­®¢à¥¬¥­­® ®¡à é îâáï ¢ ­ã«ì, â® ¢ á¨«ã (26),

(27) á¯à ¢¥¤«¨¢® Rj

ist
� 0, â. ¥. Kn;n ¥áâì ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® Kn.

�â¬¥â¨¬, çâ® â¥­§®à ªàãç¥­¨ï Rj
0kt ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ Pn;n ¥áâì â¥­§®à

ªàãç¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n; ¢ á«ãç ¥

Rj
0kt � 0 ¯à®áâà ­áâ¢® Kn;n ®¡®§­ ç¨¬ ç¥à¥§

0

Kn;n.

�«ï ¯à®áâà ­áâ¢ 
0

Kn;n ¢ á¨«ã á®®â­®è¥­¨© (9), (26) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  2. �à®áâà ­áâ¢® ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ ¡¥§ ªàãç¥­¨ï
0

Kn;n ï¢«ï¥â-

áï íª¢¨¯à®¥ªâ¨¢­ë¬ (â. ¥. R[ik] = 0).

4. �®«ïà  æ¥­âà  A0 á«®ï Pn(A0) ®â­®á¨â¥«ì­® «®ª «ì­®£®  ¡á®«îâ  (17) ¯à®áâà ­áâ¢  Kn;n

¥áâì £¨¯¥à¯«®áª®áâì �n�1(A0)

gk0x
k + cx0 = 0: (33)

�®£« á­® [5] § ¤ ­¨¥ ®¤­®§­ ç­®£®, ­¥¯à¥àë¢­®£® ¨ ¤¨ää¥à¥­æ¨àã¥¬®£® á®®â¢¥âáâ¢¨ï A0 !
�n�1(A0) ®¯à¥¤¥«ï¥â ­®à¬ «¨§ æ¨î ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n ¯®-
«¥¬ ª¢ §¨â¥­§®à 

q0i
def= �

1
c
gi0;

ª®â®àãî ­ §®¢¥¬ ¯®«ïà­®©.
�¥âàã¤­® ¯à®¢¥à¨âì, çâ® á¨áâ¥¬  ä®à¬ f!j0; �

j
i g, £¤¥

�ji = !ji + q0i!
j
0; (34)

ã¤®¢«¥â¢®àï¥â áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ � àâ ­ {� ¯â¥¢ 

D!j0 = !l0 ^ �
j
l +

1
2
rjkt!

k
0 ^ !

t
0;

D�ji = �li ^ �
j
l +

1
2
rjikt!

k
0 ^ !

t
0;

(35)

£¤¥

rjkt = Rj
0kt; rjikt = �

2
c
ai[k�

j

t] +Rj
ikt �

1
c
gi0R

j
0kt: (36)

�«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ä®à¬ f!j0; �
j
i g ®¯à¥¤¥«ï¥â  ää¨­­ãî á¢ï§­®áâì; á®®â¢¥âáâ¢ãîé¥¥ ¯à®-

áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ ®¡®§­ ç¨¬ ç¥à¥§ An;n. � áâàãªâãà­ëå ãà ¢­¥­¨ïå (35) ª ¦¤ ï
¨§ á¨áâ¥¬ äã­ªæ¨© rjkt ¨ r

j
ikt ®¡à §ã¥â á®®â¢¥âáâ¢¥­­® â¥­§®à ªàãç¥­¨ï ¨ â¥­§®à ªà¨¢¨§­ë ¯à®-

áâà ­áâ¢  An;n.
�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (31) â¥­§®à  aij ¢ á¨«ã (34) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

daij � aik�
k
j � akj�

k
i = 0:

�â¨ ãà ¢­¥­¨ï £®¢®àïâ ® â®¬, çâ® á¢ï§­®áâì r ¯à®áâà ­áâ¢  An;n ï¢«ï¥âáï ¬¥âà¨ç¥áª®© (¢®®¡é¥
£®¢®àï, á ªàãç¥­¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  aij ; ¯à¨ íâ®¬ ¯à®áâà ­áâ¢® Kn;n ®¡« ¤ ¥â
¨­¢ à¨ ­â­ë¬ ¯®«¥¬ «®ª «ì­ëå ã£«®¢ëå  ¡á®«îâ®¢, ®¯à¥¤¥«ï¥¬ëå ¢ ª ¦¤®¬ «®ª «ì­®¬ ¯à®-
áâà ­áâ¢¥ Kn(A0) ¯¥à¥á¥ç¥­¨¥¬ «®ª «ì­®© ­®à¬ «¨§ãîé¥© £¨¯¥à¯«®áª®áâ¨ (33) á «®ª «ì­ë¬
£¨¯¥àª®­ãá®¬ ­ ¯à ¢«¥­¨©

aijx
ixj = 0 (37)

á ¢¥àè¨­®© ¢ â®çª¥ A0. �®ª «ì­ë© ã£«®¢®©  ¡á®«îâ ¥áâì (n � 2)-ª¢ ¤à¨ª  ¯¥à¥á¥ç¥­¨ï «®-
ª «ì­®© £¨¯¥à¯«®áª®áâ¨ (33) á «®ª «ì­ë¬  ¡á®«îâ®¬ (17). �®«¥ £¨¯¥àª®­ãá  ­ ¯à ¢«¥­¨© (37)
§ ¤ ¥â ®á­®¢­®© ¯®«ïà¨â¥â ([5], á. 151), á®åà ­ïîé¨©áï ¯à¨ ¯ à ««¥«ì­®¬ ¯¥à¥­¥á¥­¨¨ ­ ¯à -
¢«¥­¨©.

�®¯ãáâ¨¬, çâ® ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ An;n ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥; ¯®á«¥¤­¥¥ ¢
á¨«ã (36) à ¢­®á¨«ì­® â®¬ã, çâ® ¯à®áâà ­áâ¢® Kn;n ¡¥§ ªàãç¥­¨ï:

rjkt = Rj
0kt = 0:

� íâ®¬ á«ãç ¥ â¥­§®à �¨çç¨ rik
def= rjikj ¯à®áâà ­áâ¢  An;n ¢ á¨«ã (36) ¨¬¥¥â áâà®¥­¨¥

rik = �
n� 1
c

aik +Rik; (38)
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®âªã¤  á ãç¥â®¬ â¥®à¥¬ë 2 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

r[ik] = R[ik] = 0:

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ë ¤¢¥ â¥®à¥¬ë:

�¥®à¥¬  3. �à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ An;n, ¨­¤ãæ¨àã¥¬®¥ ¯®«ïà­®© ­®à¬ «¨§ -

æ¨¥© ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®© á¢ï§­®áâ¨ Kn;n, ï¢«ï¥âáï ¬¥âà¨ç¥áª¨¬ (¢®®¡é¥
£®¢®àï, á ªàãç¥­¨¥¬) á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  aij ; ¥á«¨ ¯à¨ íâ®¬ ¯à®áâà ­áâ¢® An;n ¡¥§

ªàãç¥­¨ï (â. ¥. An;n �
0

An;n), â® ¥£® á¢ï§­®áâì ï¢«ï¥âáï íª¢¨ ää¨­­®©.

�¥®à¥¬  4. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 3 ¬¥âà¨ç¥áª¨© â¥­§®à aij ­¥¢ëà®¦¤¥­, â® ¯à®áâà ­-

áâ¢®
0

An;n ï¢«ï¥âáï ¢¥©«¥¢ë¬ Wn;n, ¨, á«¥¤®¢ â¥«ì­®, à¨¬ ­®¢ë¬ Vn;n; ¯à¨ íâ®¬ ¥á«¨ â¥­§®à

�¨çç¨ Rik ¯à®áâà ­áâ¢ 
0

Kn;n ­ã«¥¢®©, â® ¯à®áâà ­áâ¢® Vn;n ï¢«ï¥âáï í©­èâ¥©­®¢ë¬ ([6],
á. 268).

�â¬¥â¨¬, çâ® 2-ï ç áâì â¥®à¥¬ë 4 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ á®®â­®è¥­¨© (38), ¨¡® ¢ á«ã-
ç ¥ Rik = 0 â¥­§®à �¨çç¨ rik ¯à®áâà ­áâ¢  Vn;n ¯à®¯®àæ¨®­ «¥­ ¬¥âà¨ç¥áª®¬ã â¥­§®àã aik á
¯®áâ®ï­­ë¬ ª®íää¨æ¨¥­â®¬ ¯à®¯®àæ¨®­ «ì­®áâ¨.

� ¬¥ç ­¨¥. �®£« á­® ([5], á. 255; á¬. â ª¦¥ [4]) ¯à®áâà ­áâ¢®
0

An;n, ¨­¤ãæ¨àã¥¬®¥ ¯®«ïà­®©
­®à¬ «¨§ æ¨¥© ¯à®¥ªâ¨¢­®-¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  Kn á ­¥¢ëà®¦¤¥­­®© ¬¥âà¨ª®© (jaij j 6=
0), ï¢«ï¥âáï à¨¬ ­®¢ë¬ ¯®áâ®ï­­®© ªà¨¢¨§­ë K = � 1

c
.

�¨â¥à âãà 
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