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�§ãç îâáï á¥ªæ¨®­­ë¥ ªà¨¢¨§­ë à¨¬ ­®¢ëå ¬­®£®®¡à §¨© â¨¯  � «ãæë-�«¥©­  á ®¤­®¬¥à-
­ë¬¨ áâàãªâãà­ë¬¨ £àã¯¯ ¬¨. � ç áâ­®áâ¨, ­ å®¤ïâáï â®¯®«®£¨ç¥áª¨¥ ®£à ­¨ç¥­¨ï, ­¥®¡å®¤¨-
¬ë¥ ¤«ï §­ ª®®¯à¥¤¥«¥­­®áâ¨. �à¨ íâ®¬ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáï á¢ï§ì ¬¥¦¤ã ¨áá«¥¤ã¥¬ë¬¨
à¨¬ ­®¢ë¬¨ ¬­®£®®¡à §¨ï¬¨ ¨ £¨à®áª®¯¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨.

1. �­®£®®¡à §¨ï â¨¯  � «ãæë-�«¥©­ 
¨ £¨à®áª®¯¨ç¥áª¨¥ á¨áâ¥¬ë

�ãáâì M | £« ¤ª®¥ ¬­®£®®¡à §¨¥, � : M ! M | £« ¤ª®¥ ã­¨¢¥àá «ì­®¥ ­ ªàëâ¨¥, G |
®¤­®¬¥à­ ï á¢ï§­ ï £àã¯¯  �¨, �� : �! M | £« ¢­®¥ à áá«®¥­¨¥ á® áâàãªâãà­®© £àã¯¯®© G ¨
� = � � ��. �á«¨ G = G� �1(M), H | G-á¢ï§­®áâì ­  � ¨ �� | ¥¥ ä®à¬  ªà¨¢¨§­ë, â® ­ ©¤¥âáï
2-ä®à¬  � ­  M , ¤«ï ª®â®à®© �� = ���. � áá¬®âà¨¬ £®¬®¬®àä¨§¬ �ãà¥¢¨ç 

'2
M : �2(M)! H2(M)

¨ £®¬®¬®àä¨§¬ h[�] : H2(M) ! R, ®¯à¥¤¥«¥­­ë© ä®à¬ã«®© h[�]([c]) =
R
c

�. �ãé¥áâ¢ã¥â â ª®¥

m 2 Z, m � 0, çâ® Im(h[�] � '2
M ) = mZ. �®«®¦¨¬ m = m ¯à¨ G = U(1) ¨ m = �1 ¯à¨ G = R.

�®£¤ 

Im(h[�] � '2
m) =

(
mZ; ¥á«¨ m 2 N ;

0; ¥á«¨ m 2 f�1; 0g: (1)

�¥â¢¥àªã � = (�; �;M;G) ¡ã¤¥¬ ­ §ë¢ âì à áá«®¥­¨¥¬ â¨¯  (1;m),   ç¥â¢¥àªã �� = (�; ��;M;G)
| ­ ªàë¢ îé¨¬ � à áá«®¥­¨¥¬.

�â¬¥â¨¬, çâ® ª®£®¬®«®£¨ç¥áª¨© ª« áá ä®à¬ë ���� ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ª« áá®¬
à áá«®¥­¨ï ��. �®íâ®¬ã ç¨á«® m ­¥ § ¢¨á¨â ®â ¢ë¡®à  á¢ï§­®áâ¨ H. � ª ª ª H1(M) = 0, â® ¥áâ¥-
áâ¢¥­­ë© £®¬®¬®àä¨§¬H2(M;Z)! H2(M;R) ¨­ê¥ªâ¨¢¥­. � á¨«ã ª« áá¨ä¨ª æ¨®­­®© â¥®à¥¬ë
([1], c. 359) íâ® §­ ç¨â, çâ® à áá«®¥­¨ï � = (�; �;M;G) ¨ �0 = (�0; �0;M;G0) â¨¯®¢ (1;m) ¨ (1;m0)
á®®â¢¥âáâ¢¥­­® ¨§®¬®àä­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G = G0 ¨ [����] = [��0��0] 2 H2(M;R).
� §ã¬¥¥âáï, ¯à¨ íâ®¬ m = m0.

�­¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë G à¨¬ ­®¢ë ¬¥âà¨ª¨ ­  � ¡ã¤¥¬ ­ §ë¢ âì
¬¥âà¨ª ¬¨ â¨¯  � «ãæë-�«¥©­ . �®«®¦¨¬ N1 = N [ f�1; 0g ¨ T(m) = R n f0g ¯à¨ m 2 N
¨ T(m) = 0 ¯à¨ m 2 f�1; 0g. �¨¬¢®«®¬ K(M; 1) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å âà®¥ª (�; �g; �), £¤¥
� = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m) ¯à¨ ­¥ª®â®à®¬ m 2 N1, �g | ¬¥âà¨ª  â¨¯  � «ãæë-
�«¥©­  ­  � ¨ � 2 T(m). �à®©ª¨ ((�; �;M;G); �g; �) ¨ ((�0; �0;M;G0); �g0; �0) ¨§ K(M; 1) ¡ã¤¥¬
áç¨â âì íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ G = G0, � = �0 ¨ áãé¥áâ¢ã¥â ¤¨ää¥®¬®àä¨§¬ � : � ! �0, ã¤®-
¢«¥â¢®àïîé¨© à ¢¥­áâ¢ ¬ � = �0 � �, �(v � �a) = �(v) � �a ¤«ï v 2 	, �a 2 G ¨ �g = ���g0. �­®¦¥áâ¢®
ª« áá®¢ íª¢¨¢ «¥­â­ëå âà®¥ª ¨§ K(M; 1) ®¡®§­ ç¨¬ á¨¬¢®«®¬ [K](M; 1).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®­ªãàá­®£® æ¥­âà  äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï
(£à ­â 95-0-1.3-87).
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�ãáâì g | à¨¬ ­®¢  ¬¥âà¨ª , F | § ¬ª­ãâ ï 2-ä®à¬  ¨ u | £« ¤ª ï äã­ªæ¨ï ­  M .
�à¥¤¯®«®¦¨¬, çâ® u > 0 ­  M ¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® � 2 R, çâ®

Im(h[�] � '2
M ) = �Z: (2)

�¥â¢¥àªã � = (M; g; F; u) ­ §®¢¥¬ £¨à®áª®¯¨ç¥áª®© (1; �)-á¨áâ¥¬®©. �®«®¦¨¬ M(�) = N ¯à¨
� 6= 0 ¨ M(0) = f�1; 0g. �¡®§­ ç¨¬ á¨¬¢®«®¬ G(M; 1) ¬­®¦¥áâ¢® ¯ à (�;m), £¤¥ � | £¨à®áª®-
¯¨ç¥áª ï (1; �)-á¨áâ¥¬  ­  M ¯à¨ ­¥ª®â®à®¬ � 2 R ¨ m 2M(�).

�®áâà®¨¬ ®â®¡à ¦¥­¨¥ f : K(M; 1) ! G(M; 1). �«ï íâ®£® ¢ë¡¥à¥¬ âà®©ªã (�; �g; �) 2 K(M; 1),
£¤¥ � = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m), m 2 N1. �¯à¥¤¥«¨¬ G-á¢ï§­®áâì H ­  �, ®¡®-
§­ ç¨¢ ¤«ï ª ¦¤®© â®çª¨ v 2 � á¨¬¢®«®¬ H(v) ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ¢¥àâ¨ª «ì­®£® ¯®¤-
¯à®áâà ­áâ¢  V (v) ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tv�. �«ï p 2 M ¨ X;Y 2 TpM à áá¬®âà¨¬ ¯à®-
¨§¢®«ì­ãî â®çªã v ¨§ ��1(p), ¢¥ªâ®àë X0 = (d�jH(v))�1(X), Y 0 = (d�jH(v))�1(Y ) ¨ ¯®«®¦¨¬
g(X;Y ) = �g(X0; Y 0). �â¨¬ ®¯à¥¤¥«¥­  à¨¬ ­®¢  ¬¥âà¨ª  g ­  M . �ãáâì {(�;m) = �=m ¯à¨
m 2 N ¨ � 6= 0, {(�;m) = 1 ¯à¨ m 2 f�1; 0g ¨ � = 0. �á«¨ �� = ��� | ä®à¬  ªà¨¢¨§­ë
á¢ï§­®áâ¨ H, â® ä®à¬  F = {(�;m)� ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (2). � áá¬ âà¨¢ ï ç¨á«® 1 ª ª
í«¥¬¥­â  «£¥¡àë �¨ g = R £àã¯¯ë G, ®¡®§­ ç¨¬ á¨¬¢®«®¬ 1� ¯®à®¦¤¥­­®¥ ¨¬ äã­¤ ¬¥­â «ì­®¥
¢¥àâ¨ª «ì­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  �. �®£¤  �u = {(�;m)2=2�g(1�; 1�) | £« ¤ª ï äã­ªæ¨ï ­  �. � ª
ª ª ®­  ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë G, â® áãé¥áâ¢ã¥â £« ¤ª ï ¯®«®¦¨â¥«ì­ ï
äã­ªæ¨ï u :M ! R, ¤«ï ª®â®à®© �u = u � �. �®«®¦¨¬ � = (M; g; F; u) ¨ f(�; �g; �) = (�;m).

�¥¬¬  1. �ãáâì � = (�; �;M;G), (�; �g; �) 2 K(M; 1), ! | ä®à¬ , ®àâ®£®­ «ì­ ï á«®ï¬

à áá«®¥­¨ï � G-á¢ï§­®áâ¨ H ­  �, � = (M; g; F; u), (�;m) 2 G(M; 1) ¨ �u = u � �. �®£¤  (�;m) =
f(�; �g; �) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨

�g = ({(�;m)2=2�u)! 
 ! + ��g: (3)

�®ª § â¥«ìáâ¢®. �­ ç «  ¯à¥¤¯®«®¦¨¬, çâ® (�;m) = f(�; �g; �). �á«¨ v 2 � ¨X0; Y 0 2 H(v),
â® ¯® ¯®áâà®¥­¨î ¬¥âà¨ª¨ g

�g(X0; Y 0) = ��g(X0; Y 0): (4)

�«ï X1; Y 1 2 V (v) ­ ©¤ãâáï â ª¨¥ ç¨á«  s; t 2 R, çâ® X1 = s1�(v) ¨ Y 1 = t1�(v). �à¨ íâ®¬
!(X1) = s, !(Y 1) = t ¨ �g(X1; Y 1) = st�g(1�(v); 1�(v)). �®á¯®«ì§®¢ ¢è¨áì ®¯à¥¤¥«¥­¨¥¬ äã­ªæ¨¨
�u, ®âáî¤  ¯®«ãç¨¬ à ¢¥­áâ¢®

�g(X1; Y 1) = ({(�;m)2=2�u(v))!(X1)!(Y 1): (5)

�® ®¯à¥¤¥«¥­¨î á¢ï§­®áâ¨ H �g(X0; Y 1) = �g(X1; Y 0) = 0. �®íâ®¬ã ¨§ (4) ¨ (5) á«¥¤ã¥â, çâ® ¤«ï
X = X0 +X1 ¨ Y = Y 0 + Y 1

�g(X;Y ) = ({(�;m)2=2�u(v))!(X1)!(Y 1) + ��g(X0; Y 0):

�áâ «®áì § ¬¥â¨âì, çâ® !(X1) = !(X), d�(X0) = d�(X) ¨  ­ «®£¨ç­ë¥ à ¢¥­áâ¢  ¢¥à­ë ¤«ï
¢¥ªâ®à  Y .

�®¯ãáâ¨¬ ¤ «¥¥ á¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢  (3). �®£¤  ¤«ï «î¡ëå â®ç¥ª p 2 M , v 2 ��1(p) ¨
¢¥ªâ®à®¢ X;Y 2 TpM , X0 = (d�jH(v))�1(X) ¨ Y 0 = (d�jH(v))�1(Y ) ¨¬¥¥¬ g(X;Y ) = ��g(X0; Y 0) =
�g(X0; Y 0). �á«¨ �� = d!, â® �� = ��� ¨ ¢¥à­® à ¢¥­áâ¢® (1). �§ ¯®á«¥¤­¥£® á«¥¤ã¥â, çâ® ä®à¬ 
F = {(�;m)� ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2). � ª®­¥æ, {(�;m)2=2�g(1�(v); 1�(v)) = �u!(1�(v))2,   íâ®
®§­ ç ¥â, çâ® (�;m) = f(�; �g; �).

�â¬¥â¨¬, çâ® «®à¥­æ¥¢  ¬¥âà¨ª  ¢¨¤  (3) ¨á¯®«ì§®¢ « áì ¢ ¥¤¨­®© â¥®à¨¨ ¯®«ï � «ãæë-
�«¥©­  ([2], c. 309{312).

�¥¬¬  2. �â®¡à ¦¥­¨¥ f áîàê¥ªâ¨¢­®.

76



�®ª § â¥«ìáâ¢®. �ãáâì � 2 R, � = (M; g; F; u) | £¨à®áª®¯¨ç¥áª ï (1; �)-á¨áâ¥¬  ¨ m 2
M(�). �§ (2) á«¥¤ã¥â, çâ® ¤«ï ä®à¬ë � = (1={(�;m))F á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (1). �®íâ®¬ã
áãé¥áâ¢ãîâ à áá«®¥­¨¥ � = (�; �;M;G) â¨¯  (1;m) ¨ G-á¢ï§­®áâì H ­  � á ä®à¬®© ªà¨¢¨§­ë
�� = ���. � áá¬®âà¨¬ ä®à¬ã ! á¢ï§­®áâ¨ H, äã­ªæ¨î �u = u�� ¨ ®¯à¥¤¥«¨¬ à¨¬ ­®¢ã ¬¥âà¨ªã
�g ­  � ä®à¬ã«®© (3). �®£¤  (�; �g; �) 2 K(M; 1) ¨ ¯® «¥¬¬¥ 1 f(�; �g; �) = (�;m).

�¥¬¬  3. �à®©ª¨ (�; �g; �) ¨ (�0; �g0; �0) ¨§ K(M; 1) ¨¬¥îâ ®¤¨­ ª®¢ë¥ f -®¡à §ë ¢ â®¬ ¨ â®«ì-

ª® â®¬ á«ãç ¥, ¥á«¨ ®­¨ íª¢¨¢ «¥­â­ë.

�®ª § â¥«ìáâ¢®. �ãáâì � = (M; g; F; u), �0 = (M; g0; F 0; u0), (�;m) = f(�; �g; �) ¨ (�0;m0) =
f(�0; �g0; �0). �à¥¤¯®«®¦¨¬, çâ® (�;m) = (�0;m0). �®£¤  g = g0, F = F 0, u = u0 ¨ m = m0. �à¨ íâ®¬
G = G0 ¨ ¢ á¨«ã (2) � = �0. �á«¨ ! ¨ !0 | ä®à¬ë á¢ï§­®áâ¥© H ­  � ¨ H 0 ­  �0, ®àâ®£®­ «ì­ëå
á«®ï¬ à áá«®¥­¨© � ¨ �0 á®®â¢¥âáâ¢¥­­®, d! = ��� ¨ d!0 = �0��0, â® � = (1={(�;m))F = �0. � ª¨¬
®¡à §®¬, à áá«®¥­¨ï � ¨ �0 ¨¬¥îâ ®¤¨­ ª®¢ë¥ ¡ §ë, áâàãªâãà­ë¥ £àã¯¯ë ¨ å à ªâ¥à¨áâ¨ç¥áª¨¥
ª« ááë. �®íâ®¬ã ®­¨ ¨§®¬®àä­ë. �ãáâì � : � ! �0 | ¤¨ää¥®¬®àä¨§¬, � = �0 � �. �®áª®«ìªã
��(v � �a) = ��(v), â® �(v � �a) = �(v) � �a ¤«ï v 2 	, �a 2 G ¨ !00 = ��!0. �®£¤  d! = d!00 ¨ áãé¥áâ¢ã¥â
G-¨­¢ à¨ ­â­ ï £« ¤ª ï äã­ªæ¨ï �� : �! R ¤«ï ª®â®à®© ! = !00+ d��. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥
�� : R ! G, ¯®« £ ï ��(r) = exp(2�ir) ¯à¨ G = U(1) ¨ ��(r) = r ¯à¨ G = R. �«ï r 2 R ¨
v 2 � ¯®«®¦¨¬ �(r) = (��(r); e), £¤¥ e | ¥¤¨­¨æ  £àã¯¯ë �1(M), �v(r) = v � �(r) = R�(r)(v) ¨
�(v) = �(v � �(��(v))). �® ä®à¬ã«¥ �¥©¡­¨æ 

d� = d� � (dR�(��(v)) + d�v � d��):
�®áª®«ìªã � | ¨§®¬®àä¨§¬ à áá«®¥­¨© � ¨ �0, â® !00 | ä®à¬  ­¥ª®â®à®© G-á¢ï§­®áâ¨ ­  �.
�®íâ®¬ã !00(dR�(t)(X)) = !00(X) ¨ !00(d�v(t)) = t ¤«ï «î¡ëå X 2 Tv� ¨ t 2 R. �® â®£¤ 
!0(d�(X)) = !00(X)+d��(X) = !(X). �à®¬¥ â®£®, �0(�(v)) = �(v ��(��(v))) = �(v). � ª¨¬ ®¡à §®¬,
��!0 = ! ¨ �0 � � = �. �âáî¤  ¨ ¨§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ���g0 = �g.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® âà®©ª¨ (�; �g; �) ¨ (�0; �g0; �0) íª¢¨¢ «¥­â­ë. �®£¤  � = �0 ¨ áãé¥áâ¢ã-
¥â ¤¨ää¥®¬®àä¨§¬ � : � ! �0, ï¢«ïîé¨©áï ¨§®¬®àä¨§¬®¬ à áá«®¥­¨© � ¨ �0 ¨ ¨§®¬¥âà¨¥©
à¨¬ ­®¢ëå ¬­®£®®¡à §¨© (�; �g) ¨ (�0; �g0). �à¨ íâ®¬ H 0 � � = d� � H, ®âªã¤  á«¥¤ã¥â à ¢¥­áâ¢®
g = g0. � ª ª ª ! = ��!0, â® ��� = d! = ��d!0 = ��(�0��0) = ���. �®íâ®¬ã � = �0. � ª®­¥æ, ¨§
íª¢¨¢ «¥­â­®áâ¨ à áá«®¥­¨© ¢ëâ¥ª ¥â, çâ® m = m0. � íâ® §­ ç¨â, çâ® �u = �u0 ¨, á«¥¤®¢ â¥«ì­®,
u = u0.

� á¨«ã «¥¬¬ë 3 ä®à¬ã«®© �f [�; �g; �] = f(�; �g; �), £¤¥ [�; �g; �]] | ª« áá íª¢¨¢ «¥­â­®áâ¨ âà®©ª¨
(�; �g; �), ª®àà¥ªâ­® ®¯à¥¤¥«¥­® ®â®¡à ¦¥­¨¥ �f : [K](M; 1) ! G(M; 1). �§ «¥¬¬ 2 ¨ 3 á«¥¤ã¥â, çâ®
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �â®¡à ¦¥­¨¥ F ï¢«ï¥âáï ¡¨¥ªæ¨¥©.

2. �à¨¢¨§­ë ¢ ¤¢ã¬¥à­ëå ­ ¯à ¢«¥­¨ïå

�ãáâì p 2 M ¨ r 2 f1; 2g. �  ª ¦¤®¬ k-¬¥à­®¬ ¯®¤¯à®áâà ­áâ¢¥ P � TpM § ä¨ªá¨àã¥¬
®à¨¥­â æ¨î O(P ) | ª« áá ®¤¨­ ª®¢® ®à¨¥­â¨à®¢ ­­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨§ Pk. � áá¬®âà¨¬
¢¥ªâ®àë X;Y 2 TpM , ¨å «¨­¥©­ãî ®¡®«®çªã P ¨ «¨­¥©­ãî ®¡®«®çªã l ¢¥ªâ®à  Y . �¯®àï¤®-
ç¥­­ãî ¯ àã (X < Y ) ¡ã¤¥¬ ­ §ë¢ âì ¯à ¢¨«ì­®©, ¥á«¨ ®­  ®àâ®­®à¬¨à®¢ ­ , (X;Y ) 2 O(P ) ¨
Y 2 O(l). �­®¦¥áâ¢® ¢á¥å ¯à ¢¨«ì­ëå ¯ à ¨§ (TpM)2 ®¡®§­ ç¨¬ á¨¬¢®«®¬ Q2

pM .
�ë¡¥à¥¬ âà®©ªã (�; �g; �) 2 K(M; 1). �®¯ãáâ¨¬, çâ® � = (�; �;M;G), � = (M; g; F; u),

(�;m) = f(�; �g; �) ¨ ! | ä®à¬ , ®àâ®£®­ «ì­ëå á«®ï¬ à áá«®¥­¨ï � G-á¢ï§­®áâ¨ H. �®«®¦¨¬
�! = {(�;m)!, f = 1=

p
2u ¨ �f = f ��. �«ï â®çª¨ v 2 � á¨¬¢®«®¬ X1(v) ®¡®§­ ç¨¬ ¢¥àâ¨ª «ì­ë©

¢¥ªâ®à ¨§ Tv�, ã¤®¢«¥â¢®àïîé¨© à ¢¥­áâ¢ã �f(v)�!(X1(v)) = 1,   á¨¬¢®«®¬ P 2
v� | ¬­®¦¥áâ¢®

¤¢ã¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  Tv�.
�ãáâì ¤ «¥¥ p = �(v), T = f(t; s) 2 (�1; 1] � [0; 1] j t2 + s2 = 1g, (t; s) 2 T , (X;Y ) 2 Q2

pM ,
X0(v) = (d�jH(v))�1(X), Y 0(v) = (d�H(v))�1(Y ) ¨ P | «¨­¥©­ ï ®¡®«®çª  ¢¥ªâ®à®¢ X = tX1(v)+

77



sX0(v) ¨ Y = Y 0(v). �®«®¦¨¢ P = lv : (X;Y; t; s) ¨ (X;Y ) = �lv(X;Y; t; s), ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨ï
lv : Q2

pM � T ! P 2
v ¨ �lv : Q2

pM � T ! (Tv�)2.

�¥¬¬  4. �â®¡à ¦¥­¨¥ lv áîàê¥ªâ¨¢­®.

�®ª § â¥«ìáâ¢®. �á«¨ P 2 P 2
v� ¨ P � H(v), â® ¤«ï «î¡®© ¯à ¢¨«ì­®© ¯ àë (X;Y ) 2 Q2

pM

á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® P = lv(X;Y; 0; 1). �®¯ãáâ¨¬ â¥¯¥àì, çâ® P 2 P 2
v� ¨ P 6� H(v). �®£¤ 

¯¥à¥á¥ç¥­¨¥ �l = P \H(v) ®¤­®¬¥à­®. �®«®¦¨¬ Gp = ��1(p), l = d�(�l) ¨ à áá¬®âà¨¬ ¥¤¨­¨ç­ë©
¢¥ªâ®à Y 2 O(l). �á«¨ TvGp � P , â® P = lv(X;Y; 1; 0) ¤«ï «î¡®£® ¢¥ªâ®à  X 2 TpM , á®áâ ¢«ï-
îé¥£® ¢¬¥áâ¥ á Y ¯à ¢¨«ì­ãî ¯ àã (X;Y ). �á«¨ TvGp 6� P , â® ¢ë¡¥à¥¬ ®àâ®­®à¬¨à®¢ ­­ãî

¯ àã (X;Y ) 2 P 2
â ª, çâ®¡ë Y 2 �l, d�(Y ) = Y ¨ (d�(X); Y ) 2 O(d�(P )). �®«®¦¨¬ t = f(p)�!(X),

s = jd�(X)j ¨ X = (1=s)d�(X). �®£¤  (X;Y ) 2 Q2
pM , (t; s) 2 T ¨ P = lv(X;Y; t; s).

�ãáâì ¯®-¯à¥¦­¥¬ã v 2 � ¨ p = �(v). �á«¨ P � P 2
v� ¨ (X;Y ) | ¡ §¨á ¯à®áâà ­áâ¢  P ,

â® á¨¬¢®« ¬¨ K(P ) ¨ K(X;Y ) ¡ã¤¥¬ ®¡®§­ ç âì ªà¨¢¨§­ã à¨¬ ­®¢  ¬­®£®®¡à §¨ï (�; �g) ¢ ­ -
¯à ¢«¥­¨¨ P . �­ «®£¨ç­®, K(P ) = K(X;Y ) | ªà¨¢¨§­  ¬­®£®®¡à §¨ï (M; g) ¢ ¤¢ã¬¥à­®¬ ­ -
¯à ¢«¥­¨¨ P � TpM á ¡ §¨á®¬ (X;Y ). �¯à¥¤¥«¨¬ ¯®«¥ «¨­¥©­ëå ®¯¥à â®à®¢ L ¨ ¡¨«¨­¥©­ãî
ä®à¬ã Hef ­  M ä®à¬ã« ¬¨ g(L(X); Y ) = F (X;Y ) ¨ Hef (X;Y ) = g(rXrf; Y ), £¤¥ r | ®¯¥-
à â®à ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ (M; g). �«ï «î¡ëå «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢
X;Y 2 TpM ¨ ¯à®¨§¢®«ì­®© ¯ àë (t; s) 2 R2 ¯®«®¦¨¬

c11(X;Y ) = f(p)2jL(X)jjL(Y )j=4 �Hef (X;Y )=(f(p);

c12(X;Y ) = 3F (X;Y )(Y f)=2 + f(p)(rY F )(X;Y )=2;

c22(X;Y ) = K(X;Y )� 3f(p)2F (X;Y )2=4;

CX;Y (t; s) = c11(Y; Y )t
2 + 2c12(X;Y )ts+ c22(X;Y )s

2:

�¥®à¥¬  2. �á«¨ v 2 �, p = �(v), (X;Y ) 2 Q2
pM , (t; s) 2 T ¨ P = lv(X;Y; t; s), â® K(P ) =

cX;Y (t; s).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ â ªãî ª àâã (U;') ­ M , çâ® p 2 U ¨W = '(U) | è à ¢ Rn.
�®£¤  áãé¥áâ¢ã¥â £« ¤ª®¥ á¥ç¥­¨¥ � : U ! � à áá«®¥­¨ï �, ¤«ï ª®â®à®£® �(p) = v. �ãáâì ��! =
A = Aid'

i, rv = Ai(p)'i(p) ¨ J = (rv � 1=2; rv + 1=2). �®à¬ã«  �(r; x) = �('�1(x)) � �(r �Ai(p)xi)
®¯à¥¤¥«ï¥â ¤¨ää¥®¬®àä¨§¬ � ¯à®¨§¢¥¤¥­¨ï J�W ­  ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® V � �. �®«®¦¨¬
 = ( 0;  1; : : : ;  n) = ��1, n = dimM . �®£¤  (V;  ) | ª àâ  ­  �, ¯à¨ç¥¬ v 2 V ¨ �(V ) = U .

�¨¬¢®« ¬¨ K ¨ K ®¡®§­ ç¨¬ ¯®«ï â¥­§®à®¢ ªà¨¢¨§­ë à¨¬ ­®¢ëå ¬­®£®®¡à §¨© (�; �g) ¨
(M; g) á®®â¢¥âáâ¢¥­­®. �ãáâì R �

��
, �!� ¨ �g�� | ª®¬¯®­¥­âë â¥­§®à­ëå ¯®«¥© R, �! ¨ �g ¢ ª àâ¥
(V;  ),   Rl

ijk, gij , Fij ¨ L
k
i | ª®¬¯®­¥­âë â¥­§®à­ëå ¯®«¥© R, g, F ¨ L ¢ ª àâ¥ (U;'). � áá¬®âà¨¬

äã­ªæ¨¨ gjk : U ! R, ã¤®¢«¥â¢®àïîé¨¥ à ¢¥­áâ¢ ¬ gijg
jk = �ki , ¨ ¯®«®¦¨¬ fi = @if ¨ fk = gkifi

(§¤¥áì ¨ ¢¥§¤¥ ¤ «¥¥ �; �; 
; � = 0; 1; : : : ; n; i; j; k; l = 1; : : : ; n; ¯® ®¤¨­ ª®¢ë¬ ¢¥àå­¨¬ ¨ ­¨¦­¨¬
¨­¤¥ªá ¬ ¯à®¢®¤¨âáï áã¬¬¨à®¢ ­¨¥). � á¨«ã «¥¬¬ë 1 �g�� = �f 2�!��!� + gij � �. �à¨ íâ®¬ ¯®
®¯à¥¤¥«¥­¨î ä®à¬ë �! ¨ ¯® ¯®áâà®¥­¨î ª àâë (V;  ) äã­ªæ¨¨ �!� ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­®
¤¥©áâ¢¨ï £àã¯¯ë G, �!0 � {(�;m) ¨ �!i(v) = 0. �âáî¤  ¯®áà¥¤áâ¢®¬ ­¥á«®¦­ëå ¢ëç¨á«¥­¨©
¯®«ãç¨¬:

R k
ijl(v) = Rk

ijl(p)� (f 2=2)(Lk
[iFj]l + FijL

k
l )(p);

R k
ij0(v) = �!0f(f[iLk

j] � fkFij + fr[iL
k
j])(p);

R k
i0j(v) = (�!0f=2)(friL

k
j + 2fiL

k
j + Lk

j fj � fkFij)(p);

R k
0i0(v) = �!2

0f(rif
k + f 3Lk

jL
j
i=4)(p);

R 0
ijl(v) = (1=f �!0)(frlFij=2 + Fijfl � 2f[iFj]l)(p);
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R 0
ij0(v) = (f 2=2)Lk

[iF]k(p);

R 0
i0j(v) = (rifj=2� f 2fikL

k
j=4)(p);

R �
00i(v) = R �

000(v) = R 0
0i0(v) = 0;

£¤¥ ¯® ¨­¤¥ªá ¬ ¢ ª¢ ¤à â­ëå áª®¡ª å ¯à®¢®¤¨âáï  «ìâ¥à­¨à®¢ ­¨¥. �§ íâ¨å ä®à¬ã« á«¥¤ã¥â,
çâ® ¥á«¨ X;Y 2 Tv�, eX = d�(X) ¨ eY = d�(Y ), â® �g(R(X;Y )Y ;X) = R1 +R2 +R3, £¤¥

R1 = f(p)2[c11(eY ; eY )�!(X)2 � c11( eX; eY )�!(X)�!(Y ) + c11( eX; eY )�!(Y )2];
R2 = 2f(p)c12( eX; eY )[�!(X)� �!(Y )];

R3 = g(R( eX; eY )eY ; eX)� 3f(p)2F ( eX; eY )2=4:
�®¯ãáâ¨¬ â¥¯¥àì, çâ® (X;Y )�lv(X;Y; t; s). �®£¤  (X;Y ) | ®àâ®­®à¬¨à®¢ ­­ ï ¯ à  ¢¥ªâ®à®¢
¨ ¯®â®¬ã �g(R(X;Y )Y ;X) = K(X;Y ). �à®¬¥ â®£®, f(p)�!(X) = t, eX = sX, �!(Y ) = 0 ¨ eY =
Y . �«¥¤®¢ â¥«ì­®, g(R( eX; eY )eY ; eX) = s2K(X;Y ), R1 = c11(Y; Y )t2, R2 = c12(X;Y )ts ¨ R3 =
c22(X;Y )s2. �®áª®«ìªã (X;Y ) | ¡ §¨á ¯à®áâà ­áâ¢  P , â® íâ¨¬ â¥®à¥¬  ¤®ª § ­ .

�§ â¥®à¥¬ë 2 ¨ «¥¬¬ë 4 á«¥¤ã¥â

�¥®à¥¬  3. � à  (�; �g) ï¢«ï¥âáï à¨¬ ­®¢ë¬ ¬­®£®®¡à §¨¥¬ ¯®«®¦¨â¥«ì­®© (®âà¨æ â¥«ì-
­®©) ªà¨¢¨§­ë ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ p 2 M ¨ «î¡®©

¯à ¢¨«ì­®© ¯ àë ¢¥ªâ®à®¢

c11(Y; Y ) > 0 (< 0); C22(X;Y ) > 0 (< 0); (6)

c11(Y; Y )c22(X;Y )� c12(X;Y )2 > 0: (7)

�à¨â¥à¨© ­¥®âà¨æ â¥«ì­®áâ¨ (­¥¯®«®¦¨â¥«ì­®áâ¨) á¥ªæ¨®­­ëå ªà¨¢¨§­ ¬­®£®®¡à §¨ï (�; �g)
¯®«ãç ¥âáï ¨§ (6) ¨ (7) § ¬¥­®© áâà®£¨å ­¥à ¢¥­áâ¢ ­  ­¥áâà®£¨¥.

3. �®¯®«®£¨ç¥áª¨¥ á«¥¤áâ¢¨ï
§­ ª®®¯à¥¤¥«¥­­®áâ¨ á¥ªæ¨®­­ëå ªà¨¢¨§­

�ãáâì m 2 N1, � = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m), I = [0; 1] ¨ � 2 R. �ãá®ç­®-
£« ¤ª¨© ¯ãâì �x : I ! � ­ §ë¢ ¥¬ �-«¨äâ®¬ ªãá®ç­®-£« ¤ª®£® ¯ãâ¨ x : I ! M , ¥á«¨ � � �x = x
¨ �!(d�x=d�) = 2�u(x(�)), � 2 I. �«ï ¯à®¨§¢®«ì­ëå x, � ¨ v 2 ��1(p) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë©
�-«¨äâ �x ¯ãâ¨ x á ­ ç «®¬ �x(0) = v [3].

�¥¬¬  5. �á«¨ (�; �g; �) = K(M; 1), (�;m) = f(�; �g; �), � = (�; �;M;G) ¨ � = (M; g; F; u), â®
à¨¬ ­®¢ë ¬­®£®®¡à §¨ï (�; �g) ¨ (M; g) ¯®«­ë ¨«¨ ­¥â ®¤­®¢à¥¬¥­­®.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® ¯®«­  à¨¬ ­®¢  ¬¥âà¨ª  �g. � áá¬®âà¨¬ ª®-
­¥ç­ë© ¨­â¥à¢ « (a; b) � R, ­®à¬ «ì­ãî £¥®¤¥§¨ç¥áªãî x : (a; b) ! M à¨¬ ­®¢®© ¬¥âà¨ª¨
g ¨ ¯à®¨§¢®«ì­ãî áå®¤ïéãîáï ª b ¯®á«¥¤®¢ â¥«ì­®áâì fskg1k=0 � (a; b). �®«®¦¨¬ p = x(s0),
"k = sk � sk�1, xk(�) = x(sk�1 + �"k) ¤«ï k 2 N ¨ � 2 I. �ãáâì â ª¦¥ v0 2 ��1(p), �xk | 0-«¨äâ
¯ãâ¨ xk á ­ ç «®¬ vk�1 ¨ vk = �xk(1). � ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ vi ¨ vj ­¥ ¯à¥¢ëè ¥â ç¨á« 
jsi�sjj. �®íâ®¬ã ¯®á«¥¤®¢ â¥«ì­®áâì fvkg1k=0 äã­¤ ¬¥­â «ì­  ¢ (�; �g) ¨ ¯® ¯à¥¤¯®«®¦¥­¨î ¨¬¥-
¥â ¯à¥¤¥« v 2 �. �®£¤  �(v) = lim

k!1
x(sk) = lim

s!b
x(s). �â¨¬ ¤®ª § ­®, çâ® £¥®¤¥§¨ç¥áª ï x ¬®¦¥â

¡ëâì ¯à®¤®«¦¥­  ¢¯à ¢®. �­ «®£¨ç­® ¯à®¢¥àï¥âáï ¥¥ ¯à®¤®«¦ ¥¬®áâì ¢«¥¢®.
�®¯ãáâ¨¬ â¥¯¥àì, çâ® ¯®«­® ¬­®£®®¡à §¨¥ (M; g). � áá¬®âà¨¬ ª®­¥ç­ë© ¯®«ã¨­â¥à¢ « J =

[a; b) ¨ ­®à¬ «ì­ãî £¥®¤¥§¨ç¥áªãî �x : J ! � à¨¬ ­®¢®© ¬¥âà¨ª¨ �g. �®«®¦¨¬ x = � � �x ¨
� � ((b�a)=2u(x))�!(d�x=d�). �«¨­  ªà¨¢®© x ­¥ ¯à¥¢ëè ¥â ç¨á«  " = b�a. �®íâ®¬ã áãé¥áâ¢ã¥â
lim
s!b

x(s) = q 2M . �¯à¥¤¥«¨¬ ¯ãâì y : I !M ä®à¬ã« ¬¨ y(�) = x(a+�") ¯à¨ � 2 [0; 1) ¨ y(1) = q.

�ãáâì v = �x(a) ¨ �y | �-«¨äâ ¯ãâ¨ y á ­ ç «®¬ �y(0) = v. � á¨«ã «¥¬¬ë 2 ¨§ [3] �y(�) = �x(a+ �")
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¤«ï � 2 [0; 1], ®âªã¤  ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ ¯ãâ¨ �y á«¥¤ã¥â, çâ® lim
s!b

�x(s) = lim
�!1

�y(�) = �y(1). �â®

§­ ç¨â, çâ® £¥®¤¥§¨ç¥áª ï �x ¯à®¤®«¦ ¥¬  ¢¯à ¢®. �à¨ J = (a; b] à ááã¦¤¥­¨ï  ­ «®£¨ç­ë.

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® m 2 N1, � = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m) ¨ (�; �g)
| ¯®«­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ â¨¯  � «ãæë-�«¥©­  á ¯®«®¦¨â¥«ì­ë¬¨ á¥ªæ¨®­­ë¬¨ ªà¨-

¢¨§­ ¬¨. �®£¤ 

1) m 2 N , G = U(1) ¨ ­ ªàë¢ îé¥¥ à áá«®¥­¨¥ � = (�; ��;M;G) ­¥âà¨¢¨ «ì­®;
2) ¬­®£®®¡à §¨¥ M ª®¬¯ ªâ­® ¨ ç¥â­®¬¥à­®, �1(M) = 0 ¤«ï ®à¨¥­â¨àã¥¬®£® M ¨ �1(M) �=

Z2 ¤«ï ­¥®à¨¥­â¨àã¥¬®£® M , rank�2(M) > 0;
3) ¬­®£®®¡à §¨¥ � ª®¬¯ ªâ­®, �1(�) �= Zm.

�®ª § â¥«ìáâ¢®. �ãáâì (�; �g; �) 2 K(M; 1) ¨ (�;m) = f(�; �g; �). �® â¥®à¥¬¥ 3 ¤«ï £¨à®áª®-
¯¨ç¥áª®© á¨áâ¥¬ë � = (M; g; F; u) ¯à¨ «î¡ëå p 2 M ¨ (X;Y ) 2 Q2

pM á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 
(6) ¨ (7). �®¯ãáâ¨¬, çâ® m 2 f0; 1g. �®£¤  � = 0 ¨ (�; 0) 2 G(M; 1). � á¨«ã â¥®à¥¬ë 1 ­ ©¤¥âáï
âà®©ª  (�0; �g0; 0) 2 �f�1(�; 0). � áá¬®âà¨¬ ¯à®áâà ­áâ¢® �0 à áá«®¥­¨ï �0. �® «¥¬¬¥ 5 à¨¬ ­®¢ë
¬­®£®®¡à §¨ï (M; g) ¨ (�0; �g0) ¯®«­ë,   ¢ á¨«ã â¥®à¥¬ë 3 á¥ªæ¨®­­ë¥ ªà¨¢¨§­ë ¬­®£®®¡à §¨ï
(�0; �g0) ¯®«®¦¨â¥«ì­ë ¢® ¢á¥å â®çª å ¯® ¢á¥¬ ¤¢ã¬¥à­ë¬ ­ ¯à ¢«¥­¨ï¬. �¤­ ª® �0 =M �U(1)
¨ ¯®â®¬ã �1(�0) �= Z. �â® ¯à®â¨¢®à¥ç¨â â¥®à¥¬¥ � ©¥àá  ([4], á. 331) ¢ á«ãç ¥ ª®¬¯ ªâ­®áâ¨
�0 ¨ â¥®à¥¬¥ �à®¬®«  ¨ �¥©¥à  ([5], á. 320) ¢ á«ãç ¥ ­¥ª®¬¯ ªâ­®áâ¨ ¬­®£®®¡à §¨ï �0. � ª¨¬
®¡à §®¬, ¤®¯ãé¥­¨¥ ­¥¢¥à­®, ¨, ­  á ¬®¬ ¤¥«¥, m 2 N . �à¨ íâ®¬ G = U(1) ¨ à áá«®¥­¨¥ �
­¥âà¨¢¨ «ì­®. �® «¥¬¬¥ 1 ¨§ [3] �1(�) �= Zm. � á¨«ã (2) Im(h[�] � '2

M ), çâ® ¢®§¬®¦­® â®«ì-
ª® ¯à¨ rank�2(M) > 0. �§ (6) á«¥¤ã¥â, çâ® K(X;Y ) > 3f(p)2F (X;Y )2 ¤«ï «î¡ëå p 2 M ¨
(X;Y ) 2 Q2

pM . �«¥¤®¢ â¥«ì­®, (M; g) | ¯®«­®¥ ¨ ­¥ áä¥à¨ç­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ ¯®«®-
¦¨â¥«ì­®© ªà¨¢¨§­ë. �® â¥®à¥¬¥ �à®¬®«  ¨ �¥©¥à  ®­® ¤®«¦­® ¡ëâì ª®¬¯ ªâ­ë¬. �à¨ íâ®¬ ¯®
â¥®à¥¬¥ � ©¥àá  £àã¯¯  �1M ª®­¥ç­ . �§ ¯®á«¥¤­¨å ¤¢ãå ãâ¢¥à¦¤¥­¨© á«¥¤ã¥â ª®¬¯ ªâ­®áâì
£àã¯¯ë G = U(1) � �1(M) ¨ ¯à®áâà ­áâ¢  à áá«®¥­¨ï â¨¯  (1; k) ­ ¤ M ¯à¨ «î¡®¬ ­ âãà «ì-
­®¬ k. � ç áâ­®áâ¨, íâ® ¢¥à­® ¤«ï k = m ¨ ¤«ï k = 3. �® ¤®ª § ­­®¬ã ¢ëè¥ � 6= 0 ¨ ¯®â®¬ã
(�; 3) 2 G(M; 1). �ãáâì (�3; �g3; �) 2 �f�1(�; 3) ¨ �3 = (�3; �3;M;G). � á¨«ã (6) ¨ (7) á¥ªæ¨®­­ë¥
ªà¨¢¨§­ë ¬­®£®®¡à §¨ï (�3; �g3) ¯®«®¦¨â¥«ì­ë ¢® ¢á¥å â®çª å ¯® ¢á¥¬ ¤¢ã¬¥à­ë¬ ­ ¯à ¢«¥­¨-
ï¬. �® «¥¬¬¥ 5 (�3; �g3) ¯®«­®,   ¯® «¥¬¬¥ 1 ¨§ [3] �1(�3) �= Z3. �âáî¤  ¢ á¨«ã â¥®à¥¬ë �¨­£ 
([4], á. 331) á«¥¤ã¥â, çâ® ¬­®£®®¡à §¨¥ �3 ­¥ç¥â­®¬¥à­®. �à¨ íâ®¬ dimM = dim�3 � 1 | ç¥â­®¥
ç¨á«® ¨ ¯® â®© ¦¥ â¥®à¥¬¥ �¨­£  M ®¤­®á¢ï§­®, ¥á«¨ ®à¨¥­â¨àã¥¬®, ¨ �1(M) �= Z2, ¥á«¨ M
­¥®à¨¥­â¨àã¥¬®.

�«ï ª á â¥«ì­®£® à áá«®¥­¨ï �M = (TM; �;M) ¬­®£®®¡à §¨ï M ®¯à¥¤¥«¥­ë å à ªâ¥à¨áâ¨-
ç¥áª¨¥ ª« ááë �â¨ä¥«ï-�¨â­¨ !i(�M ) 2 H i(M;Z2), i = 0; 1; : : : ; n = dimM ,   ¥á«¨ M ®à¨¥­â¨-
àã¥¬®, â® ª« áá �©«¥à  e(�m) 2 Hn(M;Z).

�¥®à¥¬  5. �ãáâì m 2 N1, � = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m) ¨ �g | ¯®«­ ï à¨¬ -

­®¢  ¬¥âà¨ª  â¨¯  � «ãæë-�«¥©­  ­  �. �®£¤ 

1) ¥á«¨ (�; �g) | ¬­®£®®¡à §¨¥ ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë, â® m 2 f0; 1g, ­ ªàë¢ îé¥¥
à áá«®¥­¨¥ � = (�; ��;M;G) âà¨¢¨ «ì­® ¨ �k(M) = 0 ¤«ï ¢á¥å k � 2;

2) ¥á«¨ á¥ªæ¨®­­ë¥ ªà¨¢¨§­ë ¬­®£®®¡à §¨ï (�; �g) ®âà¨æ â¥«ì­ë, â® (¢ ¤®¯®«­¥­¨¥ ª ¢ë-

è¥áª § ­­®¬ã) ¬­®£®®¡à §¨ï M ¨ � ­¥ª®¬¯ ªâ­ë, wn(�M ) = 0,   ¥á«¨ M ®à¨¥­â¨àã¥¬®,

â® ¨ e(�M ) = 0.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® á¥ªæ¨®­­ë¥ ªà¨¢¨§­ë ¬­®£®®¡à §¨ï (�; �g) ­¥¯®«®¦¨â¥«ì-
­ë, ­®m 2 N . � áá¬®âà¨¬ ç¨á«® � 2 T ¨ ¯ àã (�;m) = f(�; �g; �). �® ¯®áâà®¥­¨î ¬­®¦¥áâ¢®M(�)
á®¤¥à¦¨â ¥¤¨­¨æã, ¢ ¯® â¥®à¥¬¥ 1 áãé¥áâ¢ã¥â âà®©ª  (�1; �g1; �) 2 �f�1(�; 1). �¡®§­ ç¨¬ á¨¬¢®«®¬
�1 ¯à®áâà ­áâ¢® à áá«®¥­¨ï �1. �® «¥¬¬¥ 5 �g ¨ �g1 | ¯®«­ë¥ à¨¬ ­®¢ë ¬¥âà¨ª¨. � á¨«ã â¥®à¥¬ë
3 (�1; �g1) | ¬­®£®®¡à §¨¥ ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ®¤­®¢à¥¬¥­­® á (�; �g). �® «¥¬¬¥ 1 ¨§ [3]
�1(�1) = 0. �âáî¤  ¢ á¨«ã â¥®à¥¬ë �¤ ¬ à -� àâ ­  á«¥¤ã¥â, çâ® à áá«®¥­¨¥ � ã­¨¢¥àá «ì­®.
�®á«¥¤­¥¥ ¯à®â¨¢®à¥ç¨â á«¥¤áâ¢¨î «¥¬¬ë 1 ¨§ [3]. � ª¨¬ ®¡à §®¬, ¤®¯ãé¥­¨¥ ­¥¢¥à­® ¨, ­ 
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á ¬®¬ ¤¥«¥, m 2 f�1; 0g. �à¨ íâ®¬ ¢ á¨«ã (1) å à ªâ¥à¨áâ¨ç¥áª¨© ª« áá [���] 2 H2(M;R) à á-
á«®¥­¨ï � à ¢¥­ ­ã«î. �«¥¤®¢ â¥«ì­®, à áá«®¥­¨¥ � âà¨¢¨ «ì­®. �®£¤  �k(�) �= �k(M)� �k(G).
�âáî¤  ¤«ï k � 2 á«¥¤ã¥â, çâ® �k(M) �= �k(�), ¯à¨ç¥¬ ¯® â¥®à¥¬¥ �¤ ¬ à -� àâ ­  �k(�) = 0.

�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ® (�; �g) | ¬­®£®®¡à §¨¥ ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë. �® â¥®à¥¬¥ 3
c11(Y; Y ) < 0 ¤«ï «î¡®© â®çª¨ p 2M ¨ ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  Y 2 TpM . �à¨ íâ®¬ Hef (Y; Y ) >
f(p)3jL(Y )j2=4 � 0. �á«¨ M | ª®¬¯ ªâ, â® áãé¥áâ¢ã¥â â ª ï â®çª  p 2 M , çâ® f(p) � f(q)
¤«ï ¢á¥å q 2 M . � áá¬®âà¨¬ £¥®¤¥§¨ç¥áªãî x : R ! M ¯®«­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M; g),
¤«ï ª®â®à®© x(0) = p. �® ¢ë¡®àã â®çª¨ p f � x(0) � f � x(t) ¤«ï ¢á¥å t 2 R. �«¥¤®¢ â¥«ì­®,
Hef (Y; Y ) = (d2(f � x)=dt2)(0) � 0 ¤«ï ¢¥ªâ®à  Y = (dx=dt)(0). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥, ¤®ª §ë-
¢ îé¥¥ ­¥ª®¬¯ ªâ­®áâì ¬­®£®®¡à §¨ï M . � §ã¬¥¥âáï ¯à¨ íâ®¬ ­¥ª®¬¯ ªâ­ë ¨ ¬­®£®®¡à §¨ï
M ¨ � =M �G.

�á«¨ �1(M) = 0, â® ¯® ¤®ª § ­­®¬ã ¢ëè¥ ¬­®£®®¡à §¨¥ M áâï£¨¢ ¥¬® ¨, á«¥¤®¢ â¥«ì­®,
Hn(M;Z2) = Hn(M;Z) = 0. �®¯ãáâ¨¬, çâ® �1(M) 6= 0 ¨ p| ªà¨â¨ç¥áª ï â®çª  äã­ªæ¨¨ f . � ª
ª ª £¥áá¨ ­ Hef ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ ­  M , â® p | â®çª  áâà®£®£® «®ª «ì­®£® ¬¨­¨¬ã¬ .
� á¨«ã ¯®«­®âë (M; g) ­¥âà¨¢¨ «ì­ë© í«¥¬¥­â � 2 �1(M;p) á®¤¥à¦¨â £¥®¤¥§¨ç¥áªãî ¯¥â«î
y : [0; 1]!M , y(0) = y(1) = p. �à¨ íâ®¬ (d(f � y)=dt)(0) = 0 ¨ d2(f � y)=dt2 = Hef (dy=dt; dy=dt) >
0 ¤«ï ¢á¥å t 2 [0; 1]. �«¥¤®¢ â¥«ì­®, d(f � y)=dt > 0 ­  (0; 1] ¨ f(p) = f(y(0)) < f(y(1)) =
f(p). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® ¥á«¨ �1(M) 6= 0, â® ¢¥ªâ®à­®¥ ¯®«¥ grad f ­¥
®¡à é ¥âáï ¢ ­ã«ì ­  M . � â ª®¬ á«ãç ¥ wn(�M) = 0,   ¥á«¨ ¬­®£®®¡à §¨¥ M ®à¨¥­â¨àã¥¬®, â®
¨ e(�M ) = 0.

4. �à¥å¬¥à­ë© á«ãç ©. �à¨¬¥àë

�ãáâì � = (M; g; F; u) | £¨à®áª®¯¨ç¥áª ï (1; �)-á¨áâ¥¬ , M | ®à¨¥­â¨à®¢ ­­®¥ ¤¢ã¬¥à­®¥
¬­®£®®¡à §¨¥ ¨ 
 | ä®à¬  ®¡ê¥¬  à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M; g). �®£¤  ­ ©¤¥âáï £« ¤ª ï
äã­ªæ¨ï h : M ! R, ã¤®¢«¥â¢®àïîé ï à ¢¥­áâ¢ã F = h
. �à¨ íâ®¬ ¤«ï «î¡ëå p 2 M ¨
(X;Y ) 2 Q2

pM

c11(Y; Y ) = f(p)2h(p)2=4�Hef (Y; Y )=f(p); (8)

c12(X;Y ) = Y (f 3h)=2f(p)2; (9)

c22(X;Y ) = K(X;Y )� 3f(p)2h(p)2=4: (10)

�à¨¬¥à 1. �à¥¤¯®«®¦¨¬, çâ® M | áä¥à  ¥¤¨­¨ç­®£® à ¤¨ãá  ¢ âà¥å¬¥à­®¬ ¥¢ª«¨¤®¢®¬
¯à®áâà ­áâ¢¥, g | ¨­¤ãæ¨à®¢ ­­ ï à¨¬ ­®¢  ¬¥âà¨ª  ­  M , F = 
, u � 1=2, � = (M; g; F; u)
¨ m 2 N . �® «¥¬¬¥ 2 áãé¥áâ¢ãîâ à áá«®¥­¨¥ � = (�; �;M;G) â¨¯  (1;m), à¨¬ ­®¢  ¬¥âà¨ª 
â¨¯  � «ãæë-�«¥©­  �g ­  � ¨ ç¨á«® � 2 T(m) â ª¨¥, çâ® f(�; �g; �) = (�;m). �á«¨ v 2 �, P |
¤¢ã¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tv� ¨ p = �(v), â® ¯® «¥¬¬¥ 4 ­ ©¤ãâáï
¯à ¢¨«ì­ ï ¯ à  ¢¥ªâ®à®¢ (X;Y ) 2 Q2

pM ¨ ¯ à  ç¨á¥« (t; s) 2 T , ã¤®¢«¥â¢®àïîé¨¥ à ¢¥­áâ¢ã
P = lv(X;Y; t; s). � á¨«ã (8){(10) c11(Y; Y ) = c22(X;Y ) = 1=4 ¨ c12(X;Y ) = 0. �à¨ íâ®¬ ¯® â¥®à¥¬¥
2 K(P ) = (1=4)(t2 + s2) = 1=4. � ª¨¬ ®¡à §®¬, (�; �g) | à¨¬ ­®¢® ¬­®£®®¡à §¨¥ ¯®áâ®ï­­®©
¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë.

�ãáâì m 2 N ¨ £àã¯¯  Gm = fexp(2�ik=m) j k = 0; 1; : : : ;m � 1g ¤¥©áâ¢ã¥â ­  âà¥å¬¥à­®©
áä¥à¥ S3 = f(z1; z2) 2 C2

�� jz1j2+jz2j2 = 1g ¯® ä®à¬ã«¥ (z1; z2)�z = (z1z; z2z). � ªâ®à-¬­®£®®¡à §¨¥
L(m; 1) = S3=Gm ­ §ë¢ ¥âáï «¨­§®© â¨¯  (m; 1). �¡®§­ ç¨¬ á®¤¥à¦ é¨© â®çªã (z1; z2) á¬¥¦­ë©
ª« áá ­  S3=Gm á¨¬¢®«®¬ [z1; z2]. �®à¬ã«  [z1; z2] � z = [z1z; z2z] ª®àà¥ªâ­® ®¯à¥¤¥«ï¥â ¤¥©áâ¢¨¥
£àã¯¯ë U(1) ­  «¨­§¥ L(m; 1). � ªâ®à-¬­®£®®¡à §¨¥ B = L(m; 1)=U(1) £®¬¥®¬®àä­® ¤¢ã¬¥à­®©
áä¥à¥ S2. �á«¨ � : L(m; 1)! B | ä ªâ®à-®â®¡à ¦¥­¨¥, â® �m = (L(m; 1); �;B;U(1)) | £« ¢­®¥
à áá«®¥­¨¥ â¨¯  (1;m). � ç áâ­®áâ¨, L(1; 1) = S3 ¨ �1 | à áá«®¥­¨¥ �®¯ä .

�¥®à¥¬  6. �®¯ãáâ¨¬, çâ® m 2 N1, � = (�; �;M;G) | à áá«®¥­¨¥ â¨¯  (1;m), dim� = 3
¨ ¬­®£®®¡à §¨¥ M ®à¨¥­â¨àã¥¬®. �®£¤  ­  � áãé¥áâ¢ã¥â à¨¬ ­®¢  ¬¥âà¨ª  â¨¯  � «ãæë-

�«¥©­  á ¯®«®¦¨â¥«ì­ë¬¨ á¥ªæ¨®­­ë¬¨ ªà¨¢¨§­ ¬¨ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ m 2
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N , ¡ §  M £®¬¥®¬®àä­  áä¥à¥ S2, â®â «ì­®¥ ¯à®áâà ­áâ¢® � £®¬¥®¬®àä­® «¨­§¥ L(m; 1) ¨
à áá«®¥­¨¥ � ¨§®¬®àä­® à áá«®¥­¨î �m.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® (�; �g) | à¨¬ ­®¢® ¬­®£®®¡à §¨¥ â¨¯  � «ãæë-�«¥©­ 
¨ ¢á¥ ¥£® á¥ªæ¨®­­ë¥ ªà¨¢¨§­ë ¯®«®¦¨â¥«ì­ë. �®£¤  ¯® â¥®à¥¬¥ 4 m 2 N , M ª®¬¯ ªâ­® ¨
rank�2(M) > 0. �âáî¤  á«¥¤ã¥â, çâ® ¬­®£®®¡à §¨¥ M £®¬¥®¬®àä­® «¨¡® áä¥à¥, «¨¡® ¯à®¥ª-
â¨¢­®© ¯«®áª®áâ¨. �®áª®«ìªã M ®à¨¥­â¨àã¥¬®, â® à¥ «¨§ã¥âáï ¯¥à¢ ï ¢®§¬®¦­®áâì. �áâ «®áì
§ ¬¥â¨âì, çâ® «î¡®¥ £« ¢­®¥ U(1)-à áá«®¥­¨¥ â¨¯  (1;m) ­ ¤ ¤¢ã¬¥à­®© áä¥à®© ¨§®¬®àä­®
à áá«®¥­¨î �m ([6], á. 142{144).

�à¨¬¥à 1 ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì ®¡à â­®£® ãâ¢¥à¦¤¥­¨ï.

�à¨¬¥à 2. �ãáâì M = R2, g | ¥¢ª«¨¤®¢  ¬¥âà¨ª  ­  M , u(x; y) = 1=2(1 + x2 + y2)2,
f = 1=

p
2u, h = 1=f 3, F = h
 ¨ � = (M; g; F; u). � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî â®çªã p 2 M ¨

¯à ¢¨«ì­ãî ¯ àã (X;Y ) 2 Q2
pM . �®£¤  Hef (Y; Y ) = 2 ¨ ¢ á¨«ã (8) c11(Y; Y ) = 1=4f(p)4 � 2=f(p).

�®áª®«ìªã f(p) � 1, â® c11(Y; Y ) � �7=4f(p) < 0. �§ (10) ¨ à ¢¥­áâ¢  K(X;Y ) = 0 á«¥¤ã¥â, çâ®
c22(X;Y ) = �3=4f(p)4 < 0. � ª®­¥æ, f 3h � 1 ¨ ¢ á¨«ã (9) c12(X;Y ) = 0. � ª¨¬ ®¡à §®¬, ¥á«¨
m 2 f�1; 0g, (�; �g; �) = �f�1(�;m) ¨ � | ¯à®áâà ­áâ¢® à áá«®¥­¨ï �, â® ¯® â¥®à¥¬¥ 3 (�; �g) |
à¨¬ ­®¢® ¬­®£®®¡à §¨¥ ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë.
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