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� à ¡®â¥  ¢â®à®¢ [1] ¡ë«¨ ãáâ ­®¢«¥­ë ­¥ª®â®àë¥ á¢®©áâ¢  áã¬¬ ¤¢®©­ëå àï¤®¢ ¯® á¨­ãá ¬
¨ ª®á¨­ãá ¬ á ªà â­®-¬®­®â®­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. � ¤ ­­®© à ¡®â¥ ¯à¨¢®¤ïâáï ®æ¥­ª¨ ­®à¬
áã¬¬ â ª¨å àï¤®¢ ¢ ¯à®áâà ­áâ¢ å L�p á® á¬¥è ­­®© ­®à¬®©.

1. �ã¤¥¬ à áá¬ âà¨¢ âì àï¤ë ¢¨¤ 

1X
n=0

1X
m=0

am;n cosmx cosny; (I)
1X
n=1

1X
m=0

am;n cosmx sinny; (II)

1X
n=0

1X
m=1

am;n sinmx cosny; (III)
1X
n=1

1X
m=1

am;n sinmx cosny; (VI)

£¤¥ ¤«ï ªà âª®áâ¨ ¯®«®¦¨¬ cos 0x = cos 0y = 1
2
. �ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë íâ¨å àï¤®¢

ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

am;n ! 0 ¯à¨ m!1 ¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ n

¨ ¯à¨ n!1 ¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ m:
(1)

�«ï æ¥«ëå k1 � 0 ¨ k2 � 0 ®¡®§­ ç¨¬

�k1;k2am;n =
k1X
j=0

(�1)iC i
k1

k2X
j=0

(�1)jCj
k2
am+i;n+j :

�ãáâì B1
0(X) = 1

2
;

B1
n(x) =

1
2
+ cos x+ � � � + cosnx ¤«ï n � 1;

Bk
n(x) =

nX
�=0

Bk�1
� (x) ¤«ï k = 2; 3; : : : ¨ n � 0;

B
1

n(x) = sinx+ � � �+ sinnx ¤«ï n � 1;

B
k

n(x) =
nX

�=1

B
k�1

� (x) ¤«ï k = 2; 3; : : : ¨ n � 1:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ����, ª®¤ ¯à®¥ªâ  93-01-00240.
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� áá¬®âà¨¬ â ª¦¥ àï¤ë

1X
n=0

1X
m=0

�k1;k2am;nB
k1
m (x)B

k2
n (y); (I0)

1X
n=1

1X
m=0

�k1;k2am;nB
k1
m (x)B

k2
n (y); (II0)

1X
n=0

1X
m=1

�k1;k2am;nB
k1
m (x)B

k2
n (y); (III0)

1X
n=1

1X
m=1

�k1;k2am;nB
k1
m (x)B

k2
n (y): (IV0)

�ãáâì ¤ ­ë ç¨á«®¢®© àï¤

1X
�=0

1X
�=0

C�;� (2)

¨ ¥£® ¯àï¬®ã£®«ì­ ï áã¬¬ 

Sm;n =
nX

�=0

mX
�=0

C�;� :

�á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® S çâ® ¤«ï «î¡®£® " > 0 ­ ©¤ãâáï ­ âãà «ì­ë¥ ç¨á«  k ¨ l

â ª¨¥, çâ®
jSm;n � Sj < "

¯à¨ «î¡®¬ n > k ¨ «î¡®¬ m > l, â® £®¢®àïâ, çâ® àï¤ (2) áå®¤¨âáï ¯à¨ �à¨­£áå¥©¬ã ª á¢®¥©
áã¬¬¥ S (á¬. [2], á. 27).

�¥®à¥¬  �. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fam;ng ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1) ¨ �k1;k2am;n � 0
¤«ï «î¡ëå ­ âãà «ì­ëå m ¨ n ¨ ­¥ª®â®àëå k1 � 1 ¨ k2 � 1, â®

 ) ª ¦¤ë© ¨§ àï¤®¢ I{IV áå®¤¨âáï ¯® �à¨­£áå¥©¬ã ¢áî¤ã, ªà®¬¥, ¬®¦¥â ¡ëâì, ¬­®¦¥-
áâ¢  ¯«®áª®© ¬¥àë ­ã«ì, â. ¥. áãé¥áâ¢ãîâ äã­ªæ¨¨ f1(x; y), f2(x; y), f3(x; y), f4(x; y) |
áã¬¬ë á®®â¢¥âáâ¢ãîé¨å àï¤®¢ I, II, III, IV;

¡) ª ¦¤ë© ¨§ àï¤®¢ I0{IV0 áå®¤¨âáï ¯® �à¨­£áå¥©¬ã ¢áî¤ã, ªà®¬¥, ¬®¦¥â ¡ëâì, ¬­®¦¥-
áâ¢  ¯«®áª®© ¬¥àë ­ã«ì á®®â¢¥âáâ¢¥­­® ª äã­ªæ¨ï¬ f1(x; y), f2(x; y), f3(x; y), f4(x; y).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë � á¬. ¢ [3].

�¥¬¬  1. �ãáâì ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì fdng â ª®¢ , çâ® dn # d � 0 ¯à¨ n ! 1,
ç¨á«  �, � ¨ p â ª®¢ë, çâ® � > 1, p 2 (0;1), � 2 (�1;1). �®£¤ 

1X
n=0

(n+ 1)��
� nX

�=0

d�(� + 1)�
�p

� C
1X
n=0

(n+ 1)��[dn(n+ 1)�+1]p;

£¤¥ ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fdng.

�®ª § â¥«ìáâ¢® á¬. ¢ [1].

�¥¬¬  2. �ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï C, ­¥ § ¢¨áïé ï ®â a (a � 1
4
), â ª ï,

çâ®
2a�Z
a�

sin2 x
x

dx � C:

�®ª § â¥«ìáâ¢® á¬. ¢ [4].
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�¥¬¬  3. �ãáâì ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì fdng â ª®¢ , çâ® dn # (d � 0) ¯à¨ n!1,
ç¨á«  � ¨ p â ª®¢ë, çâ® � 2 (�1;1), p 2 (0; 1]. �®£¤  ¯à¨ «î¡®¬ �� �X

n=1

dnn
��1

�p

� C
�X

n=1

dpnn
�p�1;

£¤¥ ¯®áâ®ï­­ ï C § ¢¨á¨â «¨èì ®â � ¨ p.

�®ª § â¥«ìáâ¢®. �ãáâì 2N � � < 2N+1. �®£¤ , â. ª. dn #,

A =
�X

n=1

dnn
��1 �

2N+1X
n=1

dnn
��1 � C1(�)

2NX
n=1

dnn
��1 =

= c2(�)
NX
�=0

2�+1�1X
n=2�

dnn
��1 �

NX
�=0

d2�
2�+1�1X
n=2�

n��1 �

� C2(�)
NX
�=0

d2�2
��:

�¥¯¥àì, ¯®«ì§ãïáì ¯à¨ 0 < p � 1 ­¥à ¢¥­áâ¢®¬� 1X
k=0

ak

�p

�
1X
k=0

apk (ak � 0);

¨¬¥¥¬

Ap � C
p
2 (�)

NX
�=0

d
p
2�2

2��p � C3(�; p)
�
d
p
1 +

NX
�=1

2�X
n=2��1+1

dpnn
p

�
� C4

2NX
n=1

dpnn
�p�1: �

2. �ã¤¥¬ ¯¨á âì, çâ® f(x; y) 2 L�p[��; �]2, �p = fp1; p2g, 0 < pi < 1, i = 1; 2, ¥á«¨ f(x; y) |
2�-¯¥à¨®¤¨ç¥áª ï ¯® ª ¦¤®¬ã ¯¥à¥¬¥­­®¬ã ¨ ¨§¬¥à¨¬ ï ­  [��; �]2 äã­ªæ¨ï ¨

kf(x; y)k�p =
� �Z
��

� �Z
��

jf(x; y)jp1dx
�p2=p1

dy

�1=p2
<1:

�¥®à¥¬ . �ãáâì ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì fam;ng ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1) ¨
�k1;k2am;n � 0 ¤«ï ­¥ª®â®àëå ­ âãà «ì­ëå ç¨á¥« k1 ¨ k2 ¨ «î¡ëå æ¥«ëå ­¥®âà¨æ â¥«ì­ëå
ç¨á¥« m ¨ n. �®£¤  ¯à¨ «î¡ëå pi 2 (0;1) á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 
 ) ¥á«¨ k1 = 2, k2 = 2, â®

A1

� 1X
n=0

(n+ 1)2p2�2
� 1X

m=0

(m+ 1)2p1�2(�1;1am;n)
p1

�p2=p1�1=p2

� kf1(x; y)k�p �

� A2

� 1X
n=0

(n+ 1)2p2�2
� 1X

m=0

(m+ 1)2p1�2(�1;1am;n)
p1

�p2=p1�1=p2

;

¡) ¥á«¨ k1 = 2, k2 = 1, â®

A3

� 1X
n=1

(n+ 1)p2�2
� 1X

m=0

(m+ 1)2p1�2(�1;0am;n)p1
�p2=p1�1=p2

� kf2(x; y)k�p �

� A4

� 1X
n=1

(n+ 1)p2�2
� 1X

m=0

(m+ 1)2p1�2(�1;0am;n)p1
�p2=p1�1=p2

;
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¢) ¥á«¨ k1 = 1, k2 = 2, â®

A5

� 1X
n=0

(n+ 1)2p2�2
� 1X

m=1

(m+ 1)p1�2(�0;1am;n)p1
�p2=p1�1=p2

� kf3(x; y)k�p �

� A6

� 1X
n=0

(n+ 1)2p2�2
� 1X

m=1

(m+ 1)p1�2(�0;1am;n)p1
�p2=p1�1=p2

;

£) ¥á«¨ k1 = 1, k2 = 1, â®

A7

� 1X
n=1

(n+ 1)p2�2
� 1X

m=1

(m+ 1)p1�2ap1m;n

�p2=p1�1=p2

� kf4(x; y)k�p �

� A8

� 1X
n=1

(n+ 1)p2�2
� 1X

m=1

(m+ 1)p1�2ap1m;n

�p2=p1�1=p2

;

£¤¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ Ai (i = 1; 8) ­¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fam;ng.

�â¬¥â¨¬, çâ® ¢ëè¥®¯¨á ­­ë¥ ­¥à ¢¥­áâ¢  ¯®­¨¬ îâáï â ª: ¨§ ª®­¥ç­®áâ¨ ¯à ¢®© ç áâ¨
­¥à ¢¥­áâ¢  á«¥¤ã¥â ª®­¥ç­®áâì ¥£® «¥¢®© ç áâ¨. � ­­ë© à¥§ã«ìâ â ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¨§-
¢¥áâ­®© â¥®à¥¬ë � à¤¨-�¨ââ«ì¢ã¤ .

3. �®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ª®íää¨æ¨¥­âë am;n ®¡« ¤ îâ á¢®©-
áâ¢®¬: �l1;l2am;n � 0, £¤¥ l1 = l2 = 0 ¢ á«ãç ¥  ), l1 = 2, l2 = 1 ¢ á«ãç ¥ ¡), l1 = 1, l2 = 2 ¢ á«ãç ¥
¢), l1 = l2 = 1 ¢ á«ãç ¥ £).

�­ ç «  ¤®ª ¦¥¬ ®æ¥­ª¨ á¢¥àåã
�® â¥®à¥¬¥ � ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

F (x; y) =
1X
n=0

1X
m=0

�l1;l2am;n
eBl1
m(x) eBl2

n (y); (3)

£¤¥ ¯à¨­ïâë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¢ á«ãç ïå:
 ) F (x; y) = f1(x; y); eBl1

m(x) = B2
m(x); eBl2

n (y) = B2
n(y);

¡) F (x; y) = f2(x; y),

eBl1
m(x) = B2

m(x); eBl2
n (y) = eB1

n(y);

�2;1am;0 = �0;1am;0 = 0 ¤«ï m = 0; 1; 2; : : : ;

¢) F (x; y) = f3(x; y),

eBl1
m(x) = eB1

m(x); eBl2
n (y) = B2

n(y);

�1;2a0;n = �0;1a0;n = 0 ¤«ï n = 0; 1; 2; : : : ;

£) F (x; y) = f4(x; y),

eBl1
m(x) = B

1

m(x); eBl2
n (y) = B

1

n(y);

�1;1am;0 = am;0 = 0 ¤«ï m = 0; 1; 2; : : : ;

�1;1a0;n = a0;n = 0 ¤«ï n = 0; 1; 2; : : :

�¥¯¥àì à áá¬®âà¨¬

J = kF (x; y)kp2�p = 21+
p2
p1

�Z
0

� �Z
0

jF (x; y)jp1dx
�p2=p1

dy:

6



�à¨¬¥­ïï à ¢¥­áâ¢® (3), ¯®«ãç¨¬

C(p1; p2)J =
1X
�=0

�=�+1Z
�=�+2

� 1X
�=0

�=�+1Z
�=�+2

����
1X
n=0

1X
m=0

�l1;l2am;n
eBl1
m(x) eBl2

n (y)
����
p1

dx

�p2=p1
dy:

�à¨¬¥­ïï ­¥à ¢¥­áâ¢® (a+ b)q � 2q(jajq + jbjq), ¨¬¥¥¬

J � C(p1; p2)(J1 + J2 + J3 + J4);

£¤¥

J1 =
1X
�=0

�=�+1Z
�=�+2

� 1X
�=0

�=�+1Z
�=�+2

����
�X

n=0

�X
m=0

�l1;l2am;n
eBl1
m(x) eBl2

n (y)
����
p1

dx

�p2=p1
dy;

J2 =
1X
�=0

�=�+1Z
�=�+2

� 1X
�=0

�=�+1Z
�=�+2

����
1X

n=�+1

�X
m=0

�l1;l2am;n
eBl1
m(x) eBl2

n (y)
����
p1

dx

�p2=p1
dy;

J3 =
1X
�=0

�=�+1Z
�=�+2

� 1X
�=0

�=�+1Z
�=�+2

����
�X

n=0

1X
m=�+1

�l1;l2am;n
eBl1
m(x) eBl2

n (y)
����
p1

dx

�p2=p1
dy;

J4 =
1X
�=0

�=�+1Z
�=�+2

� 1X
�=0

�=�+1Z
�=�+2

����
1X

n=�+1

1X
m=�+1

�l1;l2am;n
eBl1
m(x) eBl2

n (y)
����
p1

dx

�p2=p1
dy:

� «¥¥ ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¯à¨ ®æ¥­ª¥ ª®­¥ç­ëå áã¬¬ ­¥à ¢¥­áâ¢ ¬¨

eBl1
m(x) � C(m+ 1)l1 ; eBl2

n (y) � C(n+ 1)l2 ;

  ¯à¨ ®æ¥­ª¥ ¡¥áª®­¥ç­ëå áã¬¬ | ­¥à ¢¥­áâ¢ ¬¨

eBl1
m(x) �

C

xl1
; eBl2

n (y) �
C

yl2
; li = 1; 2;

£¤¥ ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ­¨ ®â n, ­¨ ®â m, ­¨ ®â x, ­¨ ®â y. �®«ì§ãïáì íâ¨¬¨
®æ¥­ª ¬¨, ¯®«ãç ¥¬

J1 = C1

1X
�=0

(� + 1)�2
� 1X
�=0

(�+ 1)�2
� �X

n=0

�X
m=0

�l1;l2am;n(m+ 1)l1(n+ 1)l2
�p1�p2=p1

:

�à¨¬¥­ïï á¢®©áâ¢ 
�l1;l2am;n = �l1�1;l2am;n ��l1�1;l2am+1;n

¨
�l1�1;l2am;n � 0;

¯®«ãç¨¬

J1 = C2

1X
�=0

(� + 1)�2
� 1X
�=0

(�+ 1)�2
� �X

n=0

�X
m=0

�l1�1;l2�1am;n(m+ 1)l1�1(n+ 1)l2�1
�p1�p2=p1

:

�¡®§­ ç¨¬

bm =
�X

n=0

�l1�1;l2�1am;n(n+ 1)l2�1

¨ à áá¬®âà¨¬

J�1 (�) =
1X
�=0

(�+ 1)�2
� �X

m=0

bm(m+ 1)l1�1
�p1

:
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�® «¥¬¬¥ 1

J�1 (�) = C3

1X
�=0

(�+ 1)�2[b�(�+ 1)l1 ]p1 =

= C3

1X
�=0

(�+ 1)�2
� �X
n=0

�l1�1;l2�1a�;n(�+ 1)l1(n+ 1)l2�1
�p1

=

= C3

1X
�=0

(�+ 1)l1p1�2
� �X
n=0

�l1�1;l2�1a�;n(n+ 1)l2�1
�p1

:

�¥¯¥àì ¨¬¥¥¬

J1 � C4

1X
�=0

(� + 1)�2
� 1X
�=0

(�+ 1)l1p1�2
� �X

n=0

�l1�1;l2�1a�;n(n+ 1)l2�1
�p1�p2=p1

=

= C4

1X
�=0

(� + 1)�2
� 1X
�=0

� �X
n=0

�l1�1;l2�1a�;n(n+ 1)l2�1(�+ 1)l1�2=p1
�p1�p2=p1

=

= C4

1X
�=0

(� + 1)�2(J�2 (�))
p2=p1 : (4)

1) �ãáâì p1 � 1. �à¨¬¥­ïï ­¥à ¢¥­áâ¢® �¨­ª®¢áª®£®, ¯®«ãç¨¬

J�2 (�) � C5

� �X
n=0

� 1X
�=0

[�l1�1;l2�1a�;n(n+ 1)l2�1]p1(�+ 1)l1p1�2
�1=p1�p2

:

�®£¤ 

J1 � C6

1X
�=0

(� + 1)�2
� �X

n=0

� 1X
�=0

[�l1�1;l2�1a�;n(n+ 1)l2�1]p1(�+ 1)l1p1�2
�1=p1�p2

:

�¡®§­ ç¨¬

Cn =
� 1X
�=0

[�l1�1;l2�1a�;n(n+ 1)l2�1]p1(�+ 1)l1p1�2
�1=p1

:

�®£¤ 

J1 � C7

1X
�=0

(� + 1)�2
� �X

n=0

cn

�p2

¨ ¯® «¥¬¬¥ 1 ¨¬¥¥¬

J1 � C8

1X
�=0

(� + 1)�2f(� + 1)c�g
p2 =

= C8

1X
�=0

(� + 1)�2
�
(� + 1)

� 1X
�=0

[�l1�1;l2�1a�;�(� + 1)l2�1]p1(�+ 1)l1p1�2
�1=p1�p2

=

= C8

1X
�=0

(� + 1)l2p2�2)
� 1X

�=0

(�l1�1;l2�1a�;�(�+ 1)l1p1�2
�p2=p1

:

2) �ãáâì 0 < p1 < 1. �à¨¬¥­ïï «¥¬¬ã 3, ¯®«ãç¨¬� �X
n=0

�l1�1;l2�1a�;n(n+ 1)l2�1
�p1

� C9

�X
n=0

(�l1�1;l2�1a�;n)
p1(n+ 1)l2p1�1:
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�®¤áâ ¢«ïï íâã ®æ¥­ªã ¢ ­¥à ¢¥­áâ¢® (4), ¨¬¥¥¬

J1 � C10

1X
�=0

(� + 1)�2
� 1X
�=0

(�+ 1)l1p1�2
�X

n=0

�l1�1;l2�1a�;n)
p1(n+ 1)l2p1�1

�p2=p1
�

� C11

1X
�=0

(� + 1)�2
� �X
n=0

(n+ 1)l2p1�2
1X
�=0

(�+ 1)l1p1�2(�l1�1;l2�1a�;n)
p1

�p2=p1
:

�¡®§­ ç¨¢

dn =
1X
�=0

(�+ 1)l1p1�2(�l1�1;l2�1a�;n)

¨ ¯à¨¬¥­¨¢ «¥¬¬ã 1, ¯®«ãç¨¬

J1 � C12

1X
�=0

(� + 1)l2p2�2
� 1X
�=0

(�+ 1)l1p1�2(�l1�1;l2�1a�;�)
p1

�p2=p1
:

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® p1 2 (0;1) á¯à ¢¥¤«¨¢  íâ  ®æ¥­ª  ¤«ï J1, £¤¥ ¯®áâ®ï­­ ï C12 ­¥
§ ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fam;ng.

�¥¯¥àì ®æ¥­¨¬

J2 � C13

1X
�=0

(� + 1)l2p2�2
� 1X
�=0

(�+ 1)�2
� �X

m=0

1X
n=�+1

�l1;l2am;n(m+ 1)l1
�p1�p2=p1

�

� C14

1X
�=0

(� + 1)l2p2�2
� 1X
�=0

(�+ 1)�2
� �X

m=0

�l1�1;l2�1am;�+1(m+ 1)l1�1
�p1�p2=p1

:

�à¨¬¥­ïï â¥¯¥àì ª ¢ëà ¦¥­¨î ¢ ª¢ ¤à â­ëå áª®¡ª å «¥¬¬ã 1, ¨¬¥¥¬

J2 � C15

1X
�=0

(� + 1)l2p2�2
� 1X
�=0

(�+ 1)l1p1�2(�l1�1;l2�1a�;�+1)
p1

�p2=p1
;

£¤¥ ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï C15 ­¥ § ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fam;ng

�æ¥­ª¨ J3 ¨ J4 ¯à®¢®¤ïâáï  ­ «®£¨ç­® ®æ¥­ª ¬ ¤«ï J1 ¨ J2.
�â ª, ¯®«ãç ¥¬

J � C

� 1X
n=0

(n+ 1)l2p2�2
� 1X
m=0

(m+ 1)l1p1�2(�l1�1;l2�1am;n)
p1

�p2=p1
;

£¤¥ ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fam;ng.
�®¤áâ ¢«ïï ¢¬¥áâ® l1 ¨ l2 «¨¡® 2, «¨¡® 1, ¯®«ãç ¥¬ á¯à ¢¥¤«¨¢®áâì ®æ¥­®ª á¢¥àåã ¢ â¥®à¥¬¥.
�¥¯¥àì ¤®ª ¦¥¬ ®æ¥­ª¨ á­¨§ã. �® â¥®à¥¬¥ � ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 
 )

'1(x; y) � f1(x; y) =
1X
n=0

1X
m=0

am;n cosmx cosny =

=
1X
n=0

1X
m=0

�2;2bm;n

�
sin (m+1)x

2

2 sin x
2

�2�sin (n+1)y

2

2 sin y
2

�2

;

£¤¥ bm;n � am;n;
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¡)

'2(x; y) �
1
2
ff2(x; y) + f2(x; � � y)g =

=
1X
n=1

1X
m=0

am;2n�1 cosmx sin(2n� 1)y =

=
1X
n=1

1X
m=0

�2;1bm;n

�
sin (n+1)x

2

2 sin x
2

�2 sin2 ny
sin y

;

£¤¥ bm;n = am;2n�1;
¢)

'3(x; y) �
1
2
ff3(x; y) + f3(� � x; y)g =

=
1X
n=0

1X
m=1

a2m�1;nsin(2n� 1)x cos ny =

=
1X
n=0

1X
m=1

�1;2bm;n

sin2mx

sinx

�
sin (n+1)y

2

2 sin y
2

�2

;

£¤¥ bm;n = a2m�1;n;
£)

'4(x; y) �
1
4
ff4(x; y) + f4(� � x; y) + f4(x; � � y) + f4(� � x; � � y)g =

=
1X
n=1

1X
m=1

a2m�1;2n�1 sin(2n� 1)x sin(2m� 1)y =

=
1X
n=1

1X
m=1

�1;1bm;n

sin2mx

sinx
sin2 ny
sin y

;

£¤¥ bm;n = a2m�1;2n�1.
� ª¨¬ ®¡à §®¬, ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

�(x; y) =
1X
n=0

1X
m=0

�l1;l2bm;n
bBl1
m(x) bBl2

n (y);

£¤¥ ¯à¨­ïâë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¢ á«ãç ïå:
 )

� = '1; l1 = l2 = 2; bBl1
m(x) = B2

m(x); bBl2
n (y) = B2

n(y);

¡)

� = '2; l1 = 2; l2 = 1; bBl1
m(x) = B2

m(x); bBl2
n (y) =

sin2 ny
sin y

;

�2;1bm;0 = �1;0bm;0 = bm;0 = 0 ¤«ï m = 0; 1; 2; : : : ;

¢)

� = '3; l1 = 1; l2 = 2; bBl1
m(x) =

sin2mx

sinx
bBl2
n (y) = B2

n(y);

�1;2b0;n = �0;1b0;n = b0;n = 0 ¤«ï n = 0; 1; 2; : : : ;
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£)

� = '4; l1 = l2 = 1; bBl1
m(x) =

sin2mx

sinx
; bBl2

n (y) =
sin2 ny
siny

;

�1;1b0;n = b0;n = 0 ¤«ï n = 0; 1; 2; : : : ;

�1;1bm;0 = bm;0 = 0 ¤«ï m = 0; 1; 2; : : :

�æ¥­¨¬ J = k�kp2�p :

J �

�Z
0

� �Z
0

j�(x; y)jp1dx
�p2=p1

dy =
1X

s2=0

�=2s2Z
�=2s2+1

� 1X
s1=0

�=2s1Z
�=2s1+1

j�jp1dx
�p2=p1

dy �

�
1X

s2=i

�=2s2Z
�=2s2+1

� 1X
s1=j

�=2s1Z
�=2s1+1

j�jp1dx
�p2=p1

dy;

£¤¥ i = j = 0 ¤«ï '1, i = 0, j = 1 ¤«ï '2, i = 1, j = 0 ¤«ï '3, i = j = 1 ¤«ï '4.
�á­®, çâ®

J �
1X

s2=j

�=2s2Z
�=2s2+1

� 1X
s1=i

�=2s1Z
�=2s1+1

'p1
s1;s2

(x; y)dx
�p2=p1

dy;

£¤¥

's1;s2(x; y) =
1X

n=2s1�1

1X
m=2s1�1

�l1;l2bm;n
bBl1
m(x) bBl2

n (y):

�«ï à áá¬ âà¨¢ ¥¬ëå ­®¬¥à®¢ s1 ¨ s2 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

bBl1
m(x) �

c21

xl1
; bBl2

n (y) �
c22

yl2
;

£¤¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ C21 ¨ C22 ­¥ § ¢¨áïâ ®â x, y, m ¨ n. �® â®£¤ 

's1;s2(x; y) �
C21C22

xl1yl2

1X
n=2s2�1

1X
m=2s1�1

�l1;l2bm;n � C232
l1s1+l2s2�l1�1;l2�1b2s1�1;2s2�1:

� áá¬®âà¨¬ â¥¯¥àì

A1 =
ZZ

Is1;s2

's1;s2(x; y)dx dy;

£¤¥
Is1;s2 =

h �

2s1+1
;
�

2s1

i
�
h �

2s2+1
;
�

2s2

i
= Is1 � Is2 :

�á­®, çâ®

A1 =
1X

n=2s2�1

1X
m=2s1�1

�l1;l2bm;n

�=2s1Z
�=2s1+1

bBl1
m(x)dx

�=2s2Z
�=2s2+1

bBl2
m(y)dy:

� ª ª ª

B1 =

�=2kZ
�=2k+1

sin2Nz

sin z
dz �

�=2kZ
�=2k+1

sin2Ny

y
dy =

2N�=2k+1Z
N�=2k+1

sin2 x
x

dx;

â® ¤«ï k � 1 ¨ N � 2k � 1 ¯® «¥¬¬¥ 2 ¨¬¥¥¬ B1 � C24. � ª ª ª

B2 =

�=2kZ
�=2k+1

�
sin2 (N+1)z

2

2 sin z
2

�2

dz � C252
k

�=2kZ
�=2k+1

(sin (N+1)z
2

)2

z
dz = C252

k

2(N+1)�=2k+2Z
(N+1)�=2k+2

sin2 x
x

dx;
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â® ¤«ï k � 1 ¨ N � 2k � 1 ¯® «¥¬¬¥ 2 ¨¬¥¥¬ B2 � C262k.
�® â®£¤  ¤«ï à áá¬ âà¨¢ ¥¬ëå s1 ¨ s2 ¯®«ãç¨¬

A1 � C272
s1(l1�1)+s2(l2�1)�l1�1;l2�1b2s1�1;2s2�1: (5)

�®«®¦¨¬ ¤«ï ä¨ªá¨à®¢ ­­ëå s1 ¨ s2 ¨ ¤«ï y 2 Is2

Js1;s2(y) =
n
x 2 Is1 : 's1;s1(x; y) �

C27

�2
2s1l1+s2l1�l1�1;l2�1b2s1�1;2s2�1

o
¨

Js2 =
n
y 2 Is2 : �Js1;s2(y) �

C27

�2C23

�

2s1+1

o
:

�®ª ¦¥¬, çâ®

�Js2 �
C27

�2C23

�

2s2+1
:

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â. ¥.

�Js2 <
C27

�2C23

�

2s2+1
: (6)

�®£¤ 

A1 =
ZZ

Is1;s2

's1;s2(x; y)dx dy =
Z
Is2

� Z
Is1

's1;s1(x; y)dx
�
dy +

+
Z

Is2nJs2

� Z
Js1;s2 (y)

's1;s2(x; y)dx
�
dy +

Z
Is2nJs2

� Z
Is1nJs1;s2 (y)

's1;s2(x; y)dx
�
dy �

�
C27

�2C23

�

2s2+1
�

2s1+1
C232

s1l1+s2l2�l1�1;l2�1b2s1�1;2s2�1 +

+
�

2s2+1
C27

�2C23

�

2s1+1
C232

s1l1+s2l2�l1�1;l2�1b2s1�1;2s2�1 +

+
�

2s2+1
�

2s1+1
C27

�2
2s1l1+s2l2�l1�1;l2�1b2s1�1;2s2�1 =

=
3
4
C272s1(l1�1)+s2(l2�1)�l1�1;l2�1b2s1�1;2s2�1;

çâ® ¯à®â¨¢®à¥ç¨â ­¥à ¢¥­áâ¢ã (5). �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (6).
�® â®£¤ 

J = k�kp1�p �
1X

s2=i

Z
Js2

� 1X
s1=j

Z
Js1;s2 (y)

('s1;s2(x; y))
p1dx

�p2=p1
dy �

� C28

1X
s2=i

2s2(l2p2�1)
� 1X
s1=j

2s1(l1p1�1)(�l1�1;l2�1b2s1�1;2s2�1)
p1

�p2=p1
� C28I:

�«ï i = j = 1

C29I �
1X

s2=1

2s2�1X
�=2s2�1

�l2p2�2
� 1X
s1=1

2s1�1X
�=2s1�1

�l1p1�2(�l1�1;l2�1b�;�)
p1

�p2=p1
=

=
1X
�=1

�l2p2�2
� 1X
�=1

�l1p1�2(�l1�1;l2�1b�;�)
p1

�p2=p1
:
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�­ «®£¨ç­® à áá¬ âà¨¢ îâáï ¨ ¤àã£¨¥ á«ãç ¨. �®íâ®¬ã

J = k�kp1�p � C
1X
�=j

(�+ 1)l2p2�2
� 1X
�=i

(� + 1)l1p1�2(�l1�1;l2�1b�;�)
p1

�p2=p1
:

�®¤áâ ¢«ïï áî¤  ¢¬¥áâ® b�;� á®®â¢¥âáâ¢ãîé¨¥ a�;�, ¨«¨ a�;2��1, ¨«¨ a2��1;�, ¨«¨ a2��1;2��1 ¯®«ã-
ç ¥¬ á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨ á­¨§ã ¢ â¥®à¥¬¥.

� § ª«îç¥­¨¥ § ¬¥â¨¬, çâ® ¢ [5] à áá¬ âà¨¢ îâáï ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë ¤¢®©­ëå àï¤®¢
�®«è , ¡«¨§ª¨¥ ª â¥¬, ª®â®àë¥ ­ « £ îâáï ¢ ¤ ­­®© áâ âì¥.
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