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�­®£®¬¥à­ë¥ ª« ááë � à¤¨ ¡ë«¨ ¢¢¥¤¥­ë �.�¥ää¥à¬ ­®¬ ¨ �.�. �â¥©­®¬ [1] ¨ ¢ ¤ «ì­¥©-
è¥¬ ¤¥â «ì­® ¨§ãç «¨áì à §«¨ç­ë¬¨  ¢â®à ¬¨ (á¬., ­ ¯à., [2]{[4]). �ëïá­¨«®áì, çâ® ¢® ¬­®£¨å
¢ ¦­ëå á«ãç ïå ª« ááë � à¤¨ ï¢«ïîâáï ¯®¤å®¤ïé¥© § ¬¥­®© ¤«ï L1, â. ª. ¢ ­¨å ¯à®¤®«¦ îâ
¡ëâì ®£à ­¨ç¥­­ë¬¨ ­¥ª®â®àë¥ ¢ ¦­ë¥ á¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ®¯¥à â®àë, ®£à ­¨ç¥­­ë¥
¢ Lp, p > 1, ­® ­¥ ¢ L1.

� íâ®© â®çª¨ §à¥­¨ï ¯à¥¤áâ ¢«ï¥âáï ¢¥áì¬  ¨­â¥à¥á­ë¬ ¢®¯à®á ® á¨«ì­®¬ ¤¨ää¥à¥­æ¨à®-
¢ ­¨¨ ¨­â¥£à «®¢ äã­ªæ¨© ¨§ ª« áá®¢ � à¤¨, ¯®áª®«ìªã ¨­â¥£à «ë äã­ªæ¨© ¨§ Lp, p > 1,
¤¨ää¥à¥­æ¨àãîâáï á¨«ì­ë¬ ®¡à §®¬,   ¨§ L1 ­¥â. �¨¦¥ ¡ã¤¥â ¯®ª § ­®, çâ® ®â¢¥â ®âà¨æ -

â¥«ì­ë©.
�®áª®«ìªã ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨­â¥£à «®¢ ¥áâì á¢®©áâ¢® «®ª «ì­®¥, â® ¨¬¥¥â á¬ëá« ®¯à¥¤¥-

«¨âì ¯à®áâà ­áâ¢® � à¤¨ ç¥à¥§  â®¬¨ç¥áª®¥ à §«®¦¥­¨¥, ãáâ ­®¢«¥­­®¥ ¢ ª« áá¨ç¥áª®¬ á«ãç ¥
�.�®©ä¬ ­®¬ [5] ¨ à á¯à®áâà ­¥­­®¥ ­  ¬­®£®¬¥à­ë© á«ãç © �.�¥ââ¥à®¬ [6].

� ¨¬¥­­®,  â®¬®¬ ­ §®¢¥¬ äã­ªæ¨î a(x) â ªãî, çâ®

(i) suppa(x) � Q � T d � [0; 1]d, Q | ªã¡;
(ii) kak1 � jQj�1;
(iii)

R
Q

a(x)dx = 0.

�ã­ªæ¨î a(x) � 1 â ª¦¥ ¡ã¤¥¬ áç¨â âì  â®¬®¬.
�« áá®¬ � à¤¨ H ¡ã¤¥¬ ­ §ë¢ âì ¬­®¦¥áâ¢® áã¬¬¨àã¥¬ëå äã­ªæ¨© f(x), ¤®¯ãáª îé¨å

¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ àï¤  ¨§  â®¬®¢ ak(x)

f(x) =
1X
k=0

�kak(x); �k � 0;
1X
k=0

�k <1:

�â ª, ¯®ª ¦¥¬, çâ® ¨­â¥£à «ë äã­ªæ¨© ¨§ H ­¥ ¤¨ää¥à¥­æ¨àã¥¬ë á¨«ì­ë¬ ®¡à §®¬. �®-
áâ â®ç­® ®£à ­¨ç¨âìáï ¤¢ã¬¥à­ë¬ á«ãç ¥¬.

�¥®à¥¬ . �ãé¥áâ¢ã¥â äã­ªæ¨ï f 2 H â ª ï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 T 2

lim sup
diam I!0

jIj�1
Z
I3x

f(y)dy = +1; lim inf
diam I!0

jIj�1
Z
I3x

f(y)dy = �1; (1)

£¤¥ I ®¡®§­ ç ¥â ¤¢ã¬¥à­ë© ¨­â¥à¢ «.

�®ª § â¥«ìáâ¢®. �å¥¬  ¤®ª § â¥«ìáâ¢  ¢®áå®¤¨â ª à ¡®â¥ �. � ªá  [7]. �â«¨ç¨¥ á®áâ®¨â ¢
â®¬, çâ® ¢¬¥áâ® àï¤  ¨§ ¯®«®¦¨â¥«ì­ëå äã­ªæ¨© ¬ë ª®­áâàã¨àã¥¬ àï¤ ¨§  â®¬®¢ ¨ ¤®ª §ë¢ ¥¬
¥£® áå®¤¨¬®áâì. �à®¬¥ â®£®, ¯à¨ ®æ¥­ª¥ ¨­â¥£à «ì­ëå áà¥¤­¨å ¢ á¨«ã ­ «¨ç¨ï á« £ ¥¬ëå à §­®-
£® §­ ª  ¬ë ­¥ ¬®¦¥¬ ®áâ ¢«ïâì ®â áã¬¬ë ®¤­® á« £ ¥¬®¥,   ®æ¥­¨¢ ¥¬ ¯à¥¤ë¤ãé¨¥ á« £ ¥¬ë¥
¨ ®áâ â®ª àï¤ .
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�¥à¥©¤¥¬ ­¥¯®áà¥¤áâ¢¥­­® ª ¤®ª § â¥«ìáâ¢ã. �®«®¦¨¢ sj =
jP

i=1
2ii�2, ®¯à¥¤¥«¨¬ ç¨á«  mn "

1 á«¥¤ãîé¨¬ ®¡à §®¬:

m1 = 1; mn+1 �mn = j; sj < n � sj+1; j � 7:

�­ë¬¨ á«®¢ ¬¨, fmng ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥¤¨­¥­¨¥  à¨ä¬¥â¨ç¥áª¨å ¯à®£à¥áá¨©, è £ ª®â®-
àëå ã¢¥«¨ç¨¢ ¥âáï ­  ¥¤¨­¨æã.

�¥à¥©¤¥¬ ª ¯®áâà®¥­¨î äã­ªæ¨¨ f . �  n-®¬ è £¥ ¡ã¤¥¬ à §¡¨¢ âì T 2 ­  22mn ®¤¨­ ª®¢ëå
¤¢®¨ç­®-à æ¨®­ «ì­ëå ª¢ ¤à â®¢ Ink :

T 2 =
22mn[
k=1

Ink ; jInk j = 2�2mn ; Ink
\
Inj 6= ; (k 6= j):

�­ãâàì ª ¦¤®£® Ink ¯®¬¥áâ¨¬ ª¢ ¤à âë Q
n;+
k ¨ Q

n;�
k á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ ®áï¬ ª®®à-

¤¨­ â â ª, çâ®¡ë «¥¢ ï ­¨¦­ïï ¢¥àè¨­  Q
n;+
k ¨ ¯à ¢ ï ¢¥àå­ïï Q

n;�
k á®¢¯ «¨ á æ¥­âà®¬ Ink

(ç¥à­ë¥ ª¢ ¤à âë ­  à¨á.) ¨

jQn;+
k j = 2�2mn+1 : (2)

�¨á.

� ¤ «ì­¥©è¥¬ ­ «¨ç¨¥ ¨­¤¥ªá  � ¡ã¤¥â ®§­ ç âì, çâ® âà¥¡ã¥¬®¥ á®®â­®è¥­¨¥ ¢ë¯®«­ï¥âáï
ª ª á ¨­¤¥ªá®¬ +, â ª ¨ á ¨­¤¥ªá®¬ �.

�ãáâì Rn;+
k;s ¨ Rn;�

k;s | ¯àï¬®ã£®«ì­¨ª¨ á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ ®áï¬ ª®®à¤¨­ â, á®¤¥à-
¦ é¨¥ Qn;+

k ¨ Qn;�
k ¢ «¥¢®¬ ­¨¦­¥¬ ¨ ¯à ¢®¬ ¢¥àå­¥¬ ã£« å á®®â¢¥âáâ¢¥­­® (á¬. à¨á.). �à¨ íâ®¬

¯à®¥ªæ¨ï Rn;+
k;s ­  ®áì OX ¨¬¥¥â ¤«¨­ã 2�s, s = mn + 1; : : : ;mn+1, ¨

jRn;�
k;s j = 2�mn+1�mn�1; n � 1; k = 1; : : : ; 22mn ; s = mn + 1; : : : ;mn+1:

�®«®¦¨¬ â¥¯¥àì

Hn;�
k �

mn+1[
s=mn+1

Rn;�
k;s ; Hn;� �

22mn[
k=1

Hn;�
k :

�®£¤ 

jHn;�
k j � 22mn(mn+1 �mn)2�mn+1�mn2�2 = 2�22mn�mn+1(mn+1 �mn)
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¨
1X
n=1

jHn;�j � 2�2
1X
j=7

X
sj<n�sj+1

2mn�mn+1(mn+1 �mn) �

� 2�3
1X
j=7

j 2�j(sj+1 � sj) � 2�3
1X
j=7

j 2�j2jj�2 = 2�3
1X
j=7

1
j
=1:

�â ª,
1X
n=1

jHn;�j =1: (3)

�®ª ¦¥¬, çâ® ¤«ï «î¡ëå 1 � p < q

���T 2 n
q[

n=p

Hn;�
��� =

qY
n=p

(1�Hn;�): (4)

�«ãç © q = p ®ç¥¢¨¤¥­. �¯¨è¥¬ ¯¥à¥å®¤ ®â q ª q + 1. � á¨«ã ¤¢®¨ç­®© à æ¨®­ «ì­®áâ¨ fInk g
¢®§¬®¦­® ¯à¥¤áâ ¢«¥­¨¥

T 2 n
q[

n=p

Hn;� =
[

k2A(p;q)

I
q+1
k ; (5)

£¤¥ A(p; q) | ­¥ª®â®àë© ­ ¡®à ¨­¤¥ªá®¢. �®£¤ 

T 2 n
q+1[
n=p

Hn;� = T 2 n
q[

n=p

Hn;� n
[

k2A(p;q)

Hq+1;�
k ;

¯à¨ç¥¬

���T 2 n
q+1[
n=p

Hn;�
��� =
���T 2 n

q[
n=p

Hn;�
����
��� [
k2A(p;q)

H
q+1;�
k

���: (6)

�¤­ ª® ��� [
k2A(p;q)

H
q+1;�
k

��� = X
k2A(p;q)

jHq+1;�
k j =

X
k2A(p;q)

jIq+1;�k j
jHq+1;�

k j

jIq+1;�k j

¨ ¯® ¯®áâà®¥­¨î
jHq+1;�

k j

jIq+1;�k j
=
jHq+1;�j

jT 2j
= jHq+1;�j:

�®£¤  á ãç¥â®¬ (5) ¯®«ãç¨¬

��� [
k2A(p;q)

H
q+1;�
k

��� = jHq+1;�j
X

k2A(p;q)

jIq+1;�k j = jHq+1;�j
���T 2 n

q[
n=p

Hn;�
���:

�®¤áâ ¢¨¬ ¯®á«¥¤­¨© à¥§ã«ìâ â ¢ (6) ¨ á ãç¥â®¬ (4) ­ ©¤¥¬

���T 2 n
q+1[
n=p

Hn;�
��� =
���T 2 n

q[
n=p

Hn;�
���(1� jHq+1;�j) =

q+1Y
n=p

(1�Hn;�):

�¥¬ á ¬ë¬ á®®â­®è¥­¨¥ (4) ¤®ª § ­® ¯® ¨­¤ãªæ¨¨.
�¥¯¥àì ¨§ (3) á«¥¤ã¥â

1Y
n=p

(1�Hn;�) = 0
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¤«ï «î¡ëå p � 1. �® â®£¤  ¨
���T 2 n

1[
n=p

Hn;�
��� = 0;

á«¥¤®¢ â¥«ì­®,

jlim sup
n

Hn;�j = 1: (7)

�®«®¦¨¬

ank (x) = 22mn+1�2f�Qn;+

k

(x)� �Qn;�

k

(x)g; (8)

�nk = 2�mn+1�mn log(mn+1 �mn);

f =
1X
n=2

22mnX
k=1

�nka
n
k (x): (9)

�®ª ¦¥¬, çâ® (9) ¥áâì  â®¬¨ç¥áª®¥ à §«®¦¥­¨¥. �¥©áâ¢¨â¥«ì­®, suppank(x) = Qn;+
k

S
Qn;�
k �

Q, Q | ª¢ ¤à â (á¬. à¨á.), jQj = 4jQn;+
k j = 4 � 2�2mn+1 . �à®¬¥ â®£®, kankk1 = 2�222mn+1 = jQj�1.

� ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë á¢®©áâ¢  (i) ¨ (ii). �¢®©áâ¢® (iii) á«¥¤ã¥â ¨§ (2) ¨ (8). �­ ç¨â, ank(x)
|  â®¬ë. �à®¢¥à¨¬ áå®¤¨¬®áâì à §«®¦¥­¨ï (9). �¬¥¥¬

1X
n=2

22mnX
k=1

�nk =
1X
n=2

2�mn+1+mn log(mn+1 +mn) �

�
1X
j=7

X
sj<n�sj+1

2�mn+1+mn log(mn+1 �mn) �
1X
j=7

2�j log j � 2j j�2 <1:

�â ª, f 2 H.
�áâ ­®¢¨¬ â¥¯¥àì ¡¥áª®­¥ç­®áâì á¨«ì­®© ¢¥àå­¥© ¯à®¨§¢®¤­®© ¨­â¥£à «  ®â f . �¥áª®­¥ç-

­®áâì ­¨¦­¥© ãáâ ­ ¢«¨¢ ¥âáï  ­ «®£¨ç­®. �§ (7) á«¥¤ã¥â, çâ® ¤«ï ¯®çâ¨ «î¡®© â®çª¨ x 2 T 2

¬®¦­® ãª § âì ¯àï¬®ã£®«ì­¨ª Rn;+
k;s 3 x á® áª®«ì ã£®¤­® ¡®«ìè¨¬ ­®¬¥à®¬ n. �®£¤ 

jRn;+
k;s j

�1

Z
R
n;+

k;s

f(y)dy =
n�1X
�=2

22m�X
j=1

��j jR
n;+
k;s j

�1

Z
R
n;+

k;s

a�j (y)dy +

+ jRn;+
k;s j

�1

Z
R
n;+

k;s

�nka
n
k(y)dy + jRn;+

k;s j
�1

Z
R
n;+

k;s

1X
�=n+1

22m�X
j=1

��ja
�
j (y)dy � J1 + J2 + J3:

�á«¨ Rn;+
k;s � suppa�j (y), â®

jRn;+
k;s j

�1

Z
R
n;+

k;s

a�j (y)dy = a�j (x):

�á«¨ ¦¥ Rn;+
k;s 6� suppa�j (y), â® ¢ á¨«ã ¤¢®¨ç­®© à æ¨®­ «ì­®áâ¨ ¯®áâà®¥­¨© ¨ â®£® ä ªâ , çâ®

¢á¥£¤  ¢®§¬®¦­® ¯à¥¤áâ ¢«¥­¨¥

R
n;+
k;s =

[
j

Imj ; m > n+ 1;

£¤¥ j ¯à®¡¥£ ¥â ­¥ª®â®à®¥ ¬­®¦¥áâ¢® ¨­¤¥ªá®¢, «¨¡® Rn;+
k;s � suppa�j (y), «¨¡® R

n;+
k;s

T
suppa�j (y) =

;. � «î¡®¬ á«ãç ¥

jRn;+
k;s j

�1

Z
R
n;+

k;s

a�j (y)dy = 0:
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� «¥¥, ¯®çâ¨ ª ¦¤ ï â®çª  x á®¤¥à¦¨âáï â®«ìª® ¢ ª®­¥ç­®¬ ç¨á«¥ ­®á¨â¥«¥© a�j (y). �®íâ®¬ã
¤«ï ¤®áâ â®ç­® ¡®«ìè®£® ­®¬¥à  n ¯®çâ¨ ¢áî¤ã ­  T 2 J1 = f(x), J3 = 0. �æ¥­¨¬ J2. �¬¥¥¬

J2 =
�nkka

n
kk1 jQ

n;+
k j

jRn;+
k;s j

�
�nk

jRn;+
k;s j

= log(mn+1 �mn)! +1; n!1:

�¥¬ á ¬ë¬ ãáâ ­®¢«¥­® ¯¥à¢®¥ á®®â­®è¥­¨¥ (1). �

� á¢ï§¨ á ¤®ª § ­­®© â¥®à¥¬®© ¯à¥¤áâ ¢«ï¥âáï ¨­â¥à¥á­ë¬ ¯®«ãç¨âì ®â¢¥â ­  á«¥¤ãîé¨©
¢®¯à®á: ¢«¥ç¥â «¨ ª®­¥ç­®áâì ¯®çâ¨ ¢áî¤ã á¨«ì­®© ¢¥àå­¥© ¯à®¨§¢®¤­®© ª®­¥ç­®áâì ¯®çâ¨

¢áî¤ã á¨«ì­®© ­¨¦­¥© ¯à®¨§¢®¤­®© (¨ â ª¨¬ ®¡à §®¬ á¨«ì­ãî ¤¨ää¥à¥­æ¨àã¥¬®áâì) ¨­â¥-

£à «  äã­ªæ¨¨ ¨§ ¤¢ã¬¥à­®£® ª« áá  � à¤¨?
�®«®¦¨â¥«ì­ë© ®â¢¥â ­  íâ®â ¢®¯à®á ¤ ¢ « ¡ë ¤®¯®«­¨â¥«ì­ãî ¨­ä®à¬ æ¨î ® áâ¥¯¥­¨

\à ¢­®¬¥à­®áâ¨" à á¯à¥¤¥«¥­¨ï äã­ªæ¨© ¨§ ª« áá®¢ � à¤¨.
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