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�à¨ ¯à¨¡«¨¦¥­­®¬ à¥è¥­¨¨ ®¯¥à â®à­ëå ãà ¢­¥­¨© ®ç¥­ì ã¤®¡­ë ¤¢ãáâ®à®­­¨¥  «£®à¨â-
¬ë. �­¨ ®¯à¥¤¥«ïîâ ¤¢  ¯à¨¡«¨¦¥­¨ï,  ¯¯à®ªá¨¬¨àãîé¨¥ ¨áª®¬®¥ à¥è¥­¨¥ á­¨§ã ¨ á¢¥àåã,
çâ® ¯®§¢®«ï¥â á¢¥áâ¨ ¢®¯à®á ®¡ ®æ¥­ª¥ ¯®£à¥è­®áâ¨ ª ¯à®áâ®¬ã ¢ëç¨á«¥­¨î ­®à¬ë à §­®áâ¨
­ ©¤¥­­ëå ¯à¨¡«¨¦¥­¨©. �¡ëç­® ¢ íâ¨å  «£®à¨â¬ å ¯à¥¤¯®« £ ¥âáï ­¥ª®â®à ï ¬®­®â®­­®áâì.

�¥®à¨ï à¥è¥­¨© ãà ¢­¥­¨© á ¬®­®â®­­ë¬¨ ®¯¥à â®à ¬¨ ¯à¨ à §«¨ç­ëå ¨å á¢®©áâ¢ å ¨ á¢®©-
áâ¢ å ¯à®áâà ­áâ¢ á ª®­ãá ¬¨, ¢ ª®â®àëå ®­¨ à áá¬ âà¨¢ îâáï, à §¢¨â  ¢ à ¡®â å �.�.�à á­®-
á¥«ìáª®£®, �.�. � åâ¨­ , �.�. �â¥æ¥­ª® ¨ ¤àã£¨å  ¢â®à®¢ [1]{[3]. �¥®à¨ï ¬®­®â®­­ëå ®¯¥à â®à®¢
�.�.�¯®©æ¥¢ë¬ ¡ë«  ¯¥à¥­¥á¥­  ­  £¥â¥à®£¥­­ë¥ ¨ £¥â¥à®â®­­ë¥ ®¯¥à â®àë [4], [5]. � à ¡®â å
�.�.�ãà¯¥«ï ¨ ¤àã£¨å ¬ â¥¬ â¨ª®¢ [6] (¢ íâ®© ¬®­®£à ä¨¨ ¨¬¥¥âáï ¯®¤à®¡­ ï ¡¨¡«¨®£à ä¨ï)
¨áá«¥¤®¢ «¨áì ¤¢ãáâ®à®­­¨¥ ª®­áâàãªæ¨¨ ­¥¬®­®â®­­ëå ®¯¥à â®à®¢ á ¯à®¨§¢®¤­ë¬¨, ®¡« ¤ î-
é¨¬¨ â¥¬¨ ¨«¨ ¨­ë¬¨ á¢®©áâ¢ ¬¨ ¬®­®â®­­®áâ¨.

� ¤ ­­®© áâ âì¥ ¤®ª § ­®, çâ® ­¥ª®â®àë¥ à¥§ã«ìâ âë, å à ªâ¥à­ë¥ ¤«ï ¢ëè¥ãª § ­­ëå ®¯¥-
à â®à®¢ ¨ ¯®«ãç¥­­ë¥ ¢ à ¡®â å [4], [5], à á¯à®áâà ­ïîâáï ­  ®¯¥à â®àë á £¥â¥à®£¥­­®© ¯à®¨§-
¢®¤­®© ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å á à §«¨ç­ë¬¨ ª®­ãá ¬¨.

� ¯®¬­¨¬ ­¥ª®â®àë¥ ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ ­­®© à ¡®â¥ ®¯à¥¤¥«¥­¨ï.
�ãáâì B|¢¥é¥áâ¢¥­­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® á ª®­ãá®¬K ¨ = = fP� j � 2 
g|­¥ª®â®à®¥

á¥¬¥©áâ¢® à áé¥¯«ïîé¨å ®¯¥à â®à®¢. �à¨à®¤  ¬­®¦¥áâ¢  
 ¡¥§à §«¨ç­ . �à¨ «î¡®¬ � 2 

®¯¥à â®àë P� ¤¥©áâ¢ãîâ ¨§ B ¢ B. �ãáâì Q� = I � P�, £¤¥ I | â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥.
�á«¨ ¤¢  í«¥¬¥­â  x; y 2 B ¯à¨­ ¤«¥¦ â ­¥ª®â®à®¬ã ª®­ãá­®¬ã ®âà¥§ªã hu; vi = fxju � x � vg,
â® ¯à¨ «î¡®¬ � ¨¬¥¥â ¬¥áâ® P�x+Q�y 2 hu; vi.

�ãáâì < = fR� j � 2 
g | ­¥ª®â®à®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢, à áé¥¯«ïîé¨å «î¡®© í«¥¬¥­â
x 2 B ­  ª®¬¯®­¥­âë x� (x� = R�x). �à¨ íâ®¬ ª ¦¤ë© ®¯¥à â®à R� ®â®¡à ¦ ¥â B ¢ ­¥ª®â®à®¥
¬­®¦¥áâ¢® G�,   á¥¬¥©áâ¢® < ª ¦¤®¬ã x 2 B á®¯®áâ ¢«ï¥â ¬­®¦¥áâ¢® ª®¬¯®­¥­â fx�g, ¯à¨ç¥¬
fx�g 6= fy�g, ¥á«¨ x 6= y. �¯¥à æ¨ï ®¡ê¥¤¨­¥­¨ï ¬­®¦¥áâ¢  ª®¬¯®­¥­â fx�g ¢ í«¥¬¥­â x 2 B

®¡®§­ ç ¥âáï
P
�

fR�xg =
P
�

fx�g = x. �¥¬¥©áâ¢® < ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã á¢®©áâ¢ã. �ãáâì

¨¬¥¥âáï ­¥ª®â®àë© ¯à®¨§¢®«ì­ë© ª®­ãá­ë© ®âà¥§®ª hu; vi ¨ ª ¦¤®¬ã � 2 
 á®¯®áâ ¢«¥­ x� 2
hu; vi. �á«¨

P
�

fR�x
�g 2 B, â® ­¥®¡å®¤¨¬®

P
�

fR�x
�g 2 hu; vi.

�¯¥à â®à T ­ §ë¢ ¥âáï £¥â¥à®£¥­­ë¬, ¥á«¨ ¤«ï «î¡ëå u; v 2 B

X
�

fR�T (P�u+Q�v)g 2 B (1)

¨ ¤«ï «î¡ëå x0 � x, y � y0

X
�

fR�T (P�x
0 +Q�y

0)g �
X
�

fR�T (P�x+Q�y)g: (2)

�á«¨ T ®áâ ¢«ï¥â ¨­¢ à¨ ­â­ë¬ ­¥ª®â®à®¥ ¬­®¦¥áâ¢® M ¨ ãá«®¢¨ï (1), (2), à ¢­® ª ª ¨ ãá«®-
¢¨ï, ­ « £ ¥¬ë¥ ­  =, <, á¯à ¢¥¤«¨¢ë ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¢á¥ í«¥¬¥­âë,
ãç áâ¢ãîé¨¥ ¢ ¨å ä®à¬ã«¨à®¢ª¥, ¯à¨­ ¤«¥¦ â M , â® T ­ §ë¢ ¥âáï £¥â¥à®£¥­­ë¬ ­  M .
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�á«¨ < á®áâ®¨â ¨§ ®¤­®£® â®¦¤¥áâ¢¥­­®£® ¯à¥®¡à §®¢ ­¨ï I (
 á®¤¥à¦¨â «¨èì ®¤­ã â®çªã
�), â® ãá«®¢¨¥ (1) ¢ë¯®«­ï¥âáï  ¢â®¬ â¨ç¥áª¨,   (2) ¯¥à¥å®¤¨â ¢

T (P�x
0 +Q�y

0) � T (P�x+Q�y): (3)

�á«¨ ¯à¨ íâ®¬ P� = I, â® T | ¨§®â®­­ë©, ¥á«¨ ¦¥ Q� = I, â® T |  ­â¨â®­­ë© ®¯¥à â®à.
�â¨ ®¯à¥¤¥«¥­¨ï ¢§ïâë ¨§ à ¡®âë [4].
�ã¤¥¬ £®¢®à¨âì ¤ «¥¥, çâ® á¥¬¥©áâ¢  = ¨ < ®¡« ¤ îâ á¢®©áâ¢®¬ § ¬ª­ãâ®áâ¨, ¥á«¨ ¢ë¯®«-

­ïîâáï ãá«®¢¨ï

1) ¨§ áå®¤¨¬®áâ¨ xn ! x, yn ! y, P�xn+Q�yn ! P�x0+Q�y0 ¯à¨ n!1 ¤«ï «î¡®£® � 2 

á«¥¤ã¥â, çâ® x; y 2 B ¨ P�x+Q�y = P�x0 +Q�y0;

2) ¯ãáâì ¯à¨ «î¡®¬ � 2 
 ¨ n ! 1 (x�)n ! x�,
P
�

fR�(x�n)g 2 B ¯à¨ «î¡®¬ n � 0,P
�

fR�(x�n)g !
P
�

fR�(x�0 )g, â®£¤  x
� 2 B ¨

P
�

fR�(x�0 )g =
P
�

fR�(x�)g.

� áá¬®âà¨¬ ­¥«¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

Lx = T (x); (4)

§ ¤ ­­®¥ ­  ­¥ª®â®à®¬ ¢ë¯ãª«®¬ ¬­®¦¥áâ¢¥ M � B á ¯®«ãã¯®àï¤®ç¥­­ë¬ ª®­ãá®¬ K. �à¥¤-
¯®«®¦¨¬, çâ® ®¯¥à â®à T ¤¨ää¥à¥­æ¨àã¥¬ ­  M ¯® �à¥è¥, ¨ ¥£® ¯à®¨§¢®¤­ ï T 0 ®¡« ¤ ¥â
á¢®©áâ¢®¬ £¥â¥à®£¥­­®áâ¨ ­  hu0; v0i, £¤¥ u0; v0 2 M , hu0; v0i � M , | ­¥ª®â®àë¥ ­ ç «ì­ë¥
¯à¨¡«¨¦¥­¨ï ª à¥è¥­¨î ãà ¢­¥­¨ï (4), ¯®á«¥¤ãîé¨¥ ¯à¨¡«¨¦¥­¨ï ª ª®â®à®¬ã ®¯à¥¤¥«ïîâáï
 «£®à¨â¬®¬

Lun+1 = T (un) +
X
�

fR�T
0(P�un +Q�vn)g(un+1 � un); (5)

Lvn+1 = T (vn) +
X
�

fR�T
0(P�un +Q�vn)g(vn+1 � vn): (6)

�à¥¤¯®« £ ¥âáï, çâ® ¤«ï «î¡®£® n áãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (5), (6) ¨ ¤«ï
à áé¥¯«¥­¨ï T 0 á¯à ¢¥¤«¨¢  ä®à¬ã«  �ìîâ®­ -�¥©¡­¨æ .

�¥®à¥¬  1. �ãáâì ¤«ï ­ ç «ì­ëå ¯à¨¡«¨¦¥­¨© u0; v0 2M ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

u0 � v0; Lu0 � T (u0); T (v0) � Lv0: (7)

�  hu0; v0i �M áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­ë© ®¯¥à â®à

A�1 =
�
L�

X
�

fR�T
0(P� +Q�)g

��1
� 0: (8)

�®£¤  ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï, ®¯à¥¤¥«ï¥¬ë¥  «£®à¨â¬®¬ (5){(6), ã¤®¢«¥â¢®àïîâ
­¥à ¢¥­áâ¢ ¬

un � un+1 � vn+1 � vn; n = 0; 1; 2; : : : (9)

�®ª § â¥«ìáâ¢®. �ëç¨â ï Lu0 � T (u0) ¨§ (5) ¯à¨ n = 0 ¨ ãç¨âë¢ ï «¨­¥©­®áâì ®¯¥à â®à 

A, ­ å®¤¨¬
�
L�

P
�

fR�T
0(P�u0 +Q�v0)g

�
(u1 � u0) � 0. �®£« á­® (8)

u0 � u1: (10)

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï á®®â­®è¥­¨¥

v1 � v0: (11)

�®ª ¦¥¬, çâ® u1 � v1. �ëç¨â ï ¨§ (6) á®®â­®è¥­¨¥ (5) ¯à¨ n = 0, ¨¬¥¥¬

L(v1 � u1) = T (v0)� T (u0) +
X
�

fR�T
0(P�u0 +Q�v0)g(v1 � v0)�

X
�

fR�T
0(P�u0 +Q�v0)g(u1 � u0):
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�à¨¬¥­ïï ä®à¬ã«ã �ìîâ®­ -�¥©¡­¨æ  ª à §­®áâ¨ T (v0)� T (u0), ¯®«ãç¨¬

�
L�

X
�

fR�T
0(P�u0 +Q�v0)g

�
(v1 � u1) =

=
Z 1

0

�X
�

fR�T
0(P�(u0 + �(v0 � u0)) +Q�(u0 + �(v0 � u0)))g �

X
�

fR�T
0(P�u0 +Q�v0)g

�
�

�(v0 � u0)d�:

�®£« á­® ¯¥à¢®¬ã ­¥à ¢¥­áâ¢ã ¢ (7) ¨§ £¥â¥à®£¥­­®áâ¨ T 0 ¨ (8) ¨¬¥¥¬

u1 � v1: (12)

�¥à ¢¥­áâ¢  (10){(12) ¤®ª §ë¢ îâ § ª«îç¥­¨¥ â¥®à¥¬ë ¯à¨ n = 0.
�®ª ¦¥¬, çâ® í«¥¬¥­âë u1; v1 2 hu0; v0i ã¤®¢«¥â¢®àïîâ ¢â®à®¬ã ¨ âà¥âì¥¬ã ­¥à ¢¥­áâ¢ ¬ ¢

(7). �¥©áâ¢¨â¥«ì­®,

Lu1 � T (u1) = T (u0)� T (u1) +
X
�

fR�T
0(P�u0 +Q�v0)g(u1 � u0) =

= �

Z 1

0

T 0(u0 + �(u1 � u0))(u1 � u0)d� +
X
�

fR�T
0(P�u0 +Q�v0)g(u1 � u0) =

=
Z 1

0

�X
�

fR�T
0(P�u0 +Q�v0)g �

X
�

fR�T
0(P�(u0 + �(u1 � u0)) +Q�(u0 + �(u1 � u0)))g

�
�

�(u1 � u0)d�:

�ç¨âë¢ ï á®®â­®è¥­¨ï (10) ¨ £¥â¥à®£¥­­®áâì T 0, ¯®«ãç ¥¬ Lu1 � T (u1). �­ «®£¨ç­® ¤®ª §ë¢ -
¥âáï âà¥âì¥ ­¥à ¢¥­áâ¢® ¢ (7). �ª«îç¥­¨¥ hu1; v1i � hu0; v0i £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ á®®â­®è¥-
­¨ï (8). � ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë ¤«ï í«¥¬¥­â®¢ u1, v1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë § ¢¥àè ¥âáï ¨­¤ãªæ¨¥© ¯® n. �

�¥®à¥¬  2. �ãáâì K | ¯à ¢¨«ì­ë© ª®­ãá, ®¯¥à â®àë T ¨ A § ¬ª­ãâë ­  hu0; v0i ¨ ¢ë-

¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1.
�®£¤  ãà ¢­¥­¨¥ (4) ¨¬¥¥â ­  ®âà¥§ª¥ hu0; v0i ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥. �à¥¤¨ ¢á¥å

à¥è¥­¨© ¨¬¥¥âáï ­ ¨¬¥­ìè¥¥ u� ¨ ­ ¨¡®«ìè¥¥ v�, ª ª®â®àë¬ áå®¤ïâáï ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨-

¡«¨¦¥­¨ï, ®¯à¥¤¥«ï¥¬ë¥  «£®à¨â¬®¬ (5){(6), ¯à¨ç¥¬

un � u� � v� � vn; n = 0; 1; 2; : : : (13)

�®ª § â¥«ìáâ¢®. � ª ª ª ¯® â¥®à¥¬¥ 1 ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung ¨ fvng ¬®­®â®­­ë ¨ ®£à -
­¨ç¥­ë,   K | ¯à ¢¨«ì­ë© ª®­ãá, â® áãé¥áâ¢ãîâ lim

n!1
un = u�, lim

n!1
vn = v�, ¨ á®£« á­® (9)

u� � v�. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ (5){(6), ãç¨âë¢ ï § ¬ª­ãâ®áâì ®¯¥à â®à®¢ A ¨ T , ã¡¥¦¤ ¥¬áï,
çâ® u� ¨ v� ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (4). �á«¨ x� | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ íâ®£® ãà ¢-
­¥­¨ï ­  hu0; v0i, â® í«¥¬¥­âë u0, x� ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë, ¨ ¯® ¤®ª § ­­®¬ã
un � x�. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ íâ®¬ ­¥à ¢¥­áâ¢¥, ã¡¥¦¤ ¥¬áï, çâ® u� � x�, â.¥. u� | ­ ¨¬¥­ìè¥¥
à¥è¥­¨¥. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® v� | ­ ¨¡®«ìè¥¥ à¥è¥­¨¥.

�®ª ¦¥¬ ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë, ¯à®¢¥¤ï ®¤¨­ è £ ¨­¤ãªæ¨¨. �ãáâì ­¥à ¢¥­áâ¢ 
(13) ¨¬¥îâ ¬¥áâ® ¤«ï ­¥ª®â®à®£® n = m > 0. � ª ª ª u� | à¥è¥­¨¥ ãà ¢­¥­¨ï (4), â® ¨§ (5)
¯®«ãç ¥¬

Lum+1 � Lu� = T (um)� T (u�) +
X
�

fR�T
0(P�um +Q�vm)g(um+1 � um);
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¨«¨ �
L�

X
�

fR�T
0(P�um +Q�vm)g

�
(um+1 � u�) =

Z 1

0

�X
�

fR�T
0(P�(u

� + �(um � u�)) +Q�(u
� + �(um � u�)))g �

X
�

fR�T
0(P�um +Q�vm)g

�
�

�(um � u�)d� � 0:

�«¥¤®¢ â¥«ì­®, um+1 � u�. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® v� � vm+1. � ª¨¬ ®¡à §®¬, ­¥à ¢¥­-
áâ¢  (13) ¤®ª § ­ë ¤«ï «î¡®£® n.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �®­ãá K ­®à¬ «¥­. �¯¥à â®à

T �
P
�

fR�T
0(P� +Q�)g ¢¯®«­¥ ­¥¯à¥àë¢¥­, A�1 ­¥¯à¥àë¢¥­ ­  hu0; v0i.

�®£¤  ãà ¢­¥­¨¥ (4) ¨¬¥¥â ­  hu0; v0i ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥ x�, ª ª®â®à®¬ã áå®¤ïâáï
¯®á«¥¤®¢ â¥«ì­®áâ¨ fung, fvng, ®¯à¥¤¥«ï¥¬ë¥  «£®à¨â¬®¬ (5){(6), ¯à¨ç¥¬

un � un+1 � x� � vn+1 � vn; n = 0; 1; 2; : : : (14)

�®ª § â¥«ìáâ¢®. �®­®â®­­®áâì ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© ¤®ª § ­  ¢ â¥®à¥¬¥ 1.
�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï x� 2 hun; vni, n = 0; 1; 2; : : : , à áá¬®âà¨¬ ®¯¥à -
â®à

�x = x+A�1(T (x)� Lx) � A�1
�
T (x)�

X
�

fR�T
0(x)g

�
: (15)

�®ª ¦¥¬, çâ® � | ¨§®â®­­ë© ®¯¥à â®à ­  hu0; v0i. �¥©áâ¢¨â¥«ì­®, ¥á«¨ x; y 2 hu0; v0i ¨ x � y,
â®

�x� �y = x� y +A�1(T (x)� T (y)� L(x� y)) =

= x� y +A�1
�Z 1

0

T 0(y + �(x� y))(x� y)d� � L(x� y)
�
=

= x� y +A�1
�Z 1

0

�X
�

fR�T
0(P�(y + �(x� y)) +Q�(y + �(x� y)))g

�
(x� y)d� � L(x� y)

�
:

� ª ª ª u0 � x � y � v0, â®X
�

fR�T
0(P�(y + �(x� y)) +Q�(y + �(x� y)))g(x � y) �

X
�

fR�T
0(P�u0 +Q�v0)g(x� y)

¨

�x� �y � x� y �A�1
�
L�

X
�

fR�T
0(P�u0 +Q�v0)g(x� y)

�
= 0;

â. ¥. �x � �y. �§ ¯®«­®© ­¥¯à¥àë¢­®áâ¨ T �
P
�

fR�T
0(P� + Q�)g ¨ ­¥¯à¥àë¢­®áâ¨ A�1 á«¥¤ã¥â

¯®«­ ï ­¥¯à¥àë¢­®áâì ®¯¥à â®à  �. � ª ª ª

�un = un +A�1(T (un)� L(un)) � un; �vn = vn +A�1(T (vn)� L(vn)) � vn; n = 0; 1; 2; : : : ;

â® ®¯¥à â®à � ®â®¡à ¦ ¥â ®âà¥§®ª hun; vni ¢ á¥¡ï ¨ ¯® â¥®à¥¬¥ � ã¤¥à  ¨¬¥¥â ­  íâ®¬ ®âà¥§ª¥
­¥¯®¤¢¨¦­ãî â®çªã x�, ¤«ï ª®â®à®© Lx� = T (x�). �¥à ¢¥­áâ¢® (14) á«¥¤ã¥â ¨§ ¯à¨­ ¤«¥¦­®áâ¨
x� ®âà¥§ªã hun; vni, n = 0; 1; 2; : : : ; ¨ ¬®­®â®­­®áâ¨ fung, fvng.

�¥®à¥¬  4. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �á«¨ á¯à ¢¥¤«¨¢® å®âï ¡ë ®¤­® ¨§

á«¥¤ãîé¨å ãá«®¢¨©:

 ) ª®­ãá K á¨«ì­® ¬¨­¨í¤à «ì­ë©;
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¡) ª®­ãá K â¥«¥á­ë©, ­®à¬ «ì­ë© ¨ ¬¨­¨í¤à «ì­ë©, ®¯¥à â®à A�1
h
T�

P
�

fR�T
0(P�+Q�)g

i

ª®¬¯ ªâ­ë© ­  hu0; v0i,

â® ­  hu0; v0i áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥ x� ãà ¢­¥­¨ï (4), ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬ (14).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ®¯¥à â®à � ¢ (15) ¨¬¥¥â ­¥¯®¤¢¨¦­ãî â®çªã x� 2 hu0; v0i.
�®£¤  ¨§ (15) ¡ã¤¥â á«¥¤®¢ âì, çâ® x� | à¥è¥­¨¥ ãà ¢­¥­¨ï (4).

�ãáâì ¢ë¯®«­ï¥âáï á«ãç ©  ). �¡®§­ ç¨¬ ç¥à¥§ < ¬­®¦¥áâ¢® â ª¨å í«¥¬¥­â®¢ x 2 hu0; v0i,
çâ® �x � x. �â® ¬­®¦¥áâ¢® ­¥ ¯ãáâ®, â.ª. �u0 = u0+A�1(T (u0)�Lu0) � u0. �®áª®«ìªã �(�x) � �x,
x 2 <, ¢ á¨«ã ¨§®â®­­®áâ¨ �, â® �< � <. �ãáâì x� = sup<. �ç¥¢¨¤­®, u0 � x� � v0, â. ¥.
x� 2 hu0; v0i. �§ ¨§®â®­­®áâ¨ � ¨ ®¯à¥¤¥«¥­¨ï x� ¢ëâ¥ª ¥â, çâ® �x� � �x � x ¤«ï «î¡®£® x 2 <.
�â® §­ ç¨â, çâ® �x� ï¢«ï¥âáï ¢¥àå­¥© £à ­¨æ¥© ¤«ï <. �®íâ®¬ã �x� � x�. �® â®£¤  x� 2 <, ¢
á¨«ã ç¥£® �x� 2 < ¨ �x� � x�. �â ª, �x� = x�, ®âªã¤  Lx� = T (x�). �®®â­®è¥­¨ï (14) á«¥¤ãîâ
¨§ ¨­¢ à¨ ­â­®áâ¨ ®âà¥§ª®¢ hun; vni, n = 0; 1; 2; : : : ; ¤«ï ®¯¥à â®à  � ¨ ¬®­®â®­­®áâ¨ fung, fvng.

�ãáâì ¢ë¯®«­ï¥âáï á«ãç © ¡). �­®¦¥áâ¢® < = �hu0; v0i ª®¬¯ ªâ­®¥ ¨ u1 = �u0 2 <. �¡®§­ -
ç¨¬ ç¥à¥§ <1 ¬­®¦¥áâ¢® â¥å í«¥¬¥­â®¢ ¨§ <, ¤«ï ª®â®àëå �x � x. �ç¥¢¨¤­®, u1 2 <, â ª çâ® <1

­¥ ¯ãáâ®. � ª ª ª íâ® ¬­®¦¥áâ¢® ª®¬¯ ªâ­® ¨ ®£à ­¨ç¥­® á¢¥àåã, â® áãé¥áâ¢ã¥â x� = sup<1 [2].
�®£¤  á®£« á­® ¤®ª § â¥«ìáâ¢ã á«ãç ï  ) Lx� = T (x�).

�á«®¢¨ï  ), ¡) â¥®à¥¬ë 4 áãé¥áâ¢¥­­® à §«¨ç­ë. �¥©áâ¢¨â¥«ì­®, ­ ¯à¨¬¥à, ª®­ãá ­¥®âà¨-
æ â¥«ì­ëå äã­ªæ¨© ¢ C[0; 1] ï¢«ï¥âáï â¥«¥á­ë¬, ­®à¬ «ì­ë¬ ¨ ¬¨­¨í¤à «ì­ë¬, ­¥ ï¢«ïïáì ¢
â® ¦¥ ¢à¥¬ï á¨«ì­® ¬¨­¨í¤à «ì­ë¬ [1].

�¥®à¥¬  5. �ãáâì ªà®¬¥ ãá«®¢¨© â¥®à¥¬ë 2 ¢ë¯®«­ïîâáï ãá«®¢¨ï

1) ª®­ãá K ­®à¬ «¥­;
2) ®¯¥à â®à A�1 ®£à ­¨ç¥­ ­  hu0; v0i, kA�1k � B;
3) ®¯¥à â®à

P
�

fR�T
0(P� +Q�)g ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬






X
�

fR�T
0(P�u+Q�z)g �

X
�

fR�T
0(P�v +Q�z)g





 � L1ku� vk;






X
�

fR�T
0(P�z +Q�u)g �

X
�

fR�T
0(P�z +Q�v)g





 � L2ku� vk;

4) B(L1 + L2)ku0 � v0k < 2.

�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung, fvng áå®¤ïâáï á®®â¢¥âáâ¢¥­­® á­¨§ã ¨ á¢¥àåã ª ¥¤¨­-

áâ¢¥­­®¬ã ­  hu0; v0i à¥è¥­¨î x� = u� = v� ãà ¢­¥­¨ï (4), ¨ áª®à®áâì ¨å áå®¤¨¬®áâ¨ å -

à ªâ¥à¨§ã¥âáï ­¥à ¢¥­áâ¢ ¬¨

kx� � unk � I2
n

�1kv0 � u0k
2
n

;

kvn � x�k � I2
n

�1kv0 � u0k
2
n

;
(16)

£¤¥ I = 1

2
B(L1 + L2).

�®ª § â¥«ìáâ¢®. �ëç¨â ï (5) ¨§ (6), ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

vn+1 � un+1 = A�1
Z 1

0

�X
�

fR�T
0(P�(un + �(vn � un)) +Q�(un + �(vn � un)))g �

�
X
�

fR�T
0(P�un +Q�vn)g

�
(vn � un)d�:
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�æ¥­¨¢ ï ¥£® ¯® ­®à¬¥ ¢ á¨«ã ãá«®¢¨© 2){4) â¥®à¥¬ë, ¯®«ãç¨¬

kvn+1 � un+1k � kA�1k

Z 1

0

(L1�kvn � unk+ L2(1� �)kvn � unk)kvn � unkd� �

� B
L1 + L2

2
kvn � unk

2 = Ikvn � unk
2: (17)

�®«®¦¨¬ ¢ (17) ¯®á«¥¤®¢ â¥«ì­® n = 0; 1; 2; : : : �®£¤ 

kv1 � u1k � Ikv0 � u0k
2; kv2 � u2k � Ikv1 � u1k

2 � I3kv0 � u0k
4:

�® ¨­¤ãªæ¨¨ § ª«îç ¥¬, çâ® kvn � unk � I2
n

�1kv0 � u0k
2
n

. �®£« á­® ãá«®¢¨î 4) â¥®à¥¬ë ¨
§ ª«îç¥­¨î â¥®à¥¬ë 2 lim

n!1
vn = lim

n!1
un = x� | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4). �§

­®à¬ «ì­®áâ¨ ª®­ãá  ¨ ¨§ ­¥à ¢¥­áâ¢ 0 � x� � un � vn � un, 0 � vn � x� � vn � un, ª®â®àë¥
­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¨§ § ª«îç¥­¨ï â¥®à¥¬ë 2, ¯®«ãç ¥¬ ®æ¥­ª¨ (16).

�á¯®«ì§®¢ ­¨¥  «£®à¨â¬®¢ (5){(6) âà¥¡ã¥â à¥è¥­¨ï «¨­¥©­ëå ®¯¥à â®à­ëå ãà ¢­¥­¨© ­ 
ª ¦¤®¬ è £¥ ¢ëç¨á«¨â¥«ì­®£® ¯à®æ¥áá , ¢ â® ¢à¥¬ï ª ª ¯®áâà®¥­¨¥ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨-
¦¥­¨© ¯® á®®â¢¥âáâ¢ãîé¨¬ ¬®¤¨ä¨æ¨à®¢ ­­ë¬  «£®à¨â¬ ¬

Lun+1 = T (un) +
X
�

fR�T
0(P�u0 +Q�v0)g(un+1 � un);

Lvn+1 = T (vn) +
X
�

fR�T
0(P�u0 +Q�v0)g(vn+1 � vn); n = 0; 1; 2; : : : ;

¯à¥¤¯®« £ ¥â ®¡à é¥­¨¥ «¨­¥©­®£® ®¯¥à â®à  L �
P
�

fR�T
0(P�u0 + Q�v0)g «¨èì ¢ ®¤­®© â®ç-

ª¥ hu0; v0i. �à¨ íâ®¬ ª¢ ¤à â¨ç­ ï áª®à®áâì áå®¤¨¬®áâ¨ ¯®­¨¦ ¥âáï ¤® áª®à®áâ¨ áå®¤¨¬®áâ¨
£¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¢ Rm á¨áâ¥¬ã ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

xk = fk(x1; x2; : : : ; xm); k = 1; : : : ;m; (18)

£¤¥ äã­ªæ¨¨ fk(x) ¤¨ää¥à¥­æ¨àã¥¬ë¥ ¨ ª ¦¤ ï ç áâ­ ï ¯à®¨§¢®¤­ ï
@fi(x)
@xj

, i; j = 1; : : : ;m, ¯®

®¤­¨¬ ¯¥à¥¬¥­­ë¬ ¬®­®â®­­® ¢®§à áâ ¥â (­¥ ã¡ë¢ ¥â),   ¯® ®áâ «ì­ë¬ ¯¥à¥¬¥­­ë¬ ¬®­®â®­­®

ã¡ë¢ ¥â (­¥ ¢®§à áâ ¥â). � ª ¦¤®© ç áâ­®© ¯à®¨§¢®¤­®©
@fi(x)
@xj

á¢ï¦¥¬ ¤¢  ¯®¤¬­®¦¥áâ¢  ¨­-

¤¥ªá®¢ Gij � I ¨ Hij � I (Gij [Hij = I, Gij \Hij = 0), I = fi j j = 1; : : : ;mg. �®¬¥à k 2 Gij , ¥á«¨
@fi(x)
@xj

­¥ ã¡ë¢ ¥â ¯® xk, ¨ k 2 Hij ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�ãáâì Pij | ¯à®¥ªâ®à, § ¤ ¢ ¥¬ë© ¬ âà¨æ¥© Pij = (pij��), £¤¥ p
ij
�� = 1, ¥á«¨ � 2 Gij , ®áâ «ì­ë¥

pij�� = 0. �à®¥ªâ®à Qij ®¯à¥¤¥«ï¥âáï ¬ âà¨æ¥© E � Pij , £¤¥ E | ¥¤¨­¨ç­ ï ¬ âà¨æ .
�ãáâì ®¯¥à â®à Ri ¨§ á¥¬¥©áâ¢  R = fRi j i 2 Ig á®¯®áâ ¢«ï¥â ¢¥ªâ®àã x 2 Rm ¥£® i-î ª®®à¤¨-

­ âã xi, â.¥. Rix = xi,   ®¯¥à æ¨ï
P
i

á®¯®áâ ¢«ï¥â ¬­®¦¥áâ¢ã ª®¬¯®­¥­â fxig á®®â¢¥âáâ¢ãîé¨©

¢¥ªâ®à x =
P
i

fRixg.

�¢¥¤¥¬ ¢ Rm ¯®«ãã¯®àï¤®ç¥­­®áâì á ¯®¬®éìî ­¥®âà¨æ â¥«ì­®£® ®àâ ­â  Rm
+ , â®£¤  ®¯¥à â®à

@f

@x
=
� @fi
@xj

�m
i;j=1

¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ £¥â¥à®£¥­­®áâ¨, ¨ á¨áâ¥¬  (5){(6) ¯à¨¬¥â ¢¨¤

un+1 = f(un) +
X
i

�X
j

(Rj(Rif)
0)(Pijun +Qijvn)

�
(un+1 � un);

vn+1 = f(vn) +
X
i

�X
j

(Rj(Rif)
0)(Pijun +Qijvn)

�
(vn+1 � vn):

(19)
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�¡®§­ ç¨¬ A(un; vn) =
P
i

nP
j

(Rj(Rif)0)(Pijun +Qijvn)
o
.

�¥®à¥¬  6. �ãáâì áãé¥áâ¢ãîâ u0; v0 2 Rm â ª¨¥, çâ®

u0 � f(u0); f(v0) � v0; u0 � v0

¨ ­  [u0; v0] ¢ë¯®«­ïîâáï ãá«®¢¨ï

1) ¬ âà¨æ  A £¥â¥à®£¥­­ ï;
2) ¤«ï í«¥¬¥­â®¢ bjk, j; k = 1; : : : ;m, ¬ âà¨æë B = � � A, £¤¥ � | ¬ âà¨æ  �à®­¥ª¥à ,

¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ ãá«®¢¨©

 ) bjk � 0 ¤«ï j 6= k, B ­¥à §«®¦¨¬ , áãé¥áâ¢ãîâ y > 0 ¨ r � 0, r 6� 0, â ª¨¥, çâ®
By = r;

¡) bjj � 0, bjk � 0 ¯à¨ j 6= k, ¢ë¯®«­¥­ á« ¡ë© ¯à¨§­ ª áã¬¬ ¯® áâà®ª ¬, ¨ ¬ âà¨æ 

B ­¥à §«®¦¨¬ , «¨¡® ¢ë¯®«­¥­ á¨«ì­ë© ¯à¨§­ ª áã¬¬ ¯® áâà®ª ¬;

¢) ajk � 0, j; k = 1; : : : ;m, £¤¥ ajk | í«¥¬¥­âë ¬ âà¨æë A, kAk < 1;
£) B | á¨¬¬¥âà¨ç­ ï, ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ  ¨ ajk � 0 ¤«ï «î¡ëå

j, k.

�®£¤  á¨áâ¥¬  (18) ­  [u0; v0] ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥ x�, ª ª®â®à®¬ã áå®¤ïâáï

¯®á«¥¤®¢ â¥«ì­®áâ¨ fung, fvng, ®¯à¥¤¥«ï¥¬ë¥ (19), ¨ un � un+1 � x� � vn+1 � vn.

� ¦¤®¥ ¨§ ãá«®¢¨©  ), ¡), ¢), £) ¯. 2 â¥®à¥¬ë £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (8) â¥®à¥¬ë 1
([7], x 23).

�¨â¥à âãà 
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