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�¢¥¤¥¨¥

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¯à®¡«¥¬  íª¢¨¢ «¥â®áâ¨ ¯®¤¬®£®®¡à §¨© ®â®á¨â¥«ì®
âà §¨â¨¢®£® ¤¥©áâ¢¨ï ¯á¥¢¤®£àã¯¯ë. �¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ «ìë¥ ¨¢ à¨ -
âë (l-¢ à¨ âë ¨ l-ª®¢ à¨ âë). �áá«¥¤ãîâáï ¨å á¢®©áâ¢ , ¨ ®¨ ¢ëç¨á«ïîâáï ¢ àï¤¥ ¢ ¦ëå
á«ãç ¥¢. �á®¢®¥ ¯à¨«®¦¥¨¥ ® ¤¥©áâ¢¨¨ ¯á¥¢¤®£àã¯¯ë �¨ ¯à¥®¡à §®¢ ¨© ¢ ¯à®áâà áâ¢¥
áâàã© á®®â¢¥âáâ¢ã¥â ¯à®¡«¥¬¥ íª¢¨¢ «¥â®áâ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

�àã¯¯ë ¯à¥®¡à §®¢ ¨© ¨«¨ ¡®«¥¥ è¨à®ª® | ¯á¥¢¤®£àã¯¯ë, ¨§ãç¥¨¥ ª®â®àëå ¡ë«®  ç â®
¢ [1], [2], ¨£à îâ æ¥âà «ìãî à®«ì ¢ £¥®¬¥âà¨¨ ¨   «¨§¥.

�á¥¢¤®£àã¯¯  G � Di� loc(M), ¤¥©áâ¢ãîé ï   ¬®£®®¡à §¨¨ M , ¥áâì ¬®¦¥áâ¢® «®ª «ì-
ëå ¤¨ää¥®¬®àä¨§¬®¢ ' á ®¡« áâï¬¨ ®¯à¥¤¥«¥¨ï dom('), ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ á¢®©-
áâ¢ ¬:

1. eá«¨ «®ª «ìë¥ ¤¨ää¥®¬®àä¨§¬ë ',  ¯à¨ ¤«¥¦ â G, â® ¨å ª®¬¯®§¨æ¨ï ' �  á® á¢®¥©
®¡« áâìî ®¯à¥¤¥«¥¨ï â®¦¥ ¯à¨ ¤«¥¦¨â G,

2. eá«¨ ' 2 G, â® '�1 2 G,
3. idM 2 G,
4. ' 2 G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® ®âªàëâ®£® ¯®¤¬®¦¥áâ¢  U � dom(')

®£à ¨ç¥¨¥ 'jU ¯à¨ ¤«¥¦¨â G.
�®¢®àïâ, çâ® ¯á¥¢¤®£àã¯¯  G ¨¬¥¥â ¯®àï¤®ª l, ¥á«¨ l ¥áâì  ¨¬¥ìè¥¥  âãà «ì®¥ ç¨á«® á®

á¢®©áâ¢®¬, çâ® «®ª «ìë© ¤¨ää¥®¬®àä¨§¬ ' «¥¦¨â ¢ G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®©
â®çª¨ a 2 dom(') ¥£® l-áâàãï [']la «¥¦¨â ¢ ¯®¤¬®£®®¡à §¨¨ Gl ¯à®áâà áâ¢  l-áâàã© «®ª «ì-
ëå ¤¨ää¥®¬®àä¨§¬®¢ ¬®£®®¡à §¨ï M , â. ¥. ¯á¥¢¤®£àã¯¯  ®¯à¥¤¥«ï¥âáï ¤¨ää¥à¥æ¨ «ìë¬
ãà ¢¥¨¥¬ ¯®àï¤ª  l.

�®ª «ìë© ¤¨ää¥®¬®àä¨§¬ ' 2 G ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥ (l-¯à®¤®«¦¥¨¥) '(l) : J lr(M)!
J lr(M) ¯à®áâà áâ¢  l-áâàã© ¯®¤¬®£®®¡à §¨© M ª®à §¬¥à®áâ¨ r, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â á«¥-
¤ãîé¨¬ á¢®©áâ¢ ¬:

| (' �  )(l) = '(l) �  (l),
| id(l) = idlM ,
| ('�1)(l) = '�1(l)

�â¨ á¢®©áâ¢  ï¢«ïîâáï ®á®¢®© ä®à¬ «ì®£®  á¯¥ªâ  â¥®à¨¨ ¯á¥¢¤®£àã¯¯ (á¬. [3]{[5]).
� ¤ ®© à ¡®â¥ ¢¢®¤¨âáï ¡®«¥¥ ®¡é¥¥ ¯®ïâ¨¥ ¨ä¨¨â¥§¨¬ «ì®© ¯á¥¢¤®£àã¯¯ë. �¬¥-

®, l-¯á¥¢¤®£àã¯¯  ¥áâì ¯á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢  áâàã© ª®¥ç®£® ¯®àï¤ª ,
¯à¨ç¥¬ ¨â¥£à¨àã¥¬®áâì íâ¨å ¯à¥®¡à §®¢ ¨© ¥ ¯à¥¤¯®« £ ¥âáï. �¥¬ ¥ ¬¥¥¥, â ª ï ¯á¥¢¤®-
£àã¯¯  ª®¥ç®£® ¯®àï¤ª  ¯®«¥§  ¤«ï ¯®«ãç¥¨ï ¨¢ à¨ â®¢ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
¨ ªà¨¢¨§ £¥®¬¥âà¨ç¥áª¨å áâàãªâãà.

�à¨â¥à¨© ä®à¬ «ì®© ¨â¥£à¨àã¥¬®áâ¨ ¤«ï ¨ä¨¨â¥§¨¬ «ìëå ¯á¥¢¤®£àã¯¯ ®á®¢ë¢ ¥âáï
   «£¥¡à ¨ç¥áª®© â¥å¨ª¥, ®¯¨á ®© ¢ ¤ ®© à ¡®â¥. �¥à¥å®¤ ®â ä®à¬ «ì®© ¨â¥£à¨àã¥¬®-
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áâ¨ ª «®ª «ì®© ¥ ¬®¦¥â ¡ëâì ¯à®¨§¢¥¤¥  ¢â®¬ â¨ç¥áª¨, ¨, ¢®®¡é¥ £®¢®àï, ¥¢®§¬®¦¥. �¥¬
¥ ¬¥¥¥ ä®à¬ «ì ï ¨â¥£à¨àã¥¬®áâì ¢«¥ç¥â «®ª «ìãî ¢ á«¥¤ãîé¨å á«ãç ïå.

| �á¥¢¤®£àã¯¯ë ª®¥ç®£® â¨¯  (á¨¬¢®« gk � 0 ¤«ï ¡®«ìè¨å k). �à¨ íâ®¬ ãá«®¢¨¨ ¯à®¨-
â¥£à¨à®¢  ï ¯á¥¢¤®£àã¯¯  ª®¥ç®¬¥à .

| � «¨â¨ç¥áª¨¥ ¯á¥¢¤®£àã¯¯ë. �â® á«¥¤áâ¢¨¥ â¥®à¥¬ë � àâ  {�¥«¥à , ª®â®à ï ¢ë¯®«-
ï¥âáï ¤«ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¤®áâ â®ç® ®¡é¥£® ¢¨¤  [6], [7] [8].

| �««¨¯â¨ç¥áª¨¥ ¯á¥¢¤®£àã¯¯ë   «¨â¨ç¥áª®£® â¨¯  (á¬. [6], [7], [9]).
| �à §¨â¨¢ë¥ ¯«®áª¨¥ ¯á¥¢¤®£àã¯¯ë (á¬. [10], [11]).

�à®¡«¥¬  £«®¡ «ì®© ¨â¥£à¨àã¥¬®áâ¨ (¨«¨ íª¢¨¢ «¥â®áâ¨) ¬®¦¥â ¡ëâì à¥è¥  â®«ìª® ¢
®ç¥ì á¯¥æ¨ «ìëå á«ãç ïå (á¬. [9], [12], [13]).

�¥«ì ¤ ®© áâ âì¨ á®áâ®¨â ¢ à §¢¨â¨¨ â¥®à¨¨ ¨¢ à¨ â®¢ ¯á¥¢¤®£àã¯¯®¢ëå ¤¥©áâ¢¨©
  ¯®¤¬®£®®¡à §¨ïå. �«ï £àã¯¯ �¨ íâ® â¥®à¨ï ¤¨ää¥à¥æ¨ «ìëå ¨¢ à¨ â®¢. �  ãà®¢¥
áâàã© ª®¥ç®£® ¯®àï¤ª  ¯®«ãç îâáï ®¡ê¥ªâë,  §¢ ë¥ §¤¥áì l-ª®¢ à¨ â ¬¨. �ëç¨á«¥¨¥
l-ª®¢ à¨ â®¢ ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ¥ª®â®àëå ª®£®¬®«®£¨©  ¯®¤®¡¨¥ ä®à¬ «ìëå ª®-
£®¬®«®£¨© �¯¥á¥à , ãáâ  ¢«¨¢ ¥âáï ¨å á¢ï§ì á ¯à®¡«¥¬®© íª¢¨¢ «¥â®áâ¨ ¯®¤¬®£®®¡à §¨©
®â®á¨â¥«ì® ¯á¥¢¤®£àã¯¯®¢®£® ¤¥©áâ¢¨ï. �á¥¢¤®£àã¯¯ë �¨ á®áâ®ïâ ¨§ ¯á¥¢¤® ¢â®¬®àä¨§¬®¢
£¥®¬¥âà¨ç¥áª¨å áâàãªâãà. �«ï â ª¨å ¯á¥¢¤®£àã¯¯ ¯à¨¢®¤¨âáï àï¤ ¢ëç¨á«¥¨©. � ¨¡®«¥¥ ¢ ¦-
®¥ ¯à¨«®¦¥¨¥ ª á ¥âáï ¯á¥¢¤®£àã¯¯ë ¯à¥®¡à §®¢ ¨© �¨ ¯à®áâà áâ¢  áâàã©, â. ¥. ¯à¥®¡à §®-
¢ ¨©, á®åà ïîé¨å à á¯à¥¤¥«¥¨¥ � àâ  . �¨ § ¤ îâ íª¢¨¢ «¥â®áâì ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©, ¯®íâ®¬ã ¯à¥¤«®¦¥ë© á¯®á®¡ ¤ ¥â ¢®§¬®¦®áâì ¯®«ãç âì ¨¢ à¨ âë ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨©.

1. �®à¬ «ìë¥ ¯á¥¢¤®£àã¯¯ë

�ãáâì M | £« ¤ª®¥ ¬®£®®¡à §¨¥, ®¡®§ ç¨¬ ç¥à¥§ J lr(M) á®®â¢¥âáâ¢ãîé¥¥ ¯à®áâà áâ¢®
áâàã©. �®çª ¬¨ íâ®£® ¯à®áâà áâ¢  ï¢«ïîâáï l-áâàã¨ al = [N ]la ¯®¤¬®£®®¡à §¨© N � M ª®-
à §¬¥à®áâ¨ r ¢ â®çª å a 2 M . �ãáâì �i;j : J ir(M) ! J jr (M), i > j, | ¥áâ¥áâ¢¥ë¥ ¯à®¥ªæ¨¨.
�«®¨ íâ¨å ¯à®¥ªæ¨©  ¤¥«¥ë ª ®¨ç¥áª®©  ää¨®© áâàãªâãà®© [8], [14],  áá®æ¨¨à®¢ ®©
á® áâàãªâãà®© ¢¥ªâ®à®£® ¯à®áâà áâ¢ , ®¯¨áë¢ ¥¬®© á«¥¤ãîé¨¬ ®¡à §®¬ (¤®áâ â®ç® íâ® á¤¥-
« âì ¤«ï F(al�1) = ��1l;l�1(al�1)). �®«®¦¨¬ ta = TaN = [N ]1a ¨ va = TaM=TaN . �ãáâì al 2 J lr(M),
al�1 = �l;l�1(al). �®£¤  TalF(al�1) ' Slt�a 
 va, ¨ ¯®«ãç ¥¬ â®çãî ¯®á«¥¤®¢ â¥«ì®áâì

0! Slt�a 
 va ! TalJ
l
r(M)

(�l;l�1)�
�����! Tal�1J

l�1
r (M)! 0:

�¡®§ ç¨¬ ç¥à¥§ Dl(M) � J l(M;M) ®âªàëâ®¥ ¯«®â®¥ ¯®¤¬®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§ l-áâàã©
«®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢. �á«¨  ¤¥«¨âì ¥£® ç áâ¨ç® ®¯à¥¤¥«¥®© ®¯¥à æ¨¥© ª®¬¯®§¨-
æ¨¨, ¯®«ãç¨¬ ¯à¨¬¥à l-¯á¥¢¤®£àã¯¯ë.

�«ï â®£® çâ®¡ë ®¯à¥¤¥«¨âì ¯®ïâ¨¥ l-¯á¥¢¤®£àã¯¯ë ¢ ®¡é¥¬ á«ãç ¥,  ¯®¬¨¬ ¯®ïâ¨¥ ¯à®-
¤®«¦¥¨ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¨§ £¥®¬¥âà¨ç¥áª®© â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨© (¯®¤à®¡®áâ¨ á¬. ¢ [8], [14], [15]). �à®¤®«¦¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï E � J lr(M)
¥áâì

E (1) = fal+1 = [s]l+1
a j áâàãï jl(s) á¥ç¥¨ï s ª á â¥«ì  ª E ¢ alg � J l+1

r (M):

�ª¢¨¢ «¥âë¬ ®¡à §®¬ íâ® ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ E (1) = fal+1 jL(al+1) � TalEg, £¤¥ ¤«ï al+1 =
[s]l+1

a ¯®« £ ¥¬ L(al+1) = Taljl(s), al = �l+1;l(al+1).

�¯à¥¤¥«¥¨¥ 1. l-¯á¥¢¤®£àã¯¯  ¥áâì  ¡®à ¯®¤à áá«®¥¨© Gj � Dj(M), 0 < j � l â ª®©,
çâ®

1. eá«¨ 'j ;  j 2 Gj, â® 'j �  j 2 Gj â ¬ £¤¥ íâ  ª®¬¯®§¨æ¨ï ®¯à¥¤¥«¥ ,
2. idjM 2 Gj,
3. ¥á«¨ 'j 2 Gj , â® '�1j 2 Gj ,
4. ®â®¡à ¦¥¨¥ �j;j�1 : Gj ! Gj�1 ¥áâì à áá«®¥¨¥.
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� ª¦¥, ¯®   «®£¨¨ á £¥®¬¥âà¨ç¥áª®© â¥®à¨¥© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¯®« £ ¥¬ G0 =
J0(M;M) =M �M , çâ® íª¢¨¢ «¥â® âà §¨â¨¢®áâ¨ ¯á¥¢¤®£àã¯¯®¢®£® ¤¥©áâ¢¨ï.

l-¯á¥¢¤®£àã¯¯   §ë¢ ¥âáï l-¨â¥£à¨àã¥¬®© ¥á«¨ Gj � (Gj�1)(1) ¤«ï ¢á¥å 0 < j � l.

�â¥£à¨àã¥¬®áâì ®¯à¥¤¥«¥ëå â ª¨¬ ®¡à §®¬ ¯á¥¢¤®£àã¯¯ G = fGjglj=1 ¬®¦® ¨§ãç âì á
¯®¬®éìî áâ ¤ àâ®£® ¬¥â®¤  ¯à®¤®«¦¥¨© ¨ ¯à®¥ªæ¨© ([12], [8], [9]).

�ãáâì Gj
a;b = f'j 2 G

j j '0(a) = bg, Gj
a = Gj

a;a | ¯®¤£àã¯¯  ¢ Gj ¨ ¥¥ ®à¬ «ì ï ¯®¤£àã¯¯ 
Gj
a = Ker[�j;j�1 : Gj

a ! Gj�1
a ] ï¢«ï¥âáï ª®¬¬ãâ â¨¢®© ¯à¨ j > 1,   ¯à¨ j = 1 ¨¬¥¥¬ G1

a = G1
a �

Gl(TaM).

�¯à¥¤¥«¥¨¥ 2. �ãáâì 'j 2 Gj ¨ �j;0('j) = (a; b) 2M �M . �¨¬¢®« ¯á¥¢¤®£àã¯¯ë G ¥áâì

gj('j) = Ker
�
(�j;j�1)� : T'jG

j ! T'j�1G
j�1

�
(§¤¥áì ¬®¦® § ¬¥¨âì Gi   Gi

a;b). �¨¬¢®« ¬®¦® à áá¬ âà¨¢ âì ª ª ¯®¤¯à®áâà áâ¢® g
j('j) �

Sj(T �aM)
 TbM
'
�1
1

' Sj(T �aM)
 TaM ¨ ®â®¦¤¥áâ¢«ïâì á  «£¥¡à®© �¨ gja £àã¯¯ë �¨ Gj
a.

l-¯á¥¢¤®£àã¯¯  G  §ë¢ ¥âáï ä®à¬ «ì® ¨â¥£à¨àã¥¬®©, ¥á«¨ ®  l-¨â¥£à¨àã¥¬ , ¤«ï ¢á¥å
j > l áãé¥áâ¢ãîâ ¯à®¤®«¦¥¨ï Gj = (Gl)(j�l), ª®â®àë¥ ï¢«ïîâáï ¯á¥¢¤®£àã¯¯ ¬¨, ¨ ¯à®¥ª-
æ¨¨ �j;j�1 : Gj ! Gj�1 áãâì ¢¥ªâ®àë¥ à áá«®¥¨ï. � ª¦¥ ª ª ¨ ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© ([16], [15], [9]), ªà¨â¥à¨© ä®à¬ «ì®© ¨â¥£à¨àã¥¬®áâ¨ ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ 
¢ â¥à¬¨ å �-ª®¬¯«¥ªá  �¯¥á¥à :

0! gla
�
�! gl�1a 
 T �aM

�
�! � � �

�
�! gl�ja 
 �jT �aM

�
�! � � �

�¨£à ¤ã¨à®¢ ë¥ £àã¯¯ë ª®£®¬®«®£¨© íâ®£® ª®¬¯«¥ªá  ®¡®§ ç îâáï ç¥à¥§ H l�j;j(G) ¨«¨ ç¥-
à¥§ H l�j;j(g). �à¥¯ïâáâ¢¨ï¬¨ ª ä®à¬ «ì®© ¨â¥£à¨àã¥¬®áâ¨ l-¯á¥¢¤®£àã¯¯ë G, à áá¬ âà¨¢ ¥-
¬®© ª ª ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥, ï¢«ïîâáï ¥ª®â®àë¥ í«¥¬¥âë Wj(G) 2 Hj�1;2(G) (â¥-
§®àë �¥©«ï ¨«¨ ªà¨¢¨§ë), ª®â®àë¥ ®¯à¥¤¥«ïîâáï £¥®¬¥âà¨¥© ¯à®áâà áâ¢ áâàã© (á¬. [14]).

�¥®à¥¬  1. �ãáâì G | l-¯á¥¢¤®£àã¯¯ . �à¥¤¯®«®¦¨¬, çâ® G l-¨â¥£à¨àã¥¬ , á¨¬¢®«ë
gj  ¤ Gl ®¡à §ãîâ ¢¥ªâ®à®¥ à áá«®¥¨¥ ¨ ¢á¥ â¥§®àë �¥©«ï â®¦¤¥áâ¢¥® à ¢ë ã«î ¤«ï

¢á¥å j � l. �®£¤  ¯á¥¢¤®£àã¯¯  G ä®à¬ «ì® ¨â¥£à¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â, çâ® G ä®à¬ «ì® ¨â¥£à¨àã¥¬  ª ª ¤¨ää¥-
à¥æ¨ «ì®¥ ãà ¢¥¨¥ (á¬. [14]). �à¥¡ã¥âáï ¯à®¢¥à¨âì, çâ® ¯®«ãç¥ ï á¨áâ¥¬  fGjg1j=0 ï¢«ï¥â-
áï ¯á¥¢¤®£àã¯¯®©, â. ¥. ¯à®¢¥à¨âì ¢á¥ ãá«®¢¨ï ®¯à¥¤¥«¥¨ï 1. � áá¬®âà¨¬ â®«ìª® ¯¥à¢®¥ ãá«®¢¨¥,
®áâ «ìë¥ ¯à®¢¥àïîâáï   «®£¨ç®.

�ãáâì Gj+1 = (Gj)(1), 'j+1 2 Gj+1
a;b ,  j+1 2 Gj+1

b;c ¨ �j+1 =  j+1 � 'j+1. � ¤® ¯®ª § âì, çâ®
�j+1 2 G

j+1, çâ® à ¢®á¨«ì® ¢ª«îç¥¨î L(�j+1) � T�jG
j . �«ï â®£® çâ®¡ë ¤®ª § âì íâ® ¢ª«î-

ç¥¨¥, à áá¬®âà¨¬ ®¯¥à â®à ã¬®¦¥¨ï mj : Gj � Gj ! Gj. �®£¤  T jG
j � T'jG

j dmj

��! T�jG
j.

� ¬¥â¨¬, çâ® ¯àï¬ë¥ á« £ ¥¬ë¥ T jG
j ¨ T'jG

j á®¤¥à¦ â ¯®¤¯à®áâà áâ¢  L( j+1) ¨ L('j+1)

á®®â¢¥âáâ¢¥®. �® L( j+1) � L('j+1)
dmj

��! L( j+1'j+1) ¤«ï «î¡ëå 'j+1;  j+1 2 Dj+1(M) â ª¨å,
çâ® ª®¬¯®§¨æ¨ï ®¯à¥¤¥«¥ . �âáî¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

l-¯á¥¢¤®£àã¯¯  G  §ë¢ ¥âáï q- æ¨ª«¨ç®©, ¥á«¨ H i;j(G) = 0 ¤«ï i � l, 0 � j � q. 1-
 æ¨ª«¨ç ï ¯á¥¢¤®£àã¯¯   §ë¢ ¥âáï ¨¢®«îâ¨¢®©. �«ï â ª¨å ¯á¥¢¤®£àã¯¯ G ¯à¥¯ïâáâ¢¨¥ ª
ä®à¬ «ì®© ¨â¥£à¨àã¥¬®áâ¨ á¢®¤¨âáï ª ¥¤¨áâ¢¥®¬ã ¯à¥¯ïâáâ¢¨î Wl(G).

�á«¨ ¯á¥¢¤®£àã¯¯ Gä®à¬ «ì® ¨â¥£à¨àã¥¬ , ¯®«ãç ¥¬ ¥¥ ¡¥áª®¥ç®¥ ¯à®¤®«¦¥¨¥G1 =
limproj(Gl; �l;l�1), ª®â®à®¥  §ë¢ ¥âáï ¨ä¨¨â¥§¨¬ «ì®© ¨«¨ ä®à¬ «ì®© ¯á¥¢¤®£àã¯¯®©. �á«¨
¨¬¥¥â ¬¥áâ® «®ª «ì ï ¨â¥£à¨àã¥¬®áâì, £« ¤ª ï ¨«¨   «¨â¨ç¥áª ï (á¬. �¢¥¤¥¨¥), â®  §®¢¥¬
â ªãî ¯á¥¢¤®£àã¯¯ã ¨â¥£à¨àã¥¬®©.
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�à¨¬¥à 1. �àã¯¯  ª®¬¯«¥ªáëå ¤à®¡®-«¨¥©ëå ¯à¥®¡à §®¢ ¨© ®¤®¬¥à®£® ª®¬¯«¥ªá-
®£® ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  S2 = C P 1 (¨«¨ ¢¥é¥áâ¢¥ëå ¤à®¡®-«¨¥©ëå ¯à¥®¡à §®¢ ¨©
®¤®¬¥à®£® ¢¥é¥áâ¢¥®£® ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  S1 = RP 1) ¥áâì ¨â¥£à¨àã¥¬ ï ¯á¥¢¤®-
£àã¯¯  ¯®àï¤ª  3 ¨ ª®¥ç®£® â¨¯ . �¥©áâ¢¨â¥«ì®, ¥¥  «£¥¡à  �¨ ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï  «£¥¡àã
ª¢ ¤à â¨ç®-¯®«¨®¬¨ «ìëå ¢¥ªâ®àëå ¯®«¥©   ¯àï¬®©: g = f� = (c0 + c1z + c2z

2)@zg.

�à¨¬¥à 2. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© �¨   ¯à®áâà áâ¢¥ áâàã© M = Jk� ¤«ï ¥ª®â®-
à®£® à áá«®¥¨ï � : E� ! M ([8]) ¨¬¥¥â ¯®àï¤®ª 1 ¨ ¡¥áª®¥çë© â¨¯. �â®â ¯à¨¬¥à ï¢«ï¥âáï
®á®¢ë¬ ¤«ï ¤ ®© à ¡®âë ¨ ¬ë ®¡áã¤¨¬ ¥£® ¯®¤à®¡¥¥ ¢ x 4.

�à¨¬¥à 3. �ãáâì E | £¥®¬¥âà¨ç¥áª ï áâàãªâãà  ([15], [14]), ¨ G | ¯á¥¢¤®£àã¯¯  �¨ ¥¥
 ¢â®¬®àä¨§¬®¢. �á«¨ áâàãªâãà  E ¨â¥£à¨àã¥¬  (¯«®áª ï), â® ¯á¥¢¤®£àã¯¯  â®¦¥ ¨â¥£à¨àã-
¥¬ . �  ¬®¦¥â ¨¬¥âì ª®¥çë© ¨«¨ ¡¥áª®¥çë© â¨¯ ¢ § ¢¨á¨¬®áâ¨ ®â E ([17]). �¥ ¯®àï¤®ª
á®¢¯ ¤ ¥â á ¯®àï¤ª®¬ áâàãªâãàë E . �á«¨ £¥®¬¥âà¨ç¥áª ï áâàãªâãà  ¥ ¨â¥£à¨àã¥¬ , â® ¯®àï-
¤®ª ¯á¥¢¤®£àã¯¯ë G ¬®¦¥â ¢®§à áâ âì, ¨ ® , ª ª ¯à ¢¨«®, ¥ ¨â¥£à¨àã¥¬  (ä®à¬ «ì® ¨«¨
«®ª «ì®).

2. �ª¢¨¢ «¥â®áâì ¯®¤¬®£®®¡à §¨© ®â®á¨â¥«ì® ¯á¥¢¤®£àã¯¯

�®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á: ¢ ª ª®¬ á«ãç ¥ ¤¢  § ¬ªãâëå («®ª «ìëå) ¯®¤¬®£®®¡à -
§¨ï N1; N2 � M íª¢¨¢ «¥âë ®â®á¨â¥«ì® âà §¨â¨¢®£® ¤¥©áâ¢¨ï ¯á¥¢¤®£àã¯¯ë G? � íâ®¬
¯ à £à ä¥ ¨§ãç¨¬ ¨ä¨¨â¥§¨¬ «ìãî ¢¥àá¨î íâ®© ¯à®¡«¥¬ë ¤«ï l-áâàã© ¨ l-¯á¥¢¤®£àã¯¯.

�¯à¥¤¥«¥¨¥ 3. �ª ¦¥¬, çâ® l-áâàã¨ ¤¢ãå ¯®¤¬®£®®¡à §¨© N1 ¨ N2 ¢ â®çª å a; b 2 M
G-íª¢¨¢ «¥âë, ¥á«¨ 'l[N1]la = [N2]lb ¤«ï ¥ª®â®à®£® 'l 2 G

l
a;b.

�«ï âà §¨â¨¢ëå ¯á¥¢¤®£àã¯¯ ¯à®¡«¥¬  íª¢¨¢ «¥â®áâ¨ à¥¤ãæ¨àã¥âáï ª á«ãç î, ª®£¤ 
a = b. � ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥¬, çâ® íâ® à ¢¥áâ¢® ¢ë¯®«¥®.

2.1. �¥©áâ¢¨¥   áâàãïå ¯®¤¬®£®®¡à §¨©. �á¥¢¤®£àã¯¯  Dl(M) ¨, á«¥¤®¢ â¥«ì®, ¯á¥¢¤®-
£àã¯¯  Gl ¤¥©áâ¢ãîâ   ¯à®áâà áâ¢¥ J lr(M) ¯® ä®à¬ã«¥ '(l) : [N ]la 7! ['(N)]l'(a). �â¨ ¤¥©áâ¢¨ï
ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î �l;s�'(l) = '(s)��l;s. �«¥¤®¢ â¥«ì®, £àã¯¯  Gl

a ¤¥©áâ¢ã¥â   F(al�1).
�â® ¤¥©áâ¢¨¥  ää¨® ¤«ï l > 1 ¨ ¯®à®¦¤¥® «¨¥©ë¬¨ ª®««¨¥ æ¨ï¬¨ ¢ £à áá¬ ¨  å ¤«ï
l = 1. �¤ãæ¨à®¢ ®¥ («¨¥©®¥) ¤¥©áâ¢¨¥  «£¥¡àë �¨ gla 3 � ¬®¦® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à -
§®¬: f 7! �(�) + f , f 2 TakF(al�1). �¤¥áì � : S

lT �aM 
 TaM ! TakF(al�1) ®â®¡à ¦ ¥â í«¥¬¥â � ¢
¥£® ®¡à § � 2 Slt�a 
 va ¯à¨ ®£à ¨ç¥¨¨ ¨ ¯®á«¥¤ãîé¥© ä ªâ®à¨§ æ¨¨.

� ª¨¬ ®¡à §®¬, áâ ¡¨«¨§ â®à í«¥¬¥â  al 2 F(al�1) ¢ á«ãç ¥ £àã¯¯ �¨ à ¢¥ Hla = Gl
a \ St

l
a,

  ¢ á«ãç ¥  «£¥¡à �¨ à ¢¥ hla = gla \ St
l
a, £¤¥

Stla = (Ann ta) � sym Sl�1T �aM 
 TaM + SlT �aM 
 ta:

� ç áâ®áâ¨, â. ª. á¨¬¢®« ¯á¥¢¤®£àã¯¯ë Dl(M) ¤¥©áâ¢ã¥â âà §¨â¨¢®, ¯®«ãç ¥¬

SlT �aM 
 TaM=Stla ' Slt�a 
 va: (1)

� ¬¥ç ¨¥ 1. � ª ª ª £àã¯¯  Gl
a ª®¬¬ãâ â¨¢  ¯à¨ l > 1, â® ¥â à §«¨ç¨ï ¬¥¦¤ã ¤¥©áâ¢¨-

ï¬¨ £àã¯¯ �¨ ¨  «£¥¡à �¨. � á«ãç ¥ 1-áâàã© ¤¥©áâ¢¨ï à §«¨çë.

� áá¬®âà¨¬ ¤ «¥¥ ¥ª®â®àë¥ ¢ë¤¥«¥ë¥ ¯®¤¬®£®®¡à §¨ï ª®à §¬¥à®áâ¨ r ¢M . �ë¤¥«¥¨¥
¯®¤¬®¦¥áâ¢  â ª¨å ¯®¤¬®£®®¡à §¨© ¨§ ¬®¦¥áâ¢  ¢á¥å ¯®¤¬®£®®¡à §¨© § ¢¨á¨â ®â ¢ë¡®à 
¥ª®â®à®© ®¡é¥© ¢ãâà¥¥© áâàãªâãàë ®â®á¨â¥«ì® ¤¥©áâ¢¨ï ¯á¥¢¤®£àã¯¯ë ¨ ¡ã¤¥â ®¯¨á -
® ¨¦¥. �® § ¤ ¥âáï ¥ª®â®àë¬¨ ¤¨ää¥à¥æ¨ «ìë¬¨ á®®â®è¥¨ï¬¨, ¯®íâ®¬ã à áá¬®âà¨¬
¬®¦¥áâ¢® áâàã© ¯®¤¬®£®®¡à §¨©, ¢ë¤¥«¥ëå ¥ª®â®àë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ N.
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�â ª, ¯ãáâì N � J lr(M) | G-¨¢ à¨ â®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥. � ª ®¡ëç®, ¥£®
á¨¬¢®« hla � Slt�a
 va ¥áâì �l;l�1-¢¥àâ¨ª «ì®¥ ¯®¤¯à®áâà áâ¢® ¢ TalN. � ª ª ª ¯á¥¢¤®£àã¯¯  G
¤¥©áâ¢ã¥â   N, ¯®«ãç ¥¬ á«¥¤ãîéãî â®çãî ¯®á«¥¤®¢ â¥«ì®áâì:

0! hla ,! gla
�
�! hla

$
�! Ol

a ! 0: (2)

�¯à¥¤¥«¥¨¥ 4. � ªâ®à Ol
a = hla=�(g

l
a)  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ l-ª®¢ à¨ â®¢ ¤¥©áâ¢¨ï

¯á¥¢¤®£àã¯¯ë G. �¢®©áâ¢¥®¥ ¯à®áâà áâ¢® (Ol
a)
�  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ l-¢ à¨ â®¢.

�§ãç¥¨¥ ä®à¬ «ì®© íª¢¨¢ «¥â®áâ¨ ¯®¤¬®£®®¡à §¨© ®â®á¨â¥«ì® G-¤¥©áâ¢¨ï ¡ã¤¥¬
¯à®¢®¤¨âì ¨¤ãªâ¨¢®, ®¯¨à ïáì   á«¥¤ãîé¥¥ ®ç¥¢¨¤®¥ ãâ¢¥à¦¤¥¨¥.

�à¥¤«®¦¥¨¥ 1. �ãáâì [N1]l�1a = [N2]l�1a 2 �l;l�1(N) ¨ l > 1. l-áâàã¨ ¯®¤¬®£®®¡à §¨© N1

¨ N2 ¨§ N ¢ â®çª¥ a 2 M G-íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ ¯à¨ ¤«¥¦ â

®¤®© ¨ â®© ¦¥ gla-®à¡¨â¥ ¢ h
l
a, ª®â®à ï ï¢«ï¥âáï  ää¨ë¬ ¯®¤¯à®áâà áâ¢®¬ ª®à §¬¥à®-

áâ¨ à ¢®© dimOl
a = dimhla � dim

�
gla=h

l
a

�
, ¨ ç¥ £®¢®àï, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à®áâª¨

¯®¤¬®£®®¡à §¨© ¨¬¥îâ ®¤¨ ª®¢ë¥ l-¢ à¨ âë: $([N2]la � [N1]la) = 0.

�à¥¡®¢ ¨¥ l > 1 ®¡êïáï¥âáï § ¬¥ç ¨¥¬ 1. �à¨ l = 1 ¤¥©áâ¢¨ï £àã¯¯ �¨ ¨  «£¥¡à �¨
à §«¨çë: ®à¡¨âë £àã¯¯ �¨ «¥¦ â ¢ Grassr(TaM), ¢ â® ¢à¥¬ï ª ª ®à¡¨âë  «£¥¡à �¨ ï¢«ïîâáï
 ää¨ë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨ ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ ª £à áá¬ ¨ ã ¢ a1. �®íâ®¬ã 1-
áâàã¨ âà¥¡ãîâ ®â¤¥«ì®£® à áá¬®âà¥¨ï.

2.2. �¨ää¥à¥æ¨ «ìë¥ ¨¢ à¨ âë ¨ íª¢¨¢ «¥â®áâì. �ãáâì I ¥áâì  «£¥¡à  ¤¨ää¥à¥-
æ¨ «ìëå ¨¢ à¨ â®¢ ¯á¥¢¤®£àã¯¯ë �¨ G, â. ¥. äãªæ¨© ¯®áâ®ïëå   ®à¡¨â å G-¤¥©áâ¢¨ï
  N. �¡®§ ç¨¬ ç¥à¥§ Ik ¯®¤ «£¥¡àã ¨¢ à¨ â®¢ ¯®àï¤ª  k � l (¯®¤ïâëå á ¯à®áâà áâ¢  k-
áâàã©). � ä¨ªá¨àã¥¬ â®çªã al 2 J lr(M) ¨ ®¯à¥¤¥«¨¬ ¢®§à áâ îéãî ä¨«ìâà æ¨î ¯à®áâà áâ¢ 
T �alJ

l
r(M) ¯®¤¯à®áâà áâ¢ ¬¨

�k(al) = fdalf j f 2 Ikg � T �alJ
l
r(M); k = 0; : : : ; l:

� ¬¥â¨¬, çâ® �l | ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª , ®¯à¥¤¥«ïîé¥¥ Gl-¤¨ää¥à¥æ¨ «ìë¥ ¨¢ -
à¨ âë   J lr(M). �ª®«® á¨£ã«ïàëå ®à¡¨â ¤¨ää¥à¥æ¨ «ìë¥ ¨¢ à¨ âë ãáâà®¥ë ¯«®å®,
¯®íâ®¬ã ¢ ¨å ®¯à¥¤¥«ï¥¬ ä¨«ìâà æ¨î á«¥¤ãîé¨¬ ®¡à §®¬ (¢ à¥£ã«ïàëå â®çª å ®¯à¥¤¥«¥¨ï
á®¢¯ ¤ îâ): �k(al) = ��l;k AnnTak(G

k � ak).

�à¥¤«®¦¥¨¥ 2. �à¨ 0 < k � l ¢ë¯®«ï¥âáï Ok
a = (�k=�k�1)�.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®,Ok
a = Tak(�k;k�1)

�1(Gk�1 �ak�1)=Tak(G
k �ak), ®âªã¤  á«¥¤ã¥â

ãâ¢¥à¦¤¥¨¥.

� ª¨¬ ®¡à §®¬, ¬®¦® ¯®«ãç¨âì à¥è¥¨¥ ¯à®¡«¥¬ë ä®à¬ «ì®© íª¢¨¢ «¥â®áâ¨ á ¯®¬®-
éìî á«¥¤ãîé¥© ¨¤ãªâ¨¢®© ¯à®æ¥¤ãàë. � ç¥¬ á ¯á¥¢¤®£àã¯¯ë G ¨ ¢á¥å ¯®¤¬®£®®¡à §¨©,
â. ¥. á N = J lr(M). �ãáâì Ol | ¯¥à¢®¥ ¥âà¨¢¨ «ì®¥ ¯à®áâà áâ¢® l-ª®¢ à¨ â®¢. �«ï â®£®
çâ®¡ë § ¤ âì ¢ ¥¬ â®çªã, § ä¨ªá¨àã¥¬ l-¢ à¨ âë ¢ (Ol

a)
� = �l, çâ® íª¢¨¢ «¥â® ä¨ªá -

æ¨¨ § ç¥¨© ¤¨ää¥à¥æ¨ «ìëå ¨¢ à¨ â®¢ ¯®àï¤ª  l. �àã£¨¬¨ á«®¢ ¬¨, ä¨ªá¨àã¥âáï â¨¯
¢ãâà¥¥© £¥®¬¥âà¨¨ ¯®¤¬®£®®¡à §¨©. �âáî¤  ¯®«ãç ¥âáï ¬¥ìè¥¥ ãà ¢¥¨¥ N � J lr(M)
  ¯®¤¬®£®®¡à §¨ï, ¨ ¯à®æ¥¤ãà  ¯®¢â®àï¥âáï. � à¥£ã«ïàëå â®çª å ¯à®æ¥¤ãà  § ¢¥àè¨âáï § 
ª®¥ç®¥ ç¨á«® è £®¢ ¢ á¨«ã â¥®à¥¬ë ® ¯à®¤®«¦¥¨¨ � àâ  {�ãà ¨è¨.

� ¬¥ç ¨¥ 2. �®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ íª¢¨¢ «¥â® â®¬ã, çâ® ¯à®áâà áâ¢® ¤¨ää¥à¥æ¨-
 «ìëå ¨¢ à¨ â®¢ ª®¥ç® ¯®à®¦¤¥® ®â®á¨â¥«ì® «¨¥©ëå ª®¬¡¨ æ¨© ¨ ¯à®¨§¢®¤ëå
�à¥áá¥.

2.3. �à §¨â¨¢®áâì ¨ âà á¢¥àá «ì®áâì. �¥¯¥àì âà¥¡ã¥âáï  ©â¨ ªà¨â¥à¨©, ¯®§¢®«ïîé¨©
¯à®¢¥àïâì ®âáãâáâ¢¨¥ l-¢ à¨ â®¢, ¨«¨ íää¥ªâ¨¢ë© ¬¥â®¤ ¢ëç¨á«¥¨ï ¤¨ää¥à¥æ¨ «ìëå
¨¢ à¨ â®¢.
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�¯à¥¤¥«¥¨¥ 5. �®¢®àïâ, çâ® ¯á¥¢¤®£àã¯¯  G ¤¥©áâ¢ã¥â l-âà §¨â¨¢® ®ª®«® al 2 N, ¥á«¨
¤«ï «î¡®© ¤àã£®© áâàã¨ bl 2 N, ¡«¨§ª®© ª al, áãé¥áâ¢ã¥â áâàãï 'l 2 Gl

a;b â ª ï, çâ® 'l(al) = bl.
�àã£¨¬¨ á«®¢ ¬¨, ®à¡¨â  Gl � al ®âªàëâ .

�¯à¥¤¥«¥¨¥ 6. �ª ¦¥¬, çâ® ¤¥©áâ¢¨¥ ¯á¥¢¤®£àã¯¯ë G l-âà á¢¥àá «ì® ®ª®«® al, ¥á«¨
âà¥¡®¢ ¨¥ ®¯à¥¤¥«¥¨ï 5 ¢ë¯®«ï¥âáï ¯à¨ ãá«®¢¨¨ al�1 = bl�1. �àã£¨¬¨ á«®¢ ¬¨, Gl

a ¤¥©áâ¢ã¥â
âà §¨â¨¢®   F(al�1).

�«ï â®£® çâ®¡ë ®¡êïá¨âì íâã â¥à¬¨®«®£¨î, à áá¬®âà¨¬ ®â®¡à ¦¥¨¥ � : � 7! � ¨§ ¯. 2.1.
�à®áâà áâ¢® ��1(hla) � SlT �aM 
 TaM á®¤¥à¦¨â ¤¢  ¯®¤¯à®áâà áâ¢  Stla ¨ gla.

�ãáâì l > 1. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ (1), (2) ¨ ®¯à¥¤¥«¥¨©.

�à¥¤«®¦¥¨¥ 3. l-âà á¢¥àá «ì®áâì G   N íª¢¨¢ «¥â  «î¡®¬ã ¨§ á«¥¤ãîé¨å ãá«®-

¢¨©:

| Stla âà á¢¥àá «ì® gla ¢ �
�1(hla): St

l
a+g

l
a = ��1(hla),

| ¥â l-ª®¢ à¨ â®¢, â. ¥. Ol
a = 0.

�á®, çâ® l-âà á¢¥àá «ì®áâì ¥áâì ¨¤ãªâ¨¢ë© è £ ¤«ï ¯®«ãç¥¨ï l-âà §¨â¨¢®áâ¨ (1-
áâàã¨ a1, b1  ¤® à áá¬ âà¨¢ âì ®â¤¥«ì® á®£« á® § ¬¥ç ¨î 1).

�¥®à¥¬  2. �ãáâì G1 � a1 ®âªàëâ® ¨ G ¤¥©áâ¢ã¥â j-âà á¢¥àá «ì®   aj ¤«ï 1 < j � l.
�®£¤  G ¤¥©áâ¢ã¥â l-âà §¨â¨¢® ®ª®«® al.

3. �á®¢ë¥ ¯à¨¬¥àë

� íâ®¬ à §¤¥«¥ ¯à®¢¥àïîâáï ãá«®¢¨ï âà á¢¥àá «ì®áâ¨ ¤«ï ¯á¥¢¤®£àã¯¯  ¢â®¬®àä¨§¬®¢ àï-
¤  ®á®¢ëå £¥®¬¥âà¨ç¥áª¨å áâàãªâãà. �¥¯à¨¢®¤¨¬ë¥ ¯á¥¢¤®£àã¯¯ë �¨ ¡ë«¨ ª« áá¨ä¨æ¨à®¢ -
ë �.� àâ ®¬ ([2]). �«ï ¯á¥¢¤®£àã¯¯ë G = Di� loc(M) ¢á¥å ¤¨ää¥®¬®àä¨§¬®¢ ¨ ¯á¥¢¤®£àã¯¯ë
G = Di� loc(M;
) ¤¨ää¥®¬®àä¨§¬®¢, á®åà ïîé¨å ®¡ê¥¬, ¢á¥ ¯®¤¬®£®®¡à §¨ï ª®à §¬¥à®áâ¨
r «®ª «ì® G-íª¢¨¢ «¥âë.

� áá¬®âà¨¬ ¤àã£¨¥ á«ãç ¨. � ¬¥â¨¬, çâ® ¤«ï ¯á¥¢¤®£àã¯¯ë ¯à¥®¡à §®¢ ¨© ¥ª®â®à®© ¥-
¨â¥£à¨àã¥¬®© áâàãªâãàë l-¯á¥¢¤®£àã¯¯  Gl á®áâ®¨â ¨§ áâàã© ¤¨ää¥®¬®àä¨§¬®¢, á®åà ïîé¨å
íâã áâàãªâãàã ¤® ¯®àï¤ª  l. �®íâ®¬ã, ¥á¬®âàï   ®¡®§ ç¥¨¥, ¯à¨ j < min(k; l) ¯®¤¯á¥¢¤®£àã¯-
¯  Gj ¬®¦¥â ¡ëâì à §®© ¢ § ¢¨á¨¬®áâ¨ ®â ¢«®¦¥¨ï ¢ Gk ¨«¨ ¢ Gl.

3.1. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© ª®¬¯«¥ªá®© áâàãªâãàë. �ãáâì G|¯á¥¢¤®£àã¯¯  «®ª «ì-
ëå £®«®¬®àäëå ¯à¥®¡à §®¢ ¨© ª®¬¯«¥ªá®£® ¬®£®®¡à §¨ï (M;J) ª®¬¯«¥ªá®© à §¬¥à®-
áâ¨ n. �®£¤  á¨¬¢®« | gla = SlT �aM 
C TaM .

�à¥¤«®¦¥¨¥ 4. �á¥¢¤®£àã¯¯  G l-âà á¢¥àá «ì  ®ª®«® al = [N ]la â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤ 

1. ta \ Jta = f0g ¨«¨ ta + Jta = TaM ¯à¨ l = 1;
2. ta \ Jta = f0g ¯à¨ l > 1.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«®¢¨¥ 1 ®§ ç ¥â, çâ® ¥ ¬®£ãâ ®¤®¢à¥¬¥® áãé¥-
áâ¢®¢ âì ¥âà¨¢¨ «ìë¥ ª®¬¯«¥ªáë¥ ¯®¤¯à®áâà áâ¢  L0 � ta, L00 \ ta = f0g. �á«¨ íâ® ¥¢¥à®,
â® ®¡à § � : g1a ! h1a = t�a 
 va á®áâ®¨â ¨§ ®â®¡à ¦¥¨© A : ta ! va â ª¨å, çâ® ¨¤ãæ¨à®¢ ®¥
®â®¡à ¦¥¨¥ eA : L0 ! L00 «¨¥©®  ¤ ¯®«¥¬ ª®¬¯«¥ªáëå ç¨á¥«: eA(J�) = J eA(�). �«¥¤®¢ â¥«ì-
®, áãé¥áâ¢ãîâ â¥§®àë ¢ h1a, ¥ «¥¦ é¨¥ ¢ ®¡à §¥ �. � «®£¨ç®, ¯à¨ l > 1, ¥á«¨ áãé¥áâ¢ã¥â
ª®¬¯«¥ªá®¥ ¯®¤¯à®áâà áâ¢® L0 � ta, â® ®£à ¨ç¥¨¥ ª ¦¤®£® A 2 �(gla)   ¥£® ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î eA(�1; �2; �3; : : : ) + eA(J�1; J�2; �3; : : : ) = 0 ¨, á«¥¤®¢ â¥«ì®, ¥ ¯à®¨§¢®«ì®.

�®áâ â®ç®áâì. �á«¨ Jta\ ta = f0g, â® ª ¦¤ë© â¥§®à R 2 Slt�a
va ¬®¦¥â ¡ëâì ¯à®¤®«¦¥
¤® â¥§®à  bR 2 SlT �aM 
C TaM . �¥©áâ¢¨â¥«ì®, à §«®¦¨¬ TaM = ta � Jta �W , £¤¥ JW =W , ¨
¯®«®¦¨¬ bR(J�; �) = J bR(�; �), � 2 ta, ¨ bR(w; �) = 0, w 2W . � «®£¨ç®, ¬®¦® ¯®ª § âì, çâ® ¥á«¨
ta + Jta = TaM , â® ¨¬¥¥â ¬¥áâ® 1-âà á¢¥àá «ì®áâì.
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� ç áâ®áâ¨, áâàãï ¯®¤¬®£®®¡à §¨ï ®¡é¥£® ¯®«®¦¥¨ï à §¬¥à®áâ¨ dimRN � n l-âà á-
¢¥àá «ì  ¤«ï «î¡®£® l � 0, ¯®íâ®¬ã ª®¬¯«¥ªá ï ¯á¥¢¤®£àã¯¯  G ¤¥©áâ¢ã¥â   â ª¨å «®-
ª «ìëå (  «¨â¨ç¥áª¨å) ¯®¤¬®£®®¡à §¨ïå âà §¨â¨¢®. � ¤àã£®© áâ®à®ë, ¯®¤¬®£®®¡à §¨¥
à §¬¥à®áâ¨ dimRN > n ¥ ¬®¦¥â ¡ëâì âà á¢¥àá «ìë¬. �¥©áâ¢¨â¥«ì®, �a = ta \ Jta 6= f0g,
á«¥¤®¢ â¥«ì®, N ®¡« ¤ ¥â ¢ãâà¥¥© £¥®¬¥âà¨¥©.

�§ãç¥¨¥ ¬®£®®¡à §¨©N ,  ¤¥«¥ëå à á¯à¥¤¥«¥¨¥¬ á ª®¬¯«¥ªá®© áâàãªâãà®©, ï¢«ï¥âáï
¯à¥¤¬¥â®¬ CR-£¥®¬¥âà¨¨. �¥ ¨¢ à¨ â ¬¨ ï¢«ïîâáï ªà¨¢¨§ë � àâ  {�¦¥ï{�®§¥à  [18].
�á«¨ § ä¨ªá¨à®¢ âì íâ¨ ªà¨¢¨§ë, ¯®«ãç¨¬ ¬¥ìè¨© ª« áá N ¯®¤¬®£®®¡à §¨©,   ª®â®à®¬
¤¥©áâ¢¨¥ âà á¢¥àá «ì®, ¨, á«¥¤®¢ â¥«ì®, âà §¨â¨¢®.

�àã£®© ¢ ¦ë© ª« áá N á®áâ®¨â ¨§ ¢á¥å ª®¬¯«¥ªáëå ¯®¤¬®£®®¡à §¨© N � M C -ª®à §-
¬¥à®áâ¨ r. �â®â ª« áá l-âà á¢¥àá «¥ ¤«ï ª ¦¤®£® l, ¨ ¯®íâ®¬ã âà §¨â¨¢¥.

3.2. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë. P áá¬®âà¨¬ á«ãç © ¥-
¨â¥£à¨àã¥¬®© ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë J , J2 = �1. �á¥¢¤®£àã¯¯  Gl á®áâ®¨â ¨§ ¢á¥å
J-£®«®¬®àäëå l-áâàã©: J � d'l = d'l � J . �á«¨ l = 1, â® G1

a = GLC (TaM), ª ª ¨ ¢ ª®¬¯«¥ªá®¬
á«ãç ¥.

�ãáâì NJ 2 Hom
C
(�2TM;TM) | â¥§®à �¥©¥å¥©á  áâàãªâãàë J ( ¯®¬¨¬, çâ® ® ï¢«ï-

¥âáï ¯à¥¯ïâáâ¢¨¥¬ ª ¨â¥£à¨àã¥¬®áâ¨). �à¨ l = 2 ¨¬¥¥¬

G1
a = �2;1(G2

a) = f� 2 T �aM 
 TaM j J � � = � � J; NJ � (� ^ �) = � �NJg:

�¨¬¬¥âà¨ç¥áª ï á¢ï§®áâì ¡¥§ ªàãç¥¨ï r § ¤ ¥â à §«®¦¥¨¥ 2-áâàã¨ '2 2 G
2 á ª®¬¯®¥â ¬¨

(a;�;�(2)). �«ï '1 = (a;�) ¯®á«¥¤ïï ª®¬¯®¥â  �(2) 2 F('1) § ¤ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

f�(2) 2 S2T �aM 
 TaM; J�(2)(�; �) � �(2)(J�; �) = � � r�(J)(�) �r��(J)(��)g;

� ª¨¬ ®¡à §®¬, g2a = S2T �aM 
C TaM ª ª ¨ ¢ ª®¬¯«¥ªá®¬ á«ãç ¥, ® ¤«ï ¬¥ìè¥£® ¬®¦¥áâ¢ 
â®ç¥ª '1. 2-¯á¥¢¤®£àã¯¯  G2, ¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï 2-¨â¥£à¨àã¥¬®©. �®ª § â¥«ìáâ¢® íâ¨å
ä ªâ®¢ ¨ ®¯¨á ¨¥ ¯à®¥ªæ¨¨ �l;l�1 : Gl

a ! Gl�1
a ¯à¨¢¥¤¥® ¢ [19].

�®¦® ¯®ª § âì (á¬. [20]), çâ® ¤«ï áâàãªâãàë J ®¡é¥£® ¯®«®¦¥¨ï ¬®¦¥áâ¢® G2 á®áâ®¨â
â®«ìª® ¨§ ¥¤¨¨æë ¤«ï n > 3, ¬®¦¥áâ¢® G3 á®áâ®¨â â®«ìª® ¨§ ¥¤¨¨æë ¤«ï n > 2 ¨ ¬®¦¥áâ¢®
G4 | ¨§ ¥¤¨¨æë ¤«ï n = 2 (§¤¥áì ¥ à áá¬ âà¨¢ ¥âáï á«ãç © n = 1, ¯à¨ ª®â®à®¬ J ¢á¥-
£¤  ¨â¥£à¨àã¥¬ ). � «¨§ ¯á¥¢¤®£®«®¬®àäëå ¨¢ à¨ â®¢ áâàã© ¯®¤¬®£®®¡à §¨©   ®á®¢¥
ª« áá¨ä¨ª æ¨¨ â¥§®à®¢ �¥©¥å¥©á  (á¬. [20]) ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�à¥¤«®¦¥¨¥ 5. �ãáâì (M;J) | ¯®çâ¨ ª®¬¯«¥ªá®¥ ¬®£®®¡à §¨¥ á ¥¨â¥£à¨àã¥¬®©

áâàãªâãà®© J ®¡é¥£® ¯®«®¦¥¨ï ¨ n > 1. �«ï l = 1 âà á¢¥àá «ì®áâì ®¯¨áë¢ ¥âáï ãá«®¢¨¥¬
1 ¯à¥¤«®¦¥¨ï 4. �«ï l = 2 ¨ª ª ï 2-áâàãï ¥ ï¢«ï¥âáï âà á¢¥àá «ì®©, ªà®¬¥ á«ãç ï n = 2
¨ dimRN = 1. �à á¢¥àá «ì®áâì â ª¦¥ ®âáãâáâ¢ã¥â ¯à¨ l � 3.

3.3. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© à¨¬ ®¢®© ¬¥âà¨ª¨. � ç «¥ à áá¬®âà¨¬ ¯á¥¢¤®£àã¯¯ã
¨§®¬¥âà¨© ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn . �¥ £«®¡ «¨§ æ¨ï ¥áâì £àã¯¯  G = O(n)h Rn . �â  ¯á¥¢-
¤®£àã¯¯  ¨¬¥¥â ª®¥çë© â¨¯ ¨ gla = 0 ¯à¨ l � 2 ([17]). �®íâ®¬ã âà á¢¥àá «ì®áâ¨ ¥â ¤«ï
l � 2, ® ¤¥©áâ¢¨¥ ï¢«ï¥âáï 1-âà á¢¥àá «ìë¬ ®ª®«® ª ¦¤®© 1-áâàã¨ '1.

�¥¯¥àì à áá¬®âà¨¬ à¨¬ ®¢® ¬®£®®¡à §¨¥ (Mn; q) ¨ ¯ãáâì G | ¯á¥¢¤®£àã¯¯  ¨§®¬¥âà¨©.
�à¨ l = 1; 2 £àã¯¯  Gl â ª ï ¦¥ ª ª ¢ ¥¢ª«¨¤®¢®¬ á«ãç ¥. � áá¬®âà¨¬ l = 3. �®£¤  G1

a = �3;1(G3
a)

á®áâ®¨â ¨§ «¨¥©ëå ¨§®¬¥âà¨© ¨§ O(TaM), á®åà ïîé¨å à¨¬ ®¢ã ªà¨¢¨§ã.
� ª ¨ ¢ ¯®çâ¨ ª®¬¯«¥ªá®¬ á«ãç ¥, ¤«ï áâàãªâãàë q ®¡é¥£® ¯®«®¦¥¨ï ¯á¥¢¤®£àã¯¯  Gl

á®áâ®¨â â®«ìª® ¨§ ¥¤¨¨æë ¯à¨ l > 3 ¨«¨ l = 3, n > 2.

�à¥¤«®¦¥¨¥ 6. �à¨ l > 1 ¥ áãé¥áâ¢ã¥â 1-áâàã¨, ®ª®«® ª®â®à®© ¤¥©áâ¢¨¥ G âà á¢¥à-

á «ì®.

�¥©áâ¢¨â¥«ì®, à §«¨çë¥ ¢ãâà¥¨¥ ¨ ¢¥è¨¥ ªà¨¢¨§ë ï¢«ïîâáï l-¢ à¨ â ¬¨. �¨ªá¨-
àãï ¨å, ¯®«ãç ¥¬ âà á¢¥àá «ì®áâì ¨ ®âáî¤  íª¢¨¢ «¥â®áâì.

36



3.4. �á¥¢¤®£àã¯¯  á¨¬¯«¥ªâ¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©. � áá¬®âà¨¬ á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®-
®¡à §¨¥ (M;!) à §¬¥à®áâ¨ 2n ¨ ¯ãáâì G| (¯á¥¢¤®)£àã¯¯  ¥£® á¨¬¯«¥ªâ®¬®àä¨§¬®¢. �á¯®«ì§ãï
¨§®¬®àä¨§¬ TM

!
' T �M , § ¯¨è¥¬ á¨¬¢®«ë ¢ ¢¨¤¥ gla = Sl+1T �aM � SlT �aM
T �aM , ®â®¦¤¥áâ¢«ïï

¨å á ®¤®à®¤ë¬¨ ¯®à®¦¤ îé¨¬¨ äãªæ¨ï¬¨ (£ ¬¨«ìâ®¨  ¬¨) áâ¥¯¥¨ l + 1.

�à¥¤«®¦¥¨¥ 7. G ¤¥©áâ¢ã¥â l-âà á¢¥àá «ì® ®ª®«® al 2 J lr(M) ¤«ï ¢á¥å l � 1 â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ®£à ¨ç¥¨¥ !   ta = a1 ¨¬¥¥â ¬ ªá¨¬ «ìë© à £.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì íâ®£® ãá«®¢¨ï ®ç¥¢¨¤ . �«ï â®£® çâ®¡ë ¤®ª § âì ãâ¢¥à-
¦¤¥¨¥ ¢ ®¡à âãî áâ®à®ã, à áá¬®âà¨¬ ¢ ç «¥ á«ãç © dim ta 2 2Z. � ¯¨è¥¬ à §«®¦¥¨¥ ¢
¯àï¬ãî áã¬¬ã TM = t � v, £¤¥ á« £ ¥¬ë¥ á¨¬¯«¥ªâ¨ç¥áª¨ ®àâ®£® «ìë. �á«®¢¨¥ âà á¢¥à-
á «ì®áâ¨ ¢ á¨«ã ¯à¥¤«®¦¥¨ï 3 § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

v� � Sl�1T �M 
 T �M + SlT �M 
 t� + Sl+1T �M = SlT �M 
 T �M;

ª®â®à®¥ ®ç¥¢¨¤® ¢ë¯®«ï¥âáï.
�«ï dim ta 2 2Z+1 § ¯¨è¥¬ à §«®¦¥¨¥ TM = u�(l�r)�v ¢ á¨¬¯«¥ªâ¨ç¥áª¨ ®àâ®£® «ìãî

áã¬¬ã, £¤¥ t = u� l ¨ u, v á¨¬¯«¥ªâ¨ç¥áª¨¥, dim l = r = 1. �¥¯¥àì âà á¢¥àá «ì®áâì

(r� � v�) � Sl�1T �M 
 T �M + SlT �M 
 (u� � r�) + Sl+1T �M = SlT �M 
 T �M

á«¥¤ã¥â ¨§ â®¦¤¥áâ¢  Sil� 
 l� = Si+1l�.

�®«ãç¥®¥ ãâ¢¥à¦¤¥¨¥ íª¢¨¢ «¥â® ç áâ®¬ã á«ãç î â¥®à¥¬ë � ©èâ¥© {�¨¢¥â «ï
([21]). �«ï â®£® çâ®¡ë ¨áá«¥¤®¢ âì ¡®«¥¥ ®¡é¨© á«ãç ©,  ¤® à áá¬®âà¥âì à §«¨çë¥ à £¨
®£à ¨ç¥¨ï !jN . �®£¤  âà á¢¥àá «ì®áâì ã¦¥ ¥ ¨¬¥¥â ¬¥áâ  ¨ ¯®«ãç ¥¬ 1-¢ à¨ â, ª®â®àë©
®ç¥¢¨¤® ¥áâì à £ (¨«¨ à §¬¥à®áâì Ker(!jN )). � ä¨ªá¨à®¢ ¢ ¥£®, ¯®«ãç¨¬ âà á¢¥àá «ì®áâì
¤«ï á®®â¢¥âáâ¢ãîé¥£® ãà ¢¥¨ï N   ¯®¤¬®£®®¡à §¨¥.

� ª®¥æ, à áá¬®âà¨¬ ª« áá N ¨§®âà®¯ëå ¨«¨ ª®¨§®âà®¯ëå ¯®¤¬®£®®¡à §¨©. � «®£¨ç-
ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® G ¤¥©áâ¢ã¥â   ¨å l-âà á¢¥àá «ì® ¤«ï «î¡®£® l.

3.5. �á¥¢¤®£àã¯¯  ª®â ªâëå ¯à¥®¡à §®¢ ¨©. � áá¬®âà¨¬ ª®â ªâ®¥ ¬®£®®¡à §¨¥ (M;�2n),
dimM = 2n + 1, ¨ ®¡®§ ç¨¬ ç¥à¥§ � = TM=� ¥£® ®à¬ «ì®¥ à áá«®¥¨¥. �ãáâì G | (¯á¥¢-
¤®)£àã¯¯  ª®â ªâëå ¯à¥®¡à §®¢ ¨©. �¥  «£¥¡à  �¨ á®áâ®¨â ¨§ ª®â ªâëå ¢¥ªâ®àëå ¯®«¥©
Xf , ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¯®à®¦¤ îé¨¬¨ á¥ç¥¨ï¬¨ (£ ¬¨«ìâ®¨  ¬¨) f 2 C1(M)
 �.

�ë¡®à ¥ã«¥¢®£® á¥ç¥¨ï à áá«®¥¨ï � íª¢¨¢ «¥â¥ ¢ë¡®àã ª®â ªâ®© ä®à¬ë � 2
C1(Ann(�) n 0), � ^ d�n 6= 0. �®£¤  £ ¬¨«ìâ®¨  ¬®¦® áç¨â âì äãªæ¨¥©, f 2 C1(M), ¨
ª®â ªâ®¥ ¯®«¥ ¥¤¨áâ¢¥ë¬ ®¡à §®¬ § ¤ ¥âáï à ¢¥áâ¢ ¬¨

�(Xf ) = f; d�(�;Xf ) = df j�:

� ª®®à¤¨ â å � à¡ã (q; u; p), � = du� pidq
i, ¨¬¥¥¬

Xf = Dqi(f)@pi � @pi(f)Dqi + f@u; £¤¥ Dqi = @qi + pi@u:

� ¬¥â¨¬, çâ® § ¤ ¨¥ � íª¢¨¢ «¥â® à áé¥¯«¥¨î TaM = �a � �a, £¤¥ ¯¥à¢®¥ á« £ ¥¬®¥ |
á¨¬¯«¥ªâ¨ç¥áª®¥ ¯®¤¯à®áâà áâ¢®,   ¢â®à®¥ á« £ ¥¬®¥ | ®¤®¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®.
�«ï â®£® çâ®¡ë ®¯¨á âì á¨¬¢®« gla, ®â®¦¤¥áâ¢¨¬ TM ' T �M ¯® ¯àï¬ë¬ á« £ ¥¬ë¬, ¨á¯®«ì§ãï
á¨¬¯«¥ªâ¨ç¥áªãî áâàãªâãàã   � ¨ ¥¢ª«¨¤®¢ã áâàãªâãàã   �. �®£¤  ¯®«ãç¨¬

gl ' Sl�� �
X
i>0

Si�� 
 Sl+1�i�� ' Sl+1T �M:

�¥©áâ¢¨â¥«ì®, ª®â ªâë¥ ¢¥ªâ®àë¥ ¯®«ï Xf ¯®àï¤ª  l ®¯à¥¤¥«ïîâáï £ ¬¨«ìâ®¨  ¬¨ f
¯®àï¤ª  (l + 1) ¯® ¢á¥¬ ¯¥à¥¬¥ë¬, ªà®¬¥ ç¨áâ® l-© áâ¥¯¥¨ ¯¥à¥¬¥®© u.
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�à¥¤«®¦¥¨¥ 8. �¥©áâ¢¨¥ G ï¢«ï¥âáï l-âà á¢¥àá «ìë¬ ®ª®«® 'l = [N ]la ¤«ï ¢á¥å l � 1
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ta = TaN âà á¢¥àá «ì® ª®â ªâ®© ¯«®áª®áâ¨ �a ¨ áâàãªâãà 

  �Na = �a \ TaN , ¨¤ãæ¨à®¢  ï ¨§ ª ®¨ç¥áª®© ª®ä®à¬®-á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë

  �, ¬ ªá¨¬ «ì® ¥¢ëà®¦¤¥ . �â® § ç¨â, çâ®

| ¥á«¨ dim�Na = 2r, â® (d�)r j�N
a
6= 0,

| ¥á«¨ dim�Na = 2r + 1, â® rank(d�j�N
a
) = 2r.

�â¨ ãá«®¢¨ï íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨î, çâ® ç¥à¥§ «î¡ãî â®çªã ¡«¨§ªãî ª a 2 N ¯à®å®-

¤¨â ¨§®âà®¯®¥ ¯®¤¬®£®®¡à §¨¥ à §¬¥à®áâ¨ ¥ ¯à¥¢®áå®¤ïé¥© r.

� ª ª ª á¨¬¢®«ë â¥ ¦¥, çâ® ¨ ¢ á¨¬¯«¥ªâ¨ç¥áª®¬ á«ãç ¥, ¤®ª § â¥«ìáâ¢® ¬®¦® ¯à®¢¥áâ¨
  «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¯à¥¤«®¦¥¨ï 7. �àã£®© á¯®á®¡  ©â¨ á¨¬¢®« gl ¨ ¤®ª § âì ãâ¢¥à¦¤¥-
¨¥ á®áâ®¨â ¢ ¨á¯®«ì§®¢ ¨¨ ¥áâ¥áâ¢¥®© ä¨«ìâà æ¨¨ ¯à®áâà áâ¢  SlT �M 
 TM áâ¥¯¥ï¬¨
Ann(�) ¢ ¯¥à¢®¬ á®¬®¦¨â¥«¥ ¨ áâ¥¯¥ï¬¨ � ¢® ¢â®à®¬.

� ª ¢ á¨¬¯«¥ªâ¨ç¥áª®¬ á«ãç ¥, § ¬¥â¨¬, çâ® rank((d�)rj�N
a
) ¥áâì 1-¢ à¨ â, ä¨ªá¨àãï ª®-

â®àë© ¯®«ãç ¥¬ âà á¢¥àá «ì®áâì. �¬¥¥â ¬¥áâ® ª®â ªâë©   «®£ â¥®à¥¬ë � ©èâ¥© {
�¨¢¥â «ï, ª®â®àë© áâ ¤ àâ® ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¨§®â®¯¨¨. �«ï ¯à®áâ®âë ¯à¨¢e¤e¬
§¤¥áì â®«ìª® «®ª «ìãî ¢¥àá¨î (å®âï £«®¡ «ì ï â®¦¥ ¢¥à , ¥á«¨  «®¦¨âì ¤®¯®«¨â¥«ì®¥
ãá«®¢¨¥   ®à¬ «ì®¥ à áá«®¥¨¥).

�¥®à¥¬  3. �ãáâì N1, N2 | «®ª «ìë¥ ¯®¤¬®£®®¡à §¨ï ª®à §¬¥à®áâ¨ r ¢ ª®â ªâ®¬

¬®£®®¡à §¨¨ (M;�). �á«¨ ®£à ¨ç¥¨ï ª®â ªâ®© áâàãªâãàë �   íâ¨ ¯®¤¬®£®®¡à §¨ï

¨§®¬®àäë, â® ã ¨å ¥áâì ª®â ªâ® ¨§®¬®àäë¥ ®ªà¥áâ®áâ¨.

� ª®¥æ,   «®£¨ç® ¯. 3.4, ª ª ç áâë© á«ãç ©, ¯®«ãç ¥¬, çâ® ¢ ®£à ¨ç¥¨¨   ª« áá N

¨§®âà®¯ëå ¯®¤¬®£®®¡à §¨© ä¨ªá¨à®¢ ®© à §¬¥à®áâ¨, ¨¬¥¥â ¬¥áâ® âà á¢¥àá «ì®áâì G-
¤¥©áâ¢¨ï.

4. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© �¨

�ãáâì � | ¢¥ªâ®à®¥ à áá«®¥¨¥ ¨ G | ¯á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© �¨ ¯à®áâà áâ¢ 
M = Jk�. �  á®áâ®¨â ¨§ «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢ à áá«®¥¨ï áâàã©, á®åà ïîé¨å à á-
¯à¥¤¥«¥¨¥ � àâ   Ck ([8]). �ª¢¨¢ «¥â®, ¯à¥®¡à §®¢ ¨¥ �¨ á®åà ï¥â ª« áá ¨§®âà®¯ëå
¯®¤¬®£®®¡à §¨© ¬¥â á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë. �¥®à¥¬  �¨{�íª«ã¤  ([8]) ãâ¢¥à¦¤ ¥â, çâ®
¯à¥®¡à §®¢ ¨¥ �¨ ¥áâì ¯®¤ïâ¨¥ ¤¨ää¥®¬®àä¨§¬  ¯à®áâà áâ¢  J0�, ¥á«¨ r := rank� > 1 ¨«¨
¯®¤ïâ¨¥ ª®â ªâ®£® ¯à¥®¡à §®¢ ¨ï ¯à®áâà áâ¢  J1�, ¥á«¨ r = 1. �®íâ®¬ã ¯à¥®¡à §®¢ ¨ï
�¨ ï¢«ïîâáï ¯®¤ïâ¨ï¬¨ ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢  J"�, £¤¥ " = max(0; 2 � r).

�á¥¢¤®£àã¯¯  G ¨â¥£à¨àã¥¬ . �¨¦¥ ¬ë  ©¤¥¬ ¥¥ á¨¬¢®«ë.
�¥ªâ®à®¥ ¯®«¥  §ë¢ ¥âáï ¨ä¨¨â¥§¨¬ «ìë¬ ¯à¥®¡à §®¢ ¨¥¬ �¨, ¥á«¨ ¥£® ¯®â®ª á®áâ®-

¨â ¨§ ¯à¥®¡à §®¢ ¨© �¨. �«ï â®£® çâ®¡ë ®¯¨á âì íâ¨ ¯®«ï �¨, ¢ë¡¥à¥¬ ª®®à¤¨ âãî ®ªà¥áâ-
®áâì (x; u)   à áá«®¥¨¨ � (¡¥áª®®à¤¨ â®¥ ®¯¨á ¨¥ á¬. ¢ [8]). �  ¨¤ãæ¨àã¥â ª®®à¤¨ âë
(xi; pj�)0�j�j�k   J

k�, £¤¥ pj�([u]
k
x) =

@j�juj

@x�
.

� ¯®¬¨¬, çâ® ®¯¥à â®à ¯®«®© ¯à®¨§¢®¤®© Di = @xi +
P
j;�
pj�+1i@pj� ®â®¡à ¦ ¥â C1(Jk�) ¢

C1(Jk+1�). �®« ï ¯à®¨§¢®¤ ï, á®®â¢¥âáâ¢ãîé ï ¬ã«ìâ¨¨¤¥ªáã � = (i1; : : : ; is), ®¡®§ ç ¥âáï
ç¥à¥§ D� = Di1 � � � � �Dis .

�¡®§ ç¨¬ ç¥à¥§ �x ¯à®áâà áâ¢®, ª á â¥«ì®¥ ª ¡ §¥ à áá«®¥¨ï � ¢ â®çª¥ x = �k(xk) ¨
ç¥à¥§ �x0 ¯à®áâà áâ¢®, ª á â¥«ì®¥ ª á«®î ¢ x0 = �k;0(xk). � ª¦¥ ¯ãáâì F (xk) | �k+1;k-á«®© ¨
�x1 = Tx1

�
F (x0)

�
.

4.1. �®ç¥çë¥ ¯à¥®¡à §®¢ ¨ï ¢ëáè¥£® ¯®àï¤ª . �«ï r > 1 ®¡®§ ç¨¬ ¯à®¥ªæ¨î ¯®«ï �¨  
J"� = J0� ç¥à¥§ X =

P
i

ai(x; u)@xi +
P
j

bj(x; u)@uj . �®£¤  ¯à®¤®«¦¥¨¥   Jk� ¨¬¥¥â ¢¨¤

X(k) =
X
i

ai(x; u)D(k+1)
i +

X
j;j�j�k

D�('j)@pj� ; (3)
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£¤¥ 'j = bj �
nP
i=1

aipji | ª®¬¯®¥âë â ª  §ë¢ ¥¬®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ' = ('1; : : : ; 'r),

¨ D(k+1)
i = @xi +

P
j;j�j�k

pj�+1i@pj� ¥áâì ®¯¥à â®à ¯®«®© ¯à®¨§¢®¤®©, ®£à ¨ç¥®©   Jk�. �®âï

ª ¦¥âáï, çâ® ª®íää¨æ¨¥âë (3) § ¢¨áïâ ®â (k+1)-áâàã©, ¯®«¥ �¨   á ¬®¬ ¤¥«¥ ®¯à¥¤¥«¥®  
Jk�.

�®à¬ã«  (3) á«¥¤ã¥â ¨§ â®£®, çâ® ¯®«¥ �¨ á®åà ï¥â ª®à á¯à¥¤¥«¥¨¥

Ann(Ck) =
D
!j� = dpj� �

X
i

pj�+1idx
i
�� 1 � j � r; j�j < k

E

¨ ¨§ â®£®, çâ® d =
P
i

dxi 
D
(k+1)
i +

P
j;j�j�k

!j� 
 @pj�   J
k�.

�à¥¤«®¦¥¨¥ 9. l-á¨¬¢®« gl(xk) ¯á¥¢¤®£àã¯¯ë G ¢ â®çª¥ xk 2 J
k� ¤®¯ãáª ¥â à áé¥¯«¥¨¥

gl = glH � glV , § ¢¨áïé¥¥ ®â â®çª¨ xk+1 2 F (xk). �®à¨§®â «ì ï ª®¬¯®¥â  ¨§®¬®àä 

glH(xk) '
�
Sl��x0 �

X
0<i<k

(Si��x 
 Sl�1��x0)�
X
i�k

(Si��x 
 Sk+l�i�1��x0)
�

 �x;

¢ â® ¢à¥¬ï ª ª ¢¥àâ¨ª «ì ï (í¢®«îæ¨® ï) ª®¬¯®¥â  ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

glV (xk) '
� X
0�i<k

(Si��x 
 Sl��x0)�
X
i�k

(Si��x 
 Sk+l�i��x0)
�

 �x0 :

�®ª § â¥«ìáâ¢®. �à®áâà áâ¢® TxkJ
k� à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã £®à¨§®â «ì®©

L(xk+1) � Ck(xk) ¨ ¢¥àâ¨ª «ì®© T vxk = Ker(�k)� ª®¬¯®¥â. �âáî¤  ¯®«ãç ¥¬, çâ®

gl(xk) � SlT �xkJ
k� 
 TxkJ

k� =
�
SlT �xkJ

k� 
 L(xk+1)
�
�
�
SlT �xkJ

k� 
 T vxkJ
k�
�
;

çâ® ¢«¥ç¥â âà¥¡ã¥¬®¥ à áé¥¯«¥¨¥. � ä®à¬ã«¥ (3) £®à¨§®â «ì ï (¢¥àâ¨ª «ì ï) ª®¬¯®¥â 
á®®â¢¥âáâ¢ã¥â ¯¥à¢®¬ã (¢â®à®¬ã) á« £ ¥¬®¬ã.

�¡®§ ç¨¬ ç¥à¥§ �a ¨¤¥ « ¢ C1(M), á®áâ®ïé¨© ¨§ äãªæ¨©, ®¡à é îé¨åáï ¢ ã«ì ¢ a 2M ,
¨ ç¥à¥§ �la ¥£® áâ¥¯¥ì. �ãáâì �

l
a(Lie) | ¯à®áâà áâ¢® ¯®«¥© �¨, ¨¬¥îé¨å ¢ a ã«ì ¯®àï¤ª  l.

�®£¤  gl(xk) = �lxk(Lie)=�
l+1
xk

(Lie).
� ª ¢ ª®â ªâ®¬, â ª ¨ ¢ á¨¬¯«¥ªâ¨ç¥áª®¬ á«ãç ïå ¬ë ¯à¥¤áâ ¢«ï¥¬ á¨¬¢®« á ¯®¬®éìî

áâàã© ¯à®¨§¢®¤ïé¨å äãªæ¨©. � ¢ª« ¤ë¢ ¥âáï ¢ ¯à®áâà áâ¢® SlT �xkJ
k� 
 TxkJ

k� ¢ á¨«ã (3).
�ë¡¥à¥¬ ª®®à¤¨ âãî á¨áâ¥¬ã â ª, çâ®¡ë â®çª  xk ¡ë«  ¥¥ æ¥âà®¬. �á«¨ xk = [s]ka ¤«ï

¥ª®â®à®£® á¥ç¥¨ï s, â® íâ®£® ¬®¦® ¤®¡¨âìáï, ¢ë¡¨à ï s §  ã«¥¢®¥ á¥ç¥¨¥: s = fuj = 0g.
�®£¤  ãá«®¢¨¥ X(k) 2 �lxk á«¥¤ãîé¨¬ ®¡à §®¬ ¢ëà ¦ ¥âáï ¢ â¥à¬¨ å ª®¬¯®¥â ¯à®¨§¢®¤ïé¥©
äãªæ¨¨

ai 2 �lx0 ; @x�(a
i) 2 �l�1x0

; bj 2 �lx0 ; @x�(b
j) 2 �lx0 ; 0 � j�j � k:

�â® ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥. � ¬¥â¨¬, çâ® à §«®¦¥¨¥ T �x0J
0� = ��x � �

�
x0
¨¤ãæ¨à®-

¢ ® â®çª®© x1, ¯®íâ®¬ã ¤®ª § ®¥ ¯à¥¤áâ ¢«¥¨¥ ï¢«ï¥âáï ª ®¨ç¥áª¨¬.

4.2. �®â ªâë¥ ¯à¥®¡à §®¢ ¨ï ¢ëáè¥£® ¯®àï¤ª . �«ï r = 1 ¯à¥®¡à §®¢ ¨¥ �¨ ®¯à¥¤¥«ï-
¥âáï ª®â ªâë¬ ¯à¥®¡à §®¢ ¨¥¬ X(1) = X'   J1�, á®®â¢¥âáâ¢ãîé¨¬ ¯à®¨§¢®¤ïé¥© äãªæ¨¨
' = '(xi; u; pi):

X(1) =
X
i

�
D

(1)
i (')@pi � @pi(')D

(1)
i

�
+ '@u:

�à®¤®«¦¥¨¥ íâ®£® ¯®«ï   Jk� § ¤ ¥âáï ä®à¬ã«®©,   «®£¨ç®© (3),

X(k) = �
X
i

@pi(')D
(k+1)
i +

X
j�j�k

D(k)
� (')@p� : (4)

�®¢ì ¢ëç¨á«¥¨¥ ¯®ª §ë¢ ¥â, çâ® íâ® ¥áâì ¢¥ªâ®à®¥ ¯®«¥   Jk�, á®¢¯ ¤ îé¥¥ á X' ¯à¨ k = 1.
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� «¥¥ ¨á¯®«ì§ã¥¬ à §«®¦¥¨¥ Tx1J
1� = �x � �x0 � �x1 , ª®â®à®¥ ã¦¥ ¥ ï¢«ï¥âáï ª ®¨-

ç¥áª¨¬. �®âï â®çª  x2 ®¯à¥¤¥«ï¥â à áé¥¯«¥¨¥ Tx1J
1� = L(x1) � T vx1 , ¢â®à®¥ á« £ ¥¬®¥ ¤ «¥¥

à áª« ¤ë¢ ¥âáï á ¯®¬®éìî á¢ï§®áâ¨ ¢ à áá«®¥¨¨ �1;0.

�à¥¤«®¦¥¨¥ 10. l-á¨¬¢®« ¯á¥¢¤®£àã¯¯ë G ¢ â®çª¥ xk 2 J
k� ¥áâì

gl(xk) '
X

0�j�l

(Sj��x0 
 Sl+1�j��x1)� Sl��x0 �
X

1�i<k;j

(Si��x 
 Sj��x0 
 Sl�j��x1)�

�
X
k�i;j

(Si��x 
 Sj��x0 
 Sk+l�i�j��x1):

�®ª § â¥«ìáâ¢®. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 9, ¢ á¨«ã (4) ®â®á¨â¥«ì® á¨áâ¥-
¬ë ª®®à¤¨ â (xi; u), ¢ ª®â®à®© p�(xk) = 0 ¯à¨ j�j � k, ãá«®¢¨¥ X(k) 2 �lxk(Lie) íª¢¨¢ «¥â®
ãá«®¢¨ï¬

' 2 �lx1 ; @pi(') 2 �
l
x1
; @x�(') 2 �lx1 ; 0 � j�j � k;

®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥.

� ¬¥ç ¨¥ 3. �àã£®¥ ¯à¥¤áâ ¢«¥¨¥ á¨¬¢®«  ¯à¥®¡à §®¢ ¨© �¨, ®â«¨ç®¥ ®â ¯à¨¢¥¤¥®-
£® ¢ ¯à¥¤«®¦¥¨ïå 9{10, ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî ¥áâ¥áâ¢¥®© ä¨«ìâà æ¨¨ ¯à®áâà áâ¢ 
SlT �xkJ

k� 
 TxkJ
k� �j;j�1-¯à®¥ªæ¨ï¬¨.

4.3. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï. �®¤¬®£®®¡à §¨¥ ¢ Jk� ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª (à¥-
£ã«ïà®¥) ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥, ¥á«¨ ®® ï¢«ï¥âáï ¯®¤à áá«®¥¨¥¬ ®â®á¨â¥«ì® ¢á¥å
�j;j�1-¯à®¥ªæ¨©. � «®ª «ì®© á¨âã æ¨¨ íâ®â á«ãç © ï¢«ï¥âáï á«ãç ¥¬ ®¡é¥£® ¯®«®¦¥¨ï.

� áá¬®âà¨¬ ¤¢  â ª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ï: E � Jk� ¨ E 0 � Jk�0,   â ª¦¥ § -
¤ ¤¨¬ ¤¢¥ â®çª¨ xk, x0k. �®£¤  áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ¨¥ �¨ ' : J"� ! J"�0, ¤«ï ª®â®à®-
£® '(k)(xk) = x0k. � ª¨¬ ®¡à §®¬, ¬ë á¢¥«¨ § ¤ çã ª á«ãç î, ª®£¤  ®¡  ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨ï E ¨ E 0' = ('�1)(k) (E 0) ®¯à¥¤¥«¥ë   ®¤®¬ ¯à®áâà áâ¢¥ Jk�. �¥¯¥àì ¯®¯ëâ ¥¬áï
®â®¦¤¥áâ¢¨âì E á E 0' á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �¨. �®®â¢¥âáâ¢¥® ¯®«ãç¨¬ â®ç¥çãî ¨«¨
ª®â ªâãî íª¢¨¢ «¥â®áâì ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

� ª ¯®«ãç îâáï ¢¥è¨¥ á¨¬¬¥âà¨¨. �áâì ¥é¥ ¢ãâà¥¨¥ á¨¬¬¥âà¨¨, ª®â®àë¥ ¢® ¬®£¨å
á«ãç ïå á®¢¯ ¤ îâ á ¢¥è¨¬¨ (¦¥áâª¨¥ ¨, ¢ ç áâ®áâ¨, ®à¬ «ìë¥ ãà ¢¥¨ï [8]). � íâ®©
áâ âì¥ ¬ë ¥ ¡ã¤¥¬ ¨å à áá¬ âà¨¢ âì.

5. � §¬¥à®áâ®¥ ¯à¥¯ïâáâ¢¨¥ ª âà á¢¥àá «ì®áâ¨

� á¨«ã ¯à¥¤«®¦¥¨ï 3 ãá«®¢¨¥ l-âà á¢¥àá «ì®áâ¨ ¢«¥ç¥â á«¥¤ãîé¥¥ ¥à ¢¥áâ¢® ¤«ï á¨¬-
¢®«  hla à áá¬ âà¨¢ ¥¬®£® ª« áá  ¯®¤¬®£®®¡à §¨© N (¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï):

dimgla � dimhla: (5)

�â® «¥£ª® ¯à®¢¥àï¥¬®¥ ãá«®¢¨¥ ç áâ® ¡ë¢ ¥â ¯®«¥§®. � á«¥¤ãîé¨å ¯à¨¬¥à å ¯®ª §ë¢ ¥âáï,
çâ® ¥£® ¢ë¯®«¥¨¥ ¢«¥ç¥â âà á¢¥àá «ì®áâì ¤«ï ¯®¤¬®£®®¡à §¨ï N ®¡é¥£® ¯®«®¦¥¨ï.

� íâ®¬ à §¤¥«¥ à áá¬ âà¨¢ îâáï ¯à®¨§¢®«ìë¥ ¯®¤¬®£®®¡à §¨ï N � M ª®à §¬¥à®áâ¨ r.
� ç áâ®áâ¨, hla = Slt�a 
 va.

5.1. �ëç¨á«¥¨ï ¤«ï ®á®¢ëå ¯à¨¬¥à®¢. 1. �ãáâì M | ª®¬¯«¥ªá®¥ ¬®£®®¡à §¨¥ à §¬¥à-
®áâ¨ dimC M = n ¨ G | ¯á¥¢¤®£àã¯¯  ¨§ ¯. 3.1. � íâ®¬ á«ãç ¥ ãá«®¢¨¥ (5) § ¯¨áë¢ ¥âáï ¢
¢¨¤¥ �

l+n�1
n�1

�
� 2n �

�
l+2n�r�1

l

�
� r:

�â® ¥à ¢¥áâ¢® ¢ë¯®«ï¥âáï ¯à¨ r � n,   ¯à¨ r < n ®® ¥¢¥à®, ¥á«¨ l > 1. �¥¬ ¥ ¬¥¥¥,
§ ¬¥â¨¬, çâ® ¤«ï l = 1 ¤ ®¥ ¥à ¢¥áâ¢® ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å 0 < r < n. � íâ®¬ á«ãç ¥ (5)
¥ ¤®áâ â®ç® ¤«ï 1-âà á¢¥àá «ì®áâ¨ ¢á¥å N , ® ¤®áâ â®ç® ¤«ï ¯®¤¬®£®®¡à §¨© N ®¡é¥£®
¯®«®¦¥¨ï ¢ â®çª¥ a.
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2. � á«ãç ¥ ¯®çâ¨ ª®¬¯«¥ªá®© ¨«¨ à¨¬ ®¢®© áâàãªâãàë ®¡é¥£® ¯®«®¦¥¨ï ¨¬¥¥¬ gl = 0
¤«ï ¡®«ìè¨å l, á«¥¤®¢ â¥«ì®, âà á¢¥àá «ì®áâì ¥ ¨¬¥¥â ¬¥áâ .

3. �«ï ¯á¥¢¤®£àã¯¯ á¨¬¯«¥ªâ¨ç¥áª¨å ¨ ª®â ªâëå ¯à¥®¡à §®¢ ¨© gl ' Sl+1T �M . �®íâ®¬ã,
¥á«¨ M = n, ãá«®¢¨¥ (5) ¯à¨¨¬ ¥â ¢¨¤�

l+n
n�1

�
�
�
l+n�r�1
n�r�1

�
� r;

çâ® ¢á¥£¤  ¢¥à®. �«¥¤®¢ â¥«ì®, ¨ª ª®£® ãá«®¢¨ï   à §¬¥à®áâì ¯®¤¬®£®®¡à §¨ï ¥â ¨ ¯®¤-
¬®£®®¡à §¨¥ N �M ®¡é¥£® ¯®«®¦¥¨ï l-âà á¢¥àá «ì® ¤«ï «î¡®£® l.

5.2. �á¥¢¤®£àã¯¯  �¨ â®ç¥çëå ¯à¥®¡à §®¢ ¨©. �ëç¨á«¨¬ ®£à ¨ç¥¨ï   à §¬¥à®áâì ¤«ï
¯á¥¢¤®£àã¯¯ë ¯à¥®¡à §®¢ ¨©�¨. � ç¥¬ á ¯à¥®¡à §®¢ ¨©, ¯®¤ïâëå á J0�. �ãáâì n = dim � |
à §¬¥à®áâì ¡ §ë à áá«®¥¨ï � ¨ r = dim � | à £ �. �® ¯à¥¤«®¦¥¨î 9

dim gl(xk) = n

��
l+r�1
r�1

�
+

X
1�i<k

�
i+n�1
n�1

��
l+r�2
r�1

�
+

k+l�1X
i=k

�
i+n�1
n�1

��
l+k+r�i�2

r�1

��
+

+ r

� X
0�i<k

�
i+n�1
n�1

��
l+r�1
r�1

�
+

l+kX
i=k

�
i+n�1
n�1

��
l+k+r�i�1

r�1

��
:

�á¯®«ì§ãï  á¨¬¯â®â¨ªã
�
l+s
s

�
� ls

s!
¯à¨ l!1, ¯®«ãç ¥¬

dim gl � (n+ r)
ln+r�1

(n+ r � 1)!
: (6)

�à¥¤«®¦¥¨¥ 11. �¤¨áâ¢¥ë¬¨ ãà ¢¥¨ï¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î (5), ï¢«ï-
îâáï ãà ¢¥¨ï à §¬¥à®áâ¨ d = n+ r ¨ ¯®àï¤ª  k = 1. �®«¥¥ â®£®, ¢®§¬®¦ë â®«ìª® á«¥¤ã-

îé¨¥ á«ãç ¨: 1) n = 1, 2) r = 1, 3) n = r = 2.

�®ª § â¥«ìáâ¢®. � ¯®¬¨¬, çâ® à §¬¥à®áâì ¯à®áâà áâ¢  áâàã© Jk� à ¢  dk = n+r
�
n+k
k

�
.

�ãáâì d = dimE , â®£¤ 

dimhlxk = dim(SlT �xkE 
 vxk) = (dk � d) �
�
d+l�1
l

�
� (dk � d) �

ld�1

(d� 1)!
:

�à ¢¨¢ ï íâã  á¨¬¯â®â¨ªã á (6) ¨ (5), ¯®«ãç ¥¬ d � n+r,   â. ª. �k;0 : E ! J0� áîàê¥ªâ¨¢®, â®
  á ¬®¬ ¤¥«¥ ¢ë¯®«ï¥âáï à ¢¥áâ¢®. �à®¬¥ â®£®, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® n+r � r[

�
n+k
k

�
�1],

ª®â®à®¥ ¯à¨ k > 1 ¨¬¥¥â â®«ìª® ®¤® à¥è¥¨¥ k = 2, n = r = 1. � ª à §¬¥à®áâì ¯®¤¬®-
£®®¡à §¨ï E � J2(1; 1) à ¢  ¤¢ã¬, ®® § ¤ ¥âáï ®¤¨¬ ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª  ¨ ®¤¨¬
ãà ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª , ª®â®à®¥ ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ ¯¥à¢®£® ãà ¢¥¨ï. �®íâ®¬ã,  
á ¬®¬ ¤¥«¥, E ¥áâì ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª .

� ª¨¬ ®¡à §®¬, k = 1, á«¥¤®¢ â¥«ì®, dk � d = nr. �¥è¥¨ï ¤®¯®«¨â¥«ì®£® ¥à ¢¥áâ¢ 
n + r � nr ¨¬¥îâ ¢¨¤ 1) n = 1; 2) r = 1; 3) n = r = 2. �«ï íâ¨å § ç¥¨© ¥à ¢¥áâ¢® (5)
¢ë¯®«ï¥âáï ¤«ï ¢á¥å l â®ç® (  ¥ â®«ìª®  á¨¬¯â®â¨ç¥áª¨).

�¥¯¥àì à áá¬®âà¨¬ âà¨ ¯®«ãç¥ëå á«ãç ï.
1. n = k = 1. �®¤¬®£®®¡à §¨¥ E � J1(1; r) ª®à §¬¥à®áâ¨ r ¥áâì ®¯à¥¤¥«¥ ï á¨áâ¥¬ 

®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®£« á® ¨§¢¥áâ®© â¥®à¥¬¥ áãé¥áâ¢®¢ ¨ï ¨
¥¤¨áâ¢¥®áâ¨ ¢á¥ â ª¨¥ á¨áâ¥¬ë «®ª «ì® íª¢¨¢ «¥âë, â. ¥. ¯®«ãç ¥¬ âà á¢¥àá «ì®áâì.

2. r = k = 1. �¤¥áì E � J1(n; 1) ª®à §¬¥à®áâ¨ n ¤¨ää¥®¬®àä® ¯à®¥ªâ¨àã¥âáï á ¯®¬®éìî
�0   J0�. �¥à¥§ ª ¦¤ãî â®çªã x0 = �0(x1) ¯à®å®¤¨â n-¯«®áª®áâì L(x1). �®«ãç¥®¥ à á¯à¥-
¤¥«¥¨¥ à £  n   ¬®£®®¡à §¨¨ E à §¬¥à®áâ¨ n + 1, ¢®®¡é¥ £®¢®àï, ¥ ¨â¥£à¨àã¥¬® (çâ®
á®®â¢¥âáâ¢ã¥â ¥¨â¥£à¨àã¥¬®áâ¨ E) ¨ ï¢«ï¥âáï «¨¡® ª®â ªâë¬, «¨¡® ç¥â®-ª®â ªâë¬. �
®¡®¨å á«ãç ïå ¯®«ãç ¥¬ âà á¢¥àá «ì®áâì ¨, á«¥¤®¢ â¥«ì®, «®ª «ìãî íª¢¨¢ «¥â®áâì ¢á¥å
â ª¨å ãà ¢¥¨©.
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3. k = 1, n = r = 2. �á¯®«ì§ãï ª®¬¯«¥ªáë¥ ª®®à¤¨ âë, ¯®«ãç ¥¬ ®¡ëª®¢¥ë¥ (¥
®¡ï§ â¥«ì® £®«®¬®àäë¥) ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï w0z =  (z; z; w;w). �®¢ì ¯®«ãç ¥¬
âà á¢¥àá «ì®áâì ¨ «®ª «ìãî íª¢¨¢ «¥â®áâì.

� ¬¥ç ¨¥ 4. � ª ª ª �1;0 : E ! J0� ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, ¯®«ãç ¥¬ à á¯à¥¤¥«¥-
¨¥ L(��11;0(�))   J

0�. �®íâ®¬ã ®¯¨á ë¥ á«ãç ¨ á®®â¢¥âáâ¢ãîâ ¨§¢¥áâë¬ à á¯à¥¤¥«¥¨ï¬, ¥
¨¬¥îé¨¬ ¬®¤ã«¥©: 1) ®¤®¬¥à®¥ à á¯à¥¤¥«¥¨¥; 2) (ç¥â®-)ª®â ªâ®¥ à á¯à¥¤¥«¥¨¥ ª®à -
£  1; 3) à á¯à¥¤¥«¥¨¥ �£¥«ï á rank = corank = 2.

� ¬¥â¨¬, çâ® ¥á«¨ ®£à ¨ç¨âìáï íª¢¨¢ «¥â®áâï¬¨ ¨¤ãæ¨à®¢ ë¬¨ ¬®àä¨§¬ ¬¨ à áá«®-
¥¨ï � (á ¯®à®¦¤ îé¨¬¨ ¯®«ï¬¨ ¢¨¤  X =

P
ai(x)@xi + bj(x; u)@uj ), â® á®®â¢¥âáâ¢ãîé¨¥ à §-

¬¥à®áâ¨ ¨¬¥îâ  á¨¬¯â®â¨ªã: dimgl � r � ln+r�1

(n+r�1)!
. �®íâ®¬ã ¥à ¢¥áâ¢® (5) ¬®¦¥â ¢ë¯®«ïâìáï

¢ ¥¤¨áâ¢¥®¬ á«ãç ¥ n = 1, â. ¥. ¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¢®£® ¯®-
àï¤ª . �  á ¬®¬ ¤¥«¥, ¢ íâ®¬ á«ãç ¥ ¬ë ¨¬¥¥¬ âà á¢¥àá «ì®áâì â ª¦¥ ®â®á¨â¥«ì® ¬¥ìè¥©
£àã¯¯ë.

5.3. �á¥¢¤®£àã¯¯  �¨ ª®â ªâëå ¯à¥®¡à §®¢ ¨©. � á«ãç ¥ rank� = 1 ¢ëç¨á«¥¨ï   «®-
£¨çë ¨ ¨§ ¯à¥¤«®¦¥¨ï 10 á«¥¤ã¥â  á¨¬¯â®â¨ª 

dim gl �
l2n

(2n)!
: (7)

�à¥¤«®¦¥¨¥ 12. �¤¨áâ¢¥ë¬¨ ãà ¢¥¨ï¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î (5), ï¢«ï-
îâáï â¥, ª®â®àë¥ ¨¬¥îâ à §¬¥à®áâì n + 1 � d � 2n + 1, ¨ «¨¡® �1(E) � J1� á®¡áâ¢¥®¥,

«¨¡® n = 1, k = 2.

�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¯®«ãç ¥âáï, ¥á«¨ ¯®¤áâ ¢¨âì (7) ¢ (5) ¨ ãç¥áâì, çâ®
�k;0jE áîàê¥ªâ¨¢®. �¥¬ ¥ ¬¥¥¥, ¥á«¨ d = 2n + 1, â® ª ª ¢ á«ãç ¥ �k;1(E) = J1�, ¯®«ãç ¥¬
¤®¯®«¨â¥«ì®¥ à ¢¥áâ¢® dk � d = 1, ¨¬¥îé¥¥ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ n = 1, k = 2.

�¡áã¤¨¬ ¤¢  ¯®«ãç¥ëå á«ãç ï.
1. k = 1 ¨ E � J1(n; 1). � ª ¨ ¢ ¯. 3.5, ¢¨¤¨¬, çâ® ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢ ç áâëå

¯à®¨§¢®¤ëå E � J1�, dimE = d, âà á¢¥àá «ì® ®â®á¨â¥«ì® ¯á¥¢¤®£àã¯¯ë �¨ ª®â ªâëå
¯à¥®¡à §®¢ ¨© ¢ x1 2 E â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥ áãé¥áâ¢ã¥â ¨â¥£à «ìëå ¯®¤¬®£®®¡à -
§¨© à §¬¥à®áâ¨ ¡®«ìè¥© ç¥¬

�
d�1
2

�
. � ¬¥â¨¬, çâ® à á¯à¥¤¥«¥¨¥ �\ TE , ¨¤ãæ¨à®¢ ®¥   E ,

¢á¥£¤  ®¡« ¤ ¥â ¨â¥£à «ìë¬¨ ¯®¤¬®£®®¡à §¨ï¬¨ L à §¬¥à®áâ¨
�
d�1
2

�
. �á«¨ �1 : L ! L0 |

¤¨ää¥®¬®àä¨§¬, ¯®¤¬®£®®¡à §¨¥ ¨¬¥¥â ¢¨¤ j1s(L0) ¤«ï ¥ª®â®à®£® á¥ç¥¨ï s à áá«®¥¨ï �.
�®íâ®¬ã âà á¢¥àá «ì®áâì E ®§ ç ¥â, çâ® ¥ áãé¥áâ¢ã¥â \ç áâëå à¥è¥¨©" s : L0 ! J0�,
j1s(L0) � E , à §¬¥à®áâ¨ ¡®«ìè¥©, ç¥¬ ¬¨¨¬ «ì® ¢®§¬®¦ ï.

2. k > 1. �á«¨ E1 = �k;1(E) � J1� á®¡áâ¢¥®¥, â® «¨¡® ¥ áãé¥áâ¢ã¥â ¯à®¤®«¦¥¨ï E (1)1 ,
«¨¡® ãà ¢¥¨¥ E1,   § ç¨â, ¨ E ¥ âà á¢¥àá «ìë. �®íâ®¬ã à áá¬®âà¨¬ E1 = J1�, â®£¤ 
�2;1 : E2 ! J1� | ¤¨ää¥®¬®àä¨§¬. � ª ¯®ª § ® ¢ ¯à¥¤ë¤ãé¥¬ ¯à¥¤«®¦¥¨¨, â®£¤  n = 1. �
íâ®¬ á«ãç ¥ ¨¬¥¥¬ l-âà á¢¥àá «ì®áâì ¤«ï ¢á¥å l.

�  á ¬®¬ ¤¥«¥, íâ® | ¨§¢¥áâë© à¥§ã«ìâ â �®äãá  �¨: ¢á¥ áª «ïàë¥ ®¡ëª®¢¥ë¥ ¤¨ä-
ä¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ª®â ªâ® íª¢¨¢ «¥âë.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �¤¨áâ¢¥ë¬¨ âà á¢¥àá «ìë¬¨ (¨ íª¢¨¢ «¥âë¬¨) ãà ¢¥¨ï¬¨ E � Jk�
®â®á¨â¥«ì® ¯á¥¢¤®£àã¯¯ë ¯à¥®¡à §®¢ ¨© �¨ ï¢«ïîâáï á«¥¤ãîé¨¥:

1. u0x = F (x; u), x 2 R, u 2 Rn ;
2. u0xi = 'i(x; u), i = 1; : : : ; n, x 2 Rn , u 2 R;
3. w0z = '(z; z; w;w), w0z =  (z; z; w;w), z; w 2 C ;
4. u0xi = 'i(x; u; u0xs+1 ; : : : ; u

0
xn), 1 � i � s < n, x 2 Rn , u 2 R;

5. u00xx = F (x; u; u0x), x 2 R, u 2 R.
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�®£« á® § ¬¥ç ¨î 4, ¯¥à¢ë¥ âà¨ á«ãç ï á®®â¢¥âáâ¢ãîâ ®âªàëâë¬ ®à¡¨â ¬ ¢ ¯à®áâà áâ¢¥
à®áâª®¢ à á¯à¥¤¥«¥¨©. �«¥¤ãîé¨© á«ãç © ®¯¨áë¢ ¥âáï ª ª ¯®¤¬®£®®¡à §¨¥ ª®â ªâ®£® ¬®-
£®®¡à §¨ï. �®á«¥¤¨© íª¢¨¢ «¥â¥ á«®¥¨î �¥¦ ¤à    ª®â ªâ®¬ ¬®£®®¡à §¨¨ J1(1; 1).
�  á ¬®¬ ¤¥«¥, «®ª «ì® ¢á¥ «¥¦ ¤à®¢ë á«®¥¨ï   ª®â ªâ®¬ ¬®£®®¡à §¨¨ íª¢¨¢ «¥âë,
® â®«ìª® ¯à¨ n = 1 (á®£« á® â¥®à¥¬¥ �.�¨) á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ E ®¡é¥£® ¯®«®¦¥¨ï.
� ¯à®â¨¢®¬ á«ãç ¥, ¥®¡å®¤¨¬®  «®¦¨âì   E ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥ ¨â¥£à¨àã¥¬®áâ¨. �«ï
â ª¨å ãà ¢¥¨© á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 13. �á¥¢¤®£àã¯¯  ¯à¥®¡à §®¢ ¨© �¨ âà §¨â¨¢® ¤¥©áâ¢ã¥â   ª« áá¥ N

ãà ¢¥¨© E � J1+"� (£¤¥ " = max(0; 2 � r) ª ª ¨ à ìè¥), ª®â®àë¥ ¨â¥£à¨àã¥¬ë ¨ ¤¨ää¥®-

¬®àä® ¯à®¥ªâ¨àãîâáï á ¯®¬®éìî �1+";" : E
�
�!! J"�.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¯à¨ r = rank� = 1 ¯®«ãç ¥¬ «¥¦ ¤à®¢ë á«®¥¨ï ª®-
â ªâ®£® ¬®£®®¡à §¨ï J1�,   ¯à¨ r > 1 | ¯à®áâ® á«®¥¨¥   J0�.

6. � ª«îç¥¨¥

�ë ®¯¨á «¨ ¯à¥¯ïâáâ¢¨ï ª âà á¢¥àá «ì®áâ¨,   § ç¨â, ¨ ª íª¢¨¢ «¥â®áâ¨, ®â®á¨â¥«ì®
¤¥©áâ¢¨ï ¯á¥¢¤®£àã¯¯ë G. �ª §ë¢ ¥âáï, çâ® íâ¨ ¯à¥¯ïâáâ¢¨ï ¨¬¥îâ ª®£®¬®«®£¨ç¥áªãî ¯à¨à®-
¤ã. �®ïá¨¬ íâ® ¤«ï ¯à®áâà áâ¢ Ol, ¢®§¨ª îé¨å ¢ ªà¨â¥à¨¨ âà á¢¥àá «ì®áâ¨ Ol

a = 0 ¢
¯à¥¤«®¦¥¨¨ 3.

�¡®§ ç¨¬ ç¥à¥§ H l�j;j(h) £àã¯¯ã ª®£®¬®«®£¨© ª®¬¯«¥ªá 

0! hla ! hl�1a 
 t�a
�
�! hl�2a 
 �2t�a

�
�! � � � ! hl�ja 
 �jt�a

�
�! � � �

� ¬¥â¨¬, çâ® �-¤¨ää¥à¥æ¨ « ¤¥©áâ¢ã¥â ¢¤®«ì t,   ¥ ¢¤®«ì TM , ¯®íâ®¬ã £àã¯¯ë H l;0(h) =
hl \ S

l(Ann t) 
 TM ¬®£ãâ ¥ ¡ëâì ã«¥¢ë¬¨. �¥¬ ¥ ¬¥¥¥, ®¨ ®¡à é îâáï ¢ ã«ì, ¥á«¨ ¯®¤-
¯à®áâà áâ¢® ta (á« ¡®) ¥ å à ªâ¥à¨áâ¨ç¥áª®¥.

�á«¨ ¯á¥¢¤®£àã¯¯  G ¯®àï¤ª  k ï¢«ï¥âáï 2- æ¨ª«¨ç®©, â® ¯¥à¢ ï £àã¯¯  ª®£®¬®«®£¨© ¢ë-
è¥ãª § ®£® ª®¬¯«¥ªá  âà¨¢¨ «ì , ¯®íâ®¬ã hla ¯à®¤®«¦ ¥â h

l�1
a ¢¤®«ì t ¯à¨ l > k. � ª¦¥ ¯à¥¤-

¯®«®¦¨¬, çâ® l > m, £¤¥ m | ¯®àï¤®ª ãà ¢¥¨ï   ¯®¤¬®£®®¡à §¨¨ N, â®£¤  hla = (hl�1a )(1),
gla = (gl�1a )(1) ¯à¨ l > k.

�à¨ ¨á¯®«ì§®¢ ¨¨ áâ ¤ àâëå ¬¥â®¤®¢ £®¬®«®£¨ç¥áª®©  «£¥¡àë ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  5. �ãáâì ¯á¥¢¤®£àã¯¯  G 3- æ¨ª«¨ç . �®£¤ , ¥á«¨ Ol�1
a = 0, â® Ol

a = H l�2;2(ha).
� ç áâ®áâ¨, ¥á«¨ ¤¥©áâ¢¨¥ G âà á¢¥àá«ì® ¯®àï¤ª  l ¨ h 2- æ¨ª«¨ç , â® ¤¥©áâ¢¨¥ ä®à-

¬ «ì® âà á¢¥àá «ì®.

� ª ®¡áâ®¨â ¤¥«®,  ¯à¨¬¥à, ¤«ï ª®¬¯«¥ªáëå, á¨¬¯«¥ªâ¨ç¥áª¨å ¨ ¥ª®â®àëå ¤àã£¨å ¯á¥¢-
¤®£àã¯¯, ¤«ï ª®â®àëå âà á¢¥àá «ì®áâì ¡ë«  ¯®«ãç¥  ¤àã£¨¬¨ ¬¥â®¤ ¬¨.
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