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1. �¢¥¤¥¨¥

�¥â®¤ ¢¥ªâ®àëå äãªæ¨© �ï¯ã®¢  [1]{[3] ®¯¨à ¥âáï   ¤¨ää¥à¥æ¨ «ìë¥ ¥à ¢¥áâ¢ .
�à¨ íâ®¬ á¨áâ¥¬ë áà ¢¥¨ï áâà®ïâáï ¯ãâ¥¬ ¬ ¦®à¨à®¢ ¨ï ¯à®¨§¢®¤ëå ®â ª®¬¯®¥â ¢¥ªâ®à-
äãªæ¨¨ �ï¯ã®¢ , ¢§ïâëå ¢ á¨«ã ¨áå®¤®© á¨áâ¥¬ë. �¡ëç® ¢ ª ç¥áâ¢¥ á¨áâ¥¬ áà ¢¥¨ï
¨á¯®«ì§ãîâáï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ãá«®¢¨¥¬ � ¦¥¢áª®£®. � ª¨¥ á¨áâ¥¬ë
áà ¢¥¨ï ¨§ãç «¨áì ¢ [2], [4], [5], £¤¥ ãáâ ®¢«¥ë ªà¨â¥à¨¨ ãáâ®©ç¨¢®áâ¨, ®£à ¨ç¥®áâ¨, ¨-
¢ à¨ â®áâ¨ ¨ ¤ ë ®æ¥ª¨ à §«¨çëå ¯®ª § â¥«¥© ª ç¥áâ¢ . �à¥¡®¢ ¨¥, çâ®¡ë ¢ë¡¨à ¥¬ ï
¬ ¦®à â  ã¤®¢«¥â¢®àï«  ãá«®¢¨î � ¦¥¢áª®£®, áã¦ ¥â ª« áá ¤®¯ãáâ¨¬ëå á¨áâ¥¬ áà ¢¥¨ï. �
á¢ï§¨ á íâ¨¬ ¡ë«¨ ¯à¥¤¯à¨ïâë ¯®¯ëâª¨ ¯®áâà®¥¨ï â ª¨å á¨áâ¥¬ áà ¢¥¨ï, ª®â®àë¥ ã¤®¢«¥-
â¢®àï«¨ ¡ë ¬¥¥¥ ®£à ¨ç¨â¥«ìë¬ âà¥¡®¢ ¨ï¬, ¥¦¥«¨ ãá«®¢¨¥ � ¦¥¢áª®£®. � [6], [7] ¡ë«®
¯à¥¤«®¦¥® ¢ ª ç¥áâ¢¥ á¨áâ¥¬ áà ¢¥¨ï ¨á¯®«ì§®¢ âì á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,
®¯à¥¤¥«¥ë¥ ¢ «¨¥©®¬ ¯à®áâà áâ¢¥, ¯®«ãã¯®àï¤®ç¥®¬ á ¯®¬®éìî ¥ª®â®à®£® ª®ãá . � -
ª¨¥ á¨áâ¥¬ë ¨§ãç «¨áì ¢ [8]. � [9] ¯à¥¤«®¦¥® ¨á¯®«ì§®¢ âì ¬ âà¨çë¥ á¨áâ¥¬ë áà ¢¥¨ï. �
¤ ®© áâ âì¥ à áè¨àï¥âáï ª« áá ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï §  áç¥â á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ì-
ëå ãà ¢¥¨© á ãá«®¢¨¥¬ ª¢ §¨¬®®â®®áâ¨ ¯à ¢®© ç áâ¨ ®â®á¨â¥«ì® ª®ãá  ¥®âà¨æ â¥«ì-
® ®¯à¥¤¥«¥ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ. �®ª §ë¢ ¥âáï â¥®à¥¬  ® ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ì-
ëå ¥à ¢¥áâ¢ å, á ¯®¬®éìî ª®â®à®© ãáâ  ¢«¨¢ ¥âáï ¨¢ à¨ â®áâì ¥ª®â®àëå ¬®¦¥áâ¢,
¬®®â®®áâì à¥è¥¨© ¯®  ç «ìë¬ ¤ ë¬, ¤¨ ¬¨ç¥áª¨¥ á¢®©áâ¢  ãáâ®©ç¨¢®áâ¨, ¨¢ à¨-
 â®áâ¨ ¨ ®£à ¨ç¥®áâ¨ à¥è¥¨© ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï.

2. �áå®¤ë¥ ¯®ïâ¨ï ¨ ®¯à¥¤¥«¥¨ï. �®áâ ®¢ª  § ¤ ç¨

�ãáâì G| ¬®¦¥áâ¢® á¨¬¬¥âà¨ç¥áª¨å n�n-¬ âà¨æQ. � G ®¯à¥¤¥«¨¬ ª¢ ¤à â¨çãî ä®à¬ã
 TQ , £¤¥  2 Rn, Q 2 G. �«ï «î¡®£®  2 Rn ®¯à¥¤¥«¥  ®à¬  k k =

p
 t . �¡®§ ç¨¬

� = f 2 Rn : k k = 1g. � G ¢ë¤¥«¨¬ ¯®¤¬®¦¥áâ¢® ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ëå ¬ âà¨æ

G+ = fQ 2 G :  TQ � 0 8 2 �g;
ª®â®à®¥ ¡ã¤¥â ï¢«ïâìáï ª®ãá®¬ ¢ G.

� ª ¨§¢¥áâ® ([9], á. 17), ª®ãá G+ ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ
ï¢«ï¥âáï â¥«¥áë¬, ¢®á¯à®¨§¢®¤ïé¨¬ ¨ ®à¬ «ìë¬. �¡®§ ç¨¬ ª®ãá ¯®«®¦¨â¥«ì® ®¯à¥¤¥-
«¥ëå ¬ âà¨æ ç¥à¥§ G+. �â®è¥¨¥ ç áâ¨ç®£® ¯®àï¤ª  ¢ G ¢¢®¤¨âáï á ¯®¬®éìî ª®ãá  G+

á«¥¤ãîé¨¬ ®¡à §®¬ [9]{[11]. �á«¨ Z; Y 2 G, â® ¥à ¢¥áâ¢  Z � Y , Z > Y ®§ ç îâ á®®â¢¥â-

áâ¢¥® Z � Y 2 G+, Z � Y 2 G+. � G ¢¢¥¤¥¬ ®à¬ã kQk =
s

nP
i=1; j=i

q2ij ¨ ®¯à¥¤¥«¨¬ ®¡« áâì

B = fY 2 G : kY � Y0k < hg ¤«ï «î¡®£® § ¤ ®£® Y0 2 G, h = const.
�ã¤¥¬ ¨§ãç âì à¥è¥¨ï Y (t) § ¤ ç¨ �®è¨

dY (t)=dt = F (t; Y (t)); Y (t0) = Y0; Y0 2 B; (1)
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  ¯à®¬¥¦ãâª å ®¯à¥¤¥«¥¨ï T = [t0; t0 + �) (8t 2 T ) Y (t) 2 B. �¤¥áì ¬ âà¨ç ï äãªæ¨ï
F : A ! G ¯à¥¤¯®« £ ¥âáï ®¯à¥¤¥«¥®© ¢ ®¡« áâ¨ A = T � B.

�«ï ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª ª ¨ ¤«ï ¢¥ªâ®àëå, ¨¬¥îâ ¬¥áâ® â¥®à¥-
¬ë áãé¥áâ¢®¢ ¨ï ¨ ¯à®¤®«¦¨¬®áâ¨ ª« áá¨ç¥áª¨å à¥è¥¨© (¯® â¥à¬¨®«®£¨¨ ¨§ ([1], á. 69{70)),
¯à ¢®áâ®à®¨å à¥è¥¨© ¨ à¥è¥¨© ¢ á¬ëá«¥ � à â¥®¤®à¨ (K-à¥è¥¨©) ¢ á«ãç ¥, ¥á«¨ ¬ âà¨ç-
 ï äãªæ¨ï F (t; Y ) á®®â¢¥âáâ¢¥® ¥¯à¥àë¢ , ¥¯à¥àë¢  á¯à ¢ , ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
� à â¥®¤®à¨. � ¯à¨¬¥à, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï â¥®à¥¬ , ï¢«ïîé ïáï   «®£®¬ â¥®à¥¬ë ([12],
á. 7) áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®è¨ ¤«ï ¢¥ªâ®àëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©.

�¥®à¥¬  1. �ãáâì ¬ âà¨ç ï äãªæ¨ï F (t; Y ) ã¤®¢«¥â¢®àï¥â ¯à¨ t 2 T = [t0; t0+� ], Y 2 B
ãá«®¢¨ï¬ � à â¥®¤®à¨:

1) F (t; Y ) ¯à¨ ¯®çâ¨ ¢á¥å t ®¯à¥¤¥«¥  ¨ ¥¯à¥àë¢  ¯® Y ;
2) F (t; Y ) ¨§¬¥à¨¬  ¯® t ¯à¨ ª ¦¤®¬ Y ;
3) kF (t; Y )k � '(t), £¤¥ '(t) áã¬¬¨àã¥¬  (  ª ¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥, ¥á«¨ t ¥ ®£à ¨-

ç¥® ¢ ®¡« áâ¨ A);
¨ ¯ãáâì áãé¥áâ¢ã¥â â ª ï áã¬¬¨àã¥¬ ï äãªæ¨ï l(t), çâ® ¤«ï «î¡ëå Y 0; Y 00 2 B, t 2 T

kF (t; Y 0)� F (t; Y 00)k � l(t)kY 0 � Y 00k: (2)

�®£¤  ¤«ï ¢áïª®£® (t0; Y0) 2 A ¤¨ää¥à¥æ¨ «ì®¥ ¬ âà¨ç®¥ ãà ¢¥¨¥ (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥

à¥è¥¨¥ Y (t; t0; Y0), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î Y (t0; t0; Y0) = Y0 ¨ Y (t; t0; Y0) 2 B ¯à¨ ¢á¥å t 2 T .
�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¤«ï ¢¥ªâ®àëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ([12],

á. 8), ¯®áª®«ìªã «î¡®© á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æ¥ ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¢¥ªâ®à à §¬¥à-
®áâ¨ n(n + 1)=2,   ¬ âà¨ç®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î (1) ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥
¢¥ªâ®à®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥.

� «®£¨çë¥ ãâ¢¥à¦¤¥¨ï ¨¬¥îâ ¬¥áâ® ¤«ï ª« áá¨ç¥áª¨å ¨ ¯à ¢®áâ®à®¨å à¥è¥¨© ¬ -
âà¨ç®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1).

�®¦¥áâ¢® B 2 G  §ë¢ îâ ®£à ¨ç¥ë¬ ¯® ª®ãáã G+, ¥á«¨  ©¤¥âáï â ª ï ¬ âà¨æ 
Y 2 G+, çâ® Z � Y ¯à¨ ¢á¥å Z 2 B.

�¡®§ ç¨¬ ç¥à¥§ Pm " ¬®®â®® ¥ã¡ë¢ îéãî ¯®á«¥¤®¢ â¥«ì®áâì fPmg ¬ âà¨æ Pm 2 G,
¤«ï ª®â®à®© Pm+1 � Pm (m = 1; 2; : : : ). � «®£¨ç® ¬®¦® ®¯à¥¤¥«¨âì ¬®®â®® ¥¢®§à áâ -
îéãî ¯®á«¥¤®¢ â¥«ì®áâì Pm #.

�¥¬¬  1 ([13], á. 52). �á«¨ ¢á¥ ¬ âà¨æë Pm á¨¬¬¥âà¨ç¥áª¨¥ ¨ â ª®¢ë, çâ®  ©¤¥âáï Q 2
G : Pm � Q (m = 1; 2; : : : ) ¨ Pm #, â® áãé¥áâ¢ã¥â ¬ âà¨æ  P = limPm ¯à¨ m!1.

�¤¥áì ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ ®§ ç ¥â ([13], á. 52), çâ® ¤«ï «î¡ëå x; y 2 Rn yTPx =
lim
m!1

yTPmx.

� ª¨¬ ®¡à §®¬, ª®ãá G+ ï¢«ï¥âáï ¯à ¢¨«ìë¬ ([11], c. 38), ¯®áª®«ìªã ª ¦¤ ï ¬®®â® ï ¨
®£à ¨ç¥ ï ¯® ª®ãáã G+ ¯®á«¥¤®¢ â¥«ì®áâì ¬ âà¨æ ¨¬¥¥â ¯à¥¤¥«. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì
Zm áå®¤¨âáï ª í«¥¬¥âã Z 2 G ¨ Zm 2 G+ ¯à¨ m = 1; 2; : : : , â® ¨ Z 2 G+.

�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï F ¬®®â®® ¥ã¡ë¢ îé ï ®â®á¨â¥«ì®

ª®ãá  G+, ¥á«¨ ¤«ï «î¡ëå Z; Y 2 B ¨§ ãá«®¢¨ï Y � Z 2 G+ á«¥¤ã¥â F (t; Y ) � F (t; Z) 2 G+

(¨«¨ ¥á«¨ ¤«ï «î¡ëå Z; Y 2 B ¨ ¢á¥å  2 � ¨§ ãá«®¢¨ï  T (Y � Z) � 0 á«¥¤ã¥â  T (F (t; Y ) �
F (t; Z)) � 0 ¤«ï ¯®çâ¨ ¢á¥å t 2 T ).

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï F ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ®â®á¨-

â¥«ì® ª®ãá  G+, ¥á«¨ ¤«ï «î¡ëå Z; Y 2 B, Y�Z 2 G+, ¨ â ª¨å  2 �, çâ® ¥á«¨  T (Y �Z) = 0,
â®  T (F (t; Y )� F (t; Z)) � 0 ¤«ï ¯®çâ¨ ¢á¥å t 2 T .
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� ¯à¨¬¥à, ¤«ï Y =
�
y1 0
0 y2

�
¬ âà¨ç ï äãªæ¨ï F (Y ) =

�
0 0
0 �2y2

�
¥ ï¢«ï¥âáï ¬®®â®®©,

¯®áª®«ìªã ¨§ Y 00 � Y 0 =
�
y001 � y01 0

0 y002 � y02

�
¥ á«¥¤ã¥â F (Y 00) � F (Y 0) =

�
0 0
0 �2(y002 � y02)

�
� 0.

�¤ ª®, ¥á«¨ ¢®§ì¬¥¬ ª ª®©-«¨¡®  = ( 1;  2)T , ¯à¨ ª®â®à®¬  T (Y 00 � Y 0) =  21(y
00

1 � y01) +
 22(y

00

2 � y02) = 0 (çâ® ¨¬¥¥â ¬¥áâ® «¨¡® ¯à¨  1 = 0 ¨ y002 � y02 = 0, «¨¡® ¯à¨  2 = 0 ¨ y001 � y01 = 0),
â® ¯®«ãç¨¬  T (F (Y 00) � F (Y 0)) = �2 22(y002 � y02) = 0. � íâ® ¯® ®¯à¥¤¥«¥¨î 2 ®§ ç ¥â, çâ®
¬ âà¨ç ï äãªæ¨ï F (Y ) ï¢«ï¥âáï ª¢ §¨¬®®â®® ¥ã¡ë¢ îé¥© ®â®á¨â¥«ì® G+.

�â¬¥â¨¬, çâ® ®¯à¥¤¥«¥¨¥ 2, ¢¢¥¤¥®¥ ¢ ([14], á. 128) ¤«ï ¢¥ªâ®à-äãªæ¨© ¢ ª®¥ç®¬¥à®¬
¯à®áâà áâ¢¥, ç áâ¨ç® ã¯®àï¤®ç¥®¬ á ¯®¬®éìî â¥«¥á®£® ª®ãá  K, ï¢«ï¥âáï ®¡®¡é¥¨¥¬
¨§¢¥áâ®£® ãá«®¢¨ï ª¢ §¨¬®®â®®áâ¨ � ¦¥¢áª®£® (¥ã¡ë¢ ¨ï ¢¥ªâ®à-äãªæ¨¨ ¯® ¢¥¤¨ £®-
 «ìë¬ ª®¬¯®¥â ¬).

�¡®§ ç¨¬ ª« áá ¬ âà¨çëå äãªæ¨©   T , ª¢ §¨¬®®â®® ¥ã¡ë¢ îé¨å ®â®á¨â¥«ì®
ª®ãá  G+, ç¥à¥§ W (G+).

�¯à¥¤¥«¥¨¥ 3. �ãªæ¨ï F (t; Y )  §ë¢ ¥âáï ¯®«ãª¢ §¨¬®®â®®© ¯® Y ®â®á¨â¥«ì®

ª®ãá  G+, ¥á«¨ Y 2 G+ ¨  TY  = 0 ¤«ï ¥ª®â®à®£®  2 � ¢«¥ªãâ  T (F (t; Y )) � 0.

3. �ãé¥áâ¢®¢ ¨¥ ¢¥àå¨å à¥è¥¨©

�à¨ ãá«®¢¨¨ ª¢ §¨¬®®â®®áâ¨ äãªæ¨¨ F (t; Y ) ¯® Y ®â®á¨â¥«ì® ª®ãá  G+ â ª ¦¥, ª ª
¢ ¢¥ªâ®à®¬ á«ãç ¥, ¬®¦® ¯®ª § âì áãé¥áâ¢®¢ ¨¥ ¢¥àå¥£® ®â®á¨â¥«ì® ª®ãá  G+ à¥è¥¨ï
  ¥ª®â®à®¬ ¥ à ¢®¬ ã«î ¨â¥à¢ «¥ § ç¥¨© [t0; t0 + �).

�¯à¥¤¥«¥¨¥ 4. �¥è¥¨¥ Y (á®®â¢¥âáâ¢¥® Y ) á¨áâ¥¬ë (1) ¡ã¤¥¬  §ë¢ âì ¢¥àå¨¬ (á®-
®â¢¥âáâ¢¥® ¨¦¨¬), ¥á«¨ Y (t) � Y (t) (á®®â¢¥âáâ¢¥® Y (t) � Y (t)) ¤«ï ª ¦¤®£® à¥è¥¨ï (1)
¨ ¢á¥å t 2 T , ¯à¨ ª®â®àëå ®¡¥ ¬ âà¨çë¥ äãªæ¨¨ ®¯à¥¤¥«¥ë.

�¥¬¬  2. 1) �á«¨ äãªæ¨ï F (t; Y ) ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ¯® Y , ¨ F (t; 0) � 0, â®
F ¯®«ãª¢ §¨¬®®â®  ¯® Y . �¡à â®¥ â ª¦¥ ¢¥à®, ¥á«¨ F | «¨¥© ï äãªæ¨ï.

2) �ãáâì äãªæ¨ï F (t; Y ) ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ¯® Y , ¨ Z(t) : T ! B. �®£¤ 
H(t; Y ) = F (t; Z(t) + Y ) � F (t; Z(t)) ï¢«ï¥âáï ª¢ §¨¬®®â®® ¥ã¡ë¢ îé¥© ¯® Y ¨, ªà®¬¥

â®£®, H ¯®«ãª¢ §¨¬®®â®  ¯® Y .

�®ª § â¥«ìáâ¢® ®ç¥¢¨¤®.
�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ¨ï ¢¥àå¥£® à¥è¥¨ï ¯®âà¥¡ã¥âáï «¥¬¬  ¨§ ([16], á. 110),

ª®â®à ï, ª ª ¯®ª § ® ¢ ([17], á. 215), ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¤«ï ¬ âà¨çëå äãªæ¨© á ãá«®¢¨¥¬
ª¢ §¨¬®®â®®áâ¨ ®â®á¨â¥«ì® ª®ãá  G+.

�¥¬¬  3 ([17], á. 215). �à¥¤¯®«®¦¨¬, çâ® F (t; Y ) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ ¯®

®â®è¥¨î ª G+ :
a) F ®£à ¨ç¥ ;
b) F ª¢ §¨¬®®â®o ¥ã¡ë¢ îé ï ¯® Y .

�ãáâì Z(t), Y (t) ¥¯à¥àë¢ë   T ¨ ¤¨ää¥à¥æ¨àã¥¬ë   T� = T n � (£¤¥ � | ¬®¦¥áâ¢®

ã«¥¢®© ¬¥àë). �à¥¤¯®«®¦¨¬ ¤ «¥¥

c) Z(0) < Y (0);
d) dZ=dt � F (t; Z) < dY=dt� F (t; Y )   T�.

�®£¤  Z(t) < Y (t)   T .

�¥®à¥¬  2. �ãáâì F 2 W (G+) ¨ ã¤®¢«¥â¢®àï¥â ¢ ®¡« áâ¨ A = T � B ãá«®¢¨ï¬ � à â¥-

®¤®à¨. �®£¤  § ¤ ç  (1) ¨¬¥¥â «®ª «ì®¥ ¢¥àå¥¥ à¥è¥¨¥, ª®â®à®¥ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥®

¤® £à ¨æë § ¬ªãâ®© ®£à ¨ç¥®© ®¡« áâ¨ � � B.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ãà ¢¥¨¥

dYk=dt = F (t; Yk) +
1
k
I; Yk(t0) = Y (t0) +

1
k
I; k = 1; 2; : : : ; (3)

£¤¥ I | ¥¤¨¨ç ï n� n-¬ âà¨æ , ¯à ¢ ï ç áâì ª®â®à®£® â ª ¦¥, ª ª ¨ F (t; Y ), ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ � à â¥®¤®à¨ ¨ ï¢«ï¥âáï ª¢ §¨¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+. � á¨«ã â¥®à¥¬ë
1 ¯à¨ ª ¦¤®¬ k áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (3), ª®â®à®¥ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥® ¤® £à ¨æë
«î¡®© § ¬ªãâ®© ®£à ¨ç¥®© ®¡« áâ¨ � � B. �à¨ k !1 ¯à ¢ ï ç áâì ãà ¢¥¨ï (3) áå®¤¨âáï
à ¢®¬¥à® ª ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (1). � á¨«ã ãá«®¢¨© � à â¥®¤®à¨ ¤«ï ¯à ¢®© ç áâ¨ (3) ¨§
¯®á«¥¤®¢ â¥«ì®áâ¨ à¥è¥¨© Yk ¬®¦® ¢ë¤¥«¨âì áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, ¯à¥¤¥«
ª®â®à®© Y ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (1)   ¥§ ¢¨á¨¬®¬ ®â k ¨â¥à¢ «¥ [t0; t0 + �). �á«¨ Z(t) |
«î¡®¥ à¥è¥¨¥ § ¤ ç¨ (1) á  ç «ìë¬ ãá«®¢¨¥¬ Z(t0) = Z0, â® ¤«ï ¥£® ¨¬¥¥¬ Z(t0) < Y (t0),
dZ=dt � F (t; Z) < dYk=dt � F (t; Yk) ¯à¨ ¯®çâ¨ ¢á¥å t 2 [t0; t0 + �). �®íâ®¬ã á®£« á® «¥¬¬¥ 3
Z(t) < Yk(t) ¯à¨ ¢á¥å t 2 [t0; t0 + �). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥,  å®¤¨¬
lim
k!1

Yk(t) � Z(t), ¨«¨ Y (t) � Z(t), â. ¥. Y (t) | ¢¥àå¥¥ ®â®á¨â¥«ì® ª®ãá  G+ à¥è¥¨¥ § ¤ ç¨

(1).

� «®£¨çë¥ ãâ¢¥à¦¤¥¨ï ¨¬¥îâ ¬¥áâ® ¤«ï ª« áá¨ç¥áª¨å ¨ ¯à ¢®áâ®à®¨å à¥è¥¨©.

4. �¥®à¥¬  ® ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå ¥à ¢¥áâ¢ å

� áá¬®âà¨¬ ¢®¯à®á ® á®®â®è¥¨¨ ª« áá®¢ ¬®®â®ëå ¨ ª¢ §¨¬®®â®ëå ®â®á¨â¥«ì®
ª®ãá  G+ ¬ âà¨çëå äãªæ¨©. �¥£ª® ¢¨¤¥âì, çâ® «î¡ ï ¬®®â® ï äãªæ¨ï ¡ã¤¥â ï¢«ïâìáï
¨ ª¢ §¨¬®®â®®©. �¤ ª® ¥ ª ¦¤ ï ª¢ §¨¬®®â® ï äãªæ¨ï ¬®®â® .

�¥¬¬  4. �ãáâì ¬ âà¨ç ï äãªæ¨ï F (t; Y ) 2 W (G+), â. ¥. ª¢ §¨¬®®â®® ¥ã¡ë¢ î-

é ï ¯® Y ®â®á¨â¥«ì® ª®ãá  G+. �®£¤  áãé¥áâ¢ã¥â ç¨á«® a > 0 â ª®¥, çâ® ¬ âà¨ç ï

äãªæ¨ï F (t; Y ) + aY ï¢«ï¥âáï ¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+.

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì «¥¬¬ë á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï 2 ª¢ §¨¬®®â®®áâ¨.
�¥©áâ¢¨â¥«ì®, ¯ãáâì Z; Y 2 G ¨ Y � Z 2 G+. �®£¤  ¯à¨ «î¡®¬  2 �  T (Y � Z) � 0.
�á«¨  T (Y � Z) = 0, â® ¨§ ãá«®¢¨ï ª¢ §¨¬®®â®®áâ¨ á«¥¤ã¥â  T (F (t; Y ) � F (t; Z)) � 0,
¨ ¢ íâ®¬ á«ãç ¥ ¬®®â®®áâì ¨¬¥¥â ¬¥áâ®. � ª¦¥ ®¯à¥¤¥«¥¨¥ ¬®®â®®áâ¨ ã¤®¢«¥â¢®àï¥â-
áï ¯à¨  T (Y � Z) > 0 ¨  T (F (t; Y ) � F (t; Z)) � 0. � ª®¥æ, áà¥¤¨ ¢á¥å  2 � ¢ë¤¥«¨¬
¯®¤¬®¦¥áâ¢® �0 â ª¨å  , ¯à¨ ª®â®àëå  T (Y � Z) > 0 ¨  T (F (t; Y ) � F (t; Z)) < 0. �®£¤ 
¯à¨ a = sup

 2�0

[� (F (t; Y )�F (t; Z)) = T (Y �Z) ] ¡ã¤¥â ¢ë¯®«ïâìáï ãá«®¢¨¥ ¬®®â®®áâ¨ ¤«ï
¬ âà¨ç®© äãªæ¨¨ F (t; Y ) + aY .

�¥¬¬  5. �ãáâì ¬ âà¨ç ï äãªæ¨ï F (t; Y ) ¯®«ãª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ¯® Y ®â-

®á¨â¥«ì® ª®ãá  G+. �®£¤  áãé¥áâ¢ã¥â ç¨á«® a > 0 â ª®¥, çâ® ¬ âà¨ç ï äãªæ¨ï

F (t; Y )+aY ï¢«ï¥âáï ¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+ ¨ F (t; Y )+aY � 0 ¯à¨ ¢á¥å Y 2 G+

(¨«¨ F (t; Y ) + aY > 0 ¯à¨ ¢á¥å Y 2 G+).

�®ª § â¥«ìáâ¢®   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã.
� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¯®«®¦¨â¥«ìëå ®â®á¨â¥«ì® ª®ãá  G+ à¥è¥-

¨© ãà ¢¥¨ï (1).

�¥®à¥¬  3. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �á«¨, ªà®¬¥ â®£®, F (t; Y ) ¯®«ãª¢ -
§¨¬®®â®® ¥ã¡ë¢ îé ï ¯® Y ®â®á¨â¥«ì® ª®ãá  G+, â® ª ¦¤®¬ã  ç «ì®¬ã ãá«®¢¨î

Y0 2 G+\B á®®â¢¥âáâ¢ã¥â à¥è¥¨¥ ãà ¢¥¨ï (1), ¯à¨ ¤«¥¦ é¥¥ B   ¥ª®â®à®¬ ¥ à ¢®¬

ã«î ¨â¥à¢ «¥ § ç¥¨© t, ¨ Y (t; t0; Y0) 2 G+ ¯à¨ ¢á¥å t 2 T .
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�®ª § â¥«ìáâ¢®. �®, çâ® à¥è¥¨¥ áãé¥áâ¢ã¥â ¨ ¯à¨ ¤«¥¦¨â B, á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.
�áâ ¥âáï ¯®ª § âì, çâ® ®® ¡ã¤¥â ¯à¨ ¤«¥¦ âì G+, ¥á«¨ Y0 2 G+.

�§ ãá«®¢¨ï ¯®«ãª¢ §¨¬®®â®®áâ¨ F (t; Y ) ¨ «¥¬¬ë 4 á«¥¤ã¥â, çâ®  ©¤¥âáï â ª®¥ ç¨á«®
a, ¯à¨ ª®â®à®¬ ¬ âà¨ç ï äãªæ¨ï F (t; Y ) + aY ¡ã¤¥â ¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ìë¥ ¯à¨¡«¨¦¥¨ï, ¯®áâà®¥ë¥ ¯® áå¥¬¥ ([9], á. 28)

Z0 = e�a(t�t0)Y0;

Zk+1 = e�a(t�t0)Y0 +
Z t

t0

e�a(t��)[F (�; Zk(�)) + aZk(�)]d�; k � 1:

�ç¥¢¨¤®, F (t; Z(t))+aZ(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2) á ¯¥à¥¬¥®© l(t)+a, ¯®íâ®¬ã ¯®á«¥¤®¢ -
â¥«ì®áâì Zk ï¢«ï¥âáï äã¤ ¬¥â «ì®©, à ¢®¬¥à® ®£à ¨ç¥®© ¨ à ¢®¬¥à®   B áå®¤¨âáï
ª Y (t). �à®¬¥ â®£®, Z0 = e�a(t�t0)Y0 � 0,   â. ª. ¯® «¥¬¬¥ 5 F (t; Z(t)) + aZ(t) � 0, â®

Z1 = e�a(t�t0)Y0 +
Z t

t0

e�a(t��)[F (�; Z0(�)) + aZ0(�)]d� � Z0:

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ¬®®â®®áâ¨ F (t; Y ) + aY ®â®á¨â¥«ì® G+ ¯®«ãç ¥¬ F (t; Z1(t)) +
aZ1(t) � F (t; Z0(t)) + aZ0(t) � 0 ¨ Z2 � Z1. �® ¨¤ãªæ¨¨  å®¤¨¬ 0 � Z1 � Z2 � � � � � Zk � Zk+1
¯à¨ ¢á¥å k. �à¨¬¥ïï «¥¬¬ã 1 ® ¯®â®ç¥ç®© áå®¤¨¬®áâ¨, ¯®«ãç ¥¬ lim

k!1
Zk = Y ,   â. ª. ª®ãá G+

§ ¬ªãâ, â® Y 2 G+.

�¥®à¥¬  4. �ãáâì ¤«ï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© ¬ âà¨ç®© äãªæ¨¨ Z(t) ¢ë¯®«ï-
¥âáï ¤¨ää¥à¥æ¨ «ì®¥ ¥à ¢¥áâ¢®

dZ(t)=dt � F (t; Z(t)); t 2 T; (4)

£¤¥ äãªæ¨ï F (t; Z) ¥¯à¥àë¢ ï, ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ®â®á¨â¥«ì® G+ ¨ ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î (2). �ãáâì â ª¦¥ Z(t0) � Y0. �®£¤  Z(t) � Y (t) ¯à¨ ¢á¥å t 2 T , £¤¥ Y (t) |
¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ (1) á äãªæ¨¥© F (t; Y ) ¨§ (4) ¨ Y (t0) = Y0.

�¥§ ãá«®¢¨ï (2), £ à â¨àãîé¥£® ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ (1), á¯à ¢¥¤«¨¢® á«¥¤ãî-
é¥¥   «®£¨ç®¥ â¥®à¥¬¥ ([2], á. 56) ® ¢¥ªâ®àëå ¤¨ää¥à¥æ¨ «ìëå ¥à ¢¥áâ¢ å á ãá«®¢¨¥¬
� ¦¥¢áª®£® ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  5. �ãáâì ¬ âà¨ç ï äãªæ¨ï F (t; Y ), ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ¯® Y ®â-

®á¨â¥«ì® ª®ãá  G+, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � à â¥®¤®à¨,    ¡á®«îâ® ¥¯à¥àë¢ ï ¬ -

âà¨ç ï äãªæ¨ï Z : [t0; t0 + � ]! G ã¤®¢«¥â¢®àï¥â ¯à¨ ¯®çâ¨ ¢á¥å t 2 [t0; t0 + � ] ¤¨ää¥à¥æ¨-
 «ì®¬ã ¥à ¢¥áâ¢ã

D+Z(t) � F (t; Z(t)) ¨ Z(t0) � Y0:

�®£¤  áãé¥áâ¢ã¥â ¢¥àå¥¥ ®â®á¨â¥«ì® ª®ãá  G+ K-à¥è¥¨¥ Y (t) § ¤ ç¨ �®è¨   [t0; t0+�)
â ª®¥, çâ® Z(t) � Y (t) ¯à¨ ¢á¥å t 2 [t0; t0 + � ].

�®ª § â¥«ìáâ¢®. �¥®à¥¬  4 ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ â¥®à¥¬ë 5. �®íâ®¬ã ¤®ª ¦¥¬ â¥-
®à¥¬ã 5. �ãé¥áâ¢®¢ ¨¥ ¢¥àå¥£® à¥è¥¨ï Y (t) = Y (t; t0; Y0) ãà ¢¥¨ï (1) á Y (t0) = Y0
á«¥¤ã¥â ¨§ â¥®à¥¬ë 2. �â® ¢¥àå¥¥ à¥è¥¨¥ ¡ã¤¥â ¥¤¨áâ¢¥ë¬, â. ª. ¥á«¨ Y 0(t) ¨ Y 00(t) |
¤¢  ¢¥àå¨å à¥è¥¨ï (1) á Y (t0) = Y0, â® ¤«ï ¨å ¨¬¥îâ ¬¥áâ® ®¤®¢à¥¬¥® ¥à ¢¥áâ¢ 
Y 00(t) � Y 0(t) ¨ Y 0(t) � Y 00(t), ¨§ ª®â®àëå á«¥¤ã¥â Y 00(t) = Y 0(t) ¯à¨ t 2 T . �«ï ¬ âà¨ç®©
äãªæ¨¨ U(t) = Y (t) � Z(t) ¨¬¥¥â ¬¥áâ® ãà ¢¥¨¥ dU=dt = F (t; U + Z) � F (t; Z) + H(t), £¤¥
H(t) = F (t; Z(t)) � dZ(t)=dt � 0, ¯à ¢ ï ç áâì ª®â®à®£® ¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë ¨ «¥¬¬ë 2
¯®«ãª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ¯® U ®â®á¨â¥«ì® G+. �§ â¥®à¥¬ë 3 á«¥¤ã¥â U(t) 2 G+ ¯à¨
t 2 T .
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�â¬¥â¨¬, çâ® à ¥¥ ¡ë«¨ ¯®«ãç¥ë â¥®à¥¬ë ® ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå ¨ ¨â¥£à «ì-
ëå ¥à ¢¥áâ¢ å ¢ á«ãç ¥, ª®£¤  äãªæ¨ï F ï¢«ï¥âáï ¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+

([17], cc. 150, 216). � ([9], á. 28{35) ¤®ª §   ¬®®â®®áâì à¥è¥¨© ¨ áãé¥áâ¢®¢ ¨¥ ¯®«®¦¨-
â¥«ìëå ®â®á¨â¥«ì® ª®ãá  à¥è¥¨© ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ ¯à¨ ãá«®¢¨¨ ¬®®â®®áâ¨
à¥§®«ì¢¥âë ®¯¥à â®à  ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¯à¨ ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å § ç¥¨ïå
¥¥ ¯ à ¬¥âà . �¤ ª® ¯à®¢¥à¨âì íâ® ãá«®¢¨¥ ®ª §ë¢ ¥âáï § âàã¤¨â¥«ìë¬. � [17] ¤®ª §   â¥®-
à¥¬  ® ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå (¨ ¨â¥£à «ìëå) ¥à ¢¥áâ¢ å á ãá«®¢¨¥¬ ¬®®â®®áâ¨
¯à ¢®© ç áâ¨ (á®®â¢¥âáâ¢¥® ¬®®â®®áâ¨ ¯®¤¨â¥£à «ì®© ¬ âà¨ç®© äãªæ¨¨), ª®â®à®¥ £ -
à â¨àã¥â ¬®®â®®áâì à¥è¥¨© ®â®á¨â¥«ì® ª®ãá  G+. �® íâ® ãá«®¢¨¥ ï¢«ï¥âáï ¤®¢®«ì®
£àã¡ë¬, â. ª. ¤ ¦¥ ¯à ¢ë¥ ç áâ¨ ¬ âà¨çëå ãà ¢¥¨© �ï¯ã®¢  ¨ �¨ªª â¨ ¥ ï¢«ïîâáï ¬®-
®â®ë¬¨ ¬ âà¨çë¬¨ äãªæ¨ï¬¨. �¥®à¥¬ë 4 ¨ 5 ¤ îâ ¡®«¥¥ ¬ï£ª¨¥ ¨ «¥£ª® ¯à®¢¥àï¥¬ë¥
ãá«®¢¨ï   ¯à ¢ë¥ ç áâ¨ ¬ âà¨çëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª®â®àë¥ ®¡¥á¯¥ç¨-
¢ îâ ¬®®â®®áâì ¨å à¥è¥¨©.

5. �¢®©áâ¢  ¬ âà¨çëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
á ãá«®¢¨¥¬ ª¢ §¨¬®®â®®áâ¨

�ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢¥¨¥ (1)   T ®¡« ¤ ¥â á¢®©áâ¢®¬ ¬®®â®®áâ¨ à¥è¥¨© ¯®

 ç «ìë¬ ¤ ë¬, ¥á«¨ ¨§ Y 00 � Y 000 á«¥¤ã¥â Y (t; t0; Y 00 ) � Y (t; t0; Y 000 ). �à ¢ë¥ ç áâ¨ â ª¨å
á¨áâ¥¬ ¡ã¤¥¬ ®¡®§ ç âì F (t; Y ) 2M(G+).

�§ â¥®à¥¬ë 3 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �ãáâì ¯à ¢ ï ç áâì ãà ¢¥¨ï (1) F (t; Y ) 2W (G+) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
�¨¯è¨æ  (2). �®£¤  F (t; Y ) 2M(G+).

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ Y 00 � Y 000 ¨ ®¡®§ ç¨¬ Z(t) = Y (t; t0; Y 000 )� Y (t; t0; Y 00). �®£¤  ¤«ï
Z(t) á¯à ¢¥¤«¨¢® ãà ¢¥¨¥ dZ(t)=dt = F 0(t; Z(t)) = F (t; Z(t)+Y (t; t0; Y 00))�F (t; Y (t; t0; Y 00)), ¯à -
¢ ï ç áâì ª®â®à®£® á®£« á® «¥¬¬¥ 2 | ¯®«ãª¢ §¨¬®®â® ï ¬ âà¨ç ï äãªæ¨ï. �®áª®«ìªã
Z(t0) 2 G+, â® ¯® â¥®à¥¬¥ 3 Z(t) 2 G+ ¯à¨ ¢á¥å t 2 T .

� ¯®¬®éìî â¥®à¥¬ 4, 5 ¬®¦® ãáâ ®¢¨âì ¨¢ à¨ â®áâì ¥ª®â®àëå ¬®¦¥áâ¢ ¨ ¯®«ãç¨âì
®æ¥ª¨ à¥è¥¨© á¨áâ¥¬ë (1) á F 2W (G+)   «®£¨ç® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ® ¢ [2], [4] ¤«ï
¢¥ªâ®àëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ãá«®¢¨¥¬ � ¦¥¢áª®£®.

�¡®§ ç¨¬ ç¥à¥§ G� = fY 2 G : �Y 2 G+g ª®ãá ¥¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ëå ¬ âà¨æ ¨§
G,   ç¥à¥§ G+ + Y0 | ª®ãá á ¢¥àè¨®© ¢ â®çª¥ Y0 2 G; ¤«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  N 2 G
([2], á. 135)

N+ = N \G+, N� = N \G�, N+ = N \G+;
S+(N) = [

Y 2N
(G+ + Y ) | ¯®«®¦¨â¥«ìë© è«¥©ä ¬®¦¥áâ¢  N ;

S�(N) = [
Y 2N

(G� + Y ) | ®âà¨æ â¥«ìë© è«¥©ä ¬®¦¥áâ¢  N ;

H = fY 2 B : ¤«ï ¯®çâ¨ ¢á¥å t 2 T F (t; Y ) � 0g;
G = fY 2 B : ¤«ï ¯®çâ¨ ¢á¥å t 2 T F (t; Y ) � 0g;
Q = fY 2 H : 8t 2 T F (t; Y ) < 0g;

 = H\ G | ¬®¦¥áâ¢® â®ç¥ª ¯®ª®ï á¨áâ¥¬ë (1).
�®¦¥áâ¢® N � G  §®¢¥¬ ¯®«®¦¨â¥«ì® ¨¢ à¨ âë¬ ((+)-¨¢ à¨ âë¬), ¥á«¨ ¤«ï

à¥è¥¨ï Y (t) ¨¬¥¥¬ Y (t0) = Y0 2 N ) (8t 2 T (Y )) Y (t) 2 N . �á«¨ N (+)-¨¢ à¨ â® ¤«ï
«î¡®£® à¥è¥¨ï á Y0 2 N , â® ®®  §ë¢ ¥âáï (+)-¨¢ à¨ âë¬.

�¥¬¬  6. �«ï «î¡ëå t 2 T , P 2 H ¬®¦¥áâ¢® G� + P (+)-¨¢ à¨ â® ¤«ï ¨¦¨å

à¥è¥¨©, ¨ 8Q 2 G ¬®¦¥áâ¢® G+ +Q (+)-¨¢ à¨ â® ¤«ï ¢¥àå¨å à¥è¥¨© ãà ¢¥¨ï (1).

�«ï  ¢â®®¬®£® ãà ¢¥¨ï

dY=dt = F (Y ) (5)
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â ª ¦¥, ª ª ¢ [2], ã¤ ¥âáï ãáâ ®¢¨âì àï¤ ¤®¯®«¨â¥«ìëå á¢¥¤¥¨© ® ¯®¢¥¤¥¨¨ à¥è¥¨©. �¤¥áì
F : B ! G, £¤¥ B| ®¡« áâì ¢ G, ¢ ®¯à¥¤¥«¥¨ïå á¢®©áâ¢ äãªæ¨¨ F (¨§¬¥à¨¬®áâì, ãá«®¢¨ï ª¢ -
§¨¬®®â®®áâ¨ ¨ â. ¤.) ¨ ¬®¦¥áâ¢ H, G, Q, 
 áç¨â ¥âáï T = R+. �á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥,
¤«ï à¥è¥¨© ãà ¢¥¨ï (5) ¯à¨¨¬ ¥âáï t0 = 0.

�¥¬¬  7. �ãáâì ¤«ï ¥ª®â®à®£® à¥è¥¨ï Y ãà ¢¥¨ï (5) áãé¥áâ¢ã¥â lim
t!1

Y (t) = Z 2 G.
�®£¤  ¤«ï ¢¥àå¥£® à¥è¥¨ï Y ãà ¢¥¨ï (5) á Y0 = Z 8t 2 T Y (t) � Z,   ¤«ï ¨¦¥£® à¥è¥¨ï

Y á Y0 = Z 8t 2 T Y (t) � Z.

�¥¬¬  8. �«ï  ¢â®®¬®£® ãà ¢¥¨ï (5) ¬®¦¥áâ¢® H (+)-¨¢ à¨ â® ¤«ï ¨¦¨å,

  ¬®¦¥áâ¢® G (+)-¨¢ à¨ â® ¤«ï ¢¥àå¨å K-à¥è¥¨©. �à¨ ¥¤¨áâ¢¥®áâ¨ K-à¥è¥¨©

¬®¦¥áâ¢  H ¨ G (+)-¨¢ à¨ âë ¤«ï ¢á¥å à¥è¥¨©.

�¥¬¬ë 6{8 à á¯à®áâà ïîâ à¥§ã«ìâ âë �®§«®¢  �.�. ([2], á. 135{137) ®¡ ¨¢ à¨ â®áâ¨
ãª § ëå ¬®¦¥áâ¢   á«ãç © ¬ âà¨çëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ãá«®¢¨¥¬
ª¢ §¨¬®®â®®áâ¨ ®â®á¨â¥«ì® G+. �®ª § â¥«ìáâ¢® ï¢«ï¥âáï â¨¯®¢ë¬ ([2], á. 135{137). �á®-
¡¥®áâì á®áâ®¨â ¢ â®¬, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ãîâáï ¯®«ãç¥ë¥ §¤¥áì â¥®à¥¬ë 4, 5 ®
¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå ¥à ¢¥áâ¢ å.

�«¥¤áâ¢¨¥ 2. �ãáâì F 2 W (G+) ¨ Y 2 
 (Y | â®çª  ¯®ª®ï á¨áâ¥¬ë (1)). �®£¤  ª®ãáë
G+ + Y , G� + Y ¯®«®¦¨â¥«ì® ¨¢ à¨ âë.

�®£« á® á«¥¤áâ¢¨ï¬ 1, 2 ®æ¥ª  à¥è¥¨© á¨áâ¥¬ë (1),  ç¨ îé¨åáï ¨§ ¬®¦¥áâ¢  P0 =
fY 2 G : Y1 � Y � Y2g (Y1; Y2 2 G § ¤ ë), ¨¬¥¥â ¢¨¤

(8t 2 T; Y0 2 P0) Y (t; t0; Y1) � Y (t; t0; Y0) � Y (t; t0; Y2);

£¤¥ Y (t; t0; Y1), Y (t; t0; Y2) | ç áâë¥ à¥è¥¨ï á¨áâ¥¬ë (1) á Y (t0) = Y1 ¨ Y (t0) = Y2 á®®â¢¥â-
áâ¢¥®.

�æ¥ª  ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¢ § ¤ ë© ¬®¬¥â ¢à¥¬¥¨ t ¤«ï à¥è¥¨© ¨§ P0 ®¯à¥¤¥-
«ï¥âáï ¬®¦¥áâ¢®¬

fY 2 G : Y (t; t0; Y1) � Y � Y (t; t0; Y2)g:
� «¥¥ ¤«ï  ¢â®®¬®£® ãà ¢¥¨ï (5) à áá¬ âà¨¢ îâáï ®æ¥ª¨ ®¡« áâ¨ ¯à¨âï¦¥¨ï. �®¤

®¡« áâìî ¯à¨âï¦¥¨ï ¯®¨¬ ¥âáï ¬®¦¥áâ¢® � = fY0 2 G : lim
t!1

Y (t; t0; Y0) = 0g.
�¥®à¥¬  6. �ãáâì ¬®¦¥áâ¢® G+ \ H (á®®â¢¥âáâ¢¥® G� \ G) á®¤¥à¦¨â â®çªã 0 ¨

¥ á®¤¥à¦¨â ¤àã£¨å ®á®¡ëå â®ç¥ª ãà ¢¥¨ï (5), £¤¥ F 2 W (G+) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

â¥®à¥¬ë 1. �®£¤  G+\H (á®®â¢¥âáâ¢¥® G�\G) «¥¦¨â ¢ ®¡« áâ¨ ¯à¨âï¦¥¨ï � á¨áâ¥¬ë

(5).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¤«ï ãâ¢¥à¦¤¥¨ï 3 ¨§ ([8], á. 52), ® á ¨á¯®«ì§®¢ -
¨¥¬ ¯à¨¢¥¤¥ëå ¢ëè¥ «¥¬¬ 1, 8 ¨ á«¥¤áâ¢¨ï 2.

�«¥¤ãîé¨© à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¯®«®¦¥ ¢ ®á®¢ã ç¨á«¥ëå  «£®à¨â¬®¢ ¯®áâà®¥¨ï
®æ¥®ª ®¡« áâ¨ ¯à¨âï¦¥¨ï ãà ¢¥¨ï (5) á F 2W (G+) ¯® ¥£® ç áâë¬ à¥è¥¨ï¬.

�«¥¤áâ¢¨¥ 3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 6. �®£¤  ¤«ï â®£® çâ®¡ë â®çª  Y0 2 G+

(Z0 2 G�) ¯à¨ ¤«¥¦ «  ®¡« áâ¨ ¯à¨âï¦¥¨ï � á¨áâ¥¬ë (5), ¤®áâ â®ç®, çâ®¡ë ¯à¨ ¥ª®â®à®¬
� ¡ë«® Y (�; Y0) 2 G+\H (á®®â¢¥âáâ¢¥® Y (�; Z0) 2 G�\G). �®çª  Y0 2 G+ (Z0 2 G�) ¥ «¥¦¨â
¢ �, ¥á«¨ ¯à¨ ¥ª®â®à®¬ � 0 Y (� 0; Y0) 2 G+ \ G (á®®â¢¥âáâ¢¥® Y (� 0; Z0) 2 G� \H).

� «¥¥ ¡ã¤¥¬ áç¨â âì T = R+, ¯à¨ ª ¦¤®¬ t0 2 T  ç «ìë¥ § ç¥¨ï Y0 2 V (t0), £¤¥ V |
¥ª®â®à®¥  ¯¥à¥¤ § ¤ ®¥ ¬®¦¥áâ¢® ¢ B (®¡ëç® íâ® ¬®¦¥áâ¢® § ç¥¨© ¢¥ªâ®à-äãªæ¨¨
�ï¯ã®¢  ([2], c. 137),   ¢  è¥¬ á«ãç ¥ | ¬ âà¨ç®© äãªæ¨¨ áà ¢¥¨ï), Y ®¡®§ ç ¥â ¢¥àå¥¥
à¥è¥¨¥ ãà ¢¥¨ï (1) ¨«¨ (5) á Y (t0) = Y0; Tt0 = [t0;+1).

� «®£¨ç® ¢¥ªâ®à®¬ã á«ãç î ([2], á. 137{138) à áá¬ âà¨¢ îâáï á¢®©áâ¢  áà ¢¥¨ï ¤«ï
¬ âà¨ç®© á¨áâ¥¬ë (1) á F 2W (G+).

41



�®«ã®£à ¨ç¥®áâì à¥è¥¨© á¢¥àåã

(9�0 2 G+)(8� 2 G+ : � � �0)(9E 2 G+)(8t0 2 T )(8Y0 2 V (t0) : Y0 � �)

(T (Y ) = Tt0)& (8t 2 T (Y )(Y (t) � E)):

�®«ã¨¢ à¨ â®áâì á¢¥àåã

(9� 2 G+)(8t0 2 T )(8Y0 2 V (t0) : Y0 � �)(T (Y ) = Tt0)& (8t 2 T (Y )(Y (t) � E0));

£¤¥ E0 2 G+  ¯¥à¥¤ § ¤ ®.
�®«ããáâ®©ç¨¢®áâì á¢¥àåã

(8E 2 G+)(9� 2 G+)(8t0 2 T )(8Y0 2 V (t0) : Y0 � �)(T (Y ) = Tt0)& (8t 2 T (Y )(Y (t) � E)):

�¥®à¥¬  7 (  «®£ â¥®à¥¬ë 1.3 ¨§ ([2], c. 139)). �ãáâì F 2 W (G+) ¨ ¢ë¯®«¥ë ãá«®¢¨ï

¥¤¨áâ¢¥®áâ¨ ¨ ¯à®¤®«¦¨¬®áâ¨ à¥è¥¨© á¨áâ¥¬ë (1).

�. �á«¨ H+ 6= ;, â® ¨¬¥¥â ¬¥áâ® ¯®«ã®£à ¨ç¥®áâì á¢¥àåã. � ª ç¥áâ¢¥ �0 ¬®¦® ¯à¨-

ïâì ª ªãî-«¨¡® â®çªã ¨§ H+, E | ¯à®¨§¢®«ì ï â®çª  ¨§ H \ S+(�).
�. �á«¨ H+ \ S�(E0) 6= ;, â® ¨¬¥¥â ¬¥áâ® ¯®«ã¨¢ à¨ â®áâì á¢¥àåã. � ª ç¥áâ¢¥ �

¬®¦® ¯à¨ïâì ª ªãî-«¨¡® â®çªã ¨§ H+ \ S�(E0).
�. �á«¨ H+ 6= ; ¨ 0 2 H+, â® ¨¬¥¥â ¬¥áâ® ¯®«ããáâ®©ç¨¢®áâì á¢¥àåã. �à¨ íâ®¬ � |

«î¡ ï â®çª  ¨§ H+ â ª ï, çâ® � < E.

�®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«ï¥â ¯àï¬®¥ ¯à¨¬¥¥¨¥ «¥¬¬ë 6 ® ¯®«®¦¨â¥«ì®© ¨¢ à¨ â-
®áâ¨ G� + P ¯à¨ P 2 H, ª®â®à ï ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨ ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¤«ï ¢á¥å à¥è¥¨©.

�«ï ãà ¢¥¨ï (5) â ª ¦¥, ª ª ¢ ¢¥ªâ®à®¬ á«ãç ¥ ([2], á. 145), ¨¬¥¥â ¬¥áâ® â¥®à¥¬  ® á¢®©-
áâ¢ å ¯à¥¤¥«ì®© ¯®«ã®£à ¨ç¥®áâ¨, ¯®«ã¨¢ à¨ â®áâ¨ ¨ ¯®«ã¯à¨âï¦¥¨ï.

6. � âà¨çë¥ á¨áâ¥¬ë áà ¢¥¨ï

� âà¨çë¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ãá«®¢¨¥¬ ª¢ §¨¬®®â®®áâ¨ ®â®á¨-
â¥«ì® ª®ãá  G+ ¬®¦® ¨á¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ á¨áâ¥¬ áà ¢¥¨ï ¤«ï ¯®«ãç¥¨ï ¤®áâ â®çëå
ãá«®¢¨© ãáâ®©ç¨¢®áâ¨, ®£à ¨ç¥®áâ¨, ¨¢ à¨ â®áâ¨ ¨ ¤àã£¨å ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢,   â ª-
¦¥ ¤«ï  å®¦¤¥¨ï à §«¨çëå ®æ¥®ª à¥è¥¨© ¨áå®¤®© á¨áâ¥¬ë.

�ãáâì § ¤   á¨áâ¥¬ 

dx=dt = f(t; x); t 2 T; x 2 Rn; (6)

£¤¥ äãªæ¨ï f : � � T � Rn ! Rn ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 1 áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨-
áâ¢¥®áâ¨ K-à¥è¥¨©. � ¨á¯®«ì§®¢ ¨¥¬ â¥®à¥¬ë 6 ¯®«ãç ¥âáï áâ ¤ àâ ï ¢ ¬¥â®¤¥ áà ¢¥-
¨ï

�¥¬¬  9 ([1], [2]). �ãáâì ¤«ï á¨áâ¥¬ë (6)   ¨â¥à¢ «¥ T áãé¥áâ¢ã¥â  ¡á®«îâ® ¥¯à¥-

àë¢ ï ¬ âà¨ç ï äãªæ¨ï V (t; x) â ª ï, çâ® V : � ! G+,   ¤«ï ¯à®¨§¢®¤®© ®â äãªæ¨¨

V (t; x) ¯® ¢à¥¬¥¨ ¢ á¨«ã á¨áâ¥¬ë (6) á¯à ¢¥¤«¨¢® ¯à¨ ¯®çâ¨ ¢á¥å t 2 T ¥à ¢¥áâ¢®

D+V (t; x) � F (t; V (t; x)); (7)

£¤¥ F 2W (G+) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � à â¥®¤®à¨. �®£¤  ¨§ ãá«®¢¨ï V (t0; x0) � Y0 á«¥¤ã-
¥â

V (t; x(t; t0; x0)) � Y (t; t0; Y0);

£¤¥ Y (t; t0; Y0) | ¢¥àå¥¥ à¥è¥¨¥ á¨áâ¥¬ë (1) á äãªæ¨¥© F ¨§ (7).
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�à¨ íâ®¬ V (t; x) ¡ã¤¥â ¬ âà¨ç®© äãªæ¨¥© áà ¢¥¨ï ¤«ï á¨áâ¥¬ë (6) (¯à¨ ¥ª®â®àëå ¤®-
¯®«¨â¥«ìëå ãá«®¢¨ïå, § ¢¨áïé¨å ®â ¨§ãç ¥¬®£® á¢®©áâ¢ , | ¬ âà¨ç®© äãªæ¨¥© áà ¢¥¨ï
®â®á¨â¥«ì® à áá¬ âà¨¢ ¥¬®£® ¤¨ ¬¨ç¥áª®£® á¢®©áâ¢ ),   á¨áâ¥¬  (1), ¯à ¢ ï ç áâì ª®â®à®©
¡¥à¥âáï ¨§ (7) ¨ ï¢«ï¥âáï ª¢ §¨¬®®â®®© ®â®á¨â¥«ì® ª®ãá  G+,  §ë¢ ¥âáï ¬ âà¨ç®©

á¨áâ¥¬®© áà ¢¥¨ï ¤«ï á¨áâ¥¬ë (6).
�â ª, á®£« á® «¥¬¬¥ 9 ¢ ª ç¥áâ¢¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¬®¦® ¢ë¡¨à âì á¨áâ¥-

¬ã (1) á ¯à ¢®© ç áâìî F ¨§ (7), ¤«ï ª®â®à®© ¤®«¦® ¢ë¯®«ïâìáï ãá«®¢¨¥ ª¢ §¨¬®®â®®áâ¨
®â®á¨â¥«ì® G+. � ª ¡ë«® ®â¬¥ç¥® ¢ëè¥, «î¡ ï ¬®®â® ï ®â®á¨â¥«ì® ª®ãá  G+ ¬ âà¨ç-
 ï äãªæ¨ï ï¢«ï¥âáï ª¢ §¨¬®®â®®©, â ª çâ® ª« áá ª¢ §¨¬®®â®ëå ¬ âà¨çëå äãªæ¨©
è¨à¥ ª« áá  ¬®®â®ëå. �®íâ®¬ã â¥®à¥¬  4 à áè¨àï¥â ª« áá ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï
¤«ï   «¨§  ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢ ¨ ¯®áâà®¥¨ï ®æ¥®ª ¥«¨¥©ëå á¨áâ¥¬.

�®§¨ª ¥â ¢®¯à®á, ª ª¨¥ ¬ âà¨çë¥ äãªæ¨¨ ªà®¬¥ ¬®®â®ëå ï¢«ïîâáï ª¢ §¨¬®®â®-
ë¬¨ ®â®á¨â¥«ì® ª®ãá  ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ëå ¬ âà¨æ. � á«¥¤ãîé¥© «¥¬¬¥ ãáâ  -
¢«¨¢ îâáï ¥ª®â®àë¥ á¢®©áâ¢  ª¢ §¨¬®®â®ëå ¬ âà¨çëå äãªæ¨© ¨ ¯à¨¢®¤ïâáï ¯à¨¬¥àë
¬ âà¨çëå äãªæ¨© ¨§ W (G+), ª®â®àë¥ ¥ ï¢«ïîâáï ¬®®â®ë¬¨.

�¥¬¬  10. �ãáâì ¬ âà¨çë¥ äãªæ¨¨ F1, F2 ®¯à¥¤¥«¥ë ¯à¨ (t; Y ) 2 A ¨ ¯à¨ ¤«¥¦ â

W (G+). �®£¤ 

1) F1 + F2 2W (G+);
2) ¯à¨ «î¡®¬ a 2 R+ aFi 2W (G+), i = 1; 2;
3) ¯à¨ «î¡®© ¥¯à¥àë¢®©, ¥®âà¨æ â¥«ì®© äãªæ¨¨ ¢à¥¬¥¨ b : T ! R+ b(t)F 2W (G+);
4) ¯à¨ «î¡ëå ¥¯à¥àë¢ëå äãªæ¨ïå ¢à¥¬¥¨ a; b : T ! R+ a(t)F1 + b(t)F2 2W (G+);
5) ¯à¨ «î¡ëå ¥¯à¥àë¢ëå äãªæ¨ïå a; b : T �G! R+ a(t; Y )F1 + b(t; Y )F2 2W (G+), ¥á«¨

a, b | ¬®®â®ë¥ ¯® Y ®â®á¨â¥«ì® G+ äãªæ¨¨ ¯à¨ ¢á¥å t � t0;
6) ¤«ï «î¡®© ¥¯à¥àë¢®© ¬ âà¨ç®© äãªæ¨¨ A(t) à §¬¥à®áâ¨ n�n ¬ âà¨ç ï äãªæ¨ï

F (t; Y ) = A(t)Y +Y AT (t) ï¢«ï¥âáï ª¢ §¨¬®®â®® ¥ã¡ë¢ îé¥© ®â®á¨â¥«ì® ª®ãá 

G+;
7) ¤«ï ¯à®¨§¢®«ì®© á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æë Q ¬ âà¨ç ï äãªæ¨ï F (Y ) = Y QY 2

W (G+) ¯à¨ ãá«®¢¨¨, çâ® Y | á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ .

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨© F1, F2 ¢ «¥¬¬¥ á«¥¤ãîâ ãâ¢¥à-
¦¤¥¨ï 1), 2); 3), 4) ¢ëâ¥ª îâ ¨§ 1), 2). �¯à ¢¥¤«¨¢®áâì 5) á«¥¤ã¥â ¨§ 4) ¨ â®£® ä ªâ , çâ®
«î¡ ï ¬®®â® ï äãªæ¨ï ï¢«ï¥âáï ª¢ §¨¬®®â®®©. �«ï ¤®ª § â¥«ìáâ¢  6) § ¤ ¤¨¬ â -
ª¨¥ Y1; Y2 2 G, çâ® Y1 � Y2. �®§ì¬¥¬  2 Rn â ª®©, çâ®  T (Y1 � Y2) = 0, ¨ ¢ëç¨á«¨¬
 T (F (t; Y1)� F (t; Y2)) 

 T f[A(t)Y1 + Y1A
T (t)]� [A(t)Y2 + Y2A

T (t)]g =  T [A(t)(Y1 � Y2) + (Y1 � Y2)AT (t)] =

=  T [A(t)(Y1 � Y2)] +  T [(Y1 � Y2)A
T (t)] :

�¡®§ ç¨¬M = Y1�Y2. � ª ª ª ¬ âà¨æ M 2 G+, â® ([18], c. 95) ¤«ï ¥¥ áãé¥áâ¢ã¥â à §«®¦¥¨¥
M = M 1=2(M 1=2)T . �®íâ®¬ã ¨§ à ¢¥áâ¢   T (Y1 � Y2) = 0 ¯®«ãç ¥¬ k(M 1=2)T k2 = 0, ®âªã¤ 
(M 1=2)T = 0. � ãç¥â®¬ ¯®á«¥¤¥£® à ¢¥áâ¢  ¨ á¢®©áâ¢ ª¢ ¤à â¨ç®© ä®à¬ë ¯®«ãç ¥¬

 T (F (t; Y1)� F (t; Y2)) =  TA(t)M +  TMAT (t) =

=  TA(t)M 1=2(M 1=2)T +  TM 1=2(M 1=2)TAT (t) = 0:

� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ ª¢ §¨¬®®â®®áâ¨ äãªæ¨¨ F (t; Y ) = A(t)Y + Y AT (t) ¢ë¯®«¥® ¯®
®¯à¥¤¥«¥¨î.

�«ï ¤®ª § â¥«ìáâ¢  7) § ¤ ¤¨¬ â ª¨¥ Y1; Y2 2 G, çâ® Y1 � Y2. �ë¡¥à¥¬  2 Rn â ª, çâ®
 T (Y1 � Y2) = 0, ¨ ¢ëç¨á«¨¬

 T (Y1QY T
1 � Y2QY

T
2 ) =  T (Y1QY T

1 � Y1QY
T
2 + Y1QY

T
2 � Y2QY

T
2 ) =

=  T [Y1Q(Y1 � Y2)
T + (Y1 � Y2)QY

T
2 ] =  T [Y1Q(Y1 � Y2)

T ] +  T [(Y1 � Y2)QY
T
2 ] :
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� ª ª ª ¬ âà¨æ  M = Y1 � Y2 2 G+ ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ ï, â® ¤«ï ¥¥ ¨¬¥¥â ¬¥áâ®
¯à¥¤áâ ¢«¥¨¥M =M 1=2(M 1=2)T . �à®¬¥ â®£®, ¯® ãá«®¢¨î  T (Y1�Y2) = 0, â ª çâ® (M 1=2)T =
0. �âáî¤   å®¤¨¬

 T (F (t; Y1)� F (t; Y2)) =  T [Y1Q(Y1 � Y2)T ] +  T [(Y1 � Y2)QY T
2 ] =

=  T [Y1QM
T ] +  T [MQY T

2 ] =  T [Y1QM
1=2(M 1=2)T ] +  T [M 1=2(M 1=2)TQY T

2 ] = 0;

çâ® ¨ ãª §ë¢ ¥â   á¢®©áâ¢® ª¢ §¨¬®®â®®áâ¨ äãªæ¨¨ Y QY .

�â¬¥â¨¬, çâ® ¤®ª § ®¥ ¢ ([9], á. 36) á¢®©áâ¢® ¬®®â®®áâ¨ à¥è¥¨© ¬ âà¨çëå ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨© �ï¯ã®¢  ¨ �¨ªª â¨ â ª¦¥ ¯®«ãç ¥âáï ¨§ ª¢ §¨¬®®â®®áâ¨ ¨å ¯à ¢ëå
ç áâ¥© ®â®á¨â¥«ì® ª®ãá  G+, çâ® ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ¯¯. 6, 7 «¥¬¬ë 10.

� ¯à¨¬¥¥¨¥¬ «¥¬¬ë áà ¢¥¨ï ¢ á®®â¢¥âáâ¢¨¨ á ¯à¨æ¨¯®¬ áà ¢¥¨ï [1], [2] ¤ «¥¥ ¬®£ãâ
¡ëâì ¯®«ãç¥ë â¥®à¥¬ë áà ¢¥¨ï ¤«ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë (6) ¯à¨ áãé¥áâ¢®¢ ¨¨ ¤«ï
¥¥ ¬ âà¨ç®© äãªæ¨¨ á § ¢¨áïé¨¬¨ ®â à áá¬ âà¨¢ ¥¬ëå á¢®©áâ¢ ¤®¯®«¨â¥«ìë¬¨ ãá«®¢¨-
ï¬¨ ¨ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (5) á á®®â¢¥âáâ¢ãîé¨¬¨ á¢®©áâ¢ ¬¨,   á ¨á¯®«ì§®¢ ¨¥¬
ãáâ ®¢«¥ëå ªà¨â¥à¨¥¢ ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢ ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï | â¥®à¥¬ë ®
¤¨ ¬¨ç¥áª¨å á¢®©áâ¢ å á¨áâ¥¬ë (6). � ¯à¨¬¥à, â ª ¦¥, ª ª á ¢¥ªâ®à-äãªæ¨ï¬¨ �ï¯ã®¢ ,
ãáâ  ¢«¨¢ ¥âáï â¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨, ãáâ®©ç¨¢®áâ¨ ¨ ¨¢ à¨ â®áâ¨ á¨áâ¥¬ë (6) á ¨á-
¯®«ì§®¢ ¨¥¬ ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï.

�¥®à¥¬  8. �ãáâì ¤«ï á¨áâ¥¬ë (6) á ¬ âà¨ç®© äãªæ¨¥© V (x) = xxT áãé¥áâ¢ã¥â á¨-

áâ¥¬  áà ¢¥¨ï ¢¨¤  (5) á ª¢ §¨¬®®â®®© ®â®á¨â¥«ì® G+ ¨ ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬

â¥®à¥¬ë 1 äãªæ¨¥© F . �®£¤  ¤«ï á¨áâ¥¬ë (6) ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á¢®©áâ¢ :

 ) o£à ¨ç¥®áâì à¥è¥¨©, ¥á«¨ H+ 6= ;. � ª ç¥áâ¢¥ �0 ¬®¦® ¯à¨ïâì ª ªãî-«¨¡®

¬ âà¨æã ¨§ H+, E | ¯à®¨§¢®«ì ï ¬ âà¨æ  ¨§ H \ S+(�);
¡) ¨¢ à¨ â®áâì, ¥á«¨ H+ \ S�(E0) 6= ;. � ª ç¥áâ¢¥ � ¬®¦® ¯à¨ïâì ª ªãî-«¨¡®

¬ âà¨æã ¨§ H+ \ S�(E0);
¢) ãáâ®©ç¨¢®áâì, ¥á«¨ H+ 6= ; ¨ 0 2 H+. �à¨ íâ®¬ � | «î¡ ï ¬ âà¨æ  ¨§ H+ â ª ï,

çâ® � � E.

� ª«îç¥¨¥. �§ãç¥ë ¬ âà¨çë¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ãá«®¢¨¥¬ ª¢ -
§¨¬®®â®®áâ¨ ®â®á¨â¥«ì® ª®ãá  ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ.
�«ï ¨å ¤®ª §   â¥®à¥¬  ® ¬ âà¨çëå ¤¨ää¥à¥æ¨ «ìëå ¥à ¢¥áâ¢ å, ãáâ ®¢«¥ë á¢®©-
áâ¢  ¬®®â®®áâ¨ à¥è¥¨© ¯®  ç «ìë¬ ¤ ë¬, ãáâ®©ç¨¢®áâ¨, ®£à ¨ç¥®áâ¨ ¨ ¨¢ à¨-
 â®áâ¨. � ë á¯®á®¡ë ¯®áâà®¥¨ï ®æ¥®ª à¥è¥¨©,  ç¨ îé¨åáï ¨§ § ¤ ®£® ¬®¦¥áâ¢ 
 ç «ìëå ¤ ëå, ®¡« áâ¨ ¯à¨âï¦¥¨ï ¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨. �  ®á®¢¥ ¯à¨æ¨¯  áà ¢-
¥¨ï á ¯à¨¬¥¥¨¥¬ ¬ âà¨çëå á¨áâ¥¬ ¯®«ãç¥  «¥¬¬  áà ¢¥¨ï ¨ â¥®à¥¬  ® ¤¨ ¬¨ç¥áª¨å
á¢®©áâ¢ å ãáâ®©ç¨¢®áâ¨, ®£à ¨ç¥®áâ¨ ¨ ¨¢ à¨ â®áâ¨.
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