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1. �ãáâì H | «®ª «ì­® ¢ë¯ãª«®¥ ¯à®áâà ­áâ¢® ­ ¤ ¯®«¥¬ áª «ïà®¢ � (¢áî¤ã ¤ «¥¥ � = C

¨«¨ � = R) á ®¯à¥¤¥«ïîé¨¬ â®¯®«®£¨î � ­ ¡®à®¬ ¯à¥¤­®à¬ Q = fqg. �ãáâì, ¤ «¥¥, B |
­¥ª®â®à®¥ ¬­®¦¥áâ¢® ¨­¤¥ªá®¢ ¨ x(t) : B ! H | ®â®¡à ¦¥­¨¥ B ¢ H. �®«®¦¨¬ XB = fx(t) : t 2
Bg. �ãáâì ftkg1k=1 | ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨­¤¥ªá®¢ ¨§ B ¨ � := ftkg

1
k=1, X� = fx(tk) :

k > 1g. �áî¤ã ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® q(x(t)) > 0 8t 2 B, 8q 2 Q. �®«®¦¨¬ �q(t) := ln q(x(t))
8t 2 B, 8q 2 Q.

�á­®¢­ ï æ¥«ì ¤ ­­®© à ¡®âë á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ ãá«®¢¨© (¯® ¢®§¬®¦­®áâ¨, â¨¯  ªà¨â¥-
à¨¥¢) áå®¤¨¬®áâ¨ àï¤ 

1X
k=1

ckx(tk); ck 2 �; k = 1; 2; : : : (1)

�®áª®«ìªã ¤«ï «î¡®£® áå®¤ïé¥£®áï ¢ H àï¤  (1) ¢ë¯®«­ï¥âáï ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨
lim
k!1

jckjq(x(tk)) = 0 8q 2 Q, â® á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 1. �á«¨ àï¤ (1) áå®¤¨âáï ¢ H, â®

lim
k!1

�
ln jckj+ �q(tk)

�
= �1 8q 2 Q: (2)

�«¥¤áâ¢¨¥. �á«¨ àï¤ (1) áå®¤¨âáï ¢ H, â®

lim sup
k!1

(ln jckj+ �q(tk)) < +1 8q 2 Q: (3)

�ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì � ï¤¥à­  ®â­®á¨â¥«ì­® â®¯®«®£¨¨ �, ¥á«¨

8q 2 Q 9q1 2 Q :
1X
k=1

exp
�
�q(tk)� �q1(tk)

�
<1: (4)

�à¥¤«®¦¥­¨¥ 2. �á«¨ � ï¤¥à­  ®â­®á¨â¥«ì­® � ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3), â® àï¤ (1)
áå®¤¨âáï  ¡á®«îâ­® ¢ H.

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® § ä¨ªá¨à®¢ âì ¯à®¨§¢®«ì­® q 2 Q ¨ ¢ë¡à âì q1 2 Q â ª,
çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ (4). �®£¤  ¢ á¨«ã (3) ¨ (4)

1X
k=1

jckjq(x(tk)) =
1X
k=1

exp
�
ln jckj+ �q1(tk)

�
exp

�
�q(tk)� �q1(tk)

�
<1:

�§ á«¥¤áâ¢¨ï ¯à¥¤«®¦¥­¨ï 1 ¨ ¯à¥¤«®¦¥­¨ï 2 ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 3. �«ï â®£® çâ®¡ë àï¤ (1) áå®¤¨«áï (¨«¨  ¡á®«îâ­® áå®¤¨«áï) ¢ H, ­¥®¡å®-

¤¨¬®,   ¢ á«ãç ¥, ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � ï¤¥à­  ®â­®á¨â¥«ì­® â®¯®«®£¨¨ �, ¨ ¤®áâ â®ç­®,
çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ (3).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 99{01{01018).
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�ç¨âë¢ ï â ª¦¥ ¯à¥¤«®¦¥­¨¥ 1, ¯®«ãç ¥¬ ¯¥à¢ë© ªà¨â¥à¨© áå®¤¨¬®áâ¨ àï¤  (1).

�¥®à¥¬  1. �ãáâì � ï¤¥à­  ®â­®á¨â¥«ì­® �. �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë:

1) àï¤ (1) áå®¤¨âáï ¢ H;
2) àï¤ (1)  ¡á®«îâ­® áå®¤¨âáï ¢ H;
3) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2);
4) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3).

�«ï ¯à®¢¥àª¨ ãá«®¢¨ï (4) ï¤¥à­®áâ¨ ­ã¦­® §­ âì  á¨¬¯â®â¨ªã ¯®¢¥¤¥­¨ï ¯à¨ k !1 ¢¥«¨-
ç¨­ë �q(tk)� �q1(tk), çâ® ¢® ¬­®£¨å á«ãç ïå ¤®¢®«ì­® § âàã¤­¨â¥«ì­®. �¤­ ª® ­¥à¥¤ª® ã¤ ¥âáï
¯®«ãç¨âì ®¤­®áâ®à®­­¨¥ ®æ¥­ª¨ (á¢¥àåã) ãª § ­­®© ¢¥«¨ç¨­ë ¨, ¨á¯®«ì§ãï ¨å, ¯®«ãç¨âì ¤®áâ -
â®ç­ë¥ ãá«®¢¨ï ï¤¥à­®áâ¨ � ®â­®á¨â¥«ì­® �. � ¤¨¬ ¯à¥¤¢ à¨â¥«ì­® ¤¢  ®¯à¥¤¥«¥­¨ï.

�ã¤¥¬ £®¢®à¨âì, çâ® â®¯®«®£¨ï � ed-à §¤¥«¥­ , ¥á«¨
8q 2 Q 9q1 2 Q; 9b <1; 9dq(t) : B �! [0;+1) j �q1(t) > �q(t) + dq(t)� b 8t 2 B: (5)

� «¥¥, ¯®á«¥¤®¢ â¥«ì­®áâì � ed-ï¤¥à­  ¢ H, ¥á«¨ â®¯®«®£¨ï � ed-à §¤¥«¥­  ¨ äã­ªæ¨î dq(t) ¢
ãá«®¢¨¨ (5) ¬®¦­® ¢ë¡à âì â ª, çâ®

1X
k=1

exp
�
� dq(tk)

�
<1 8q 2 Q:

�ç¥¢¨¤­ë¬ ï¢«ï¥âáï

�à¥¤«®¦¥­¨¥ 4. �á«¨ � ed-ï¤¥à­  ¢ H, â® � ï¤¥à­  ®â­®á¨â¥«ì­® �.

�«¥¤áâ¢¨¥. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � ed-ï¤¥à­  ¢ H, â® ãâ¢¥à¦¤¥­¨ï 1){4) â¥®à¥¬ë 1
à ¢­®á¨«ì­ë.

�ª ¦¥¬ â¥¯¥àì ¤®áâ â®ç­® ¯à®áâë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ed-à §¤¥«¥­­®áâì � ¨ ed-ï¤¥à-
­®áâì � ¢H. H §®¢¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì � á¨«ì­® ed-ï¤¥à­®© ¢H, ¥á«¨ â®¯®«®£¨ï � ed-à §¤¥«¥­ 
¨ ¥á«¨ äã­ªæ¨î dq(t) ¢ (5) ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë

lim sup
k!1

lnk
dq(tk)

< 1 8q 2 Q:

Eá«¨ � á¨«ì­® ed{ï¤¥à­  ¢ H, â® � ¯®¤ ¢­® ed-ï¤¥à­  ¢ H. � «¥¥, ¡ã¤¥¬ £®¢®à¨âì, çâ® â®¯®«®£¨ï
� d-à §¤¥«¥­ , ¥á«¨ � ed-à §¤¥«¥­  ¨ äã­ªæ¨î dq(t) ¢ (5) ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë dq(t) = d(t)
8q 2 Q, 8t 2 B, £¤¥ d(t) : B ! [0;+1). �ãáâì � d-à §¤¥«¥­  ¨ ¯ãáâì q1 2 Q, dq(t) = d(t) ¨
¯®áâ®ï­­ ï b ¢ë¡à ­ë ¯® q 2 Q â ª, çâ®¡ë ¢ë¯®«­ï«®áì á®®â­®è¥­¨¥ (5). � ©¤¥¬ â¥¯¥àì ¯®
q1 2 Q ¯à¥¤­®à¬ã q2 ¨ ¯®áâ®ï­­ãî b1 â ª, çâ®¡ë �q2(t) > �q1(t) + dq(t)� b1 8t 2 B. �®£¤  8q 2 Q
9q2 2 Q, 9b2 2 R 8t 2 B �q2(t) > �q(t) + 2dq(t) � b2, ¨ ¢®®¡é¥ 8q 2 Q, 8N > 1 9qN 2 Q, 9bN 2 R

8t 2 B �qN (t) > �q(t) + Ndq(t) � bN . �ã¤¥¬ £®¢®à¨âì, çâ® � ¨¬¥¥â ª®­¥ç­ë© «®£ à¨ä¬¨ç¥áª¨©

â¨¯, ¥á«¨

D� := lim sup
k!1

lnk
d(tk)

<1;

¨ ­ã«¥¢®© «®£ à¨ä¬¨ç¥áª¨© â¨¯, ¥á«¨ D� = 0.
�§ â®«ìª® çâ® ¯à¨¢¥¤¥­­ëå ®æ¥­®ª á¢¥àåã ¤«ï �q(t) á«¥¤ã¥â, çâ® ¥á«¨ â®¯®«®£¨ï � d-

à §¤¥«¥­  ¨ � ¨¬¥¥â ª®­¥ç­ë© «®£ à¨ä¬¨ç¥áª¨© d-â¨¯, â® � ed-ï¤¥à­  ¢ H.
� «¥¥, áª ¦¥¬, çâ® â®¯®«®£¨ï � á« ¡® d-à §¤¥«¥­ , ¥á«¨ � ed-à §¤¥«¥­ , ¯à¨ç¥¬ äã­ªæ¨î

dq(t) ¢ (5) ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë dq(t) = �qd(t) 8q 2 Q, 8t 2 B, £¤¥ �q 2 (0;+1). �¥£ª®
¯®ª § âì, çâ® ¥á«¨ � á« ¡® d-à §¤¥«¥­  ¨ � ¨¬¥¥â ­ã«¥¢®© «®£ à¨ä¬¨ç¥áª¨© d-â¨¯, â® � á¨«ì­®ed-ï¤¥à­  ¢ H.

�§ ¯à¨¢¥¤¥­­ëå á®®¡à ¦¥­¨© ¢ëâ¥ª ¥â

�¥®à¥¬  2. �á«¨ � á¨«ì­® ed-ï¤¥à­  ¢ H, â® ãâ¢¥à¦¤¥­¨ï 1){ 4) â¥®à¥¬ë 1 à ¢­®á¨«ì­ë.
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�«¥¤áâ¢¨¥. �â¢¥à¦¤¥­¨ï 1){4) â¥®à¥¬ë 1 à ¢­®á¨«ì­ë, ¥á«¨ ¢ë¯®«­¥­® ®¤­® ¨§ ¤¢ãå á«¥-
¤ãîé¨å ¯à¥¤¯®«®¦¥­¨©:

(i) � d-à §¤¥«¥­ , D� < +1;
(ii) � á« ¡® d-à §¤¥«¥­ , D� = 0.

2. �ë¢¥¤¥¬ â¥¯¥àì ãá«®¢¨ï áå®¤¨¬®áâ¨ àï¤  (1) ­¥áª®«ìª® ¨­®£® ¢¨¤ . � §®¢¥¬ ¯®á«¥¤®¢ -
â¥«ì­®áâì A =

�
ak
	1
k=1

¯®«®¦¨â¥«ì­ëå ç¨á¥« áâ ­¤ àâ­®©, ¥á«¨ lim
k!1

ak = +1. �§ á«¥¤áâ¢¨ï

¯à¥¤«®¦¥­¨ï 1 ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 5. �á«¨ A | «î¡ ï áâ ­¤ àâ­ ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¨ àï¤ (1) áå®¤¨âáï
¢ H, â®

lim sup
k!1

1
ak

�
ln jckj+ �q(tk)

�
6 0 8q 2 Q: (6)

�®ª ¦¥¬, çâ® ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ãá«®¢¨¥ â¨¯  (6) ®¡¥á¯¥ç¨-
¢ ¥â  ¡á®«îâ­ãî áå®¤¨¬®áâì àï¤  (1). �ãáâì � ï¤¥à­  ®â­®á¨â¥«ì­® �. �ã¤¥¬ £®¢®à¨âì, çâ®
á¥¬¥©áâ¢® áâ ­¤ àâ­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© A(q) =

�
ak(q)

	1
k=1

, q 2 Q, ­¥ ­ àãè ¥â ï¤¥à­®áâ¨
(�; �), ¥á«¨

8q 2 Q 9q1 2 Q; 9"q > 0 :
1X
k=1

exp
�
"qak(q1) + �q(tk)� �q1(tk)

�
<1: (7)

�à¥¤«®¦¥­¨¥ 6. �ãáâì � ï¤¥à­  ®â­®á¨â¥«ì­® � ¨ ¯ãáâì á¥¬¥©áâ¢® áâ ­¤ àâ­ëå ¯®-

á«¥¤®¢ â¥«ì­®áâ¥© A(q) ­¥ ­ àãè ¥â ï¤¥à­®áâ¨ (�; �). �ãáâì, ¤ «¥¥, ¢ë¯®«­¥­® ãá«®¢¨¥

lim sup
k!1

1
ak(q)

�
ln jckj+ �q(tk)

�
6 0 8q 2 Q: (8)

�®£¤  àï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ¢ H.

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¨ ¤«ï ¯à¥¤«®¦¥­¨ï 2, ­® á ¨á¯®«ì§®¢ ­¨¥¬ (8) ¨ (7).

�«¥¤áâ¢¨¥. �ãáâì � ï¤¥à­  ®â­®á¨â¥«ì­® � ¨ ¯ãáâì á¥¬¥©áâ¢® A(q) ­¥ ­ àãè ¥â ï¤¥à­®áâ¨
(�; �). �®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨© 1){4) â¥®à¥¬ë 1 à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã (8).

�ëïá­¨¬, ¯à¨ ª ª¨å ãá«®¢¨ïå á¥¬¥©áâ¢® áâ ­¤ àâ­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© A(q) ­¥ ­ àãè ¥â
ï¤¥à­®áâ¨ (�; �). �á«®¢¨¥ (7) à ¢­®á¨«ì­® â®¬ã, çâ® àï¤ �¨à¨å«¥

1X
k=1

�ke
�ak(q1)x; �k = exp

�
�q(tk)� �q1(tk)

�
; k = 1; 2; : : : ;

¨¬¥¥â ®âà¨æ â¥«ì­ãî  ¡áæ¨ááã áå®¤¨¬®áâ¨ ¯à¨ «î¡®¬ q 2 Q ¨ ­¥ª®â®à®¬ q1 2 Q. �ãáâì A(q)
â ª®¢®, çâ®

lim
k!1

lnk
ak(q)

= 0 8q 2 Q: (9)

�®£¤  ãá«®¢¨¥ (7) à ¢­®á¨«ì­® â®¬ã, çâ®

8q 2 Q 9q1 2 Q : lim sup
k!1

�q(tk)� �q1(tk)
ak(q1)

< 0: (10)

� ª¨¬ ®¡à §®¬, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (9) ¨ (10), â® A(q) ­¥ ­ àãè ¥â ï¤¥à­®áâ¨ (�; �).
�®ç­® â ª ¦¥ ¯®ª §ë¢ ¥¬ ¯à¨ ãá«®¢¨¨ (9), çâ® ¥á«¨ � ed-à §¤¥«¥­  ¨

8q 2 Q 9q1 2 Q : lim sup
k!1

�dq(tk)
ak(q1)

< 0;
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â. ¥. ¥á«¨

8q 2 Q 9q1 2 Q : lim sup
k!1

ak(q1)
dq(tk)

<1; (11)

â® A(q) ­¥ ­ àãè ¥â ï¤¥à­®áâ¨ (�; �). �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �ãáâì � ed-ï¤¥à­  ¢ H ¨ á¥¬¥©áâ¢® áâ ­¤ àâ­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© A(q)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (9), (11) ¨«¨ (9), (10). �®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨© 1){ 4) â¥®à¥¬ë 1
à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã (8).

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¡®«¥¥ á¯¥æ¨ «ì­ë¥ á¨âã æ¨¨, áç¨â ï, çâ® ãá«®¢¨¥ (9) ¢ë¯®«­¥­®.
�ãáâì á­ ç «  á¯à ¢¥¤«¨¢® ¯à¥¤¯®«®¦¥­¨¥ (i). �ãáâì ¥é¥ ¯®á«¥¤®¢ â¥«ì­®áâì A =

�
ak
	1
k=1

â ª®¢ , çâ®

lim sup
k!1

ak
d(tk)

<1; (12)

  ª®íää¨æ¨¥­âë ck àï¤ (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (6). �®ª ¦¥¬, çâ® â®£¤  àï¤ (1)  ¡á®«îâ­®
áå®¤¨âáï. �®£« á­® á¤¥« ­­ë¬ ¯à¥¤¯®«®¦¥­¨ï¬

9T1 <1; 9T2 <1 8k > 1 ak 6 T1d(tk); ln(1 + k) 6 T2d(tk):

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® q 2 Q ¨ ¢ë¡¥à¥¬ ç¨á«® N > T2+1. � ©¤¥¬ q1 2 Q ¨ b <1 â ª, çâ®¡ë
�q1(t) > �q(t)+Nd(t)�b 8t 2 B. �ë¡¥à¥¬ k0 > 1 ­ áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë ln jckj+�q1(tk) < ak=T1
8k > k0. �®£¤ 

jckj exp �q(tk) 6 exp
�
d(tk)�Nd(tk) + b

�
6 b1(1 + k)�

N�1
T2 8k > k0:

� ª¨¬ ¦¥ ®¡à §®¬ ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥ 7. �ãáâì ¨¬¥îâ ¬¥áâ® ¯à¥¤¯®«®¦¥­¨ï (i) ¨, ªà®¬¥ â®£®,

lim
k!1

ak
d(tk)

= 0; (13)

lim sup
k!1

1
ak

�
ln jckj+ �q(tk)

�
<1 8q 2 Q: (14)

�®£¤  àï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ¢ H.

�à¥¤«®¦¥­¨¥ 8. �ãáâì ¤«ï áâ ­¤ àâ­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ A ¢ë¯®«­ï¥âáï ãá«®¢¨¥

(12), ¨, ªà®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® ¯à¥¤¯®«®¦¥­¨¥ (ii). �®£¤ , ¥á«¨ ª®íää¨æ¨¥­âë àï¤  (1) ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨î (6), â® àï¤ áå®¤¨âáï  ¡á®«îâ­® ¢ H.

�à¥¤«®¦¥­¨¥ 9. �ãáâì A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (13), ¨ ¯ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥-

­¨ï (ii). �®£¤ , ¥á«¨ ª®íää¨æ¨¥­âë àï¤  (1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (14), â® àï¤ áå®¤¨âáï

 ¡á®«îâ­® ¢ H.

�§ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ á«¥¤ãîâ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  4. �ãáâì áâ ­¤ àâ­ ï ¯®á«¥¤®¢ â¥«ì­®áâì A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (12), ¨
¯ãáâì ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ ¯à¥¤¯®«®¦¥­¨© (i), (ii). �®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨©

1){ 4) â¥®à¥¬ë 1 à ¢­®á¨«ì­® á®®â­®è¥­¨î (6).

�¥®à¥¬  5. �ãáâì áâ ­¤ àâ­ ï ¯®á«¥¤®¢ â¥«ì­®áâì A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (13), ¨
¯ãáâì ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ ¯à¥¤¯®«®¦¥­¨© (i), (ii). �®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨©

1){ 4) â¥®à¥¬ë 1 à ¢­®á¨«ì­® ª ¦¤®¬ã ¨§ ­¥à ¢¥­áâ¢ (6), (14).
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3. �á¥ ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ¯à¨¬¥­¨¬ë, ¢ ç áâ­®áâ¨, ª ¯à®áâà ­áâ¢ã �à¥è¥, â®-
¯®«®£¨ï � ¢ ª®â®à®¬, ª ª ¨§¢¥áâ­®, § ¤ ¥âáï ­¥ ¡®«¥¥ ç¥¬ áç¥â­ë¬ ­ ¡®à®¬ ¯à¥¤­®à¬ Q = fqn :
n = 1; 2; : : : g. �¨â â¥«ì ¡¥§ âàã¤  ¯®«ãç¨â ä®à¬ã«¨à®¢ª¨ ¢ëè¥¯à¨¢¥¤¥­­ëå ®¡é¨å à¥§ã«ìâ â®¢
¢ íâ®¬ ¢ ¦­®¬ ç áâ­®¬ á«ãç ¥.

� á®¦ «¥­¨î, ¢® ¬­®£¨å «®ª «ì­® ¢ë¯ãª«ëå ¯à®áâà ­áâ¢ å ¯à¥¤­®à¬ë, ®¯à¥¤¥«ïîé¨¥ â®-
¯®«®£¨î, ­¥ ¤®¯ãáª îâ ¯à®áâ®£® ®¯¨á ­¨ï ¨, ª ª ¯à ¢¨«®, â®¯®«®£¨ï ¢ ­¨å ®¯¨áë¢ ¥âáï ¨­ë¬
á¯®á®¡®¬. �â® ®â­®á¨âáï, ¢ ç áâ­®áâ¨, ª ¨£à îé¨¬ ¢ ¦­ãî à®«ì ¢  ­ «¨§¥ IF -¯à®áâà ­áâ¢ ¬,
â. ¥. ®â¤¥«¨¬ë¬ ¢­ãâà¥­­¨¬ ¨­¤ãªâ¨¢­ë¬ ¯à¥¤¥« ¬ ­¥ã¡ë¢ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à®-
áâà ­áâ¢ �à¥è¥. �¤­ ª® ª íâ®¬ã ª« ááã ¯à®áâà ­áâ¢ ã¤ ¥âáï ¯à¨ ®¤­®¬ ¤®¯®«­¨â¥«ì­®¬ ¯à¥¤-
¯®«®¦¥­¨¨ ¯à¨¬¥­¨âì ¯®«ãç¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë. �«¥¤ãï [1], áª ¦¥¬, çâ® IF -¯à®áâà ­áâ¢®
H = indHn ®¡« ¤ ¥â á¢®©áâ¢®¬ (Y ), ¥á«¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (vn)1n=1 í«¥¬¥­â®¢ ¨§
H, áå®¤ïé¥©áï ¢ H ª ­¥ª®â®à®¬ã í«¥¬¥­âã v 2 H, ­ ©¤¥âáï ­®¬¥àm â ª®©, çâ® v 2 Hm, vk 2 Hm

8k > 1 ¨ vk ! v ¢ Hm. �á«®¢¨¬áï ­ §ë¢ âì «î¡®¥ â ª®¥ IF -¯à®áâà ­áâ¢® (IF )0-¯à®áâà ­áâ¢®¬.
� ª ¨§¢¥áâ­® [1], ª (IF )0-¯à®áâà ­áâ¢ ¬ ®â­®áïâáï LN�-¯à®áâà ­áâ¢ , â. ¥. IF -¯à®áâà ­áâ¢ ,

¢ ª®â®àëå ª ¦¤®¥Hn ¢«®¦¥­® ¢¯®«­¥ ­¥¯à¥àë¢­® ¢Hn+1,   â ª¦¥ LF -¯à®áâà ­áâ¢ , â. ¥. áâà®£¨¥
¨­¤ãªâ¨¢­ë¥ ¯à¥¤¥«ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à®áâà ­áâ¢ �à¥è¥.

�áî¤ã ¤ «¥¥ ¢ íâ®¬ ¯ à £à ä¥H = indHn | (IF )0-¯à®áâà ­áâ¢®; Hn | ¯à®áâà ­áâ¢® �à¥è¥
á â®¯®«®£¨¥© �n, § ¤ ­­®© ­ ¡®à®¬ ¯à¥¤­®à¬ Qn = (qn;k)1k=1; Hn ,! Hn+1, n = 1; 2; : : : ; x(t) 2 H1.
�®«®¦¨¬ ln qm;n(x(t)) =: �m;n(t) 8t 2 B, m;n = 1; 2; : : :

�¥®à¥¬  6. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � = (tk)1k=1 ï¤¥à­  ®â­®á¨â¥«ì­® ª ¦¤®© â®¯®«®£¨¨

�n, â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë:

1) àï¤ (1) áå®¤¨âáï ¢ H;
2) 9p > 1 : àï¤ (1) áå®¤¨âáï ¢ Hp;
3) àï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ¢ H;
4) 9m > 1 : àï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ¢ Hm;
5) 9j > 1 : 8m > 1 lim

k!1

�
ln jckj+ �j;m(tk)

�
= �1;

6) 9r > 1 : 8n > 1 : lim sup
k!1

�
ln jckj+ �r;n(tk)

�
<1.

�®ª § â¥«ìáâ¢®. � ª ª ª H ®¡« ¤ ¥â á¢®©áâ¢®¬ (Y ), â® 1) () 2). � «¥¥, ¢á¥£¤  4) =)
3) =) 1); 2) =) 5) =) 6). � ª®­¥æ, 6) =) 4) ¯® ¯à¥¤«®¦¥­¨î 2 (á m = r).

�ç¨âë¢ ï â ª¦¥ á«¥¤áâ¢¨¥ ¯à¥¤«®¦¥­¨ï 4 ¨ â¥®à¥¬ã 2, ¨§ â¥®à¥¬ë 6 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � edn-ï¤¥à­  ¢ H ¯à¨ «î¡®¬ n > 1, â® ãâ¢¥à¦¤¥­¨ï
1){6) â¥®à¥¬ë 6 à ¢­®á¨«ì­ë.

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ ¤¢ãå ¯à¥¤¯®«®¦¥­¨©:

(i)0 8n > 1 â®¯®«®£¨ï �n dn-à §¤¥«¥­  ¨ � ¨¬¥¥â ª®­¥ç­ë© «®£ à¨ä¬¨ç¥áª¨© dn-â¨¯;
(ii)0 8n > 1 â®¯®«®£¨ï �n á« ¡® dn-à §¤¥«¥­  ¨ � ¨¬¥¥â ­ã«¥¢®© «®£ à¨ä¬¨ç¥áª¨© dn-â¨¯.

�®£¤  ãâ¢¥à¦¤¥­¨ï 1){6) â¥®à¥¬ë 6 à ¢­®á¨«ì­ë.

�¥à¥å®¤¨¬ â¥¯¥àì ª ªà¨â¥à¨ï¬ áå®¤¨¬®áâ¨, ¢ ª®â®àëå ãç áâ¢ã¥â áâ ­¤ àâ­ ï áâ æ¨®­ à­ ï
¯®á«¥¤®¢ â¥«ì­®áâì A = fakg

1
k=1. �®«®¦¨¬ dqk;n(t) := dk;n(t) 8k; n > 1, 8t 2 B. �à¨¬¥à­® â ª ¦¥,

ª ª â¥®à¥¬  6, ­® á ¯®¬®éìî â¥®à¥¬ë 3 ¤®ª §ë¢ ¥âáï

�¥®à¥¬  7. �ãáâì � edn-ï¤¥à­  ¢ Hn 8n > 1. �ãáâì, ¤ «¥¥, A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9),
  â ª¦¥ á®®â­®è¥­¨î

lim sup
k!1

ak
dj;n(tk)

<1 8j; n > 1: (15)
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�®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨© 1){ 6) â¥®à¥¬ë 6 à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ ¬

9n > 1 : 8j > 1 lim sup
k!1

1
ak

�
ln jckj+ �n;j(tk)

�
6 0: (16)

� «¥¥, ¨§ â¥®à¥¬ 4 ¨ 5 á«¥¤ãîâ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  8. �ãáâì áâ ­¤ àâ­ ï ¯®á«¥¤®¢ â¥«ì­®áâì A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (15) ¨ å®-

âï ¡ë ®¤­®¬ã ¨§ ¯à¥¤¯®«®¦¥­¨© (i)0, (ii)0. �®£¤  «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨© 1){ 6) â¥®à¥¬ë 6 à ¢-
­®á¨«ì­® ­¥à ¢¥­áâ¢ ¬ (16).

�¥®à¥¬  9. �ãáâì ¢ë¯®«­ï¥âáï å®âï ¡ë ®¤­® ¨§ ¯à¥¤¯®«®¦¥­¨© (i)0, (ii)0, ¨ ¯ãáâì áâ ­-

¤ àâ­ ï áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì A â ª®¢ , çâ® lim
k!1

ak=dn(tk) = 0 8n > 1. �®£¤ 
á®®â­®è¥­¨¥

9r > 1 : 8p > 1 lim sup
k!1

1
ak

�
ln jckj+ �r;p(tk)

�
<1

à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ ¬ (16),   â ª¦¥ «î¡®¬ã ¨§ ãâ¢¥à¦¤¥­¨© 1){ 6) â¥®à¥¬ë 6.

4. � áá¬®âà¨¬ ¡®«¥¥ á¯¥æ¨ «ì­ãî á¨âã æ¨î, ª®£¤  (IF )0-¯à®áâà ­áâ¢® ï¢«ï¥âáïH = indHn,
£¤¥ 8n > 1 Hn | B-¯à®áâà ­áâ¢® á ­®à¬®© k � kn, ¢¯®«­¥ ­¥¯à¥àë¢­® ¢«®¦¥­­®¥ ¢ Bn+1.

�á«¨ àï¤ (1) áå®¤¨âáï ¢ H, â® 9n > 1: àï¤ (1) áå®¤¨âáï ¢ Hn. �âáî¤ 

9n > 1 : lim
k!1

�
ln jckj+ ln kx(tk)kn

�
= �1; (17)

¨

9n > 1 : lim sup
k!1

�
ln jckj+ ln kx(tk)kn

�
<1: (18)

�ã¤¥¬ áç¨â âì, çâ® kx(tk)k > 0 8n > 1, 8k > 1, ¨ ­ §®¢¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì � ¨­¤ãªâ¨¢­®-

ï¤¥à­®© ¢ H, ¥á«¨

8n > 1 9m > 1 :
1X
k=1

kx(tk)km
kx(tk)kn

<1:

�®£¤ , ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (18) ¨ � ¨­¤ãªâ¨¢­® ï¤¥à­  ¢ H, â®
1X
k=1

jckj kx(tk)km =
1X
k=1

jckj kx(tk)kn
kx(tk)km
kx(tk)kn

<1;

¨ àï¤ (1)  ¡á®«îâ­® áå®¤¨âáï ¢ H. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 10. �á«¨ àï¤ (1) áå®¤¨âáï ¢ H, â® ¢ë¯®«­¥­® ãá«®¢¨¥ (17). �¡à â­®, ¥á«¨
� ¨­¤ãªâ¨¢­® ï¤¥à­  ¢ H ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (18), â® àï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ¢ H.

5. � áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë, ã¤¥«¨¢ ®á­®¢­®¥ ¢­¨¬ ­¨¥ àï¤ ¬ íªá¯®­¥­â. �ãáâì B �

C
p , t = (t1; : : : ; tp) 2 B, p > 1, z = (z1; : : : ; zp) 2 C

p ¨«¨ z 2 R
p , hz; ti =

pP
k=1

zktk; jtjp := jt1j +

� � � + jtpj. �ãáâì á­ ç «  0 < � < 1, 1 < � < 1, y(z) | «î¡ ï æ¥« ï äã­ªæ¨ï ¢ C p ¨ kyk�� :=
sup
r>0

Mr(y)= exp(�r�), £¤¥ Mr(y) = maxfjy(z)j : jzkj 6 r; k = 1; 2; : : : ; pg. �®«®¦¨¬ 8t 2 C p x(t) =

exphz; ti. �®£¤ , ª ª ¨§¢¥áâ­®,

ln kx(t)k�� = (jtjp)
~�A(�)

� ; £¤¥ e� = �

�� 1
;

1

A
(�)
�

= e�(��)~�=�:
1. �ãáâì H = [�;1]p | ¯à®áâà ­áâ¢® �à¥è¥ ¢á¥å æ¥«ëå äã­ªæ¨© ¢ C p ¯®àï¤ª  ­¥ ¢ëè¥, ç¥¬

�, á ®¯à¥¤¥«ïîé¨¬ â®¯®«®£¨î ­ ¡®à®¬ ­®à¬

kykn;� := kyk1�0n ; £¤¥ �0n = �

�
1 +

1
n

�
; n = 1; 2; : : :
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� íâ®¬ á«ãç ¥ 8t 2 C

ln kx(t)kn;� = A
(1)
�0n
(jtjp)

�n ; £¤¥ �n =
�0n

�0n � 1
:

� ¬¥â¨¬, çâ® �n " �=(��1) ¯à¨ � > 1 ¨ �n " +1 ¯à¨ � = 1. �ã¤¥¬ ¤ «¥¥ áç¨â âì, çâ® lim
k!1

jt(k)jp =

1, £¤¥ t(k) = (tk;1; tk;2; : : : ; tk;p). �®«¥¥ â®£®, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ç¨á«  jt(k)jp ¢®§à áâ îâ ­¥
á«¨èª®¬ ¬¥¤«¥­­®,   ¨¬¥­­®,

lim sup
k!1

ln lnk
ln jt(k)jp

<1: (19)

�§ ãá«®¢¨ï (19) á«¥¤ã¥â, çâ® 9m0 > 1:

lim
k!1

lnk
jt(k)jm0

p

= 0: (20)

�®£« á­® ®¡é¥© â¥®à¨¨ àï¤®¢ �¨à¨å«¥ (­ ¯à., [2], £«. IV, x 1) àï¤
1P
k=1

exp
�
�x�k), £¤¥ �k = jt(k)j

m0

p ,

¯à¨ ãá«®¢¨¨ (20) áå®¤¨âáï ¯à¨ ¢á¥å x > 0 .
� «¥¥,

8n > m0; 8D <1;8m > n 9k0 > 1 8k > k0 D�n(t(k))� �m(t(k)) < ��n(t(k)):

�«¥¤®¢ â¥«ì­®, ãá«®¢¨¥ (4) ¢ë¯®«­ï¥âáï, ¨ � = (tk)1k=1 ï¤¥à­  ®â­®á¨â¥«ì­® â®¯®«®£¨¨ [�;1]p.
�à®¬¥ â®£®, ¥á«¨ ¢ ª ç¥áâ¢¥ á¥¬¥©áâ¢  áâ ­¤ àâ­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© A(n) = fan;kg

1
k=1 (n =

1; 2; : : : ) ¢§ïâì A(n) = f(jt(k)jp)�ng1k=1 8n > 1, â® ãá«®¢¨¥ (7) â ª¦¥ ¢ë¯®«­ï¥âáï, ¨ A(n) ­¥
­ àãè ¥â ï¤¥à­®áâ¨ (�; �). �¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 1 ¨ á«¥¤áâ¢¨ï ¯à¥¤«®¦¥­¨ï 6 ¯®«ãç ¥¬,
çâ® ¤«ï àï¤ 

1X
k=1

ck expht(k); zi (21)

à ¢­®á¨«ì­ë ãâ¢¥à¦¤¥­¨ï:

1) àï¤ (21) áå®¤¨âáï ¢ [�;1]p;
2) àï¤ (21) áå®¤¨âáï  ¡á®«îâ­® ¢ [�;1]p;

3) lim sup
k!1

ln jckj
jt(k)j

�n
p
6 �A

(1)
�0n
; n > m0.

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ãá«®¢¨¥ 3) à ¢­®á¨«ì­® â®¬ã, çâ®

lim
k!1

ln jckj
jt(k)j

�n
p

= �1 8n > m0:

� á¢®î ®ç¥à¥¤ì, ¯®á«¥¤­¥¥ ãá«®¢¨¥ à ¢­®á¨«ì­® ¯à¨ � = 1 á®®â­®è¥­¨ï¬

lim
k!1

ln jckj
jt(k)jNp

= �1 8N <1;

  ¯à¨ � > 1 à ¢­®á¨«ì­® à ¢¥­áâ¢ ¬

lim
k!1

ln jckj

jt(k)j
~��"
p

= �1 8" > 0:

2. �ãáâì â¥¯¥àì H = [�; �]p | ¯à®áâà ­áâ¢® ¢á¥å â¥å æ¥«ëå äã­ªæ¨© ¢ C p , ã ª®â®àëå â¨¯ ¯à¨
¯®àï¤ª¥ � (¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå) ­¥ ¯à¥¢ëè ¥â �, 1 < � < 1, 0 6 � < 1. �®¯®«®£¨ï
�à¥è¥ ¢ [�; �]p § ¤ ¥âáï áç¥â­ë¬ ­ ¡®à®¬ ­®à¬ kyk�n� , £¤¥ �n = �+1=n 8n > 1. � ¤ ­­®¬ á«ãç ¥
8t 2 C p , ª ª ¢ëè¥,

ln kx(t)k�n� =
�
jtjp

�~�
A(�+1=n)
� ; n = 1; 2; : : :
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�à¨ íâ®¬

0 < A(�+1=n)
� "

1e�(�)�e�=�(�)�e�=� = A(�)
� :

�¬¥¥¬

�n(t)� �m(t) = (jtjp)
~�(A(�+1=n)

� �A(�+1=m)
� ) 6 �(A(�+1=(n+1))

� �A(�+1=n)
� )jtj~�p 8n > 1; 8m > n; 8t 2 C

p :

�á«¨ ¢ ª ç¥áâ¢¥ d(t) ¢§ïâì jtj~�p, â® â®¯®«®£¨ï [�; �]p á« ¡® d-à §¤¥«¥­ . � «¥¥, ¥á«¨

lim
k!1

ln(1 + k)

jt(k)j
~�
p

= 0; (22)

â® � =
�
t(k)

�1
k=1

¨¬¥¥â ­ã«¥¢®© «®£ à¨ä¬¨ç¥áª¨© â¨¯. �®£« á­® â¥®à¥¬¥ 2 à ¢­®á¨«ì­ë ãâ¢¥à-
¦¤¥­¨ï:

1) àï¤ (21) áå®¤¨âáï ¢ [�; �]p;
2) àï¤ (21) áå®¤¨âáï  ¡á®«îâ­® ¢ [�; �]p;
3) lim

k!1
(ln jckj+A(�+1=n)

� (jt(k)jp)~�) = �1 8n > 1 ;

4) lim sup
k!1

(ln jckj+A(�+1=n)
� jt(k)j

~�
p) <1 8n > 1.

�§ï¢ ¢ ª ç¥áâ¢¥ áâ ­¤ àâ­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f(jt(k)jp)~�g1k=1 ¨ ãç¨âë¢ ï ãá«®¢¨¥ (22), ¯®«ã-
ç ¥¬ ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 4, çâ® «î¡®¥ ¨§ ãâ¢¥à¦¤¥­¨© 1){4) à ¢­®á¨«ì­® â®¬ã, çâ®

5) lim sup
k!1

ln jckj�
jt(k)jp

�~� 6 �A(�+1=n)
� 8n > 1.

� á¢®î ®ç¥à¥¤ì, ãâ¢¥à¦¤¥­¨¥ 5) à ¢­®á¨«ì­® ãá«®¢¨î

¯à¨ � > 0 lim sup
k!1

ln jckj
(jt(k)jp)~�

6 �A�
� ; ¯à¨ � = 0 lim

k!1

ln jckj
(jt(k)jp)�

= �1; (23)

ª®â®à®¥ ï¢«ï¥âáï ­ ¨¡®«¥¥ ¯à®áâë¬ ¨ «¥£ª® ¯à®¢¥àï¥¬ë¬ ªà¨â¥à¨¥¬ áå®¤¨¬®áâ¨ (¨«¨  ¡á®-
«îâ­®© áå®¤¨¬®áâ¨) àï¤  (21) ¢ [�; �]p ¨§ ç¥âëà¥å à ¢­®á¨«ì­ëå ãâ¢¥à¦¤¥­¨© 3){5), (23) ¯à¨
� 2 [0;+1).

3. �ãáâì 1 < � < 1 ¨ H = [�;1)n | ¯à®áâà ­áâ¢® ¢á¥å æ¥«ëå äã­ªæ¨© ª®­¥ç­®£® â¨¯ 
¯à¨ ¯®àï¤ª¥ � (¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå). �¤¥áì [�;1)n = ind

m
Hm, Hm = [�;m], m = 1; 2; : : : ,

¨ H | LN�-¯à®áâà ­áâ¢® (á«¥¤®¢ â¥«ì­®, (IF )0-¯à®áâà ­áâ¢®). �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (22).
�¬¥¥¬ �m;n = (jtjp)~�Am+1=n

� 8m;n > 1, t 2 C p , £¤¥ ç¨á«  A�
� ®¯à¥¤¥«¥­ë ¢ëè¥. �âáî¤  8m > 1

â®¯®«®£¨ï �m ¢ Hm á« ¡® dm-à §¤¥«¥­ , £¤¥ dm(t) = d(t) =
�
jtjp

�~�
. �ç¨âë¢ ï â ª¦¥ ãá«®¢¨¥ (22)

¨ ¢§ï¢ ¢ ª ç¥áâ¢¥ áâ ­¤ àâ­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ A = (ak)1k=1, ak = (jt(k)jp)~�, á®£« á­® â¥®à¥¬¥ 8
§ ª«îç ¥¬, çâ® á®®â­®è¥­¨¥

9n > 1 8j > 1 lim sup
k!1

ln jckj

(jt(k)jp)e� 6 �An+1=j
� (24)

à ¢­®á¨«ì­® «î¡®¬ã ¨§ ãâ¢¥à¦¤¥­¨© 1){6) â¥®à¥¬ë 6, ¢ ª®â®àëå H = [�;1)p, Hm = [�;m]p,
�m;n(t) = (jtjp)~�Am+1=n

� .
�¥âàã¤­® ¢¨¤¥âì, çâ® ãá«®¢¨¥ (24) íª¢¨¢ «¥­â­® â®¬ã, çâ®

9n > 1 : lim sup
k!1

ln jckj

(jt(k)jp)e� 6 �An
� :

� á¢®î ®ç¥à¥¤ì, â. ª. lim
n!1

An
� = 0, â® ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® â®¬ã, çâ®

lim sup
k!1

ln jckj

(jt(k)jp)e� < 0: (25)
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�ç¥¢¨¤­®, ­¥à ¢¥­áâ¢® (25) ¨ ¤®áâ ¢«ï¥â ­ ¨¡®«¥¥ ¯à®áâ®© ªà¨â¥à¨© áå®¤¨¬®áâ¨ (  â ª¦¥  ¡-
á®«îâ­®© áå®¤¨¬®áâ¨) àï¤  (21) ¢ ¯à®áâà ­áâ¢¥ [�;1)p.

4. �ãáâì H = H(C p ) | ¯à®áâà ­áâ¢® �à¥è¥ ¢á¥å æ¥«ëå äã­ªæ¨© ¢ C p á® áç¥â­ë¬ ­ ¡®à®¬
­®à¬: kykn = maxfjy(v)j : jvkj 6 n; k = 1; 2; : : : ; pg, n = 1; 2; : : : ; x(t) = exphz; ti, t 2 C

p . � ¤ ­­®¬
á«ãç ¥ ln kx(t)kn = jtjpn 8n > 1, ¨ â®¯®«®£¨ï d-à §¤¥«¥­  á d(t) = jtjp. �ãáâì � = (jt(k)jp) ¨ �
¨¬¥¥â ª®­¥ç­ë© «®£ à¨ä¬¨ç¥áª¨© â¨¯, â. ¥.

lim sup
k!1

ln(1 + k)
jt(k)jp

<1:

�à¨ ak = jt(k)jp á®£« á­® â¥®à¥¬¥ 4 àï¤ (21) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï) ¢ H(C p ) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤ 

lim sup
k!1

ln jckj
jt(k)jp

6 �n 8n > 1;

â. ¥. ª®£¤  lim sup
k!1

ln jckj
jt(k)jp

= �1:

5. �ãáâì G| á®¤¥à¦ é ï ­ ç «® ª®®à¤¨­ â ®£à ­¨ç¥­­ ï ¢ë¯ãª« ï ®¡« áâì ¢ C p á ®¯®à­®©
äã­ªæ¨¥© hG(t) = sup

z2G
Rehz; ti, ¨ ¯ãáâì H = H(G) | ¯à®áâà ­áâ¢® �à¥è¥ á ­ ¡®à®¬ ­®à¬

kykn = maxfjy(z)j : z 2 qnGg; n = 1; 2; : : : ; 0 < qn " 1:

�á«¨, ª ª ¢ëè¥, x(t) = exphz; ti, â® ln kx(t)kn = qnhG(t) 8n > 1, 8t 2 C p . � ¤ ­­®¬ á«ãç ¥
â®¯®«®£¨ï ¢ H(G) á« ¡® d-à §¤¥«¥­  á d(t) = hG(t). �ãáâì � =

�
t(k)

�1
k=1

¨ � ¨¬¥¥â ­ã«¥¢®©
«®£ à¨ä¬¨ç¥áª¨© â¨¯, â. ¥.

lim
k!1

ln(1 + k)
hG(t(k))

= 0: (26)

�® â¥®à¥¬¥ 4 ¯à¨ ak = hG(t(k)) àï¤ (21) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï) ¢ H(G) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤ 

lim sup
k!1

ln jckj
hG(t(k))

6 �qn 8n > 1;

¨«¨, çâ® à ¢­®á¨«ì­®,

lim sup
k!1

ln jckj
hG(t(k))

6 �1: (27)

� ¬¥â¨¬, çâ® ãá«®¢¨¥ (26) à ¢­®á¨«ì­® â®¬ã, çâ®

lim
k!1

ln(1 + k)
jt(k)jp

= 0: (28)

6. �­ «®£¨ç­®, ¥á«¨ 0 2 G ¨ G | ¢ë¯ãª« ï ®¡« áâì (ã¦¥ ­¥ ®¡ï§ â¥«ì­® ®£à ­¨ç¥­­ ï),
H = H(G), kykn = maxfjy(z)j : z 2 Fng, n = 1; 2; : : : , £¤¥ 0 2 Fn � F 0

n+1 � G ¨ Fn | ª®¬¯ ªâ, â®
ln kx(t)kn = hFn(t) 8t 2 C p , 8n > 1. �¤¥áì â®¯®«®£¨ï ¢ H(G) á« ¡® ed-à §¤¥«¥­ , ¯à¨ç¥¬ 8n > 1
dn(t) = hFn(t): ¤«ï «î¡®£® n > 1 ­ ©¤ãâáï ¤®áâ â®ç­® ¡®«ìè®¥ m ¨ ¬ «®¥ "n > 0 â ª¨¥, çâ®
ln kx(t)kn � ln kx(t)km 6 �"n ln kx(t)kn 8t 2 C p . �®« £ ï ak;n = hFn(tk) 8n > 1 , k = 1; 2; : : : ,
¯®«ãç ¥¬ (ãç¨âë¢ ï ­¥à ¢¥­áâ¢® hFn+1(t)=hFn(t) > bn > 1 8t 2 C p) á®£« á­® â¥®à¥¬¥ 3, çâ® àï¤
(21) ¯à¨ ãá«®¢¨¨ (28) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï) ¢ H(G) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

lim
k!1

ln jckj
hFn(t(k))

6 �1 8n > 1: (29)
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7. �ãáâì 0 2 F , F | ¢ë¯ãª«ë© ª®¬¯ ªâ ¢ C p ¨ H = H(F ) | ¯à®áâà ­áâ¢®  ­ «¨â¨ç¥áª¨å
à®áâª®¢ ­  F á ¨­¤ãªâ¨¢­®© â®¯®«®£¨¥© ind

n
H(Gn), £¤¥ F � Gn 8n > 1, Gn | ¢ë¯ãª« ï ®£à ­¨-

ç¥­­ ï ®¡« áâì ¢ C p , Gn+1 � Gn. � ª ª ª H(F ) | (IF )0-¯à®áâà ­áâ¢®, â® àï¤ (21) ¯à¨ ãá«®¢¨¨
(28) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï) ¢ H(F ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ áå®¤¨âáï (¨«¨
 ¡á®«îâ­® áå®¤¨âáï) ¢ ­¥ª®â®à®¬ H(Gn), â. ¥. ª®£¤  (¢ á¨«ã (27))

9n > 1 8m > 1 lim sup
k!1

ln jckj
hGn

(t(k))
6 �qm: (30)

�¤¥áì ¢ ª ç¥áâ¢¥ ª®¬¯ ªâ®¢ Fn;m,  ¯¯à®ªá¨¬¨àãîé¨å ¨§­ãâà¨ ®¡« áâì Gn, ¡¥àãâáï qmGn, £¤¥
0 < qm " 1. �ç¥¢¨¤­®, ãá«®¢¨¥ (30) à ¢­®á¨«ì­® â ª®¬ã ªà¨â¥à¨î áå®¤¨¬®áâ¨

9n > 1 : lim sup
k!1

ln jckj
hGn

(t(k))
6 �1:

�á«¨, ¢ ç áâ­®áâ¨, F = f0g, â® ¬®¦­® ¯®«®¦¨âì Gn = rnEn, £¤¥ rn # 0, E1 = fz : jzkj < 1; k =
1; 2; : : : ; pg. �®£¤  hGn

(t(k)) = rnjt(k)j, ¨ àï¤ (21) ¯à¨ ãá«®¢¨¨ (28) áå®¤¨âáï ( ¡á®«îâ­® áå®¤¨âáï)
¢ H(f0g) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

lim sup
k!1

ln jckj
jt(k)jp

< 0:

8. �ãáâì F | ¢ë¯ãª«ë© ª®¬¯ ªâ ¢ Rp á ­¥¯ãáâ®© ¢­ãâà¥­­®áâìî F 0, 0 2 F , ¨ ¯ãáâì C1(F )
| ¯à®áâà ­áâ¢® �à¥è¥ ¢á¥å ª®¬¯«¥ªá­®§­ ç­ëå äã­ªæ¨© y(x) : F ! C , ¨¬¥îé¨å ¢ F 0 ç áâ­ë¥
¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢ ¯® ¢á¥¬ p ¯¥à¥¬¥­­ë¬ x1; : : : ; xp, à ¢­®¬¥à­® ­¥¯à¥àë¢­ë¥ ¢ F 0.
�®¯®«®£¨ï ¢ C1(F ) § ¤ ¥âáï ­ ¡®à®¬ ­®à¬

kykn = sup
����� @j�jpy(x)
@x�11 � � � @x

�p
p

���� : j�jp 6 n; x 2 F0

�
; n = 0; 1; 2; : : :

(§¤¥áì � = (�1; : : : ; �p)). �¬¥¥¬

ln kx(t)kn = hF (t) + lnmaxfjt1j
�1 � � � jtpj

�p : j�jp 6 ng = 
n(t) + hF (t) 8t 2 C
p ¨ x(t) = expht; xi:

�¥£ª® ¯à®¢¥à¨âì, çâ®

maxfjt1j
�1 � � � jtpj

�p : j�jp 6 n+ 1g >

> maxfjt1j�1 � � � jtpj�p : j�jp 6 ngmaxfjt1j; jt2j; : : : ; jtpjg >

> maxfjt1j
�1 � � � jtpj

�p : j�jp 6 ng
jtjp
p
:

�âáî¤  
n+1(t) > 
n(t) + ln jtjp � lnp 8t 2 C p . �«¥¤®¢ â¥«ì­®, â®¯®«®£¨ï ¢ C1(F ) d-à §¤¥«¥­  á
d(t) = ln jtjp. �à¥¤¯®«®¦¨¬, çâ® � = (t(k)) ¨¬¥¥â ª®­¥ç­ë© «®£ à¨ä¬¨ç¥áª¨© d-â¨¯, â. ¥.

lim sup
k!1

ln(1 + k)
ln jt(k)jp

<1: (31)

�®« £ ï ak = ln jt(k)jp, ¯® â¥®à¥¬¥ 4 § ª«îç ¥¬, çâ® àï¤ (21) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï)
¢ C1(F ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

lim sup
k!1

1
ln jt(k)jp

�
ln jckj+ 
n(t(k)) + hF (t(k))

�
6 0 8n > 1:

�à¨ íâ®¬

n(t(k)) > 
0(t(k)) + n ln jt(k)jp � n ln p = 1 + n ln jt(k)jp � n lnp 8k > 1:
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�«¥¤®¢ â¥«ì­®, ¥á«¨ àï¤ (21) áå®¤¨âáï ¢ C1(F ), â®

lim sup
k!1

1
ln jt(k)jp

�
ln jckj+ hF (t(k))

�
6 �n 8n > 1;

â. ¥.

lim
k!1

1
ln jt(k)jp

�
ln jckj+ hF (t(k))

�
= �1: (32)

� ¤àã£®© áâ®à®­ë, 
n(t) 6 n ln jt(k)jp 8n > 1. �®íâ®¬ã, ¥á«¨ à ¢¥­áâ¢® (32) ¨¬¥¥â ¬¥áâ®, â®

lim
k!1

1
ln jt(k)jp

�
ln jckj+ 
n(t(k)) + hF (t(k))

�
= �1 8n > 1:

� ª¨¬ ®¡à §®¬, àï¤ (21) ¯à¨ ãá«®¢¨¨ (31) áå®¤¨âáï (¨«¨  ¡á®«îâ­® áå®¤¨âáï) ¢ C1(F ) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ (32).

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì à¥æ¥­§¥­âã §  ¯®«¥§­ë¥ § ¬¥ç ­¨ï.

�¨â¥à âãà 
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